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Chapter 0

Introduction

This thesis explores quantum symmetries of spectral triples coming from classical com-
pact, connected, Riemannian manifolds and their cocycle twists. This is a part of a
bigger story under the name of “Noncommutative geometry”. The root of Non commu-
tative geometry can be traced back to the Gelfand-Naimark theorem which says that
there is an anti-equivalence between the category of (locally) compact Hausdorff spaces
and (proper, vanishing at infinity) continuous maps and the category of (not necessar-
ily) unital C* algebras and x-homomorphisms. This means that the entire topological
information of a locally compact Hausdorff space is encoded in the commutative C*
algebra of continuous functions vanishing at infinity. This motivates one to view a
possibly noncommutative C* algebra as the algebra of “functions on some noncommu-
tative space”. If the underlying space has some extra structures, then certain dense
subalgebra of the C* algebras can be specified to capture those structures. It was the
remarkable idea of Alain Connes who constructed a spectral triple out of a Riemannian
spin manifold so that geometry of the manifold is encoded by the triple. To be precise,
the triple consists of an algebra of smooth functions on the manifold, the Hilbert space
of square integrable spinors and the Dirac operator. As before, even when there is no
space, one can consider a similar spectral triple consisting of (A, H,D) where H is a
separable Hilbert space, A C B(H) is a *-subalgebra (not necessarily closed in the C*
norm) and D is an unbounded operator on H. Such a spectral triple can be viewed as
a geometrical object or ‘noncommutative manifold’.

Symmetries play a very crucial role in physics. Symmetries of physical systems (clas-
sical or quantum) were conventionally modeled by group actions, and after the advent of
quantum groups, group symmetries were naturally generalized to symmetries given by
quantum group action. In this context, it is natural to think of quantum automorphism
or the full quantum symmetry groups of various mathematical and physical structures.

The underlying basic principle of defining a quantum automorphism group of a given
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mathematical structure consists of two steps : first, to identify (if possible) the group of
automorphisms of the structure as a universal object in a suitable category, and then,
try to look for the universal object in a similar but bigger category by replacing groups
by quantum groups of appropriate type.

The formulation and study of such quantum symmetries in terms of universal Hopf
algebras date back to Manin [38]. In the analytic set-up of compact quantum groups,
it was considered by S. Wang who defined and studied quantum permutation groups
of finite sets and quantum automorphism groups of finite dimensional algebras. Subse-
quently, such questions were taken up by a number of mathematicians including Banica,
Bichon, Collins and others (see, e.g. [2], [3], [13], [55]), and more recently in the frame-
work of Connes’ noncommutative geometry ( [16]) by Goswami, Bhowmick, Skalski,
Banica, Soltan, De-Commer, Thibault and many others who have extensively stud-
ied the quantum group of isometries (or quantum isometry group) defined in [22] (see
also [10], [12], [6] etc.). In this context, it is important to compute quantum isometry
groups of classical Riemannian manifolds. One may hope that there are many more
quantum symmetries of a given classical space than classical group isometries which
will help one understand the space better. However, in all the previous computations
of quantum isometry groups of classical compact connected Riemannian manifold M,
they turned out to be the same as C(ISO(M)), where ISO(M) is the classical isometry
group of the manifold M. This led D. Goswami to conjecture that the quantum isom-
etry group of a compact, connected, Riemannian manifold M is same as C(ISO(M)),
i.e. there are no genuine quantum isometry of such manifolds. The main result of this
thesis is a proof of the above conjecture for stably parallelizable compact connected Rie-
mannian manifolds. This also allows us to explicitly describe quantum isometry groups
of a very large class of spectral triples obtained by deformation of classical spectral
triples. It is worth mentioning that after writing this thesis we have been able to relax
the condition of stably parallelizablity on the manifold in [18] and prove the original
conjecture.

We begin the thesis by recollecting some necessary preliminaries in Chapter 1 and
Chapter 2, giving an overview of the concerned area of the thesis. Chapter 1 mainly
recalls basics operator algebras and gives a glimpse of the formulation of noncommu-
tative geometry. Also it collects some well known facts (mostly without proofs) about
manifold theory and some topological algebras. Chapter 2 deals with the formulation
of quantum isometry group as in [22] and [10]. Although mostly it is a review of the
results of these papers a few new results have also been obtained (for example Theorem
2.3.12).

In chapter 3 of this thesis we extend the notion of a C* action of a compact quan-

tum group on a C* algebra and adopt an appropriate definition of a smooth action of



a compact quantum group on a smooth manifold. Observe that for a smooth manifold
M, the algebra of smooth functions (denoted by C'*°(M)) over the manifold is no longer
a C* algebra. Instead, it is a Fréchet algebra. So the right topology in the context of
a smooth action turns out to be the Fréchet topology. After defining and discussing
some technical issues with smooth action we deduce a necessary and sufficient condi-
tion for the ‘differential’ of the smooth action to make sense as a well defined bimodule
morphism on the C°°(M) bimodule of one forms. Then we define an inner product pre-
serving action of a compact quantum group and show that an inner product preserving
action automatically lifts to a bimodule morphism to the C°°(M) bimodule of k-forms.

In Chapter 4 we give two sufficient conditions for a smooth action to be isometric.
One of the conditions turns out to be necessary also. We use these results in Chapter
5 to calculate the quantum isometry group of a classical, compact, connected, Rieman-
nian manifold. We restrict our attention to a certain class of manifolds which are stably
parallelizable. We show that the quantum isometry group of such a Riemannian mani-
fold coincides with the classical isometry group of the manifold.

Most of the examples of non commutative spectral triples come from suitable defor-
mation of classical spectral triples. In Chapter 6, we consider the problem of describing
the quantum isometry group of a particular class of such non commutative spectral
triples i.e. the spectral triples obtained from classical spectral triples by twisting using
the actions of a CQGs admitting a unitary 2-cocycle. In this chapter we formulate
the notion of deformation of a von Neumann algebra on which a CQG with a unitary
2-cocycle has a von Neumann algebraic action. In fact, Nesheveyev et al had already
considered ( [40]) such deformation in the setting of C* or von Neumann algebras. In a
subsequent subsection we compare their formulation with ours and establish the equiv-
alence of the two approaches for the von Neumann algebraic case. We also partially
answer one of the questions raised in [40] in the affirmative (in case of a von Neumann
algebra). Next we define cocycle twist of a spectral triple and prove that the quantum
isometry group of a cocycle twisted spectral triple is same as the cocycle twist of the
quantum isometry group of the untwisted spectral triple. Using this result and the main
result of [18], we determine all the quantum isometries of the cocycle twisted spectral
triples coming from compact, connected, stably parallelizable Riemannian manifolds.

In the 7th Chapter we prove a generalization of the standard technique of averaging
a Riemannian metric with respect to a compact group action using the Haar state of
the group so that the action becomes inner product preserving. We extend this to the
set-up of compact quantum group actions satisfying certain conditions. We believe that
this as well as other techniques developed in this thesis will be useful in the study of

quantum isometry groups of arbitrary spectral triples.
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Chapter 1

Preliminaries

1.1 Classical differential geometry

1.1.1 Smooth manifolds

Definition 1.1.1. A manifold (without boundary) M of dimension n is a second count-
able Hausdorff topological space with a set of pairs {(Uq, ¢a) : @ € I} such that M =
UaerUq and each ¢o(Uy) is homeomorphic to an open subset of R™. It is said to admit a
smooth structure if on each {(UsNUg) : o, B € I}, qﬁagbgl 1 9g(UaNUg) = ¢pa(Ua NUp)
s a smooth map between two open subsets of R™. A manifold with such a smooth struc-
ture is called a smooth manifold. The open sets U, ’s are called trivializing neighborhoods
and (Uy, ¢o) is called a chart.

Examples

1. Any open subset U of R" is an n-dimensional smooth manifold with {(U,id)} as the
obvious choice of trivializing neighborhood.
2. 81 c R? is a smooth manifold of dimension 1. It has two trivializing neighborhoods
covering it. One is deleting its north pole and other deleting its south pole. In both
cases the corresponding homeomorphism is §(€ (0,27)) — (cos(0),sin(6)) C S. It is
an example of a compact manifold.
3. If M and N are two smooth manifolds with {(Uy) : @ € I} and {(V3) : B € J}
being corresponding trivializing neighborhoods, then M x N is a smooth manifold of
dimension 2n with {(Uy x V3) : (o, f) € I x J} being the corresponding trivializing
neighborhoods. As a result S" = S* u S1 is an n-dimensional manifold.

n—times

Let H" = {(z1,...,2n) € R" : &, > 0}. Then we have the following

Definition 1.1.2. Let M be a second countable topological space with every point M

admitting a neighborhood homeomorphic to an open subset of H". Then M is said to
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be a manifold with boundary. The boundary defined by OM = {m € M : ¢(m) €
R x 0 for some chart (U, ¢)}.

Definition 1.1.3. A subset A of an n-dimensional manifold M with boundary OM is
called a neat submanifold of M, if boundary of A denoted by 0A = ANIOM and A is
covered by charts (¢,U) of M such that ANU = ¢~ (R™), where m < n for some m.

Let M be a smooth manifold of dimension n without boundary with {(U,) : o € I}
being the trivializing neighborhoods and ¢,’s the homeomorphisms. A real valued
function f on M is said to be smooth at a point m € M if m € U, for some «,
fo¢;! is smooth at m € M. Using the smoothness of M, it can be shown this is
indeed well defined. The set of real valued smooth functions is denoted by C°°(M )g.
It is an algebra with pointwise multiplication. Its complexification is a *-algebra with
the involution coming from usual complex conjugation. We denote this *-algebra by
C°°(M). Similarly for the manifolds with boundary the notion of smooth functions can

also be defined taking care of the boundary points in an obvious way.

Orientation on manifolds

Definition 1.1.4. Let M be a smooth manifold of dimension n. By a pre-orientation
a on M we mean a choice o, of orientation on T,,(M) for each m € M. A pre-
orientation « is said to be smooth if it satisfies the following smoothness condition:

To each m € M, there is a chart (U,¢) for M at m such that d¢,,' : R* — T,,(M)
carries the standard orientation class E, of R"™ to «a,,. A pre-orientation which is
smooth will be called an orientation and then we say M is orientable. A manifold with

a choice of orientation is called an oriented manifold.

Definition 1.1.5. A diffeomorphism ¢ : M — N between two smooth oriented man-

ifolds M and N is said to be orientation preserving if at each point m € M, we have
D¢ : T (M) = Ty N mapping the orientation of T, (M) to that of Ty(m)(N).

For the sake of completeness below we recall two standard facts about orientation

of smooth manifolds. (see [46])

Proposition 1.1.6. 1. On a connected manifold there can be at most two orientations.
2. An n-dimensional manifold is orientable if and only if it has a cover {Uqy}aer with
{ba)a being the charts such that each transition functions ¢g¢;1 18 an orientation pre-

serving diffeomorphisms of open subsets of R™.

Smooth vector bundle

Definition 1.1.7. A locally trivial smooth vector bundle of rank n over a smooth man-
ifold M is a pair (E, ) such that
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1. m: E— M is a smooth map.

2. Each 7=1(m) is isomorphic as a vector space to R™.

3. There is a trivializing cover {(Uy) : a € I} such that 7=1(U,) is diffeomorphic to
Ug X R™ for all a € I. Also if {(®,) : « € I} are the corresponding diffeomorphisms,
then if (UyNUg) is non empty, @, o @5 : (UyNUg) x R™ — (U, NUg) x R™ is (id, T,p)
where Tog : R™ — R™ is a linear map for all o, € I.

Remark 1.1.8. The manifold E is said to be the total space of the vector bundle and
M is said to be the base space with w being called the projection map. A vector bundle
is said to be trivial if we can choose only one such trivializing neighborhood. We shall

often drop the word "locally trivializing”.

Examples

1. Tangent and cotangent bundle

Let M be a smooth manifold of dimension n with (U, ¢,) being the charts.
On each trivializing neighborhood U,, we can define smooth coordinate functions
{z; : 1 < i < n} which are by definition z; := u; o ¢4 where {u; : 1 < i < n}’s
are coordinate functions for R”. Note that these are only locally defined functions.
Recall the tangent space of a manifold at a point m It can be proved that this is a
n-dimensional real vector space with basis given by the canonical derivations (with
m € Uy) {8%1- : 1 <i < n} defined by a%Jm(f) = a%i(fO(ﬁ;l)(O) where ¢,(0) = m.
The tangent bundle (T'(M), ) is by definition T'(M) := {(m,v) : m € M,v € T,,,(M)}
with 7(m,v) = m. The unique smooth structure on T'(M) is given by requiring 7 to
be smooth. It can be proved that T (M) is again a smooth manifold of dimension 2n.
(T'(M), ) is a smooth vector bundle of rank n.

Also we can consider the dual vector space T (M) of T,,(M) at each m € M.
This is again an n-dimensional vector space. We shall denote the dual basis cor-
responding to the basis {8%1_ : 1 < i < n}by{de :1 < i< n}. Then sim-
ilarly (T*(M), ) is again a smooth locally trivial vector bundle of rank n, where
T(M) :={(m,v) :m e M,v e Tx(M)} and m(m,v) = m. This is called the cotangent
bundle of M.

If we consider k-fold tensor product of 7% (M) and denote it by 7,5 (M )®k, then defin-
ing QF(M) := {(m,v) : m € M,v € T5(M)®*} and 7 : Q¥(M) — M by n(m,v) = m,
(QF(M), ) is again a smooth vector bundle over M. If we consider k-fold wedge prod-
uct of 7,5 (M) and following similar construction we get another smooth vector bundle
(A¥(M), ) over M. Note that the cotangent bundle is nothing but (A'(M),n) which
is the same as (Q'(M), 7).
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C*°(M) bimodule of sections of a vector bundle

Definition 1.1.9. A smooth section of a smooth vector bundle (E,m) over a smooth

manifold M is a smooth map s : M — E such that mo s =1id on M.

By definition its clear that s(m) € 7=1(m) for all m € M. The space of smooth
sections of a vector bundle (E,7) is denoted by I'(E). It can be given a C*°(M)-
bimodule structure in the following way:

Let f,g € C°(M) and s € T'(E). Then the right and left actions are given by
(f.s.9)(m) := f(m)s(m)g(m). Then it is easy to check that (f.s.g) again belongs to
I'(E).

Examples

1. Smooth vector fields

The space of smooth sections of the tangent bundle (7(M),7) over a manifold
M is called the vector fields of the manifold M. It is generally denoted by x(M).
Although in general a smooth vector field does not have a global expression, it has
local expression in terms of local coordinates. Let X € x(M) and m € M such that
m € U, for some trivializing neighborhood U, with local coordinates (x1, ..., 2,). Then
on Uy, X(m) = >0, C’ia%i’m' Using the smoothness condition in fact we can show
that for all o, X|y, = >0 fz'aa%i for some f* € C*°(U,). Any smooth vector field
X maps a C°°(M) function to a smooth function . For that take f € C°°(M), then
(X f) € C°(M) is defined by (X f)(m) := X (m)(f). It can be shown that a vector field
X € x(M) is smooth if and only if (X f) € C°(M) for all f € C°>°(M). With this Lie
Bracket of two smooth vector fields can be defined as follows:

Take X,Y € x(M) and f € C®°(M) and ([X,Y]f)(m) = X(m)(Yf) =Y (m)(X[).
It is straightforward to verify that [X,Y] € x(M) for X,Y € x(M). The Lie bracket
satisfies [X,Y] = —[Y, X] and [X, [V, Z]] + [Y,[Z, X]| + [Z,[X,Y]] =0 for all XY, Z €
X(M). In particular [X, X] = 0.
2. Space of k-forms: The de-Rham differential

The C*°(M) bimodule of smooth sections of the vector bundles (Q¥(M),r) and
(A¥(M), ) are denoted by QF(C>(M)) and A¥(C>®(M)) respectively. A*¥(C®(M)) is
called the space of k-forms for all k. From the definition it follows that A*(C°(M))
vanishes for k£ > (n+1) when the manifold M is n-dimensional. Like in the vector fields,
any smooth k-form s has a local expression slu, = D 1<j cipe. <ip<n firip. i dTin A
dxiy, N\ ... AN dzi,, where {dz; : 1 < ¢ < n} is a basis for T)5 (M) on U, as discussed
earlier. Alternatively a k-form s at each point m € M, s(m) is a multilinear alternating
functional on T7; (M) XX T7 (M). With this we can define the exterior derivative

k—times



11 Classical differential geometry

d: AF(C®(M)) — A*1(C°°(M)) in the following way:
Let 6 be a k-form. Let X1, ..., Xx+1 € x(M). Then we can define a smooth function

0(X1,.., Xpy1) = Z(_l)i_lXie(Xl,~--7XiflaXi+1a---an+1)

i

+ Z 0([X17 Xj], X1, Xz . Xj, ceey XkJrl)

1<j
Then for vi,...,v511 € T, (M) choose vector fields Xi,..., X1 € x(M) such that
X;(m) = v; and define df(vy, ..., vp4+1) := 0(X1, ..., Xpp1)(m). It can be shown that this
definition is independent of choice of chosen vector fields and df is multilinear linear
functional and d> = 0. Also for f € C(M), df is the usual differential of f i.e. in
local coordinates df = %d:pi on each U, with local coordinates {z; : 1 <i < n}. This
is called the de-Rham differential. Below we state a well known fact connecting the

orientability of a smooth manifold and n-form.

Proposition 1.1.10. A smooth manifold of dimension n is orientable if and only if
it has a globally defined smooth n-form called the volume form. We shall denote the
globally defined volume form of an oriented manifold by dvol. (see [46])

Riemannian manifolds

Definition 1.1.11. A Riemannian manifold M is a manifold for which is given at each
m € M, a positive definite symmetric bilinear form <,> on each T,,(M) such that for

each coordinate (x1, ...,xy) the functions g;j =< 8%1-7 6%1 > are smooth functions.

Remark 1.1.12. Observe that it is enough to specify the functions g;; to completely de-
termine the metric. Alternatively one can specify the same on the vector spaces Ty (M),
more precisely one can specify the functions ¢ =< du;, dx; > to determine the metric.

We shall generally work with the cotangent bundle.

Classical Hilbert space of forms

Let M be an n-dimensional oriented Riemannian manifold and A¥(C°(M))(k = 1,...,n)
be the space of smooth k-forms over the manifold. The de-Rham differential d maps
AR(C®(M)) to AFT1H(C®(M)). Let Q = Q(M) = @pAF(C>®(M)). We will denote
the Riemannian volume element by dvol. The Hilbert space L?(M) is obtained by
completing C°(M) (compactly supported smooth functions) with respect to the pre
inner product defined by < fi, fo >:= [}, fifo dvol. In an analogous way, one can
construct a canonical Hilbert space of forms. The Riemannian metric induces an inner
product on the vector space T} (M) for all m € M and hence also on A*(C°°(M)). This

gives a pre inner product on the space of compactly supported k-forms by integrating
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the compactly supported smooth function m —< w(m),n(m) >,, over M for w,n €
A¥(C>(M)). We denote the completion of this space by H*¥(M). Let H = @ H*(M).
Then one can view d : Q(M) — Q(M) as an unbounded, densely defined operator (again
denoted by d) on H with domain (M ). We denote its adjoint by d*.

Isometry groups of classical manifolds

Let M be a Riemannaian manifold of dimension n. Then the collection of all isometries
of M has a natural group structure and is denoted by ISO(M). Let C and U be
respectively compact and open subsets of M and let W(C,U) ={h € ISO(M) : h.C C
U}. The compact open topology is the smallest topology on ISO(M) for which the sets
W(C,U) are open. It follows (see [28]) that under this topology ISO(M) is a closed
locally compact group. Moreover, if M is compact, [SO(M) is also compact.

We recall the Laplacian £ on M is an unbounded densely defined self adjoint operator

—d*d on the space of zero forms H°(D) = L?(M, dvol) which has the local expression

0
L(f) = W”Zl o, 97 V/det(9) 5 1)
for f € C°(M) and where g = ((gi;)) is the Riemannian metric and g=! = ((¢%)).
It is well known that on a compact manifold, the Laplacian has compact resolvents.
Thus, the set of eigen values of £ is countable, each having finite multiplicities, and
accumulating only at infinity. Moreover there exists an orthonormal basis of L2(M)
consisting of eigen vectors of £ which belongs to C°°(M). It can be shown (Lemma 2.3
of [22]) that for a compact manifold, the complex linear span of eigen vectors of L is
dense in C*°(M) in the sup norm.

The following result is in the form in which it has been stated and proved in [22]

(Proposition 2.1).

Proposition 1.1.13. Let M be a compact Riemannian manifold. Let L be the Laplacian
of M. A smooth map v: M — M is a Riemannian isometry if and only if v commutes
with L in the sense that L(f o) = (L(f)) o for all f € C(M).

Using this fact, we give an operator theoretic proof of the fact that for a compact
manifold, ISO(M) is compact. As the action of I.SO(M) commutes with the Laplacian,
it has a unitary representation on L?(M). As the action preserves the finite dimensional
eigen spaces of the Laplacian, ISO(M) is a subgroup of U(dy) x U(dz) X .... (where
{d; : i > 0} denote the dimensions of the eigen spaces of the Laplacian and U(d)
denotes the group of unitary operators on a Hilbert space of dimension d) which is a
compact group. As ISO(M) is closed, it is a closed subgroup of a compact group, hence

compact.



13 Classical differential geometry

Examples:

1. The isometry group of the n-sphere S™ is O(n + 1) where the action is given by the
usual action of O(n + 1) on R*F1.

2. The isometry group of the circle S* is S! x Z,. Here Za(= {0,1}) action on S! is

given by 1.z = Z where z is in S' while the action of S is its action on itself.

Lie groups

Definition 1.1.14. A Lie group is a set G which is both a group and a smooth manifold
such that the group multiplication and the inverse operation are smooth with respect to
the manifold structures of G and G X G.

Examples

1. The general linear group of invertible linear transformations of R™ denoted by
GL(n,R) is an example of a Lie group considered as an open subset of R™. This
is a disconnected Lie group. However if we consider GL(n,C), this becomes a con-
nected Lie group.

2. The group of orthogonal linear transformations of R denoted by O(n,R) is an ex-
ample of a compact Lie group. This is a Lie subgroup(which is both a subgroup and a
submanifold) of GL(n,R). Similarly the group of special orthogonal linear transforma-
tions SO(n,R) (component of O(n,R) with determinant 1) is also a Lie group.

3. Spin group

Definition 1.1.15. Let Q be a quadratic form on an n-dimensional vector space V.
Then the Clifford algebra CI1(V,Q) is the universal associative algebra C equipped with
a linear map © : V. — C, such that i(V) generates C as a unital algebra satisfying

i(v)? = Q(v).1.

Let 8 : V — CI(V,Q) be defined by 8(z) = —i(z). Then, CI(V,Q) = CI°(V,Q) @
CIH(V, Q) where CI(V,Q) = {z € CUV,Q) : f(z) = x}, CIN(V,Q) = {x € CUV,Q) :
B(x) = —x}. We will denote by C,, and CS the Clifford algebras CI(R", —2? — ... — 22)
and CI(C*, —2% — ... — 22).

We will denote the vector space C2l%! by the symbol A,. It follows that CC =
End(A,,) if n is even and equals End(A,) ® End(A,) if n is odd. There is a represen-
tation CS — End(A,) which is the isomorphism when 7 is even and in the odd case, it
is the isomorphism with End(A,,) ® End(A,,) followed by the projection onto the first
coordinate. This representation restricts to C,, to be denoted by k, and called the spin
representation. This representation is irreducible when n is even and it decomposes into

two irreducible representations decomposing A, into a direct sum of two vector spaces
A} and A .
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Pin(n) is defined to be the subgroup of C, generated by elements of the form
{x : ||z|| = 1,2 € R*}. Spin(n) is the group given by Pin(n) N CY. There exists a
continuous group homomorphism from Pin(n) to O(n) which restricts to a two cover-
ing map A : Spin(n) — SO(n).

4. The isometry groups of classical compact Riemannian manifolds are Lie groups.

1.1.2 Principal fibre bundle

Definition 1.1.16. Let G be a Lie group and M be a smooth manifold. Then G is said
to act smoothly to the right of M if there is a smooth map ¢ : M x G — M such that
for each g € G, the map g : M — M given by g(m) = ¢(m, g) is a diffeomorphism and
d(m, gh) = ¢(d(m,g),h). It is said to act transitively if for any two m,n € M there
is a g € G such that ¢(g,m) = n and it is said to act freely if the only element of the

group fixing an element of the manifold is the identity.

It can be shown that if a Lie group G acts smoothly, transitively and freely then the
quotient space of M (denoted by M//G) under the action of G' can be given a unique
manifold structure such that the map 7 : M — M//G is a smooth map.

Definition 1.1.17. A principal fibre bundle is a set (P,G, M) such that

(i) P and M are smooth manifolds and G is a Lie group.

(ii) G acts smoothly and freely to the right of P such that the corresponding quotient
manifold is the manifold M so that the projection map ™ : P — M is smooth and G
acts transitively on each fibre 7—(m).

(iii) P is locally trivial meaning that for each m € M, there is a neighborhood U of m
such that there is a smooth map Fyy : n=Y(U) — G commuting with the right action of
G on P and the map 7= *(U) — U x G, p — (n(p), Fy(p)) is a diffeomorphism. G is

called the structure group.

Example

Bundle of bases: The orthonormal frame bundle

Let M be a smooth Riemannian manifold of dimension n. Then we define By, :=
{(m,ei1,...,en)} where (ey,...,e,) is a basis of T,,(M). Define 7 : Byy — M in
the obvious way. Then GL(n,R) acts transitively and freely on Bj; from right.
The action is given by ¢((m,e1,...,en),9) = (M, D> 11 Gi1€i, .oy Y 1y Yin€i), Where
g = ((9ij))1<i,j<n € GL(n,R). Then G acts freely on the right of Bys. Let m € M and
m € U such that U is a coordinate neighborhood of M with local coordinates (x1, ..., Z).
Then we define Fiy on 7= (U) by Fy(m', f1, ..., fa) = ((dzj(f))1<ij<n € GL(n,R) for
m’ € U. Then the functions y; = x;7m and y;; := ¢;;Fy where g;;’s are standard coor-

dinates of GL(n,R) give local coordinate system on m~1(U) of By;. It is convenient to
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identify the bundle of bases as a subbundle of the bundle E = Hom(M x R™ Q' (M))
with fibres at m isomorphic to non singular linear transformations from R™ — T (M).
If we further demand that the linear transformations to be inner product preserving
with respect to the canonical Euclidean inner products of R” and the Riemannian inner
product of T (M) we get what is called the orthonormal frame bundle and denoted by
Opy. This is a principal fibre bundle with structure group O(n). The total space of the

orthonormal frame bundle is always an orientable, parallelizable smooth manifold.

Definition 1.1.18. Let (P,G, M) be a principal fibre bundle and F be a manifold on
which G acts from left. The associated bundle corresponding to (P, G, M) with fibre F
is defined as follows:

Let B = P x F with right action of G on B’ defined by ¢((p, f)g) = (6(p,9), 97 f).
Let B = B///G, the quotient space with respect to the action of G. Then if we define
© B — M by« ((p,f)G) = w(p), then B is the total space of the associated fibre
bundle. If m € M, take U to be the coordinate neighborhood around m with Fy :
Y U) = G, we have F}; : ™ (U) — F given by F((p, f)G) := Fy(p)f. Then
7r/71(U) is homeomorphic to U x F. We give B a manifold structure by requiring these

homeomorphisms to be diffeomorphisms. With these structures, ™ is a smooth map.

Example

The tangent bundle
Consider the bundle of bases B(M). Consider the manifold R™ and the structure group

GL(n,R) acing on it from left. Then the corresponding associated bundle is the Tangent
bundle of the manifold M with R" as fibre.

1.1.3 Dirac operators

Definition 1.1.19. Let M be a smooth, oriented Riemannian manifold of dimension n.
Then we have the oriented orthonormal frame bundle Opr over M, which is a principal
SO(n) bundle. Such a manifold is called a spin manifold if there exists a pair (P, A)
(called a spin structure) where

(1) P is a Spin(n) principal bundle over M.

(2) A is a map from P to F such that it is a 2-covering map as well as a bundle map

(i.e. maps a fibre over a point to the fibre over that same point) over M.
(3) A(pg) = A(p)g where \(g) = g.

Given such a spin structure, we consider the associated bundle S = P x A,, where
Spin(n) acts on A, by its representation on A,. This is called the "bundle of spinors”

S. Now on the space of smooth sections of spinors A(S), one can define an inner product



Chapter 1: Preliminaries 16

by

< 51,82 >g= / < s1(z), s2(x) > dvol(x)
M

where dvol is the globally defined volume form (which exists on an oriented manifold).
The Hilbert space obtained by completing the space of smooth sections with respect
to this inner product is denoted by L?(S) and the members are called the square inte-
grable spinors. We assume the reader’s familiarity of theory of connections on Principal
fibre bundles and associated bundles. The reader might consult [14]. The Levi Civita

connection induces a canonical connection on S which we shall denote by V7.

Definition 1.1.20. Let M be an oriented, Riemannian spin manifold. Then the Dirac
operator D on M is the self adjoint extension of the following operator defined on the

smooth sections of S:

n

(Ds)(m) =Y wn(Xi(m))(V,s)(m),

i=1

where (X1,...,Xy) are local orthonormal (with respect to the Riemannian structure)

defined in a neighborhood of m.

In the above definition, we have viewed X;(m) belonging to T,,(M) as an element
of the Clifford algebra Clc(T;,,(M)), hence k,(X;(m)) is a map on the fibre of S at m,
which is isomorphic to A,. The self adjoint extension of D is again denoted by the

same symbol D. We recall three important facts about the Dirac operator:

Proposition 1.1.21. (1) C*°(M) acts on S by multiplication and this action extends
to a representation, say , of the C* algebra C(M) on the Hilbert space L*(S).
(2) For f € C®(M), [D,n(f)] has a bounded extension.

(8) Furthermore, the Dirac operator on a compact manifold has compact resolvents.

The Dirac operator carries a lot of geometric and topological informations. We give
two examples:

(a) The Riemannian metric of the manifold is recovered by

d(p, @) = supgece(m),||[Dr(¢))l|<110(P) — ¢(q)]-

tD?

(b) For a compact manifold, the operator e7**" is trace class for all t > 0. The volume

form of the manifold can be recovered by the formula

Tr(x(f)e ")
Tr(e—tD?)

/ f dvol = ¢(n)limy—o
M

where dim M = n, ¢(n) is a constant depending on the dimension.
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1.1.4 Group of orientation preserving Riemannian isometries of a Rie-

mannian spin manifold

We start this subsection with a Lemma.

Lemma 1.1.22. Let M be a compact metrizable space, B, B Polish spaces (complete
separable metric space) such that there is an n-covering map A : B — B. Then any
continuous map & : M — B admits a lifting fN : M — B which is Borel measurable and
I'o 5 = ¢, In particular, if B and B are topological bundles over M, with A being a
bundle map, any continuous section of B admits a lifting which is a measurable section
of B.

With this lemma in hand let M be a Riemannaian spin manifold (hence orientable)
with a fixed choice of orientation. Let f be a smooth orientation preserving Riemannian
isometry of M, and consider the bundles E = Hom(F, f*(F)) and E = Hom/(P, f*(P))
(where Hom denotes the set of bundle maps). We view df as a section of the bundle
in a natural way. By the previous Lemma, we obtain a measurable lift El} : M — E,
which is a measurable section of E. Using this, we define a map on the space of mea-
surable section of S = P Xgpin(n) An as follows: Given a (measurable) section & of
S, say of the form &{(m) = [p(m),v] where p(m) is in Py, v in A,, we define U(&) by
U(€)(m) = [df (f L (m))(p(f~1(m))), v]. Note that sections of the above form constitute
a total subset in L?(S), and the map & — U(€) is clearly a densely defined linear map
on L%(S), whose fibre wise action is unitary since the Spin(n) action is so on A,,. Thus
it extends to a unitary U on H = L?(S). Any such U induced by the map f, will bw
denoted by Uy (it is not unique since the choice of the lifting used in the construction
is not unique). With these, below we state a Theorem (whose proof is given in [10])
which will help us to formulate quantum analogue of orientation preserving Riemannian

isometry later.

Theorem 1.1.23. Let M be a compact Riemannian spin manifold (hence orientable
and fix a choice of orientation) with the usual Dirac operator D acting as an unbounded
self adjoint on the Hilbert space ‘H of the square integrable spinors, and let S denote
the spinor bundle with I'(S) being the C°°(M) module of smooth sections of S. Let
f: M — M be a smooth one to one map which is an orientation preserving Riemannian
wsometry. Then the unitary Uy on H commutes with D and UfM¢U;§ = Mgy, for any
¢ € C(M), where My denotes the operator of multiplication by ¢ on L?(S).
Conversely, suppose that U is a unitary on H such that UD = DU and the map
ay =UXU! for X € B(H) maps C(M) into C(M)" = L*(M), then there is a smooth

one to one orientation preserving Riemannian isometry f on M such that U = Uy.
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1.2 Topological x-algebras and their tensor products

A topological *x-algebra is a x-algebra such that the algebraic multiplication and the
involution operations are continuous with respect to the topology it has. For this thesis
purpose we need to go beyond the topological x-algebras like C* and von Neumann
algebras and also need to consider their tensor products. This is quite well-known from
the literature. But for the sake of completeness and convenience of the reader we plan

to discuss them briefly.

1.2.1 (" algebras and tensor products

Definition 1.2.1. A C* algebra A is a Banach x-algebra such that the norm satisfies
the C* identity: ||z*z|| = ||z||* for all x € A. A C* algebra is said to be unital or not

according to the fact that the C*-algebra has a unit or not.

Given a locally compact Hausdorff space X, the algebra of continuous functions van-
ishing at infinity denoted by Cy(X), with pointwise multiplication as algebra product,
complex conjugation as the involution and usual sup norm as the C* norm, is an ex-
ample of a C* algebra. It is non unital. However if the space X is compact, continuous
functions on X denoted by C(X) is a unital C* algebra. It is remarkable that in fact
any non unital commutative C* algebra is necessarily an algebra of continuous functions
vanishing at infinity on some locally compact Hausdorff space whereas any unital C*
algebra is space of continuous functions on some compact Hausdorff space. This is due
to Gelfand. In this thesis we shall always be concerned with unital C* algebras and
thus decide to sketch (very briefly) the idea for the unital case.

For a C* algebra A one defines the maximal ideal space (denoted by sp(A)) as the
set of all multiplicative linear functionals on A. Then the map a — (a : h — h(a)),
for a € A and h € sp(A) establishes a C* isomorphism between A and C(sp(A)). The
space sp(A) is a subspace of the dual of A and endowed with the weak x-topology is a
compact Hausdorff space. For details of the proof the reader is referred to [19].

In case of a non commutative C* algebra A, what we can say is that there is a
Hilbert space H such that A can be faithfully represented as * subalgebra of B(H).
It is a fact that for a C* homomorphism between two C* algebras injectivity implies
isometry. It follows easily from what is known as continuous functional calculus on a
C* algebra and for details again the reader is referred to first chapter of [19]. Returning
to representation of a general noncommutative unital C* algebra, the existence of such
a faithful representation heavily depends on construction of GNS triple. For that recall
that any linear functional on a C* algebra with norm one is called a state. Given such
a state ¢ on a C* algebra A, we have a triple (called GNS triple) (Hg, 74, &) consisting
of a Hilbert space Hg, a *-representation 7y of A in B(#H4) and a cyclic vector &, in the
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sense that {mg(x)&y : © € A} is total in H, satisfying

() =< &g, mg(x)Ep > .

Let us denote the state space of A by S(A). Then taking the representation m :=
Bgesa) Ty of A on the Hilbert space H := @yes(4)Hg, we get a faithful and hence an
isometric embedding of A on the Hilbert space H. For details see [19].

Examples
1. Commutative C* algebra

For any compact Hausdorff space X, the space of continuous functions on X with the
usual *x-algebra structure and sup norm is a unital C* algebra and as already noted,

any commutative C* algebra comes this way.

2. Compact operators

Given a separable Hilbert space H, any x-subalgebra of B(H) which is norm closed is an
example of a C*-algebra. It is a well known fact that the algebra of compact operators
(which is the norm closure of finite rank operators) denoted by By(#) is an example of
such a C*-algebra. Its an example of a non unital C* algebra when the Hilbert space is

infinite dimensional.

3. Noncommutative two-torus

A large class of C* algebras is obtained by the following construction. Let Ag be
an associative x-algebra without a-priori a norm such that the set F = {7 : Ay —
B(H) * — homomorphism, Hr a Hilbert space} is non empty and ||.||, defined by
lla||lu = sup{||m(a)|| : 7 € F} is finite for all a € Ap. Then the corresponding completion
of Ay with respect to ||.||, is called the universal C* algebra corresponding to Ag. Here
is an example:

Let 6 belongs to [0, 1]. Consider the x-algebra Ay generated by two unitary symbols
U and V satisfying the relation UV = €™V U. It has a representation 7 on the Hilbert
space L2(S') defined by w(U)(f)(2) = f(e*™2), n(V)(f)(2) = zf(2) where f € L%(S!)
and z € S1. Then ||a||, is finite for all @ € Ay. The resulting C* algebra is called the

noncommutative two torus and denoted by Ay.
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4. Group C* algebra

Let G be a locally compact group with left Haar measure p. One can make L'(G) a
Banach x-algebra by defining

(fxg) = /G F(8)g(s~ 0)dps),

Fr(t) = A@) D).

Here f,g € L'(G), A is the modular homomorphism of G.
LY(G) has a distinguished representation 7, on L?(G) defined by mey(f) =
[ f(&)m(t)du(t) where m(t) is the unitary operator on L?*(G) defined by (7 (t)f)(g) =
ft71g)(f € L*(G),t,g € G). The reduced group C* algebra of G is defined to be
. — 1 BLA(G)
Cr(G) = Treg(L1(G)) :

Remark 1.2.2. For G Abelian, we have C*(G) = Co(G) where G is the group of

characters on G.

One can also consider the universal C* algebra as described in example 2 correspond-
ing to the Banach #-algebra L'(G). This is called the free or full group C* algebra and
denoted by C*(G).

Remark 1.2.3. For the so-called amenable groups we have C*(G) = C*(G).

Now we briefly recall how we can form tensor products of two C* algebras. Given
two C* algebras A and B, we can form their algebraic tensor product (denoted by A® B
throughout this thesis) which will again be a x-algebra in the usual way. But it turns
out that the choice of equipping this algebraic tensor product with a C* norm is far
from unique. For details of this issue we refer the reader to Appendix T of [41]. One
such choice is what is called the spatial C* norm. It is given in the following way:

Given two C* algebras A and B, by the earlier discussion we can find two Hilbert
spaces ‘H and K such that A and B are embedded isometrically in B(#) and B(K)
respectively. Then A® B has a natural representation on B(H ® K) and hence has a C*
norm inherited from B(H ® K). This norm is called the spatial C* norm and it is a fact
that it does not depend upon the embeddings of A and B. Completion with respect to
this norm is called the spatial tensor product and throughout this thesis corresponding
C* algebra will always be denoted by A&®B. There are other choices of C* norms on the
algebraic tensor product. But since we shall only use the spatial norm we don’t discuss
the other choices.

For a C* algebra A (possibly non unital), its multiplier algebra, denoted by M(.A)

is defined as the maximal C* algebra which contains A as an essential two sided ideal,
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that is, A is an ideal in M(A) and for y € M(A), ya = 0 for all a € A implies y = 0.
The norm of M(A) is given by |[x|| = supaeaa|j<1{l|zall; [laz||}. There is a locally
convex topology called the strict topology on M(.A), which is given by the family of
seminorms {||.||q,a € A}, where ||z||, = Max(||zall,|laz|]), for x € M(A). M(A) is
the completion of A in the strict topology. For an example the multiplier algebra of the
C* algebra By(H) is B(H) for a separable Hilbert space H. The corresponding strict
topology is the same as SOT (see section on von Neumann algebra for the definition of
SOT topology)x topology of B(H).

Given a separable Hilbert space H and a C* algebra A, we can consider the spatial
tensor product By(H)®.A and its multiplier algebra M (By(H)®.A).

Lemma 1.2.4. For a state ¢ on A the map (id ® ¢) maps M(Bo(H)®.A) into B(H).

Proof:
First note that (id ® ¢) : Bo(H)®Q — Bo(H). Let X € M(By(H)®Q). Then there
exists X, € (Bo(H)®Q) such that X,, — X in strict topology of M (By(H)®Q), i.e.
X, A — XA and AX,, — AX in the C* algebra By(H)®Q for all A € By(H)®Q.
We will show that (id ® ¢)X,, € Bo(H) is strictly Cauchy in By(H) and hence defining
(id ® ¢) X as the strict limit of (id ® ¢)X,, we can deduce that (id ® ¢)X € B(H).
Let T € Bo(H). Then (T ® 1) € By(H)®Q and

1((id @ ) Xn)T — ((id @ ¢) X )T|
1(id © ) (Xn(T @ 1)) = (id @ ) (X (T @ 1)]]
< HXn(T® 1) - Xm(T® 1)’

Definition 1.2.5. Given a family (A;)icr of unital C* algebras, their unital C* algebra
free product *;c1A; is the unique C*-algebra A together with unital *-homomorphisms
¥; + Ay = A such that given any C* algebra B and unital x homomorphism ¢; : A; — B
there exists a unique unital x-homomorphism ® : A — B such that ¢; = ®Y;.

Remark 1.2.6. [t is a direct consequence of the above definition that given a family of

C* homomorphisms ¢; from A; to B, there exists a C* homomorphism *;¢; such that
(i) = ¢; for all .
1.2.2 von Neumann algebras

We recall that for a Hilbert space #H, the strong operator topology (SOT) and the
weak operator topology (WOT) are the locally convex topologies on B(#H) given
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by the family of seminorms Fp, F» respectively where F1 = {p¢ : { € H}, Fo = {pey :
&n € M} and pe(x) = [[2€]].pen(z) = | <2 n > | for z € B(H).

Definition 1.2.7. A C* subalgebra B of B(H) is called a von Neumann algebra if it is

closed in the strong operator topology.

Here we crucially observe that the definition is dependent on the choice of ambient
Hilbert space. There is another intrinsic definition , but since we do not need von
Neumann algebra in great detail, we don’t go in that direction. Also since C* algebras
are convex, by Theorem 16.2 of [57], we can as well take the WOT closure of B in B(H).
It is also a standard fact that a C* algebra inside a B(#) is closed in SOT topology
if and only if it is the same as its double commutant in B(H) (von Neumann’s double

commutant theorem, see Theorem 18.6 of [57]).

Examples
1. Abelian von Neumann algebras

We start with a compact Hausdorff space X. Then we have a Borel measure on X. We
pick one such Borel measure and denote it by p. Then we have the standard Hilbert
space (denoted by L?(X, u)) of square integrable functions on X. Then C(X) (space of
all continuous functions on X) acts as multiplication operator on L?(X, u) and is a C*
subalgebra of B(L?(X, p)). Its SOT closure in B(L?(X, p)) is L°(X, i) acting again as
multiplication operator on L?(X, it). It is an example of Abelian von Neumann algebra.
Like the C* case, we have a similar result for von Neumann algebra. More precisely we
have the following (Theorem 22.6 of [57])

Theorem 1.2.8. Every Abelian von Neumann algebra B acting on a seperable Hilbert
space H is C* isomorphic to some L (K, u), where K is a compact Hausdorff space

and 1 is a finite positive Borel measure on K with supp =K.

2. Group von Neumann algebra

Let G be a discrete group. Then we can form a Hilbert space from this group (denoted
by 1?(G)) where the space is I2(G) = {f : G — C| > geG |f(9)]> < oo} and the inner
product is given by < f,h >= deG f(g)h(g). With respect to this inner product we
have an orthonormal basis {x4(h) := 64 : g € G}. Then we can define left regular

representation A of G on the Hilbert space I2(G) given by

A G = B(AQ))
g — (AM9)xn = Xgn)
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Then span{\(G)} is a x-subalgebra of B(I?(G)). The SOT closure of span{\(G)} in
B(1%(@)) is called the group von Neumann algebra.

1.2.3 Fréchet algebras and their tensor products: Nuclearity

A locally convex space is a vector space together with a locally convex topology given
by a family of seminorms. A locally convex space is called a Fréchet space if the
corresponding family of seminorms is countable (hence the space is metrizable) and the
space is complete with respect to its topology. Let A and B be two such locally convex
spaces with family of seminorms S4 and S respectively. Then one wants a family
of seminorms {7,y : p € S4,q € Sp} (called cross seminorm) on the algebraic tensor
product A ® B such that v,(a ® b) = p(a)q(b) for a € A,b € B. The problem is that
this choice is far from unique and there is a maximal and minimal such choice.

Firstly, equip A®B with the locally convex topology given by the family of semi
norms {7Vpq : p € Sa,q € S} where vpe(§) = inf ) p(ai)q(b;) and the infimum is
taken over all possible expressions of £ = > a; ® b;. This is called the projective tensor
product. We denote the completion of A ® B in this topology by A®,B. The projective
seminorm is maximal in the sense that if {6,, : p € Sa,q € Sg} is another family of
cross seminorms then for £ € A® B, 7pq(&) > 0pq(§).

There is another topology which we can give to the algebraic tensor product. For that
for any subspace K of A(B), we denote its polar by K, i.e. KO = {¢ € A*(B*); ¢(y) <
1, for y € K}. Then we define a family of seminorms on A ® B by

n
Apg(§) = supy e v o (| z;a (ai)b (bi)]),
1=
where £ =37 a; ® b, B, = {a € Alp(a) < 1} and E, = {b € Blq(b) < 1}.
The topology induced by this family of seminorms on A ® B is called the injective
topology and corresponding completion is called the injective tensor product of A and B.
We denote the injective tensor product of A and B by A®.B. The injective seminorm is

minimal in the sense that if {6,, : p € S4,q € Sg} is another family of cross seminorms
then for £ € A® B, A\pg(&) < Opq(§).

Definition 1.2.9. A locally convex space A is said to be nuclear if for any other locally
convez space B, AQB = AR,B.

Remark 1.2.10. Since, the projective seminorm is mazximal cross seminorm and injec-
tive seminorm is minimal cross seminorm, we conclude that for a nuclear locally conver
space, there is essentially only one topological tensor product with another locally convex

space.
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Furthermore if the Fréchet space is a * algebra then we demand that its x algebraic
structure is compatible with its locally convex topology i.e. the adjoint (x) is continuous
and multiplication is jointly continuous with respect to the topology. Projective or
injective tensor product of two such Fréchet x algebras are again Fréchet x algebra. We
shall mostly use unital % algebras. Henceforth all the Fréchet x-algebras will be unital

unless otherwise mentioned.

Examples

We discuss an example of a nuclear Fréchet algebra which will be needed in this thesis.

Let M be compact smooth n dimensional manifold. Recall from Section (1) the
x-algebra C°(M). We equip it with a locally convex topology : we say a sequence
fn € C®(M) converges to an f € C°(M) if for a compact set K within a single
coordinate neighborhood (M being compact, has finitely many such neighborhoods)
and a multi index «, 3% f, — 0“f uniformly over K. Equivalently let Uy, Us, ..., U; be a
finite cover of M. Then it is a locally convex topology described by a countable family

of seminorms given by:

K7
p; = sup |0° f(z)],
zeK

where K is a compact set within U;, « is any multi index, i = 1,2,...I. C®°(M) is
complete with respect to this topology (example 1.46 of [45] with obvious modifications)
and hence this makes C°°(M) a locally convex Fréchet * algebra. Note that, by choosing
a finite C'°° partition of unity on the compact manifold M, we can obtain finite set
{61,...,0n} for some N > n of globally defined vector fields on M which is complete in
the sense that {d1(m),...,0n(m)} spans T,,(M) for all m (need not be a basis). This is
a *-subalgebra of the C*-algebra C(M).

1.3 Hilbert bimodules

Let A and B be two topological #-subalgebras of B(#), for some Hilbert space H. Then
a pre Hilbert bimodule £ is an A— B bimodule with a C bilinear map <<, >>: Ex& — B
with the following properties:

(i) << z,yb >>=<< z,y >> b (x,y € £,b € B)

()<< z,y >>=<< y,z >>" (x,y € &).

(iii)<< z,x >>> 0 and << z,z >>= 0 if and only if z = 0.

If furthermore B is a Fréchet x-algebra, then we can talk about convergence of a sequence
in £. We say a sequence a, € £ converges to a € £ if << a,, — a,a, —a >>— 0 in the
Fréchet topology of B. The completion of £ in this topology is called a Hilbert A — B
bimodule. If the second condition of (iii) is dropped then the Hilbert module is called
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pre Hilbert bimodule.

Examples

1. Any C* algebra A is an example of a Hilbert Fréchet bimodule with the bimodule
structure coming from the multiplication of the algebra and corresponding A valued
inner product is given by << a,b >>:= a*b.

2. Consider a separable infinite dimensional Hilbert space H. For a C* algebra A,
the algebraic tensor product H ® A can be given trivial Hilbert A bimodule struc-
ture. The bimodule structure is given by a(Zle & ®a;)d = (Zle & ® aaga’) for
a,a;,a’ € A and the corresponding A-valued sesquilinear form defined on H ® A by
<<€é®a,f®d >>=< & > a*a’. The completion of H ® A with respect to this pre
Hilbert bimodule structure is a Hilbert A bimodule will be denoted by H®.A.

3. Hilbert bimodule structure on exterior bundles
Riemannian structure and C*°(M )-valued inner product on one-forms

Let M be a compact smooth manifold. Also let A¥(C>°(M)) be the space of smooth
k forms on the manifold M. We equip A'(C*°(M)) with the natural locally con-
vex topology induced by the locally convex topology of C*°(M) given by a family
of seminorms {p(y,(,,....2,),x,8)}» Where (U, (x1,...,2,)) is a local coordinate chart,
B = (b1,52,...,0r) is a multi-index with a; € {1,2,...,n} as before, K is a com-
pact subset, and P (a,,..20),k,8) (W) = SUPsek 1<i<n [0 fi(®)], where f; € C%°(M)
such that w|y = > | fidz;|y. It is clear from the definition that the differential map
d:C>®(M) — QY(C>(M)) is Fréchet continuous.

Lemma 1.3.1. Let A be a Fréchet dense subalgebra of C*(M). Then A'(A) =
Sp {fdg : f,g € A} is dense in AL (C>®(M)).

Proof:
It is enough to approximate fdg where f, g € C°°(M) by elements of Q'(A). By Fréchet
density of A in C°°(M) we can choose sequences fp,,gm € A such that f,, — f and
gm — ¢ in the Fréchet topology, hence by the continuity of d and the C*°(M) module
multiplication of A'(C*(M)), we see that f,,dg,, — fdg in AL(C*(M)). O

By the universal property 3 a surjective bimodule morphism 7 = 7(y) : QL C>®(M))y —
AL (C>°(M)), such that 7(dg) = dg. Q' (C*°(M)), has a C°°(M) bimodule structure:
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FOgidhi) =Y fgih
=1 =1

(D gidhi)f = (gi6(hif) — gihiS )
i=1 i=1

As M is compact, there is a Riemannian structure. Using the Riemannian struc-
ture on M we can equip Q'(C*®(M)) with a C°°(M) valued inner product <<
Yoy fidgi, > iy fldgl >>€ C°°(M) by the following prescription:

for x € M choose a coordinate neighborhood (U, x1,x2, ....,x,) around x such that
dzxy,dxa,...,dz, is an orthonormal basis for 7M. Note that the topology does not

depend upon any particular choice of the Riemannian metric. Then

n

<< 3 Fig Yo A >> ) = (X 2 )

i=1 i=1 1,5,k

We see that a sequence w,, — w in A} (C®(M)) if << wy, —w,w, —w >>— 0 in Fréchet
topology of C*°(M). With this A'(C°°(M)) becomes a Hilbert module.

Hilbert bimodule of higher forms

Let us now recall from [34] (pages 95-108) an algebraic construction of the C°°(M)
bimodule of k-forms A¥(C*°(M)) on a manifold M from the so-called universal
forms. Q*(C®(M))y, = QYC®(M))y Rcooary XH(C*®(M)), and QF(C®(M)), =
Q1 (C (M) D (ary 2 (C (M)
Also QH(C>(M)) = Al( ®(M)). For k > 2, QF(C®(M)) = QF1(C®(M)) ®in
QL C>=(M)).
O(C=(M)) = Bp=aQ (O (M),

By the universality of Q?(C°(M)),, we have a surjective bimodule morphism
T(2) : Q2(C®(M)), — Q*(C>(M)).
Let J> be a submodule of Q?(C>®(M)) given by Jo = {m(g)(dw)|r(w) = 0 for w €
QY C>®(M)),} . In fact it is closed. Denote QQ(%;(M)) by A2(C*°(M)). Simi-

k oo

larly A¥(C>®(M)) = Q(ka(w where J = {mp)(6w)|mp—1)(w) = 0 for w €
QF1(C>®(M)),}. If w and 5 belong to QY(C°°(M)), sometimes we denote the im-
age of w ®n in Q2(C>®(M)) by wn and in A%2(C*°(M)) by w A n. Similar notations will

be used for products in Q¥(C°°(M)) and A¥(C°°(M)). With this, the familiar de Rham
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differential is given by

d: AF(C®(M)) — AFFL(C™ (M)
7y (@)] = [Tty (0w)] ([€] == €+ Ti for € € QF(C®(M)))

Note that for all k, Q¥(C°(M)) is the module of smooth sections of a hermitian, smooth,
locally trivial vector bundle Ej = A'(M) w A'(M) on M, whose fibre at = can be
k—times

identified with the finite dimensional Hilbert space Ef := (T M )&", the inner product
coming from the Riemannian structure. By construction, the closed submodule Jj is
nothing but the module of smooth sections of a sub bundle (say Vi) of Ej, so that
5’“ =~ AF(M). At the fibres of x € M, we have the orthogonal decomposition of Hilbert
spaces EY = V& @ (V) identifying the fibre of A¥(M) at z with (V}*). So we have
the following orthogonal decomposition of the Hilbert bimodule Q¥(C°°(M)):

Lemma 1.3.2. QF(C>®(M)) = AF(C®(M)) & Jx.

In other words, A¥(C°°(M)) is an orthocomplemented closed submodule of QF(C>°(

We can also derive the above orthogonal decomposition in a purely algebraic way.
For example for k = 2, let mo)(6f ® dg) € Q*(C*(M)). Then m(5)(5(5(9)f)) =
—m2)(6g®4 ), hence m2)(6(fdg—3gf)) = m2)(6f®g+bg®df). But m(fdg—3bgf) =0
in Q' (C>(M)). So L 37(2)(0f ®g+6g®df) € Jo. Similarly %Tr(z)(éf ®Ig—0gRIf) €
A2(C*°(M)).

Thus, m2)(ndf © 6g) = $m(2)(N(6f @ 6g+ 89 @ 6f)) + 572y (n(0f ® 69 — bg @ 6f)).
Also by definition << 7(2)(0f ® dg +0g @ f), T2y (df @ 59 0gRIf) >>=0

For k > 2, observe that the permutation group Sy naturally acts on QF(M), where
the action is induced by the obvious Si-action on the finite dimensional Hilbert space
(TxM )®k, which permutes the copies of T;M at € M. Then we have the orthogonal
decomposition of the Hilbert space (T M )®k into the spectral subspaces with respect
to the action of Sy. Explicitly

(T M) =& g PE(TIM)®),

where PP is the spectral projection with respect to the character x. Observe that
when x = sgn, i.e. x(o) = sgn(o), then P;((T;M)‘@k) = A¥(T:M) and V& =
k
Dytsgn Py (Tr M)®").
Clearly this fibre-wise decomposition induces a similar decomposition at the Hilbert

M)).
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bimodule level, i.e.

QN CX(M)) = Bypsgn P (QY(C®(M))) @ Pagn(Q4(C™ (M)
Te(C%(M)) @& AM(C>(M)),

where P, now denotes the spectral projection with respect to x for the Si-action on
QF(C>(M)) coming from Py fibre wise.

Also observe that the above arguments go through if we replace C°°(M) by any
subalgebra A. In fact, if we are given any semi-Riemannian (possibly degenerate)
structure on M which gives a nonnegative definite bilinear C'**°-valued form which is
faithful (i.e. strictly positive definite) on Q'(A) then the action of the permutation
group S on the k-fold tensor product QF (A) is inner product preserving, hence different
spectral subspaces for Si-action are easily seen to be mutually orthogonal w.r.t. the

C°(M)-valued inner product. Thus, we have the following

Corollary 1.3.3. Q%(A) = A*(A) @ J7, where QY(A) = {3 fidgi, fi, 9: € A},
OF(A) = QFH(A) ©.4 Q1 (A),

jkA = {7 (0w)|T—1)(w) =0 for w e Qk_l(.A)u} and

kg A
A*(A) = T4

Moreover if A is Fréchet dense in C%(M), QF(A), A¥(A) and T are dense in the
Hilbert modules QF(C(M)), A¥(C>®(M)) and Jy respectively.
Now for a C* algebra @, A¥(C>°(M))®Q has a natural C*°(M)&Q bimodule struc-

ture. The left action is given by

O fi2a) O [muw)l © q) = O _mu (fiw)] © qig;)
i J 1,3
The right action is similarly given. The inner product is given by
<< wi®a, Y wy®q>>=Y << wi,w; >> Dqq;.

i J .J

Topology on AF(C*®(M))®Q is given by requiring w, — w if and only if << w, —
w,wy, —w >>— 0 in C®°(M)®Q or C*(M, Q).
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1.3.1 Tensor products of Hilbert bimodules: interior and exterior ten-
sor products

Let & and & be two Hilbert bimodules over two Fréchet x algebras C and D respectively
where one of them is nuclear (say D) and they are * subalgebras of some B(?H1) and
B(Hz2) as before. We denote the algebra valued inner product for the Hilbert bimodules
by <<, >>. When the bimodule is a Hilbert space, we denote the corresponding scalar
valued inner product by <, >. Then £ ® & has an obvious C ® D bimodule structure,
given by (a®b)(e1®e2)(a' @) = aera’ @besd! for a,a’ € C,b,b' € D and ey € &1, e € Es.
Also on &1 ® & define << €1 ® €2, f1 ® fo >>=<< e1,f1 >> ® << eq, fo >> for
e1, f1 € &1 and eq, fo € &s.

Lemma 1.3.4. Extending the above definition of <<, >> linearly we get a sesquilinear
form on &1 ® &Es.

Proof:
Observe that for z = > e; ® fi, << z,2 >>= Z” << g, ef >> ® << fi, fj >> and
apply lemmas 4.2 and 4.3 of [33]. O

In fact this semi inner product is actually an inner product on & ® &. For a proof
consult chapter 6 of [33]. Then taking the double completion (both on the bimodule
and the Fréchet algebra level) we get a C®D Hilbert bimodule which we shall denote
by £1®&5. This is called the exterior tensor product of two Hilbert bimodules. Note
that when one of the bimodule is a Hilbert space H (with trivial Hilbert C bimodule
structure) and another is a C* algebra A, then performing the exterior tensor product
we get the usual Hilbert C* bimodule H®.A as discussed earlier. Also when H = C¥,
we have a natural identification of an element 7' = ((7j;)) € My(Q) with the right Q
linear map of CV ® Q given by
e; — e; @ T,

where {e;}i=1 . n is a basis for CN.

Let B, C, D be three locally convex * algebras. Also let & be an B — C Hilbert
bimodule & be a C — D Hilbert bimodule. Then & ®¢ & is an B — D bimodule in the
usual way. We can define a D valued inner product that will make £ ®¢ &, a pre-Hilbert
B — D bimodule. For that take wi,ws € & and 11,1 € & and define

<KW ON,wa Mg >>:=<I N, << Wy,wWg >> 19 >> .

Again as before this is a sesquilinear form on & ®¢ &s. Let T = {¢€ € & ®¢ &2 such
that << &, >>=0}. Then define & ®;, E2 = E1 ®¢ E2/Z. We note that this semi inner
product is actually an inner product, so that Z = {0} (see proposition 4.5 of [33]). The

topological completion of £ ®;, & is called the interior tensor product and we shall



Chapter 1: Preliminaries 30

denote it by £1®;,E. We denote the projection map from & Q¢ & to & Qi 2 by
m. We also make the convention of calling a Hilbert A — A bimodule simply Hilbert .4
bimodule.
Example

Recall QF(C>(M)). As a C°°(M) bimodule this is nothing but

QHC™(M)) @coe(ar)-@coe (ary ¥ (C(M)).

k—times

But for the Hilbert bimodule structure we take the interior tensor products recursively
ie. Q2(C™(M)) = QYC®(M)) @4 QHC™(M)) and QF(C(M)) = QHC®(M)) ®in
QF=1(C>(M)). Tt is straightforward to verify that this indeed gives the isomorphism

as Hilbert bimodules.

1.4 Quantum groups: Hopf x-algebras

Definition 1.4.1. A pair (A, A) consisting of a unital x-algebra A and a unital *-
homomorphism A : A - A® A is called a Hopf x-algebra, if (A ® id)A = (id ® A)A
and there exists linear maps € : A — C and k : A — A such that

(e®id)A(a) = (id ® €)A(a) = a and mo (k ® id)A(a) = mo (id ® k)A(a) = €(a)l 4,
where m : A® A — A is the multiplication map of the algebra A.

Examples

1. For any compact group G, the algebra C'(G) is a Hopf *-algebra with A(f)(g,h) :=
f(gh), e(f) := f(e) and k(f)(g) := f(g~!) where e is the identity element of G.

2. Assume that T is a discrete group and let G = T, so C(G) = C*(T') and A(Ny) =
Ay @ Ay. The elements A\, € C}(I') are one dimensional representations of G and
since they already span a dense subspace of C(G), from the orthogonality relations we
conclude that there are no other irreducible representations. So the dense subspace
spanned by the matrix coefficients of irreducible representations is the group algebra
on I', spanned by the operators A, which is a Hopf *-algebra with A(Ay) = A, ® A4,
€(Ay) =1 and K(Ay) = A1,

Sweedler notation

We introduce the so called Sweedler notation for coproduct. If a is an element of a coal-
gebra H, the element A(a) € H®H is a finite sum A(a) = ), a1;®a2; where ay;, a2; € H
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for all . Moreover the representation is not unique. For notational simplicity we shall

supress the index 7 and write the above sum symbolically as A(a) = a1y ® a(y).

Definition 1.4.2. Let B be a * algebra. A Hopf * algebra (A, A, €, k) is said to act on
B if there is a * homomorphism « : B — B ® A satisfying

(i)(a®id)a = (id @ A)a.

(7)(id ® €)ar = id.

1.4.1 Compact Quantum Groups

Definition 1.4.3. A compact quantum group (CQG in short) is a pair (Q,A), where
Q is a unital C* algebra and A : Q — Q®Q is a unital x-homomorphism (called the
comultiplication), such that

(i)(A ®id)A = (id ® A)A as homomorphism Q — QROKXQ (coassociativity).

(ii) the spaces A(Q)(1 ® Q) = span{A(b)(1 ® a)|a,b € Q} and (1 ® Q)A(Q) are dense
in QRQ.

Definition 1.4.4. A morphism from a CQG (Q1,A1) to another CQG (Qa,As) is a
unital C* homomorphism w: Q1 — Qo such that

(m@m)A; = Agm

Definition 1.4.5. A Woronowicz C*-subalgebra of a CQG (Q1,A) is a C*-subalgebra
Qo of Q1 such that (Qa,Alg,) is a CQG such that the inclusion map from Qy — Qj is
a morphism of CQG’s.

Definition 1.4.6. A Woronowicz C* ideal of a CQG (Q,A) is a C* ideal J of Q such
that A(J) C Ker(m ® ), where 7 is the quotient map from Q to Q/J

We recall the following isomorphism theorem:

Proposition 1.4.7. The quotient of a CQG (Q,A) by a Woronowicz C* ideal Z has
a unique CQG structure such that the quotient map m is a morphism of CQGs. More
precisely the coproduct A on Q/T is given by A(q+1T) = (7 @ m)A(q).

Definition 1.4.8. A CQG (Q', A’) is called a quantum subgroup of another CQG (Q, A)
if there is a Woronowicz C*-ideal J of Q such that (Q',A") = (Q,A)/J.
Examples

1. Let G be a compact group. Take Q to be the C* algebra of continuous functions on
G (denoted by C(G)). Then it can be proved that Q®Q = C(G x G) (see Appendix
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of [41]). So we can define A by

A(f)(g,h) == f(gh) for all g,h € G.

Coassociativity follows from associativity of the group multiplication. For the span
density condition note that A(Q)(1 ® Q) is a *-subalgebra spanned by all functions
of the form (g,h) — f1(g)f2(gh). Since such functions separate points of G, applying
Stone-Weierstrass theorem, we get the density.

In fact any compact quantum group (Q,A) with A abelian is of the form C(G),
for some compact group G. Indeed, by Gelfand theorem, @ = C(G) for some compact
Hausdorff space G. Then since Q®Q = C(G x G), the unital *-homomorphism A is

defined by a continuous map G x G — G. Coassociativity means that

f((gh)k) = f(g(hk)) for all f € C(G),

whence ((gh)k) = (g(hk)). So G is a compact semigroup. The span density condition
implies the cancellation property and hence G is a compact group.
2. Recall the C* algebra of example 4 of Subsection 1.2.1. In that example if we take
G to be a discrete group I' with counting measure then an element 7 is mapped to an
operator A\, on [*(T") defined by Ay(6.y) =0, .. If we define A : CF(T') — CHI)®CH(T)
by A(Ay) = Ay ® Ay, then (C)(I'), A) is a compact quantum group.
3. Assume g € [—1,1], ¢ # 0. The quantum group SU,(2) is defined as follows:
The algebra C(SU4(2)) is the universal C* algebra generated by elements v and ~ such
that

oFa+a'y = 100" + ¢y = 1Lyt = 90 v = e, oyt = gt

The comultiplication is defined by
Ala)=a@a—¢y" @7,A() =7@a+a"®7.

4. For n € N, denote by As(n) the universal C* algebra generated by elements {u;;|1 <
i,7 < n}, such that

U = ((uij)) is a magic unitary,

meaning that U is unitary, all its entries u;; are projections, and the sum of the entries

in every row and column in U is equal to 1. The comultiplication is defined by

n
Aluig) = Uik ® upj.
k=1



33 Quantum groups: Hopf x-algebras

This is called the quantum permutation group.
5. For an n x n positive invertible matrix @ = (Q4;), let A,(Q) the universal C* algebra

generated by {ugj :k,j=1...n} where u := ((ugj)) satisfies
wu* = utu = I, W' QuQ ! = QuQ . (1.4.1)

Here v’ = ((u%;;)) and @ = ((uQ;)) The coproduct say A is given by
5 n
A(ug) = Zufi ® ugj
k=1

1.4.2 Representation of CQG over Hilbert spaces:

The existence of Haar measure for a compact group plays a very crucial role in the
representation theory of compact groups. In case of compact group, the existence of
Haar measure translates into the existence of a convolution invariant state on C(G).
It turns out that for a general compact quantum group A also there is a bi invari-
ant state (to be called the Haar state and denoted by h) on Q in the sense that
(h ® id)A(q) = (id ® h)A(q) = h(q)l4 for all ¢ € Q, where 1g is the unit of Q.
The C*-completion Q,. of Qp in the norm of B(L?(h)) (GNS space associated to h) is a
CQG and called the reduced quantum group corresponding to Q. If A is faithful then
Q and @, coincide. In general there will be a surjective CQG morphism from Q to Q,
identifying the latter as a quantum subgroup of the former.

We would like to mention here that there is also a von Neumann algebraic framework
of quantum groups suitable for development of the theory of locally compact quantum
groups (see [31], [51] and references therein). In this theory, the von Neumann algebraic
version of CQG is a von Neumann algebra M with a coassociative, normal, injective
coproduct map A from M to M ®, M and a faithful, normal, bi-invariant state
on M. Indeed, given a CQG Q, the weak closure Q,” of the reduced quantum group

in the GNS space of the Haar state is a von Neumann algebraic compact quantum group.

Definition 1.4.9. Let (Q,A) be a CQG. A unitary representation of Q on a Hilbert
space H is a C-linear map U from H to the Hilbert module HRQ such that

1. << U(€),U(n) >>=<&,n>1g, where {,n € H.

2. (U®id)U = (id® A)U.

3. Sp {U(H)Q} is dense in HRQ.

Given such a unitary representation we have a unitary element U belonging to
M(Bo(H)&Q) given by U(£ @ b) = U(£)b, (£ € H,b € Q) satisfying
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(id® AU = U203,

Definition 1.4.10. A closed subspace Hi of H is said to be invariant if U(H1) C
H1RQ. A unitary representation U of a CQG is said to be irreducible if there is no

proper invariant subspace.

It is a well known fact that every irreducible unitary representation is finite dimen-
sional.

We denote by Rep(Q) the set of inequivalent irreducible unitary representations
of Q. For m € Rep(Q), let dr and {¢}; : j,k = 1,...,d=} be the dimension and ma-
trix coefficients of the corresponding finite dimensional representation, say U, respec-
tively. Corresponding to m € Rep(Q), let pZ,. be the linear functional on Q given by
pim(x) = h(z],x),s,m = 1,...,d; for x € Q, where 2], = (My)q; " (Fr(k,s)). Also
let p™ = Zg;l pas. Given a unitary representation V' on a Hilbert space H, we get a

decomposition of H as

H = BreRep(Q)1<i<mn Hi >

where m, is the multiplicity of 7 in the representation V' and V|7.[;r is same as the
representation U;. The subspace H™ = @;HT is called the spectral subspace of type 7
corresponding to the irreducible representation 7. It is nothing but the image of the
spectral projection given by (id ® p.)V.

For each m € Rep(Q), we have a unique d, x d, complex matrix Fy such that

(1) Fy is positive and invertible with Tr(F,) = Tr(F; 1) = M, > 0(say).

(2) hafjar; ) = 370 Fx (5, 1).

Recall from [43], the modular operator ® = S*S, where S is the anti unitary acting
on the L?(h) (where L?(h) is the GNS space of Q corresponding to the Haar state on
which Q has left regular representation) given by S(a.l) := a*.1 for a € Q. The one
parameter modular automorphism group (see [43]) say Oy, corresponding to the state
h is given by ©(a) = ®*a®~". Note that here we have used the symbol ® for the

modular operator as A has been used for the coproduct. From (2), we see that
Dlp2(pyr = F", for all m and i. (1.4.2)

In particular ® maps L%(h)T into L?(h)T for all 4.

Let us discuss in some details a few facts about algebraic representation of Q on
a vector space without any (apriori) topology i.e. T': K - K ® Qg and (I' ® id)[’ =
(id ® A)T', where K is some vector space. In this case the non degeneracy condition
SpT(K)(1® Qp) = K ® Qp is equivalent to the condition I'c := (id ® €)I" is identity on
K. Then we have the following:
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Proposition 1.4.11. Given two algebraic non degenerate representations I'1,I's of Q
on two vector spaces IC and L respectively, we can define the tensor product and direct
sum of the representations (to be denoted by I'y @ Ty and I'y @ Ty respectively) by (' ®
FQ)(k‘ X l) = k((]) %) l(O) X k(l)l(l)) and (Fl b FQ)(k‘, l) = (/{?(0), l(O)) X k(l) =+ l(l) Then
'y ® 'y and 'y @ T'e are algebraic non degenerate representations of Q on the vector

spaces K @ L and K & L respectively.

Proof:
They are a consequence of the simple observations that (I'y ® I's)e = (I'1e ® I'ye) and
(T @)= T1e ®Tae). O

The subspace spanned by the matrix coefficients of inequivalent irreducible (hence
finite dimensional) representations of a CQG Q is denoted by Q. Firstly, Qg is a
subalgebra as the product of two matrix elements of finite dimensional unitary repre-
sentations is a matrix element of the tensor product of these representations. Moreover,
as the adjoint of a finite dimensional unitary representation is equivalent with a unitary
representation, Qq is * invariant. For the definitions of tensor product of two repre-
sentations and adjoint of a unitary representation the reader is again refereed to [35].
Below we state the analogue of Peter-Weyl theory for the representation theory of CQG.
In the following h stands for the Haar state of O.

Proposition 1.4.12. (1) Q is a dense x-subalgebra of Q.

(2) Let {U* : a € I} be a complete set of mutually inequivalent, irreducible unitary

representations. We will denote the representation space and dimension of U by Ha

and ng, respectively. Then the Schur’s orthogonality relation takes the following form:
For any o € I, there is a positive invertible operator F'* acting on H,, such that for

any a,B€l and1 < j,q<dy, 1 <i,p<dg

h(uyugy) = 57-0as0iFali,)

(3) {upy » € I,1 < p,q < do} form a basis for Qo. (4) Qo is a Hopf x-algebra with
{Aug) = > uf @ug; + 1 <4, <na} for all a € I, the counit e and the antipode
k are defined on Qg respectively by the formulae,

e(ugz) = dij, k(upg) = (ugp)™,

foralla el and 1 <p,q < ng.

Here we would like to mention that corresponding to Qy there might be several
CQG’s containing Qy as a Hopf x-algebra and there is a universal compact quantum

group containing Qp as a Hopf x-algebra. It is denoted by QY. It is obtained as the
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universal enveloping C* algebra of Qy. We also say that a CQG Q is universal if
Q = Q. For details the reader is referred to [31]. Examples (4) and (5) of CQG’s are
such examples of universal CQG’s.

Now we discuss free product of CQG’s which was developed in [53]. Let (Q1,A)
and (Qg2,As) be two CQG’s and i1,ip denote the canonical injections of Q; and Qs
respectively into the C* algebra Q1 % Qa. Put p; = (i1 ®1i1)A; and pa = (i2 ®iz)Ag. By
the universal property of Q1 * Qa, there exists a map A : Q1% Qo — (Q1 % Q2)®(Q1 % Qo)
such that Ai; = p; and Aip = po. It can indeed be shown that A has the required
properties so that (Q; * Qa,A) is a CQG.

Let {Qy }nen be an inductive sequence of CQGs, where the connecting morphisms
Tmn from Q,, to Q,, (n < m) are injective morphisms of CQGs. Then from Proposition
3.1 of [53], we have that the inductive limit Q of Q,, s has a unique CQG structure with
the following property: for any CQG Q' and any family of CQG morphisms ¢, : O, —
Q' such that ¢pmmn = ¢n, the uniquely defined morphism lim,¢, in the category of
unital C* algebras is a morphism in the category of CQGs as well.

Combining the above two results, it follows that the free product C* algebra of an
arbitrary sequence of CQGs has a natural CQG stucture. Moreover the following result

was derived in [53].

Proposition 1.4.13. Let I'1,T'y be two discrete abelain groups. Then the natural iso-
morphisms C*(T'1) = C(I'y) and C*(I'y) x C*(Ty) = C*(T'1 * I'y) are isomorphisms of
CQG’s

Let i1,i2 be the canonical injections of Q1 and Qs respectively into the C* algebra
Q1 % Q9. If Uy and Uy are unitary representations of CQGs Q7 and Q. on Hilbert
spaces H1 and Ho respectively, then the free product representation of Uy and Us is a
representation of the CQG Q;p * Qs on the Hilbert space Hi @ Ha given by the Q1 x Qo

valued matrix
(id®i1)U; 0
0 (id ® ig)Us.

Similarly, the free product representation of an arbitrary sequence of CQG repre-

sentation can be defined.

1.4.3 Hopf x-algebra of matrix coefficients: Dual of a CQG

Let A be a finite dimensional Hopf *-algebra, then the algebraic dual U of A is again
a unital *-algebra with the product (called the convolution and we denote it by %) and
involution defined by

wxr:= (wRV)A W' = wk,
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with € as the unit, where w is defined by w(a) = w(a*) for a € A. Moreover it is a Hopf

x-algebra with coproduct

A~

A(w)(a®b) = w(ab) for a,b e A.

The antipode is given by #(w) = wk and the counit by € = w(1). The Hopf *-algebra
(U, A) is called the dual of (A, A).

However we see that the Hopf x-algebra Qg associated to a CQG Q is no longer finite
dimensional. When the Hopf *-algebra is not finite dimensional, then by the prescription
above we do not get a Hopf *-algebra, but we do get what is called a multiplier Hopf
x-algebra which is very similar to a Hopf x-algebra. Although the general dual of an
infinite dimensional Hopf *-algebra can be considered, for our purpose we will consider
only the dual of Qg in this thesis. We denote the dual of Qg by Qo.

For every finite dimensional representation U of Q, we can define a representation
T of Qo on H by my(w) = (id ® w)U. It is a %-representation if U is unitary. Fix a
representative U of an inequivalent irreducible representation of Q. Then it follows

that the homomorphisms 7y« define a x-isomorphism
QO = HaEIB(Ha)'

The dual of (Q@O) is isomorphic to I, gerB(Ha ® Hp). Define a map A:Qy —
(Q@o) by A(w)(a ® b) := w(ab) for a,b € Q. Note that in general the image of A
does not lie in the algebraic tensor product Qo ® Qo. But it is contained in M(QO ® QO).
Defining é(w) := w(1) and &(w) = wk we can verify that the pair (Qp, A) satisfies the
axioms of what is called a multiplier Hopf x-algebra. Since Qo is nothing but a direct
sum of matrix algebras, we can give a unique C* norm, we can complete it with respect
to that C* norm. We denote the corresponding completion by Q and (Q, A) is called
the dual discrete quantum group (on the C* level). For details about discrete quantum
group see section 8 of [35]. We record the following proposition which will be useful

later.

Proposition 1.4.14. In the following we denote the matriz coefficients of Q by {qg :
1<i,j <ng,a€l. Let U be a unitary representation of a CQG Q on a Hilbert space
H. Then Iy : Q — B(H) defined by Hy(w)(h) := (id ® w)U(h) is a non degenerate

A~

x-homomorphism and hence extends as a *-homomorphism from M(Q) to B(H).

Proof:
Consider the spectral decomposition H = @rezi<i<m,HI, U|H;r, i = 1,....,my is

equivalent to the irreducible representation of type w. Moreover fix orthonormal ba-
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sis e, j =1, wrydryi=1,...,my for HT such that
Ule;) =Y el @ ayy
k

for all # € Rep(Q). Now for a fixed m € Rep(Q), p,r = 1,...,dr observe that
My (pp)(§) = 0 for all § € HT' and for 7 # 7’. Also Uy (ppr)(€f;) = djref,, ie.
Iy (pp) luz 1s nothing but the rank one operator |ef, >< ef [. This proves that Iy (w)
is bounded for w € Qpy, and moreover identifying Qy with the direct sum of matrix al-
gebras @ e rep(0)Ma,, we see that Il is nothing but the map which sends X € M, to
X ® 1gm= in B(H). This proves that II;; extends to a non-degenerate *-homomorphism.
O

We return to the Hop *-algebra Qg of a compact quantum group (Q, A). In general
the counit € is not bounded on Qy and can not be extended to the whole of Q, so is the
antipode k. Now let U : H — H®Q be a unitary representation of @ on H. U decom-
poses into finite dimensional irreducible representations and H decomposes into finite
dimensional Hilbert spaces H,. Let the irreducible representations be {U® : « € I'} and
the corresponding Hilbert spaces be Hq. Let {eff : 1 < i < ny} (where dim Hy = nq)
be orthonormal basis for H,. If we denote Sp {e : 1 < i < ny,a € I} by Ho then
from the condition (3) of a unitary representation, we can deduce that Hp is dense in
the Hilbert space H and U(Ho) C Ho ® Qo such that Sp {U(Ho)Qo} = Ho ® Qo.

1.5 Noncommutative Geometry

In this section we recall some basic notions of noncommutative geometry. For a detailed

discussion, the reader is referred to [16].

1.5.1 Spectral triples

Motivated by the facts in Proposition 1.1.21, Alain Connes defined his formulation of

noncommutative manifold, based on the idea of a spectral triple:

Definition 1.5.1. A spectral triple is a triple (A%, H, D) where H is a separable Hilbert
space, A> is a *-subalgebra of B(H), (not necessarily norm closed) and D is a self
adjoint (typically unbounded) operator such that for all a € A, the operator [D,al
has a bounded extension. Such spectral triple is also called an odd spectral triple. If in
addition, we have v € B(H) satisfying v = v* = v, Dy = —yD and [a,7] = 0 for
all a € A®, then we say the quadruplet (A, H,D,~) is an even spectral triple. The

operator D is called the Dirac operator corresponding to the spectral triple.
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Since in the classical case, the Dirac operator has compact resolvent if the manifold
is compact, we say the spectral triple is of compact type if A is unital and D has a

compact resolvent.

Examples

1. Let M be a smooth spin manifold. Then from proposition 1.1.21, we see that
(C*(M), L?(S), D) is a spectral triple. It is of compact type when the manifold is
compact.

We recall that when the dimension of the manifold is even, A, = A}l & A,,. An
L? section s has a decomposition s = s1 + s, where s1(m), s2(m) belong to A (m)
and A, (m) respectively where At~ (m) denotes the subspace of the fibre over m. This
decomposition of L?(S) induces a grading operator v on L?(S). It can be seen that D
anticommutes with ~.
2. This example comes from the classical Hilbert space of forms . One considers the
self adjoint extension of the operator d 4 d* on H = @ H"* (M) which is again denoted
by d + d*. C*°(M) has a representation on each H¥(M), which gives a representation
say m on H. Then it can be shown that (C>°(M),H,d + d*) is a spectral triple. The
operator d + d* is called the Hodge Dirac operator.
3. The noncommutative torus
We recall the noncommutative 2-torus Ay is the universal C*-algebra generated by two
unitaries U and V satisfying UV = e?™V U where 6 is a number in [0, 1].

There are two derivations d; and d2 on Ay obtained by extending linearly the rule:
di(U) = U,da(V) = 0
d1(U) =0,d2(V) = 0.

Then dy, ds are well defined on the dense *-algebra of A>°:

Ag° = { Z amnUMV™ supm,n\mknlamﬂ < oo for all k,l inN}.

m,ne”L

There is a unique faithful trace on Ay defined as follows:
T(Z aanmV") = agpQ-

Let # = L?(7)® L?(7) where L?(7) denotes the GNS Hilbert space of Ay with respect to
the state 7. We note that Ag° is embedded as a subalgebra of B(H) by a — diag(a,a).
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0 di + idy
di — ids 0.

Then (Ag°,H, D) is a spectral triple of compact type.

We now define D as

1.5.2 The space of forms in noncommutative geometry

We start this subsection by recalling the universal space of one forms corresponding to

an algebra.

Proposition 1.5.2. Given an algebra B, there is a (unique upto isomorphism) B — B
bimodule QY(B), and a derivation § : B — QY(B), (i.e. d(ab) = §(a)b+ ad(b) for all
a,b € B), satisfying the following properties:
(i) QY(B),, is spanned as a vector space by elements of the form ad(b) with a,b € B.
(ii) For any B — B bimodule E and a derivation d : B — E, there is a unique B — B
linear map 1 : Q*(B) — E such that d = 1.

The bimodule Q! (B) is called the space of universal one forms on B and the § is called
the universal derivation. We can also introduce universal space of higher forms on B,
QF(B) for k = 2,3, .. by defining them recursively as follows: Q*1(B) = QF(B) 250" (B)
and also set Q°(B) = B.

Now we briefly discuss the notion of the noncommutative Hilbert space of forms which
will need noncommutative volume form for a spectral triple of compact type. We refer

to [20] ( page 124 -127 ) and the references therein for more details.

Definition 1.5.3. A spectral triple (A, H,D) of compact type is said to be ©-
summoable if e~tD? s of trace class for all t > 0. A ©-summable spectral triple is called
finitely summable when there is some p > 0 such that t2 Tr(e~*P*) is bounded on (0, 0]
for some 6 > 0. The infimum of all such p, say p' is called the dimension of the spectral

triple and the spectral triple is called p'-summable.

Remark 1.5.4. We remark that the definition of ©-summability to be used in this thesis

is stronger than the one in [16] ( page 390, definition 1. ) in which a spectral triple is
called ©-summable if Tr(e tP*) < oo,

_1p2
For a ©-summable spectral triple, let o) (T) = % for A > 0. We note that
Tr(e™ X
A — o) (T) is bounded.
Let \
1 du
™) = Tog A /a Ju(T);for A>a>e.
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For any state w on the C* algebra Boo, Tr,(T") = w(7(T)) for all T'in B(H) defines

a functional on B(H). As we are not going to need the choice of w in this thesis, we will
_¢p?

suppress the suffix w and simply write Limtﬁo+% for T'r,(T). This is a kind

Tr(Te— D7)

Tr(e—tD?)

Lim;_,g+. Moreover, Tr,, (7)) coincides ( upto a constant ) with the Dixmier trace ( see

of Banach limit because if lim;_,q+ exists, then it agrees with the functional
chapter IV, [16] ) of the operator T'|D|™? when the spectral triple has a finite dimension
p > 0, where |D|™? is to be interpreted as the inverse of the restriction of |D[P on the
closure of its range. In particular, this functional gives back the volume form for the
classical spectral triple on a compact Riemannian manifold.

Let QF(A>) be the space of universal k-forms on the algebra A which is spanned
by agd(ai)---d(ax), a; belonging to A, where 0 is as in Proposition 1.5.2. There
is a natural graded algebra structure on Q = @~ 2*(A®), which also has a natu-
ral involution given by (§(a))* = —d(a*), and usi;lg the spectral triple, we get a *-
representation I :  — B(H) which sends agd(ay) - - - d(ax) to apdp(ar) - - - dp(ax), where
dp(a) = [D,a]. Consider the state 7 on B(#H) given by, 7(X) = Lim;_,o+ TH(Xe— )

Tr(e—tP?) ’
where Lim is as above. Using 7, we define a positive semi definite sesquilinear form on

QF(A>) by setting (w,n) = 7(II(w)*T(n)). Let K* = {w € QF(A®) : (w, w) = 0},
for kK > 0, and K~! := (0). Let Qill“) be the Hilbert space obtained by completing
the quotient Q%(A>)/K* with respect to the inner product mentioned above, and we
define ’HIB = Pﬁ@, where P}, denotes the projection onto the closed subspace gen-
erated by §(K*1). Clearly, ’H]B has a total set consisting of elements of the form
[apd(a1) - - 6(ax)], with a; in A and [w] denoting the equivalence class P (w + K*) for
w belonging to Q¥(A>°). Then we can extend the map dp to the total subspace of H5,
by dplagd(ar) - - - d(ag)] := [6(ap)d(a1) - - - 6(ax)] and hence it maps into H%™. Then dp
is a densely defined unbounded operator on Hig+ := @j~o H%. If dom(d}) contains
Ok (A>) for all k, we can consider the operator D’ := d td = dp + dp, as a closable
densely defined operator. Assume it has a self adjoint extension. Then we denote the
extension again by d + d*. There is a *-representation mgy 4« : A — B(Hgrq+), given by
Ta+d+(a)([apd(ar) - - d(ag)]) = [aapd(ay) - - - 6(ak)]. Then it is easy to see that

Proposition 1.5.5. Under the above assumptions, (A, Hgyrq+,d + d*) is a spectral
triple.

We reamark that the assumptions about the domain and closability of d}, and dp +
dp, on Hgyq- are valid for a large class of spectral triples including all classical ones and
their Rieffel deformations. Moreover, we shall see in the next subsection that it is easy

to prove closability of at least dD|H% under mild condition.
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1.5.3 Laplacian in Noncommutative geometry

Now, we discuss the notion of Laplacian in noncommutative geometry as introduced
in [22]. Let (A%,H,D) be a spectral triple. Consider the operator dp : H% — HID.
Then the operator —dp,dp : ’HOD — ’HOD is the natural candidate for the noncommutative
Laplacian. However to have a reasonable definition, one at least needs dp to be closable.
We now give some natural sufficient condition for closability of dp. Let us consider the
locally convex space B(H) with its ultra-weak topology. Then on B(H), dp(.) := [D, ]
is an unbounded derivation. The strongly continuous one parameter group generated
by dp is given by o4(X) = exp(itD)(X )exp(—itD) for X € B(H). The following result
is proved in [22] (Lemma 2.6).

Lemma 1.5.6. Suppose that for every element a € A, the map t(€ R) — oy(X) :=
exp(itD)Xexp(—itD) is differentiable at t = 0 in the norm topology of B(H), where
X =a or X =[D,al]. Then dp is closable. In this case, the densely defined unbounded

operator dj,dp maps A into its weak closure in B(H).

Now we state and prove a sufficient condition for the norm differentiability condition

in the previous Lemma.

Lemma 1.5.7. Suppose that a € A> belongs to the domain of repeated commutator df,
gwen by d}(a) := [D,[D,[...[D,dl]]...] forn=1,2,3. Then the condition of the Lemma
1.5.6 is satisfied. In particualr dp is closable.

Proof:

Since a € dom(dp), 1(ow(a) —a) — [D,a] = %fg(ag(a) — [D, a])ds. Since a € dom(dp),
ol(a) = os([D,a]). Also using the fact that a € domd?,, we get

(05([D7a]) - [Dva])
= /0 ol ([D,a])du

_ /O ou(ID, (D, a]])du

Using the face that {o;} is contractive, we get the estimate ||1(0¢(a) — a) — [D, a]|| <
L||[D, [D, d]]|| establishing that as t — 0, (oy(a) — a) goes to [D, a] in norm topology.
Hence it proves the norm differentiability of o4(a) for all a € A*°. Similarly using the
higher domain condition we can prove the norm differentiability of o4 (X) for X = [D, a].

g

Now we impose some regularity conditions on the spectral triple so that we can define
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a noncommutative Laplacian.
Assumptions

1. (A, H, D) is a compact type, p-summable (for some p > 0) spectral triple.

2. a € A belongs to the domains of repeated commutator d7,, where dp(X) :=
[D, X] is considered as an unbounded derivation on the locally convex space B(H) with
its ultra-weak topology. Also assume that it is QC°, that is, A and {[D, a] : a € A*®}
is contained in the domains of all powers of the derivation [|D], -].

We can adapt the proof of Proposition 3.4 of [23] (with R = I) to deduce

2
Lemma 1.5.8. 7 defined by 7(X) = Limtﬁg%

subalgebra generated by A> and {[D,a]: a € A®}.

18 a positive trace on the C*-

We further assume that
3. 7 is faithful on the C* subalgebra generated by A* and {[D,a]: a € A*}.
Now we see that the assumption (2) on the spectral triple implies that it satisfies

the condition of the Lemma 1.5.7. Hence in particular dp is closable.

Definition 1.5.9. Under the stated assumptions on the spectral triple (A, H, D) the
non commutative Laplacian L is defined to be the densely defined operator —dpdp. It
maps A into (A>)".
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Chapter 2
Quantum isometry groups

There are two approaches in the formulation of quantum isometry groups of a spectral
triple. One is based on a Laplacian on a spectral triple (developed by Goswami in
[22]) and the other is based on the Dirac operator of the spectral triple (developed by
Goswami and Bhowmick in [10]). Before discussing these two notions we shall first recall

what is meant by a C* action of a CQG on a C* algebra.

2.1 Action of a compact quantum group on a C* algebra

Definition 2.1.1. We say that the compact quantum group (Q, A) (co)-acts on a unital
C* algebra B, if there is a unital C*-homomorphism (called an action) o : B — B®Q
satisfying the following :

(i) (e ®@id) o = (id ® A) o v, and

(ii) the linear span of a(B)(1® Q) is norm-dense in BQ.

It is known ( see, for example [42] ) that (ii) is equivalent to the existence of a norm-
dense, unital x-subalgebra B of B such that a(B) C B® Qp and on B, (id ®¢)oa =1id
i.e. a is a Hopf x-algebraic action of Qg on B in the sense of Definition 1.4.2. Given a
C* action « of a CQG Q on a C* algebra By of B which is the maximal x-subalgebra
of B over which the action « is algebraic i.e. By = {b € Bla(b) C B® Qp}. From now
on given any action of a CQG Q on a C* algebra B, by By we shall always mean this
maximal s-subalgebra over which the action is algebraic. Later when we shall extend
the notion of action on Fréchet algebras, we shall use the same notation. Note that this

maximal subalgebras are dense in the corresponding topologies.

Proposition 2.1.2. (i) For any b € By, a(b) C B® Qy.
(ii) Bo = B @ ker(«).

Proof:
Recall from 1.4.12, {ug :BeQiij=1, ...,dg} is a basis for Qp. Hence we can write

45
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where J is a finite subset

a(b) in terms of this basis as a(b) = 5. 7 Z” " U Z,

of Q. Using the coassociativity of a, we get

ZZ bﬂ ®u Z Z b ®ui®u5j.

BET i,j=1 BET 4,j,5=1

Now recall the linear functionals IOZl from chapter 1. Applying (id ® id ® le) for some
v € Q, to both sides of the above identity, we get

bgz Z by @ “7k

This means a(b) C By ® Qo.
For the second statement, write a(b) = > 5 7 Z” 1 w ® u If we take b =

Z,BGJ Zz 1 zz’
Z Z b ®ukZ
BeJ i,k=1
It follows that a(b) = (V') i.e. (b—V') € ker(a) and b’ € B. 0

Definition 2.1.3. Let (Q,«) has a C* action a on the C* algebra B. We say that the
action « s faithful if there is no proper Woronowicz C*-subalgebra Q1 of Q such that
a is a C* action of Q1 on B.

Definition 2.1.4. Let (Q,«) has a C* action o on the C* algebra B. A continuous

linear functional ¢ on B is said to be invariant under « if

(¢ @id)a(b) = ¢(b).1o.

Now, we recall the work of Shuzhou Wang done in [55]. One can also see [5], [7].
Recall from chapter 1, the quantum permutation group A,(n) which is defined to

be the C* algebra generated by a;; (4,5 = 1,2,...,n ) satisfying the following relations:

2 .
a;; = a;j = al, 1,7 =1,2,..n,

n

Y ag=1i=1.2,.n,

J=1

n
E Ai5 = 1, 1= 1,2, ...n,
=1

with the coproduct on the generators is given by A(a;j) = > ;_; @i @ ag;. Also the
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antipode k on the canonical dense Hopf-* algebra is given by k(a;;) = aji, whereas
the counit is given by €(a;j) = d0;;. The name comes from the fact that the universal
commutative C* algebra generated by the above set of relations is isomorphic to C(.Sy,)
where S, denotes the permutation group on n symbols.

Let us consider the category with objects as compact groups acting on on a n-point
set X,, = {1, 2, ...,x,}. If two groups G1 and G9 have actions a; and s respectively,
then a morphism from G; to G is a group homomorphism ¢ such that ay(¢ xid) = ay.
Then C(S,,) is the universal object in this category. It is proved in [55] that the quantum
permutation group enjoys a similar property.

We have that C(X,,) = C*{e; : e? = ¢; = €}, Y.r_je, = 1,i = 1,2,...,n}. Then

QU,, has a C* action on C'(X,,) via the formula:

n
O((@j) = Zei & al-j,j =1,2,..n.
=1
Proposition 2.1.5. Consider the category with objects as CQG s having a C* action
on C(X,,) and morphisms as CQG morphisms intertwining the actions as above. Then

As(n) is the universal object in this category.
Now we note down a simple fact for future use.

Lemma 2.1.6. Let « be an action of a CQG S on C(X) where X is a finite set. Then

« automatically preserves the functional T corresponding to the counting measure:

(r ®@id)(a(f)) = 7(f) 1s-

Proof:
Let X = {1,...,n} for some n € IN and denote by 0; the characteristic function of
the point i. Let a(d;) = >, d; ® gij where {g;; : i,j = 1...n} are the images of the
canonical generators of the quantum permutation group as above. Then 7-preservation
of « follows from the properties of the generators of the quantum permutation group,

which in particular imply that Zj gGij =1=>, ;. O

Wang also identified the universal object in the category of all CQG s having a C*
action a; on M, (C) ( with morphisms as before ) such that the functional 1Tr is kept
invariant under «y. However, no such universal object exists if the invariance of the
functional is not assumed. The precise statement is contained in the following theorem.

Before that, we recall that M,(C) = C*{e;; : ejjers = djkeir, €f; = €jiy Y g Crr =
1,4,7,k, 1l =1,2,..n}.
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Proposition 2.1.7. Let QL{MH((C) 1q, be the C* algebra with generators af} and the

following defining relations:

n

kv vl kl - .
Z%‘ apg = Ojrajs, 1,75,k l,r,s =1,2,...,m,
v=1

n

sr _Jt __ si . - .
Zalvavk = 0jrQp, 1, J, ky my s = 1,2, ..,m,
v=1

kl* lk - -
aij = aji, Z,],k,l = 1,2, ey N

n
> afh =0u, k1=1,2,..,n,
r=1

n

Zai’i =0y, k,I=1,...,n.
r=1
Then,

(1) QL{MR(C),%Tr is a CQG with coproduct A defined by A(af}) =D e all ®
a;?, 6, gk l=1,2,...n.

(2) QZ/{MW((C)’%Tr has a C* action oy on My, (C) given by ai(ei;) = Y 31—y e @
af}, 1,7 = 1,2,...,n. Moreover, QuMn((C),lTr is the universal object in the category of
all CQG s having C* action on M, (C) such that the functional %Tr 18 kept invariant
under the action.

( 8 ) There does not exist any universal object in the category of all CQG s having

C* action on M,(C).

Proposition 2.1.8. Since, any faithful state on a finite dimensional C* algebra A is of
the form Tr(Rz) for some operator R, it follows from Theorem 6.1, (2 ) of [55] that the
unwersal CQG acting on any finite dimensional C* algebra preserving a faithful state

¢ exists and is going to be denoted by QU4 4.

Now let X be a compact, Hausdorff space. Then C'(X) is a C* algebra. We say a
CQG @Q acts continuously and faithfully on the space X if Q has a faithful C* action on
the C* algebra C'(X). We show in the following example (which is due to Huang [29])
that a genuine CQG (i.e. non commutative as a C* algebra) can act continuously and
faithfully on a compact Hausdorff space.

Example:

Recall the quantum permutation group As(n). It acts continuously and faithfully on
C(X,,) where X, is the finite space with n points {z1,...,xz,}. If e; for 1 < i < n be
the functions on X, such that e;(x;) = d;; and Y be a compact Hausdorff space then
(Lemma 3.1 of [29])
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Lemma 2.1.9. There ezists an action « of the quantum permutation group As(n) on
Xn XY given by ae; @ f) =>p_1ex @ f @ ag; for alll <i<n and f € CY).

Now Y7 be a closed subset of Y. We define an equivalence relation ~ on X, X Y as
follows: For ¢/,y” € Y and 2/, 2" € X,,, two points (2/,y') and (2”,y") are equivalent if
one of the followings is true:

1)y =y" € Y;.

(2)y' =y" and 2/ = 2.

With this, we have (Lemma 3.2 and Proposition 3.7 of [29])

Lemma 2.1.10. The quotient space X, X Y/ ~ is compact and Hausdorff. Moreover

if Y is connected and Y7y is non empty, X,, X Y/ ~ is also connected.

Also note that C(X,, x Y/ ~) is a C* subalgebra of C(X,, x Y). Then we have
(Proposition 3.4 and Theorem 3.5 of [29])

Theorem 2.1.11. If Y] # Y, the restriction & of the action o on C(X,, x Y/ ~) is a
faithful action of As(n) on the compact, connected, Hausdorff space X, X Y/ ~.

For a concrete example, take Y = [0,1] and Y7 = {0}, then X,, X Y/ ~ is a wedge
sum of n unit intervals by identifying (z;,0) to a single point for all 1 < i < n. The
quantum permutation group Ag(n) which is non commutative for n > 4 acts faithfully
on this space.

Now we turn to the formulation of quantum isometry groups based on Laplacian
and the Dirac operator. First we start with the formulation of quantum isometry group

based on Laplacian.

2.2 Formulation of the quantum isometry group based on

Laplacian

2.2.1 Characterization of isometry group for a compact Riemannian
manifold

Let M be a compact Riemannian manifold. Consider the category with objects be-
ing the pairs (G,a) where G is a compact metrizable group acting on M by the
smooth and isometric action a. If (G1,a) and (Gg, ) are two objects in this cate-
gory, Mor((G1,a), (Ge,3)) consists of group homomorphisms 7 from G; to G2 such
that 8 om = . Then the isometry group of M is the universal object in this category.

More generally, the isometry group of a classical compact Riemannian manifold,
viewed as a compact metrizable space ( forgetting the group structure ), can be seen to

be the universal object of a category whose object class consists of subsets ( not generally
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subgroups ) of the set of smooth isometries of the manifold. Then it can be proved that
this universal compact set has a canonical group structure. Thus, motivated by the
ideas of Woronowicz and Soltan Goswami considered in [22] a bigger category with
objects as the pair (5, f) where S is a compact metrizable space and f: S x M — M
such that the map from M to itself defined by m +— f(s,m) is a smooth isometry for
all s in S. The morphism set is defined as above ( replacing group homomorphisms by
continuous set maps ).

Therefore, to define the quantum isometry group, it is reasonable to consider a
category of compact quantum groups which act on the manifold (or more generally,
on a noncommutative manifold given by spectral triple) in a ‘nice’ way, preserving the
Riemannian structure in some suitable sense, which is precisely formulated in [22], where
it is also proven that a universal object in the category of such quantum groups does

exist if one makes some natural regularity assumptions on the spectral triple.

2.2.2 The definition and existence of the quantum isometry group

Let (A, H, D) be a O-summable spectral triple of compact type. We recall from the
first chapter the Hilbert spaces of k-forms 7—[%, k = 0,1,2,... and also the Laplacian
L = —dpdp.

To define the quantum isometry group, we need the following assumptions:

Assumptions

1. dp is closable and A* C Dom(L) where A is viewed as a dense subspace of
HO,

2. £ has compact resolvents.

3. L(A>®) C A,

4. Each eigenvector of £ ( which has a discrete spectrum, hence a complete set of
eigenvectors ) belongs to A>.

5. ( connectedness assumption ) The kernel of £ is one dimensional, spanned by the
identity 1 of A, viewed as a unit vector in HOD.

6. The complex linear span of the eigenvectors of £, denoted by A§° is norm dense

in A%,

Definition 2.2.1. We say that a spectral triple satisfying the assumptions 1. - 6.
admissible. Note that in the last section of the first chapter we had to only assume the
reqularity of the spectral triple so that a noncommutative Laplacian can be defined. But
for the formulation of the quantum isometry group based on laplacian we need to assume

that the spectral triple is admissible.

The following result is contained in Remark 2.16 of [22].
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Proposition 2.2.2. If an admissible spectral triple (A, H, D) satisfies the condition
N Dom(L") = A%, and if a : A = A® S is a smooth isometric action on A> by a
CQG S, then for all state ¢ on S, ay(= (id ® ¢)a) keeps A invariant.

In view of the characterization of smooth isometric action on a classical compact
manifold ( Proposition 1.1.13 in Chapter 1 ), Goswami gave the following definition
in [22].

Definition 2.2.3. A quantum family of smooth isometries of the noncommutative man-
ifold A ( or more precisely on the corresponding spectral triple ) is a pair (S, «) where
S is a separable unital C* algebra, o : A — A® S ( where A denotes the C* alge-
bra obtained by completing A in the norm of B(HY)) is a unital C* homomorphism,
satisfying the following:

a. Sp(a(A)(1®8)=A® S

b. ay = (Id® ¢)a maps AF° into itself and commutes with L on AF°, for every state
¢ onS.

In case, the C* algebra has a coproduct A such that (S,A) is a compact quantum
group and o is an action of (S,A) on A, we say that (S, A) acts smoothly and isomet-

rically on the noncommutative manifold.

Notations

1. We will denote by QF the category with the object class consisting of all quan-
tum families of isometries (S, «v) of the given noncommutative manifold, and the set of
morphisms Mor((S, «), (§’,a’)) being the set of unital C* homomorphisms ¢ : § — &’
satisfying (id ® ¢)a = /.

2. We will denote by Q). the category whose objects are triplets (S, A, «) where
(S,A) is a CQG acting smoothly and isometrically on the given noncommutative mani-
fold, with « being the corresponding action. The morphisms are the homomorphisms of

compact quantum groups which are also morphisms of the underlying quantum families.

Let {A1,Ag,...} be the set of eigenvalues of £, with V; being the corresponding (
finite dimensional ) eigenspace. We will denote by U; the Wang algebra A, 4,(1) (
as introduced in the chapter 1 ) where d; is the dimension of the subspace V;. We

fix a representation f; : V; — V; ® U; on the Hilbert space Vj, given by f;(e;;) =
>k €ik ®ul(€? for j = 1,2,...d;, where {e;;} is an orthonormal basis for V;, and uld) = ul(;j)

are the generators of ;. Thus, both u() and u() are unitaries. The representations f3;

canonically induce the free product representation 5 = x;3; of the free product CQG
U = x;U; on the Hilbert space HOD such that the restriction of 4 on V; coincides with j3;
for all i.

The following Lemma ( Lemma 2.12 of [22] ) will be needed later and hence we

record it.
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Lemma 2.2.4. Consider an admissible spectral triple (A, H, D) and let (S, ) be a
quantum family of smooth isometries of the spectral triple. Moreover, assume that the
action is faithful in the sense that there is no proper C* subalgebra S of S such that
a(A®) CA® ®S1. Thena : A RS - A* ® S defined by a(a ® b) = afa)(l ® b)
extends to an S linear unitary on the Hilbert S module HY, ® S, denoted again by a.
Moreover, we can find a C* isomorphism ¢ : U/T — S between S and a quotient of U
by a C* ideal T of U, such that o = (id ® ¢) o (id ® IIz) o B on A>® C HY, where Iz
denotes the quotient map from U to U/T.

If furthermore, there is a CQG structure on S given by a coproduct A such that o
is a C* action of a CQG on A, then the map a : A — A® @ S extends to a unitary
representation ( denoted again by o ) of the CQG (S,A) on HY. In this case, the ideal
7 is a Woronowicz C* ideal and the C* isomorphism ¢ : U/Z — S is a morphism of
CQG s.

Using this, the following result has been proved in [22], which defines and gives the
existence of QISO*.

Theorem 2.2.5. For any admissible spectral triple (A>,H, D), the category QF has a
universal object denoted by (QISO*, o). Moreover, QISO* has a coproduct Ay such
that (QISO*, Ag) is a CQG and (QISO*, Ay, ap) is a universal object in the category
Q.. The action ay is faithful.

We very briefly outline the main ideas of the proof. The universal object QISO* is
constructed as a suitable quotient of U. Let F be the collection of all those C*-ideals 7
of U such that the composition I'z = (Id®@IIz) o B : AP — AG° Qalg (U/Z) extends to a
C*-homomorphism from A to A® (U/Z). Then it can be shown that Ty (= NzerT ) is
again a member of F and (U/Zy, I'z,) is the required universal object. Thus,

Remark 2.2.6. QISO* is a quantum subgroup of the CQG U = i Ay d;(1). As Ay q,(I)
satisfies k2 = id, QISO* has tracial Haar state.

Remark 2.2.7. It is proved in [22] that to ensure the existence of QISO*, the as-
sumption (5) can be replaced by the condition that the action o is T preserving, that
is, (1 @ id)a(a) = 7(a).1. In [22] it was also shown ( Lemma 2.5, b = a ) that for
an isometric group action on a not necessarily connected classical manifold, the volume
functional is automatically preserved. It can be easily seen that the proof goes verbatim
for a quantum group action, and consequently we get the existence of QISO* for a (

not necessarily connected ) compact Riemannian manifold.

Unitary representation of QISO* on a spectral triple

We shall also need the following result proved in section 2.4 of [22].
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Proposition 2.2.8. QISO* has a unitary representation U = Uy on Hp such that U
commutes with d + d*. Let § be as in subsection 1.6.2. On the Hilbert space of k-forms,
that is. H’B, U is defined by:

U(laod(ar) - 6(ax)] @ q) = [a6(alV) - 5(a")) © (a{?a? - - a{?)q,

where q belongs to QISO~, a; belongs to AS°, and for x in Ay, ( the x-subalgebra
generated by the eigenvectors of L ) we write in Sweedler notation a(x) = () @ 22 ¢
Ao ® (QISO%)y (o denotes the action of QISO* ).

2.2.3 QISO* for S" and T"

In the example toward the end of Subsection 2.1 we saw that a genuine CQG (i.e. non
commutative as a C* algebra) can act faithfully on a compact, connected, Hausdorff
space. But in [11] and [9], it was observed that the quantum isometry group of n sphere
and n tori turn out to be classical i.e.

(1) QISO*(S™) = C(O(n +1)).

(2) QISO*(T™) = C(ISO(T™)). For computation we refer the reader to [11] and [9].

2.3 Formulation of the quantum isometry group based on

the Dirac operator

The approach of formulation of quantum isometry group for a spectral triple had a
major draw back as it needed the existence of a “good“ Laplacian on the spectral
triple. A direct approach based on the Dirac operator of the spectral triple was called
for and that was successfully achieved by Goswami, Bhowmick in their paper [10]. In
consistency with the classical case, this is called quantum group of orientation preserving
Riemannian isometry. First recall Theorem 1.57 of chapter 1. Motivated by this we
give the following operator theoretic characterization of “set of orientation preserving

isometries 7. For the proof of the theorem see [10].

Theorem 2.3.1. Let X be a compact metrizable space and ¢ : X x M — M 1is a map
such that v, defined by ¥, (m) = ¥ (x, m) is a smooth orientation preserving Riemannian
isometry and x +— P, € C®(M,M) is continuous with respect to the locally convex
topology of C*°(M, M) mentioned before.

Then there exists a ( C(X)-linear ) unitary Uy on the Hilbert C(X)-module H &
C(X) (where H = L*(S)) such that for all x belonging to X, U, = (id ® evy)Uy is a
unitary of the form Uy, on the Hilbert space H commuting with D and UIM¢,U;1 =
Md)ow;l. If in addition, the manifold is even dimensional, then Uy, commutes with the

grading operator 7.
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Conversely, if there exists a C(X)-linear unitary U on H ® C(X) such that Uy :=
(id ® evy)(U) is a unitary commuting with D for all x, ( and U, commutes with the
grading operator ~y if the manifold is even dimensional ) and (id ® ev,)ay (L>®(M)) C
L>°(M) for all x in X, then there exists a map ¢ : X x M — M satisfying the conditions
mentioned above such that U = Uy.

2.3.1 Quantum group of orientation-preserving isometries of an R-
twisted spectral triple

In view of the characterization of orientation-preserving isometric action on a classical

manifold ( Theorem 2.3.1 ), we give the following definitions.

Definition 2.3.2. A quantum family of orientation preserving isometries for the (
odd, compact type ) spectral triple (A, H, D) is given by a pair (S,U) where S is a
separable unital C*-algebra and U is a linear map from H to H®S such that U given by
UE@b) =UE)(1®b) (€ inH, binS ) extends to a unitary element of M(K(H)®S)
satisfying the following:

(i) for every state ¢ on S we have UyD = DUy, where Uy := (id ® ¢)(U);

(i) (id ® ¢) o adi(a) € (A>)" for all a in A> and state ¢ on S, where adg(x) :=
U(x ® 1)U* for x belonging to B(H). In case the C*-algebra S has a coproduct A such
that (S,A) is a compact quantum group and U is a unitary representation of (S,A) on
H, we say that (S,A) acts by orientation-preserving isometries on the spectral triple.
In case the spectral triple is even with the grading operator v, a quantum family of
orientation preserving isometries (A, H,D,~) will be defined exactly as above, with

the only extra condition being that U commutes with ~.

From now on, we will mostly consider odd spectral triples. However let us remark
that in the even case, all the definitions and results obtained by us will go through with
some obvious modifications. We also remark that all our spectral triples are of compact
type.

Consider the category Q = Q(A>*,H,D) = Q(D) with the object-class consist-
ing of all quantum families of orientation preserving isometries (S,U) of the given
spectral triple, and the set of morphisms Mor((S,U), (S',U")) being the set of unital
C*-homomorphisms ® : § — &’ satisfying (id ® ®)(U) = U’. We also consider an-
other category Q' = Q'(A>,H, D) = Q'(D) whose objects are triplets (S, A, U), where
(S,A) is a compact quantum group acting by orientation preserving isometries on the
given spectral triple, with U being the corresponding unitary representation. The mor-
phisms are the homomorphisms of compact quantum groups which are also morphisms
of the underlying quantum families of orientation preserving isometries. The forgetful

functor F': Q' — Q is clearly faithful, and we can view F'(Q’) as a subcategory of Q.



55 Formulation of the quantum isometry group based on the Dirac operator

Unfortunately, in general Q" or Q will not have a universal object. It is easily seen
by taking the standard example A>* = M, (C), H = C", D = I. Any CQG having
a unitary representation on C" is an object of Q'(M,,(C),C", I). But by Proposition
2.1.7, there is no universal object in this category. However, the fact that comes to our
rescue is that a universal object exists in each of the subcategories which correspond to
the CQG actions preserving a given faithful functional on M,,.

On the other hand, given any equivariant spectral triple, it has been shown in [23]
that there is a (not necessarily unique) canonical faithful functional which is preserved
by the CQG action. For readers’ convenience, we state this result (in a form suitable to
us) briefly here. Before that, let us recall the definition of an R-twisted spectral data
from [23].

Definition 2.3.3. An R-twisted spectral data ( of compact type ) is given by a quadruplet
(A H,D, R) where

1. (A, H,D ) is a spectral triple of compact type.

2. R a positive (possibly unbounded) invertible operator such that R commutes with
D.

3. For all s € R, the map a — os(a) := R™*aR?® gives an automorphism of A (not

necessarily x-preserving) satisfying supei—nn llos(a)|| < oo for all positive integer n.
We shall also sometimes refer to (A>,#H, D) as an R-twisted spectral triple.

Proposition 2.3.4. Given a spectral triple (A, H, D) (of compact type) which is Q-
equivariant with respect to a representation of a CQG Q on H, we can construct a
positive (possibly unbounded) invertible operator R on H such that (A>*,H,D,R) is a
twisted spectral data, and moreover, we have

ay preserves the functional Tr defined at least on a weakly dense x-subalgebra Ep of
B(H) generated by the rank-one operators of the form | >< n| where &, n are eigenvec-
tors of D, given by

Tr(x) = Tr(Rx), =€ &p.

Remark 2.3.5. When the Haar state of Q is tracial, then it follows from the definition
of R in Lemma 3.1 of [23] that R can be chosen to be I.

Remark 2.3.6. If V) denotes the eigenspace of D corresponding to the eigenvalue, say
A, it is clear that Tr(X) = et>‘2Tr(Re_tD2X) for all X = | >< n| with £,n belonging to
Vi and for any t > 0. Thus, the ay-invariance of the functional Tr on Ep is equivalent
to the ay-invariance of the functional X — T‘r(XRe*tDz) on Ep for eacht > 0. Ep, that
is, for all [§ >< n| with §,n belonging to V), (tTr ® id)ad (1§ >< n]) = Tr(|{ >< n]).1
Therefore, (Tp @ id)ad; (| >< n]) = Tr(|{ >< n|).1 = e Tr(Re 2% € >< 7). On
the other hand, (Tp ® id)adg (| >< n]) = e (Tr(RetP” ) @ id)ay (€ >< nl). ( by
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writing the formula of trace in terms of an orthonormal basis ) ) If, furthermore, the
R-twisted spectral triple is ©-summable in the sense that Re~tP% s trace class for every
t > 0, the above is also equivalent to the ay-invariance of the bounded normal functional

X~ Tr(XRe_tDZ) on the whole of B(H). In particular, this implies that cy preserves
Tr(xRe’tD2)

the functional B(H) > = — Limy_ 04 Te(Re—D%) '

1.6.2.

where Lim is as defined in subsection

This motivates the following definition:

Definition 2.3.7. Given an R-twisted spectral data (A*°,H, D, R) of compact type, a
quantum family of orientation preserving isometries (S,U) of (A, H, D) is said to
preserve the R-twisted volume, (simply said to be volume-preserving if R is understood)
if one has (g ®@id)(adg(x)) = TrR(7).1s for all x in Ep, where Ep and TR are as in
Proposition 2.3.4. We shall also call (S,U) a quantum family of orientation-preserving
isometries of the R-twisted spectral triple.

If, furthermore, the C*-algebra S has a coproduct A such that (S,A) is a CQG and
U is a unitary representation of (S,A) on H, we say that (S,A) acts by volume and
orientation-preserving isometries on the R-twisted spectral triple.

We shall consider the categories Qr = Qr(D) and Qy = Qx(D) which are the full
subcategories of Q and Q' respectively, obtained by restricting the object-classes to the

volume-preserving quantum families.

Remark 2.3.8. We shall not need the full strength of the definition of twisted spectral
data here; in particular the third condition in the definition 2.5.3. However, we shall
continue to work with the usual definition of R-twisted spectral data, keeping in mind

that all our results are valid without assuming the third condition.

Let us now fix a spectral triple (A°°,H, D) which is of compact type. The C*-
algebra generated by A in B(H) will be denoted by A. Let A\g = 0, A1, A2, - - - be the
eigenvalues of D with V; denoting the ( d;-dimensional, 0 < d; < oo ) eigenspace for \;.
Let {e;j,7 = 1,...,d;} be an orthonormal basis of V;. We also assume that there is a
positive invertible R on H such that (A%, H, D, R) is an R-twisted spectral data. The
operator R must have the form R|y, = R;, say, with R; positive invertible d; x d; matrix.
Let us denote the CQG A, 4, (R;f) by U;, with its canonical unitary representation (; on
V; = C4%, given by Bi(e;j) = > ) eir ® uka Let U be the free product of U;,i = 1,2, ...
and 8 = %;5; be the corresponding free product representation of U on H. We shall also
consider the corresponding unitary element 3 in M(K(H) ® U). For the proofs of the

following Lemma and following Theorem the reader is referred to [10].

Lemma 2.3.9. Consider the R-twisted spectral triple (A, H,D) and let (S,U) be a

quantum family of volume and orientation preserving isometries of the given spectral
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triple. Moreover, assume that the map U is faithful in the sense that there is no proper
C*-subalgebra Sy of S such that U belongs to M(K(H) ® S1). Then we can find a C*-
isomorphism ¢ : U/T — S between S and a quotient of U by a C*-ideal T of U, such
that U = (id ® ¢) o (id ® II1) o B, where Il denotes the quotient map from U to U/T.
If, furthermore, there is a compact quantum group structure on S given by a coprod-
uct A such that (S,A,U) is an object in Q, the ideal I is a Woronowicz C*-ideal and

the C*-isomorphism ¢ : U/Z — S is a morphism of compact quantum groups.

Theorem 2.3.10. For any R-twisted spectral triple of compact type (A, H, D), the
category Qr of quantum families of volume and orientation preserving isometries has a
universal (initial) object, say (GV, Up). Moreover, G has a coproduct Ay such that (@, Ay)
s a compact quantum group and (5, Ao, Uy) is a universal object in the category Qly.

The representation Uy is faithful.

Consider the *-homomorphism ay : adﬁo, where (5, Up) is the universal object ob-
tained in the previous theorem. For every state ¢ on G, (id ® ¢) o ap maps A into
A”. However, in general oy may not be faithful even if Uy is so, and let G denote the
C*-subalgebra of G generated by the elements {(f ®id) o ag(a) : f € A*,a € A}.

Definition 2.3.11. We shall call G the quantum group of orientation-preserving isome-
tries of R-twisted spectral triple (A, H, D, R) and denote it by QIS’OE(AOO,”H, D, R)

or even simply as QISOE(D). The quantum group G is denoted by QISOE(D).
If the spectral triple is even, then we will denote G and G by QISOE(D,fy) and

QISOE (D, ) respectively.

Let (Q,V) be an object in the category QIR(D). We would like to give a necessary
and sufficient condition on the unbounded operator R so that adj; preserves the R-
twisted volume. For that break the Hilbert space H (on which D acts) into finite
dimensional eigen spaces of the operator D i.e. let H = & H where each Hy, is a finite
dimensional eigen space for D. Since D commutes with V', V preserves each of the Hp’s
and on each Hy, V is a unitary representation of the compact quantum group Q. Then

we have the decomposition of each Hj into the irreducibles, say
dﬂ' U
Hi = @TFGI[CCREP(Q)(C ® C™Mmok,

where m i is the multiplicity of the irreducible representation of type 7 on H;, and Z is
some finite subset of Rep(Q). Since R commutes with V', R preserves direct summands

of Hy. Then we have the following

Theorem 2.3.12. ady; preserves the R-twisted volume if and only if

R”H}g = @WEIkFW & Tﬂ,k?
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for some Ty i, € B(C™~*), where Fy’s are as in Subsection 2.1.

Proof:
Ounly if =: let {e; ?;1 and { f; };n:’rlk be orthonormal bases for C% and C™n* respectively.
Also let R(e; @ fj) = >_,, R(s,t,4, j)es® fr. We have V*(e;® fj®@1g) = > ) ex @ fj @4
We denote the restriction of the trace of B(H) on C% ® C™~* again by Tr. Let a €

B(C% @ C™*+) and x(a) := Tr(a.R). Then we have

(x ® h)ady (a)
= Y < Ve ® f;®10), (a® WV R(e; @ f;) >

i’j
= Z <ek®f]®q;kk7R(87t7Z7])a(eu®ft)®q:u>
©,4,k,8,t,u
R(s,t, 1,9
. <MJ> <er® firaley ® fr) > 0iaFi(k, )
.. iy
,L?.]?k’s7t’u
R(i,t, 7,7
_ <MJ) <er ® fi alea ® f1) > Fa(k,u)
.. iy
i,9,k,tu
On the other hand
x(a) = Tr(a.R)
= Y <ea®fjaR(eQ f;) >
4,J
= Z R(u,t,k,j) < er® fj,ale, ® fr) >
k7j7u7t

Hence (x ® h)ady(a) = x(a) =

R(it.i. i
Z (ZM”) <ep® fj,aley ® fr) > Fr(k,u) (2.3.1)
0,5,k tu i
= > R(u,t,kj) <er® fj,alen ® fr) > (2.3.2)
k,j,u,t

Now fix g, to and consider a € B(#) such that a(e,, ® fi,) = ep ® f; and zero on the
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other basis elements. Then from (2), we get

R(i,to,i, ] |
Z(z\;]) < ek ® fj.ep® fy > Fa(kyuo) = ) Rluo,to, k,j) < ex ® fjep ® fo >
ihj?k 7r k,j

R(i7t0>i>Q)

= ZTWFTF(]?,’UJO) = R(UOat0>p7 Q)
(]

This establishes that R|y, = @rez, Fr ® T with T} j, € B(C™mk).
The if part is straightforward and was essentially done in [23]. 0
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Chapter 3

Smooth and inner product

preserving action

3.1 Introduction

In the 2nd chapter we have defined continuous and faithful action of a compact quan-
tum group on a compact, Hausdorff space. If the compact space has a smooth manifold
structure then we can consider the notion of a smooth action of a CQG on that smooth,
compact manifold. In this chapter we shall define a smooth action of a CQG on a
smooth, compact manifold and see the connection between a smooth and a continuous
action of a CQG on a compact manifold. Also for such a smooth action «, we shall
deduce a necessary and sufficient condition for extending the smooth action as a well
defined bimodule morphism on the C*°(M) bimodule of smooth one forms on the man-
ifold. Then we shall define an inner product preserving smooth action of a CQG and
we shall show that an inner product preserving smooth action will lift to unitary repre-
sentations of the CQG on the bimodules of k-forms. We start with defining a smooth
action. For this chapter M will stand for a compact n-dimensional orientable manifold

(possibly with boundary).

3.2 Smooth action of a CQG

Definition 3.2.1. We call a Fréchet * algebra A a nice algebra if it is a dense *-
subalgebra of a C* algebra A1 such that

1. There are finitely many densely defined closed * derivations 61, ...,0n on Aj.

2. A CD(d;) and A is stable under 0; for all i.

3. The topology of A is given by the family of seminorms {||z||o = ||0a(2)||}, where

{a=(i1,....0) : 1 <i; <k, k > 1 is a multi index or a = ¢(null index), 0o = 0;,..0;, ,

61
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dp = id and ||.|| is the C* norm of Aj.

Given two such nice algebras A(C A;) and B(C Bi) with finitely many derivations
{61, ...,0n} and {n1, ..., 7 } respectively, we have A® B C A;®B; and A® B has finitely
many derivations {4; ® id, ..., 9, ® id,id ® 7y, ...,id ® n,,}. We topologize A ® B by
the family of seminorms {||.||o3} as before where this time the norm |[.|| is the spatial
norm of A;®B;. We denote the completion with respect to this topology by A®B. It
is clearly again a nice algebra with finitely many derivations. It should be mentioned
that the construction of A&B may depend on the choice of derivations and the ambient
C* algebra. However if A is a nuclear algebra(for example C°°(M) with its canonical

locally convex topology), A®B does not depend upon such choices.

Example

From the discussions in chapter 1, it is clear that C°°(M) is a ‘nice’ algebra in the
sense described above with C' (M) being the ambient C* algebra. Also for a C* algebra
Q, C*°(M)®Q is again a nice algebra with the ambient C* algebra being C(M)®Q
and the derivations being {m ®id, ..., 9, ® id} where {n, ..., } are the derivations of
C>°(M). We could have taken any other set of derivations on Q. But for a C* algebra
all derivations being bounded, the topology would not have changed. We make the
convention of choosing the above derivations for a topological tensor product between
a nice algebra and a C* algebra. C°°(M) being a nuclear algebra the topology on
C>°(M)®Q does not depend upon the choice of derivations on C*°(M).

Let E be any locally convex space. Then we can define the space of F valued
smooth functions on a compact manifold M. Take a centered coordinate chart (U, )
around a point x € M. Then an E valued function f on M is said to be smooth
at x if f o4~! is smooth E valued function at 0 € R™ in the sense of [50](definition
40.1). We denote the space of E valued smooth functions on M by C>*(M, E). We
can give a locally convex topology on C*°(M, E) by the family of seminorms given by
pi
Proposition 3.2.2. 1. If E is complete, then so is C°(M, E).

2. Suppose E is a complete locally convex space. Then we have C®°(M)QE =
C>®(M,E).

3. Let M and N be two smooth compact manifolds with boundary. Then C*°(M)&C>®(N) =
C®(M,C*®(N)) =2 C®(M x N) and contains C>®°(M) @ C*°(N) as Fréchet dense sub-
algebra.

4. Let A be a C* algebra. Then C*°(M)®A = C>®(M, A) as Fréchet * algebras.

(f) := supger||0®f(x)||, where i, K, o are as before. Then we have the following

For the proof of the first statement see 44.1 of [50]. The second statement also follows
from 44.1 of [50] and the fact that C°°(M) is nuclear. In particular the isomorphism
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does not depend on the choice of derivations.The third and fourth statements follow
from the second statement (replacing E suitably).

It is worth mentioning that what we call a ‘nice’ algebra is an example of a Fréchet
(D}, )-subalgebra of a C* algebra in the sense of [8] (See definition 1.2 and example
1.5 of [8]). Also see [15], where such algebras were studied under the name of smooth

subalgebras of a C* algebra. We state the following (Proposition 3.6) from [8]

Proposition 3.2.3. Fori = 1,2, let B; be a Fréchet (D}, )-subalgebra of a C* algebra
A;. Let ¢ : By — By be a %- homomorphism. Then the following hold:

(1) ¢ is C* norm decreasing.

(2) ¢ extends uniquely to a C* algebra homomorphism from A; to As.

(3) If ¢ is injective, then ¢ is an isometry for the respective C* norms.

Using the above proposition we can prove that a nice algebra is independent of its

embedding in a C* algebra. More precisely, we have the following

Lemma 3.2.4. If A is a nice algebra embedded in two C* algebras A1 and Ay. Then

A1 and As are isomorphic as C* algebras.

Proof:
Consider the identity map i : A — A. By (2) of Proposition 3.2.3, we have two
extensions of this map as C* algebra homomorphisms, namely 415 : A; — As and
i91 : A2 — Aj. Also as the identity map is injective, by (3) of Proposition 3.2.3, both
i12 and 791 are isometric. Now we shall prove that i190491 : Ay — Ajs is the identity map.
For that let az € As. Then by density of A in A, we have a sequence ab(€ A) — az in

As in its C* norm. Now

||i12 0 i21(a2) — azl|
= |lir2 0 ig1(az) — ab + ab — as|

< i1z o dg1(ag) — i1z 0 dg1(ad)|| + ||ab — as]|

Now since both 415 and i9; are norm preserving, we have ||i12 021 (ag) — 12 0io1(ab)|| =
||l — az|| proving that 150491 (az) = ag i.e. i120i2; is the identity map on Ay. Similarly,
it can be shown that is; o 412 is the identity map on A; proving that i15 and i, are

inverses of each other. So A; and As are isomorphic as C* algebras. O

Proposition 3.2.5. If Ay, Az, Az are nice algebras as above and ® : A1 x Ay — Ajs is
a bilinear map which is separately continuous in each of the arguments. Then ® extends
to a continuous linear map from the projective tensor product of A1 with Ao to As. If

furthermore, Ay is nuclear, ® extends to a continuous map from A1®As to Aj.
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As a special case, suppose that A1, Ay are subalgebras of a nice algebra A and also
that Ay is isomorphic as a Fréchet space to some nuclear space. Then the multiplication

map say m of A extends to a continuous map from A1®Ay to A.

Proof:
By the universal property of tensor product of algebras, ® extends as a linear map from
A1 ® Ay to A3. We continue to denote the extension by ® itself. It is only left to
show that ® is continuous with respect to the projective tensor product of A; and As.
For that let us choose a seminorm r for As. Then since @ is separately continuous,
we have two seminorms p on A; and ¢ on As such that there is a positive constant
C with 7(®(a ® b)) < Cp(a)q(b) for all a € Ay and b € Ay. Then for { = Y a; @ b,
r(®(£)) <> Cp(ai)q(b;). So by definition of the seminorms of projective tensor product,
we have r(®(£)) < C(p ® q)(&) proving the continuity of ®. O

Let M be a smooth, compact n-dimensional manifold and A, B be two C* algebras.
We take a set of derivations {1, ..., un} for some N € N such that they generate the
locally convex topology of C*°(M). C*°(M) is a nice algebra and by Lemma 3.2.4 we
can take the ambient C* algebra to be C(M) without loss of generality. A similar fact
holds for C*°(M, A) as well. Thus we can treat C>°(M, A) as embedded in C(M, A)
and the set of derivations {u1 ® id, ..., uny ® id} generating the topology of C*°(M, A).
C>°(M, A) is nothing but the completion of C*°(M) ® A with respect to this topology.
Now let {n1,...,m} be any set of closed * derivations of C'(M, .A) generating the locally
convex topology of C*°(M, A). Then by definition of topological tensor product of two
nice algebras in our sense, C°°(M, A)®B is the completion of C*° (M, A)®B with respect
to the family of seminorms given by the set of closed * derivations {n; ®id, ..., n;®id}, as
Bis a C* algebra. From now on for any derivation D on a nice algebra C, we shall denote
the corresponding derivation D®id on another nice algebra C&D by D. In the following
we shall show that the tensor product C°°(M, A)®B does not depend on the choice of
closed * derivations on C'(M, A). In fact we shall show that for any choice of derivations
on C®(M, A), C®(M,A)@B = C*(M, A®B), where C*(M, A®B) is the completion
of C*°(M) ® A® B with respect to the topology generated by the seminorms given by
the closed * derivations {1 ® id 44, ..., py ® id 455} on the C* algebra C(M, AQB).
Moreover C*°(M) being nuclear, the tensor product does not depend upon the choice

of derivations on C*°(M). First we deduce a few results.

Lemma 3.2.6. Consider C*(M,A) as a C(M) bimodule using the algebra in-
clusion C*°(M) =2 C*(M)® 1 Cc C®*(M,A). Let D : C®(M) — C>®(M,A)

be a derivation. Then given any coordinate neighborhood (U, x1,...,xy,), there exists
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ai,...,a; € C*°(M,A) such that for any m € U,

Z ai(m 3:0,

Proof:
It follows by standard arguments similar to those used in the proof of the fact that any
derivation on C*>°(M) is a vector field. O

Corollary 3.2.7. Let n be a derivation on C*°(M,A). Then there exists a norm
bounded derivation n*t : A — C(M,A) such that for all coordinate neighborhoods
(U,xi,...;xn) and F € C*°(M,A) and for allm € U,

n

= 3 ) o) 37 (F ) ),

=1

for some a; € C>*(M, A).

Proof:
Define 7 (q) := (1 ® q). As any closed * derivation on a C* algebra is norm bounded,
the result follows from the Lemma 3.2.6 and the observation that n(f ® q) = n(f ®

Dl®qg) + (fol)n(leq). O

Lemma 3.2.8. Let F € C(M, A®B) such that for all w € B*, (id ® id ® w)F
C>(M,A). Then F € C*°(M, A2B).

Proof:
We first prove it when M is an open subset U of R"™ with compact closure say K.
We denote the standard coordinates of R™ by {z1,...,z,}. Let us choose a point xg =
(2§, ..., 1) on the manifold and h, b’ > 0 such that (z}, ..., z} +h, ..., %) and (2, ..., v} +
R, ...,x}) both belong to the open set U for a fixed i € {1,...,n}. We shall show that

gf (x0) exists. That is we have to show that

OF (2o h) = F(xy oyl + by 2d) — F(2d, oy @l ooy )

is Cauchy in A®B as h — 0. For that first observe that ((id ® id ® w)F)(z) = (id ®
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w)(F(x)) for all z € M and w € B*, the space of bounded linear functionals on B. Now

(id ® w)(Q" (z0; h) — QF (wo; 1))
R (((d ®id @ w)F) (2§, ooy 2 + hy oy 2B) — ((i[d @ id @ ) F) (2, vy T,y ooy 28))
hh'
h(((id @ id @ w)F)(2d, ooy 2 + B, oy 2l) — ((i[d @ id @ w) F) (2, oy T,y vy 7))
hh'
W[y 2 ((id ® id ® W) F) (@, ooy o + 1, ... ) du
hh'

h foh/ %i((id ®id ® W) F) (2}, ..., 8 + v, ..., 2d)dv
- hl
foh foh/ dudv [} 8%((id Rid @ W) F) (2}, ..., xh + 5, ..., xF)ds

hh' ’

where all the integrals involved above are Banach space valued Bochner integrals. Let
supxeKH;—:;((id ®id @ w)F)(x)|| = M,,. Then using the face that for a measure p and
a Banach space valued function F, || [ Fdu|| < [ ||F||du, we get

1(id @ w)(QF (w03 h) — QF (o3 1)) < Mue,

where € = min{h, h'}. Now consider the family Bfo;h,h’ = (¢p®id)(QF (z0; h) —QF (zo; 1))
for ¢ € A* with ||¢|| < 1. Then for w € B*

W(BS ) = (6 ®id)(id @ w)(QF (2 h) — QF (o3 1))

So
’W(@fmh,h/”
< 1(d ® w)(QF (wo; h) — QF (wo; 1))
< M_e.

Hence by the uniform boundedness principle we get a constant M > 0 such that
H(ﬁfmh,h/)ﬂ < Me. But ||(QF (zo;h) — QF (zo; 1))|| = SuP\|¢||g1|’ﬂf0;h7h/H- Therefore
we get

1(QF (z0; ) — QF (w0; 1))|] < Me for all h,h' < e.

Hence QF (zo; h) is Cauchy as h goes to zero i.e. g—fi(:co) exists. By similar arguments

we can show the existence of higher order partial derivatives. So, for a general smooth,

compact manifold M, going to the coordinate neighborhood and applying the above
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result we can show that F' € C(M, A®B). O
Applying the above Lemma for A = C, we get

Corollary 3.2.9. For f € C(M,B), if (id® ¢)f € C®(M) for all ¢ € B*, then
feC>(M,B).

Lemma 3.2.10. The locally convex topology on C°(M, A)@B does not depend upon
the choice of derivations on C*°(M, A), hence C*°(M, A)@B = C*°(M, A2B).

Proof:
Let us fix a choice of closed * derivations {01, ...,m} of C(M, A) such that they generate
the locally convex topolgy of C*°(M, A). Our aim is to prove that the locally convex
space obtained by completing C*°(M, A)® B with respect to the topolgy given by the set
of derivations {7y, ..., 7} of C(M, A)®B is equal to C°(M, ARB) i.e. C®°(M,A)&B =
C>(M, A®B). First we show that

C®(M,A®B) C C®(M, A)&®B,

and the inclusion map is Fréchet continuous. To prove the above inclusion it is enough
to show that if a sequence in C*°(M)® A® B is Cauchy in the topology of the L.H.S., it
is also Cauchy in the topology of R.H.S.. This follows from the descriptions of n;-s given
in the Lemma 3.2.7. Moreover, observe that for any w € B*, (id®@w)F € C*°(M, A) for
any F € C°(M, A)®B. Hence by Lemma 3.2.8, we get C*°(M, A)@B C C>®°(M, AB)
as well i.e. the two spaces coincide as sets. So by closed graph theorem we conclude
that they are isomorphic as Fréchet spaces as well.

Let A1, Ao, B be three nice algebras in our sense embedded in C* algebras ;t\l, :4\2, B
respectively. Also we choose derivations {Ci,...,¢n}, {M1, ..., I} and {&1, ..., &} giving
the locally convex topologies of A1, As, B respectively. Then we have the nice algebras
A1®B and Ay®B respectively. The seminorms on A4;®B be {5(25} for i = 1,2 and
multiindices @ and 8 as discussed earlier. Now let u : A; — As be a continuous

homomorphism. Then we have the following

Lemma 3.2.11. the mapping u ® id is continuous with respect to the locally convex

topology on the nice algebras. We denote the continuous extension again by u ® id.

Proof:
Fix a seminorm {62 B} for some multiindices &, 3 for A2®@B. Now let X € A; @ B. Then
by definition H(S;B(u ®1d)(X)|| = sup|jy|<1,wep-/(id ® w)(ééé(u ®1id)(X))||. So

1655(u @) (X)[| = supj<1wes:||(id @ w)((na @ id)(id ® &5)(u @ id)(X))]|
= Sup|jy||<1wes|Ma(u((id ® w)(id ®@ {5) X))]|.
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So by continuity of v we have a multi index o' and a constant C' > 0 such that
[ma (u((id @ w)(id @ £5) X))|| < Cf|¢e ((1d ®@ w)(id ® £5)X))|[. Hence

1621 ® 1) (O] < supju< wep- Cll (id © w) (8%, 5(0) |

That is Hééé(u@id)(X)H < CH(%,B(X)H for some constant C' > 0 and some multi index
o, proving the continuity of (u ® id). O

Now we are ready to define a smooth action of a CQG Q on a compact manifold M

(with or without boundary).

Definition 3.2.12. Let Q be a compact quantum group. A C linear map o : C*°(M) —
COO(M)@)Q is said to be a smooth action of Q on M if

1. « is a continuous * algebra homomorphism.

2. (a®id)a = (id ® A)a (co-associativity).

3. Sp a(C®(M))(1® Q) is dense in C>°(M)®Q in the corresponding Fréchet topology.

Again proceeding along the same lines of [48], we can have the maximal dense
subspace say A, over which « is algebraic. in fact A is a subalgebra. From now on we

shall use this maximal algebra and denote it by A.

Lemma 3.2.13. A smooth action « of Q on M extends to a C* action on C(M) which

is denoted by a again.

Proof:
It follows from (1) of Proposition 3.2.3. O

Lemma 3.2.14. Given a C* action o : C(M) — C(M)®Q, a(C>®(M)) C C=(M, Q)
if and only if (id® ¢)(a(C>®(M))) C C*(M) for all bounded linear functionals ¢ on Q.

Proof:
For the only if part see discussion in Subsection 4.2.

The converse part follows from Corollary 3.2.9.

Theorem 3.2.15. Suppose we are given a C* action a of Q on M. Then following are
equivalent:

1) a(C®(M)) C C®(M, Q) and Sp a(C®(M))(1® Q) = C>*(M, Q).

2) « is smooth.

3) (id ® ¢)a(C>®(M)) C C*°(M) for all state ¢ on Q, and there is a Fréchet dense
subalgebra A of C>°(M) over which « is algebraic.

Proof:
()= (2):
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Observe that it is enough to show that « is Fréchet continuous. Let f, — f in Fréchet
topology of C*°(M) and «(f,) — & in Fréchet topology of C*°(M, Q). Then f, — f
in norm topology of C(M). So by the C* continuity of «, a(f,) — «(f). Similarly,
a(fn) — & in the norm topology of C'(M, Q). So a(f) = £ and by the closed graph
theorem « is Fréchet continuous.

(2)= (3):

Follows from the remark after definition 3.2.4. and Lemma 3.2.14.

(3)= (1):

From Lemma 3.2.14, it follows that a(C>(M)) C C*°(M, Q). The density condition
follows from densities of A and A ® Qp in C*°(M) and C*°(M, Q) respectively. 0

As we are interested in quantum group symmetries of certain Fréchet algebras, we
may wonder whether it is possible to allow some topological structures on quantum
groups (e.g. some kind of Hopf-Fréchet algebras) which are more general than the
C* algebraic structure. Indeed, any compact group G acting smoothly on a compact
smooth manifold M is necessarily a Lie group and one may consider C*°(G) (with its
Fréchet topology) as the symmetry object. However the action of G is completely de-
termined by the Hopf-algebraic coaction of the s-algebra C(G)y on a suitable Fréchet
dense subalgebra of C°°(M). Thus, no greater generality is really achieved by consider-
ing C*°(G) instead of C(G). This is one reason for which we restricted the category of
quantum group to the usual C* algebraic compact quantum groups. The other reason
of not exploring any kind of Fréchet-algebraic compact quantum groups is the absence
of any general notion or theory of such structures in the noncommutative world. For
quantum groups coming from g-deformation of classical Lie groups one can possibly
consider some analogue of Fréchet topology, but we have no idea how, if at all, this can

be done for more general compact quantum groups acting smoothly on C°°(M).

Recall the definition of an isometric action of a compact quantum group Q on a

smooth, compact, Riemannian manifold M.

Theorem 3.2.16. QISO* (and hence any subobject in the category QF) has a smooth
action on C>°(M).

Proof:
We denote the C* action of QISO* on C(M) by a. By Sobolev embedding theorem,
for any state ¢ on QISO~, (id ® ¢)(C®(M)) C C(M). Let {e;; : j = 1,...,d;} be the
orthonormal eigenvectors of £ forming a basis for the eigen space corresponding to the
eigenvector \;. We denote the linear span of {e;; : 1 < j <d;,i > 1} by AF°. Then this
is a subspace of C*°(M). Furthermore, it is easy to see that « is algebraic over AF°

and hence total. The proof of the theorem will be complete by applying Lemma 3.2.15,
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if we can show that Ag° is Fréchet dense in C°°(M) which is a consequence of Sobolev
theorem. However, we include a proof for the sake of completeness. The idea is similar
to that of Lemma 2.3 of [22].

By Theorem 1.2 of [21] There are constants C' and C” such that |[e;;]|oo < C|)\i|nT71
and d; < C’ \Ail%, where n is the dimension of the manifold. For f € C°°(M) there are
complex numbers f;; such that 3. fije;; converges to f in L? norm. Since f € dom(L")
for all k > 1, > . |Ai|?*|fij|* < oo for all k. Choose and fix sufficiently large k such
that > .-, |\;|""2F < co. This is possible by the well-known Weyl asymptotics of the
eigenvahzes of Laplacian.

L(>2;; fijeij) = D5 Aifijeij converges to L£(f) in the L? norm. By Cauchy-Scwartz

inequality,

1 1 n—
> Pifiilllelloo < G2 Qi PNz O Nl 2) < oo
Hence L(3_;; fijeij) = >_;; Aifijei; converges to L(f) in the sup norm of C(M). Simi-
larly we can show that Ek(zij fijei;) converges in the sup norm of C'(M) for any k. So
AG° is Fréchet dense in C*°(M).
g

3.2.1 Defining da for a smooth action «

Let v : C°(M) — C*°(M, Q) be a smooth action and set da(df) := (d ®id)a(f) for all
[ eC™(M).

Theorem 3.2.17. da extends to a well defined continuous map from QYH(C>(M)) to
QHC>®(M))®Q satisfying da(df) = (d @ id)a(f), if and only if

(v @id)a(f)a(g) = a(g)(v @ id)a(f) (3.2.1)

for all f,g € C°(M) and all smooth vector fields v on M.

Proof:
Only if part = We have da(df.g) = (d®id)a(f).a(g), da(g.df) = a(g).(d®id)a(f). But
df.g = g.df in QL(C>(M)), which gives (d ® id)a(f).a(g) = a(g).(d @ id)a(f), Vf, g €
C>°(M). Observe that as v is a smooth vector field, v is a Fréchet continuous map from
C>®(M) to C*°(M). Thus it is enough to prove (3.2.1) for f, g belonging to the Fréchet
dense subalgebra A as in Theorem 3.2.15 . Let a(f) = f) ® fu) and a(g) = g ®
g@)(Sweedler’s notation). Let x € M and (U, 1, ..., 7,,) be a coordinate neighbourhood

around z. Then [(d ®id)a(f)a(g))(@) = S, g10) () 52 (@) fy 901 il
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So

[(d®@id)a(f)a(g)l(z) = [a(g)(d @id)a(f))](x)

of of
= g () 6920-) () fy901) = 9(0)(T) 6;0) ()9 f) (3.2.2)

foralli =1,...,n. Now let a; € C*°(M) for i = 1, ...,n such that v(z) = >"1" az($)a%z|x
forall z € U.

So
(v @id)a(f)a(g)](z)
& 9f(0)
= > @) 2O @) gy
i=1 !
and

[a(g) (v @id)a(f)](2)

n )
_ Zai(m);x(j)(x)g(o)(x)g(l)f(l)

i=1

Hence by (3.2.2) [a(g)(v®@id)a(f)](z) = [(v@id)a(f)a(g)](z) forallz € M i.e. [a(g)(v®
id)a(f)] = [(v®@id)a(f)a(g)] for all f,g € A.

Proof of the if part = This needs a number of intermediate lemmas. Let x € M and

(U,x1,...,x,) be a coordinate neighbourhood around it. Choose smooth vector fields
, . . P
v;’s on M which are 6%1_ on U. So [a(g)(v; ®id)a(f)](z) = gg (7)g(0)(x)g(1) f1) and

. 0, .
(v @ id)a(f)a(g)](x) = g—gz)(x)g(o) (z) f(1y9(1)- Hence by the assumption

of of
> 8:20-) (@)g(0) (@)g(1) fydaile = > 8:20-) ()g(0) (%) f1)9(1) AT

= [(deid)a(f)al(g)l(z) = [a(9)(d @ id)a(f)](x)

Since z is arbitrary, we conclude that [a(g)(d ® id)a(f)] = [(d ® id)a(f)a(g)] for all
fyg € A. So by Fréchet continuity of d and « we can prove the result for f, g € C°(M).
O

We use the commutativity to deduce the following:
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Lemma 3.2.18. For F' € C*(R") and g1, g2, ..,gn € C°(M)

n

(d@id)a(F (g1, gn)) = Y (OiF (g1, -, gn))(d @ id)ax(g7), (3.2.3)
i=1

where O; F denotes the partial derivative of F with respect to the ith coordinate of R™.

Proof:
As {(g1(z)...gn(x))|x € M} is a compact subset of R, for FF € C*®(R"), we get a
sequence of polynomials P, in R™ such that P,,(g1,...,gn) converges to F(g1,...,gn) in
the Fréchet topology of C*°(M). We see that for P,

(d ® id)a(Pm(gla gn))
- (d ® id)Pm(a(gly e gn))

n

= > a(0Pu(g1, - gn))(d @ id)a(gy),
i=1
using (d ® id)a(f)a(g) = a(g)(d @ id)a(f) as well as the Leibnitz rule for (d ® id).

The lemma now follows from Fréchet continuity of a and (d ® id). O

Lemma 3.2.19. Let U be a coordinate neighborhood. Also let g1,g2,...,gn € C°(M)
be such that (g1|u, - .- gnlu) gives a local coordinate system on U. Then

n

(d@id)a(f) =) a(dy,fd®id)alg),

j=1
for all f € C°(M) supported in U.

Proof:
Let F' € C*°(R™) — R be a smooth function such that f(m) = F(g1(m), ...., gn(m)) ¥Ym €
U. Choose xy € C®°(M) with x =1 on K = supp(f) and supp(x) C U. Then xf = f as
X = 1 on K. Hence xXF(g1,...,9n) = f(XF = xf = f on U, xF = 0 outside U).
Also X?F(91,-.,9n) = XF(g1,--,9n), since on K, x> = x = 1 and outside K,
X2F(g1, s 9n) = XF(g1,y9n) = 0. Let T := a(x) and S := a(F(g1,...,9,)). Also
denote (d ® id)a(F (g1, ..., gn)) by S and (d @ id)a(x) by T'.

So we have T2S = T'S and by (3.2.1) we have T'T' =TT and S'S = SS'.
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728" = a(®)(d@id)a(F(g1, ... gn))
= a(x?) D aldiF(g1,....gn)(d ®id)a(g;) (by (3.2.3))
=1

n

— a(X) a(x@iF(gl, ) gn))(d & id)a(gi)

i=1

I

Il
—_

= a(x) Y a9, f)d®id)a(g:) (as supp(dy, f) C K). (3.2.4)

)

TS = a(x)(deid)a(F(gi,....,gn))
= > a(xdiF(g1, ... gn))(d ®id)ax(g;)
=1
= > a(P0F (g1, .., gn))(d @ id)(gi)
=1
= a(x) Y a9, f)(d@id)a(g) (3.2.5)
i=1

Combining (3.2.4) and (3.2.5) we get

Now

I T

725 =TS (3.2.6)

T°S =T8S

(d ®id)(T%S) = (d ® id)TS

2TT'S + T%S' = TS' +T'S(by Leibnitz rule and T'T = TT")

OTT'S = T'S (by (3.2.6))

2a(x)(d @ id)a(x)a(F (g1, .., gn)) = (d @ id)a(x)a(F (g1, -, gn))

20(3)(d ® id)a()a(F (g1, - gn)) = 0(x)(d © id)a(x)a(F(g1, - gn))

2(d @ id)a(x)a(f) = (d @ id)a(x)a( f)( using the assumption and x*F = f)
(d®id)a(x)a(f) =0 (3.2.7)
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So

(d®id)a(f) = (d®id)a(xf)
= (deid)a(x)a(f) + a(x)(d@id)a(f)
= a()(d®@id)a(f)( by (3.2.7))
= a()(d®id)a(xF (g1, -, 9n))
= a()(d@id)a(x)a(F (g1, gn)) + a(x*)(d @ id)a(F (g1, ., gn))
= (d®id)a(x)a(f) + a(x®)(d @ id)a(F(gi, ..., gn)) (Again by assumption)

n

= a(x?) Z a(9:F (g1, .., 9n))(d ® id)(g;)

i=1
= Za(XZGiF(gl,.--,gn))(d®id)a(gz’)
i=1
= S 0@, )@ d)alg)
i=1

|

Now to complete the proof of the theorem, we want to first define a bimodule morphism
B extending da locally, i.e. we define Sy (w) for any coordinate neighborhood U and
any smooth 1-form w supported in U as follows:

Choose C* functions ¢ ...g, as before such that they give a local coordinate
system on U and w has the unique expression w = Z?Zl ¢jdg;. Then we define
Bu(w) == >0 a(é;)(d @ id)a(gj). We show that this definition is independent of
the choice of the coordinate function i.e. if (hq,...,h,) is another such set of coordi-
nate functions on U with w = 37", ¢;dh; for some 1;’s in C°°(M), then

2 =1 (@) (d®@id)a(g;) = > G-y a(ih;)(d @ id)a(hy).

To that end Let x be a smooth function which is 1 on the support of w and 0 outside
U. We have Fy,..., F, € C®°(R"Y) such that g; = Fj(h1,...,hy) forall j =1,...,n on
U. Then xg; = xFj(h1,...,hy) forall j=1,...,n.
Hence dgj = 311 On, (Fj(ha, ..., hyn))dhy on U, so that w = > ) X0, (Fj(h1, . .., hy))dhy.
Hence ¢, = 3 X0, (Fj(h1,. .., hy)).
Also, note that, as x = 1 on the support of ¢; for all j, we must have ¢;0p, (x) =0, so
X®jOh,, (Fj(h1, ..., hn)) = X0, (xFj(h1, ..., hyn)). Thus
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> alvr)(d @ id)a(hy)

k

= Y alxdion, (Fi(hy,....hn)))(d @id)a(hy)

k“hj

= > a(d)a(On, (xEFj(h,- .. ha)))(d ® id)a(hy)

k.j
= Z a(¢j)(d®id)a(xFj(hi, ..., hy)) (by Lemma 3.2.18)
= Y a(¢)(d®id)a(xg;)

J

= > a(¢))(d®id)a(g))

J
Where the last step follows from Leibnitz rule and the fact that

a(¢j)(d®id)( a(x))
= Za a(Oh, (x))(d @ id)(a(h))

k

= > a($;Oh, (X)) (d ®id)(a(hs))
k

= 0 (using ¢;0p,(x)) =0).

Hence the definition is indeed independent of choice of coordinate system.
Then for any two coordinate neighborhoods U and V', fy(w) = Sy (w) for any w sup-
ported in U N'V. It also follows from the definition and Lemma 3.2.19 that By is a
C*°(M) bimodule morphism and Sy (df) = (d ® id)a(f) for all f € C°°(M) supported
in U. Now we define g globally as follows:

Choose (and fix) a smooth partition of unity {xi,...,x;} subordinate to a cover

{U1,...,U;} of the manifold M such that each U; is a coordinate neighborhood. Define
B by:

l
= Z /BU«; (Xiw);
=1
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for any smooth one form w. Then for any f € C*°(M),

!
Bldf) = > Bu,Cadf)

i=1

z
= > Bu(d(xif) — fdxi)
=1

l

= Y l[deid)a(fxi) — a(f)(d@id)a(x:)]
=1
l

= Z(d@ id)a(f)a(x;) (by Leibnitz rule)
i=1

= (d®id)a(f).

This completes the proof of the Theorem 3.2.17.
O

We end this subsection with an interesting fact which will be used later. For this, we
need to recall that C°°(M) is a nuclear locally convex space and hence so is any quotient

by closed ideals.

Lemma 3.2.20. If Q has a faithful smooth action on C*°(M), where M is compact
manifold, then for every fized x € M there is a well-defined extension of the counit map
€ to the subalgebra Q° := {a,(f)(x) : f € C®(M)} satisfying e(a(f)(z)) = f(z),
where o 18 the reduced action discussed earlier.

Proof:
Replacing Q by Q, we can assume without loss of generality that Q has faithful Haar
state and a = a,. In this case Q will have bounded antipode k. Let ay : C°(M) — O
be map o, (f) = a(f)(x). It is clearly continuous w.r.t. the Frechet topology of C*° (M)
and hence the kernel say 7, is a closed ideal, so that the quotient which is isomorphic to
Q2% is a nuclear space. Let us consider Q5° with this topology and then by nuclearity,
the projective and injective tensor products with Q (viewed as a separable Banach
space, where separability follows from the fact that Q faithfully acts on the separable
C* algebra C'(M)) coincide with Q°®Q and the multiplication map m : QX®Q — Q
is indeed continuous. Now, observe that Q°®Q is isomorphic as a Fréchet algebra with
the quotient of C®°(M)®Q by the ideal Ker(a, ® id) = Z,®Q. Moreover, it follows
from the relation A o @ = (a ® id) o a that A maps Z, to Z,®Q, and in fact it is
the restriction of the Fréchet-continuous map « ® id there, hence induces a continuous
map from QX = C®(M)/Z, to QF®Q = (C*°(M)®Q)/(Z,®Q). Thus, the composite
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map mo (id® k) o A : QX — QX®Q is continuous and this coincides with €(-)1g on
the Fréchet-dense subalgebra of Q3° spanned by elements of the form «a(f)(z), with f
varying in a Fréchet-dense subalgebra of C°°(M) on which the action is algebraic. This

completes the proof of the lemma. O

Remark 3.2.21. [t is clear that € extends to the x-algebra generated by Q5° and Qo
and the extension is still a x-homomorphism. This follows from the facts that (i) € is
x-homomorphism on Qq, (ii) f — e(a,(f)(z)) = f(x) is continuous with respect to the
Fréchet topology of C*°(M), and (iii) Q5° () Qo is dense in QX because it contains the
elements of the form o, (f)(z) for f varying in a Fréchet-dense x-algebra on which o is
algebraic (so that a,.(f)(z) € Qo).

3.3 Action which preserves a Riemannian inner product

3.3.1 Equivariant representation of a CQG over Hilbert Fréchet bi-
modules

We generalize the notion of unitary representation on Hilbert spaces to another di-
rection, namely on Hilbert bimodules over unital topological x-algebras. Let £ be a
Hilbert C — D bimodule over topological x-algebras C and D and let Q be a compact
quantum group. If we consider Q as a bimodule over itself, then we can form the ex-
terior tensor product £&Q which is a C®Q — P®Q bimodule. Also let a¢ : C — CRQ
and ap : D — DRQA be topological actions of C and D on Q in the sense dis-
cussed earlier. Then using a we can give £QQ a C — D bimodule structure given
by a.n.a’ = ac(a)nap(a’), for n € E&Q and a € C,a’ € D (but without any D valued

inner product).

Definition 3.3.1. A C-linear map T' : £ — ERQ is said to be an ap equivariant uni-
tary representation of Q on &£ if

1. I'(€.d) =T'(§)ap(d) and I'(c.§) = ac(c)I'(§)) force C,d € D.

2. << T(&),T(€) >>=ap(<< £, >>), for £,€ € €.

3. IF®id)l' = (id @ A)T' (co associativity)

4. SpT(E)(1® Q) = ERQ (non degeneracy).

In the definition note that condition (2) allows one to define (I' ® id). Given an «
equivariant representation I' of @ on a Hilbert bimodule £, proceeding as in subsection
4.2, we can get spectral decomposition of £&. We have &; := Im Pr(= (id ® p™)I).
Define & = Sp{&; : 7 € Q} @ ker(I'). In case I' is one-one which is equivalent to «

being one-one, & coincides with the spectral subspace. Then again it can be shown
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along the same lines of 2.1.2 that & is the maximal subspace over which I" is algebraic
and & is dense in the Hilbert module £.

Lemma 3.3.2. Let & be a Hilbert B —C bimodule and £ be a Hilbert C — D bimodule.
ag,ac,ap be topological actions on a compact quantum group Q of topological x-algebras
B,C,D respectively. T'1 : E1 — E10Q and 'y : £ — E3RQ be ac and ap equivariant

unitary representations as discussed earlier. Then
<< Ta(n), << T(w),T1(w') >> Ta(n) >>=ap <<, << w,w’ >>1n' >> .

Proof:

<< Ta(n), << Ti(w), T1(w) >>Ta(n') >>
= <<Ty(n),ac(<< w,w >>)a(n) >>
= <<Ty(n),Ta(<< w,w >>7n') >>

= ap <<n,<<w),w >>1n >>

Theorem 3.3.3. Given an ap equivariant unitary representation T' : € — ERQ of a
CQG Q on a Hilbert C — D bimodule £. Let &y, Cy and Dy be as defined earlier. Then
&o is a Hilbert Cy — Dy bimodule.

Proof:
Note that & is dense in £ and & is the maximal C linear subspace over which I is
algebraic. Similarly we have dense subalgebras Cy of C and Dy of D over which a¢ and
ap are algebraic. Cy and Dy are also maximal subspaces over which a¢ and ap are
algebraic.

Let e € & and a € Dy. Then I'(ea) = T'(e)ap(a) = epyap) ® eqya(), where
['(e) = ey ® ey and ap(a) = a() @ a(y).

e) € & and ay € Dy implies I'(E9Dy) C EDoy @ Qo, that is T' is algebraic on
C-linear subspace and hence by maximality Dy C &. Similarly we can show that
Co&o C &.



79 Action which preserves a Riemannian inner product

Finally let F = Sp {<< e, e/ >> |e, e’ € &} and for e, e’ € & we have

ap(<<e,e >>)
= << T(e),I'(e) >> (by ap equivariance)
/ * /

= << 6(0)? 6(0) >> ®€(1)€(1)
C F®

Again by maximality we have F C Dy. Hence indeed & is a Hilbert Cy — Dy
bimodule. O

We can form direct sum and tensor product of equivariant representations extending

the algebraic constructions. We have

Lemma 3.3.4. LetI'y, ..., 'y be a equivariant representations on the Hilbert A bimodule
&1, ..., & respectively. ThenI'1 ® ... T, is again an o equivariant representation on the
direct sum bimodule £, @ ... ® &.

Proof:
Follows from the definition and 1.4.11.

Lemma 3.3.5. Let £1,&,B,C, D, ag,ac,ap,I'1,I's, Q be as in Lemma 3.3.2. By The-
orem 3.3.3, we have dense subspaces Ey of & for i = 1,2 and dense x-subalgebras
By, Co, Dy such that E1g is a Hilbert By — Cy bimodule and Eog is a Hilbert Co — Dy bi-
module. Then we have an ap equivariant representation I' of Q on the Hilbert B — D
bimodule E1Rip,E>.

Proof:
Recall from subsection on algebraic representations of CQG on vector spaces, the rep-
resentation 'y ® 'y of @ on &9 ® 9. The non degeneracy of I'y and I's implies
the non degeneracy of I'y ® I's. Also applying Lemma 3.3.2, it is easy to see that
(Fl & Fg) omw = (71' & idg)(rl &® FQ) on &9 ® E, where m : E19g ® E99 — E10 Rin E20
is the projection map as in subsection 2.2. Hence I'y ® I'y descends to an algebraic
representation of @ on &9 ®;, E29. Lemma 3.3.2 also implies the ap equivariance of
I't ® I's. So by density of £19 Qin E20 in E1R;,E and density of E19 ®in 290 ® Qp in
E1RinEa®Q, we get the desired T O

In particular when & is the trivial C-bimodule of rank N, we have the following:
Lemma 3.3.6. Given an o equivariant representation I' of @ on CN ® C such that

I(e;®14) = Z;VZI e;®bji, bij € CRQ foralli,j=1,...,N, where {e;;i =1,..., N} is an
orthonormal basis of CN, then U = ((bij))ij=1,....N is a unitary element of My (C®Q).
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Proof:

Since I' is a-equivariant, we have

<

AN

Fe;®1),T(e;®1) >>=0a(<<e;® 1,601 >>)

U
NE

<< e, Qb e ® blj >>= Oé((;ile)

5
T~
Il

1

U
NE

bribri = 0ij1 450

B
Il
—

Hence U*U =1, cs0), 1-¢. U is a partial isometry in My (C®Q). Viewing U as a
right C&Q linear map on the trivial module (C&Q)Y (as discussed in this section 2.3.3),
it is enough to show that range of U is dense in (C&Q)". This follows from density of
SpT(CN ®C)(1® Q) =CN ®C%Q and observing that

IN'e; ®a)(1®q)
= Y ¢ ®bjala)(1®q)

= Ulei ® legg)a(a)(1®q)

C R(U)

foraeC,q e Q. O

3.3.2 Definition of inner product preserving action and its implica-
tions

Definition 3.3.7. We call a smooth action o on a Riemannian manifold M inner

product preserving if
<< (d®id)a(f), (d®id)a(g) >>= a << df,dg >> (3.3.1)

for all f,g € C°(M).

Remark 3.3.8. [t is easy to see, by Fréchet continuity of the maps d and «, that

it suffices to wverify equation (3.3.1) with f,g varying in some dense x-subalgebra of

> (M).

Theorem 3.3.9. If a is inner product preserving for a Riemannian structure then
there is an « equivariant unitary representation (in the sense described earlier) do on
QL(C>(M)) satisfying da(df) = (d @ id)a(f) for all f € C*°(M).
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Proof:
For any w € QY(C*(M)) such that w = Zle fidg; for fi,gi € C*°(M), we define
da(w) = Zle(d®id)a(g¢)(a(fi)). We need to check that da is a well defined bimodule
morphism. To that end let w = ", f;dg; be a one form such that w = 0 i.e. <<

Sty fidgi, > ity fidgi >>= 0. By definition
<< da( ), da(w) >>

- <<Zd®1d ,Zd®1d a(fi) >
i=1

=1

= D alf) << (d@id)a(g), (d@id)a(g) >> alf;)
= > alfi << dgi,dg; >> f;)

= a(z << fidgi, fidgj >>)
i,j=1
= o(<<w,w >>).

So da(w) = 0 proving that do is a well defined bimodule morphism and hence a(f)(d®
id)a(g) = (d ®@ id)a(g)a(f) for f,g € C>°(M) by 3.2.17. The « equivariance of da
can be proved by similar computations. The coassociativity of da follows from that of
«a. To prove the span density condition first choose the maximal dense subalgebra A
of C*°(M) over which « is algebraic and Sp a(A)(1 ® Qy) = A® Qp. We shall show
that Sp da(Q'(A))(1 ® Qp) = Q(A) ® Qo, for then the span density condition will
follow from the density of Q'(A) ® Qp in Q'(C>®(M))®Q. To that end first observe
that it suffices to prove that for f,g € A, there are w; € Q'(A) and ¢; € Qp such that
Yoido(w)(1®q;) = fdg® 1. Now since (f ®1) € A® Qo, there are f; € Aand ¢; € Qg
for some ¢ = 1,...,m such that >.." , a(fi)(1 ® ¢;) = f ® 1. Similarly there are g; € A
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and ¢; € Qp for some i = 1,...,n such that 37", a(g:)(1 ® ¢/) = g® 1. Then

Z:TZJ::: do(fidg;)(1 ® qiq;)
- g(a(ﬁ)i(d@d)a(gﬁ(l®q})(1®qi))
— i aff)(d ®id)( iagj (1®q;))(1®aq))
2 Z
S s a)dgs
= z;iig(@l).

So dov is an « equivariant unitary representation on the C°° (M) bimodule of one forms.
g

Let us fix a smooth inner product preserving action a on C°°(M) for the rest of this

subsection. We have

Lemma 3.3.10. day : Q¥(C™(M)) — QF(C®(M))®Q is an o equivariant unitary

representation for allk =1,...,n.

Proof:
As « is inner product preserving, by the Theorem 3.3.9, we see that da is an -
equivariant unitary representation on the bimodule Q'(C>(M)).For 2 < k < n, take
& = Qk_l(COO(M)), &y = QI(COO(M)), Iy = da(k,l), I'y=da, B=C=D = COO(M)
, ag = a¢ = ap = « and apply Lemma 3.3.5 to get the desired doyy,. O

Now we want to show that do actually descends to the C°°(M) bi module
AF(C>=(M)) of sections of smooth k-forms which is actually a quotient submodule
of Q¥(C>(M)). To this end we recall from first chapter the algebraic construction
of the C*°(M) bimodule of k-forms A¥(C*°(M)) on a manifold M from the so-called
universal forms. Now for the smooth action o we pass to the maximal dense sub-
algebra A of C°°(M) on which « is algebraic. By the Lemma 3.3.10, da) ex-
tends to a well defined bimodule morphism from QF(C>®(M)) to QF(C>®(M))®Q
such that << da(w),da(w’) >>= a(<< w,w’ >>) for all w,w’ € QF(C>®(M)). So
in particular << da(w),da(w’) >>= a(<< w,w’ >>) for w,w’ € QF(A) and Sp
do(Q*(A)N(1 ® Qp) = QF(A) ® Qp. Also as doyyy is inner product preserving, by
maximality of A, we have << w,w’ >>€ A for w,w’ € QF(A).
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Remark 3.3.11. Let w € Q¥ 1(A). Then by construction it is easy to see that
dov() (dw) = (d ® id)doyg,_1)(w) for w € Q1(A).

Now Recall that by Corollary 1.3.3, QF(A) = AF(A)d T and Ji is a complemented
submodule of Q%(A). We have the following:

Lemma 3.3.12. da(k) leaves jkA invariant.

Proof:
Let w € Q7 1(A) such that w = 0. Then dw € J'. We have by Remark 3.3.11,
doy (dw) = (d ® id)do 1y (w). But by a-equivariance of daj_1), we get

<< da(k,l)(w), da(k,l)(w) >>=a << w,w >>=0.

Hence doy, leaves JkA invariant. O

Lemma 3.3.13. doyy, : AF(A) = AF(A)®Qy, is o equivariant and Sp dov (A*(A))(1®
Qo) = A*(A) @ Qo.
Proof:
We have for w,w’ € QF(A), << w,w >>€ A. If 7 is the faithful state of C'(M)
corresponding to the volume, then 7 := (7'/ ® h)a is a faithful, a invariant state on A,
where h is the Haar state of Q. Using this state, we define a scalar valued inner product
on QF(A) by
<w,w >i=T(<<w,w >>),

for all w,w’ € QF(A). We denote the Hilbert space obtained as the completion of A
bimodule QF(A) with respect to this inner product by H. Also we denote the closed
subspace obtained as the completion of the submodule jkA with respect to this inner
product inside the Hilbert space H by F and we denote the orthogonal projection onto

this subspace by p.
For e, e’ € QF(A),

< da(k)(e), da(k) (6’) >
= (T®id) << da(k)(e),doz(k)(e') >>
= (r@id)a(<< e, >>).1g (by o equivariance of doyy,)
= (<< e, € >>).1g (by a invariance ofT)
= <ee >1g

Hence for any h € H, we can define U(h) := lim,_oda(e,) where e, is a sequence

from Q¥(A) converging to A in the Hilbert space sense and the right hand side limit is
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taken in the Hilbert C* module H®Q. Then we have < U(h),U(h') >=< h,h' > 1q.
The fact that Sp U(#H)Q is dense in the Hilbert C* module H&®Q follows from the fact
that Sp day) (QF(A))(1 © Qo) = QF(A) ® Qo. Hence U is a unitary representation of
the CQG Q on the Hilbert space H.

Then by Proposition 6.2 of [35], U leaves both pH and p~# invariant. Let P be the
orthogonal projection onto the complemented submodule «7154-
Claim ptH N QF(A) = PLOF(A) = A*(A).
Proof of the claim:
Let e € ptH N QF(A). Then < e, Pe >= 0, since Pe € .7,;4 € F. That implies

T(<<e,Pe>>)=0
= 7(<< Pe,Pe>>)=0
= << Pe,Pe >>=0(since 7 is faithful on A)
= Pe=0.

Hence e € PLQF(A). Conversely suppose f € PLQF(A). Then < f, Pe >= 7(<<
f,Pe >>) = 0. But since PQF(A) is dense in pH, f € p~H. This completes the proof
of the claim.

As U agrees with do;y on prHNQF(A), doyy leaves both JA and JA invariant.
Let € € jkA(E_@QO. So there exists e; € QF(A) and ¢; € Qp such that Ele da(k)(ei)(l ®
¢;) = € in the Hilbert Fréchet module QF(A) ® Qy. Now for any e € QF(A),

(P ®id)do(e)
= (P ®id)dag,)(Pe+ Pte)

(P ®id)dayyy(Pe)(as dag)(Phe) € PHO"(A) ® Qo)
= dag,(Pe)

So

I
(P® id)(z dory(e:)(1® gi))

=1

I
= Y dogy(Pe)(1® q)

=1

Hence Sp da(k)(j,;“)(l ® Qo) = J ® Qp. Similarly considering the projection P+ we
can conclude that Sp doyy) (A*(A))(1® Qp) = A¥(A) ® Qp. The a equivariance follows
from that of dayy on QF(A). ]
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Corollary 3.3.14. The restriction of the a-equivariant representation doy,) of Q on
the Hilbert module QF(C>°(M)) onto the closed submodule A¥(C>(M)) is again an

a-equivariant representation.

Proof:
Follows from the densities of A*(A) and Qp in the Hilbert bimodule A*(C*°(M)) and
the C* algebra Q respectively and the Lemma 3.3.13. a

Here we also make the convention dag = «. As do is a well defined bimodule
morphism, by Theorem 3.2.17, a(f)(z) commute among themselves for different f’s
and also commute with ((¢ ® id)a(g))(x)’s where f,g € C>*°(M) and ¢ is any smooth
vector field. For x € M let us denote by Q, the unital C*-subalgebra of Q generated
by elements of the forms a(f)(z), ((¢ ®id)a(g))(z), where f, ¢ are as before. Using the
lift of doyg) to A*(C°°(M)), we can show more. Indeed, we now claim that actually
((¢p ®id)a(g))(x)’s commute among themselves too, for different choices of ¢ and g. In

other words:
Lemma 3.3.15. 9, is commutative.

Proof:
The proof is very similar to the proof of Proposition (4) of [37] for the case ¢ = 1. The
statement of the lemma is clearly equivalent to proving da(f)(= (d ® id)(a(f))) and
cZoz(g) commute for f,g € C>°(M). For x € M, choose smooth one-forms {wi,...,w,}
such that they form a basis of T*M at x. Let Fj(z),Gi(z),i = 1,...,n be elements of
Q (actually in Q,) such that da(f)(z) = 3, wi(z)Fi(z), da(g) = 3., wi(x)Gi(x). Now
da(g) leaves invariant the submodules of symmetric and antisymmetric tensor product

of A1(C>(M)), thus in particular, Cy = C5;, O = —=CF; for all i, j, where C7; and Cf;
denote the Q-valued coefficient of w;(z) ® w;(z) in the expression of doy)(df ® dg +
dg @ df)|. and dog)(df ® dg — dg @ df )|, respectively. By a simple calculation using

these relations, we get the commutativity of Fj(x), G;(x) for all 7, . O
We also have the following observation which follows from the constructions of doyy’s

and the definition of Q,.

Lemma 3.3.16. For every k > 0, x € M and w,w € A*(C®(M)), we have <<
w ® Lo, dogy(w) >> (z) € Qs
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Chapter 4

Characterizations of isometric

action

4.1 Introduction

In this chapter first we shall show that an isometric action a of a CQG Q on an n-
dimensional compact Riemannian manifold is inner product preserving. Then we give
two sufficient conditions with which the converse also holds. We have already seen
in the previous chapter that an isometric action is automatically smooth (Theorem
3.2.16) and hence by the results of the previous chapter it lifts to a-equivariant unitary
representation on the bimodule of k-forms for all £ = 1,...,n. We say an isometric

action is also orientation preserving for an oriented manifold if da,)(dvol) = dvol.1¢.

4.2 Geometric characterization of an isometric action

In this section first we shall prove that an isometric action is automatically inner product
preserving in our sense. Then we will prove a partial converse to this. More precisely
we shall prove that an inner product preserving action is isometric provided either of
the following holds:

(a) The manifold is orientable and the action is orientation preserving.

(b) The action preserves the functional coming from the Riemannian volume measure.
For that first recall from chapter 3, the definition of an inner product preserving action
of a CQG on a compact Riemannian manifold.

As before let v : C°(M) — C°°(M)&Q be a smooth action (as introduced earlier)
and let us fix the maximal Fréchet dense subalgebra A of C°°(M) over which the action
is algebraic i.e. a(A) C (A® Qp) and Sp a(A)(1 ® Qy) = A® Qp. Note that for
feC®M), (dxid)a(f) € QHC>®(M))RQ.
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Lemma 4.2.1. If o commutes with the geometric Laplacian L on A, i.e. « is isometric,

then « s inner product preserving.

Proof:

Let a be isometric i.e. it commutes with the geometric Laplacian. Then for f,g € A,

<< (d®@id)a(f), (d®id)a(g) >>
= <<df,dg) >> ®f( 19(1)
= [L(f090) — L(f0)90) — FL(90)] @ f1)9

On the other hand

a(<< df,dg >>)

= alL(fg) — L(f)g — FL(9)]
= [L(fi090) — L£(J0))900) — f0)£(9(0))] ® fty9a)( since a commutes with L).

So by Remark 3.3.8 of chapter 3, we conclude that « is inner product preserving. O

Now we proceed to prove the sufficient conditions (a) and (b) for a smooth action to
be isometric made in the beginning of this section. The condition (b) is actually both

necessary and sufficient.

Theorem 4.2.2. A smooth action of a CQG on a compact Riemannian manifold is
isometric if and only if it preserves the Riemannian inner product and the functional

coming from Riemannian volume measure.

Proof:

Let a : C®°(M) — C®(M)®Q be an isometric action. Then by Lemma 4.2.1, the
action is inner product preserving. Also by [22] (see Lemma 2.10), the action preserves
the functional coming from the Riemannian volume measure. Conversely let the ac-
tion preserves both the Riemannian inner product and the functional coming from the
Riemannian volume measure. As the action is inner product preserving we have an «
equivariant representation da of Q over the C°°(M) bimodule Q(C°°(M)) satisfying
da(df) = (d®@id)a(f). Let us denote the Riemannian volume measure by p. We define
the inner product on C*°(M) by

< f,g>= /Mfgdu~

for f,g € C*°(M). We denote the completed Hilbert space by Hp. Similarly defining
inner product on Q!(C®(M)) we denote the completed Hilbert space by Hi. As a is
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Riemannian volume preserving and da is a equivariant, both a and da extend as unitary
representations of Q over the Hilbert spaces Hg and H; respectively. We denote the
corresponding unitaries by Uy and Uj respectively. The de-Rham differential operator
d can be viewed as a closable densely defined unbounded operator between the Hilbert
spaces Ho and H;. Then (d ® id) is a densely defined unbounded operator between
Hilbert modules Ho®Q and H;®Q. We have Ui(df ® 1) = (d ® id)Up(f ® 1) for
f € C®(M). Let w € QY(C>®(M)) be such that w € dom(d*). Then we claim that
Ui(w®1) € dom(d*®1) and (d* ®id)Ui(w® 1) = Up(d* ®@id)(w® 1). As w € dom(d*),
w®ledom(d*®1). Let ) fi® g € C®°(M)® Q. Then

< Ul(w ® 1), (d@id)Ug(Z fl X qi) >
= <Uiwol),Uideid)() fi©g) >
= <w®17(d®1)(2fi®%')>*

Now since (w ® 1) € dom(d* ® id), there is a constant C' > 0, such that | <w ® 1, (d ®
DO fi®q) > | < Cl>fi ®ql. That implies that Uy (w ® 1) € dom(d* ® 1) and
(d*®id)Uj(w® 1) = Up(d* ®id)(w ® 1). Now for f € C*°(M), df € dom(d*). So we
have

(d* @1d)U;(df @ 1) = Up(d* @ id)(df @ 1).

That is a(d*d(f)) = (d*d ® id)a(f) for f € C*°(M). Hence a commutes with the
Laplacian. O

To prove the sufficient condition (a), first we recall the Hodge * operator. For that
we assume the manifold to be orientable and fix a choice of orientation. We introduce
the Hodge star operator, which is a point wise isometry * = %, : AkT;M — A”*kT;M.
Choose a positively oriented orthonormal basis {6',602,...,6"} of T:M. Since * is a
linear transformation it is enough to define * on a basis element 6 A 02 A ... A 0% (i1 <
iy < ... < ij) of A¥T*M. Note that

dvol(z) = /det(< 01,09 >)0 NO* A ... A O"

OV NO> A A O™

Definition 4.2.3. (0% A 072 A ... A G%) = 671 A 072 A ... A @Ik where 09 A G2 A LA
O A GIL.. A GIn—k = dvol(z).

Since we are using C as the scalar field, we would like to define @ for a k form w. In
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the set-up introduced just before the definition we have some scalars ¢;, .. ;, such that
w(x) = ciy. i 0 A2 AL A%, Then define @ to be &(z) = 3¢, i, 0 A2 AN,
Then the equation << w,n >>= x(w A *n) defines an inner product on the Hilbert
module A¥(C*°(M)) for all k = 1,...,n which is the same as the C°°(M) valued inner
product defined earlier. Then the Hodge star operator is a unitary between two Hilbert
modules A¥(C%°(M)) and A" *(C®(M)) i.e. << xw,*n >>=<< w,n >>. For further
details about the Hodge star operator we refer the reader to [44].
We have

77777

(x®id) : AF(C®(M)) ® Q — AV F(C®(M)) ® Q.

Since Hodge * operator is an isometry, (x ®id) is continuous with respect to the Hilbert
module structure of A(C®(M))®Q. So we have

(* ®id) : AF(C®(M))RQ — A" F(C™(M))RQ.

We derive a characterization for (* ®id) : A¥(C®(M))®Q — A" F(C>(M))RQ for all
k=1,..,n.

Lemma 4.2.4. Let £ € A" F(C®(M))®Q and X € A¥(C®(M))®Q. Then the follow-
g are equivalent:
(i) For all Y € A*(C>®(M))®Q,

ENY =<< XY >> (dvol ® 1g) (4.2.1)
(ii) £ = (x ®id) X.
Proof:
(1) = (i7):
Let m € M. Choose a coordinate neighborhood (U, x1,xa,....,x,) around = in M

such that {dxi(m),...,dz,(m)} is an orthonormal basis for T (M) for all m € U.
Now for any | € {1,...,n}, let ¥; be the set consisting of [ tuples (i1, ...,7;) such that
i1 <idp < ..<dgandi; € {1,...,n} for j =1,..,0. For I = (i,...,7) € 3, we write
dxr(m) for dx;, A ... Adx;,(m). Also for I(= (i1, ...,1p)) € Ep, J(= (j1, .-, Jq)) € g, We
write (I, J) for (i1, ...,%p, j1, .-, Jg)-

Now fix I € Xj.. Then we have a unique I’ € X,,_j such that

(x(dzr))(m) = e(I)dzp (m),

where €(I) is the sign of the permutation (I,1’). As X € A¥(C®(M))®Q, for m € M,
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we have ¢r(m) € Q such that

Also for £ € A" F(C>(M))®Q, we have wy(m) € Q such that

Em)=Y_ dus(m)ws(m).

JeX K

Hence

(x®id)X)(m) = Y e(I)dep(m)gr(m),

Iexy,

where I’ € ¥,,_}, is as mentioned before.
Now we fix some I € ¥ and choose Y € AF(C®(M))®Q such that Y (m) =
dxr(m)lg. Hence

EAYYm)= > dryAdepws(m).
JES, _k

But for a fixed L € Y, there is a unique J' € X,,_; such that
dx jr(m) A dxr(m) = e(L)dvol(m).
Hence
(EAY)(m) = e(L)wy (m)dvol(m).
On the other hand

<< X,Y >> (m)dvol(m)

= Z < dzxr(m)qr(m)*,dxr(m)lg > dvol(m)
Iesy,

= qr(m)dvol(m).

Hence we have qr,(m) = ¢(L)wys. So varying Y, we have

Em) =Y e(L)dzs(m)qr(m),

LeXy
implying that (x ® id)X = &.

The other direction of the proof is trivial. 0.

Lemma 4.2.5. Let N be an m-dimensional compact, oriented, Riemannian manifold
(possibly with boundary) with dvol € A"™(C*°(N)) being a globally defined nonzero
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form. Moreover, let n be a smooth inner product preserving action on N such that

dn(m)(dvol) =dvol® 1. Then n commutes with the geometric Laplacian.

Proof:
First we note that as 7 is an inner product preserving smooth action, by 3.3.14 it lifts
to an a-equivariant unitary representations dny) : AR(C®(N)) = A*(C®(N))®Q for
all k = 1,...,m. First we claim that We have V k = 1,...,m, dng,_i(xw) A B =<<
dny (W), B >> (dvol ® 1g) V B € A*(C=(N))&Q.

For that let 3 = dng,(w')(1® ¢’). Then

An(m—k) (xw) A B
Anm—iy (W) A dngey (W) (1 ® ¢)
= n<<w,w >>(dvol ® ¢') (by Lemma 3.3.16)

On the other hand from unitarity of dn,,

<< dngyw, dngy (W )1 ®q) >>
= p<<ww >> (1®q).

So by replacing 3 by finite sums of the type »_; dng)(wi)(1 @ ¢;), we can show that
w € A¥(C*(N)) and 8 € Sp dn(k)Ak(C’oo(N))(l ® Q),

dN(m—k) (xw) A B =<< dny(w), B >> (dvol @ 1g).

Now, since Sp dn) (A*(C>(N))(1 ® Q) is dense in AF(C>(N))®Q, we get a sequence
Bn belonging to Sp dn) (A*(C*°(N)))(1 ® Q) such that 8, — 8 in the Hilbert module
AH(C(N))BQ.
But we have

AN m—t) (FW) A B =<< dny(w), Bn >> (dvol ® 1g).
Hence the claim follows from the continuity of <<, >> and A in the Hilbert module

A(C®(N))®Q. O
Now combining Lemma 4.2.4 and the previous result we immediately conclude the fol-

lowing:

dNm—t)(*w) = (* @ id)dny (w) for k > 0. (4.2.2)
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Now we can prove that 1 commutes with the geometric Laplacian of N. For ¢ €

C>(N)),

n(xd * de)

(* @ id)dn(m)(d * dg) (by equation 4.3.2)

(*d @ id)dn 1) (xd¢)

= (xd®1id)(x ®id)dn(de¢) (again by equation 4.3.2)
(+d @ id)(x @ id)d(9)

(+d © id) (xd ® id)(9)

(xd x d ®id)n(¢).
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Chapter 5

Quantum Isometry Group of a
Stably Parallelizable, Compact,

Connected Riemannian Manifold

5.1 Introduction

In this chapter we shall show that if a CQG @ acts isometrically on a compact, con-
nected, stably parallelizable Riemannian manifold M, then @ must be commutative as
C* algebra i.e. @ = C(G) for some compact group G. Using this we can conclude that
the quantum isometry group of a compact, connected, stably parallelizable manifold is

CISO(M)).

5.2 Basics of normal bundle

First we recall the basics of normal bundle of a compact Riemannian manifold. We
state some basic definitions and facts about the normal bundle of a manifold without
boundary embedded isometrically in some Euclidian space. For details of the topic we
refer to [46]. Let M C RY be a smooth embedded submanifold of RY such that the
embedding say j is an isometry. For each point z € M define the space of normals to
M at x to be

Ny(M) ={veRYN :v L T,(M)}.

The total space N (M) of the normal bundle is defined to be

N(M) = {(z,v) € M x RN;v L T,(M)}
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with the projection m on the first coordinate. Then define N (M) = {(z,v) €
N(M); ||v]] < €}. With the introduced notations we have
Fact: N (M) is a manifold of dimension N. (see page no. 153 of [46]).

Lemma 5.2.1. (i) Let BN="(0) be a closed euclidean (N —n) ball of radius € centered
at 0. If M is a compact n-manifold without boundary embedded isometrically in some
Euclidean space RY such that it has trivial normal bundle, then there exists an € > 0
and a global diffeomorphism F : M x BN7"(0) — N.(M) C RY given by

F(z,ur,ug, ..., un—n) = j(z) + Zfz

where (£1(x), ..., EN—n(x)) is an orthonormal basis of Ny(M) for all z, and x — &(x) is
smooth ¥ i =1,...,(N —n).

(ii) With the diffeomorphism F as above we get an algebra isomorphism mp
C®(N(M)) — C®(M x BN=(0)) given by nr(f)(z,u1,uz,....,un_n) = f(j(x) +
S G-

(iii) F is actually a Riemannian isometry between the product Riemannian manifold
M x BN="(0) and N (M) C RN, where BN="(0) is equipped with the usual Euclidean
Riemannian structure inherited from RN,

(iv) Under the diffeomorphism F, the Riemannian volume measure of M x BN="(0) is

carried to the Lebesque measure of RY.

Proof:
(1) is a consequence of the tubular neighborhood lemma. For the proof see [46].
(ii) Let (U;, ¢;) be a coordinate chart for M. So (F(U;),¢;F~!) is a coordinate chart
for No(M). F is smooth = (¢;F¢; ') : ¢;(U;) € H® — H™ is continuous, smooth in
¢:(U;) Niint H™ and all the partial derivatives extend continuously on ¢;(U;) N OH™.
Let f,, — f in 7 topology of C®°(N.(M)). We need to show wpfy, — 7pf in 7
topology of C*°(M) i.e. for a compact set K within U;, and a multiindex «, 3 an ng
such that

sup |0%(mr(fm)) — 0% (wp(f))] < €V m = no.
zeK

We compute for o = 1. Let y;’s be coordinate functions for Ne(M) on F(U;)

O (fn)) (&) — D1 (e () ()] = \Z @G - hr)
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By definition gf £ is bounded on K Vi and fm — f in N. Hence 3 ng € N such that

Sg}g|(51(7TFfm) —O(mpf))(@)] <eVm=ng

For any multi index o we can do similar calculation. So by closed graph theorem 7p is
continuous.

Using the same urguement for wp-1 which is 7r§1, we get

wp : OC(NL(M)) 2 C®(M).

(iii) Let (U, z1, ..., #,,) be a coordinate neighborhood of M. Then (U xBN="(0), 21, ..., Ty, U1, .oc, UN 1)
is a coordinate neighborhood of M x BN~"(0), where (u1, ..., un_y) is the standard co-
ordinates of RN=". So F(U x BN7"(0)) is a coordinate neighborhood for N (M).
We denote the corresponding coordinates for N (M) by (Y1, ..o;Yn, V1, .-y UN—n). As
(&1(x), & (x), ... EN—pn(z)) form an onb of the normal space at j(x). Then the above

coordinate functions are given by
G : N(M) 0 x BWN=)(0) G RN (¢ is a coordinate map for M) :

y = (m(y),U(Y)) = (1, .o, Ty UL, ey UN—p)-

First observe that F|prxo is nothing but the embedding j of M in RY. We have
N (M) c RN and let (py,p2, ..., pn) be the usual coordinate functions for RY. Without
loss of generality let ¢ € C°(N(M)) and y € N (M) be an interior point (for points
on the boundary the proof will be similar) and ¢ € C*°(N.M) and y € N.M such that
G710,...0) = y. Let &(y) = (€} (y),...&¥(y)) for all i = 1,..., N — n. Then

(a‘zi o) (y) = %h:oqﬁ(G_l(O, ...t,...0)) (t in i¢th position)
= fli=00(71(0) +1&)
= Z;gvzl ff(y)%ba

where p;’s are coordinate functions for RY. Therefore we have

0 _ N k_0
ov; Zk:l & Op”

That is, B%Jy is nothing but the vector & = (£.(y);k = 1,...,N) under the canonical
identification of RY with T,RN. As &(y) € Ny, (M) and % € dj (T, (M)) for every
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Y, < %\y, (%Jy >= 0. Also this implies that {%}2{:—1" is a set of orthnormal vectors

of RY. Hence < a%k, 6%1 >=< %, 8%1 >. Also dF(a%k) = %. As dF is nothing but

9 0 _ . 9 9 i
Byr? Oy, >= dzr Oay >. Hence F' is an

dj on M and j is an isometry, we have <
isometry.

(iv) It is an easy consequence of the definitions of the Riemannian volume measure and

(iii).
We now introduce the notion of stably parallelizable manifolds.

Definition 5.2.2. A manifold M is said to be stably parallelizable if its tangent bundle

1s stably trivial.
We recall the following from [47]:

Proposition 5.2.3. A manifold M is stably parallelizable if and only if it has trivial
normal bundle when embedded in a Euclidean space of dimension higher than twice the

dimension of M.

Proof:
see discussion following the Theorem (7.2) of [30]. O

We note that parallelizable manifolds (i.e. which has trivial tangent bundles) are in
particular stably parallelizable. Moreover, given any compact Riemannian manifold M,
its orthonormal frame bundle O, is parallelizable. Also given any stably parallelizable

manifold M, the total space of its cotangent bundle is again stably parallelizable.

5.3 Lifting an action to the tubular neighborhood of a
stably parallelizable manifold

Now as before let M be a compact, oriented Riemannain n-manifold . Assume fur-
thermore that M is stably parallelizable and let M C RY™ be an isometric embedding
with trivial normal bundle, for sufficiently large N > n. Let Q be a CQG which acts
faithfully on M as in the sense mentioned earlier. Now as in subsection 4.2, we have
the maximal Fréchet dense subalgebra [y of C°°(M) over which « is algebraic and
Sp (a(Bo))(1 ® Qo) = Bo ® Qo-

Now since M is a manifold with a trivial normal bundle, Recall from Lemma 5.2.1,

the global diffeomorphism F' and corresponding isomorphism

mp 1 C®(NM) — C°(M x BN=(0)).
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Define
a: fo® C®(BY0)) = Bo© C™(BN"(0)) ® Qo by @ = 023 0 (a ®1d)

and extend & as a Fréchet continuous map by Lemma 3.2.11.
Now we have g : C®°(N.M) — C>°(M x B(0)), which implies that w1 : C°°(M x
B(0)) = C*°(N.M). Hence

(mp-1®idg) : C®(M x B(0))®Q — C®(N.M)®Q.

Set Ag := mp-1(Bo@C(B(0))). Then Ay is a Fréchet dense subalgebra of C°° (N (M)).
So, defining

d = (mp1 ®@id) o@omp : OC(N.M) — C®(N.M)RQ,

we see that by construction, @ is algebraic over Ay and moreover, Sp ®(Ap)(1® Q) =
Ao ® Qp. @ is also Fréchet continuous by Lemma 3.2.11. Hence ® is a smooth action of

Q on N .M.

Lemma 5.3.1. If « is inner product presreving, so is ®.

Proof:
Note that by Remark 3.3.8 of Chapter 3, it suffices to show that << (d ® id)®(¢),d ®
id)®(¢) >>= ®(<< dp,dp >>) for ¢, € Ag. Now Consider ¢, € Ap of the form
o(y) =& om(y) and ¢(y) = nold(y), where &, n are smooth functions. Then ®(¢)(y) =
a(é)(m(y)), () =¥ ® 1, and moreover it is easy to observe that << d¢,dy >>= 0

and

<< d®(de),dP(dy) >>
= << ([d®id)®(¢), (d®id)P(¢) >>
= 0

Using this and Leibnitz formula we get << d®(df1), d®(df2) >>= ®(<< dfy,dfs >>
) for fi, fo of the form f; = (§om)n;old, 1 =1,2.

As a general element of Ay is a finite sum of product functions of the form ({ow).(no
U). O

Lemma 5.3.2. If a preserves the Riemannian volume measure of M, then ® preserves

the Riemannian volume measure of N.(M), which is the restriction of Lebesque measure
of RV,
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Proof:
We denote the Lebesgue measure of RV, restricted to NV.(M) by pu, the Riemannian
volume measure of M by v and the Lebesgue measure of BN ~"(0) by /. Then by (iv)
of lemma 5.2.1, we have for any G € C® (N (M)),

/ N e (G)dvdy :/ Gdpu.
MxBYN="(0) Ne(M)

Also for any f € C>®°(M x BN="(0))®Q,

/ (mp—1 ®1id) fdu = / fdvay'.
Ne(M)

MxBYN~"(0)

Hence it is enough to prove that & preserves the Riemannian volume measure of M X
BN="(0). For that let 3% | f; ® ¢; € C°(M) @ C®°(BN="(0)). As a preserves the

Riemannian volume measure of M, we have

k
/M . &(Z fi ® gi)(z,u1y ey un—p)dvdy
x B¢

=1

k
— ;/M oz(fi)(ﬂ:)dv/Bév_n(O) Gi(ttns ooy un—n) AV

k
= fi @ gi)dvdy/'.
/MxBéV—"(o)(Z )

=1

As M x BN="(0) is a compact manifold, we can conclude that fMXBé\]—n(O) a(f)dvdy' =
fMXBéV—n(O) fdvdy' for any f € C°(M x BN="(0)). O

5.4 Nonexistence of genuine quantum group action
Let {y; : i = 1,.., N} be the standard coordinates for RY. We will also use the same

notation for the restrictions of y;’s if no confusion arises.

Definition 5.4.1. A twice continuously differentiable, complex-valued function ¥ de-
fined on a non empty, open set Q C RN is said to be harmonic on § if

ERN\IJ = 0,

2
where Lgn = Zf\; ;—yQ
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We note the following result.

Lemma 5.4.2. Let C be a unital commutative C* algebra and x1,xo,...,zN be self
adjoint elements of C such that {x;x; : 1 < i < j < N} are linearly independent and C
be a unital C* algebra generated by {x1,z2,...,xn}. Let Q be a compact quantum group
acting faithfully on C such that the action leaves the span of {x1,x2,...,xN} invariant.

Then Q must be commutative as a C* algebra, i.e. Q = C(G) for some compact group

G.

Proof:
Let us introduce a convenient terminology: call a finite dimensional vector subspace V'
of a commutative algebra quadratically independent if the dimension of the subspace
{vw,v,w € V} is equal to the square of the dimension of V. Clearly, this is equivalent
to the following: for any basis {vi,vo,...,v5} of V, {vjv;,i < j < k} will be linearly
independent, hence a basis of V@™V, From this definition we also see that any nonzero
subspace of a quadratically independent space V is again quadratically independent.

Let us now denote the action of Q by « and set V' := Sp{x;,i = 1,..., N} which
is a quadratically independent subspace of dimension N in C. We claim that without
loss of generality we can assume the existence of an inner product on V for which oy
is a unitary representation. Indeed, we recall the maximal algebraic subspace Cyp which
is a direct sum of ker(a) and the spectral subspace for the action. In fact, as « is
x-preserving, we can have a similar decomposition of the real algebra C*? consisting
of self-adjoint elements of C. Thus, we can decompose V into real subspaces Vy @ Vi,
where V) C Ker(a) and V3 C C%* is contained in the spectral subspace for the action. In
particular, « is injective on the algebra generated by V. Moreover, Vi must be nonzero,
because otherwise Q will be 0, and thus V; is quadratically independent. Replacing V'
by Vi if necessary, we can assume that V is contained in the spectral subspace for
the action «, so in particular, « is a non-degenerate algebraic representation on V' and
moreover, both o and the Haar state (say h) of Q are faithful on the x-algebra generated
by the elements of V. Choose some faithful positive functional ¢ on the unital separable
C* algebra C and consider the convolved functional ¢ = (¢ ® h) o a which is clearly
faithful on the x-algebra generated by {z;}’s and also Q-invariant, so that « gives a
unitary representation w.r.t. the inner product say < -, - >3 coming from ¢ on V. As
A is commutative and x; are self-adjoint, so are x;x; for all 4, j, and hence < x;, ; >$’s
are real numbers. Thus, Gram-Schmidt orthogonalization on {z1,...xx} will give an
orthonormal set {yi,...,yn} consisting of self-adjoint elements, with the same span as
V = Span{zi,...,xx}. Replacing z;’s by y;’s, let us assume for the rest of the proof
that {x1,...,zn} is an orthonormal set, there are Q;; € Q, i,j = 1,..., N such that
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Q:C*(Qi]‘,i,j: 1,...,N) and

N
a(x;) :Z»Tj@Qij, Vi=1,...,N.
=1

Since x} = x; for each 7 and « is a *-homomorphism, we must have ij =Qi; Vi,j =
1,2,...,N.

The condition that z;,z; commute Vi, j gives
QijQrj = Qi QijV1, j, k, (5.4.1)

QikQji + QuQjr = Qjr Qi + Qj1Qik- (5.4.2)

As Q = ((Qij)) € Mn(Q) is a unitary, Q1 = Q* = QT := ((Qj)), since in this case
entries of () are self-adjoint elements.

Clearly, the matrix @ is an N-dimensional unitary representation of Q, so Q! =
(id ® k)(Q), where & is the antipode map.

So we obtain
K(Qiy) = Q' = Q) = Q. (5.4.3)

Now from ( 5.4.1 ) , we have Q;;Qr; = Qk;Qsj. Applying « on this equation and using
the fact that & is an antihomomorphism along with ( 5.4.3 ) , we have Q;,Q;; = Q;iQjk
Similarly , applying x on ( 5.4.2 ), we get

QuQri + QrjQui = Quilrj + QriQuj Vi, j, k. L.
Interchanging between k£ and 7 and also between [, j gives
QjuQir + QuQjr = QjkQu + QiQj V1,7, k, 1. (5.4.4)
Now, by (5.4.2 )-( 5.4.4 ) , we have

(Qir, Qi) = [Qj1, Qir],

hence

[Qik, Qs = 0.

Therefore the entries of the matrix () commute among themselves. However, by
faithfulness of the action of Q, it is clear that the C*-subalgebra generated by entries

of () must be the same as Q, so Q is commutative. O

Lemma 5.4.3. Let W be a manifold (possibly with boundary) embedded in some RN
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and {y;}’s for i = 1,...,N, be the coordinate functions for RN restricted to W. If W
has non empty interior in RY, then {1, viy;,Yi - 1 < 14,7 < N} are linearly independent.

Proof:
If possible let on W e. 14+ ¢iyiy;+ > diyr, = 0 for some ¢;5, dj, . Pick an interior point
y € W. Then at y, we can take partial derivatives in any direction. Hence applying
(%_ba%j]y to c.1 4> cijuiy; + > dryr = 0, we conclude that ¢;; = 0 V 4, 7. Similarly

we can prove di’s are 0 and hence ¢ =0 . O

Lemma 5.4.4. Let ® be a smooth action of a CQG on a compact subset of RN which

commutes with Lgn, Then ® is affine i.e.

N

P(yi) =1®q + Zyj ® gij, for some gij,qi € Q
j=1

for alli=1,...,N, where y.s coordinates of RY.

Proof:
As ® commutes with the geometric Laplacian and ERN% = %ﬁRw, Lgny; = 0 for
all 7, we get

(Lry ® id)(aayj ® id)P(y;)

0 .

= (afy(@ld)q’(ﬁRNyi)
J

= 0.

Let Dj;(y) = ((a%i ®id)®(y;))(y). Note that as d® is an P-equivariant unitary rep-
resentation, by Lemma 3.3.6 ((D;;(y)))ij=1,..~ is unitary for all y € N(M). Pick
yo in the interior of N M (which is non empty). Then the new Q valued matrix
((Gij(y))) = ((Dij(y)))((Dij(y0)))~" is unitary (since Dy;(y) is so). Gi;(y) is unitary for
all y = |¥(Gij(y))| <1 and [¢¥(Gii(yo))| = 1. ¥(Gii(y)) is a harmonic function on an
open connected set Int(N.M) which attains its supremum at an interior point. Hence by
corollary 1.9 of [1] we conclude that ¥/(Gy;i(y)) = ¥(Gii(vo)). ((Gi;(y))) being unitary for
ally, Gyj = 6;5.1g. Then ((Dy(y)))((Dij(¥0))) ™" = Lay(0)- So ((Dij(y))) = ((Dij(0)))
for all y € N(M). Hence ® is affine with ¢;; = D;;(yo) O

Remark 5.4.5. This is the only place where we have made use of the assumption that

the manifold is connected.
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Corollary 5.4.6. Let M be a smooth, compact, orientable, connected, stably paralleliz-
able manifold. Then if a is an isometric action of a CQG Q on M, then Q must be

commutative as a C* algebra i.e. Q = C(QG) for some compact group G.

Proof:
As the action is isometric, it preserves the Riemannian inner product and the functional
coming from the Riemannian volume measure. As the manifold is stably parallelizable,
we can embed it isometrically into some RY such that it has trivial normal bundle. Then
we lift the action to the tubular neighborhood of the manifold such that it preserves the
Riemannian inner product of the tubular neighborhood and the functional corresponding
to the Riemannian volume measure by Lemmas 5.3.1 and 5.3.2. So by Theorem 4.2.2, it
commutes with the geometric Laplacian of the tubular neighborhood, which is a subset
of RN for some N. As the tubular neighborhood has non empty interior in RY, applying
Lemma 5.4.4, Lemma 5.4.3 and Lemma 5.4.2, we complete the proof. O

Corollary 5.4.7. The quantum isometry group of a compact, connected, stably paral-

lelizable manifold M is commutative as a C* algebra i.e. isomorphic to C(ISO(M)).



Chapter 6

QISO of cocycle twisted

manifolds

6.1 Introduction

Most of the examples of noncommutative manifolds are obtained by deforming classical
spectral triples. It was shown in [10] that the quantum isometry group of a Rieffel-
deformed noncommutative manifold can be obtained by a similar deformation (Rieffel-
Wang, see [54]) of the quantum isometry group of the original (undeformed) noncommu-
tative manifold. In this chapter our goal is to generalize Bhowmick-Goswami’s results
about Rieffel-deformation to any cocycle twisted spectral triple. Combining this with
the fact (proved in the previous chapter) that the quantum isometry group of a classical
compact, connected, stably parallelizable Riemannian manifold is the same as the clas-
sical isometry group of such manifolds (i.e. there is no genuine quantum isometry for
such manifold), we shall be able to compute the quantum isometry group of non com-
mutative manifolds obtained from classical (compact, connected, stably parallelizable)
manifolds using unitary 2-cocycle. We shall also relax the assumption of existence of a

dense *x-algebra for which the action is algebraic in case of Rieffel deformed manifolds.

6.2 Discrete quantum group

Let Q be a compact quantum group. Recall the dense Hopf *x-algebra Qg spanned by
the matrix coefficients of its inequivalent irreducible representations. Also recall the
dual discrete quantum group Q of Q. With these notations we have the following

To define the cocycle twist of a CQG Q, we first briefly discuss about discrete
quantum group from [52].

Let Ag = @aer M, for some index set I, where M, is a complex n, X n, matrix.

105



Chapter 6: QISO of cocycle twisted manifolds 106

Any element in Ag looks like > acl Ga for aq € My, and for all but finitely many indices
@, aq is non zero. Then Ay ® Ay = ®q M, ® My, algebraic multipliers of Ay and
Ao ® Ag are Ilaer M, and I, ger My, ® My, respectively.

A comultiplication on Ag is a * homomorphism A : Ay — My,(Ao ® Ap) such
that it extends to a unital *-homomorphism from M4 (Ag) to Mae( Ao ® Ag) such that
it is coassociative meaning (A ® id) o A = (id ® A) o A and both A(a)(1 ® b) and
(a®@1)A(b) € Ag ® Ap for a,b € Ay.

Definition 6.2.1. A discrete quantum group is a pair (Ag, A) where Ay = @aer My,
and A is a comultiplication as above with the following conditions:

(1) Ty : Ap @ Ay — Ag ® Ag given by Th(a ®b) := A(a)(1 ® b) is bijective on Ay @ Ayp.
(2) Ty : Ap ®@ Ag — Ap @ Ay given by Tr(a ® b) := (a @ 1)A(b) is also bijective on
Ao ® Ap.

Let e, denote the minimal central projection which is identity on M, and O else-
where. Also let p, := Zagy eqo. Then p, is also a central projection on Ag. If
b= Zagyba € A, bp,y =b.

Now given a discrete quantum group (Ag, A), recall from [52], we have an antipode
Kk : Ag — Ag which is an antihomomorphism and invertible on Ag. We also have the
counit € : 49 — C with mo (id ® K)(A(a)(1 ® b)) = €(a)b for all a,b € Ay.

Also given a discrete quantum group (Ap, A), for fixed a, 8 € I, the set {y €
I; Aey)(eq ® eg) # 0} is finite and hence we can define

A TIMy, — T(My, ® My,)

by prescribing the v th coordinate of A((aq)a) by Y A(a.) such that A(a)(eg®ey) #
0. Recall that there is a bijection of the index set I such that x(Mp,) = M,,_,. So define
k : 1IIM,, — IIM,_ by

£((@a)a) = ((aar)ar)
where k(aq) = aq for some a and o/. For similar reasons we can define €(3 .7 ta) =
Y acr €(aq) and m : II(M,,,, x Mnﬂ) — M, by

m(z o @ bﬁ) = ((aaba))-

Then we have (e ® id)A((aq)a) = ((aa)a) for all ((an)q) € IM,, . To see that let n € T
and A((aa)a) = ((3_,e; Alay)))sy where 4’s are such that A(a,)(es ® e,) # 0 and
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hence

(e @id)A((aa)a) ey
= Z(f ®id)A(ay)(1 @ ey)

= Qp.

The last line follows since (e ® id)A(ay)(1 ® e,) = ayey. So (e ®id)A((an)a) = (aa)a-
Also
mo (k ®id)A((ana)a)-es
= S mo (k@ id)(Adm)(1 9 ep)

vel

= Zf(av)eﬁ
vyel

= ¢e((aa)a)es

Hence mo (k ® id)A((an)a) = €((a4a)a) = €((@a)q)-1 on IIM,, . Conversely, let (Ag, A)
be as above with an invertible map « : Ag — Ag and € : Ay — C defined as above with

mo (k®id)(A(a)(1 ® b)) = e(a)b,

for a,b € Ag. So with similar arguments as above we can extend the maps to My;4(Ao)
and Mg 4( Ao ® Ag) and get the identities

(e®id)A = (id®€)A and mo (k ® id)A(.) = €(.)1,

on IIM,,, .
So we can define R : Ag ® Ag — Ag ® Ag by

Rla®b) :=(1deom)[(id®r®id)(A®id)(e®1))(1 ® 1 ® b)].
Then

RoTi(a®b) = (ideom)[(id®rx®id)((A®id)A(a))(1® 1 b)]
= (d®e)A(a)®0b
= a®b
Similarly we can show that T} o R(a ® b) = a ® b and hence T} is invertible on 4y ® Ap.

Similarly we can show that 75 is invertible on Ay ® Ap. So combining all these we have

Proposition 6.2.2. Let Ay be a direct sum of matrix algebras with A being the comulti-
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plication on Ag. If there is an invertible map K : Myg(Ao) = Maig(Ao) which maps Ag
onto Ay such that mo (k ®id)(A(a)) = mo (id ® k)(A(a)) = €(a) for all a € My4(Ao)
and (e ®id)A(a) = (Id®@€)(A(a)) = a for all a € Mgyg4(Ag). Then (Ao, A) is a discrete

quantum group.

6.3 Cocycle twist of a CQG

Definition 6.3.1. By a unitary 2-cocycle o of a compact quantum group Q, we mean
a unitary element of M(QO®Q) satisfying

(1®0)(id®A)o = (0 ®1)(A®id)o.

Let (Q,A) is a CQG with a unitary 2-cocycle 0 € M(Q® @) o viewed as a linear
functional on Qy ® Q satisfies the cocycle condition (see page 64 of [36])

a(bay, cay)o(a, beyc)) = olay, bay)o(ap)be), o),

for a,b,c € Qy ( Sweedler’s notation). We can deform Qp using o to obtain a new Hopf
x-algebra QF. Then QF and Qoo again form a non degenerate pairing. We twist the
product of the algebra QF by the following formula:

a.ob = o (aqy, b)) a@be)o(ag), b)),

for a,b € Qy. The coproduct remains unchanged. The * structure and k gets changed

by the formulae:
a7 =) v aq)ajyv(ag),
Kg(a) == U(a(1))"6(a(2))U71(a(3))~

(see page 65 of [36]). All the proofs are done in [36], although for completeness, we
include a proof (of the associativity of the new twisted product) here. The other proofs

can be done with similar computations.
Lemma 6.3.2. The new twisted product ., is associative.

Proof:
Let a: Ay — Ap® H be an action of a Hopf x-algebra H on an algebra Ay. If we define

ax*xb:= a(o)b(o)(f—l(a(l), b)), then * is an associative product on Ag. For that observe
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that

(axb)xc = a@y0bo)0c  (aw),bm)o  (annbo )
= abocomo (an)y@),bay@)o  (amywbaym): )

and

ax(bxc) = aobo) oo (bay cw)o (a): boy) o))
= abocoo (an)boymenm)o by @» ca)@)

Now using the cocycle condition, we get
(axb)xc=ax(bxc) (6.3.1)

Define Af : H - H ® H by Af(a) = a@y ® acy. Then we define A:HoH —
H® H® H® H by
A = fa(Af @ A),

where fog is the flip map between 2nd and 3rd copy. Then using the coassociativity of
A, it is easy to see that A is also coassociative. Now define & : H - H ® H @ H by
a:= (Af ®id)A. Then we claim that (id ® A)a = (@ ®id)a. For that we observe that,
for g € H,

(a®id)a(q) = (a®id)(AT ®@id)Aq)

= 4@ 1)) D90 @)(1)1) ©91)2)2) ©91)a) D 49e)

Similarly

(id @ A)a = gy @ 90)0)@) © 40 @ 4000) @ 912
Now using the coassociativity of A, we can show that (id ® A)a = (a ® id)a. Now we
proceed to define a 2-cocycle ¥ on H ® H, that is a convolution invertible linear map

v:H®oH®H®H —C by

Pp@qr®s)=o(p,r)o ' (qs).
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We claim that v satisfies

V(@)Y 2)V(@@), Ye) = V(@ y0)20) Y Ye), 2@2);

for x,y,z € H® H.

Let 1 =pRq, y=7®s, 2=tRu. Then A(p® q) = P@) @ q1) @ pa) @ q2)- Hence
T(1) = P(2) © q1) and (3) = p(1) © q(z)- Similarly yay = 72) @ 51), Y2) = (1) @ 5(2),
Z(1) = t(g) @ (1) and Z(2) = t(l) @ U(2)- Then

1/1(36(1)24 2)(2), Y(2))
= P(Pe)re ®90sa),t @uP(pa) @ q@),ra) @ Se)
= a(pe)re), )0 Yqysay, Wolpayray)e gy, @)
= 0’(7”(1 ) ()t 2))0 " (@, syuay) o (52), w(2))

On the other hand ,

Y, y1)21) Y (Y2), 22))
= (P @ a7e)te) @ sayum)Y(ra) @ se),ta) @ ue)
= o(p,r@)te)o (@ sayua)o(ra),tay)o (52), u)

Now using the action & of H ® H on H, we define a new twisted product *, on H by

a*y b= a@)boy¥(any, b)),

where a(a) = a() ® a(1). Then we can easily see that *, is nothing but ., and hence

by (2), we conclude that ., is associative. O

We can prove that (QF,A,,k,€) with the deformed algebra structure is again a
unital Hopf % algebra. But we don’t know yet whether there is any compact quantum
group containing (QF, A, ke, €) as a Hopf * algebra. Now we turn to prove the existence
of such a CQG by duality.

Recall the dual (@\0, A) which is a discrete quantum group. Hence we have A

alg(QO) —: Malg(Qo ® QO) K Malg(QO) — Malg(é\o) such that & is invertible and
maps Qg onto Qp, € : alg(Qo) — C such that (€®id)A(a) = (id ® ©)A(a) = a for all
a € Myy(Qo), mo(R@id)A(a) = mo(id®#)A(a) = &a).1 for all a € My,(Qo). We can
deform the coproduct &, : @\00 — Malg(é\oa ® @\OU) defined by Eg(a) = a.ﬁ(a).ail
Then it is easy to see that A, extends to Malg(é\oa) — Malg(é\oa ® é\og) such that
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(id® ﬁg)ﬁg = (30 ® id)ﬁg. This easily follows from the cocycle condition. We do not
change the algebra structure of é\o Also € is not changed.

Let U = mo (1d ® R)(o ) It can be easily shown that U € Malg(QO) and U is
invertible with U1 € Malg(Qo) Now we define

Fo t Maig(QF) — Mqy(97),

by %, (a) := UR(a)U~!. Note that é\g being an ideal in Malg(é%'), ko(a) € é\g for all
ac 9Qf.
Also we can show that k, is invertible and Kot maps QO into QO. Using similar

computations as in [36], we can show that on Malg(Q(])
E®id)A, = (id ® A, = id,

and
mo (73 ®id) Ay () = mo (id® 73) Ay () = e()1.

Now let a,b € Q\g. Then A\(,(a)(l ®b) = 030_1(1 ®@b). Let py be the central projection

where b = Zag'y ba € @). So
As(@)1@b) = oA(a)o (1@p,)(1@b)
= oA(a)(1 ® py)o (1 ® b)(since p, is central)
€ Qg ® QO

The last line follows since 3( a)(1®p,) € QO ® QO So Ty maps QO ® Qo into QO ® Qg If
we define RY by R{(a@D) := (10F;)(1@F,; 1(b))§( ). But (1®7, (b)) As(a)) €
Q" ® Q" and K, maps Q" into Q proving that 77 is a bijection. Similarly defining R,
we can prove that T is a bijection. Hence applying Proposition 6.2.2, we can conclude
that (@O’ , E,) is again a discrete quantum group. Hence Qf is a Hopf * algebra of the
CQG dual to (@5,&,)

Definition 6.3.3. The cocycle twist of a CQG (Q, A) by a unitary 2-cocycle o on Q is
defined to be the universal CQG containing (QF, A, kq,€) as a Hopf * algebra.

Let us now discuss how one gets a unitary 2-cocycle on a CQG from such a unitary
2-cocycle on its quantum subgroup. Given two CQG’s Q1, Q2 and a surjective CQG
morphism 7 : Q1 — Qg which identifies Q2 as a quantum subgroup of Q; (we shall use
the notation Qy < Q; to mean that Qs is a quantum subgroup of Q) it can be shown
that = maps the Hopf x-algebra (Q1)o onto (Q2)p. By duality we get a map say & from
(Q2); to (Ql) and it is easy to check that this indeed maps the dense multiplier Hopf
x-algebra (QQ)() C O to (Q1)0- Indeed 7 lifts to a non degenerate x-homomorphism
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from M(@\z) to M(é\l) So given a unitary 2-cocycle o on Qy, we get a unitary 2-
cocycle o/ := (7 @ 71)(o) € M(@@é\l) It is easy to check that ¢’ is again a unitary
2-cocycle on Q7. We shall often use the same notation for both ¢’ and o i.e. denote o’

by ¢ under slight abuse of notation for convenience.
Lemma 6.3.4. QF is a quantum subgroup of Q({,.

Proof:
First we claim that 7 : (Q1)g’ — (Q2)§ is a surjective Hopf *-algebra morphism. Since
the coproducts remain unchanged , we only need to check that 7 is again a x-algebra

homomorphism. For that observe that for a,b € (Ql)gl,

(aqy, b)) agbey(0’) " (ag), bs))]
= o'(aq), ba))m(a), b)) (0') Hag), b))
= a(n(am), m(ba))m(aw)m(be))o " (r(a@m)), (b))
= 7(a).om(b)

m(a.,b) = mwlo

Similarly we can show that m(a*’) = ((a))*. Hence Qf contains (Q9)§ as a Hopf

x-algebra and hence by the universality of Q‘l’/ we conclude that there is a surjective
CQG morphism from Q‘{/ onto QF.
O

-1

12

Lemma 6.3.5. For a universal CQG Q with a unitary 2-cocycle o, (Q%)% Q.

Proof:
First we claim that as Hopf *-algebra (Qf)” > Q. Again for that it is enough to
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check the x-algebra structure. For that let a,b € Qy.

a(.g)g-1b = o1
-1

a(1),b(1))a(2)-0b(2)(a(3); b(3))
= 0 (a@)): bmyw)ew @ -y (a@), be)
“Hawya b(l) yo(ew@a ()ab(1><2><1><1>>a<1><2><1><2>b<1><2><1><2>
a(1)(2 )(2) )o(a (2) 7 )

(
(
(
—
~(aqy 1>,b<1> >>0< (1)(2)»b<1><2>)a<2><1>b<2)<1>
@0 b@em)7 @@ ee): b @)
E(b(n)a<2>(1>b<2><1>6(a(2>(2>)f(b@)(z))

e(b))a(2)b)

Similarly we can show for x-structure. So (Q")"_1 contains Qpy as a Hopf x-algebra.
Hence by the definition, Q is a quantum subgroup of (Q")"_l. Now by universality of
Q, (Q7) " =Q. O

6.3.1 Unitary representations of a twisted compact quantum group

Let Q be a universal compact quantum group (as in the sense of 2.1) with a dual unitary
2-cocycle o. Then our goal of this brief subsection is to prove that there is a bijective
correspondence between the sets of inequivalent irreducible representations of Q@ and
Q° given by,

Rep(Q7) = {mo|m € Rep(Q)},

dim(7,)=dim(7) for all 7, where the corresponding representation being the same as a
linear map. To this end let us begin with a unitary representation U of Q on a Hilbert
space H. Write H = ®r>1Hr, where on Hy, U is irreducible and equivalent to some
7w € Rep(Q). Hence each Hy, is finite dimensional. Let {ef}f;l be a basis of Hy (7r is the
irreducible type which is equivalent to U on Hj) and we write U(e¥) = Z;l” 165 @ qj;

Theorem 6.3.6. U viewed as a same linear map is again a unitary representation of
the cocycle twisted compact quantum group Q° (note that for this we don’t need the

CQG to be universal).

Proof:
Recall the discrete quantum group Qp and its corresponding twisted discrete quantum

group (QO)U. As noted previously QF and (Qo)g again form a non-degenerate dual
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pairing. Since the x-algebra structure of 9y does not change, (QQ)U has the same
matrix units as Qp. Let my, be one such matrix unit. Then by the definition of twisted

antipode and twisted * on QF, we get (denoting the dual pairing by <>)

< Kg(qf;)" 7, mpy >
- e
= < qf;,mg, >(since the * structure does not change)

= 5iq5jp

But we know < Q> Mpg >= digjp- Hence by non-degeneracy of the pairing x4 (g;5) = q;fl‘-’ .

So U is again a unitary representation of the twisted CQG. a

We shall denote the same U by U, when viewed as a unitary representation of Q°.
If we denote an element a € Q viewed as an element of Q7 by [a], then U, = (id®[.])U.
As Q is a universal CQG, noting the fact that for a universal CQG, (Q‘r)"—1 = Q (by

Lemma 6.3.5), we can conclude that for a universal CQG Q,

Rep(Q7) = {mo|m € Rep(Q)},

dim(m,)=dim(7) for all 7, where the corresponding representation being the same as a

linear map.

Proposition 6.3.7. (i) The Haar state for the deformed compact quantum group stays
the same as in the undeformed compact quantum group.

(ii) The operator FZ corresponding to the twisted CQG Q° given by 6, F2(j,1) =
Ma, h(qf-0q5,°) is related to Fy by the following.

F? = c AL F  Ar,

where ¢, is some positive constant and A€ = (id ® v)7,&, where v is as in Subsection
5.2.1.

Proof:
(i) By Theorem 6.3.6, the matrix coefficients of irreducible representations do not change
for Q7. The Haar state for Q7 say h, is uniquely determined by he(gj;) = 0 for all
i,7j and non trivial representations 7 and h,(1) = 1. But since the Haar state h of Q
satisfies the above properties, we conclude that h, = h.
(ii) By equation (1), we see that the modular operator ®|z2(;)= = F™ for all m and . Let
®? be the modular operator for the CQG Q7 and S be the corresponding anti unitary

operator. Then recalling the definition of the deformed x of Q7 (equation (4)), we see
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that &7 = SC, where C = AB = BA, A is the operator given by A(a) = (id ® v)A(a)
and B is given by B(a) = (v ! ® id)A(a) for a € Qp. Then the modular operator
7 =857 = A"B*®BA. We know ®7|2()= = Fy for all m and 4. Since A and A*
both map L2(h)T into itself for all 7 and i, B*®B also does so. Fix some i and let P
be the projection onto Sp {¢f; : j = 1,...,dr}. It is clear from the definition of B that
B(qf;) = >0 bhmdn, and B*(qf;) Z dy,.am;, for some constants by, and dip,’s.
Then

P?f(B*@B(qz;))

Z bzkdkz Z F ]7 sz

where ®(qf;) = >_,,, Frx(j,m)g];,. Now if we denote (3_; birdk:) by cx; , we note that

B*(I)B|L2(h);r = CW71'CI)|L2(h)

In particular taking ¢ = cr1 and denoting the restrictions of A and A* on Sp
{af; + 1 < j < dx} by Ar and A} respectively we write ] = c;A7FrA; and as
F7 is positive, invertible, ¢, must be a positive constant. O

6.4 Action on von Neumann algebras by conjugation of

unitary representation

We now discuss an analogue of “action” (as in [42]) in the context of von Neumann
algebra implemented by a unitary representation of the CQG. Given a unitary repre-
sentation V of a CQG Q on a Hilbert space H, often we consider the x homomorphism
adj; on B(H) or on some suitable von Neumann subalgebra M of it. We say ady; leaves
M invariant if (id ® ¢)ady (M) C M for every state ¢ of Q. Then taking p™ as above,
we define M”™ = Pr(M), where P; = (id ® p™)ady : M — M is the spectral projection
corresponding to the representation . We define M := Sp {M™; 7 € Rep(Q)}, which

is called the spectral subalgebra. Then we have the following:

Proposition 6.4.1. My is dense in M in any of the natural locally convex topologies

of M, i.e. My" =M.

Proof:
This result must be quite well-known and available in the literature but we could not

find it written in this form, so we give a very brief sketch. The proof is basically
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almost verbatim adaptation of some arguments in [32] and [51]. First, observe that the
spectral algebra Mg remains unchanged if we replace Q by the reduced quantum group
O, which has the same irreducible representations and dense Hopf-x algebra Qy. This
means we can assume without loss of generality that the Haar state is faithful. The
injective normal map S := ady restricted to M can be thought of as an action of the
quantum group (in the von Neumann algebra setting as in [32], [51]) Q,” (where the
double commutant is taken in the GNS space of the Haar state) and it follows from the
results in [51] about the implementability of locally compact quantum group actions
that there is a faithful normal state, say ¢, on M such that 3 is Q,”-invariant, i.e.
(¢ ®id)(B(a)) = ¢(a)l Ya € M. We can replace M, originally imbedded in B(#), by
its isomorphic image (to be denoted by M again) in B(L?(¢)) and as the ultra-weak
topology is intrinsic to a von Neumann algebra, it will suffice to argue the ultra-weak
density of Mg in M C B(L?*(¢)). To this end, note that Vaes has shown in [51]
that 8: M — M ® Q,” extends to a unitary representation on L?(¢), which implies in
particular that My is dense in the Hilbert space L?(¢). From this the ultra-weak density
follows by standard arguments very similar to those used in the proof of Proposition 1.5
of [32], applying Takesaki’s theorem about existence of conditional expectation. For the
sake of completeness let us sketch it briefly. Using the notations of [51] and noting that
d =1 for a CQG, we get from Proposition 2.4 of [51] that V commutes with the positive
self adjoint operator V4 ® Q where V4 denotes the modular operator i.e. generator of
the modular automorphism group af of the normal state ¢. Clearly, this implies that

B := ady, satisfies the following:
ﬁoaf:o'f@m;t,

where 7; is the automorphism group generated by Q~'. Next, as in Proposition 1.5
of [32], consider the ultra-strong * closure M; of the subspace spanned by the elements
of the form (id ® w)(8(z)), x € M, w is a bounded normal functional on Q. It is
enough to prove that M; = M, as that will prove the ultra-strong * density (now also
the ultra-weak density) of M; in M. This is clearly a von Neumann subalgebra as
is coassociative, and Gf)(id ®@w)(f(z)) = ([dRwo Tt)(ﬁ(af(x))). Then by Takesaki’s
theorem ( [49], 10.1) there exists a unique normal faithful conditional expectation E
from M to M, satisfying E(z)P = PxzP where P is the orthogonal projection as in [32].
Clearly, the range of P contains elements of the form (id ® w)(5(z)). So in particular it
contains My, which is dense in L?(¢). Thus P = 1 and E(x) = = proving M; = M.
O

From this, it is easy to conclude that
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Lemma 6.4.2. 1. ady|m, is algebraic i.e. adi(Mo) C Mo ® Q.

2. My is the maximal subspace over which adg; is algebraic i.e. Mo = {x € Mlad(v) €
M® Qp}.

3. If My C M is SOT dense x-subalgebra such that ady; leaves My invariant, then ady
is algebraic over Sp{Pr(M1)|m € Rep(Q)} and Sp{Pr(Mi)|m € Rep(Q)} is SOT dense
m Mo.

Proof:
The statements (1) follows from the lines of argument as in the Theorem 1.5 of [42]
whereas (2) follows by arguing along the lines of Proposition 2.2 of [48] and noting that
ady, is 1-1. (3) follows from (2) and the obvious SOT continuity of each P;. O

For x € M, we shall use the natural analogue of Swedler’s notation, i.e. write

ad‘~/(az) = Z(0) X Z(1)-

6.4.1 Deformation of a von Neumann algebra by dual unitary 2-

cocycles

Let Q@ be a CQG with a dual unitary 2-cocycle o. Also assume that it has a unitary
representation V' on a Hilbert space H and choose a dense subspace N' C H on which V
is algebraic i.e. V(N) C N ® Qp. Then the spectral subalgebra M is SOT dense in M
and adg; (M) C Mo ® Qo by Proposition 6.4.1. Now using the dual unitary 2-cocycle
o€ M(Q® Q), we can define a new representation of My on AN by,

P (b)(€) := b€ )0 (b1),€))s for EEN,

where adg; (b) = b(g) ® by and V(€) = ) @ ().

Lemma 6.4.3. 1. p,(b) extends to an element of B(H) for all b € M.

2. poPr is SOT continuous, where Py is the spectral projection corresponding to m €

Rep(Q).

Proof:
1. Let ady(b) = Sk béo) ® bl@) and V(§) = Z;Zl fgo) ® 5?1)' Define o; € M(Q) by
oi(qo) == Jfl(bl(l),qo) for alli = 1,...,k. So by Theorem 1.4.14, we have Iy (0;) € B(H)
for all ¢ = 1,..., k. By definition of p, on N/,

k

po (D) =Y bioy Ty (a7)(€)-

=1

Using the facts that Iy (o;) and béo)’s are bounded operators we can conclude that
po(b) € B(H) for all b € M.
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2. With similar reasoning we can prove 2. O

Definition 6.4.4. We call (p,(My))” the deformation of M by o and denote it by M.

Now in [40], Neshveyev has given a notion of cocycle twist of a C* algebra with
respect to unitarily implemented action of general locally compact quantum groups. As
we work with compact quantum groups only, so every dual unitary 2-cocycle is regular.
Let o be a dual unitary 2-cocycle on a CQG Q. For this subsection we shall not need
cocycle twisted compact quantum groups. Rather we shall need the reduced twisted
group C* algebra which we shall denote by C*(G;0) where C(G) will stand for the
compact quantum group Q. L*°(G; o) will denote the weak closure of the twisted group
C* algebra in B(L?(Q)), where L?(G) is the GNS Hilbert space of Q corresponding to
the Haar state h. Suppose furthermore that there is a unitary representation V of Q
on a Hilbert space H and A C B(H) is a unital C* algebra such that o := ady gives a
C* action of Q on A. Then we have the deformed C* algebra A, constructed in [40],
which is viewed there as a subalgebra of B(H ® L?(G)). We also denote by M the
weak closure of A in B(#H) and let M, be the weak closure of A, in B(H ® L*(G)).
Recall PS”" for 7 € Rep(G). Then it is clear that (id © PS")X € B(H) ®a QF for
any X € (B(H)®Q"). Also we denote by p$" and p$™" the Hilbert space projections
on L?(G) corresponding to the spectral projections PT? ! and Pf " respectively. Then
both pg s and pg’l’s are mutually orthogonal projections whose sum converges to the

identity operator on L?(G) strongly.

Lemma 6.4.5. Given any C* (or von Neumann algebraic) action B on a C* (or von
Neumann,) algebra C C B(K) and X € C such that X, := P$(X) =0 for all 7 € Rep(Q)

and 3 is one-one (for example of the form ady for some unitary V'), then X = 0.

Proof:
We use v for the ady action. We have X, = 0 ie. (id® p™)5(X) = 0. So B(id ®
p™)B(X) = 0. Hence by using the fact that (8 ®id)8 = (id ® v)3, we obtain,

(ideid® p™)(id®v)58(X) = 0.

But then (id ® p™)y = PS". So (id ® PE)B(X) = 0. B(X) € (B(K)®Q"). Then
for any u € K, ((id ® PE¥M)B(X))(u® 1g) = 0, i.e. (id ® pS")(B(X)(u ® 1g) = 0.
But since ) . Rep(Q) pf " converges strongly to identity operator on L?(G), we get
B(X)(u®1g) =0 for all u € H. So 1o being a separating vector for Q" € B(L*(G)),
we conclude that S(X) = 0 and hence X = 0 as 3 is one one. O
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Remark 6.4.6. The above Lemma clearly holds true if the right action is replaced by
the left action.

Now we shall show that these two frameworks of deformation are in deed equivalent.

For a dual unitary 2-cocycle o on C(G), we define @ € B(L?*(G)) by the following:
As a vector space Qg and QF are same. But the new representation of QF in B(L?(G))
is given by g * £ := q(l)é(l)a_l(q@),f(g)), where ¢, € Qp (observe that Qg is dense
in the Hilbert space L*(G)) and A(q) = gy @ q2), A(§) = &1y ® §z). Here A is the
coproduct of C(G). That QF C B(L*(G)) can be shown along the same way as Lemma
4.7 of [24].

Identifying QF with Qg as vector space, we have the same counit map € : Qf — C.
There is a canonical left action, say A,, of G on C}(G;0), which coincides with the
coproduct A as a linear map on the dense *-subalgebra QF identified with Qg as vector
spaces. The counit map e satisfies (id ® €)A, = (e ® id)A, = id. However, we should
mention that e on QF need not be a homomorphism.

Now we introduce the generalised fixed point subalgebras and spaces (we use the
notations V' and W to denote the unitary representation of C'(G) on Hilbert spaces H
and L?(G) respectively as before):

Definition 6.4.7. For a subalgebra (not necessarily closed) B of B(H ® L*(G)) the

generalised fized point subalgebra B corresponding to B is given by
B/ :={X eB: (ady ®id)(X) = (id ® adw )(X)}.

Similarly, the generalised fized point subspace WY for a Hilbert subspace W C H® L*(G)
is defined to be
Wh={eew: (Veid)(¢) = (ide W)(E)}.

There are two possible G-actions of B(H)®B(L?(G)) given by o93(ady ® id) and
o93(id ® adyy ), where 093 flips the second and the third tensor copies and by definition
these two actions coincide on Bf. For B and m € Rep(G) the corresponding spectral
projection PB is given by the restriction of (PE(H) ®1id) or (id ® PE’Z) on B/.

The following observation will be crucial.

Lemma 6.4.8. Let L be the range of V viewed as a Hilbert space isometry from H to
H ® L*(G). Then we have the following:

(i) V:H — (H® L*Q)) is a unitary operator.

(i) Any X in (B(H) ® B(L*(G)))! leaves L invariant.
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Proof:

(i) That V is an isometric operator has been observed previously. So we need to show
that R(V) = (H ® L*(G))f. To that end first note that # decomposes into spectral
subspaces corresponding to the unitary representation V' of C(G). More precisely H
is the norm closure of Sp{H™ : © € Rep(GQ)}, where H™ = Sp{e™ :i = 1,...,d:}. dy
is the dimension of the m-th spectral subspace of C(G). Also V(™) = > e ® @i
where ¢7;’s are matrix coefficients (see [35]). So we have a basis for the Hilbert space
H ® L?(G) given by the set

(™ @qp i mm € Rep(G);i € {1,y dr}si j € {1, d 3}

So we can write a vector £ € (H ® L?(GQ))/ as

D, Gy el
7T77rl7i7i/7j
Then
(V®id)(€) = Z T e @ gl ® q%,

’ . Z7Z 7]
7r77r 7271’ 7]716

. o L i !
(deW)e)= 3, i o ed.
7T,7T 77’77’ 7]7

Now for 7w # 7', and for all I, k, 4,4, j, e’r’k@q};@-@q% and e“’i®q§;®qu/ are different basis

vectors. Hence cf;; =0 for all 4,7, j whenever 7 # 7'. So § =3 ... czi,vje”’i ®qp ;-
Then
(Veid)(@) = > e @4, (6.4.1)
il g,k
([deW)E) = Y e @q, g (6.4.2)
7T7i7il7j7l

Fixing k =n in (1) and i = n in (2)

T T T T T T
Z Ci,it i © Gy ; = Z Cnyit, 9 @ i

T -
W,Z,’L ?] 7T7Z 7]71

Fixing ¢ = ig on L.H.S. and i =n,l =ip on R.H.S. of the above expression we get,

e T e e
Z Cio,itj9 j = Z Enn,j%ioj-

. :
'] ]
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So for a fixed 4 if i’ # io, c;r i 0. Hence the vector ¢ can be written as
0

¢ = ZCW 7”®qu

.5
Again
(V®1d ZCW Wk®qm®%j'
8,9,k
(doW)(€) = > ¢ g oq;.
5,7,

Fix k=m,i=n1in (3) and i = m,l = n in (4) to obtain
D g€ @ = e ® .
Tl',j 7T»j

Hence cj, ; = ¢} ; for all m,n ie. ¢ takes the form }

V(r,cfem™).

ﬂ'Z] j

(ii) Let £ € L£. Then by definition of £, (V ®id)(¢) = (id ® W)(¢).

(B(H) @ B(L*(G)))/, we also have by defintion,
(ady ®id)(X) = (id ® adw ) (X).
So

(V@id)(X¢§) = [(ady @ id)(X)|(V @1id)(¢)
= [(i[d®adw)(X)](id © W)(£)
= (JdeW)(XY).

Hence by definition X¢ € L.

Recall the definition of X, for all 7 € Rep(G). For X € (B(H)RL>®(G;0))7,

(B(H) ®iq QF). Also X leaves £ invariant. Then we have

Lemma 6.4.9. If X € (B(H)®L>®(G;0)), and X|z =0, then X|r = 0, where X,

(id ® p™ ®@id)((ady ®id)(X)) = (id ® p™ @ id)((id ® ady)(X)).

Proof:

71',1' ™

(6.4.3)

(6.4.4)

So & =

As X €

X, €

Let £ € Ho. Then using Sweedler’s notation we shall write V' (§) = ) ® §1). Also we
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denote the operator £(€ H) + ) ® k({1)) € H® Q by V'. Then

X-(VE) = [(lde PFHX)(VE)

[ )(id ® adw ) (X)](VE)

[(id ® p™ @ id)Was(X ® 1 W§3}(V§)

(id ® p" @ id)[Was(X © 1)Wi5(VE® 1)]

= (id® p" @ id)[Was( Wis(E0) ® £y ® 1))

(id @ p™ © id)[Was( (€0) @ Eya) @ k(1))
(id ® p™ @ id)[Was( (€0)0) @ &0)1) @ K(E)))]
( ) [Was( (

V @id)(V'(9)];

(id® p" ®id

)
®1)
X®1)
X®1)
X®1)
id® p™ ®id)[Was(X @ 1)
where Was is the corresponding unitary to (id ® W). Since X|z = 0, the above com-
putation implies that X (V) = 0 for all £ € Hy. By density of Hy in ‘H we can argue
that X;|z =0 for all 7 € Rep(G). O

It can be easily seen that (B(H)®L>®(G; o))/ is a von Neumann subalgebra of the opera-
tor algebra B(H®(L?(G)). Also by (ii) of the Lemma 6.4.8, any X € (B(H)®L>®(G;0))/
leaves £ invariant. So we can consider the restriction of X on £ and let ®(X) = X|.,

which is clearly a normal *- homomorphism. With these we have
Lemma 6.4.10. The map ® is a C* or von Neumann algebraic isomorphism.

Proof:
Observe that as ® is a normal * homomorphism, it suffices to show that the map
® is both one-one and onto. We first prove that ® is surjective. Fix some operator
T € B(L). Then V*TV € B(H). Then V(V*TV @ 1)V* € B(H @ L2(G)). Let n € L.
So we have some & € H such that V(£) = 7. Also we observe that V*V (&) = £ ® 1.
Then TV (&) = VV*TV(€) = V(V*TV(€) ® 1). That is

V(V*TV @ 1)\V*V(€) = TV ().

Hence
VIV*TV @ W* =T

It is obvious that V(V*TV @ 1)V* € (B(H)RB(L3(G))?. So the map ® is onto.

To show ® is one-one, we have to show that for any X € (B(H)®L>®(G; o)) such
that X |z = 0, X = 0 on the Hilbert space (H ® L*(G)). By Remark 6.4.6 after Lemma
6.4.5, it suffices to show that X, = 0 as an operator on (H ® L?(G)) for all 7 € Rep(G),
where X,’s are as in Lemma 6.4.9. As X|; = 0, by Lemma 6.4.9, X,|, = 0 for all
T € Rep(G). As for X € (B(H)@B(L*(@))!, Xr € B(H) ®ag 9F, (id ® €)X makes
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sense for all 7 € Rep(G). Then

V((id®e)Xr(§) = (ady(id®e)Xr)V(¢)
= 0(as Xz|z =0)

Since V' is an isometry, (id ® €)X;(£) = 0 for all &, i.e. (id ® €)X,; = 0. Again applying
ady, we conclude that X = 0 as an element of B(H ® L?*(G)). O

Recall the definition of QF. If C'(G) has a C* action on A € B(#H) implemented by
a unitary V', then as before we have a norm dense subalgebra Ay.A such that a(=idy)
is algebraic over Ap. We denote the vector space isomorphism between Qy and QF by
77, Define a” : Ag = Ap ®alg QF by (id ® 77)a. Then we have

Lemma 6.4.11. V*a%(a)V = ps(a) for all a € Ap.

Proof:
Let £ € Ho and V(§) = &) ® £1) (Sweedler’s notation). also let a(a) = aq) ® a().

Then we have
a?(a)V(§)
=)&) @ aq) * &)
= a0 @ aninme (@aye):ue)-

On the other hand

V(ps(a)(€) = Viaw&oo  (aa)yéay))
= 4000 @ aominme (eay&m)
= a0 @ aéomo (@@ ue)-

Hence V*a%(a)V = ps(a) for all a € Ay. O

Now we are ready to prove the main result of this section.

Theorem 6.4.12. A° and M? are isomorphic with A, and M, (respectively) as a C*

(von Neumann respectively) algebras.

Proof:
First observe that according to the definition of A, (Definition 3.3 of [40]) for the special
case where G (Q) is a CQG, treating 1 € C(G) as a unit vector in L?(G), we can choose
v (according to the notation of Proposition 3.1 of [40]) to be the element of K(L?(G))*
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given by y —< 1,y1 > i.e. the vector state given by the vector 1 to show that the
map T, of Definition 3.3 of [40] is nothing but our map 7% on the dense subspace Q.
Hence A, (M, respectively) is the C* (von Neumann respectively) closure of (. Ap)
in B(H ® L?(@)), which is isomorphic to C* (or von Neumann respectively) closure of
a?(Ap)|c by Lemma 6.4.10, which by Lemma 6.4.11, is isomorphic to corresponding C*
(or von Neumann respectively) closure of p,(Ap) in B(H) i.e. A7 (M7 respectively).
O

6.4.2 Identifying M° with the generalised fixed point subalgebra

We now give a partial answer to the question asked in [40] by identifying M, with the
generalised fixed point subalgebra (M&L>®(G; o))/ when M is a von Neumann algebra.

Lemma 6.4.13. The map p,(a) — a?(a) for a € My is an isomorphism between M

and (Mg ®alg Qg)f, where o is as in the previous Subsection.

Proof:
It suffices to check that the map is one-one and onto. For injectivity of the map, note that
po(a) = V*(®(a’(a)))V in the notation of Lemma 6.4.11. For any X € (Mo ®a1z 9F)7,
a((id®e)X)=(dRexid)(a®id)X = (Id®e®id)(id ® A,)X = X. Hence « is onto.
O

Theorem 6.4.14. M? = (M®L>®(G;0))’.

Proof:

We note that it suffices to show the inclusion
(MEL®(G;0)) ¢ M°.

Let C = (M®L*>®(G;0))f. Then by Proposition 6.4.1, the spectral subalgebra Cy is
weakly dense in C. Moreover a” (M) = (Mo ®a1g QF)7 is weakly dense in M,. Hence
it is enough to argue that Co C (Mo ®alg Qg)f. From the definition of the spectral
projections {P¢ : m € Rep(C(G))} corresponding to C € B(H ® L%(G)) and the fact
that (ady ® id) = (id ® ady) gives the von Neumann algebraic action on C, we have
P¢ = (PM®id) = (id ® P,

Thus on one hand

(PE(C) c (PM®id)(MEL>(G;0))
= Mo®algLoo(G;U).
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And on the other hand,

(PF(C) C ([d® PP (MBL™(G;0))

= M®ag 90,
ie.
(PE(C) C (Mo ®ag L(G50)) N (M ®aig OF)
= (Mo @aig Q5)-
So clearly PS(C) C (Mg ®a1g QF)7 for all 7. Hence Cp C (Mg ®a1¢ 9F)7- m

6.4.3 Deformation of a spectral triple by dual unitary 2-cocycles

Let (A%, H,D) be a spectral triple of compact type. Also let R be a positive un-
bounded operator on H commuting with D. Then we have R twisted spectral triple
(A%, H,D, R) as discussed earlier. Let o be a dual unitary 2-cocycle for (A, H, D, R)
on some object in the category Qg (D).

Given such a dual unitary 2-cocycle we get corresponding induced dual unitary 2-

cocycle on QIS OE(D), which will again be denoted by ¢ with a slight abuse of notation.
Let U be a unitary representation of QISO%(D) on H. Then U commutes with D.
From now onwards we shall denote the von Neumann algebra (A*°)” inside B(H) by
M. H = @>1Hy, where each Hj, is an eigen space for D and let N be the dense
subspace H spagrlei by Hi’s. Since U commutes with D, U also preserves each Hy. So
UN) C N @ QISOF (D)o and we have the following decomposition of Hj.

Hi =@ ——  CT@C"mF,
€T, CRep(QISOL (D))

where m j is the multiplicity of the irreducible representation m on Hy, and 7, is some

finite subset of Rep(QISO%(D)). As (id ® p)adz(M) C M for all bounded linear

e~

functionals ¢ on QI SOE(D). Then we have the corresponding spectral subalgebra
which is SOT dense. Also for any subalgebra Ay of M, on which ady is algebraic, we
can deform it by a dual unitary 2-cocycle as in Subsection 4.3 to get a new subalgebra
in B(H) which we denote by AJ. Then we have

Theorem 6.4.15. There is a SOT dense x-subalgebra Ay in M such that
(1) ad is algebraic over Ao,
(2) [D,a] € B(H) for all a € A,
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(3) (AG)" = M,
(4) (A%, H,D) is again a spectral triple.

Proof:
We consider the SOT-dense subalgebra G = {a € M : [D,a] € B(H)} of M. Let b € G.
Then for a state ¢ of QISOF (D), we have by definition (id ® ¢)ad(b) € M. Also

[D, ((id ® ¢)adg(D))]
= (id ® ¢)ads([D, b)),

using the commutativity of D and U. Hence (id ® ¢)adg(b) € G for all bounded linear

functional ¢ of QISOF(D) i.e. G is ad; invariant SOT-dense subalgebra of M. Now
(1),(2),(3) follow from part (3) of Lemma 6.4.2, taking .Ag to be the span of the subspaces
P.(G), m € Rep(Q). To prove (4), observe that Ya € Ay, p,(a) € B(H) by the proof of
(1) of the Lemma 6.4.3. So we only need to check that [D, py(a)] € B(H) for all a € Ay.
Again with similar notations used as before, for £ € A and a € Ay we have for some
keN,

[D, po(a)](£)
= Dpy(a)(§) = po(a)D(€)
k
= Z(Dazo)ﬂv(ai)(f) — aéo)HV(Ui)D)(g)
i=1
k
= Z[D, afo)]Hv(Ui)(f) (using the commutativity of D and V')
i=1

Since [D, aéo)] is bounded for all ¢ = 1, ..., k, we have that [D, p,(a)] is bounded for all
a € Ayp. 0

Remark 6.4.16. We can re-cast the deformed spectral triple (A, H, D) in the frame-
work of Neshveyev-Tuset ( [40]). Consider the image K of the representation V viewed
as an isometric Hilbert space operator from H to H ® L?(Q,h) (where h is the Haar
state of Q). It can be shown that VAIV* € B(H ® L*(Q, h)) is *-isomorphic with A§
and (VAGV*,K,D ® 1120 n)lk) is the realisation of the deformed spectral triple in the

Neshveyev-Tuset framework.
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6.5 QISO of deformed spectral triple

Fix as in previous section a spectral triple (A*, H, D) of compact type and a positive
unbounded operator R on the Hilbert space H commuting with the Dirac operator D.

Assume that there is a dual unitary 2-cocycle o, say on Q (with Q being an object in
the category Qi (D)). Then Q is a quantum subgroup of QISO%(D). Let U, V be

corresponding unitary representations of QIS OE(D) and Q respectively on H. Let Ag
be any SOT dense subalgebra of (A>)" = M satisfying the conditions of (1) of Theorem
6.4.15. Recall from Subsection 4.1, the induced dual unitary 2-cocycle ¢ on QIS 04 (D).
Since adg is algebraic over Ag, so is ady and it is easy to see that Ag' = AJ. Now
the category Qro (AF,H, D) for some unbounded operator R? does not depend on the
choice of the SOT dense subalgebra Ag. Let us abbreviate it as Qo (Dy). We have the

following:

Lemma 6.5.1. (Q7,V,) is an object in the category Qre(Dy), where R% = Iy (v)*RIly (v)

and v is as in equation (7).

Proof:
By Theorem 6.3.6, V, is again a unitary representation of Q% on the Hilbert space H.
Also note that ady; is algebraic over Ag. Let a € Ag and § € N, where N is the subspace
of H given by span of Hi’s. Then we have

Volpo(a)(©)) = Valaw&oyo  (aq)&m)))
= 400 (au) &) ® apméo)
= a0 (am@: @) @ auméu)

On the other hand

(pe ® [])ady (Vo (£))
= (pola))é0) ® any-o&n)
= 15007 @) 5<o> 1) ® o)) Enmm)enm@Ennee (@ue-:&ne)
= a(oyf(oﬂ_( Hm>EOMTEmMmE):§nme) @ aneminene (@@ éneie)
= aéola)m)eEn )a @wEmene (anee: e e)
= a0 clanmm)dénmnm) ® ammeinnee @me):soe)
= a0 (a<1><2)a5<1><2>) ®a<1><1>5<1><1>
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So adyr (po(a)) (Vo) = Vo (po(a)§) = (po @ [])ady(a)(Vo(§)). By density of N in H we
conclude that

ady-(ps(a)) = (po @ [)ady(a),

for all a € Ag. Also for ¢ € (Q7)*,

(id @ ¢)ady- (ps(a)) = polaq))¢(a)) € Ag.

So in particular (id ® ¢)ady-(Ao) C (Ao)".

V, commutes with D since as a linear map V,, is same as V.

Recall the decomposition (Section 3) of the Hilbert space H = @>1rez, c Rep(Q)Cd” ®
C™m=.k, where my . is the multiplicity of the irreducible representation 7= on H;, and Zj,
is some finite subset of Rep(Q). By Theorem 2.3.12, R has the form

R = @WEIkJ{}ZlFﬂ' X T7r,k7

for some Ty, € B(C™~*) so that Iy (v)*RIIy (v) is of the form @ AL FrAr ® Ty,
for some T, where Ay, Fr's are as in (ii) of Proposition 6.3.7. Now Recalling (ii) of
Proposition 6.3.7, we see that F¢ = ¢, ALF; A, for some positive constant c¢;. Then
R? is of the form ©rez, p>1F7 @ c;lek, for some T ;. Hence ad‘f/; preserves the
R?-twisted volume by Theorem 2.3.12. O

Remark 6.5.2. By looking at the proof we can easily conclude that if (Q,V) is an
object in the category Q'(D), then (Q7,V,) is an object in the category Q' (D).

Now replacing Q by QIS OE (D) and using the dual unitary 2-cocycle on Q1S OE(D)

induced from o on its quantum subgroup, we get

Corollary 6.5.3. QISO}(D)° < QISO%. (D).

Thus in particular, we have the dual unitary 2-cocycle 0=! on Q% < QISOF,(D,)
and can deform D, by it. Consider M; = Sp{Pyr ((Mo)") : 7 € Rep(Q)}, where
Pr, = (id ® p™)ady; (recall pr, from Subsection 2.1 ). Then again as before p,-1 is
defined on M; and it is the maximal subspace on which ady; is algebraic. As adﬁ; is
again a von Neumann algebraic action of Q7 on (Ap)” = p,(My)”, we have SOT dense
subalgebra Cy of py(My)” over which adU~J is algebraic. Then ad‘z is also algebraic
over Cp. Hence by maximality Cp C Mj. Again by SOT continuity of p,—1 on the
image of Pr,, we have p,-1(Co)"” = p,-1(M1)". On the other hand as ady; is algebraic
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over p,(My), we have

pg(Mo) C ./\/ll
= pofl(pO(MO» - pafl(Ml)
= MO - poﬁl(Ml)

By maximality of My, we conclude that
po-t(Co)" = Mj = (A=),

which implies that Q’(RU)O_1 ((Dy)y-1) = QR (D)

Lemma 6.5.4. QISO%,(D,)? " < QISO}(D)

Proof:

Observe that QISOF, (Dy)° ' preserves volume 7 and

adg () = adg; (91 (a))

for all a € Cj.
But by definition (id ® ¢)adg (p,-1(a)) C py-1(Co)" = (A>)". ]

Combining all these and using the fact that QI SOE('D)’S are universal CQG’s, we
get

Theorem 6.5.5. QISO}, (D,) = (QISOL(D))? and hence QISO%, (Dy) = (QISOL(D))C.

Recall the category Q/(D) from Section 3. We know that in general we can not
say anything about the existence of the universal object in this category. However by
looking at the proofs in this section, with the notations used in this section we have the

following

Corollary 6.5.6. If QISO™ (A, H,D) and QISOY(AZ,H,D) both exist, then
QISOT(A®,H,D)° = QISOT(AS, H,D).

Remark 6.5.7. Viewing the Rieffel deformation as a special case of cocycle twist, the
above theorem in fact improves the result (Theorem 5.13 of [10]) obtained by Bhowmick
and Goswami by removing the assumption about a nice dense subalgebra on which the
adjoint action of the quantum isometry group is algebraic. In fact, techniques of this

paper have enabled us to prove existence of such nice algebra in general.
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Chapter 7

The averaging trick

7.1 Introduction

In case of a smooth group (compact) action on a classical, compact, Riemannian man-
ifold we can average out the Riemannian inner product of the manifold with respect
to the action using the the Haar state of the group. In this chapter we shall extend
this classical averaging technique in the context of compact quantum group action on
a classical compact Riemannian manifold. Similar averaging technique has been used
in [18] to prove the nonexistence of genuine quantum isometry group for an arbitrary

compact, connected, Riemannain manifold.

7.2 The averaging technique

Before we state and prove the main result in the next section, let us collect a few facts
about a smooth faithful action of compact quantum groups on compact manifolds, for

the details of which the reader may be referred to [18] and references therein.

Proposition 7.2.1. If a CQG Q acts faithfully and smoothly on a smooth compact
manifold M then we have:

(i) Q@ has a tracial Haar state, i.e. it is Kac type CQG.

(i) The action is injective.

*

(iii) The antipode r satisfies k(a*) = k(a)*.

We usually denote by & algebraic tensor product of vector spaces or algebras. We
also use Sweedler convention for Hopf algebra coproduct as well as its analogue for (co)-
actions of Hopf algebras. That is, we simply write A(q) = q(1) @ q(2) suppressing finite
summation, where A denote the co-product map of a Hopf algebra and ¢ is an element
of the Hopf algebra as in the previous chapters. Similarly, for an algebraic (co)action «

of a Hopf algebra on some algebra C, we write a(a) = a(g) ® a(y).

131
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7.2.1 The main result

Fix a compact Riemannian manifold M (not necessarily orientable) and a smooth action
a of a CQG Q. We make the following assumptions for the rest of the paper.
Assumption I: There is a Fréchet dense unital x-subalgebra A of C°°(M) such that
<< da(df),da(dg) >>€ Afor all f,g € A.
Assumption II: There is a well-defined representation I' on Q'(M) in the sense dis-
cussed earlier, such that I'(df) = (d ® id)(a(f)) for all f € C°(M). We’ll denote this
I" by da.

We now state and prove the main result that we can equip M with a new Rieman-
nian structure with respect to which the action becomes inner product preserving using

an analogue of the averaging technique of classical differential geometry.

Theorem 7.2.2. M has a Riemannian structure such that o is inner product preserv-

mng.

Note that the first assumption holds for a large class of examples, such as algebraic
actions of CQG’s compact, smooth, real varieties where the complexified coordinate
algebra of the variety can be chosen as A. On the other hand, the second assumption
means that the action on M in some sense lifts to the space of one-forms. This is
always automatic for a smooth action by (not necessarily compact) groups, and in fact
is nothing but the differential of the map giving the action. Moreover, it is easy to see
that any CQG action which preserves the Riemannian inner product does admit such
a lift on the bimodule of one-forms, i.e. satisfies the assumption II. Therefore, it is a

reasonable assumption too.

Remark 7.2.3. We have already mentioned in the introduction that the existence of
an invariant Riemannian inner product, i.e. the conclusion of Theorem 7.2.2 has been
proved in [18] as a part of much more general scheme; in fact, without even Assumption
1, i.e. only under the assumption II. However, our aim in this chapter is to give a direct
and easier construction of the invariant Riemannian inner product. But in doing this,
we had to pay a price: the scope of our methods are slightly restrictive as we had to
impose Assumption I.

Nevertheless, we believe that the alternative construction of an ivariant Riemannian
structure presented here should be valuable beyond classical manifolds, i.e. in the wider

context of noncommutative geometry.

Proof of Theorem 7.2.2:

We break the proof of into a number of lemmas.
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Lemma 7.2.4. Define the following map ¥ from A® Qg to A :
U(F):=(id®h)(id®@m)(id ® k ® id)(a ® id) (F).

Here m : Qg ® Qy — Qg s the multiplication map. Then ¥ is a completely positive

map.

Proof:
As the range is a subalgebra of a unital commutative C* algebra, it is enough to prove
positivity. Let F' = G*G in A ® Qy where G = ) . f; ® ¢;, (finite sum) for some
fi € A, qi € Qo. We write a(f) = fo) ® f(1) in Sweedler notation as usual, and observe
that

U(F)
= Z FioyFio (s (fiy fia))ai 45)
ij
= Y oo s(0) w(fiw)g)
ij

= ([d®h)(E¢) =0,

where £ =), fi*(O) ® k(fi1))q;, and note also that we have used above the facts that h

is tracial and k is *-preserving. O

For w,n € Q(A) We define
<<w,n>> = U(<< da(w),da(n) >>),

which is well defined as we have assumed that << da(ds1),da(dsz)) >>€ A® Qq for
s1,89 € A. Moreover, by complete positivity of ¥ this gives a non-negative definite
sesquilinear form on Q'(A). As the action is algebraic over A, we shall use Sweedler’s

notation to prove the following

Lemma 7.2.5. For w,n € QYA), f € A, << w,n >>'= (<< nw >>)* and <<
wynf >>'=<<w,n>>"f

Proof:
It is enough to prove the lemma for w = d¢ and n = dy for ¢, € A. First observe
that as we have K = k™1, for 2z € Qg applying & on zyk(2(2)) = €(2).1, we get

zi)k(z(1)) = €(2).1. (7.2.1)
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We denote << dog), gy >> by x and qﬁz‘l)w(l) by y. Then

<< d¢,dpf >>'
— (id®h)(id ® m)(id ® k @ id)(a ® id) << da(de), da(dy f) >>
= (i[d®h)(id®@m)(id® s ®id)(a @ id)(zfo) © yfa))
= (ld® h)(id ® m)(id ® £ @ id)(z(0) f(0)(0) ® Z(1) f(0)(1) ® ¥.f(1))
= (id ® h)(z(0) f(0)(0) ® Kz 1) f0)1))¥f 1))
= z0)fo) ) (fyk(foya))r(@w))y)(by tracial property of h)
=z foh(foye)r(fo)s(Ta))y)
= (o) foyh(e(fr)) L.6(zq))y
= (o) (id ® e)a(f)h(k(z(1))y
= z)fh(s(zn))y)-

)
)
On the other hand,

<<dg,dp >>"f = [([d®h)(id@m)(id®k®id)(a ®id) << da(dg), da(dyp) >>]f
= [(d®h)(ide®m)(id® k@ id) (.CC(O) ® 1) ® ) f
=z fh(K(z0))Y)-

Also we have

<< do,drp >>'
= ([d®h)(id®@m)(id ® k @ id)(a @ id)(<< dé(), dib(o) >> @ (1y¥(1))
= ([d®h)(id®m)(id® k ®id)(a @ id)(<< dw(o), d¢> >>" @¢(1yYa))
= (id®h)(id® m)(ld ® K @id)(<< di(g), do o) () ® << do), ooy >>(1) ®D(1yY())
= << do), dpy >>" h((k(<< d¥py, doo) > )) ¢(1)1/1(1))( since K is * preservmg)

Hence we have

<< dg, dp >>"=<< dipoy, db) >> h((K(<< dipo), ddo) >>))P(1 %))

( since h is tracial and h(a*) = h(a)).
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But we can readily see that
<< dip, dd >>'=<< dipgy, ddo) >> h((K(<< dip(oy, ddo) >>)) (1) 6(1))s

which completes the proof of the lemma. O

Actually we can extend <<,>>' to a slightly bigger set than Q!(A) namely
QLA C®(M) = Sp {wf:w e QL A), f e C®(M)}.

For w,n € QYA)C®(M), w = Y wifi and n = Y. n;gi( finite sums), wi,n; €
QYA) and fi, g; € C(M) (say) we can choose sequences fi(n), gz(n) from A such that
fi(n) — f; and gi(n) — g¢; in the corresponding Fréchet topology and by Lemma 7.2.5

observe that

<< Y w3 gl >
i j

— Zfi(") << wj,nj >> gj(-n)
Z'7j

— ZE << wj,nj >>' gji=<<w,n >>' (7.2.2)
1,J
Clearly this definition is independent of the choice of sequences fi(n) and ggn) . We next
prove the following
Lemma 7.2.6. For ¢, € A,
<< da(de),da(dy) >>'= a(<< do,dy >>") (7.2.3)

Proof:
With z,y as before we have

Claim 2: We can extend the definition of <<, >>' for w,n € Q'(A)C>(M) such
that

V feC®(M), << (do), (d)f >>'=<<do,dp >>' f (7.2.4)

Proof:

For f € C°(M), define << (d¢), (dv)f >>":= lim << d¢,dy f, >>', where f, € A
with lim f, = f, where the limits are taken in the Fréchet topology.

Observe that << d¢,dvy f, >>'is Fréchet Cauchy as

<<dg,dy fn >> — << do,dp fr >>
= <<do,dy >> (fn - fm)
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So << do,dypf >>'= lim << do,dyp >>' f, =<< d¢,dp >>' f, again the limit is
taken in the corresponding Fréchet topology.

That proves the claim.

<< da(de), da(dyp) >>'
= ([d®h®id)(id®meid)(id® s ®id®id)(e®id @ id)(z ® Ay))
= ([deheid)(id®@m®id)(id ® £ @ id @ id)(zg) @ 7(1) @ Y1) @ Y2))
= ([d®h®id)(zq) @ K(Te)Ya) @ ye)
= z(0) @ h(k(2(1))y1))Y(2)-

On the other hand

a(<<dg,dip >>") = z0)0)h(K(z1)Y) © 2(0)1)
= (o) @z h(k(z(1)2))y)
= (0 @z h(KY) (z1)2))( since h(k(a)) = h(a))

Hence it is enough to show that h(k(c)b))bny = h(k(b)c))cy where b,c € Qp, for
then taking z(;) = b and y = ¢ we can complete the proof.

We make the transformation T'(a ® b) = A(k(a))(1 ® b).
Then

(h®id)T(a @ b)

= (h®id)A(k(a))(1 ® b)
((h @id)A(k(a)))b

= h(k(a))b

= (h®id)(a®b)

Hence h(b)k(c))bay = (h @ id)T(b)yk(c) @ by))-
So, by using traciality of h it is enough to show that T'(b)k(c) @ b(1)) = c1)k(b) @ c(9)-
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T(bayr(c) @ b))
= A(x(b)k(c)) (1 ® b))

1) @ ¢(2)) [k b)) @ Klbe)a)I(1 © b))

K(b(2)(2)) @ K(be2y(1)) ® b(1))

K ® Kk ®id)o13(ba) @ b)) @ b))
k@ k@ id)o13(baya) © baye) @ b))
r(b2) © £(b(1)y(2)) ® b))

( ) ® €(by)-1g)(by (10))

(k@ K)((b2y) ® €(b(1y).10)

( )(e(b1))b2) ® 1g)

)
3
S
=
®
%)
R
[N}
©
3
w
/N TN /N /N

= C(l)lﬁ:(b) & 0(2)

Which proves the claim.

Now we proceed to define a new Riemannian structure on the manifold so that the

action o will be inner product preserving. For that we are going to need the following

Lemma 7.2.7. (i) Form € M, Sp {ds(m) : s € A} coincides with T, (M).

(ii) If {s1,...,sn} and {s},...,s,} are two sets of functions in A such that each of
{dsi(m) : i = 1,...,n} and {ds(m) : i = 1,...,n} are bases for T, (M) and for v,w €
Ty (M) withv =", cidsi(m) = Y, cids;,(m) and w =), dids;(m) = Y, d.ds;(m), then

Zéidj << dsi,dsj >>' (m) = Zc_;d; << dsj,ds; >>" (m),

i, 0]
where <<, >>" is the new C*°(M) valued inner product introduced earlier.

Proof:
Choosing a coordinate neighborhood U around m and a set of coordinates z1, ..., x, we
have ds(m) = >"" 88;1 (m)dx;(m).
Pick any n € T (M) i.e. we have n = Y "' | ¢;dz;(m) for some ¢;’s in R. Choose any
f € C>®(M) with g—i(m) = ¢. For f € C®°(M), by Fréchet density of A we have a
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sequence s, € A and an ng € N such that

2 (my - O

(m)| < eV n>ng.

So Sp {ds(m);s € A} is dense in T (M). T (M) being finite dimensional Sp {ds(m) :
s € A} coincides with T0% (M). Which proves (i).

For proving (ii) first we prove the following fact:
Let m € M and w € QY(A) such that w = 0 in a neighborhood U of m. Then <<
w,n >>'=0 for all n € Q*(A)

For the proof of the above fact Let V C U such that V. ¢ V C U. Choose f €
C>°(M)g such that supp(f) CV, f =1onV and f = 0 outside U. So we can write
w=(1— f)w. Then

<< w,n>>"(m)
= << (1—- flw,n>>"(m)
= <<w,n>> (m)(1— f)(m) (by (7.2.4))
= 0.

Applying the above fact we can show:
Let m € M and w = W', n =1 in a neighbourhood U of m. Then << w,n >>'=<<
W' > Yw, W’ n,n' € QL(A).

For the proof it is enough to observe that << w,n >>' (m)— << 5/ >>'
(m) =<<w—-w,n>> (m)+ << ,n—n>>(m).

As {ds1(m), ...,ds,(m)} and {ds}(m),...,ds,,(m)} are two bases for 7,5 (M). Then
they are actually bases for T(M) for = in a neighborhood U of m. So there are
{fij 4,7 =1(1)n} in C*°(M) such that

n
dSi = Z f”ds;
j=1
on U for all i = 1,...,n. Hence by the previous discussion
<< dsj, dsj >>" (m) =<< Zfikdsﬁﬁ,Zfﬂdsf >>' (m) (7.2.5)
k !

Let v =>"" | cidsi(m) = Y1, didsi(m) and w = Y7 | dids;(m) = Y1, dids}(m). So

(3 3
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by definition
<v,w>" = ) Gdy << dsi,ds; >>' (m)

]
= Y ad; fi(m) f(m) << ds, ds; >>" (m) (by (7.2.4)
ijkl
= Zc‘k’dg << dsy,ds; >>" (m)
kl

Proof of Theorem 7.2.2:
Now we can define a new inner product on the manifold M. For that let v,w € T} (M)
by (i) of Lemma 7.2.7 we choose s1, ..., s, € A such that dsi(m),...,ds,(m) is a basis
for Ty, (M). Let {c;,d; : i = 1,...,n} be such that v = ), ¢;ds;(m) and w = ), d;ds;.
Then we define
<vw >"h= Z@dj << dsi, dsj >>" (m).
i
It is evident that this is a semi definite inner product. We have to show that this is a

positive definite inner product. To that end let < v,v >'= 0 i.e.
Zc}-cj << dsi,dsj >>'" (z) =0,
i,J
where v = ), cidsi(x) € T;(M). Since the Haar state h is faithful on Qp and by
assumption << da(ds;),da(ds;) >>€ Q1 (A) ® Qp, we can deduce that
Z Gicj((id®@m)(id ® k ®id)(a ® id) << da(ds;), da(dsj) >>)(z) = 0.
.3
Since € o k = € on Qp, applying (e ® €) to the above equation, we get
> aici((id@m)(id ® e® ¢)(a @id) << da(ds;), da(ds;) >>)(x) = 0.
1,
Using the fact that € is *-homomorphism we get
Y " aicj < e(da(ds;)(x)), e(da(ds;)(x)) >= 0.
i,J

It is easy to see that e(da(ds;)(z)) = ds;(z) for all . Hence we conclude that

< Z cidsi(x), Z cids;i(x) >=0,
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i.e <wv,v >=0 and hence v =0 (as < -, > is strictly positive definite, being an inner
product on T*M) so that < -,- >’ is indeed strictly positive definite, i.e. inner product.

We have already noted ( (ii) of Lemma 7.2.7) that our definition is independent
of choice of s;’s, and also that with respect to this new Riemannian structure on the
manifold, « is inner product preserving. This completes the proof of the Theorem 7.2.2
on Q'(A) and hence on QY (C>(M)). O
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