TESTS FOR INDEPENDENCE AND SYMMETRY IN
MULTIVARIATE NORMAL POPULATIONS

By J. ROY
Indian Statistical Institute, Calculla

SUMMARY, It is shown that the distribution fanction of each of the statistica proponod by
various authiors [Mauchly (1040), Votaw (1048), Wilks (1932, 1933, 1940)] for testing independenco sand
y y in Normal papulation csn bo oxpanded in an sorica involving
Chi.aqunro probability integrale. For largo samplen, tho first torm of tho expansion provides & good
spproximation by itself, tho sccond term boing O{n-1), whoro m ia tho siro of (ko samplo. For modorstcly
large samples, tho fArst two terms may bo used snd tho coefficienis required for this purposo sro
tabulated for each ono of the verious siatistica conxidered.

1. NotaTioy

Given & pXp matrix 4 = ({ay)), we shall denoto by d= ((d), the pxp
matrix whoso eloments aro

dy=ayndy=a, if $ #j,
where a,=p? ) ay, @y = p~{p—=1)t £ ay e (LD
=1 e Y

Again given a px g matrix B = ({b,)), we shall donoto by B= ((Tru)) tho px ¢ matrix
whose eloments aro

Ty =15, whoro b= {pg) ‘i‘.l ,i. b o 012)

Given 8 pXp matrix 4 and & pattition (p,, py, ..., pa) Of p, we shall writo 4
in the partitionod form
I Y
A=| 4y dy ... 4
nooe = . (13)

Ay Amp o Any
whore 4,4 is & p, X ps motrix. Thus writing

Po=ptprttpn (@= 1,20y mo1); Py 0, Pump o (14)
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we have dgp = ((a,.,,)) whero the ranges of i, and js aro P, <i, € Pa

Loy <ig K Py for a,f=12,..,m Given o pxp matrix 4 and a partition
(P1s Pes -1 Pm) Of p wo shall denoto by A® tho matrix

Av=| A, Ay .. A e (15)

If py = py =+ = p,,. wo shall denoto by A*® the matrix

A= dy dy .. dp e (1.6}

Ay Ay oo dim

All tests of significance discussed in later sections relate to a p-variate Normal
population with means ji, and dispersion (or, variance-covariance) matrix ((o;,)), on
tho basis of a random samplo z;, drawn from such a population i,j=1,2,..., p;
ve=1,2,...,n The joint probability donsity function of the z,'s is:

(2n)™" 1o, | oxpl—} '_ﬁ‘ E.‘l a""l:ll FomtXty—p] e (L7)
where (o) = (o))", We shall write

2=t zl 2 8y =L (pmtNzp—E)and S=(o ) o (18]
2 o

If the p-variates fall intom groups, with p, variates in the a-th group,
a=12..,m p=p+p+..+p,, without loss of generality, we shall assume that
Py > 22> > Pa 2 |, and arrango the variates such that the first p,-variates belong
to the first group, tho noxt py-variates bolong to the sccond group and so on and finally
tho lost p,-variatos belong to tho m-th group. We shall thon writo

T,=p! T z. e (19)

z,
t=p,_ ;41
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Further, if the i-th variste belongs to the a-th group and the j-th variate belongs to the
A-th group, wo shall write

ly= ‘u+"(’t‘-.)(‘;—;‘) e (L10)
and P == ({#)) for the pXp matrix whoso cloments are /.

The incomploto Bota-function ratio will bo donoted by the symbol

DPLQ) ( porgy e
LiP,Q)= N5 T0) ) P (L=t du. e (111)

2, AN ASYMPTOTIC EXPANSION OF A CLASS OF DISTRIBUTION FUNCTIONS

Let L bo a random variable with Prob (0 L § 1) = 1 whose -th moment
about origin Is of the form :

L@

- Jj )

whero n is » positive integer, ¢, > b;(§ =1,2,...,8) are constants not involving
r and (m), = Cm4-1){T(m). It will bo scen in laler ections that the :::-lh power

of the various likelihood-ratio statistics for testing hypotheses of independenco and
symmotry in multivariate Normal populations on the basis of a random ramplo of size
n all have moments of tho form (2.1). Tho probability distribution of specific
statistics with momonta of this form have been investigated by various authors
(Bartlett (1947); Nair (1838); Rao (1048, 1851); Roy (1941); Verma (1031); Wald and
Brookner (1941); Wilks and Tukoy (1946)). It is cany to show that asymptotically,
for largo n, —nlog, L is distributed as & Chi-square with

r=2

&y \
Z-h . (22)

degreos of frecdom, which, howover, is not a very goud approximation when n is only
moderately largo. The most convenient ia tho asymptotic scrics oxpansion derived
by Box (1940) and Roy {1951) which, to terms of order n~4 may bo exprossed as follows :

Lot A -li‘; G =Uht=12236=(—r)r; N =n-qa;

thon, writing X=~Nlog, L o (23)
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we have for the probability distribution of X tho asymptlotic expansion :

a.

Prob (X 3 2) = Q,{z) +37, [Qual®)~ Q)1+ ;—3—, [Qrsolz) Q211+

2
+ 5 Q) —Qa)= F (Qda)= Q0N (29)
whero r = 2r,, is dofinod by (2.3), Q{z) stands for the probability that a Chi.
square with r degroos of freodom oxcoeds z, that is,

Qlz) = [ o [‘l(]r) eWur-ldy

and Oy =3 dsn) = 2 (=3 alritr) e (28)
a4y = 20— %(dl-'l)
1,4
ay = Ja;—iayt - af +?(d|—f|)
whore = ]i_;l lies+1a¥—(b,+1a)], t =3, 4,5.

The first torm of (2.4) by itself provides a good approximation. If tho sample
sizo is only moderately lnrgo, the first two torms may bo usod. As it fs seldom
necessary to uso moro than the first two terms, we present, for each of the statistics
considored in the later soctions the values of the constants r, @ and , for use in the

expansion (2.4) to terms of order N°*

3. TEST FOR INDEFENXDENCE

With a given partition (), Py ..., pa) of tho p-variates into m groups,
to test the hypothesis J; that the m groups of varintes aro mutually indopondent,
Wilks (1035) showed that the likelihood-ratio statistic is the Jn-th power of

L= |S|/] [ | 8,.] whero 8,, is tho p, X p, diagonal sub-matrix of 8 dofined by (1.8).
a=l

Asymplotically, —nlog,L; is distributed as & Chisquare with

? = PPyt Pyt oot o)+ 0o Pst oo+ Pa) oo Py P degrees of freedom, Tho exact
distribution of L in closed form has boon obtained by Wald and Brooknor (1941) and

Wilks (1035) in cortain spocial casos, whoro tho number of groups containing an odd
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number of variates is atmost ono. In the two simplest cases, whon m = 2 we have
foroCz< 1,
—p+1 p—1)\ .

1, ( n—};+—.£2— ) ity =p—1,p=1
Prob (L) = . (31)

Trt—p+1,p-2) ifp=p-2,p=2
where I,(p, ¢) is the incomplete Beta-function defined by (1.11). An infinite scries

expansion of the distribution of —n log, L, in tho general caso was obtainod by Wald
and Brookner (1941).

Tho t-th moment of L; computed by Wilks {1035) can be written as

m-l P,
HE = -]-[I ia -lrl +1 o

where P, is defined by (1.4). Since tho moments are of the form (2.1) the asymptotic
expansion (2.4) is available. Tho constanta a, r, a, are tabulated for all partitiona
of p excopt (p—1,1) and (p—2, 2) for 3  p < 8 in columna (4)—(6) of Tablo 1.

4. TEST FOR SPHERICAL SYMMETRY

Mauchly (1040) proposed the hypothesis A, of splicrical symmetry, namely
that the p-variates are mutually independent and have equal variances. He showed
that tho likelihood-ratio statistic is tho jn-th power of L, = |S|/s» whero

1
=gl

Asymptotically —n log, L, has the Chi-aquaro distribution with r={p(p+1)—1
degrees of freedom. Tho number of degrees of freedom given by Bauchly (1940)
appoars to bo wrong. The exact probability distribution of L, wiien p = 2 in worked
out by Mauchly (1940) as

Prob (L, Kz)=a"Mfor p=20z< 1. . (81)

The {-th moment of L, about origin computed by Mauchly (1940) can be
oxpressed as

n—i—1 )‘

B = ﬁ ((;,—

. (69
z +pT|),

which is of tho form (2.1). The constants a,r,a, in the asymptotio expansion (2.4)
for 3 & p < 8 are tabulated in columns (2)—(4) of Tablo 2.
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5, TeST FOR EQUALITY OF MEANS, EQUALITY OF VARIANCES AND EQUALITY
OF COVARIANCES

G.l. The hypothesis K, : Wilka (1040) showed that tho likelihood-ratio
statistio for testing the hypothesia 4, that the variances aro equal and the
covariances nro equal is the jn-th power of L, = |8}/{5| whore § is derived from
S by formula (1.1).

Asymptotieally —nlog, L, follows tho Chi-square distribution with
r= {p(p+1)—2 degreos of frecdom. Tho oxact probability distributions for tho
cnscs p = 2, 3 obtained by Wilks (1940) are as follows :

I — |for p=2

(%3 272 ) . (50

Prob (L. <)== -
157(n—3,2) forp=3

for 0z 1. Vorma (1051) has obtained infinite scries expansions for tho

distribution of L, for other small values of p.

The ¢-th moment of L, derived by Wilks (1040) is given by

n—l+|—p)
E(Lt) = J Ao )' . (5.2)
2 p—l

which is of tho form (2.1). The constants g, r, a, in the asymptotic expansion (2.4}
are tabulated in columns (5)—(7) of Tablo 2 for 4 { p < 8.

6.2. The hypothesis N,.,. : For testing tho hypothosis A, that tho moeans
aro equal, the variances aro equal and the covariances aro equal, Wilks (1946) showed
that tho likelihood-ratio criterion is the jn-th power of L, = |S|/|P| where P is

derived from tho matrix V = ({v;)) by formula (1.1) whero v, = cu+n(i‘—-;)(2,—;)
mdi= 1 ¥ z.
P (=1

Asymptotically, —n log, L, is distributed as Chi-aquaro with r = }p(p43)—3
degrees of freedom.  Tho exact probability distributions for p = 2, 3 are as follows :

l,(’.':z-,l,forp=2
Trob (Luy < 2) = . (83)
Tp(n=3,3) forp=3
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An infinito sorics oxpansion of the distribution of L,.,, for other small valucs of p has
been obtained by Verma (1951).

The {-th momeont of L., computed by Wilks (1946) I

(232,

-1
2
F) = || 5=y (5.4)
R PR ).
which is of the form (2,1), Tho asymptotic expansion (2.4) is thereforo available and

the constants a, r, a, involved are tabulated in columns (8)~(10) of Table 2 for
i<pCs.

6, TEST FOR COMPOUND SYMMETRY

In whatever follows, unless anything to tho contrary ia oxplicitly stated, wo
shall considor a partition (py, py, ..., p.,) of tho p-variates into m groups. If theroare ¢
groups of variates oach containing just one variato, we shall write A =m—q(k > 1)
so that p, » 2 for a=1,2,..h and p,=1 for a=h+ 1,542, ..., m. For
brovity, we shall donote such a partition by {py. ... ), 11, Wo aro now in a position
to state various hypotheses of compound symmotry proposed by Votaw (1948) who
obtained the respective likolihood-ratio statistics and thoir moments.

6.1, The hypothesia N, : This hypothosis states that within each group
of variates, tho variances aro equal and the covariances aro equal, and botween groups,
tho covariances aro equal for each pair of groups. Tho likelihood-ratio criterion is
the §n-th powor of Lyn = |8|/|S*] whoro S* is dorived from § by tho formula
{1.5) corresponding to the partition (py, g, ..., Pa.1%) of .

Asymptotically —nlog, L, has tho Chi-squaro distribution with
r={(plp+1)—g(g+1)—h(h+3)]—gh degrees of frecdom. Tho oxact probability
distribution of L., has beon worked out in Votaw (1048) for tho partitions (2, 17-7)
and (3, 17-%) of p. Thus:

n—p p—1 " -
1, ( -7 ) for the partition (2, 17-1)

Prob  (Ly € 7) = e (8.0)
I ;5 (n—p, p=1) for tho partition (3, 17-3),

Somo othor spocial cases are derived by Votaw, Kimbnall and Rafforty (1050).
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With P, dofined by {1.4), the f-th momont of Ly, can bo expressed as
follows as shown by Votaw (1848)

P lg(n—m—i
Bt = T 1] ]

aml iy m]

(6.2)

which is of the form (2.1). Tho valuos of the conatants a,r,a, in tho asymptotic
expansion (2.4) aro tabulated in columns (7)—(9) of Table 1 for all partitions of p
oxcopt (2, 17-%) and (3, 1%) for 4 p < 8.

8.2, The hypothesis Njiun;: This states that within each group of variatea the
menns are oqual, the variances are equsl and the covariancos are equal and botween
groups, the covariances are equal for each pair of groups, The likelihood-ratio statistio
is the } n-th power of Ly = |S|/|T*| where the matrix 7 is defined by formula
(1.10), for thoe partition (p,, Py, ...s pas 1Y) of tho p-variates and T* is derived from
T by formula (1.5).

Asymptotically —nlog, Ly, is distributed ss a Chi-square with
r = }[p{p+3)—qlq+3)—h(h+5)]—kg dogrees of frccdom. The exact probability
distribution of Ly, for the partitions (2, 17-%) and (3, 17-3) obtained by Votaw (1948)
aro as follows :

1, ( i 4 ,—72’ ) for the partition (2, 17-%)

Prob (Lyee € 2) = . (8.3)
I 5 (n—~p, p) for the partition (3, I>9)

and cortain other cases aro examined by Votaw, Kimball and Rafferty (1950). The
t-th momont of Ly, computed by Votaw (1948) is

L
E(L,‘(.,‘))=][” . .

1ta—1)

(6.4)

whore P, is dofined in (1.4). This Is of the form {2.1) and the constants g, 7, a, involved
in tho asymptotic oxpansion (2.4) aro given in columna (10)—{12) of Table 1 for all
partitions of p excopt (2, 17-%) and (3, 17-%) for 4  p < 8.

In the special case, p, = Py = ... = P = %, 4 » 2, that is whon the p-variates
fall into m groups, each of u-varintes, for a fixed arrangoment of tho w-variates within
ench group, two othor hypothescs of compound symmotry have been considered by
Votaw (1948). Theso aro discussod in the following sections.
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6.3, The hypothesis Hy,,: This hypothesis states that within cach group,
the variances are oqual and the covariances are oqual and botween groups, tho dingonal
covariances aro equal and tho off-diagonal covariances aro equal. Tho likelihood-

ratio critorion is tho {n-th powor of Ly, = | §]/|S*¢| whoro $*¢ is dorived from
§ by formula (1.6) corresponding to the partition (u, u, ..., u) of p = mu.

Asymptotically —n log, Ly follows tho Chi-square distribution with
r = | p(p+1)—m(m+1) dogrees of froodom. In the caso whero m = 2 and u = 2, the

oxact distribution of Ly, dorived in Votaw (1048) is as followa:
Prob (Ly,,) € 2) = 1 ;z{n—4, 2) whon u =2,m =2, e (8.5)
The £th moment of L, was shown to be

n—m—i.—(u—l)(a—l))
‘]
. (6.6)

» u=l

=[] I, ¥

n—1
_+2(-—1) u=1h
which is of the form (2.1) and the valuos of the constants g, r, a, in the asymptotie

P {2.4) are 1 d in col (4)—(8) of Tablo 3 for m =2, u =3, &;
me=d, um?2 and m= 4, u=2,

6.4, The hypothesis M(,,y: Thia hypothosis spocifies that within each group,
the means are equal, tho variancoes are equal and tho covariances are oqual and botweon
groups, the diagonal covariances are equal and the off-diagonal covariancos are equal,
The likelihood-ratio criterion was shown (Votaw, 1048) to bo the §n-th powor of

Lytaey = | S|/|T**| where tho matrix T is defined by (1.10) corresponding to tho
partition (u, 1, ..., %) of p = mu and T'** is dorived from 7' by means of formula (1.6).

Asymptotically —nlog, [ymy is distributod as a Chisquare with
r = §p(p+3)—~m(m+2) degroes of freodom. Tho oxact distribution in the caso
m=2, 4= 2 obtained by Votaw (1048) is as follows:

Prob (Lyppn € (2) = I z(n—4, 3) whonu = 2, m s 2. o (6.7}
The {-th moment of Ly,,,,, 88 derived by Votaw (1048) is :

n—m—i, —(u—l)(a—l)}

B ) = .I_I‘ ‘IL (—a—f——l— - (6.8)
‘ 2 2(u—l) u—1

This is of tho form (2.1) and the valuos of tho constants a, r, 2, in the asymptotic
ion (2.4) aro T d in eol (7)—(0) of Tablo 3 for m =2, u=3,4,
mm3 u=2 and m=4, u=2,
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TADLE 1. VALUES OF CONSTANTS g, 7, a1 YOR Li, Lymrer AND Lyeer CRITERIA

compound symmstry

p m  partition Lg Lyomen Lyionr
a r ay a [2 ay a v as

(1) (2 (8) () (U] () e an o 02
32

3 02083 . . . . . o
48

2 278571 7 L4I0G4 330000 3 .36750

3 38750

4 45833 . . . . . .
32 270035 14 6.56488 321717 11 3.48141

2 388463 13 5.43673  3.40000 10 2.60000

3 1.41004

3 1.37500  3.27778 0 3.3030  3.78371 7 4.86608

4 1.65972

5 187500 . . . . . .
6 2 2,06420 21 1438830 3.48529 17 8.24008

3 3.00444 20 1262207  3.81806 14 7.08314

2 3.10000 20 3.62300 16 6.03750

3 3.10033 17 3.70033 14 6.88484

3 3.37600 16 3.88462 13 5.45073

3 3.56007 13 4.08333 12 3.97017

1 . . s H .

; 377173 1 4.87778 92,3263

6 . . . . . .
78 3.24483 20 26,10543  3.77500 24

2 3.34821 28 24.02623 383043 23

2 5.00000  3,35317 24 23.70354  3.886047 23

3 635708 3.45000 23 23,1093 306430 2|

3. 6.71420  3.57870 24 20.857  4.00441 20

3 6.60:50  3.58333 20 2045833 4.10000 20 |

3 6.03750  3.71730 23 18.04074  4.23684 19 10.73333

4 7.70%83  3.60444 20 10.23540 119935 17 11.00778

] 703750  3.80842 10 16.41770  §.37300 18  9.03730

4 8.JIHI  4.03538 13 13.45001 4.56087 13 7.70383

1 8.81044

[ 804408 1.26023 13 10.76442  4.77273 11 6.35703

8 £.08730

7 1033417 . . . . . .
82 3.53801

2 0.06250

2 9.00000

3 10,7642

3 11.81083

3 11.83882

3 12,45

3 12.47221

4 13.48611

4 13.00702

4 13.08864

< H.43207

4 14,83313

5 13.30773

5 15.73058

5 16.07750  4.54762

& 16,93750

¢ 17.22115 470007 13 16.70383  6.20023 13 10.76442

1 14.27540

8 10.23000 . . . . . .
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TABLE 2. VALUES OF q, 7, u3 FOR Ly Lrs AND L CRITERLY

oquality of means, of veriances and of covariances

sphericel L: Yy

. Lo Lonre
< v ay a r ay ° r o

()] ) (5] ) {8) ©) n 8 " {10)

3 0.43910

4 1.83038 2.73011 L] 1.47184 21718 11 3.48140
8 4.80300 301023 13 4.24880 248330 17 8.24908
L] 10.30864 3.32103 19 9.41040 2.77600 24 10.20824
7 10.10003 3.63248 260 17.83537 3.07038 32 28,78664
8 287600 33 22.67378 3.04058 30 3104982 3.38502 41 47.03200

TABLE 3. VALUES OF a, 7, a3 FOR Luwer AND Liimes CRITERIA

compound symniolry
p m  partition Eue Zimm
r ay a r ay
& » [0) (@) ® n (L] (U]
e 2 (39 3.75000 15 30.34608 322308 19 44.34307
6 3 (a2 450000 0 243730 4.00000 12 5.00000
[ - I X} 4.25026 30 89.72110 3.71605 36 IT.54306
B3 (222 5.30000 16 D.00000 8,00000 20 )3.00000

An asterisk in the abovo tables indicato that the hypothesis is not deflacd, a blank Usat the exact
distribution is availsble in closed form.
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