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SUMMARY, Inthis pﬂpur two Munn(orl for the catimation of ratios and two for the estimation
of products, which utilise on istica, hove boon proposed. Tho epoci-
8o condilions undor which tho proposcd mtioc and produu cutimators »re more officiont than the usunal
ratio snd product cstimstors rowpoctivoly, have beon obtained for any ssmple design. An examplo is
givon for ith i Tho uso of multi. varinblos ia also Lricfly discunsed,

1. IxTRODUOTION

The estimation of ratio or product of two paramoters is of conniderablo impoc-
tance in practico. For instanco, it is ag important and eometimos moro important to
cestimato the proportions of population under different means of Jivelihood and total
crop produotion (i.0. product of cultivated area and yiold rato) in a region than esti-
mating tho total population and total cultivated arca. In estimating ratios and pro-
ducts tho commonly adopted practioo is to take tho ratio and product respeotively
of tho unbiased of the two p a3 an cstimator. In oaso tho truo
valuo of ono of tho parameters is known ono may feol that il is sufficient to estimatoe
tho other paramoter only and obtain an estimato of tho truo ratio or product by dividing
{for ratio) or multiplying (for product) this estimator by tho known value of the other
paramotor. However, evon if tho truo valuo of one of tho paramoters is known, in
many situations it is more officiont to use its unbissed cstimator in estimating tho ratio
or tho produaot.

In this papor two csti have beon proposod for estimating tho ratio or
tho product of two parnmoters. Thoy are shown to bo more officient than usual ratio
or product estimator under certain conditions. Tho results derived horo aro quite
gencral in nature and are applicablo to any snmplo design and many of the parnmetors
commonly mot with in practi An illus plo has been given for tho caso
of eimplo random snmplmg in Soction 6. In tho lust scotion uso of moro than ono
supplomentary variablo has been briofly disoussed.

2. FORMULATION OF THE ESTDMATORS
Wo shall ider tho goneral p dure of the estimation of tho population
givon by Nanj Murthy and Scthi (1959) in connoction with obtain-
ing unbiased ratio csl,mmtors and by Murthy (1063a) in giving gonoralised unbiased
Tho y iblo in tho form

T T P

Fi= I f{a) i=1,23 . (21)
0itdy

aro considored, whero fda,) is singlo-valued sct funotion dufined ovor tho olass A
of sots a; whoso oloments bolong to tho finite population 2
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For any samplo design D = D{S, P) whoro S is tho st of samples s and P tho
probabitity moasuro dofined ovor it, such that E Pfs) = 1, assuming that tho samplo

spnco i9 80 specified that each ae A; oocurs in M. lcast ono ¢ and cach a containa at loast

ono sob a,e 4;; tho g lised unbiased cstimator of F(i = 1, 2, 3) is given aa
Fi= I fie) ¢do, [Pt - (22)
whore S 4dsa) =1
LR

In the presont papor wo shall confine oursolves to the cstimation of the ratio
R{ = F\/F,) and tho product P(= F;- F,) of tho paramcters Py and F,. Tho com-

monly adopted mothod for estimating them is to find the ratio (R) and the product
(P) rospectively of the corrosponding ostimates Fy and Py. It is well known that R

and P ostimate tho truo ratio R and product P respoctivoly, efficiently only if f(a,)
and fy{z,) aro highly positively correlated in tho formor and highly negatively corre-
Jated in tho latter caso. Here two now estimators for cstimating R and P have been
proposed, which can be efliciently used even if tho above conditions are not met.

Let us dofine the estimatora of R a3

a5 o Zhedis @) The)dls as)
%= A ) S dad  PoFs e (23)
o _ Py Efle) dils, a)P(e) - Fy
B = B2} = e i S et ey e 24)
and tho ocatimators of P as
- p(z_?‘.) _ Ef@) $ils, @) Efslary) $y(s, ay) Tfslas)Bsle, i) 28
F, Fy[Pla)F

o 3 _ Sl e She)g o, ap \

ri= () = R e

summation being taken over cach a, 65. Tho particular ratio and products of interest
can bo casily obtained by assigning specifio values to a;, fi{a,), ¢(s, ) and Pfs).

It is to bo noted here that tho parameter Fy given in (2.1) is dofined for tho sup-
plomentary variablo and that information on fy{as) rolated to fy(x,) and fy{,) is available
in tho survey for each ag4,in @. In cnso F, is not known in advance and if it is
ensior and lesa oostly to observe fy(a,) than fi(x,) and fy(a,), thon a two-phaso samplo may
bo usod. The procedure consista in solecting a largo first-phaso samplo 8’ from a given
population with somo probability schomo and observing the valuo of fy(a,) for all ayed,
which are ined in 8. A d-phaso samplo is drawn from S’ with somo pro-
bability schomo to obsorve fy(a;) and fy(ay). Tho cstimators for the two-phuso sample
can easily bo dofinod on the similar lincs.
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Theso estimntors like usual ratio and product estimntors are bisscd. Tho
bins and mean square orror oan bo obtained by considering tho Taylot's oxpansion and
considering only torms upto tho sccond degreo, Let us write

Fi=F141) . 2
such that E{e,) = Oand |¢ <1] fori = 1,2,3. Lotus denots B(R), B(R}), B(R),
B(P), B(P}), B(P}) as the bins and M(R). )I(R'), MR, M(P), M(P}) and M(P})

tho mean square orror of the corresy g ’ Wo get oxpressions for biases
as
V(F)  oov(Fyu Fy
= R[ WF)) _ v . (28
By = R[5 ] {28)
B(R}) = BR}+ R [.""_"F(}'l-_m “V;‘F'-‘Fﬂ] - 29)
F !
DR} = n(ii)+1z[_yf:” _"""}l";f ')+f_°°' (Fy. ) ] - o
1
B(P) = cov (P, F)) e (201)
B = B(ﬁ)+1=[ﬂ§:ﬂl;r“’-)+£“_f;_l@ - (212)
3 3
— mp V(Fy) _cov(F,, F) oov(Fy, Fy) .
B(F}) B(P)+P[ FI' J‘TI"T T ;. s ] . (@213)
and mean squaro error 88
Ay g [ VFY L VIR _2eov(Fy, By y
MRy R'[ F}L"' _ﬂ; _F_‘#] e (209)
MR = MR+ R [ng_’ T2 ﬂlgf;i_a) —a Mﬁ ) (2.15)
3

aury = MR [T _F_°°"(FvF-) +z°°""-‘"=l] @.19)

1Fy

5 _ | VIBY , VB |, cov (i, F) N
a(p) = pr| VEy 1) g cov(Fy By . (217

) [_FF+T +2 7,7‘,—] (2.17)
JI(P‘,)=M(I")+P’[!g;_‘L) HTW(F;‘i’) +2&\'}(‘{;.’.1’_,)] . (208)

— P V(i") eov(F. ) wv(F,i) 5
M) = M 3 17 43) l (219,
() (')+1ﬂ[_ﬂ_ R ] - ew
Proceeding on the lines given by Murthy (1963) tho bias of theso catimators can bo
calimated using intorpenctrating sub-samplo estimatca and using theso cstimates of
bias tho catimators ean bo mado almost unbiased.
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3. COMPARISON OF TUE ESTIMATORS
Comparing the moan squaro of orror of the cstimators R} and Ry with that of

Rit will bo observed that R} and R} would bo moro cfficiont than R if the following
conditions (3.1) and (3.2) reepectively are satisficd, that is if

PuCICI~PelClCy) < — 5 - 3

and Pi(Cy/C3)—per(CyJCy) > % . (32)

where C} = l’(i‘JlF} is tho square of coofficiont of variation of F, Puli #£i=1,23)
is the correlation coofficient Dot Fy and Fy; and cov (F, F)IF, F;= €, C;pq.

Similarly comparing the mean square errors of P} and P; with that of P

we find that P} and P§ would bo moro cflicient than Bifthe following conditions (3.3}
and (3.4) respectively are eatisfied, that is if

PACON+pu(CC) < — - 03

and PulCIC+PeACC) > e (34)

It may bo noted here that theso conditions as such do not depend on tho valuo
of pyy but thoy do depend on tho sign of the parameters Fy, Fy and F,; and therefore
the conditions get changed according to the changes in the sign of the parameters.
The above conditions havo been derived assuming that Fy, Fy and F, are all positive
or all the threo are megative.

4. CONFIOURATIONAL RETRESENTATION OF TIIRE CONDITIONS

For simplicity and bettor understanding of the regions of preferenco of the pro-

poscd estimators, let us assumo
C,=Cy=Cy=0C. e (80)

Now under this assumption tho conditions (3.1) and (3.2) for R} and R; to be moro
efficient than & can much bottor bo illustrated with the help of configuration SR given
in Figuro 1.

(23] 0.1
N
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From tho above configuration it is clear that whenever it is possiblo to chooso
a supplementary character fi{z;) for all a, 6 A, such that the pair(p,,, py) lies in cither
of tho regions R} and [, then under the ption (4.1), tho correaponding esti
improvea over tho usual ratio estimator l‘f. frrespective of tho corrolation betweon
Silay) and fya,). 1t would be observed that the relative incrcaso in precision is appre-
ciably high when /,(x,) and fi{z,) are ncgatively correlntod. Aa an oxamplo wo shall
considor the two extrono situations

() pu=—10,p;=—1.0and pyy = +1.0.

In this caso tho point (pyy, py,) lica in R} and wo get
B(it) = 2RC*, BR}) =0
M(R) = 4(RCY and (R} = "‘i:@
(i) py=—10,p3=+10, pp= —1.0
in which case wo profer Ry and wo get,

B(R)

oy = 2Re, BRp = 2B ana yrmy = @.

It may be noted that for py, = +1.0, R is always supericr w both R} and Ry,
that is in that caso the configuration SR is nover realised.

Similarly the set of conditions (3.3) and (3.4) under the assumption (4.1) can
much botter bo effocted by the configuration Sp given in Figuro 2 below.

thn

Fig. 2.

Again from tho above configuration it is ovident that whenever it is possible to
8et f{a,) such that tho'pair {p,, py,) lies in oither of thoe regions P} and Pg, tho correa-
ponding cstimator finproves over tho usunl product estimator. It can oasily bo vori-
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fied that tho gain in precision is comparatively higher whon fy(a,) and fi(a,) aro found
to bo positively lated. For 1 ider tho cascs

(i) pu=+10, py=+1.0 and ppy = +1.0
(i) py=+10, pyy=—10 and pp = —1.0.

In tho fist caso JM(P}) = MSP) with B(P}) =0 and in tho sccond caso

M(P)

M(P}) =——~with B(P})=0. It may bo noted that when py = —1.0, usual

product csl.mmtor is always suporior than Pj and Pg.

8. AN EXAMPLE

Tho data for all 61 blocka of Ahmedabad city Ward No.l (Khadia I) token
from 1961 population consus have been considored for tho purpose of this study. It
is intonded to determine tho proportion (R) of 'total fomales omployed (Fy)’ to the
‘total fomalo population (Fy)'. The suppl -y characteristio chosen for this purposo
is tho ‘fomales in sorvices (Fy) (group IX of population census). For this population
we find that

Fy=455 F,=1746 C}'=0.5048 p,=0.0388
Fy=10108 F,=205.5¢ Cp=0.0370 p,,= 07707
Fy=324 Fy=05381 Ci'=0.57137 py=—0.04T4

whero F; = F,/61, denotes the average population of the blocks for the corresponding
haracteristics under ideration and C} = kCj8, where C stands for square of the

coeflicient of variation for the i characteristica and F is a constant given by (Vi—-_l)ln

where N and » are respeetively tho number of blocks in the population and sample.
It ia assumed horo that the samplo is drawn with equal probability without replaconsent.

Obviously tho cstimator Ry is to be preferred in this caso sinco for this examplo
the condition (3.2) is being satisfied. Substituting theso values of Cf and py in
equations (2.14) and (2.16), we got,

M(R) = k(0.5318)
and M(R}) = k(0.2542)
which gives tho rolnmo gnin in precision of R a9 209.2%. It is to bo noted hore that

this relative p is pondent of samplo sizo sinco &'( = k R?) is constant for
both tho estimation procedurce. It is also obsorved that estimator Ry is to be

preferred when tho ratio of intorest is (Fy/F,) and R is to bo proforred in caso it is
intended to find tho ratio R aa (Fy/F,).
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6. Use OF MULTI-SUPPLEMENTARY VARIADLES

Let us supposo that in some surveys information on (p+2) real-valuod sct
function f{a,) dofined over tho olass A(i = 1, 2, ..., p+2) aro available and wo aro
interested in ostimation of oither ratio R(=s Fy/F,) or product P( =F,-F,). Tho
paramoter Fy is of the form (2.1) that is

Fi=Z [la) for i =1,2,...(p+2).
aedg

Wo can improvo tho usual ratio and produot eati by idering tho esti
R; and P; defined by

B=RTr
5= 2 . 81)
and
_ ] "“ -1
B=PRE T #) . (62)

where Fy = F[F,, provided the valucs of Fi(i == 3, 4, ..., p+2) are exactly known.

Tho niean square error (m.s.e.) of theso estimators considering only the torms
pt d degreo aro obtained by similar approach given in Soction 2. Tho m.s.6. are

) = Aty + R 2% e, opute ceu] . (63)
4 ? s I=¢+3
and MPYy = HP+P 2, +220,0“o,‘—2 z. o.c,p.,] . (84)
iy 1 iy
B - -
where =% 01+2“:‘;;';40‘0,pn 2 oE Gl

el ”
+2% 0002 % COp-23E COps e 68)

The oxact conditions undor which R} and P; may bo moro officiont than
Rand P respoctively, is complicated. Howovor it is obsorved from oquations (3.3) and
(5.4) that sufficiont condition for R} to be moro officiont than R is that fy(a,) should bo
positively correlated with any g of the f{x,)'s and negatively correlated with the romain-
ing(p—g) of, j,(a‘) s \\hum s the eomhtion for P to bo more officient than P gotroversod.
Tho config h l.ho distinot vegion of proforonco is also
difficult to get; hawnvur. theso conditions in partioular oasea can bo obtained as indi-
cated in Scotions 4 and 6.
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