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 A ONE-ONE SELECTION THEOREM

 H. SARBADHIKARI

 ABSTRACT. Let X, Y be Polish spaces without isolated points and B c X x Y a

 Borel set such that { x: BL. is nonmeager} is comeager in X and {y: B-' is

 nonmeager} is comeager in Y. There is a comeager Borel E c X, a comeager Borel

 F c Y and a Borel isomorphism f from E onto F such that graph of f c B.

 1. Introduction. In [3] Mauldin proved that if B c [0,1] x [0,1] is a Borel set such

 that X{x: X(Bx) > 0} = 1 and X{y: X(BY) > 0} = 1, where X is the Lebesgue
 measure, then there exist Borel sets E and F of full measure and a Borel isomor-

 phism f from E onto F such that the graph of f c B. Our main theorem is a

 category analogue of this. Throughout this paper, X, Y are taken to be Polish spaces

 without isolated points.

 2. The main result. Our main theorem reads

 Let B c X X Y be a Borel set such that { x: Bx is nonmeager } is comeager in X
 and { y: BY is nonmeager } is comeager in Y. Then there is a comeager Borel E c X,

 a comeager Borel F c Y and a Borel isomorphism f from E onto F such that the graph

 off = {(x, y): y = f(x)} c B.

 Our proof is analogous to that in [3] where several subsidiary results are proved,

 leading to the main theorem.

 THEOREM 1. Let X = Y = [0, 1], B c X x Y be a Borel set such that {x: B, is
 comeager} is comeager in X. There is a comeager Borel E C X, a meager Borel

 F c Y and a Borel isomorphism ffrom E onto F with graph f c B.

 PROOF. Fix an open base { Un: n = 1,2,... } for Y consisting of nonempty
 intervals.

 Note that B is comeager in X x Y. Hence there exist dense open sets V1 D V2 D

 * in X X Y withnn Vn c B.
 By induction on n, we define a sequence of Borel sets { H,: n = 1, 2, ... } such

 that for all n

 (1) Hn1+1CHnc C ..
 (2) There exist a sequence { Bn,: i = 1, 2,.. } of pairwise disjoint nonmeager G8

 sets in X with Bni C (kJ/2 , (ki + 1)/2n) for some integer ki and UiBni comeager
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 in X; a sequence {[a0i, bni]: i = 1, 2,... } of pairwise disjoint closed intervals of

 length > 0 and S 1/2' and a nonempty open W C U with Wn f U1 [a0i, b01] = 0
 such that H, = U i Bn , X(a,n i bn i).
 (3) For all x, Hn+ix C Hnx.
 Now nn Ht, is the graph of the required function f.

 Construction of H,. Suppose Hm has been defined and equals Ui Bmi X(ami, b,i ) as
 in condition (2). For each i, we define H, +1 so that U, Hm +I = Hm+
 Fix i. Note that Vm,+ 1 n (Bmi x (ami, bmi)) is comeager in BmiX(ami, bmi). Hence

 by the Kuratowski-Ulam theorem, { y E (ami, bmi): Vy+ n Bmi is comeager in
 Bmi} is comeager in (am, bn,). Pick Yi, y2 from this set with Yi < Y2. Let M >
 maximum{1/(y2 - Yl)9 1/1, 2m }, where 1 = max(length Um+1 n (ami, bmi), 1) and

 A'= (X E Bmi: 1- -,y1 U n Y2 - Y1 +

 c Vm +lx n (ami, bmi)) n > M.

 Then A' is coanalytic and Un,> MA' = Vy,1 n VA1 f Bmi is a comeager Borel set
 in B01i.

 Find pairwise disjoint Borel sets Bn C Ai, n > M, with U,B, = UA',. Put
 = B nl (ki/2 ,(2ki + 1)/2 D + 1)/2n (k, + 1)/2"). Note

 that by possibly ignoring a meager set, we can suppose Cni and Dn to be nonmeager
 G8 sets in X. Put

 H",l =U C"xYM 4n Y- 4n + 1 )Un(2-4n' 2 4n + 1 )

 To construct H1, use V1 n X x (0, 1) as a comeager open set in X X Y and
 proceed as above.

 COROLLARY. The previous theorem is true even when X and Y are arbitrary Polish
 spaces without isolated points.

 PROOF. Since the irrationals are homeomorphic to a comeager G8 subset of [0,1],
 the result is true if X = Y = irrationals.

 Now any Polish space without isolated points contains a comeager G, set
 homeomorphic to irrationals. Thus the result is true for X, Y such spaces.

 THEOREM 2. Let B c X X Y be such that { x: B, is nonmeager } is comeager. Then
 there is a comeager Borel E c X, a meager Borel F C Y and a Borel isomorphism f
 on E onto F such that graph f C B.

 PROOF. Let U1, U2,. .. be a countable open base for Y. Let Bn* = {x: B, n UL is
 comeager in Un } and A,n = Bn*' - Um In Bm*. A,n is Borel for all n and U nA n is
 comeager in X.

 By ignoring a meager set if necessary, we can suppose that each A,, is a
 nonmeager G5. By induction on n, we define fn on En C An,. We then define

 f(x) = fn(x) for x E E,.
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 Suppose fk, k < m, has been defined and range fk C a meager F0 set, say

 Fk C Uk. Put

 Bm?i = AMIX(Um?l - U F,) n B.

 Bnt+I is a Borel subset of Am+IX(UmUM - U m1 F1) and {x: Bm+Ix is comeager (in
 U11+1 - U71 F1)} = Am+1. By applying the previous result, get a comeager G6Em+I
 in An ? 1 and a Borel isomorphism fm + 1 on Em + I into Um + I-U I1 Fi such that
 range frn ?1 is meager.

 If f(x) = fg(x) for x E En, f is a Borel isomorphism on U,, En into U " F,1. Thus
 domain f is comeager and the range is meager.

 PROOF OF THE MAIN THEOREM. Find Borel sets El c X, F1 c Y such that E1 is
 comeager, F1 is meager and there is a Borel isomorphism h from E1 onto F1

 satisfying graph h c B.

 Find Borel sets G c Y, H C X such that G is comeager, H is meager and there is

 a Borel isomorphism g from G onto H satisfying {(x, y): x = g(y)} c B - X x F1.

 Define f on E1 U H by

 f(x) = g-1(x) if x E H,
 =h(x) if x E E1-H.

 Putting E = E1 U H, F = range f, we get the result.

 REMARKS. In [3] Mauldin raises some interesting questions of which the following

 are still open to our knowledge.

 1. If B c [0, 1] x [0, 1] is a Borel set with Bx, By of positive Lebesgue measure for
 all x and y, is there a Borel isomorphism of [0,1] onto [0,1] whose graph is a subset
 of B?

 2. Is the category analog of the above true?

 ACKNOWLEDGMENT. I am grateful to Dr. R. D. Mauldin for bringing this problem

 to my attention and to Dr. S. M. Srivastava for simplifying the proof.

 REFERENCES

 1. S. Graf and R. D. Mauldin, Measurable one-to-one selections and transition kernels, Amer. J. Math.

 (to appear).

 2. K. Kuratowski, Topology, Vol. I, Academic Press, New York; PWN, Warsaw, 1966.

 3. R. D. Mauldin, One-to-one selections-marriage theorems, Amer. J. Math. 104 (1982), 823-828.

 INDIAN STATISTICAL INSTITUTE, DIVISION OF THEORETICAL STATISTICS AND MATHEMATICS, 203 BAR-

 RACKPORE TRUNK ROAD, CALCUTTA 700 035, INDIA


	Contents
	image 1
	image 2
	image 3

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 97, No. 2 (Jun., 1986), pp. 189-378
	Front Matter
	An Answer to a Question of M. Newman on Matrix Completion [pp. 189-196]
	An Isomorphism for the Grothendieck Ring of a Hopf Algebra Order [pp. 197-200]
	On a Conjecture of Zassenhaus on Torsion Units in Integral Group Rings. II [pp. 201-206]
	The nth Roots of Solutions of Linear Ordinary Differential Equations [pp. 207-211]
	A Group Theoretical Equivalent of the Zero Divisor Problem [pp. 212-216]
	On the Clifford Index of Algebraic Curves [pp. 217-218]
	The Equations Defining a Curve of Genus 4 [pp. 219-225]
	Higher Order Singularities of Morphisms to Projective Space [pp. 226-232]
	Non-Artinian Essential Extensions of Simple Modules [pp. 233-236]
	Twisted Sums of Banach and Nuclear Spaces [pp. 237-243]
	Subhomogeneous AF C-Algebras and Their Fubini Products. II [pp. 244-246]
	Long Periodic Orbits of the Triangle Map [pp. 247-254]
	Integral Representation Without Additivity [pp. 255-261]
	Best L-Approximation of L-Approximately Continuous Functions on (0, 1) by Nondecreasing Functions [pp. 262-264]
	Power Series and Nonnormal Functions [pp. 265-268]
	On the Oscillation of Almost-Periodic Sturm-Liouville Operators with an Arbitrary Coupling Constant [pp. 269-272]
	Existence of Best n-Convex Approximations [pp. 273-276]
	A New Fixed Point Theorem on Demi-Compact 1-Set-Contraction Mappings [pp. 277-280]
	Spectral Cutting for a Class of Subnormal Operators [pp. 281-285]
	A Poincaré-Type Inequality for Solutions of Elliptic Differential Equations [pp. 286-290]
	Most Riesz Product Measures are L-Improving [pp. 291-295]
	A New Inequality for Complex-Valued Polynomial Functions [pp. 296-298]
	Approximation on Disks [pp. 299-302]
	More on Convex Functions of Bounded Type [pp. 303-306]
	Clifford Isometries of the Real Stiefel Manifolds [pp. 307-310]
	On the Existence of Complete Parallel Vector Fields [pp. 311-314]
	Corps et Anneaux de Rolle [pp. 315-319]
	A One-One Selection Theorem [pp. 320-322]
	Lindenbaum Algebras and Partial Conservativity [pp. 323-327]
	Multiple Images and Local Times of Measurable Functions [pp. 328-330]
	A Metric Form of Microtransitivity [pp. 331-338]
	On Supercomplete Spaces. III [pp. 339-342]
	On Rhoades' Open Questions and Some Fixed Point Theorems for a Class of Mappings [pp. 343-346]
	Exact Sequences of Spectra and Duality [pp. 347-351]
	On Four-Dimensional h-Cobordism [pp. 352-354]
	Extension of Continuous Functions into Uniform Spaces [pp. 355-360]
	A Counterexample in Dynamical Systems of the Interval [pp. 361-366]
	Concerning the Function Equation f(g) = f, Regular Mappings and Periodic Mappings [pp. 367-371]
	Shorter Notes: Ranges of Joint Laplace-Fourier Transforms [pp. 372-373]
	Shorter Notes: Counterexample to the Lu Qi-Keng Conjecture [pp. 374-375]
	Shorter Notes: The Krein-Smulian Theorem [pp. 376-377]
	Shorter Notes: Erratum to "Bipowers in Number Fields" [p. 378]
	Back Matter





