CONFLICTING CRITERIA OF ‘GOODNESS' OF STATISTICS

By J. SETHURAMAN
Indian Statistical Inatitute
SUMMARY. [n this note it is intended 10 show by an example that if B anil € aro two statistica

unbissad for & parancter ¢ and O has unifornuly smallor variance than B, then for 1celing ¢ aguinst
an altornative (ssy # > &) the test based on C necsl not bave more power than B locslly (ise., ncer the

oull hypothoais).

Basu (1953) guve an example (also quoted by Rao (1952)) to show that thore
cant exiat estimates with uniformly lesser variance than maximum likolihood estimates.
We use the same example hore.

2y, 2y, ..., 7, ar0 1 indopendent obsorvations from a roctangular distribution
on (0, 20), 0 > 0. Wo wish to test the null hypothexia 8 = 0, against the alternative
6> 6, Lot ns write

§ = max (F), 2y, ..., £), = Min (2), 75, .00, To) £ =_g

Considor tho statistics
A = (%, g)orequivalently (5,1); B=E; C=234p.

It is easy to verif'y that 4 is sufficiont for & but not complete; Bis the maximum
likolihood estimate for 0; (n+1)C/(5a-+4) is the minimura variance unbiased linear
estimator of § and y for 4, and

ntl
V( sn+4 C) (n+2)(5»+-l)
a1 p+l n
E(2n+l ) 4 V(z 1 ) (m+2xntIp
which show that, though B is tho i Likelihood esti thero is another

statistic with uniformly smallor varianco,

Basod on those statistica wo can find (by an application of the Neyman-Pearson
Lomma) uniformly most poworful tests A, B and C respectivoly for testing 0 = 4,
againat & > 6,. Tho tests A, B and C of sizo a and their powor functions §,, 5 and

Pl are givon below as functions of A = —g—
o
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Test A. Reject the null hypothesis if 7 = & > m andfor T > 20,

n= '.’0'_ = 2-ai"

=1-lye-ay—a)  if1<A&Ks
X0 A
=1 ifp<A

Test B. Roject tho null hypothesis if § 2 m

o= g‘:= LH(1—ap

240 { = l—.;__[l+(l—a)”"—/\]' f1<ALn
L=1 <A

Test C. Reject the null hypothesis if 2549 > m

=" _ g—(3x)V"
I‘—oo 6—(3a)

_ [6A—8+(3a)") i [
o akt N S R L

[B—(Ba)"—3A" . 2 "
pen{ = 1"t i ek g

€ 2
=1 lfT<X

M

()

(3)

The numerical values of the powors of theso tests (for the size 0.05) are given

in the following Tablo for some seleotod values of A and n,

The test A based on tho suflicient statistic is naturally botter than the othor
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two tests. But it is surprising to find that test I is moro poworful than test Cin tho
noighbourhood of ;.  The following Tablo shows that test C is poorer than test B in
the neighbourhood of the null hypothesis, even though test C catches up and exceeds
test B in powor for higher values of A, Tho practical statistician may note that in
this rogion of largo values of A the power of both tho tests ia quito high that ono
would not bo much tho worso by using the pooror test B.



CONFLICTING CRITERIA OF GOODNESS OF STATISTICS

“sodupd Jnuisop unoy 03 350109

NOILONAL HIMOd “dTdVL

00" T 0M00°T  0000°T 0000°T  0000°1 0000L  NOUDTT  DONO'T  0A00'T  0000°T 000071 0000°T  0M0'T  50M0'T  0000°T 0°F
0000°1 0MO° T 6060°T 00T LELA’ «0000°T «AN0°1 o0000°T  gROA" 226" 00001  0000°T  0000°1 0000°T  Lt28° &°y
Q000" T 000l 0000°'T 868 014" S0N00 1 0M0N°] 40000°1  PUSG’  L016" 0000°1  0000°1  0000°T ©0000°I 918" &I
U071 0000 T $H000°1 OB OFVR" o0000°T N0t G068 BELGT  O7Y" 0000°T  0000°T  0000'T  Fos6™  AZcg: L)
«0000° | 000071 SOMNTL OLEGT  RINLC #0000° T o000°T  1686°  TERST  TIRL' 0060°T  0000°1 00001 oOLYe®  FIRL' 91
«000°T $0000°1  AGI8T  TROGT  000L° #0000°1 o0000'T  £086°  660S°  OONL" 0000°L 6001 0000°L  1118°  000L- g1
<0001 $00N0°|  TERDT  SOER®  TL0p° «0000°T  ®ABGT  L986°  @1£8°  1L08° 00001 0000'1  BFAG’  RItY'  TL09° 37|
$0000°T CONG  URDS”  LOZLT 000" «0000°1  INGG"  BLET  00LL 000%* 0000°1 0000’1  Ixe6°  puEz® a0t g
$0000°1 00GET  9ULRT  TILYT  OTLC” 1668°  l£86°  ©BLET  2€89° oL 0000°1  L008°  1888°  eoRe” oorg  goI
F656°  WOAR' SO0 E0RET  £L2E 8786° O 2E99°  LLOET €233 LA LA N T S T A O |
0050' OGS0 00CO"  NownT  00on’ 0050°  00%0°  0080°  0050°  00SO" 0080° 000" 00T0'  00%0°  00to” o'
0z ol 7 H 1 33 o1 H - Jﬂl. [ 2\]/ 9 : 1 _.\4
8 10§ & puv 3 JO ogpun N -
ANOUT] WA L &+ 3T U0 powen sl *o'1"W 043 3 Uo poveq K OIMIME JusIOnN o3 (4 “3) Uo poweq oy
CO'0 = 1%n o7 jo oxim A< ey Lo eanvwoye L= ¥ 0% a gt mpapodgy qnm

189



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Senizs A

Diff ing the powor function at A = 1 we have
Bi(1) = n(z—a)
p
Bill) = nf(1—a) * +1—a) ~ n(2—2z) e (4

A1) = n(2.32)  —a) ~ n. ba
This cloarly shows that test B is locally moro poworful than test C.
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