RECOVERY OF ANCILLARY INFORMATION*

By D. BASU
Indian Statistical Institute

1. INTRODUCTION

The mnin upsurgo of Jate Professor R. A. Fisher's theory of Statistical Inferenco
took placo within a briof span of about 10 years (1020-30) after tho first world
war. It was during this poriod that Fisher camo out with tho brilliant and now
famous notions of (a) likelihood, (b) fiducial probability, (¢) information and intrinsic
accuracy, (d) sufficiency and (e) ancillary statistica and recovery of information —
concopts around which tho suporstructure of the theory is built.

Jised

Many eminont stati and have made dotailed |
studies of some particular aspect of Fisher’s theory and some of those studics gave rise
to important st of fund tal h in statistical theory. Tho author (Basu,
1959) mado a vory much localised study of tho notion of encillary statistics from
tho purely mathematical point of viow. This note is a follow up study of the
earlier paper (Basu, 1059) from tho statistical anglo. Hero wo diacuss the very
controversial subject mattor of ‘recovery of ancillary information’ through proper
choico of ‘roferonco sots.’ For tho purpose of pinpointing our attention to tho
basic issues raised, wo restrict oursolves to tho ono-paramctor sot-up only.

In tho ono parameter sot-up Fisher dofines an ancillary statiatic ay one whose
probability (sampling) distribution is freo of the paramoter and which, in conjunction
with the maximum likelihood estimator of & (the paramotor), is sufficiont. The uso of
anoillary statistics has been recommonded in two different inferenco situations namely
the point estimation probloms and tho testing of hypotheses problems.

In point eatimation probloma tho usoe of a suitably choson ancillary statistic
ia recommonded in the situations where the maximum likelihood cstimator 7" of 4 is
not a sufficiont atatistic. Tho usoe of 7 ng an estimator of 0 will then ontail a certain
loss of information which, according to Fisher, may be moaningfully (at least in the
largo samplo caso) monsurod, in somoe situations, as follows. Tho information contained
in the wholo samplo X is dofincd ns

10)= B[~ Zo 1081101 0]

whoro f(z|0) is tho frequoncy or density function for X. Similarly the information
containoed in a statistic T' (which may bo voctor-valued) is measured by tho function

J(0)=E[——g;’_logp(7‘|0)| ]

* Thoe papor has boon included In Contributions to Statistics, Prescnted to Profeesor P. C.
Mahalancbis on the ocoaslon of his 70th birthday,
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where g{t| 0) is the freq or density function for the esti T. The difforonco
A0) = 1(0)—J(0)

may thon bo taken as a moasure of tho information lost., Undor certain regularity
conditions the following rosulta may bo provod :

(1) A{0)> 0 for all valuos of 0;
(@

(3) il T togothor with the statistio ¥ bo sufficiont for 0 thon the information
contained in the pair (7, Y) i I{0);

A(0) = 0 if and only if T is a suficiont atatistic;

{4) if Y Lo ancillary and the pair (T, Y) is sufficiont then

16) = EJ(0| 1)]0)
whero J(0| y) ia the conditional amount of information contained in T under the condi-
tion that Y takes the value y, ie.

J019) = E[ — 2 log /T3, 0)| ¥ = .0)

whoro f(t|y, 0) is tho conditional froquency (donsity) function for T undor the condition
Y =y. Therelation (4) follows directly from the obsorvation that tho joint frequency
(density) function A(t, y|0) of (T, Y) may bo factorizod as

i, y)0) = gly) [it] . 0)

whore g(y) is the 0-fros (¥ boing ancillary) marginal frequoncy (donsity) function for ¥.

Now, conridor a situation whore tho maximum likelihood catimator 7' is not suffi-
clont but whoro wo are ablo to find another statistic ¥ whoso marginal distribution
i 0-froo and which complomonts T' in tho sonso that the pair (T, Y) is jointly sufti-
ciont. Tho atatiatio Y by itsolf contains no information about 8. But in & sonso it
‘summarisos in itsolf’ the quantum of infurmation A(0) that is lost in the use of T'
as an estimator of 0. Tho problom s iow to recovor this apparent loss of information.
According to Fishor it Is a mistako to caloulato tho information contont of 7' with
roforonco to tho wholo samplo spaco, I.0. with roferonco to the marginal distributivn
of . The appropriato measuro of tho information content of 7' is J(9] ) not J(0).
Having obsorved 7' and Y wo should considor the conditional distribution of T' with
tho obsorvod valuo of Y na tho condition. Wo tako an our ‘referenco sot” not the wholo
samplo spaca but tho sub-sot of thoso samplo points that could givo riso to the observed
valuo of tho ancillary atatistio Y.



RECOVERY OF ANCILLARY INFORMATION

Tho following two quotations from Fishor'a writings omphasiso tho analogy
that ho has ropeatedly drawn botweon the samplo sizo and the ancillary statistic,

““Having obtained a critorion for judging the morits of an estimato in tho roal
cnso of finito samples, tho important fact emorges that, though somotimes tho bost
estimato wo can mako exhausts tho information in the samplo, and is equivalent for
all future purposes to the original data, yot sometimes it fails to do so, but Jeaves
a monsurablo amount of the information unutilized. How ean wo supplement our
estimate 8o 04 to utilize those toat It ia shown that some, or sometimes all of the lost
informntion may bo recovered by caloulating what I call ancillary statisties, which
thomselves toll us nothing about tho valuo of tho parameter, but, instoad, tell us how
good an estimate wo have mado of it.  Thoir function is, in fact, nni\logous to tho part
which the size of our snmplo is always oxpected to play, in tolling us what relianco to
place on the rosult.” (Fisher, 1035).

“Whon sufficiont estimation is possiblo, thoro is no problom, but tho oxhaustiva
trontmont of the cases in which no sufficicnt estimate oxists is now eeon to bo an urgent
roquiremont. ‘This at presont is in the intercsting stago of being possible sometimes,
though, go far as wo know, not always. I have spoken of tho sufficient estimates ns
containing in thomselves tho whole of the information provided by tho data. This is
not strictly accurato. Thero is always one picce of additional, or ancillary, information
which we require, in conjunction with even o sufficient estimate, boforo this ean bo
utilized. That picco of information is tho size of tho samplo or, in goneral, tho extent
of tho obsorvational record. e always nced to know this in order to know how
roliablo our estimato ia! Instead of taking the sizo of the samplo for granted, and
saying that tho peculiarity of tho cases whoro sufficient cstimation is possiblo lics in
tho fact that tho cstimato then containa all tho further informations required, we
might equally well have invertod our statement, and, taking the estimate of maxipum
likelihood for grantod, Itave snid that the poculiarity of these cnses was that, in addi-
tion, nothing more than tho size of tho samplo was necded for its complete intorpre-
tation. This reversed napect of the problem iy the moro fruitful of the two, onco wo
have satisfied ourselvos that, whon information i lost, this loss is minimised by using
tho ostimate of maximum likelihood. The cases in which sufficiont estimation is
impossible aro those in which, in utilizing this estimate, other ancillary information
i3 roquired from tho sample beyond the mere numbor of obsorvationa which compose it.
The function which this ancillary information is required to perform is to distinguish
among samplos of the same sizo thoso from which moro or loss accurato estimntos can
be made; or, in general, to distinguish among samples having different likelihood
functions, evon though thoy may bo maximisod at tho same saluo. Anciltary infor-
mation nover modifies tho valuo of our estimato; it dotormines its procision.”
{Fishor, 1036),

Ofton the ‘oxtont of observational record’ js planned in advanco and is taken
for granted in tho subsoquont analysis of the data. If wo tako n indapendont ohser-
vations on o normal variablo with unknown mean 0 and known standard dovialion,

[
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wo 800 no noed to bothor about any charactoristio of the samplo other than the sample
moan 2; but yet tho fact romains that without somo knowledgo about n the maximum
likelihood estimator 2 of & will bo hardly of any use to any statistician. Along with
tho information that the eamplo is drawn from a normal population and the obsorved
valuo of 2, wo nood to know tho value of tho sample size n. Tho ‘roliability’ of the
estimator 2 i3 intorproted in torms of ita go porfc in repeated pling
with the fixed samplo sizo n.

\What happons if ‘chance’ plays (or is allowod to) a part in tho detormination
of nt Supposo wo toss a true coin and, doponding on whethor the outcomo
isa ‘hoad’ or a‘tail’, wo draw a samplo of sizo 10 or 100. It is easily verified
that tho samplo moan 2 is still the maximum likolihood estimator of & but
that it no longor is a sufficiont statistio. It is tho pair (2, n), whoro n is the
(variable) samplo sizo, that is sufficiont for 8. Here n is an ancillary statistio
taking tho two valucs 10 and 100 with equal probabilitics, Now, having drawn
a sample of sizo n (which is either 10 or 100) and having cstimated 0 by the
samplo moan Z, how does tho statistician report the ‘reliability’, the precision, the
information contont of the estimate? Thoro is no gainsaying the fact that a sample
of size 10 will load to & loss roliable estimato than a eamplo of size 100, Having
drawn a samplo of size 10 should tho statistician turn a blind eye to the actual
smallness of tho samplo sizo and try to figure out tho long run porformance of
his. esti dure in & hypothotical series of experimentations in which
509% of the cam he draws sample of sizo 10 and the othor 609 of the cases the
Mmplo size is 1001 \What should be the referonco set for judging the porformanco

teristio of tho esti —tho 10 dimonsional Euclidoan space R, or the
union of Ry, and Ry, ? Tho author agrees with Fisher that, having drawn
a sample with the ancillary istio n = 10, the istician should judge (if at all

he must) the porformance of tho maximum likolihood estimator 2 in the condi-
tional samplo spnco (restrictod roforonce sot) Ry, Howover, tho suthor feels
that Fisher, in his writings on ancillary statistics and choice of reforence sots,
has pushed the above analogy with tho samplo size a little too far, thoroby giving
riso to somo logical difficulties tho roal naturo of which will be discussed lator.

In probloms of testing Fishor uses ancillary statistica for tho dotor
of tho ‘true’ lovel of significance. Having sclected tho test critorion—a measuro of
tho extont to which tho obsorved samplo departs from the expeoted ono under the null
hypothesia—tho lovel of significanco is tho probability (under the null hypothesis)
of gotting a samplo with a largor criterion ecoro than the ono actually obtainod. In
tho presonco of a suitablo ancillary statistic Y, Fishor da that tho levol of
signifieanco of a tost should bo T 1 by reforring to tho ditional samplo space
dotormined by the sot of all possible samplos for which tho value of ¥ ia the one pro-
sontly obsorved.

Tho following examplo worked out in Fishor (1050, pp. 163-09) is reproduced
horo with quotations with tho idoa of bringing out tho essontial foatures of the method

[
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of ‘Rocovery of Information’ (s envisnged by Fishor in the contoxt of point catimation)
through propor choico of ‘reforonco scts'.

Example: Lot us suppose that wo have N pairs of independont obsorvations
on tho pair (X, Y) of positive random variables with joint probability density function

Pz y|0) = RGNS 0,y>0,0> 0.
Lot (X, Yy), ¢ =1,2,..., N, bo tho N pairs of obsorvations and
lot T = o/EYEX; and U = +/ (EX, (Y.
It ia easy to chock that
(i) 7 is tho maximum likolihood estimator of 0,
(ii} 7 is not suficient for 0,
(iii) the pair (T, U) is jointly sufficiont for 0,
(iv) U is an ancillary statistio, i.e. tho marginal distribution of U is 0-freo.
“Sinco tho likelihood cannot be oxpressed in termas of only 0 and T, thero

will be no sufficiont estimate, and somo information will boe lost if the samplo is
replacod by the cstimate 7 only.”
The amount of information suppliod by the wholo sample (of N pairs of obsor-
vations) is
I{0) = 2N[®
while the amount of information contained in the statistic T ia

2N 2N
J0) = or 2N+1

**The loss of information is Jess than half the value of a singlo pair of obser-
vations, and novor exceeda ono third of tho total available. Novertheless its recovery
docs exomplify vory well tho mathomatical quired to complote the logical
inforonce,”

Hore, U is tho ancillary statistio and so woe have to consider tho conditional
distribution of T given U, From this conditional distribution the conditional infor-
mation contont of 7' works out as

N Ky2U)
TN =T ko)
whore K, and K, aro Bossol functions.

Let us noto that tho information contont J(0| U) ““deponds upon the valuo of
U aotually availablo, but has an average valuo, whon variations of U aro taken into
account, of

2N/08,
tho total amount oxpectod on the avorago from N observations, nono is now lost.
Tho information js recovered and infe plotod by roplacing tho distribution
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of T for givon sizo of snmplo N, by tho distribution of T given U, which indced happons
not to involvo N atall. In fact, U has completely roplaced N as a moans of specifying
the procision to bo aseribed to tho cstimato, In both cnses tho estimato T is tho samo,
the calculation of U onables us to seo exactly how precise it is, not on the avorago,
but for the particular value of U supplied by the sample.”

2. THE SAMPLE SIZE ANALOOY

This scction is dovoted to a detailed discussion on tho oft-drawn analogy
between the samplo wize and an ancillary statistio. Whilo drawing the analogy
Fisher scems Lo bo always thinking of the samplo sizo # a3 tho only detorminant of the
sampling exporiment.  Tho roliability of an estimate is nssessod in torms of the average
porformance of tho experimontal procodure in a hypothetical sories of oxperimenta-
tions with the samplo sizo n fixed at the level actually obtained in tho sample at hand.
Fisher alwaya interproted tho roliability (information content, variance ote.) of an
estimato in torms of tho averago performanco of somo woll-defined experimental
(estimation) procedure in somo hypothotical soquonce of oxporimentations. \When
Fisher talks of the relinbility of an estimate tho adjectivo ‘reliability’ is used only as
a transforred epithot and is actually meant to bo attached to tho estimation proceduro
that has given riso to the cstimate.

In the oxample on pago 56 the statistician (for somo unknown rensons)
docided to choosa botsoon a samplo of size 10 or ono of sizo 100 on tho basis of the
flip of a coin. Hero a random choice is being mado between two sampling experiments
8,4 and &4 With the associated sample spaces R, and R,y and the corresponding
probability distributions. More genorally, supposo &, is the sampling experiment
corresporling to a samplo of sizo v and suppose tho obsorved samplo sizo n is doter-
mined by a 0-freo (paramotor-free) chance hani Onco wo recognize that tho
estimato T' of 0 is gonerated by tho random choico &, from the family {4, of available
oxperimental procedures we ought to transfer the rolinbility index of the choson ox-
perimont &, to tho cstimato 7. When the statistician is forced to make a sclection
from a family of availablo oxperimental procodures he should roport the reliability
of the procedure actually solected by him. Tho following oxample is somowhat
moro roalistio than the ono considered on page 56.

Example: Suppose, from a finito population of ¥ units, wo draw a samplo
of sizo 2 with roplacoments. Lot X, X, ..., Xy bo tho population values and z,, z,,
.. 7, the 2 sample valuos (rrranged in order of their appoearances). The problem
is to catimate the population mean X = (X;++«+Xy)/N and tho obvious estimato
ia tho samplo mean 2 = (z,+...42,)/s which has a standard doviation of a/Vs whero
o is tho population varianco. But will it bo correct to recognizo 8 as tho truo samplo
size? Sinco tho sumplo was drawn with roplacomonts, it is plausible that some of the
population units eamo ropontodly in tho samplo. In realistio snmple survey situations,
we can usually distinguish botweon tho population units, Considor the extremo
situation whoro all tho & samplo units happen to bo tho samo (population unit).
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Confronted with a situation like thia tho statistician would suroty hesitate to roport
tho rolinbility of hia catimato ns o/y/a. In this oxtromo case tho lonest statistician
will have to admit that he had drawn an unlucky samplo whose effectivo siza is only
1 (and not a) and report tho roliability of his cstimnto as & (and not afv/#). Moro geno-
rally, consider the situation whoro % is the number of distinet units in tho samplo
and zj, 3, ..., 73 aro the corrosponding sample values (arranged say in an incrensing
order of their population unit-indices). It is casy to sce that tho probability distri-
bution of n involves only ¥ and &, and sinco thoy aro known constants, tho statistic
a is ancillary, If wo defino z° as

=(@i+..+z)n

then it is woll rocognized [sco Basu (1958) for a dotailed divoussion on this) that
(23, 23 ..., 72) I8 a sufficiont statistio and that 2* = E{z|1}, ..., 2). Honce, by tho
Rao-Blackwell thoorem, 2° is botter than 2 as an unbiased estimator of X. Al right,
wo agreo to estimato X by 2° and forget all about 2. But our troubles aro not yet
ovor, What is the standard devintion of 2°t For a fixed n, tho conditional distri-
bution of (2}, ... z.) is tho samo as that of a simplo random samplo of size » from the
population of ¥ values. Wo sco then that the ancillary statistio » is really a samplo
sizo. When wo draw a samplo of size s with replacomonts and agreo to take noto of
only the sufficiont statistio (x], 23, ..., #a) wo aro offoctivoly drawing a simplo random
samplo of variablo sizo n. If wo denote by & (i =1, 2, ..., 8) the experimental proce-
dure of drawing a simplo random sample of sizo i from the population of N units and
by ; the parametor-froo probability that n = 4, thon the above oxporimental proco-
duro is tho samo as that of selecting ono of tho exporiments &,, &y ..., &, With proba-
bilities py, Py .., P, (and then carrying out the experiment &, 80 solected). From what
wo have said oarlior, it thon follows that wo should asscss the roliability of 2* in terms

of that of tho experiment &, actually solocted, i.e. P(2°) should be roported as
— 3
H ’7 e (20)
and not as
N—n o?
E(N_—_l 7). . (22)

Lot us repeat once again that whon reporting tho roliability of an estimato

we aro nctunlly say mg somothing about tho long torm average porformance of somo

ll-dofinod d Both (2.1) and (2.2) aro reliability indices—(2.1)

for the exporimontal pnoeodum &, with a fixed » and (2.2) for tho exporimental proco-

duro whore » ia allowod to vary (in the paramotor-frco mannor deseribed earlier) from

trial to trial. Wo may briefly summarise tho basio Fisherian point of view (in the
prosont context) as follows :

(8) Supposoa wholofamily (8,), whoro y runa over an indox sot , of statistical
oxporimonts is availablo any ono of which may bo meaningfully parformed for tho
purposo of making a sciontifio inforonce about somo physical quantity 0.
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(b) And supposo that tho experiment that tho statistician actually porforms
is izod to bo oquivalont to the two-stago oxperimont of first solecting at random
a pom'. Y in % and thon porforming the experiment &y.

(c) Supposo, further, that tho probability distribution of Y in ¥ is 0-freo.

Under tho abovo conditions, tho truo ‘ref set’ for tho atatistician js the
oxperimont &y (with its associated samplo spaco and probability distributions) and not
tho two-stago oxporiment described in (b) above. Tho roliability (information content,
atandard doviation, significanco levol oto.) of tho inference mado about 0 uhuuld bo
assessod in Lorma of the average performanco ch intic of tho infc
in a long hypothetical soquonco of independont ropetitions under idontical conditiona
of tho oxporiment &y (whoro Y is supposod to be held fixod at the particular point
that obtains in tho presont instance).

Under tho above circumstances Fisher would like the statistician to say
something to tho following offect : “It was rather silly of me to let chanco havo a
kand in the detormination of the experitment &y for me. But I now rocognize that
I have porformed the oxperiment &y and sce no reason whatsoover to fuxs about the
other experimenta in the family {&,) that might have been handed down to mo by
chanco. The inforence that I mako about 0 is tho most appropriate ono for tho experi-
mont &y, and tho assossmont of the reliability of my inforence is made with referonco
to tho oxperiment &y alono.”

Now, let us idor a goneral infe ituation and sco whothor the above
arguments hold in the presence of an ancillary statistio. Lot & bo an arbitrary statisti-
cal oxporiment performed with a viow to clicit some information about a physical
quantity 0, From tho mathematical standpoint wo aro thon concornod with the
trio (0, A, M) whero & = {z} is the samplo spaco and A = {4} is tho o-ficld of events
on which the family ® = (P} of probability measures is dofined. For the sako of
simplicity, wo ignore the possibility of nuisanco parameters and we assume that
difforent possiblo values of 0 aro associatod with difforent probability distributions.
Now, lot Y bo an ancillary statistic taking values in the spaco %. Corresponding to
each point y in & wo then havo (under somo regularity conditions) a trio (<, Ay, )
whero 25, is tho sub-sot of points of & for which ¥ = y and %, = (P} is tho family of
conditional probability distributions on a o- field A, of sub-sots of .

Wo havo only to imagine a concoptual oxperiment &, that gives riso to tho trio
(. A, 2,) and tho analogy that wo havo been trying to drive homo is comploto. Tho
statistical oxperimont & Is then equivalont to tho two-stago oxperimont of first observing
tho random variablo ¥ (whose distribution s 0-freo) and then porforming tho concep-
tual oxperimont &y loading ultimately to a point X in &2

Why the insistonce on Y being an ancillary statistiot The samplo X that wo
arrivo at through tho oxporiment & {or tho oquivalent two-stago breakdown Y—&y),
Is tho only sourco of our information about 0, Now, according to Fisher, tho likelihvod
function L{0) for tho samplo X iy tho solo basis for making any judgemont about 0.

10
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Nothing elso need bo takon cognizanco of. Lot va obsorvo that the likelihood function
L{0) is the snmo (oxcepting for a 0-freo multiplicative constant) whother wo consider
X to be gonorated by the oxporimont & or tho concoptual oxperiment &y. This,
according to the author, ia the main explanation as to why in tho abovo Y-decomposi-
tion of the probability structure (&, A, ®)into tho family (&, A,, #,} tho statistic
Y haa to have a 0-freo distribution. 1€ Y Do ancillary thon the choico of the ‘reference
3t (Ry, Ay Py) does not affect the likelihiood sealo.

3. A LOGIOAL DIFFIOULTY

The decomposition of the probability structure (2, 4, #) into the family of
probability structures (Z,, A,, X} depends on the ancillary statistio Y. Which
ancillary statiatio Y to work with ¥ The author mado a rathor comprohensive study
{Basu, 1059) of tho family of ancillary statisties. It was noted that each of the
two statistics Y, and Y, may individually bo ancillary but jointly not so. Thus,
in caso of a controveray as to which one of the two ancillaries Y, and Y, should deter-
mino tho ‘reference sct’ ono cannot solvo the dilomma by reforring to the conditional
probability structure conditioned by the obsorved values of both ¥, and Y,. Considor
the following oxamplo :

Ezample: Lev (X, Y) have a bivariate normal distribution with zero
means, unit standard deviations, and unknown corrclation cocflicient 8. If (X, Y)),
1=1,2,...,n, bo n pairs of indopendont obsorvations on (X, Y) then we sco at
onco that tho sot of n observations (X, X,, ..., X,) on X is an ancillary statistic.
Similarly (Y,, Yy, ..., Y,) also is ancillary. But the two ancillary statistics together
is the whole data andis obviously sufficiont. In regression studics tho statistician often
ignores the sampling variations in the observed X-values and treats them as pre-
solocted oxperimontal constants, If, in tho above situation, ho bo justified in simi-
larly troating tho observed Y-values also, thon how do wo dofino the sampling error
for the estimate of 01

TFisher rocommended the choice of the ‘roferenco set’ with the help of an ancil-
lary Y that comploments the maximum likelihood estimator T in tho senso that 7'
is not sufficiont but the pair (T, Y)is. This, howoever, is not a sufficient specification
for Y. Tho two statistics Y, and Y, may each be ancillary complonients to tho maxi-
mum likelihood ostimator T and lead to different ‘roforence sets’ and differont reli-
ability indices for the ostimator T. Tho following very simplo example clearly Lrings
out tho above possibility,

Ezample: Supposo wo have a biased die about which wo have enough
information to assume tho following probability distribution :

scorea 1 2 3 4 13 [
probability 1-0 2-0 3-0 1468 240 146
distributions 127 Ity [H] 12 12 i

whera tho paramoter & can take any value in tho closed intorval [0,1]. Lot & stand
n
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for tho exporimont of rolling tho dio only onco loading to tho obsorved scoro X. It
Is ensily soen that tho maximum likolihood estimator 7 is defined as follows ¢

X: 1 2 3 4 1 ]
TX): o o [ 1 1 1

and londs to tho partition (1, 2, 3), (4, 6, 6) of tho samplo space. Hero X is tho minimal
suflicient statistic and T' is not sufficient. In this example thoro are six non-
oquivalont! ancillary complomonts to . Thoy may bo listed aa follows :

x 1 3 3 4 5 ]
PyX) 4 1 2 0 1 2
Y3(X) [} 1 2 0 2 1
Vi ° 1 2 1 o 2
YN [ 1 2 2 0 1
7N ° 1 2 1 ] 0
Vi) ) 1 2 2 1 °

Each of tho six statistics ¥, Yy, ..., ¥ is & maximal* ancillary.

Tho statistio T inducos tho partition (1, 2, 3) and (4, 5, 6) whereas Y, induces
the partition (1, 4), (2, 6) and (3, 6). Sinco cach Y,-partition intorsccts cach T-partition
in o one-point sot, it follows that the pair (7, Y,) is equivalent to X which is tho minimal
sufficiont statistic. Thus, Y, is an ancillary complement to . In like manner, wo
prove that each of tho other Y,'s is an ancillary complement to T Tho joint probabi-
lity distribution for 7' and Y, is describod in the following table :

¥ [ 1 3

T total
o 1-8 2=0 3-8 2-0
12 12 [} 4
1 140 246 340 | 240
12 [}] 12 4
1 1 1
total T B T | !

The Y,-d position of the oxperimont of rolling the biased dio onco is as follows :

“Chooso one of the threo pairs (1, 4), {2, 5) and (3, 6) with probabilities 1/8,
1/3, and 1/2 respoctivoly. Thon seloct ono from tho choson pair with probabilities

1;20 and liol). i€ tho choson sot is (1, 4),
of, # and 2+—f, if the chosen set ia (2, 5),
or, ’_‘0‘_” and H'To‘ if the choson sct is (3,0)”.

1Two stallstics aro sald o bo aquivalont If thoy load Lo tho same partition of the samplo apace.
300 Basu (1039) for the dofinition of & maximal ageillary.
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RECOVERY OF ANCILLARY INFORMATION

Tho physical oxporimont of rolling the biased dio onco may thon be imagined
to bo oquivalont to tho two-stago (; ptual) expori of firut choosing (in a 0-free
mannor) ono of throo binsed coins and then tossing the sclocted coin once.

Lot us observo that wo have six difforent d positions of & corresponding
to the six differont ancillary complements to 7. How do we rocover the information
lost in 71

Lot us supposo that tho obsorved valuo of X is 5. Tho correaponding valuea
of T, ¥y, Yyand Y, aro respoctively 1, 1, 2 and 0. Tho conditional distributions of the
maximum likolihood estimator T' undor tho three conditions Y, =0, Yy = 2, and
Y, = 0 aro a8 follows :

rango of T2 0 1

conditional probability distribution ¥y =1 | 226 (244)

of T undor the condition
- (3-0) (246)
Fym2 5 =5

o | =8 24n
vomo | Uz 240

Thus, in this situation we find that difforent choices of ancillary statistics lead to
difforent ‘reforonco sots’ and different relinbility indices for tho estimator 7. Thore
exists no uniquo way of recovering tho ancillary information.

4. CONOEPTUAL STATISTIOAL EXPERIMENTS

Tho author bolioves that the real troublo lies in our failure to recognize tho
differonce botweon a real (porformablo) and a conceptual (non-performablo) statistical
oxporimont.! Evory roal exporimont gives rixo to n probability structure (2, A, X)
but the convorso is not true. On pago 60 wo saw how tho probability structure
(&, A, ), genorated by tho exporimont &, may be decomposed into the family
(Ly Ay Py), y¢ %, of probability structures and thore wo concoived of an experiment
&, corrosponding to (&3, A, #,). In gonoral, tho oxporimenta &, aro non-porform-
ablo. If (as in pago 56) tho statistician soloots (on tho fip of a coin) betwoon a samplo
of size 10 and ono of sizo 100, ho is making a random choico botwoen two porformable
slatistical oxperimonts. But in tho oxamplo considerod on pngo 81 tho statistician
can only concoivo (in six difforont ways) of a bronkdown of tho exporiment of onco
rolling tho biased dio into a two-stage exporimont of first making a (0-frce) random
soloction botwoon throo biasod coins and thon tossing the sclected coin onco. In
this oxamplo tho statistician has a dio to exporimont with; but whoro aro the coina !

The author dooa not think it necossary to entor into a longthy disoussion on the reality or perfor.
rasbility of a statistioal oxporimont.

10f courss, the oxporiment of rolling the dio ropoatodly until, say, sithor 2 or & appoara (and thon
obsocving only the finnl score) is caseatially oquivalont to tomsing onco a binsod coin with proba.
bilitios (2—0)/4 and (24-0)4. But who is intorostd in much a wasteful exporimont 1 Tho suthor woull
olasally such © undor the ( ) ontegory.
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When tho samplo sizo n is determined in a 0-freo mannor the statiatician may

bo justifiod in regarding » ns a pre-fixed exporimontal and in plating
the long torm porformanco characteristio of tho oxporimontal procodurs! with the
samplo sizo fixed at the lovel actually obtained. More g lly, when thost ici

is prosonted with a 0-froo choico betwoon a family {8,) of poerformablo exporimental
procedures thon it would bo correct to treat the ¥ actually obtained as a pro-detormined
oxporimontal constant. His solo concorn should be the exporiniont &y ho is actually
prosented with and nono of tho othor membeors of the family {&,). Difficulty arises
in tho attompted gonoralization to non-performable menninglesa experiments. Tho
kind of situations where an oxporimont & rny bo decomposed into a family {8}
of real exporiments aro very rare indeed. The author is not awaro of any oxamplo
whore such a decomposition (into real nxporimonu) may bo cffected in more than
ono way. The el tary ! idered on pago 61 establishes tho possi-
bility of a multiplicity of ancillary dccompoalhuns into conceptual experiments. The
ancillary argumont of Fisher cannot be extended to such cases. Tho samplo size
analogy for tho ancillary statistio appears to be a falso one, We ond thia discourso
with & very elemontary examplo whero thore oxists an cssentially uniquo maximal?
ancillary decomposition of the oxporimont but yet the ancillary argument leads us to
a rather curious and totally unacceptablo ‘roference aot'.

Example: Lot X bo an obsorvable random variable with uniform probability
distribution over the interval [0, 0+1) where 0 € 0 < 0. For the sake of simplicity
wo considor the caso of a singlo obscrvation on X. Tho samplo spaco & is tho half
line [0, 00). The likelihood function, for the obsorvation X, ia

1 if.X-1<0gX
L0y = {
0  othorwise

Thus, tho integer part (X of X hns as good a claim to he considored 8 maximum likoli-
hood cstimator for § as any other point in the intorval (X—1, X]. It is easy to chock
that [X] is not a sulficiont statistic. Do thero exist an ancillary complement to [X]1

Considor tho fractional part 9(X) = X—[X] of X. It is not difficult to show
that 9(X) is an ancillary statistio with uniform probability distribution over the unit
interval [0, 1). Indeod, it is possiblo to show that ¢(X) is an ossentially maximal
ancillary in the senso that overy ancillary atatistio is tially a function of ¢(X).
As X = [X]4-¢(X), it follows at onco that tho pair ([X], '#(X)) is equivalont to X and
honco p(X) is tho ancillary comploment to [X).

For a givon 0 = [0]+9(0), tho obsorvation X = [X]+¢({X) Hes in tho intorval
[0,0+1), i.0., with probability ono,

= [0]+9(0) < [X]+9(X) < [0+1)49(0) = 0+1.
AThroughout this papor we are regarding the Inforonce procoduro as & woll-dofined part of tho
oxporimontal procedure,
*That is, & docomposition with respect to & mnaximal ancillary se dofned in Baeu (1059).
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RECOVERY OF ANCILLARY INFORMATION
From tho above, it follows that
) = {(01 it (X) > #(0)
[041) if 9(X) < #0)

Sineo 9(X) has a uniform distribution ovor [0, 1), it follows that tho marginal distributi
of [X] is concentrated at the two points [0] and [0+41] = [0)41 with probabilities
1—9(0) and ¢(0) respoctively. Henco

. ()

E(X]]0) = [0K!—9(0))+([0)+1) 9(0)
=[014(0)
=0

i.e. [X] is an unbiased estimator of 0. And
V((X)]0) = ¢(0) (t—(0)).

Now, sinco ¢{X) is tho ancillary comploment to [X], let us eeo what ‘roforcncoe sot’
it loads us to. Givon y(X), the samplo X = [X]+¢({X) can vary over tho restricted sot

o(X), 149(X), 24+9(X)srereenee

From the rolation (4.1) it is now cloar that, for any fixed 0, the conditional distribution
of X = [X]+p(X), given p(X), is degonorate at the point

[O14+0X),  if ¥(0) < 9(X),

or, at the point [O+1)+9(X), if 9(0) > 9(X).

Thus, tho ‘referonco sot’, correaponding to an obeorved valuo of the ancillary
tatistic ¢{X), is a ono-point, dog to probability structure. Tho conditional distri-
bution of tho i Likolihood cstimator [X], given ¢(X) and 0, is degenorate at

the point (0] or [04-1) dopending on whother ¢(0) < ¢(X) or¢(6) > ¢(X). Accoptance
of this 'reforonce sot’ will alter the status of [X) from a statistical variable to an
unknown constant.

Writing Y = ¢(X), tho two-stago Y- ition of tho imont &

28 P

of making a singlo obsorvation on X will thon bo as follows :

() Soloct a numbor Y at random (with uniform probablility distribution)
in the unit intorval (0, 1)

(i) Dotormino tho value of [] and whothor
(8) 90)< Y or
(b) v(0)>Y
15
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3 { [0)4+Y  in caso of (a)
[0)+14Y in caso of (b).

and then writo

The socond stage of tho Y-docomposition is clearly non-performable.
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