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SUAMARY. The problem of eatimating the sizo of & population and its inverso is considored
here on tho basis of ssvern! independent simple raadom (without feplacement) samples solocted from the
population. New ontimatce of the population aita and its reciprocal ara givon, The cetimat of the reci-
procal of the population siza is the unbiased minimum variance cetimato. The catimate of the population
2iz0 is unbiosed and hos minimum varianco only if the total samplo aito is not less than the population size,
Variauco estimatos of {heso celimatces arc also given.

1. INTRODUCTION

fl

The problem of estimating the sizo of a popul is known to bo of great
importance in biological and othor relatod problems, e.g., well-known probloms of
this kind are the estimation of the total number of fish in a lake and the estimation of
tho total number of wild animals in a forest, otc. Soveral authors have already consi-
dored this problem in tho past and have dovised mothods of sampling (soe roferonces).
In this paper simple random pling (without repl t) at several stages has
boon considered for this purposo. Czen Pin and Dzan Dzo (1061) bave also considored
this method aud tormed it as capturo-mark method. Horo, this mothed is also re-
ferred to as capturo-mark mothod. Bailoy (1951) montions that in cortain ocological
probloms one is moro intorosted in estimating the mnprocnl of the populnhon sizo
rathor than the population size itsolf; the problem of g tho reciprocal of the
population size is thorefore also consldomd hore.

To begin with, tho following lomma is given which will bo found usoful lator.
Lomma 1.1: Let Ay, ..., An be m events defined on a probability space. Let
A=) Ajand B;=(4—A)i=1,..,m. Then
(=)

P[ ﬁ. A,]= P(4)—EP(B)+E'P(B, N By)... o (LY

where the summation £’ is laken over all combinations of B's chosen from By, ..., B,

‘Tho proof is omitted.

*At prosont with Univorsily of Illincia on loave from Indinn Stalistical Institute.
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2. CAPTURE-MARK METZOD

The capture-mark mothod of sampling from a finito population of size N
is ns follows: £ simplo random (without roplacoment) subsamples of size n,, ny, ... 7,
respectively are drawn indopondently of each othor and tho nuraber, X, of distinct
population units is noted. Tho random variable 3f is usod to got estimates of the
population sizo and its reciprocal.

To got tho probability distribution of Jf, it can bo verified on lotting
A; = (i-th population unit is soloctod in the samplo} (s = 1, ..., m) in Lomma 1.1 that
tho probability of getting any proassignod m distinot units, in this sampling schomo,
is given by'

2

B (R ) ™ ) B 5

()

The probability distribution of Al is immodiatoly obtained from (2.1) as given

P = (-l

1)

below

oy BUA DR

n
A usoful oquality follows from (2.2)
mia (2, N} _
= EHR )P () e d=000) - e

m=max ng (=1
It is worthwhilo to montion here that Czon Pin and Dzan Dzo (1961) have

L3
proved that if n =‘2 n,—0 in such a manner that n‘l( Zn n,) romaina bounded,
= Y]

[ +o( )] e (24)

thon

P[JI---m].—el

horoe A= (X f
whore ( Zm n,) IN.

From (2.2) it can bo scon by induction over N that X is a comploto sufliciont
statistio for tho paramoter spaco (N > max n}. It thus follows that il minimum
1<i€k
varianco unbiasod estimatos of tho population sizo and its inverso exist, they must

bo functions of M.

In tho noxt two soctions, tha problom of catimnting tho population ize and
its invorso is considored in rovorso. ordor for somo simplicity in tho oxposition.

.(;) s 10 bo regurded aeTzoro for k> .
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3. ESTIMATION OF THE INVERSE OF TRE POPULATION 8I1Z%

Tho following thoorem gives tho unbiased mini: varianco catimat ol'-}v

Theorom 1: The unbiased minimum variance estimate of 1[N is given by

e B ERACT A
RN T

. @)

Proof: Lat u,, and u,; bo tho first sample units respoctivoly of tho first two
subsamplos. Since Plu;, = u,] = 1[N, an unbiased estimato of 1/ is given by

1 if uy=uy

= { . (32)
0 otherwise.

Further, since 2/ is a complote sufficient statistio, tho unbiasod minimum varianco

cetimate of th is given by
((m) = Eltg | M = m) = P["_‘FI%}'Q'%;] . . 133)

In ordor to be able to expross (3.3) as a function of m,n,, ..., n,, lot
Uyy), oo, Ugmy Do tho m distinct population units soloctod in the sample, Then on
lotting A; = [u, = t1y, == w; 8nd u, is solected in tho samplo) j=1,.., m in
Lomma L1, it can be mcen that the probability of gotting a sample with
Ygg) -np Uiy B0d 4, = 2y, = 4y, is givon by
Pluyy = gy = thg [ Yy o1 Yim)
m—1y/m=1\% /m m=—1 m—2 m—1
n —
=("|—1 ("a—l )l-a ( ny ) 7"( 1 )( m—1 )( ny—1 l-a " )
1\ N—
NN (n,—l (n,— )‘[I. (n‘)
() & mm
(" )t

1
2l (m)- i~ 0.

( ) (3.4)
(a1 \ By
It follows from (3.4) that
Pley = uy A =m]
N 'Vl & /m ('1") b ofm—1 (;‘) b oym—=2 ]
_("‘) ;l]-ll("l)_(m—l)lgl( L )+(m_—2-):l-1|( e )_
- a(3)
-1\
. (3.8)
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Tho theorom is proved on combining (2.2), (3.3) aad (3.5).
Corollary 1: In the parlicular case when 7y = »y = ... =n, = |, the

unbiased mirimum variance estimate of };- 8 given by

tym) = %%‘LT-” e (3.8)

where Cofk) = m'—( '{‘) (m—=1 .. (=)™ (m’:l) C, (K)'a are called the differences

of zeroes.
Tho author (1061) has tabulated the valuca of%k(_‘—.;) for all m and
n

k=1 to 50.
It can bo shown in & similar mannor that tho bost unblasod estimate of P(t_,(m)]
is givon by
v[E_y(m)] = L3(m)—1_y(m) . (A7)
whore

Li(m) (T) ﬁ(m-1)+_._].

my \n) =1t | oy

tyfm) = -
T TR G- ()]

4. ESTIMATION OF THE POPULATION SIZE

The soarch for an unbiasod estimate of N leads to the following thoorom.
Theorem 2 : The unbiased minimum variance estimate of N exists if and only
i
if the sample size n =‘Z n; » N in which case the required estimale i3 given by
-l

mi ()0 () B ("0 )+

G- 8 (75 )+-]

(=1

L)

him) =

Proof: Supposo that thoro oxists such an cstimato. Lot it be #(m). Thon
wo havo from tho condition of unbiasodness

(ﬁ)[,r:‘.(:)‘g();.)(m;l)'*] N (42)

min (a, N)
I t(m)

m=mox ng

for all N > max =,
'
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Putting successively N = max n;, max #,+1, ..., wo got tho only possible
estimato, {,(m), as definod above, It is found on taking tho oxpoctation of £,(m), with
tho help of (2.3), that 4,(m) is an unbiasod cstimate of N if and only if n > N;

(n+n)[....("+l ~ B (5]

LH

Eftm)] = (4.9)
whoro n, = 1.
This complotos tho proof.

The bias of #,(m) docroases as n increases and would be noegligible if » is large.
Moroovor, if in practico some approximation for V is availablo in advancs, a corroction
for tho bias can bo made.

In tho particular easo whon n, = ny = ... = n; = L. 4(m) may bo oxprossod
in torms of tho differoncos of zoroos as

tm) = E-t-y(."‘(',“')”. . (44)

An cstimato of V[!(m)] (unbiasod if'i‘. n; » N) is givon by
-]
v{ty(m)] = & (mn)—1y(m) e (4.5)

[= 8 ()= (PR ("5 )+-]
HER ).,.(’"")+ ]

5. CONCLUDING REMARK

whoro ty{m) =

Tho cstimatos auggosted in tho procoding eoctions are difficult to compute
in practico oxcopt whon n, =n,=..=mn,=1 and ¥  60. Howover, il tho

subsampling fractions :—{;- (8 =1, ..., k) aro negligible so that subsampling may be

I with roplacomont, tho abovo dosoribod cstimatos may bo approximated by
tyfmy =Gz (z(’g;)" )

dsm) = 1 om) - Z VD) ()

t(m) ﬁ_-b(:l%gni")l) e (48)

otm) = tm)— S‘x+:f’ )
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These approximations are geod only for En; < 50 aa tables of tho ratio
Cufr—1)

e aro not yot availablo in tho litoraturo boyoud r = 50.

As a further approximation to theso ostimates, it is of intorest to point out

:
thatif n = X n,islargo and if L is bounded so that (2.4) may bo used to approxi-
P E‘ﬂ{";
mato tho tors and d i of thoso catimates, the asymptotio exp
for thoso cstimates are given by
. (n—m)
t_(m) == o e (410)
>3]
{n—m) (n—m—1) e (1)

HL_yfm)) == £, (m)— (Z
i>)

t(m) = Qfﬂ) e (412)

(n—m+1)

) (3re)' “13)
y(m)) = £ (m) — e m+l)(n—m+2) e AR
The estimato (4.12) has boen suggosted for estimating N by Czon Pin and
Dzan Dzo (1061). An intoresting dhcnsanon on tho bias and variance of (4.12) and
on othor rolatod probl like confid intorval cstimation of N may bo found in
their papor. It hna beon proved by thom that (4.12) attains loast varianco when
fyma, =, =0 =1,
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