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ESTIMATION FOR DOMAINS IN SAMPLING
ON TWO OCCASIONS

By T. P. TRIPATHI

Indian Statistical Institute

SUMMARY. For a strategy of sampling to estimate domain and over-all population
means, on a current occasion using sampled data on the current and a previous occasion, optimal
matching policies are investigated vis-a-vis specific competitive alternatives.

1. INTRODUCTION

In practice, the problem of estimating domain means, totals and pro-
portions etc. on various occasions assumes considerable importance. The
problem of estimating sub-population parameters on successive occasions
arises mainly due to

(i) change in the value, for various units in the population (hence in
the domains), of the character(s) under study from one point of time to the
other, or '

(ii) change in the number of units in domains, or

(iii) change in the domain structure from one occasion to the other i.e.
entry (or exit) of some units into (or from) a domain, or

(iv) any two or more changes listed above in (i) to (iii).

In this paper we consider, for a finite population, the problem of simulta-

neous estimation of K-domain means and the over-all mean on a current
occasion using a partial replacement scheme.

2. PROPOSED SAMPLING STRATEGY
Let U = {1, ..., N} be a finite population of N units and y a real variable
defined on U. Let {Dy, ..., D¢} be a partition of U on the second occasion
into domains D; consisting of Nj; unknown units on occasion & (h = 1, 2),

k
% Np; == N. Let yp;; denote the value of y for j-th unit in the domain Dy and
i=1

Nne

Yh = 121 Ynii/Nni

the mean of Dy on occasion b = 1, 2.
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For the simultaneous estimation of domain means ¥, (i = 1, ..., k) and
the population mean on the second occasion, we propose the following sampling
procedure.

On the first occasion an SRSWOR 8, of size n is drawn from U. On the
second occasion, the sample S, = (Spm, Spu) is drawn with S,, (matched)
of m units from 8, as an SRSWOR and S,, (unmatched or replaced) of u
units independently from U as another SRSWOR.

Let my (£ 0) and g ( # 0) be the number of units in S,y and S,,

respectively coming from D; ; 2 Mg; = M, Z Ug; = U
i=1 i=1

My Uag

Let = X ypijmm, b =1, 2, ?7“21' = X Ynij/uy; .o (20)
j=1 j=1

ymln'

nig

Yny; = jél ylij/nu ;
where ny; ( % 0) and my; ( # 0) are the number of units in §; and 8,y respec-
tively which belonged to D, on the first occasion.
For estimating Y,;, we propose an estimator

Joi = Wini+(1—w)g,,, .. (2.2)

where §p; = gm%——(gmli—gnli) with w as a suitably chosen weight.

To derive variance expressions we define

[ 1, if j-th unit falls in D; on occasion b, h =1, 2

dnis = 4 .
L 0. otherwise

and bhig = dmj Ynij giving

gmm: = i2’5m/d—2im; gu21: = 2iu/d2‘u
gmu = f1im/d-1im§ gnn‘ = 1in/d-15n
m - m
where thim = 2 dpij Yng/m;  dpim = jEl dngg/m, b =1, 2
J=1 =

uw - u
toiu =jzld2ﬁ Yaijlu; Aoy = jzldw/u

n n
tyin = 2 dyg Yrijfn; Ay = B dygg/n.
j=1 j=1
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Replacing N/(N—1) by unity, to the terms of order m=! and w we get

V) = (% _—1\17 )Ai

V(Gms) =(”—i —f\l;)Aa—<ml %} .. (2.3)
where Ay = (N/Ny) os;
2NN;
N. 1tN al
with N}: number of i-th domain units common to the first and second
occasions.

B; =

N
[Pio'uo'zz“‘(y -Y 11)(Y21_ Yzi)]— p 0%
N,

*

‘Ni _
Yii= 2 ymj/N}; o= 12—1 (Ynig— ¥ 32| N}

Olo = 21 (Y181— Yu) Yoij— 21)/N i pi = 012[07,0%;

Nng _
0% = El (Ynis— Y 14)*/ Ns.-

Assuming that the sample size is same on both the occasions, i.e. m~+u=n,
and using optimum weight w, which minimizes the variance of §,, we find,
using (2.3), that

— 1—f+Af)Ai[(1—Af)—(1—A)By/ 4]
v = ()" (I—2AfF22%)— (I—A)?By/ s o (24)

where f= n/N is the sampling fraction and A = m/n is the matched proportion.

3. OPTIMUM MATCHED PROPORTION

For the optimal matching proportion, viz.,

@ — [1—BA;]'? 1
N = B @D
the minimal resulting variance is
_ 1
Volas) = o A1 —f+(1—Bi/ 4] . (8.2

In case the structure of the domain D; remains unchanged on the two
occasions, we may assume that
Nay=N;; Ynu=Tr,0ni =03 foreachh=1,2. .. (3.3)

Further assuming that
o5 = 03 = 0} (say) . (3.4)
B 1-14
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(3.1) and (3.2) reduce to

A = VIVi—pr . (35)
14+4/24/1—pi
Vi) = 5- fVV P 1—f+4/2 v/ T=p(. . (36)

It may be seen from (2.3) that A¢—B; > 0 giving By/4; < 1. However
By/A; may either be positive or negative. In case Bj/4; > 0, the A{) in
(8.1) cannot exceed . Thus for p; > 1 in (3.5), we have A§) < 4.

Noting that p; is the correlation coefficient between the first and second
occasion values on those units of the domain D; which are common to both
the occasions, one may obtain, from(3.5), the optimum matched proportions
A for estimating Yy corresponding to a specified value of p; in (—1, 1).
In practice, simultaneous estimation of all domain means {¥y}, i =1, ..., k
may be required, in which case a compromise has to be made between various
values A, ..., A{. In case py, ..., pg do not differ appreciably from each
other, same optimum matched proportion can be used for estimation of
Y., ..., Yor. However, if p; differ considerably from each other (especially if
pi < 0 for some ¢ and p; > 0 for other), a suitable compromise may be diffi-
cult and the above sampling strategy may not be suitable for simultaneous
estimation of Y, for each ¢ = 1, ..., k. The results in the next section
provide guidelines in case either p; < § or p; > 1 for each or for some
t=1 ..k

4, COMPARISONS AND DISCUSSION

Let the sampling scheme proposed in Section 2 based on partial matching
(0 < A < 1) be denoted by S;, and the schemes based on complete matching
(A =1, 4 = 0) and complete replacement (A = 0, u = n) be denoted by 8,
and S, respectively. If ny and nj; denote the number of units in §, =
{Som}m-n and 8, = {Syu}u-n respectively coming from Dy, the estimators
for ¥y, based on S, and S, may be taken as

.

1
Gy = T o 2 Yot = tzm/dzm and o) = = Z yzil = izin/d21n
2 77/2;
respectively with
1
Vdew) = V(duw) = (_#_W) Ay .. (41

which is same as V(§y) in (2.4) with A = 1l or A = 0.
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If the sampling fraction f is ignored, from (2.4) and (4.1) we find that the
sampling strategy T, = (S(z), 7as) Would be better than both of the strategies
T, = (Sw> Faiwy) @nd Ty = (S(o)» Foicr) Provided B; > 0. Thus if (3.3) and
(3.4) are satisfied and p; > %, for each ¢ =1, ..., k, one may use a suitable
AP ¢ (0, 0.5) for simultaneous estimation of (¥,y, ..., ¥px). In case B; <0,
or in particular p; < 3, it would be advisable to use either of the strategies
T, and T,.

Table 4.1 gives the values of optimum matchings in (3.1) and the
percent relative gain in efficiency (PRGE) of optimum matching over no
matching, complete matching, 259, matching, 509, matching and 759,
matching (A = 0, 1, 1/4, 1/2 and 3/4 respectively) as obtained from

_ V(@)= V(@)
PROE = Sty 558X 100

for f = 0in (2.4) and (3.2) and for various values of B;/4;.
We note that, A{) is a monotonically decreasing function of By/4;in (0, 1).
The PRGE over A = } and A = £ increases monotonically with 0 > B;/4; < 1.

However PRGE over A = } increases monotonically for 0 < B;/4; < % and
decreases monotonically for 3 < B;/4; < 1.

TABLE 4.1. PRGE OF OPTIMUM MATCHING OVER OTHER MATCHINGS

optimum

Bq[Ay percent percent relative gain in efficiency of A‘g‘) over

matched

100 A() A=0orxa=1 Ar=1/4 A= 1/2 A=3/4
0.1 48.7 2.6 0.6 0 0.7
0.2 47.2 5.6 1.1 0 1.6
0.3 45.6 8.9 1.5 0 2.7
0.4 43.6 12.7 1.8 0.2 4.0
0.5 41 .4 17.2 1.9 0.4 5.8
0.6 38.7 22.5 1.7 0.9 8.2
0.7 35.4 29.2 1.2 1.8 11.5
0.8 30.9 38.2 0.5 3.6 16.4

0.9 24.0 51.9 0 7.8 24.8
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From Table 4.1 we observe that the PRGE of optimum matching
over 509, matching is almost negligible for 0 < B;/4; < 0.6 and moderate
for 0.6 < B;/4; < 0.9. Further the PRGE of optimum matching over 259,
matching is quite small for 0 < B;/4; < 1. Thus, if 0 < Byj4; <1 or
3 < pi < 1 under (3.3) and (3.4), 259%, percent of the units in the sample S,
may be retained randomly in the sample S, for simultaneous estimation of
all the domain means ¥y, ¢ =1, ..., k.

However, for 0 < B;/4; < 0.6 or 0.5 < p; < 0.8 under (3.3) and (3.4),
it may be preferable to retain 509, of the units in S; for §,. As indicated

earlier, if B; < 0 or p; < } under (3.3) and (3.4), one may either retain all

the units in S; for observing on the second occasion or draw a completely
fresh sample.

Thus it is interesting to note that for the estimation of domain means
Y,; for some ¢ or all ¢ = 1, ..., k& on the second occasion, one need not bother,
for optimum proportion to be matched and may either retain all the units
or no unit in case B; < 0, and retain 25%, units, in case 0 < B;/4; < 1.

It may also be shown that for —1 < By/d; <0, ie. 0.25 < p; < 0.5
under (3.3) and (3.4), the gain in efﬁmency by using no matching or 1009,
matching over 259, matching is not appreciable. Thus in practice if p; > 1/2
for most of the domains and } < p; < 1/2 for remaining ones, we may in
fact adopt the proposed sampling strategy 7', = (S, 7x) with A =m/n
= 0.25. However, if p; < 1/2 for most of 7 = 1, ..., k, it would be advisable
to use either of the strategies

T, = (8ay Fany) and Ty = (S(g), Fas00)-

5. CONCLUDING REMARKS

In most situations of practical importance one is interested in not only
estimating the domain means ¥,; (: = 1, ..., k) but also the over-all mean

_ N
Yo= 2 Yy/N.
=1

Based on the sampling procedure given in Section 2, an wunbiased
estimator for ¥, may be taken as

G = W* Pom+(1—0") Fou . (8.)
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with
Tom = Jom—(Fym—F1n)
1 1
Gou = m jsiu Yoi 5 Jnm = m J"szzm yng(h=1,2); §in = % jz Y
where w* is a suitably chosen weight.

The formulae for V(§yu), V(73m), V(¥,) with optimum weight w*, optimum
value of matched proportion A = m/n and the resulting optimum variance
Vo(7,) are, then, given by (2.3), (2.4), (3.1) and (3.2) respectively with
A4; and B; replaced by A and B respectively, where

4 = S%y H B = 2p Sly Szy—S%y ses (52)
N -
with = (y—TN—1), h=1,2;
=1

p being the correlation coefficient between y-values on the two occasions.
It may be noted that B/4 < 1. It follows that discussion in Section 4 with
B;/A; replaced by B/4 is valid for 7, as well and same A may be used for simul-
taneous estimation of ¥, and Y, (¢ =1, ..., k).

Ignoring the sampling fraction f= n/N and assuming that S;y = Sy,
we get, using optimum weights w*,

o1, 1H1=2) 1=
YR =5 4 =g a-ap

which is same as the formula obtained by Raj (1965).

(5.3)

Denoting 7, by 7, in case regression estimator is used in place of 7y, in
(5.1), we have, from Cochran (1977, p. 347),

i 1 (I—A)p?
V(7)) = — I—T—)\)—‘ (5.4)
From (5.3) and (5.4), the relative gain in efficiency of §, over 7, for same
A, is given by
oy V(§s)—V(Fs) A1—A) (1—p)?
RGE *) — - = .. (8.5
Eol%) = gy = a2y

which monotonically decreases with p(0 < p 1) for a given A.

In case corresponding optimum matched proportions are used in g and
7, the relative gain in efficiency is given by

Vo(@3)— Vol ?7;) V/2(1—p)—4/1—p?
RGE (§o2| F2) = Vo@a) 1 y/1—p2 . (5.6)

which monotonically decreases with p(0.5 < p < 1).
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Table 5.1 gives the percent relative gains in efficiency of #, over
75 for A = 0.25 and A = 0.40 ; for corresponding optimum A in both and for
optimum A in §; but A = 0.25 in 7; when p = 0.5 (0.1) 0.9.

TABLE 5.1. PERCENT RELATIVE GAIN IN EFFICIENCY OF 17; OVER 7*

100 RGE (7,17) 100 RGE (7/,1g%) 100 RGE (7),173)
P A=0.25  x=0.40 A =0.25
0.5 5.8 7.1 7.1 7.1
0.6 4.6 5.3 5.2 6.4
0.7 3.4 3.6 3.5 5.4
0.8 2.2 2.0 2.3 3.8
0.9 0.9 0.7 0.8 1.3

Table 5.1 reveals that the relative gain in efficiency of 7, over 7,
is not appreciable, especially when p > 0.7. Noting the fact that formulae
for variance of 7, is exact while for that of 7, is valid only for large m (because
of the use of regression estimator in place of 7;,), the use of 7, over 7, may be
recommended especially when p is high and the situation demands a small
matched proportion, say A = 0.25, which fares well in many situations.

Thus based on the discussions in Sections 4 and 5, one may use, in prac-
tice, the estimators 7} and {f,;} for the simultaneous estimation of ¥, and
{Yy} (=1, ..., k) respectively especially when 0 < B/A<1 and 0 < B;/4;<1
(or alternatively 3 <p <1 and % <p;<1l) in which case one may
use A = 0.25 without bothering for optimum A as the resulting loss in effi-
ciency is not appreciable. In other cases the sample S, of the first occasion
may either be completely replaced or retained.
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