ON SOME CLASSIFICATION PROBLEMS—I

By 8. JOHN
Indian Stalistical Institute, Calcutla

SUMMARY. A clussificstion proceduro ia described and ila porformance characloristics are
sludied. The procedure deecribed is one which can bo adopled in situstions whero tho only information
o0 altornative populalions s conteined in samples.

1. InTrODUCTION

In problems of discrimination we have an individual, known to belong
to one or other of & populations and wo want to ruwign it to its corroct population.
Such problems of clussnﬁcuhon ofton ariso in sovoral branches of scionco, Tho
techniquo of discri functions which was dovised by Fishor (1036) has proved
to bo invaluable in tackling classification probloms. But tho construction of the
diseriminant function is possiblo only whon wo know tho values of tho paranioters
characterizing the populations to bo discriminatod botwoon. This raisos the question
as to what is to be done whon such knowlodgo is absent. In this papor wo describe
o classification procoduro suited to such situations and make a detailod study of the
chances of error involved in this procoduro,

Lot us first considor the case of two populations P, and P, We shall
supposo P, and Py to bo multivariate normal with moans = (u{", p§ ..., pt"),
0 = (P, 4P, ..., 1) rospoctively and a common disporsion matrix S, We shall,
in this papoer, supposo that X is known. e have an individual with measurcmonts
Z=(2;, 2, ..., %,) 30d wo want to assign him to P, or P, To this ond wo draw
samplos of sizo N, and N, from P, and P, and perform tests of significanco to sco
whethor z could havo como from Py or P, Supposo the tost rojocts the hypothosis
that z camo from P, at a lovel @, and tha hypothesis that z camo from Py at & lovel
3. We assign z to P, or Py according 88 a; § a,. Lot 2! bo tho voctor of samplo
moans in tho first samplo and lot 2P bo tho voctor of samplo moans in the sccond
sample. \Wo may, for tho tests of significanco, uso the critoria (Vy/N¥,+1)
EV_)N-YEW 2 and (NofNy+IHEW—2)S-YEW—1)' respoctivoly, cach being
distributed aa a chi-square with p degroes of froodom under tho respoctive mul hypo-
thescs. In this caso our procod to assigning z to P, or P, according
g

(NN 1) (B0 —2)E-1 20 —2) 5 (NN, 1) (29 —2) @ —x)' .. (L)

In tho following soctions wo shall study in somo dotail the poerformance
chacacteriatics of such a procodure. A simitar study of other classifiction procedures
will Lo mado in subseyuent papors.
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1f z really camo from P, what is tho probability of wrongly nssigning
it to 41 If z roally camo from P, what is tho chanoo of wrongly assigning it to P,?
In other words, wo roquire

Priz, > gyl € Py) and Priz; < zx6 Py) . (20
whero 2y = (N[N, + 1)V ~z) B}z —x) . (22)
and 2 = (N Ng+ 1)(EW~2) E-Y2W—z), e (23)

Wo shall oxplain how to evaluate Pr{z; > zjz¢ P\); Priz < z|2¢ Py) can
bo ovaluated similarly,

Put P = (N N+ )0 —2)4 . {24)
and §O = (VN YED —2)4 e (2.5)
whoro A4 is o (pX p) matrix such that A'S A4 =1,

Wo can now writo
2, = YO, 2y o gy, e {28)

Tho joint distribution of (7, y**) is multjvariate normal with moans (0, 0) and

dispersion matrix
pl I

whuro 0= (-Aé\'—) (0 —p)A e {2.7)
i+
N A 2
and p= RSy o (2.8)

Wo nuw mako ono more transformation and put
Wi = yWC, W = yC e (29)

whoro C 4 an orthogonal matrix whoso first column is

(Fay rzar  rgoy)

=] jm1
In terms of tho varinbles w and w®,
= w2, = wiPpt’, v (2.10)
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The joint donsity funotion of ("), 1'*) aplits up into p factors and is, in fact,

i, i) ﬂ gt i) (210
(=
— e [at=2pa (b= ) 4 (b= )"
whero fla, b) = h(l—l—pl)'e FT=py P12k b0+ 3-8 219
—l 17— 3
1 maem e . (213)

0t = i
and 8= (£ O = (VN ) — S — gty P L (2,14)
(=1

4 s thus & simplo multiplo of tho distance hotween Py and Py,
Now put
1 = [X1—p)] Nt — i) e (215)

v = [2(14p)] ) wt? $10'V). e (2.16)
Clearly 2, > z, if and only if uv’ << 0. Thus wo got the result
Priz; > 7|z e P)) = Priny’ < 0). e (317)

We now address oursolves to tho task of evaluating Priuv’ < 0). We
obsorve that w,, Mgy e My} ¥y, Vg ooy 0, are all independently distributod normal
variables, Tho variance of each is unily. All of thom except u; and v, have got
zero expectation, But

E(n,) = [2(1—=p)]t 8 = 7 (say) . (218)
and E(v)) = [2(14p)) 8 = { (eay). o (2.19)

First wo shall find Pr{uv’ < 0]u) and finally got Priuy’ < 0) by finding
E[Priwv’ < 0|u)).

=pu (st .
Prwr<oly= | (2_"')‘ e ra

—-oc
%0 l N
= P . (2.20)
B e 8 -

sz uppr 1
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Wo now mako the substitution

wy=reost, x=(ul+ul4...tul mraint o (221)
@« l N
Thon Priuy’ < 0|u) = I @ R, e (222)
§ cont

Wo observe that Pr{uv’ < O|x) deponds on u only through ¢ Theroforo if o{t) is
tho density function of ¢,

Priwe’ < 0) = [( [- (2myt e~ b ),(z)dl. . (223)
1 oow

Wo have thus to find tho distribution of 1.

3. DiSTRIBUTION OF ¢

The joint density of «; and x* is easily scon to bo
2-(;—1)/:[ r (;:_—2_1)] -1 Gy ¢_"”2(2n)-i M- - 3

Making tho substitution
u,=rcost x=rsinl . (3.2)

wo find that tho joint density of r and ¢ is

mog M p (”_‘2')]" VI e ey (33

Expanding ™ “** in powers of r and integrating ont r we get the density function
of t as

vy =m-[r (1’;21 )]" "B g ray i ll(rq(%){fl @R cos't .. (3.9
-0

Substituting in (2.23) wo got

P’ <oy =t [ 7 (251)]7 0t Z, HI‘{%’{” PR . (@5)

whoro A = ]. 8in?~1 ¢ cog? | ( f (emyd e dz)dl. . (3.0
o

§ coat
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Wo shall obtain a soriea expansion for »4{Z) valid for nll a.

g = [ ity contt(2my I- &P de)
°

b} oost
[ 3 feont N
= [aintcoowrj= | @nrie™" dddt e (37)
o o

=% i sin?-{ cos* £ dt—

.
I 8inP~t | costh+1+/ ¢ gt
H

- @ T e
(%) ("7
r(2})

. (if & is oven)

%4s42
- p 252 r), [ ek
e ) (=t mg;:-l)' ( :( 2H)-p(1-a+12) ) - 38
z
(if & s odd).

It will not bo difficult for the roador to verify that tho torm by term intogration
involved is justified.

4. BOUXDS FOR THE PRODBABILITY
In (3.8) wo have a very simplo oxpression for Af{) if s is evon and an

infinito series if & is odd. Wo shall now determine upper and lower bounds for A(f)
for g odd. 'Those will in their turn dotormine upper and lowor bounds for Pr{uv’ < 0).

If & is odd, we have from (3.7)

h(f) = — !' 8in?-% { cos* ¢ (t r‘(h)" P )
o o

Iz
=-2i(1-:ﬁ)"‘f’r ( f em e"‘”’d..)dz. e (D)
H °
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i
Observo that ] (2m)~4 ¢~ du is & concnvo function of z. Henco wo have
°

G .
KhOp — ———L 1 (2n)ie w2 gy . (42)
el
LIy
= = e (13)
whero afs) I‘(,+l).l‘(”—+;t}) 4

Further it is obvious that, for s odd

Mo <o e (44)

Using (3.8) and (4.2) wo obtain from (3.5) tho following bounds for Pr{uv’ < 0)

- Jair41)
—v2 Tle+) ‘v T'(s+1) —ulf2
mhe [}Z Ty @ ) > i ( uj (2nyte du) (241)"!]

< Priwr’ < 0) € jmri =" Z ‘;‘2"?") @ . (4.8)

Theso bounds ean be written in a simpler form wsing tho duplieation formula for the
gamoia function

(22) = 2 (a). Ta+4)

a{22 41}
- ""'Z r;’:ﬂ;;)( | iemyreve du) P <0 & b e (40)
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Thoso bounds aro casicr to caleulate than tho oxact oxprossion for P{uv' < 0) itsolf.

A slightly moro simplo, but loss sharp, lower bound for Pr{uv’ < 0) is obtained
if wo uso tho fact that, for odd &

r(’—';—‘ .r(‘iz'-‘

r(ZF) ) i @ne "R dy

Mo < —

3
_ .y o iy
j—eTE ([ @nyt eV du) [ 1(‘(:,:-_)3:':)] & Priur’ <0) € } ... (47
L] "~

It is possible to givo yot another lower bound. (I am indebted to Dr, C. 1.
Rao for pointing out this), This is obtainod by noting that

hary (B) S Jharsi O] < By ()-

onco wo got after somo simplification,

e - (2 F(H'P%l)
e~V neyo | w' < 0). oo (48]
I-e Z_; T S P <0 (48

If wo separate evon and odd torms, the oxact formuls for Pr{uv’ < 0} itsolf
can bo expressod more simply as

- ptl
Priuy’ < 0) = §4n-t I:P(E;—l )] ‘e" v'lglz:‘; F((;-:_ 1—)—2l—) (2934 By (D)
(+.9)
8. CLASSIFIOATION WIEN TUERE ARE MORE TIAN TWO POPULATIONS
G lizing tho proceduro di d abovo, wo may computo
7= (NN 120~ S B0 —2) (i=1,2,... k) e (50)

end pssign 2 to Py if gy < 5 (i=1,2,..., & § #j). Horo 2t is tho voctor of moans
computod from a smwplo of sizo N; takon from P; and £ is the common dispersion
matrix pssumed to bo known. Lot us considor tho probability of incorroct classifi-
cation involvoed in tho abovo procoduro. Assumo that z roally bolongs to P, Wo
shall givo an upper bound to tho probability of incorroct classifieation. Similar
uppor bounds can bo givon for tho probabilities of mixclassification of individuals
from Py, Py, ..., Py,
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Iot E; (i=23,..k bo tho ovent that 2, <z. Thon tho chanco of

:
misclussifying z iy Pr({) E).
=1

Now, r (0 E) <;:ll’r (E)). (Usponsky, 1937). . (5.2)
=1 ="

But PAE) (i = 2, ..., k) is the probability of misclassifiention in the situation whoro
thoro aro only two populations P, and P;. o havo already explained how this
probability can bo computed.
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