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SUMMARY. In this papor a mothod of astimation, which may ba considorod as the dual property
of the ratio mothod of estimation, ia suggested. The product estimator is of the form (yz)/z, where y and =
aro unbiasad esti of tho Yand X ding to tho variale undor consideration
and the y variate respoctively based on eny ility samplo design. It fe showa that
an idca of the corrolation ooofficient between y and ¥ and the ccofiiciont of varialion of 5 and y would help
in dotermining whether an uabissed, product or ratio cetimator is to bo used in a partiovlar situation,
The quostion of estimation of the biaa of the product ostimator in alse considored.

1. IxTRODUCTION

Though the problem of improving upon an unbissed estimator by the mothod
of ratio using a suitabl 1 tary varinto has rocoived considorablo
attention in sampling thoory, little M.wnhon seoms t0 have beon given to the dual
situation of improving upon an unbiased estimator by using a suitable pmduc!. cati-

mator. H , Good. (1900)hns idored the quostion of obtaini

and varianco estimators for p of estimat. In thu papor tho pmduc'. mothod
of catimation is introducod in a gonoral form. Suppose ¥ and z aro unbiased

of tho p ters Y and X correaponding to tho variato undor consideration and the

supplomentary variate rospoctivoly and lot the valus of X bo known. Then the
product ostimator is givon by (yz)/X. This estimator i being suggostod, as it ia
complomontary to the ratio estimator (y/z)X and honce is likely to bo usoful in
situations, whore tho ratio estimator is not efficiont, that is, whero tho catimators y

md z are nognh\oly corrolatod. The tochnique of obtaining almost unbiased
for tric functi idorod by Murthy (1062) is applied
to tho prop pmduct timator to make it unbiased

2. PRODUOCT METHOD OF ESTIMATION

Lot y and z be unbiased esti of the p ters ¥ and X corrosponding
to tho variate undor idoration and tho suppl y variato rospoctivoly based

on any probability sample design and lot tho valuo of X bo known. Thon au altornative
cetimator of ¥, which may bo termod the product, estimator, is givon by

yz
Y= g e (2)

(1]
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For idering thoe officioncy of this cstimator as pared to that of the unbinsed
catimator y, Jot us dorive the exprossions for tho oxpocted valuo and the moan square
orror of this eatimator. Writing

y = ¥(14¢)and z = X(1+¢,), whoro Ee,) = E{ey) = 0,

wo got the bias and the moan square orror of the product estimator 72
i - 5( )
= YE[(14+6¢)1+6)—1]

= YV, = Yoy, z)%%} - (22)
and u(}')-s( —Y)

= YVE(e et o)
= YVt 2P 1+ Ver+- 2V +2V1a+ Vg - (23)

whero Vo= Ed oy = E4= T Y”‘ —Xy

7, and o, are the standard errors of tho cstimators y and z respostively and p(y, z)
ia tho correlation coefficiont botwoeon y and 2.  From (2.2) it can bo scen that if y and
z aro uncorrolated, tho product estimator is unbiased for Y. The varianco estimators
for products of catimntors have boon considored by Goodman (1060).

In caso of sampling schomos such as simple random sampling or varying pro-

bability eampling with replacement or any other sampling schemo involving seloc-

tion of indepondont sub-samplea, the bias and tho mean aquaro orror of the product
estimator are of the form

B =Y V" 24

and

M) = P [ Lt Vit Vidd 2 (Vi Vi ks (Pt VoV

(2.6)
0
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whoro Vy stands for ¥, given in (2.3) for a samplo of ono unit or fur ono sub-samplo
and m i3 tho samiplo size or tho numbor of sub-samples as tho cnse may bo.  This shows
that if m iy large, tho contribution of tho bina to tho moan square error would bo negli-
giblo, and thnt tho torms involving 1/m* and 1/m® in the mean square error may bo
neglocted, in which case (2.5) roduces to

ady = % Vit 2Vt Vo). - 28)
Thux wo sco that tho bias of the product cetimator (2.1) is givon by

B¥)y= YV, = Yoy 2) g = Toly, 2100

where C, and 0, aro the coofficients of variation of tho y and z resp y
and that the mean square orror corroct Lo the socond degree of approximation is

(D) = Y{V it 2V +Vop). e (27)

In caso of largo samples, the biaa rolative to the paramotor Y, that is, B f’)/ Y, is likoly

to bo negligible since | B(Y)|/Y § C,C, and this cstimator will be more officiont than
the unbinsed estimator y if

w4y < P,
that is, if Vi< —tVou

which leads to the condition

ply, ) <—}g—: in case both Y and X are positive or negative
(2.8)

and Ay 2) >+ g! in case oithor Y or X is nogative.
L4

In doriving this rosult, it js assumed that both ¥ and X aro non-zore.

This result is of intercst as it shows that for any given supplomontary variato,
one can docido whothor to uso the usual unbinsed, ratio or product cstimator on tho
basis of the lati fliciont b tho estimators y and z of tho paramoters
corrosponding to tho varials undor idoration and the suppl 'y variato

n
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respeotively and of tho correlation cooflicionta of y and z provided the sample
sizo is Iargo. In this connoction it may bo notod that the ratio eatimator (y/z)X
is moro officiont than tho usunl unbiasod cstimator y in cnso of largo snmples if
My, ) > +(C,2C,) in caso both Y and X aro positivo or negative and
ply, 7) < —(C,J2C,) in caso eithor " or X is ncgalivo. Llonco the ostimator to
bo used in a partioular situation is the

product estimator ¥, if —1& py 7)< —t 9'.-'-
X ¢,
. + g, [+}
unbiasod estimator y, if —} G <Ay )< +4 Lr': o (29)
v v

ratio estimator %x. if +4 gz <py.z) <+1
y

in case both Y and X are positive or negative. If eithor ¥ or X is negative, tho condi-
tiona for tho product and the ratio cstimators to be more eflicient than the usual un-
binsod estimator will bo rovorsed. That is, if eithor Y or X is nogative, thon the csti-
mator to bo usod is the

product estimator %‘. if +]%,'< Ay, 2) < +1,
L]

unbissod estimator  y, i —15* < A D) S+, . 210)
v y

ratio estimator  L.X, if -|<m.=)<—;g-.
z (]

Sinco the wholo rango of the correlation coofficient botwoon the estimators y and z
haa boen covered, this procoduro will lead to botter utilization of tho nvulnblo supplo-
mentary information in improving upon tho ordi biased catimator, Incidentally
it may bo notod that tho oxpressiona for the bias and tho moan squaro error of tho
product estimators are exact unliko thoso of the ratio cstimator and that their doriva-
tion doea not rouire tho rathor restriotive assumptions such as z being non-zoro,

—X
|fj—| < 1, oto. involved in tho derivation of tho corresponding expressions for the
ratio eatimator.

72
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3. UNBLASED PRODUCT ESTIMATOR

Suppose in a survoy tho samplo is drawn in tho form of n indopondent intor-

ponetrating sub-samples. Lot y; and z; bo unbinsod estimates of tho b
Y and X based on tho i-th sub-samplo, (i = 1, 2,...,n). Tho following two product
timators can bo idorod to estimato the Y:
Po=92_1(1 2, V(1%
Y‘=x._x(”'§y,)(nflz,) . (31
s 1413
and fi=g (T £ = ) e (8.2)

Applying result (2.2) to (3.1), wo get

B(]A’l) = Yin
whero Py = E@g—Y)2—X)|YX =”1_, ':Z‘l Ely— Yz —X)YX,

sinco y; and z,(j # 1) aro uncorrolatod. Hence we have
Py=l 3 Y&
Biy=5EB (Z2&)- . (33)
The bias of ¥, is given by
¥y=-LEp (Y%
B(¥y) = E‘B( 3~ ) e (34)
Comparing (3.3) and (3.4), wo soo that tho bias of }". is # times tho biny of i’,, that is,
B(¥,) = nB(¥,). e (35)

Sinco E(¥,—¥,) = B(P)—B(¥,) = (n—1) B(?,), an unbiasod cstimntor of tho bias
of Y, is givon by

ppy_ Ty— ¥,

By = = e (36)

13
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This unbiased catimator of the bins of the product estimator may bo usod to corroct

the catimator ¥, for its bias, thoroby obtaining an unbiased product esti ?,
givon by

7, =sh=%, . A7)
n—1
Tho conditions under which the unbiasod product estimator ?, is more efficiont

than tho biased product cstimator b4 s are the same as thoso givon by Murthy and
Naojamma (1059) in case of obtaining an almost unbiased ratio estimat
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