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ABSTRACT

A new approach to the problem DF_Thinning gray
level images is proposed whereby it is possible to
obtain thé skeleton of the image using fuzzy theory.
The object pixels are assigned membership values
indicating the degree of ‘'belongingness' to the
object and suitable 'sksleton membership functions'
are proposced. The skelafnn is obtained from this
version of the object based on the histogram msasure
and compactness measure. The effectivensss of the
algorithms is dsma;;trated for images of a spebimen

handwriting, chromosome and biplane.



'FUZZY SET THEORETIC APPROACH TO IMAGE PROCESSING

m“m

| The thaury of fuzzy sets as proposed by Zadeh and
its suhaequant deuelupments provides suitable mathematlcal
tools and technlquas in analyslng complex systems and deci-~
sion hrncés;93 where the pattern indetgrminancy is due to.
'inhéfent Qafﬁeability and /dr vaguness (Fuzzinass) rather
.than randumnéss- Fuzzy set theory has proved itself to ba
’nf slganlcant importance in image processing prnblems, both
uslng dBC1slnn theoretic and syntactic approaches. 0n thg
ahélﬁéhd_fﬁzzy algorithms for different image processing
hrablems are being developed, and on the otherzhand fuzzy
Yanguages, fuzZy grammars and fuzzy auﬁamaté fhéﬁriss_have_:
beeh*dﬁﬁelabeﬁ and applied., For example in the prnblem of
" ‘automatic spaech recognition, since spesch is a pattern of .
blolaglcal_brlgin,and carries informaticn regardti thEi
' ‘méssage, the speakers sex’lage, health and octher factgrs, it
“is to a large extent fuzzy in nature. .Similarly,.durigg“;hg
gray tuhé'iméga processing, because the gray tone picture
possesses’ ambdguxty wlthn the plxels.due to possible multi—
‘valued level of brlghtness, it is justified to apply the_
concept and logic of fuzzy éet tather_than ordinary set Ehaary
to image processing problems. Keeﬁihg.this in mind, an image

can be considered as an array of fuzzy singlatcna,'each with

a ualua of membershlp function dendting the degree of hau1ng
same brlghtness level.



pU£ihg various propertieé cf and relatianshjps amdng these
regions. However, the regions are not always crisply'
~defined (as mentioned earlier), it is sametlmes more appro-

priate to regard them as Fuzzy aubsets of the 1maue.. For

“example, when we segment an 1mage by classifying its pixels,

tlﬂ’n StEﬂ »

Fuzzy equivalent deflnltlons for a variety of pros

pert:es which exist in gray leuel image Processing like connec~

tedness, surruundadness, convexity, area, perimeter, compact-
ness, extent dlameter, elongatedness, etc. are also given.

And all thg definitions given for the fuzzy set approach hold

" Gneself to crlsp segmentatlon,

The main drawbacks of fuzzy subsgts are (i) they are
more numbersome to represent and (ii) th91r propertles are

snmawhat MOT @ expen51ue to compute.



But as czmputer ﬁémory'and camputlng pmwen contlnua
~to became cheaper, the fuzzy' appraaah to image descrlptlnn

is well justified.

DMJM :

. A 'fuzzy' subsst of a set 5 is a mapping M from
5 cinte 0,1 . For any P o S, M(P) is callea a'dééree of
membership' of P in M. A crisp (1.9. Drdlnary or nunFuzﬁy)
subsgt can be. regarded as a SDEClal ﬁasu of a Fuzzy subset in
;ﬁiwhlch the mapping U is 1nta.30 lj’ 1ﬁ fact, such a.;# ;ié

- the characteristic function of a subset namely ip o Slu(P)= ;-
L wl

-The standard set theoretic relatlans and operatinng_

- . have natural ganerallzatlnns to Fuzzy subsets.

- Digital Fuzzy sets are alsu referred ta as piecewiae
congtant® fuzzy SEtS,il-L-, hau1ng Cﬁnstant ualue on each UF
a Flnlte set of bDunded reglmns that Weet palrmlse along -rec-

tlflable_arcs- And in dlgltal Fuzzy aEtS these reglans are

unit squares or plxels.

THINNING

In the Fleld af 1mage pruce551ng, thinning techniques

haue always had a great 1mportance due tn simplicity of object

representatlun they allnw. Th;nnlnghglganithms;haue,been.uséd



characters (signature analysis) and even the 'skeletonization'

of bhromusumes and a number of gther types of images.

Two=tone images can be thinned to arcs and Curves,
wlthnut chﬁnq1ng the Connectedness, by repsatedly deleting
the border PPints whose deletion does not disconnect the
object. A number of such thinning algorithms (for two tone
images) exist. ﬁny grayleuel image can be converted to a
binary imaga by thresholding it ang the two=tong thinning

algnrlthms can be applied. But the selection of the %Hrewho ]d

has te he done judiciously.

ﬂ@ﬁ;mgquire commitment to a Particular threshold. In aﬁﬁimage;
wi th the pikels having gray=level values, ths rsgions are not:
ﬁmell-deflned, there is an inherent amount of vagueness in ith
S0 £D g@hﬁa natural Feellng of the image and also to avoid

cammlttlng to a Particular thresholded version a fuzzy set

Tepresentation of the image has to be considered.

for pattern recognition, before the actual recognition

of the various objects (in the image) can be done, the image



OBJECT EXTRACTION

- Using any technique and it ian‘t,necessary.that the'nbject

: extracted deﬁinite or be exactly as the

arlglnal because

purpmse- Difference operators yigld high values at places

whﬂre the gray level is rapidly changing. At sépérﬁfiﬁﬁ DF
the ebJect Frum the background, since the change in- the gray

leuel 15 appre01able, the application of the hence the edge

detactlan 15 carried out. Consider' the fmllomihgﬁcése;'Mhere
wp haue to compute the Rabert's gradient for ths pixel“with
gray level a ’a'

- The gradient at the 'pikel a' is

[ Bl T

Jle=a? ;LuJ:glz

ther the Qradient ig cmmputed for all the Pixels in
the 1mage, the tracking of the adqge pixels beglns.

with a plxel hau1ng a high grading ualue,



are detecied by_chaosing_a pixel with a maximum gradient

value in the B-neighbahrhoad 0f the pixel. #And thig process
is bontinued, ti1ll a cloged loop is detectad. After this,

“if there are any other Dbjects pPresent, they are_alsﬂ détacted

in the same manner. In case of more than one pixsl having

Can easlly be obtained by superimposing the edge enhanced

or background Pixelss The pixels of the object are retained
_alongwith.their Corresponding gray level values, but thpse of
the background are erased out i.e., all the background pixels

are essigned a single gray level, say 0.



The property of any gray level image, is that there
is ng abrupt changs in the pixel 1nten81ty as we maue Frnm
the core or the centre of the Ubject tawards the edge-_;ln__

mthar ‘words there is a gradual uarlatlon in the plxel lnten81ty,

these features into accounts And dependlng upon the Functlmn
quality, tha skeletmn extracted could be termed as accaptable
or unacceptable. The membership functions can be dEFlﬁ&d 1n

a ngmber_aﬁ ways. R few of them are dlscussed here wlth

there merits and demetits.:

Let the maxlmum gray leuel Uf the plxel in the Dbject
be lgmax - let g be the gray leuel of the plxel under can51-
deration and let P be the Functlmn mhlch 3551gns the Mmem-

bership value to the pixel for its gray leuel. -

50 wWe define

o g
pc;"('g) =

gmax

The p_(g) assigns a membership value from 0 to 1.
When g = O, i.e., the pixel under consideration 1s a back-
ground plxel then 1ts primary” membership value based on plxel

1ntenalty is D: and when g haafa“uaIUé"aféund gméx -thenf



p(g) is nearly 1 , thereby exhibiting.the correctness of the

~ function p{g). This is the simplest possible function, for
the images'wheré_the object pixels have a higher gréy level

than the backgrdund pixels. for images with light objects

.- éﬁd1dafk%backgfﬁuﬁd (éstrnnumical data or chromoscme data)

the function has to be modified to samething like
p(g) = 1= g/g_

Ahather factor which determines the core point is
the distance of the_pixel from the left edge and right edge
for the horizontal distance and from the top edge and bﬁttom
edge for the vertical distance. Conéider a pixel g which
is at a distéhce Xy from the left edgs aﬁd X, from the
;ight edge. (The distance being measured as the number of
- units seperating the pixel under cﬁnsideratign from the first
background pixel along that direction). Let the horizontal

distance fuhctiﬂn,__h(g), which will be the second primary

membership function, be defined as

- — 4— -
X
- 7 v o S
xl if xl x2_

oimilarly the vertical membership function, making up the

third primary membership function, will be defined as



Y
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.whére-;yi is the distance of the pixel under c0n51derat10n
Frgm tha Flrst backgreund pixel in the upward dlrectlun and
ﬂYé 13 the destance from the first background pixel sncoun-

tered.in :the downward directionm.

S0 now we have the three primary mamberéhiquuHC;°
‘tiong == p(g), v{g) and h(g). A single membership func=
tlan is then defined based on theses primary membershlp“

Functlans.

The firgt Functibn_prupnsed is
C1(9) = max (min {p(2), h(a), min (h(g), v(g)}, min (p(q),v(g)).

A detailed analysis of tHiS'FUHC£iDn mill”éhéw'ﬁhat;._
a final value of 1 is assigned when atleasﬁ E@a'dF fﬂéy"
| three primary membership values are l,!i;e;;“é:ﬁixéiiiﬁﬁfﬁe
objéct is defined as belonging to the caré-crfthe?ékéietﬁh,

if it is at the geomatr*c centre of that reglun (when X qFX

1
h(g) = 1 and  Y,=Yos ”(Ql-f , 80 Cy(g) = 1) or if the

2°

pixel intensity 1s nearly equal tD-tha Q1 a x UF the ﬂbgect
and it is 91ther at the harlzantal centre on the uertlcal

centre (1n thls case p(g) and exther u(g) r_ﬂh(g)_xll



in which case Cl(g)ﬁg l).i fhis proposed function has a
drawback that it holds ﬁefy well only Fur'well defined
geometric objects, and it does not take shape of the region,
lede, the extent, into cﬂnsideration.' S euén ﬁixels whibh
beidng to the core have cuﬁsiderabl? low meﬁbership values

" assigned. Sédondly; all the three primary hembérship-ﬁalués
have besn aﬁtributed rQuUal weight for computing the member-q

So the second membership function, proposed, ”CZ(Q)

combining the three is defined as
Cy(9) = wp(a) + wyh(g) + wyv(g).

wheaere w1'+ w2 + w3 = 1.0

And because there might be core pixels which do not
belong to the fuzzy geometrical centre of the object, the
weight attributed to the p(g) = +the primary membership

function, concerning pixel intensity, =~ is greater than

the weights attributed to the other two. Usually Wy = Uy

The composite membership function in this case
Cz(g) , 15 better tﬁan therpreuiﬂua proposed one, Cl(g) but
this too has a drawback that for a relatively broader regian;
there is not much variation in_the membership value Cz(g)

for the'pixels in_that fegicn. So instead of having a 'streak’
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of high.mambershiﬁwﬁélues we have a 'patch'. Ffor example
consider 2 pixels 'a' and 'b', such that their pixel inten-

sities are same, and zyla = yza “and ylb = y2b s lees, ;both

t he pixsls are at the centres as far as their vertical disg~

'taﬁdes_are éansidéred, S0 U(é) = v(b) and p(a) = p(b).

AwaqFﬁlEF; X1a = 15 and Xpo = 15, so that h(a) =1 and

1E£””xlb =12 and x, = 18, so that h(b) = 2/3. ‘So given

the above data, we can infer that 'a' belongs to the skeleton

much?mare than 'b'. But if we consider Cé(ﬂ) and szb) I

 for g'a;s; W, = wy = U.2, we have

1 2 3

C,(a) = 1.0 and C,(b) = 0.94

eﬂéﬁﬁbserﬁé that the change{in the mémbérship value

is not appféciable and so a third membership function is

Then h'(g) s dafined as

o b,

propnse_d.~

. For the third membership function using the thres
primary membership functione, slightly different horizontal
and ueftical primafyfmémbarship functions are useds Let

h'(g) be the modified horizontal primary membership function.

!

h'{(g) = h'(xl,xz) if d(xl,x2)<;l and xl<;x2

| .1”1:- d(_*-l;xz)} 1 and x,< Xy

if d(xl,lxz-) >1

and' X3 FXg



Zx

= —r—l-—)- :if' d{ x4 Xs) 7- 1
Xo xl+x2 1?72 _ :
and xz( x-l
whete d(xl,xz) = 1 ox, = X, |

This;qefinitinn of the_harozantalimembership
function assigns high values (of nearly 1.0 for pixels neer
the core) and low values to pixels away from the core, For
¥ihe pix;is not belonging to the core, the Factor/tefmﬁ(;i;&é)
“in the denominator of h'(g) takes into cansideratiﬁnfektent
of. the,object segment and hence there 1s an apprm01able amount
ﬂfﬁchange in the membership ualue* Similarly the uertléél

pr1mar¥ membership function is also modified and is giver by

vi(g) = v'(y,ry,) L+ if d{y,»¥,)&=1 and

72
Y1 L Yy
y | o
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The single membership Functioﬁg&ﬁmbinigg tHe chamged

.....

functions is given as
- Y ! . '
C,5(9) w,p{g) * w,h'(g) + wyv'(g)

+ = - .
where ml wz + w3 l, and w2 w3



Uf the three membershlp functlans prapused the
ffhlrd ane is Fuund to be the best, wherbas the other two . -

are gsad for sp901al images like thﬂse whlch are highly

symmetrlcal etc.

in this cass, for ease of storege and computation
the membership values have been rounded upto 2 daclmai plac&s
and discrete values 0.05, 0.10, .15, 0.20,*..,0.90 0.5, 1.00

have begn assigned.

SKELETONISATION

o

;EIG;yanﬁthe imagé, developed in the{prEUiDUé.StaQE,
mith_thé ijegtupixels having been assigned'uaiugé indicafing
.#Pthgi;ﬂdeg;ee_qf,membership to the object, the skeletﬂﬁ.nf the

; D§ié;t;¢aﬂ_bé achieved by Considering:the "level seté"éf a

particular value t.
-The 'level sets' of = fuzzy sét M are the sétsf'

u, = Sp b (P) > t¢
N 1‘335_.“()-"3;

'ul:hlere, M 1s the fuzzy subeset of a set §, and 0(_—;'t_ < 1.

S50 Fﬁfnhigher values of t, K. will have pixels with high

t
membership values, the other pixels are marked.



The methods proposed here, do not ensure that the
resulting skéletnn ﬁould be connected. S0 if 2 connected
skeleton is needed, then this version of the skeleton, a
contour tracking algorithm can be applied to resclve the

discnhnectiuity problem apprnpriately;

- An energy measure of a fuzzy set is the 'power'
'FUiZ§ ﬁérdiH§lity' defined as
P(L) = B u(x)
Xe S

So with this definition, theg tntal energy of the
whafe-fUZZy aubset“(i.e., the image with fuzzy memberghip
ualueé) Pt ls calculated. As mentioneg earlier, the mem-
bership values are discretg = 0.05, 0.10, 0.1s, Ue20, o v, 1.0.
So for each membership value r, the pixels hauing this value
are counteds And so for sach Iy the percentage of the number
of pixels-falling in the range and the percentege of total
energy contained in this range is computed. The membership
value which has the highest percentagé of pixels and energy,
m is chosen as a sort of threshalﬂ and in the skeleton only

those pixels “having membership greater than m ars retained.

S0 if a histagram is drabn, membership value versus
percentage of pixels and/or percentage 0f ‘energy contained,

then the thresho 1d corresponds to the peak of the histogram.



where the integral is taken even any regicn outside which u=0.

if i .:' plecewise canstant (FQr example, in ‘a o
digital image) - a{u) is the weighted sum of the areas of

t'ﬁhéﬂrégiahs an which U has constant ualuesg:b? th%5E values.

i‘_iEi, ' a(LL) = 3} 'U.;(X)-
Xe 9

Fur a plBCEWlSE constant case, the pbrlmeter is

_deflned as -

M Nel .
p(u) =-mil nil | “(xmrﬂ) ) u(xm,ﬂ+1) |
oMl o
" e =1 ) -Hu(xm+1ﬁ“?.l

~ where the image is of size MXN .

The compactness is definhed as =

. Comp d“’) = E‘-(“’)/F’ (“‘) -
So in this case, we can51der the Fuzzy subset Dbtalned
by deletlng the plxels mhlch haue 3 membershlp ualue less . than
Gr egual to the 'r! under can31deratlmn (r = U Dﬁ .10 0.15,..

0.95, 1.0) and compute the campactncas accordlng to the abovs

definition, for euery membersblp ualuen It is Ghserbed that



as r 1increases from 0.05 (in steps of 0.05), the compactness
decreases to a certain minimum and later for a further increasse
in r, the compactness increases.  The membership value, 'n' ,

- for which the compactness is minimum can be used as a threshold

and the corresponding fuzzy subset can be used as .the skeleton.

The increase;@n the value of the compactness, for
valueg of .'r'_ higher than n, 1is because for these values
(of r) majority of the core line or skaleton pixels (of the
original object) are not considered, and so the skeletorized
version consists of a ﬁumber of disﬁonnecfed obpgects, therefore
the value of compactness, also increases. And the initial
decrease in the value of compactness can be explained, by
Dhsefuing that for every value of r, the border pixels having
membership values less thanm 1©, are not taken intﬁ.considera-
tion.  So both the area and perimetef are less than those for
the previgus value of r. _But.the decréase in area 1is more than
- the decrease in the perimeter and hence the compactness decreases

(initially) to a certain minimum.

- The skeleton Dbtained at this stage (by either of the
two methods) is disconobected. A connected skeletmn can be
obtained b? checking that a pixel is deleted Frﬁﬁ the object
only if it has a neighbour in the background and its deletion
does not change the connectedness of the pixels in the neigh=

bourhood of the pixel under consideration.
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IF’a:detefministic-skéletan is_dasired then it can

be obtained by applying a-suitﬂbleacantour-tracking-algcritﬁm.

Elmngatadness

- For:any. gray level image;.two impmrtaﬂt;qperatiuns
afe:shfinkiﬁg and-expanding. Ffor a binaryzimagé,qthe shriﬁ**
klhg;ﬂfn:éss 1s warried out by deleting pixels of the image if
fﬁerarﬁ?wiﬁhin a given distance 'd' of the background and -the
expanding process is carried out by adding pixels.ta'the_QQJect
if they-arafwith d of the Dbject; The fuzzy generalizations

Lo

OIIShringihg and expandihg are local minimum and local Max 1mum
Ugeratith -~ 1.2+, the ﬁbject'pixel ié.replacéd.by the min.
(mr;max;) cf all UbjECt pixeis within a ﬂisﬁénce . ﬁf'the

pixel under considaeration.

The fuzzy elengatedness is defined as

X a( = L)
2 (L) = max .
d > 0 (zd)2
whers b 1s the result of the shrinking Gperation;gnhlgi
. As  d increases, u_d gets smaller, so M = M_d gets
larger and hence a(u -~ u_d) reaches 1itis maximum-ﬁhenf'u;d'=-ﬂ-

Thefefure the ratio a(u:ﬁ-ﬁmd)/(ZG)z cannot have its max. for
d lerger than this:(the numerater remains constant while the

denaminator keeps incrsasing, but it may have its max. for
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same smaller d, (for e.gs, if the object consists of a large
amount of area'disappaars even when the shrinking operation

is applied a small number ofutimes).

So, for every value of the membership ﬁéhgihg from
| D;Gg to l.UU'(inérEﬁénta of 0.05), tHe elongatedhéés has been
célculated Fﬂr euery d,x(d > 1) till ﬂ;d = 0. 'The M for
thelcomputation of the elongatedness ié constant far all d,

fur a given r. And this M 1is the level set of the object

(with membership values) for that r.

"Fuzzy shrimking operations, modified suitably to
preserve fuzzy connsectedness, can be applied to obtain a
connected skeleton. The elongatedness has been calculated,
but there is no fixed pattern recarding the mannesr in which
the slengatedness is changing for the uérious level sets of
the.Ubject. But the result of the computation has been

included.

RESULTS

The blﬂck'diggrém is given in Figsl. The algorithm

has been applied to three image'data = 7 hahdmriting

(AHU-DATA), chromosome data and the biplane daﬁa-

The histogram of the original image, and the histo-

gram of the'membership value (assigned) image with percentége



of energy contained in euer? range have been included in the
tables. The compactness measure tables have also begn s
included. Fgf the_campa;tneési the rate of changé ufE¢§%ﬁ;
pactnéss_has also-been computed. By the histagramlmethod,
the 'Gptimﬁm* skeleton is obtained at the membeféhippuéluéﬂ.r
for which the peak of the histogram (regardiﬁgkgétcent of
energ¥ éét§asp”Juing to that membership Uaiua{é;ffha nercent
DF'nuhbér”éF object pixels falling in that range).;s ohtained.
ﬂnd by the compactness measure, the aptimum:skeléton is
cbtained 3t the value of 1, for which the compactness is
.mihimumfdr,the rate of change in compactness is*maximﬁm. For
each image, it can be observed that the optimum skéletsnhis
;“Dbtaiﬁgd gt”almost the samg membership value whethgr it is

gy the histmgram measure or the compactness measuras.

The values obtained for the elengatedness have also

bésn included, for further study.

EDNELUSIDN

Tha skeleton memBership functicns, used in this work
are simple and defined faking into account conly the fixel
intensity and distance from the backgrounds. And it can be

expected that if the skeleton membérswip function is good,

taking into account the geometry of the object and gray level
distribution, etc. then a much better sksleten cen be obtained.
And 1f such a function can be defined, then this approach will
yield a skeleton much faster than the other algorithms which
are very sequential and thersby slow.
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