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SUMMARY. Tnthiapapor a techniquo is dovelopal Lo cotimato tho bies of aa ordinary ratio
cotimato Lo a given degroo of approximolion on Lho busis of the interpenetrating sub-sample catimates,
This estimate of tho bias i used to corroct the ratio enlitnto for ita bins, thereby obtsining an almost
unbiasod ratjo catimato.

1. INTRODUCTION

In Jargo sealo samplo surveys, tho method of ratio estimation is used to catimate
various ratios. Itisalso used to estimato totals whero supplementary information is availablo,
sinco under certain circumstances naually mot with, it is moro efficient than tho conventional
methods of obtaining unbiased cstimates, DBut a satisfactory treatment of tho bies and error
of a ratio esti is not yet availablo. Howover diff pling and estimation procedures
havo been given which provide unbiased ratio estimates. In this paper, two differont types
of ratio eatimates based on eslimates obtainod from n indepencent, and interpenctrating

b-samples have been pared from the points of viow of bias (to tho second degree of
approximation) and mean square error (to the fourth degree of approximation). This study
helps in obtaining an estimate of the bias of the ratio catimate, for any probability sampling
design,  Onco the bias is cstimated, the ratio estimate can bo corrected to givo an unbiased
ratio eslimato (unbinsed lo tho eccond degreo of approximation). The gain in precision
of this pnhiased ratio estimate as compared with the binsed ono has beon studied.

Tho above results ean be gencralised to eslimato tho Lins of a ratio cstimate to any
degreo of approximation, using s scrica of ratio cstimates based on a number of independont
and interpenetrating sub-samples. Theso generalised results, for tho particular caso whero
tho estimates of the variates in question are distributed in the bivarinto normal form are
given in scctiona 7 and 8 of this papor.

2. APPROXIMATIONS FOR THE BIAS AND MEAN SQUARE ERROR OF A RATIO ESTIMATE

Lot § and £ bo unbiased estimates of y and z, the popunlation totals of two charac-
teristics, based on any probability snmple. §/2 can be considered a8 an estimato of tho ratio
12-zx]

< < 1,8nd neglocting

R = yjx. This estimato is consistont but binsed. Assuming that

terms of degreo greater than two in tho expansion of ( l+gT;y) ( l+-9%z )-l, it can be
shown that tho bins of §j2

BYIR) = 5 (B var(g)—cov (2, ). . 20
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Tho mean squaro orror of §/2, to tho fourth degree of approximation, is
o _ 2y P yof Zn _ fox o) ynf Bn By S ]
AuGy = R {( o Ty ta }+ ( 2y T B ]+3(z‘y' y iy }

. (22)
whera #y= B [(E—2) (§—yY).
If the samplo size ia fairly largo, the assumption lf:
valid. Further z usually denotes tho number of persons, or househokls,or some such charac.
terintio for which wa oxpeet reliablo estimates with a good design. For simple random
sampling, a largo numbor of ompirical studics havo shown that generally if the samplo size

z| < 1 con bo considered to bo

is greater than 30, tho assumption that Ii’% < 1 is valid; and that the contribution of
the higher degreo terms $o tho bias and variance of tho ratio estimato will be negligible,

3. COMNPARISON OF TWO DIFFERENT RATIO ESTINATES
Lot (y;, %;) bo unbiased estimates of tho population totals y and z, from the i.th
indopendent interpenetrating sub-sample (i = 1,2, ..., n). The following two ratio estimates
can Le considored as estimates of B = y/fx

M R = ittt tva

It 2yt 2a

" =n.n Y

(i) R, = n(f“+z,+"'+r.)
‘}E yiln
£y

Applying resnlt (2.1) to R = , wo get the bins of Ry,

E xfn
“1

=5, 3 B3| (2125

8ince 1y4(2i, y,) = 0 fori £ §

L)
=%, Z Rynolzi}—pulz ) }
[=
=1 3 ¥
=1 { ;B z_i)} . (30)
Bins of B, DR, = B, = %{ >'p (% )} . . (32)
[

Comparing (3.1) and (3.2), wo note that the bias of R, is » times that of R,, to tho second
degroe of approximation.
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Wo now comparo the mean sijunro errons of R, sl Ry to tho fourth degree of approxi-
miation, assuming that the sub-samplo wizes aro tho samo (us is tho case genorally) so that

L =
B ( ;,)_ B
I l5u Y) = pin

snd X ( z_:) = M for alli.

By applying rosult (2.2) to R, and simplifying, wo obtain,

Jl(l?,)=.\l,=:_'{(/_!‘,:t +hz 'l‘u) (2/5:-._;:«;__:)4_
[ #ao +} I’u -I'n) +3(n—l) ("m + I‘-ﬁm +2I‘|| 0/;.‘:..)
= ‘,f nly - (33)
whers A=R’[2(2_£:§l _A_IL!;:)+3(n+|)(/uo+

_3 (3/'50 + /w'n +;g-y: %qn.. )]

and M(R,) = M, = & (R\—R)* = & [ "7 Z i’T:—R)]’
=1

—h 3 e (ner) el Sn(z) 0 (1)

S S (2)ed S a(2) a(y) - e

e (34)

from (3.3) and (34) I, = ,u,+%‘,_l A+"%l ”
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Comparison of My and M, is dificult in general,  Henco It i asumod that 2 and § aro distri-
buted in the bivariate nornial form in which case the bias and mean nguare error of §/2 reduco
to

B = Redes—pty)

AU = Rffej—2pcsty+ei) (1431 +0c3(e,—pc, )]

Further A = 3R —2pece,+ )+ 2e,—pe,)t), which is >0
where c{:li’:.tf=l%;:,

and p = correlation coefliciont between £ aud §.
*. Tho mean square orror of R, is greater than that of R,. Thus R, is botter than R, from
the considerations of both bins and mean squnre error,

4. ESTIMATION OF THE DIAS OF TIE RATIO ESTIMATE

An unbinsed estimato of the bias of the ratio estimate to the second degreo of approxi-
mation, is given below,
&(R) = R+B,

&(R,)=R+B,
. &(R,—R,) = B,—B,.
But B, =nB,
& (Ra—R) = (n—1)B,.

l'f, = BBy is an unbinsed estimate of B,, the bias of R, to the sccond degreo

of approximation.
The variance of the estimalo of biss of R, is given by

T = ot Vet Vam2m,m, VIV

where V¥, = Varianco of R, = M ,— B}
Vs = Variance of R, = M,—B%
and Pp,g, = Corrolation cocfficient of R, and R,.

< using (3.1}, (3.2), (3.3) and (3.4), we got

V= Vak I (-t

VB = Lo w2 24D - ]
whore ¢'=l+uT_’lB'V_.A'
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If £ and § are bivariate normally distributed
A—B* = 3eERY(c}—2pestytcta)+ § (ca—pey)t]

which is greater than or equal to 0.

It follows that a® 1 and theroforo Vy & Va. Thus it may bo observed that R, is
& botter estimate than Ry from thoe point of view of bias, mean square orror as well as
variance.

The jon for the Tati fficiont botween R, and R, to the fourth degreo

P
of approximation is

» {RHOHI LI 2] _ =)
{ndc)? n n

e (42
PriR, = T —5op+ 21— Betp+ 2t w3

under the assumption that

(s) 2 and § are bivariate normally distributed with the same coefficient of variation
(cg=¢c,=c) and

o 4 rzt o ta) <AVE+a 2]
In the abovo expression p stands for the corrolation coefficient of £ and §. If ¥ is small,
Pr,R, ¥ill bo nearly equal to 1.

The coofficiont of variation of the cstimate of bias may be large; still it may be possiblo
to got & ratio estimate correctod for its biss which is more efficient than tho biased one.

6, AN ALMOST UNBIASED RATIO ESTIMATE

Since we have obtained an eutimate of bisa of Rj, that can be used to correct R, for
its bias, and wo get an almost unbiased ratio estimate.

&= (TR

1 This assumption was neceasary to dorive the & (R(Ra), for

or - G R — GIRIE(RY
iRa VIRIVIRD

oty
SRRy = & ((gitondtyss )
- Tyt | (V@) ny!) V()= (VIE) +n2) cov. (1, ¢)
1)+t V() +na)
whero o= vyt o FYa) — (V) 0y
& = (214 2s2st o0 FTaz) = (V(2)+022),
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Wo say it is an ‘almost’ unbinsod extimato beeauso it 38 unbissod only to the second degree
of approximation. Tho variance of the corrceted catimato is

VR = i (Vi Va2, 0, VTR

n—1)}

= (u_z‘;)—‘( tat—2npg p o+1 ] w B.0)

‘Tho gain in precision duo (o using &, inatead of X, is given by

o 320 —2np, atl
_M-rRry T,
G = T = e - 6

where 2% = y'.gl;_ = % , B and ¥ Leing the biss and variance of the ratio estimate
[

based on one sub.sample, It may be noted that

18]

i <6
whero ¢, is the coofficiont of variation of the estimato £ basod on ono sub-samplo, If the
sub-samplo sizo is largo ¢, will be small. Honco 22 can bo neglected. It is to bo noted that

Reglecting z* does not amount to neglocting biss, Tho gain in procision can be written as

u’a’—2nﬁl‘k_a+ 1

G(R)=1— — w (63)

Further tho expression in (5.2) is greator than that in (5.3).

G(R) >0, if (n--l)’-z’—(n’.z‘—annlll atl)>0
ie., if (2n-1 '—‘.'np“l,,“a+l<0.

wlich will be truo if « lies betwoon the roots of the oquation

2n—lat=2npy , a1 =0 w (54)

npa, 5,0}, 5, ~2n+ 1)

fe) if « li Vi —
(i.e.) if « les between =T .

For given valucs of a and PR.&a the minimum value of n which mokes O(R,) > 0 s given by

= (1—ay
» [2‘0'1:_.;.—;)] +1 e (55)
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It can bo scen that G(R,) will bo positive enly if Ppn, > a. Further for yiven values of

« and Pn.n. whero ’R.R- > a, tho valuo of a which maximiscs tho gnin is

(1-pp,p%

gl . {5.6)

For given values of n and PR, R_lhe valuo of & which maximises tho gain is

1

& o= .
"PR\Ry
A table showing for given values of Ppn and a, the minimum value of n required to mako
1Ra

the gain positive, the optimum n and tho maximum gain aro given below.

WMINTMUM AND MAXTMTYM VALUES OF GiR,) WITIT THE CORRESPONDING VALUES
OF a FOR DIFFERENT PR,Ra AXD a WHERE PR\Ra De

o minimum maximum
. 14 —_———
no. BB TV oy n o o(R

{0) ] [ 3 {5) 8
0.6 07 6 00089 10 0.0152

2 0.8 3 0.0550 4 0.0988
3 0.9 2 0.0889 3 0.30:30
4 0.7 0.8 4 o.0n3 T 0.0260
5 0.9 2 0.1020 3 o.1884
L] 0.8 0.9 3 0.0409 4 0.0486

6. EMPIRICAL STODY

Tn scction 5 wo have discussxd the eflicioncy of the corrected eatimato R, as compared
to that of B, Thero jt has been pointed out that under certain circumstances R, will boa
botter estimato of R than B,. In this section wo give an examplo whero tho varisnco of
R, turned out to bo less than tho mean square orror of R,

The data for this study consist of tho villngo.wise figurea for the number of honse-
tholds and the numbor of persons attending tho villago market for a samplo of 300 villages
scattered over a wido region. Trenting this aa tho population.two samples of size 30 villages
are drawn systomatically with independent random starts to catimate the number of porsons
going to markot per houschold. From theso two sub.samples tho estimates R, and R, aro
ealeulatod.  Then the corrected cstishate ia found by estimating the bins of B,

For tho purposo of this study, bl tho possiblo pairs of systomatic samples aro enu-
merated. Thon for each of the pairs R, R,, and R,~R, aro calculated, Tho varianco of R,

387



Vor. 21) SANKHYA : THE INDIAN JOURNAL OF STATISTICS ( Pants3&4

tho corroctod cetimate and the mean squaro orror of R, are dotermined. Tho resuls are
given below,

Population ratio = 7.6857
E(R,) = 7.0211 and E (R,) = 8.1401
B(R,) = 0.2354 ond B(R,)) = 04544

It is to bo noted that B, is almost half of B,. This may bo takon as indicating that sccond
dogreo approximation is good onough. Tho varianco of R, and mean aquare orror of X, are

V(R.) = 8.9002 and J(R,) = 0.6144
P, = 0.0356 and a = 0.8871
G(R) = 64%

7. COMPARISON OF A BERIES OF RATIO ESTIMATES

When n, the number of indepondent snd interpenotrating sub-samples is a multiple
of 2,3,... and , wo can construct the following ecries of ratio estimates.

o
]

Msis
™M
™

L
-
]

p
I
3
312
ps

+

MSI:
™s
™

IEIEIE

T
1
3
t

Som(m—1) :‘7‘+1
whero mow 1,2,3, ..., k0,
im

Sow
e im-n2+
“w ,>—; {Rapa)y b whoro Ryl ——

z £

i-u-l)$+l

It may bo noted that thero are

nl e | fioting. )
m'{{%‘n],}_ ways of par g-tho n sub,

samples into m partitions each contnining nfm sub-samples,

In practice the situation may ariss where (£, §) are approximately distributed in the
bivariato norma! form. In such a caso wo may mako uso of the propertics of the bivariato
normal distribution for writing down tho expressions for tho bias and mean square orror of
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tho ratio eatimato. It is to Lo notel that the infinite acrica for the bins and mean squaro
ervor are divergent. As haa boon rightly pointed out by Cramér and Kendall in their books,
in statistical practice one Is intorestexl not so much in tho convergenco proportics of tho
infinito scries representing a function but in finding out whether tho first few terms of that
sorios will give a goud approximation to the function.

Naturally in a finito population whero tho cetimato 2 doca not take the valuo 0, the
bias and the mcan square error of tho ratio eatinato §/2 will be finito quantities. Tho formal
expressions for tho bins and mean square error in terme of infinito serica under the assumption
of bivariate normality are considered hero. The problem s to how many terme are to bo
taken to obtain & desired degreo of approximation in differont situations is yot to be fully
investigated. So in discuesing the bias, only terms of degroo greater than 2k aro neglectod
where k is any finite number,

Bias of §is given by BI2) = Ricy—pe) Z ol Z A @)
where Ay = Ric,—pe,) g"jQ] ¥,
Mean square error of -g to the fourth degree of approximation is given by
A (9] = R+ 2ot Dt bcllea—pe, V) - (12

3 [y Iy 3
. -1 )
Bins of Ra, BiR,) = B, = (:L) Reampe) ‘2%”—,' _,.‘:‘ = S 4= > iy
[=) J (;) fu P20
. (13)
where 7= 5‘. .
From (7.3) it follows that tho binscs of tho acrics of ratio cslimates havo tho same sign, and

the absolut, gnitude of the bias i with m. From (7.2) tho mean square orror of
R,, tojtho fourth degrea of approximation is given by

MR = o= R (tpeyr it By A O B2

~dodym A4 mmD) po

whore A, B and A have boen defined in scction 3. Sinco A > 0, M isan increasing function
of m,

Furthor My—Mu., = ;- M B* which alwo increascs as m increascs,
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8. ESTIMATION OF THE BIAS OF A SERIES OF RATIO ESTIMATES

The bias of Ry, to the (2k)-th degreo of approximation can bo esti d a3 given bo.
low, from n independent and jnterpenctrating sub-samples, provided! n ia & multiple of
2,3, 4...80d k, whero £ and § sro distributed in the bivariate normal form, (The bias,
when 2 and § aro not Livari Hy disiributed can also bo estimated by adopting o
similar procedurc).

Tho bias of R,, to tho 2k-th degree of approximation ia given by

I3
B= ( Z mhy, ) m=1,2 .55 [sxo(13)] . (14)
(=Y
& (Ra) = R+-Ba
13
8(Ra—R,)) = Bpa—B, = Z (mI—Tyny . (15)
-1
Let Do =Rn—R,
From (15 &P= 0 W)
whero D = (Dy, Dy, o.vy Dy, Dy)

7= (00 Tos oo M)
2—1 3-1 .., k=1 n-1
2] 31 ., 8= n-1

A=
2'.—1 ’ 3"—1' , l"—l‘ 1:'—-1
so1=8(D) AN
From (0 B -l g
whero B =By, By... B, B,)

and ¢ is 8 (kx k) matrix whoso clements ava all equal to 1,
;o B=&[DH &[D] A e,

8 8 . 8

But Ale= 8y 8 e 8
PR
whero 2, is tho sum of tho olements in the m-th row of A
s An estimato of (B), (B) = D+ DA e = D+D[S1(1)
4

whero 8= &

and (1) =(1, 1,... 1}
%
bo= b Sjoa4 D whero j=2,3.. kymond gy =8 .. (16

enco the corrected cstimato is given by R, = R_—l}_.

1 Thia condition is only aufficiont but not nocessary. Tha entimato of bins and henee tho earrco-
tod ratimate may bo oblnined oven if it fv not & multipls of 2, 3, ... k by contidering the scriet of ratio
timnles dofin) over ovor-Wapping partitions of tho n sub-sampl
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Particular cases :

il.'lx 1 "
1 R - [
) k=1:R = o= Z (j)

By=mp = Tn Ay wherom=1,n,

- 1 =
Since A =(r=1), A == and [S]—"_l

By=(R—R)+R—R) =2 (Re-R)

But By—B, = &(R.—R)
Ra—R,
n

B, = B—R—R) = ;_Ll (Ra=R)~(By=I) = =

L3 niy
W Z% Z i .

t=.| , By= :,:l +(=(:42)+\ nndR,s—,l‘ Z !,I—:]
[

i | 3w 3w
{=1 f=in 2341

=

(9 kE=2: B =

whore n is & multiple of 2,

By = mymiyy = ’%A,+ :—l: Agim=1,2andn,

2—-1 =n-l 1 a-l
w= (ol 26 n)
21 w1 3 a-l
-1 —(u—l))

. 1
A (] (_3 1

Horo

P et S
P a2 T o (=)
(By, B, = (Ry—Ry, R\—R)4+(R,—Ry, Ry\—Ry) =, (L1
—2
(n=Tn—2)
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and
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(R " _py_ _2AR—R)
By= (BBt 25 (=R = (2t

= —2n 2An=1) o _ 2R,
nTlR‘+ a=g =N (n—2)

-2 n n(n—3)R,
By= 3 Rk 2y Bk iy

(n41) p, "Ry 2R,
B=- rey =Dn=3 *

Hence the almost unbiased estimate In this caso is

R‘=2n_Rl_nR, 2R,

=l n=2" (a=1)(n=2)"

(Parts3& 4

It may bo noted that the resuits given above will also bo obtained when an estimate
of tho biaa to the third degreo of approximation is considered, in tho case when £ and § are.
not distributed in the bivariate normal form,
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