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SUMMARY, Ta this paper. necessary and sufliciont conditions are obiained for 1o almost
overywhate convorgonco of tho density of tho notmed sun of & saquenco of independent and identically
distributed randomn variablos, to thy .domily of tho standnrd normal distribution, Extensions to

(i) multidimonsions and (i) tho cass of convorgonce to stablo law aro also givon. An application to the
of corditiona! distributions is also pointed out,

1. IsTRODUCTION

Lot £, %y, .. Envoooy b0 & sequenco of independent random variables with
common distribution funotion F(r). Let F,(z) Lo tho distribution function of tho
normed sums

ha= §l+_Egj-1-l--+5. e (L)
and lot p,(z) denote the donsity of the absolutely continuous component of F,, It
is well-known that F, == ® (==) donotes wonk convergenco) if and only if (i) EZ, =0
and (i} £¢, = 0* < 0. (Sco Kolmogorov and Gnedenke (1954), p. 131). Here
®{x) donotes the standardized normal distribution. Kolmogorov and Gnedenko in
thoir book {1054, p. 223) have given an oxamplo which shows that the density p(x)
nood not ‘converge' to ¢{z), the donsity of ®(x). Howover, an examination of tho
oxamplo roveals that convergonco fails to take placo only in a neighbourhood of the
origin. Wo are theroforo naturally Jod to ask whether it is truo that py(x) - $(x)
almost ovorywhere. Tho objoct of this note is to answer this guestion. Theorom &
shows that almost everywhoro tonvergonco can indeed bo always asserted.

In this connection, it may be pointod out that complete solutions of the problom
are already availablo for cortain other definitions of convergenco. Thus, for instanco,
Gnodonko (1054) has shown that necessary and sufticiont conditions that

ess sup | pfr)—g(x)[ - 0 . (L)
<xTL 4D

are (i) F,(x) == Oz}, and (i) for somo 1y, Fu lz)salisfics tho Lipschitz condition of
order 1, Again, Prohorov (1952), (sco also Smith, (1953)) hns shown that necessary
and sufficient conditions that

_f | o) —gl)|de = 0 w (13)
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are (i) F,(x) => O(x), and (ii) F, is non-singular for some n. Now, from (1.3} it at
onco follows that p,(r) convorges to ¢{r) in measure and this makos it plausiblo that
8.0. convorgonco takes placo,

2. Turorews

Theorem 1:  With the above nolation the necessary and sufficient conditions that

Pz} H2) e (21)
ulmost ererywhere ure (i) F (x) =) ¥(z), and (i) F, is non-singular for some n.

Proof: Necessity. Tho necessity of (i) follows from Scheffés thoorom (1047),
if we notico that in view of (2.1), tho contribution of the singular componont of F,
tends to zero as n— 0. Tho necoxsity of (ii) is obvious.

Sufficiency: Lot n, be tho least integor n for which F,, is non-singular, Such
an n, exists in view of condition (i) of the theorom. W can then write F*™°= F,+Fy
whero F,(+00) = y(> 0) is the absolutely continuous component of F*"°, We
can theroforo choose & so large that if E = { : p(z) <k}, p{x) being tho donsity of
F,, thon j"‘ pledz = a where 0 <& <y. Wo can thon dofino

1
Cyx) = z _]'- Pax,dx
whore ,\'z is the characteristic function of tho set E, and write

F" = aQ,+ 4G, e (22)
whoro f=1—a and G, 6, are distribution functions. By our choice @, is
absolutoly continuous with bounded donsity and @, is not complotely singular. Let
g,(t) and gy{t) Lo the e.f.'s (charactoristic functions) of the two distribution functions
Gy(x) and Gyr) respoctively. Thon sinco @, has bounded donsity it follows that
916 Ly(—00, ). (Sco for instanco Bochner and Chandrasekharan, (1049), p. 20).
Furthor, sinco both @, and @, are non-singular, for any 8 > 0 wo can find 8 p = (%)
such that 0 <p < | and

‘ s (2
for all [¢] > 8. la<p o] <p 23

Now supposo that n = ngk+r, whero & and r are positivo integors with
0 < r<n,. Then (®denoting convolution)

Fon = POk o Fo = (a0, 1 fO ) oo

“[4 (5]
REARE AT

= I (5)+K,(x) wny. v (248)
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It i3 then clear that J (r) is absolutely continuous and Jot ¢,(z) donote tho donsity
of l,(zy/h). Tho total mnss of K, Is at most ka 1442 < C Y whero € is a
constant independent of k. This implies that

I |p2)—g,(x)|dz < C p0. o (28)
Now sinco 0 < f# < 1, it follows that T g < 0. By tho Borel Cantelli lomma
¢
we can then agsort that
[Palx)—4u(2)| = 0, a3 n—p 0 . (2.0)
for almost oll (Lebesguo) x,

Wo now procced to show that.¢,(x) tonids to ¢(z) uniformly in 2. Lot h(f) denoto
the c.l. of M (xv/5). Then since g, ¢ L, and aa is casily verifiol A (0] | ailtfv/m)]?
it follows that A(f) ¢ L;. We thon have by the invorsion thoorem

—ttz

q.(x)=§l’_' | hae™ .

Honce =g < oo | | AV |at

1 —pp2 1 5 —op
<5 A —e=PEdt4 = (e~ Fdt
n I'II<J - A[

1
= LR LY Ol
AL <Byn I>8s8

=L+ 1+1+], say.
Since (/,(t) denoting the cf. of F,)

1L0-h0)] € B*4+kaptt . (20)
ﬂnd/.(l)—u_"l’ it follows that h.(l)—»e_"lz y
that ia =X | - 1a=o) . (28)
2n <

for any fixed A. By choosing A sulficiontly largo 7, can be made small,
From F,(r) = ®(x) wo can deduco that F(r) has finite sccond momont,
(Seo Kolmogorov and Gnedenko (1954), . 181). Hence wo ean find & > 0 such that
for [i| & & wo have
L
1/ < oxp (— 'T)
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whero ot iz the variance. From thia and (2.7) it follows that

<Lt | o

2 -
Al <avh

+ 5 BVAP R

< 1 " e~ (1)
¥

< l[' =P gty of1) . (2.0)
n
A
i.¢,, I, can also be made small by choosing A sufficiently large,
Finally from (2.3) it follows that
[h0] € P2 |9l Vet

wiht L&At [ jguvmpra=grs | jaolre . @10
Hi>svn n>s

ie, I, =ofl) a3 n—c0.
Thus combining (2.8), (2.0) and (2.10), wo can concludo that

|9:(=)—g(z}| > 0 - (21D
uniformly in z. This complotes tho proof.

By a standard modifiention of tho above argument, Thoorom 1 can be
gonaralized to stablo distribution functions,

Theorem 2: Let €, &y, ... Zy .0, be a sequence of independent und identically
disiribuled random rariables, and lel
e ZEtht Al

Then the necessary and sufficient conditions thal there exist constants A, and B, (> 0),
such that p,(r)—> y(x) almost everyichere, where p,(r) 18 the density of the absolulely
continuous component of . and y(z) ia the density of the siable law ‘I'(x), are

(i) F belonga to the domain of aitraction of the stable law Y, and

(i) F, te non-singular for some n.

Tho proof of the above thoorem is entiroly analogous to that of Theorom 1
and so is omitted.
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3. CoNCLUDING REMARKS

With regard to the socond condition of the thoorem viz., F, or what ia tho same
thing F*" is non-singulor for some n, we may obsorve that thoro oxist singulne
distributions F for which F*' is abrolutoly continuous, (Sos Salom (1942)). Howover
 characterization of this class of distributions intrinsically in terms of F fa not
known,

It is worth whilo to note that Thoorom [ is valid for distributions in finito-
dimensional Euclidean spaces. That is, let X,, Xy, ... bo & soquonco of independont
random veotora in k-dimensional Euclidenn spaco E, with mean zero and varianco
covarinnco matrix £, Lot p,(x) donoto tho density function of tho distribution F, of
the normed sumt &, = (X;+Xy+...+X,)/v/# and let ¢z} donoto tho donsity of a
Normal distribution ®(x) with moan voctor zero, and variance coverianco matrix Z.
Thon the nocessary and sufficiont conditions that p(x) - ¢{z) almost everywhero are
(i) Fy(x) == (), nnd (i) F,{z) is non-singular for somo n. Tho proof is the same
as in tho one-dimonsional cnse.

Lot A (x), A{z) be two independent linear functions on E,. We adopt the
samo notation as in the above paragraph and assume further, for tho sake of simpli-
city that tho common distribution F(z) is-absolutely continuous with respect to
Lebesgue moasure. Thon it is clear that the distribution of the two-dimensional
random voctor §, == [A{%,), A4(Z,)] is also absolutely continuous, By central Limit
theorom tho distribution of {, converges woakly to a two-dimensional normal
dlstri_bution, say O(A,, A,). Then we can doduce the following theorem from Thoorom 1
and jts multi-dimensional analogue.

Thoorem 3: Let p,(xfy) be the density of the conditional distribution of Aj(E.)
given AJZ.). Let Hzly) be the corresponding conditional density of the normal distri-
bution ®(Ay, Ay). Then

Palzly) = Slxfy) almost everywhere in z
Jor almost all (Lebeagque) y. In particular
sup [P(Aly)—PlAly)] > 0, for almost all y
where the supremum is laken over all Borel sets, and P,{A[y), P(A]y) represent the corres-
ponding conditional disiributions.

Tho abovo th is an i di q of Thoorem 1, its multi-
dimonsjonal analoguo and the fact that if p,(z, y), 7.(y) donote tho donaitios of £, and
AfEa) respectively, thon pu(x/y) = puz, y)q.(y). In this connoction we might also
refor to a papor of Stock (1957),

Tho almoat sure convorgones of Thoorom 1 ¢nn be roplaced by uniform conver-
gonce, if wo imposo further assumptions. This, as statod in the introduction has
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been done by Gaedonko (1954), the ption required being that F, bo absolutely
continuous and p.(x) bo bounded for somo n. Ho also obtains the estimato

1
o Inin=g)] =0 ()

if the third momont is finite. In thoe genoral caso wo can still dorive estimates for
the Lobesgue measuro of the sot {x: |p.(x)—¢ix)| > C).

Theorom 4: Lel E]X|? < 0. Then there exist constants C,, Cy and A (poesibly
depending on the distribution) such that

L{z: pin—ginl > %_ } <o - 3

where 0 < A < 1, L being Lebesyu. neasure,
Proof : \Vith tho same -otation as in tho proof of Theorem 1 wo have

Pu7) = qa)rale) _

where j- ryz) dr  ka f-14 8 e (3.2)
Further by standard techniques it is ensily shown that
4

sup [ 7.(e)=gn)| < 7 e (3.3)

where C is a constant independent of n. In viow of this it is clear that

. 20 . c
E={z. nie)~gtal > 7% GE‘={z.r.(:)> 7 } e (34)

(3

Thus from (3.2) and (3.4), we deduce
LE) K LED < Y2 (kapttip) @5

Sinco k is dotermined by the relation n = myk+4r (0 § r < 1) it is casy to seo that
(3.1) is an immediato consequence of (3.5). This proves tho theorom,

Rerzarices

Bocuwen, 8. and Conaxomaszxmanay, K. (1040):  Fourier Tronsforme, Prinocton University Press.

Gxzoryuo, D. V, (1954): Local limit thoorem for denaitics, Dollady Akad, Nouk. 8SSR. 95, 5-7.

KowvoaoRov, A.N. snd Gyeorxko, I. V. (1934):  Liwmit Distributions for Suma of Independent Random
Voriables, Teanslated by K. L. Chung, Adilison-Woaley.

Pronorov, YU, V. (1952} On e local Jimit theorom for densitics.  Doklndy Akad. Nauk, 8SSR, 83, 797-800.

8arzw, R, (1942):  On sota of mrltiplicity for trigonometric srice.  An-er. J, Maih., 64, 531 638,

Scnrrrt, H. (10471 A uschul thoorem for probalility distril Ann, Maid. Siat., 18,
434428,

Burrn, W. L. (1033} A frequency function farm of the contral limit thoorem. Proc, Camd. Phil. Soc.,
49, $62.472,

Srecx, O. P. (1957): Limit Thecrens for Conditional Distributions, Univorsit, «f Celifurnis Publications
in Eiotistios, 3, Number 12.

Paper received : December, 1959,

2060



	001
	002
	003
	004
	005
	006

