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A DYNAMIC ASSIGNMENT PROBLEM*

By ABHIRUP SARKAR!

1. INTRODUCTION

The purpose of this paper is to determine the patterns of efficient specializations
in a multi-country, multi-commodity time-phased model of international trade.
In a well-known paper, Jones [1961] dealt with a similar problem in a static Ricar-
dian framework. From one standpoint, therefore, this paper can be viewed as an
extension of Jones” work to situations where time is explicitly taken into account
to affect production and consumption decisions. Now, on the consumption
side, once time is introduced, the most important decision is that of intertemporal
choice of consumption. This, in turn, is reflected in the savings behaviour of the
individuals. On the other hand, goods can be ranked in terms of their capital
intensities on the production side. Accordingly, we have shown that if savings
ratios differ across countries, the countries with higher savings ratios will have
comparative advantage in the production of goods with higher capital intensities.
This is different from Jones’ paper where, in the spirit of Ricardo, comparative
advantage is determined on the basis of differential technology across countries.
On the contrary, with comparative advantage being partly determined by factor
intensities and partly by savings parameters, our model is more Heckscher-Ohlin
in spirit.

It is well-known that the most general dynamic linear production model is that
of the von-Neumann variety where, in fullest generality, production and capital
can be incorporated. Unfortunately, however, this model is too general to
obtain any interesting result in the positive theory of international trade. To
obtain specific results, one has to consider special cases. One immediate simplifi-
cation is to assume that there is no pure joint production. But this is not enough.
Now, in the von-Neumann model, inputs are assumed to produce, after one
period, final outputs along with one-period older inputs. In this sense, there is a
complete reference back to the market at the end of every period. This greatly
complicates matters. For, in this case, a machine is characterized not only by its
type and vintage but also by its history of use. A possibly tractable special case
could then be obtained if one assumes that machines are non-shiftable in the sense
that once a piece of machinery is installed in a sector, it stays there until it becomes
obsolete. As shown by Mirrlees [1969], with the assumption of non-shiftability
of capital goods, all steady-state price ratios are determined when the rate of
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interest is given. It is then possible, by closing the rate of interest by savings
behaviour, to predict trade patterns on the basis of differential savings behaviour
across countries. Accordingly, we have assumed that production of each com-
modity is completely vertically integrated: all produced inputs are produced and
used up within the process itself and what appears in the market is only a sequence
of final outputs. The theoretical building blocks of such a technology is based on
Hicks [1973].

In the following text, the basic model is developed in Section 2. Section 3
contains the main results of this paper. In Section 4, we present conclusions.

2. THE BASIC MODEL

We consider a world with n countries and m commodities. Since we shall be
concerned only with patterns of complete specializations, we assume that n>m.
Each country is assumed to be in a steady state, growing at a common rate g,
which is equal to the growth rate of domestic labor in that country. Also, tech-
nology is assumed to be identical in each country.

The production of each good is assumed to be vertically integrated; thus, all
produced inputs are produced and used up within the process. The produced
inputs include fixed capital in the sense of plant and machinary which last for more
than one period of production. Since, by assumption, used equipment stay within
the process for their entire life-span, they produce a flow of outputs occuring at
- different points in time. The technology for the i-th good can, therefore, be
represented by

{ai, b;}T;O’ i= 15"'3 ml a§>05 b;ZO

where at is the amount of labor used in an unit process of age ¢t of the i-th good;
bt is the flow of output from an unit process of age ¢ of the i-th good; and Ti is
the termination date of an unit process of the i-th good. The input-output coeffi-
cients, al, b, are assumed to be fixed. Also, constant returns to scale are assumed
to prevail in the sense that the size of each sector can be increased or decreased
without changing the input-output coefficients. Finally, we shall assume that the
termination date Ti of a process is fixed, and that it satisfies conditions of economic
viability.

With the assumption of a steady state prevailing in each country, prices and
wages are constant over time. Let

. . ;
qi = Pbi — waj

where P; is the price of the i-th good and w is the wage rate. g measures the
value of net output in the i-th sector obtained from a t-period old process. gi may
have any sign: positive, negative or zero. Let

ki = ST giR

where R=1+r and r is the market rate of interest. Then k! is the capitalized
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value of a t-period old process in the i-th sector at period ¢. It is the discounted
value of future net outputs when the process is ¢ periods old. We assume that
perfect competition prevails so that zero profit conditions imply that ki=0.
Also, profit maximization implies that ki >0 for 0<t< T1.

The next thing we need to have is a measure of capital intensity in each sector.
Now, by definition,

kh=gh+ qiR™" +--+ gi_;R7¢~D + kIR™* = 0.
Therefore,
ki = (—gb)R" + (—qDRC™D +---+ (—q{-R.

But ¢! is the value of the net product obtained at period . Therefore, (—gf) is
the value of the net input used at period 7 and k! measures the capital invested up
to period ¢t accumulated by the rate of interest. Then the sum of discounted
values of capital stock held every period over the entire process gives us the present
‘value of capital stock held for the process as a whole. Also, to compare factor
intensities in different industries we express these present values as proportions of
the present values of the wage bills spent over the entire life span of each process.
Thus, ZkiR™'/ZwaiR™" is a measure of capital intensity in the i-th sector. Also,
so far as the relative ranking of the industries according to factor intensity is con-
cerned, we assume that

Assumption 1.
ZkiR™'/ZalR™* < Zk?R™*/2a?R™* <---< Xk"R7'/Za"R™*

for all R where the i-th ratio refers to the relative capital intensity of commodity
i. Hence, factor-intensity reversal is ruled out by assumption.

Finally, we make a very simplifying assumption about saving: we assume that
in each country saving is a fixed proportion of total profits in that country and
countries can be ranked by their saving ratios in the following way:

Assumption 2. §; <8, <0< s,

where s; refers to the saving ratio in the j-th country.

Steady state in each country implies that capital grows at the rate g so that
investment in any period is equal to gK where K is the stock of capital in that
period. In equilibrium, this must be equal to savings which gives us gK=srK, or,
r=g/s. Thus, in each country, given the rate of growth of population and the
saving ratio, the rate of interest is determined. Since, by assumption, the growth
rates are the same across countries, we must have

Assumption 3. Fy> Ty >y

3. THE ASSIGNMENT PROBLEM

In this section, we shall develop the main results of our paper. Competitive
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equilibrium implies that for the i-th good and the j-th country
P; < w;ZaiR;'|ZbiRG".

For notational simplicity, we define
2aiR;'|ZbIR;" = AL

Following Jones [1961], we define an assignment as a pattern of complete
specialization where each country is producing only one commodity. Also, two
(or more) assignments are defined to belong to the same class if every commodity
has the same number of countries assigned to it in one assignment as in the
other. Following Jones’ argument, we can show that a necessary and sufficient
condition for an assignment to be efficient in its class is that the product of
A (i.e., the j-th country assigned to the i-th good) is minimum. Consider the
case where n=m. If the j—j assignment (i.e., the j-th country producing the j-th
good) is optimal, we must have

P;=w;A}
and
P, < w;A%
so that
P;/P, > Al|AX.

Multiplying the inequalities for all j and k with j not equal to k, we get the mini-
mum product criterion. Also following the same logic we can get a similar
criterion for n not equal to m. Thus if n=m and the j—j assignment is efficient
we must have

(4547 < 1

where j—j’ is any other assignment in the class where the j-th country specializes
in the j’-th good.

Given this efficiency criterion, we can determine the efficient production pat-
terns by comparing factor intensities and the saving ratios. Let us first consider
the even case where n=m. Assuming that all goods are produced, each good
should be assigned to only one country. Our problem is to find out the efficient
assignment, given that the countries are ranked by their saving ratios and the
commodities are ranked by their factor intensities. The proposition we want to
prove is as follows:

PROPOSITION. If countries are ranked by their saving ratios as in Assumption
2, and if the commodities are ranked by their factor intensities as in Assumption
1, then the efficient assignment will be the one where the first country is assigned
to the first good, the second country to the second good and so on up to the n-th
country assigned to the n-th good.
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In other words, we want to show that the j—j assignment is efficient.

We shall prove the above proposition by contradiction. Suppose the j-j
assignment is not efficient. Then there exists some other assignment, say the
Jj—J' assignment, which is efficient. Hence, we must have

4l > mas.

We shall prove that the above inequality is impossible. Now, starting from the
j—Jj assignment it is possible to go to the j—j’ assignment by making a series of
binary switches between countries and commodities. A binary switch refers to an
operation where we choose any two countries, say the k-th and the I-th and
assign the k-th country the good the I-th country was producing and assign the I-th
country the good the k-th country was producing.

First we shall construct a series of binary switches by which we can move from
the j—j assignment to the j—j" assignment. Note that in the j—j’ assignment the
j-th country produces the j’-th good. Let j be the commodity to which country
j is assigned to at a particular assignment. For the j—j assignment, for example,
j=j for all j. Define

S ={li">ps S ={li'<it, Ss={li'=j}-

It is obvious that S; U S, U S3={1, 2,..., n} and the intersection of the sets is a
null set. Also note that there exists at least one j belonging to S, (assuming that
S, is non-empty) such that the country corresponding to j' belongs to S,. This
implies two things. First, S; is nonempty iff S, is nonempty; and second, there
exists at least one j belonging to S; (assuming S, is nonempty) such that there is !
belonging to S, and 1>j. Finally, note that if both S; and S, are empty then
the j—j and the j—j’ assignments are identical.

Start with the j—j assignment. Define, for any particular assignment, the
distance between countries j; and j, as [j,—j;|. Choose j, belonging to S, and
Jj» belonging to S, such that j,>j, and |j,—j;| is minimum. Such a minimum
always exists because j—j and j—j' are different assignments so that S, S, are
nonempty and also by the above argument, there exists j, belonging to S; and j,
belonging to S, such that j,>j;.

Switch the j,-th country to the j,-th good and the j,-th country to the j,-th good.
Hence, we get a new assignment. Calculate j,, j, for the new assignment and
switch the countries and commodities accordingly. Repeat the same procedure
again and again.

We have to prove that by repeating the above procedure we shall reach the
Jj—Jj' assignment after a finite number of steps.

Suppose, by making the series of binary switches we never reach the j—j" assign-
ment. Since the above procedure can stop only when S; and S, are empty, i.e.,
when the j—j’ assignment is reached, by hypothesis, the process goes on forever.
Now, for any j, and j, chosen by the above procedure, if j, lies between j, and j,,
then j; must belong to Sj; if not, then either j; belongs to S; or j; belongs to S,.



668 A. SARKAR

If j, belongs to S, then |j,—j;|<|j,—Jjil; and, if j; belongs to S,, then |j;—j,| <
|j.—jil- Hence, both cases contradicting the minimality of |j,—j;|. Therefore,
for any j that moves in a particular switch, it moves by either one place in the
direction of j' or if it jumps, it jumps in the direction of j* over indices that are
already in their places. In particular, any j, while moving towards j’, cannot go
beyond j'. Hence, the maximum number of times any j can move is given by
|j—j’l. This is true for any j that does not belong to S; and, moves in some
switch. Therefore, the maximum number of times binary switches can take place
is bounded above. This means the process cannot go on forever; the j—j’ assign-
ment is reached after a finite number of switches.

Let us consider the k-th and (k+1)-th assignments in the series .of binary
switches. Suppose between the k-th and the (k+ 1)-th assignments countries j
and k have switched. Suppose further that in the k-th assignment j is in good x
and k is in good y.  Then in the (k+ 1)-th assignment, j is in good y and k is in
good x. We must have, by the nature of the switch described above, k>j and
y>x. Now for any country

A*|A? = (ZazR~'/ZbFR~")/(Za’R~!/ZbYR~1).
Therefore, denoting proportionate change by a ‘*’ on a variable (e.g. £=dx/x)
(4/4) = R{Z1giR~[ZaiR~) ~ (Stg}R~"|Za}R~)}
= R{(Zk;R™*/ZazR~*)—(ZkYR™*/Za’R~* )}

which follows from the fact that ki=0 and ki=> T, ¢iR*"* for i=x, y. Since
k>j and y>x, by the ranking of countries and commodities we have

ri=(g/s); > (g/sh = ry
and
SkiR~!/Za*R~* < TKYR™!/La’R~".

From these relationships it follows that

A3AL < A3A3.
Denoting the product of the A4%’s in the k-th‘ and the (k+1)-th assignment by
IT* and IT**! respectively, we have

Hk < Hk+1.
But this is true for all k and k+1. Hence, we must have

A} < O' < < II* < I*! <. < TTAY

which contradicts the hypothesis with which we started. Hence, 114} is the
minimum among all assignments in the class and the j—j assignment is efficient.

Let us now consider the uneven case where n>m. We define a class of assign-
ments as a collection of patterns of complete specialization where n; countries are
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assigned to good 1, n, countries to good 2 and so on, and finally, n,, countries are
assigned to good m. Following exactly the above procedure, we can prove that
the efficient assignment in such a class will be the one where the first n; countries
will produce the first good, the next n, countries will produce the second good and
so on, and finally, the last n,, countries will produce the m-th good.

The above two propositions relate the patterns of efficient assignments to factor
intensities as well as the saving ratios of countries. They show how it is possible
to predict the efficient production patterns and hence, trade patterns on the basis
of factor intensities of the goods and saving behaviour of countries in a multi-
country multi-commodity world.

Note that the above two propositions are crucially dependent upon the assump-
tion of no-factor-intensity-reversal. In a two-country, two-commodity world
this assumption implies a monotonic relationship between autarky relative prices
and the rate of interest on the basis of which one can predict that the country with
the higher rate of interest (or the lower saving ratio) will export the labor-intensive
good (for a detailed discussion on this point, see Sarkar [1982]. In a multi-coun-
try multi-commodity world, this assumption enables us to show that the ratio
AJ|A* with j>k, increases monotonically with increases in the rate of interest.
This means that countries with higher interest rates will have an advantage in the
production of good k compared to countries with lower interest rates. With
factor-intensity reversal no such monotonic relationship can be obtained and
hence, nothing, in general, can be said about efficient patterns of production on
the basis of factor intensities and saving ratios.

Finally, it is to be noted that the classical savings function, though it simplified
the analysis, was not a crucial assumption. One could, alternatively, start with
an explicit utility maximization problem of the representative individual in each
country over an infinite horizon. It is well-known that such a maximization
yields the modified golden rule r=p+g, where p is the subjective rate of time
preference. Then, assuming that countries have identical growth rates but
different rates of time preference, one could, once again, order the countries by
their rates of interest. A proposition on efficient production pattern could,
therefore, be put forward on the basis of factor intensities and differing rates of
time preference across countries.

4. CONCLUSIONS

In this paper, we have determined efficient patterns of production in a
multi-country, multi-commodity time-phased model of international trade. It
has been shown that countries with higher saving ratios will have a comparative
advantage in the production of relatively capital intensive goods. One of the
shortcomings of our analysis was that it was confined to steady states. A second
shortcoming was that in our model trade in used equipment was not allowed which
made it a special case of the more general von-Neumann model. We do hope,
however, that this special case was able to bring out some useful economic insights.
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