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SUMMARY. For the multivariate normal mean model when the parameter is restricted
to a positively homogeneous cone, Stein-rule or shrinkage versions of restricted maximum
likelihood estimators RSMLE are considered, and under suitable quadratic loss, their dominance
properties are studied systematically. Some applications to linear models are also considered.

1. INTRODUCTION

The past three decades have witnessed a phenomenal growth of research
on improved estimation (under quadratic loss) based on Stein-rule (or
shrinkage) estimators (SRE). Consider a p( > 3)-variate normal distribution
with mean vector 8 ¢ ® where 8 is a restricted subset of R?. In the unres-
tricted case (i.e., for ® = R?), the SRE of 6 dominate the usual maximum
likelihood estimators (MLE). In the restricted case, the pivot (8,) on which
a SRE is based may not be an inner point of @, and hence, the relative domi-
nance picture can be quite different. In fact, restricted (R) MLE (derived
under the parameter restraints) may not possess all the asymptotic optimality
properties of the classical MLE (although the RMLE generally perform better
than the MLE when 6 ¢ ®). One may theorefore wonder whether the RMLE
can be dominated in quadratic risk by suitable SRE in the same manner as
the unrestricted (U)MLE is dominated by a SRE ? A comprehensive study
of this dominance picture needs to focus on the risk of all the UMLE, RMLE,
SRE and their restricted versions (RSRE). The object of the present investi-
gation is to present a systematic and unified account of this relative dominance
picture in a variety of restricted models.

To motivate, we may mention some typical problems where the RMLE
are advocated.
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(i) Orthant alternative problem. Here ©® = {0 e R?: 0 > 6}, for some
specified 6, ¢ R? ; translating the observations by 6,, we may set 6, = 0.

(ii) Ordered alternative problem. Here © = {8e R? : 6, <...< 0y} so that
the pivot (or null hypothesis) relates to the line of equality : 8 == 01,6 ¢ R.

Other models include the so called umbrella alternatives, iree alternatives,
loop alternatives, etc., and we may refer to Robertson et al. (1988) for some
details. The RMLE computed under the restricted setup are often termed

the isotonic MLE (viz., Barlow et al. (1972). Kudo (1963), Nuesch (1966),
Perlman (1969) and others have studied various properties of the usual RMLE
for some of these models. In this context, one may introduce a positively
homogeneous cone © by setting that 6 ¢ @ implies that for every M >0, M6e0,
so that ® is a proper subset of R?, restricted by some inequalities. Generally,
a RSMLE on a positively homogeneous cone @ performs better than the usual
UMLE, although an opposite picture may emerge on the complementary
space RPN\ ©. In the simplest orthant model (when the covariance matrix is
assumed to be diagonal and known), Chang (1981, 1982) has proposed some
shrinkage estimators. His formulation has mostly been on heuristic grounds,
and the full impact of shrinkage has not been incorporated in the estimators
congidered by him. Further, the formulation becomes ineffective when the
covariance matrix is not diagonal. For the case of a single inecquality con-
straint, Judge and Yancey (1986) have considered some SRE ; their formula-
tion also encounters considerable difficulties in the case of multiple constraints
when the covariance matrix is arbitrary. For both the cases, for a completely
arbitrary covariance matrix, or in general, for a positively homogeneous cone
®, an explicit formulation of the RMLE is a precursor for the construction of
suibable RSMLE which would have better dominance properties. With
this objective in mind, we shall consider here a formulation of RMLE and
RSMLE in a unified manner, and then incorporate them in our desired domi-
nance picture study.

In Section 2 we start with an explicit formulation of the RMLE, and this
in turn provides a clear motivation for the construction of the RSMLE, treated
in Section 3. The dominance of the RSMLE over the RMLE is established
in Section 4 ; a general class of restricted minimax estimators is also consi-
dored there. Section 5 deals with some restricted parameter spaces in some
common linear models. Section 6 is devoted to the relative risk picture for
the proposed estimators, and the concluding section deals with some general
comments with special attention to the estimators considered by Chang
(1981, 1982) and others.
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2. PRELIMINARY NOTIONS

We shall sec in Section 5 that a general class of restricted alternative
models can be reduced to the positive orthant model for which

©=0,={0cRP:0>0, 8] > 0} =R,,. . (20)

Hence, for the sake of simplicity, in Sections 2 through 4, we shall consider
specifically the case of an orthant restriction model with an arbitrary cova-
riance matrix. Let X, ..., X, be n independent and identically distributed
(i.i.d.) random vectors (r.v.) having a p-variate normal distribution with mean
vector 8 and dispersion matrix T assumed to be positive definite (p.d.). Let
us denote by

— n n — —_— A
X, =n! 3 Xjand 8, = I (X;—X ) Xi—X,) ; &5 = (n—1)-18,,.
i=1 i=1

Then X, is the UMLE of @ ; it is unbiased for @ but not admissible for p > 3
The formulation of the RMLE of 0 (restricted to @,) is due to Nuesch (1966).
We shall find it convenient to express this in the following compact form.
Later on, we also provide suitable simplifications in some special cases.

For every p > 1, let Np = {1, ...,p}. By a C Np, we mean a subset of
N, ordered by natural ordering, |a| stands for the cardinality of a, and
a’ = Np\@a stands for the complement of a. For a p-vector @, we define
for each a C Ny, 24 as the |a|—vector consisting of the components with
indices i ea ;x4 = 0, conventionally. For a pXp p.d. matrix Q and for
overy « C Np, b C Ny, let

2q.5(Q) = wu—Qabe—blmb and Qq.p = Qaa—QabQ;BlQba, o (23)

where Qqp denotes the |a| X |b] submotrix of Q consisting of the rows in a
and columns in b ;Qqq and Qpp are defined analogously. Let then

La(Q) = {x e RP = QLay < 0, %4,0/(Q) > 0}, ¢ C alC Ny o (24)
Then [viz., Kudo (1963)] the @2%(Q), @ € N,, are disjoint and () 2%(Q) = RP.
aeNy

Finally, for every a C N,, such that |a] = r (0 < r < p), if wand v are r- and
(p—r)—vectors respectively, we denote by

[Fa(u, ©)]; = u; or vy according as te€a or tea’. ... (2.5)
The RMLE of 6 (restricted to ®,) is given by

6, = X PoXna.ar(S,), 0) 1 (X, € 24(S,)), .. (2.6)
{$Cagy)

A 3-18



392 DEBAPRIYA SENGUPTA AND PRANAB KUMAR SEN

where 1(4) stands for the indicator function of the set 4. 1f 2 is known, in
(2.6) we replace S, by Z, and this RMLE is denoted by 8y, We may further
note that only one of the 27 indicators functions 1(X, ¢ Zu(S,)), a € Ny is
non-null, so that (2.6) is actually expressible in terms of a single (random)

term in this closed form. We may remark that whereas the UMLE X, is
equivariant under any nonsingular transformation of the X; the restricted
space @, is not invariant with respect to such transformations, and also the
RMLE in (2.6) may not enjoy this equivariance property in a general setup.
If however, Z is a diagonal matrix, we may need only the diagonal terms of
S, to estimate it (denote this diagonal matrix by S9), then the RMLE in (2.6)
with S, replaced by SJ remains equivariant under any coordinatewise scalar
transformation. In such a case, a is‘the set of all‘coordinates of X, having
positive elements (easy to determine instantly), and that simply yields the
unique partition a (¢ N,) for which 1(Xp € 24(8%)) = 1. This simplification
is not generally tenable for an arbitrary Z (even when it is known) For p
not so large, the computational algothithm for (2.6) has been discussed in
various places (viz., Robertson et al. (1988)), although as p increases, the task
becomes highly laborious. However, in actual practice, generally p is not
large, and hence, (2.6) does not pose any threatening task for its computation.
The beauty of (2.6) is that it provides a natural motivation for the SRE which
we congider in the next section. However, to study the related dominance
results, we need to introduce the relavant risk function. For this, consider
the quadratic loss function (for an estimator T of ) :

L(T,0) = (T—6) Z-(T—6) = |T—0|}, e (2.7)
so that the risk is given by
R(T, 0) = EgI(T, 0) = Tr{ZEy[(T--6) (T—0)'],0 ¢ 0,. .. (2.8)
We may recall that an estimator T* dominantes another one (T') in quadratic
risk if
R(T*,0) < R(T, 68), % 0 ¢ O, with strict inequality, for some 0. ... (2.9)

3. Tee RSMLE ror O,

Note that {%(S,) ; § C a C Ny} is a partitioning of RP into 22 disjoint
subsets. Also, on @%(S,,), the problem of estimating 6 under the constraint
that 6 > 0 essentially reduces to that of estimating 6, under the constraint
0s’ = 0, and the RMLE coincides with the UMLE on this |a|-dimensional
subspace. This suggests that while adopting the James and Stein (1961)
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shrinkage methodology, it may be wiser to adapt it to the particular subset
(i.e., Xa(S,)) where the sample statistic belongs to. Thus, we allow the
shrinkage factor to be dependent on the (random) subset a :¢ C a C Ny,
and propose the following RSMLE of 6(on @,) :

Brow= T UX,e2u(S,) {l—calnlOhu ] )} O, ... (3.1)
{pcaCN,) "

where the RMLE 8}, is defined by (2.6), so that

Héﬁuu?gn =[Xna:a' (Sn)]l Sr?;:a’ (Xnaia’ (Sn)] on wﬂ(sn)’ ¢ c; a g NP: (3-2)
and the shrinkage factors ¢4, ¢ C @ C Np are nonnegative and they satisfy :
0 < ¢g < 2(|a]| —2)F/(n—p- 2) where ¢+ = max (0, g), for real g. ... (3.3)

It may be remarked that S, follows the Wishart distribution W(p, n—1, Z)
with n—1 degrees of freedom (DF). In general if § were W(p, m, Z), indepen-

dently of Xn, then in (3.1) and (3.2), we would have replaced S, by S, and in
(8.3), for the upper bound of ¢4, n—p-+2 by (m—p+3),a C Np. Also, if
2 = o2V, V known, and if there exists an S?, independent of }n, such that
m82[o? ~ x2, for some m > 1, then letting s* = m(m--2)-18? and S — ey,
in (3.1)—(3.2), we would replace S, by Z and in (3.3), the upper bound for
cq would be simply 2(|a|—2)*,a C Np. In particular, if Z is known, then
we may further replace b by Z without any further change in the upper bound
for ¢g, @ C Np. For the case of a diagonal Z, the computation of (3.1) becomes
much simpler (vide Section 2 for the corresponding RMLE). In this case,
Chang (1981, 1982) has considered some alternaive SRE where the shrinkage
factor is not made to depend on the particular (random) set a for which

X, € LaI). We shall make a detailed comparison of our proposed estimators
snd the ones by Chang (1981, 1982) in Section 7. In passing, however, we may
remark that (3.1) besides being applicable in a more general situation is also
more efficient than the Chang estimators when & = o?I.

Baw= X UX, e 2ulS,)) {1—caln]Biul )T} O . (34)
{$ CaCNy}
Here also, the (lower) turncation of the shrinkage factor is made to depend on
the partitioning % (S,), ¢ C a C Np. Some analogues of the Baranchik
(1970) and Strawderman (1971) estimators for the restricted parameter space
under consideration will be considered in the next section.
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4. DOMINANOE RESULTS FOR THE RSMLE

Our main contention is to prove the following :

Theorem 4.1. Under the quadratic loss in (2.7), for every p > 3,
R( ;iSM; o) < R(aislb 0) < R(Gin 0); 'V‘ e € ®+, (4:1)

where strict inequality holds in a neighborhood of the pivot 0 (€ ©,). Thus, the
positive rule RSM LE dominates the RSM LE which in turn dominates the RMLE
when 0 is restricted to the positive orthant space ©..

The proof of this theorem and some related lemmas is relegated to the
Appendix.

Remarks. First, we may note that in adapting ¢, to 1he set Ly(S,),
a € Np, maximal gain is achieved when ¢, = (|a|—2)*, @ ¢ Np. This is very
similar to that in the unrestricted case. Secondly, as expected, the risk-reduc-
tion due to shrinkage is a maximum at the pivot (i.e., 6 = 0). Thirdly, in
the unrestricted case, the shrinkage factor is ¢, while in our cage, it depends
on the ¢4, @ € Np. Since the ¢, are generally montone increasing in |a|, and
our risk reduction involves an average of the reductions over the variaous
sectors X(S,), @ € Np, we would have a comparatively smaller reduction of
the risk of the RSMLE over RMLE than in the unrestricted case (i.e., SMLE
over UMLE). This is not surprising, as the RMLE are themselves adjusted
estimators with due considerations on the set resiraints. This raises the
issue of comparing the SMLE and RSMLE, and this will be addressed in
Section 6. Fourthly, for any 8 # 0, the reduction in the risk due to shrinkage
depends on the sample size n through the noncentralities nt 0,, a ¢ Npy. It
is also known [viz., Sen (1984)] that in the unrestricted case, as the noncentra-
lity parameter increases, the risk-reduction becomes smaller, and in the asymp-
totic case, it achieves the value 0. A similar situation holds here. As #
increases, the risk-reduction of the RSMLE over the RMLE becomes smaller
and approaces the agymptote 0 as n —oco. For this reason, in the asymp-
totic cage, it has been suggested [Sen(1984)] that one should use Pitman alter-
natives (i.e., ® = n~t A, A €©,), for which we would have the same picture as
in Theorem 4.1 where 6 has to be replaced by A. Finally, the relative domi-
nance picture in Theorem 4.1 is adapted to the particular loss function in
(2.7). If instead of Z-1 we use an arbitrary W (p.d.) then (4.1) may not hold.
This situation is quite comparable to the unrestricted case where the domi-
nance of the SMLE rests on the adoptation of a particular loss function, and
for different logs functions, shrinkage estimators having the desired dominanee
property may differ.
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Motivated by the positive-rule shrinkage estimators and a general class
of minimax estimators (in the unrestiicted case) introduced by Baranchik
(1970) and Strawderman (1971), we consider here some more general minimax
estimators in the restricted case. In the unrestricted case, the MLE and
its shrinkage versions are all equivariant under nonsingular transformations
X - Y = BX, B nonsingular. However, this equivariance is not generally
true for ®, (when X is arbitrary p.d.) or for a positively homogeneous cone in
R?. This makes it difficult to use a canonical reduction (on 0, Z) to establish
the desired results for an arbitrary Z. However, under an additional condi-
tion, on (0, Z), such a general dominance result may be obtained. Let us
define '

<@ y>yg=xSly<xe>z=|x|g; . (4.2)

-0 m 1
Um (0, Z) = (2m)p'2 | T |12 L ;.of kg < 0,2 >g exp { —3 Hzll%} dz, m > 0

(4.3)
=060, Ym Oner Baia) > 0¥ m > 0anda C Npho ... (4.4)

Note that a sufficient condition for @} to be non-empty is that Z;1,. 6,.,.> 0,
for every ae Ny (={aeN,: |a| > 2}),p > 3, and this is true in, particular
when X is diagonal. Thus, the results to follow hold for ®, when Z is diagonal
and p > 3.

For every a¢ C aC Ny, let t4(y) : R*— (0, 2(|a| —2)*) be a nonde-
decreasing, non-negative and bounded function of y, and for p > 3, let
X ~ Ny(6, 2),

* = 110 ¢ 1—1 2) [y~ O, ... (45
o= 3, X L@ {11 0] > 2l g, e B - (45)
where 85y refers to the RMLE in the case of known  (and » = 1). Note that
the positive-rule estimator in (3.4) [with S, replaced by Z] is a member of this
class.

Theorem 4.2. Let X ~ Np(0, Z) where Z 18 such that 0 ¢ ©,. Also assume
that t,(y) 18 nonnegative, monotone nondecreeasing and and bounded from above
by 2(|a|—2), for every a C N,. Then, for p > 3, any estimator of the form
(4.5) dominates 8%y (over ©,), and hence, is minimax (over ©.).

The proof of the theorem is sketched in the Appendix. In passing, we
may remark that when E is diagonal. the Qu(Z) = (I) and 8zy do not

depend on Z, but the factor [y—‘ta(y)]y_"aRM” g may depend on Z, and hence,
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(4.5) depends on Z, even if it is diagonal. However, for a diagonal Z, 0] = 0,
and the conclusion holds for the entire domain ®;. This may hold for some
non-diagonal Z too, and some of these cascs will be treated ir the next section.

5. SOME EXTENSIONS AND IMPORTANT APPLICATIONS

An extension of the positive orthant model is considered here and some
specific applications in linear models are presented along with.

5.1. Sub-orthant model. As an extengion of (2.1), we consider the
following :

X(m-+-p -vector) = (X1, X3)' ~ Nn,p(8, Z) ;0 = (1, p3) ... (5.1)

where gy and p, are m and p-vectors respectively, and Z is a (m--p) X (m-+p)
matrix (p.d.). In this sebup, u, is unrestricted while p, belongs to the positive
orthant R¥p,ie.,

= {0 = (uy, @) : £, ¢ R™ and u, ¢ R*7}, o 15.2)
and the pivot for p,is 0. We denote by NJ = {m—+1, ..., m+p} and for every

a:¢ C a C Ny, the complemetnary subset (a') as wel] as the X,., (2), X5. 0’

(Zyand X etc.. are defined as in earlier sections. It can be shown (viz.,
a:a’

Sengupta and Sen (1987)) that for this sub-orthant model, the RMLE of 0 is
given by

b= T Py o(Kia Koo, 0) 1Ei5Xe <0, Xaar>0), ... (5.3)

$CaC CNO

where Ny ={1, ..., m}. Actually, for the case of unknown Z, whenever we
have a Wishart matrix S (with M DF), independent of X, the RMLE of 8
is also given by (5.3) provided in the definition of the X;.,, X, ete., we
replace Z by S.

Mctivated by the RMLE in (5.3) and the Stein-rule estimators in Sec-
tions 3 and 4, we consider the following theorem on improved estimation for
this sub-orthant model.

Theorem 5.1. The shrinkage estimator

Brsy = ¢c2c: (X, € (Da (By)) {l“ca”enunz } Opy e (B.4)

dominates the RMLE in (5.3) [over O] whenever p+m > 3 and
0 < ca < 2| @] A-m—2)*, for every a :¢ C a C NJ. ... (8.8)
The proof is relegated to the Appendix. ‘
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For the case of unknown Z, under the provision of a Wishart matrix
S ~ W(m+p, M, Z), in (5.4), we need to replace T by S, while in (5.5), the
upper bound for ¢, is to be taken as 2 (|a|+m—2)/(M—m—p+3), for a :
#C a C NJ. With these changes, the dominance result in Theorem 5.1 remains
in tact. In passing, we may remark that a particular case of Theorem 5.1
[viz., p = 1] dealing with a single inequality restraint has been considered in
Judge and Yancey (1986) [see also Chang (1982)]. However, their heuristic
approach may run into considerable difficulties in the non-orthogonal case
(where Z may not be diagonal), while in the orthogonal case, under (4.4),
we have a more general class of estimators (which also extends readily for
this sub-orthant model). We may also remark that the modifications for the
case of Z = o2V, V known, can be made as in after (3.2)—(3.3) : If S2/o? is

~ x%, independently of X, then letting s = (M-2)~2M 8% and R 2V,
we may allow 0 < ¢ <2 (|a|+m—2), v a:¢ CaC N). Thisspecial case
is of considerable importance in the context of some useful linear models.

5.2. Ordered alternative model. Suppose that X, j=1,...,n; are
t4.d.rv.’s with the normal distribution N (y4, 02),7 =1, ...,7; all these r
samples being independent. The ordered alternative model relates to the
following positively homogeneous subsepace of Rf:0> = {(xy, ..., itr)
e R : p; < ... < jig}, so that the pivot is the line of equality p; = ... = p,
= p, e R. If we write

= pyfori = land gy = py+Ps+...+f,1 =2, ..., 7 Bo = (foe.0, Br)'s

(5.6)

then 0 = (u,, B,) relates to the sub-orthant model with m = 1 and p = r—1.

We may also consider a two-way layout: Xy = m+754-ey, 1 <5< n,

1 =1, ...,n and characterize the order alternative model for the treatment

effects 7,,...,7, as a sub-orthant model. Since these are both particular
cases of some linear models, we consider the latter in details.

5.3. RSMLE for univariate linear models. Consider the usual linear
model

Xy =Xy, ., X,)=CB +e,;e,~N,0,0,),0 <o?< 0 .. (57)

where C is a known matrix (of order nXp*) of regression constants, B’ =
(B1, B2)' is a p*-vector of unknown resression parameters, B; is a pj-vector,
j= 1,2, and 02 is unknown. We consider the following sub-orthant mcdel :

Be®>={p:P ¢ BR", B e R7}, p,=p and p* = p+p,. ... (5.8)
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Without any loss of generality (and allowing reparameterization if necessary),
we may assume that C is of full rank p* < n, and we desire to construct im-
proved estimators of @ under the set of restraints on B, in (5.8). This model
includes the K-sample location model as a special case of p = K—1.

Note that the classical MLE for (B, 0?) are
B = (Bl Bs) = (C'C)C'X, and &% = (n—p*)~Y|X,—CP|?, . (5.9)

and these are jointly sufficient for (8, 02). Moreover, ﬁ and 62 are independent
with

B~ N(B, o%C'C-1) and (n—p*)62Jo? ~ x2_,n. .. (5.10)
In this case, the RMLE of @ is denoted by ﬁfm and is defined by (5.3) with
X = é and I = 6%C'C)™, and as in Theorem 5.1, we obtain the RSMLE as

Broc = T 1By e L6 C)Y)) {1- cab? [Br(C'C)REN T }Phy .. (5.11)

¢ CaCN}
where

0<eq <2 a] +p,—2) (n—p)/(n—p+2), ¥ a: ¢ a C N). ... (5.12)
Then, under the quadratic error loss (¥ —B)’ (C’'C) (Y —B)/o2, we have

R(Brsy, B) < B(Brw, B), ¥ B e R X R+». .. (5.13)

We may also consider a positive-rule version of the RSMLE (as in (3.4) with
the obvious modifications) and verify that (4.1) holds as well in this model.
Parallel dominance results hold for a general class of multivariate linear models
too.

6. RELATIVE RISK PICTURE OF THE PROPOSED ESTIMATORS

Inspite of having some similarity, there is a basic difference in the SMLE
and RSMLE. For the normal mean problem, positive orthant model, the
SMLE is invariant under orthogonal transformations : X—» ¥ = UX, U'U=1,
but the RSMLE is not so. Thus the risk function of the SMLE is constant
on the countours ¢ = 0’210, and this characterization can be incorporated
in the simplification of the risk picture of the SMLE. The risk function of
of the RMLE and RSMLE may depend on the unknown 6 in a much
more involved manner. This picture may actually depend on whether 0
belongs to the interior of ®_ or to its lower dimensional faces (edges). In
Section 6.1, we shall study the differential picture of the risk of RSMLE in
different subspaces of @ and incorporate this in the next sub-section to draw
the relative picture for the SMLE and RSMLE. :
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6.1. Directional variation of the risk of the RSMLE and RMLE over
subspaces of ®,. We may observe that at the pivot 6 = 0,

R(Bays, 0) = p2—(p—4)2—22(p+2) = 2—(p+2)[22. ... (6.1)

The growth of the risk of the RSMLE (or RMLE) is very much dependent on
the direction of deviation of @ from the pivot. To study this directional
variation, we proceed in two steps. TFirst, we study the directional variation
of the risk of the RMLE. Then by using (A.11), we draw the picture for
the RSMLE. Also, for simplicity, we consider the model X ~ N(6,I),
0 ¢ O, with the pivot 0, so that

ROpy.0) = = [Py{Xar < O}Eg{Xs—04)% 1(X, > 0)}

$ CaCN.
+Pg{Xo > 0} Pg{Xa < 0}. (6.2 . (6.2)
Let ®(x) and ¢(2) be respectively the standard normal d.f. and p.d.f. Then,
PoiXa < 0} = jI;Ia,I O(—0y), Pg{Xq > 0} = jIGIad)(ﬁ ), $CaC Ny ... (6.3)

Bo{llXo—0a]1(X, > 0)} = Py{Xa > O}jeza {L—0,80n[@(07)}. ... (6.4)

for every a : ¢ € a S Np, so that by (6.2), (6.3) and (6.4), we have
Rbr,0)= X 3 T 006} a|— jE:a O1p(0;)[®(05)+ l%‘«a,@?}-

¢ CaCN, jea lear

(6.5)
It is clear from (6.5) that the risk of the RMLE depends on the individual
0, ...,0p in an involved manner (and not simply on [6[?). For the case

of the SMLE or the classical MLE, by virtue of the canonical reduction, it
sufficies to consider the case where 6 = (4, 0, ..., 0)" and 62 =: ||6]|2. Hence,
we study first the risk of the RMLE in this case (relating tc a one dimensional
face of ®,). In this case, letting 6° == (4. 0")’, we obtain from (6.5) by some
routine steps that

(RBpyr 0°) = p/2+[®(8)—1/2]—{86(3) — 1 —D(3)]}. ... (6.6)

Note that by virtue of the Mill’s ratio, d¢(6)—d%[1—¢d)] is nonnegative for
every & > 0 and it converges to 0 as — co. Thus, at 8 = 0, (6.6) is equal
to p/2 and it is bounded away from above by (p-+1)/2, for every ¢ > 0 ; the
upper bound is attained as d—co. By virtue of (A.11) and (6.6), we have no
letting ¢, = (|a| —2)*, for a : ¢ Ca C Np, that under 6°,

R(GRSM'9°)=R(6RM' 90)__Ea eN;';( al —2)2E0°{1(Xa>0, Xa'<°)| IXa] lz}
(6.7)

A 3-19
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Note that if {1} ¢ a,
Bgo{l(Xa > 0, Xo < O Xalt} = O(—0)227(Ja] —2)L, ... (6.8)

while on letting gp,(v) be the central chi square p.d.f. with m DF, we have for
{1} ea,

Bep(1(Xe>0, Xo, SO Xal} =27 [ [ (04-4) $ly—0)gua - (v)dody

(6.9)
Therefore, from (6.6) through (6.9), we obtain that
R(Bpys, 8°) = p/2-4[D(8)—1/2]—{06(3)— 01— D(3)]} ... (6.10)
—tp PPN S
~2oO=8) 2 ¢—2) (7 )

] p-—l © o
—E -2 ()T J @0 i) $ly—d)dvdy).

r=3 r 0 0
It may be noted that by the usual expansion of ¢(y—d) in a Taylor series
expangion in 8 and identifying the Hermite polynomials in y in these successive
terms, we may as well use Lemma A.l1 to provide a power series representa-
tion for the last term in (6.10) in & with the coefficients depending on the
¥m(0% 1). However, for intended brevity, we refrain ourself from this for-
midable task.

Nexti, we consider another extreme case where 0 = 61, § > 0, so that

A = p@%. Thus, here 0 lies on the line of equality 6, = ... = 0, and is an
interior point of @,. If we let a = ®(0), f = 1—0¢(0)/®(6) and y=¢(— )] O(6)
(so that a(14vy) = 1), then (6.5) simplifies to

ap{p(1—p) (1+7y)p=1+p (1 7))

= p{®(0)—0p(0)+ %1 —p(6)]. ... (6.11)
In passing, we may remark that the SMLE has the risk equal to 2 at 6 = 0,
while for any 0 = 0, this risk is greater than 2 (but bounded from above by p).
Also, we may note that at @ = 0, both (6.6) and (6.11) reduce to p/2. Thus,
for p > 5, the RMLE may not perform better than the SMLE (particulaly
near the pivot). Given this discouraging feature of the RMLE, the need
for RSMLE ir felt even more for larger values of p. - Next, to compare (6.6)
and (6.11), we set h(x) = p{@(x)—zd(x) + 21 —D(2)]} —[D(x1/P) —21/D(x+/D))
+pa[1—®(x+/p)[, and note that

he(x) = 2 /px[®(x /P)—D(2)] > 0, for every = > 0. ..o (6.12)
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Thus, corresponding to a given A ( = 62 in Case (i) and p6? in Case (ii)), the
differenence between (6.11) ard (6.6) is equal to 0 al A = 0 ard is & monotone
nondecreasing function of A with the upper asymptote equal to (p—1)/2( > 1).
This clearly indicates the non-uniformity of the risk of the RMLE over the
A-contours : The risk is smaller on the boundaries of @, while it may be con-
siderably larger as @ moves away to the interior. By setting c,=(|a|—2)*, for
¢ C a C Njp and using (A.1), we may simplify the right hand side of (A.11) to

2(P v 5
5 (7)) =20 0— 0 (exp(—(r2%) { T (& hoize-e

r=3' 17
w0 Ly, I)T((r4+-k—1)[2)/T((r/2))}, .. (6.13)

where 1, and I, stand for the r-dimensional vector (1, ..., 1), and identity
matrix, respectively. Thus, for 6 = 0== 01,, A = p62, we have

D ) P
R®rus, ) = p{O(0)—04(0) -1 00}~ 3 (r—2( )io(— o))

(lexp {—(r/2)f") T (k 7250/ (01y, I) T((r+k—1)/2) T((r[2)}.
- (6.14)

Note that by (4.3), for 8 = 0=, yx(01,, Iy) is dg OF = dj, A¥/p¥/2, where the dj
are positive constants depending on the k& and hence the second termon the
right hand side of (6.14) can equivalently be expressed as a sole function of A,
although in an infinite series form.

In a similar manner, we may consider a lower dimensional face of ®, by
setting
0 =04 = (As)}(1;,0,_,) ;A > 0,fors=1,...,p. ... (6.15)
Simplification of (6.5) is indeed possible under (6.15), and it would then be a
function of A. It can be shown that for A > 0, the risk of the RMLE under
(6.15) is a monotone nondecreasing function of s(0 < s < p). This picture
reveals that the performance of the RMLE is not uniform over the A-contours;
rather the more 0 is close to the boundary of @,, the better may be the per-
formance. Also, using (A.1), under (6.15), the right hand side of (A.11) may
also be expressed in a form (somewhat) similar to that in (6.13), although
for s < p, the form will be more complicated. Actually, for an arbitrary
0¢0,, we may use (A.1) to express a typical term in (A.11) [when & = I,] in
terms of homogeneous functions of 8 of degrees k ; k > 0.

6.2.  Dominance properties of the RSMLE. By virtue of the discussions
made in Section 6.1., we draw the following conclusions :
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For p =3, if 6 =(d,0,0), the RMLE dominates the SMLE, and hence, by
Theorem 4.1, the RSMLE dominates the SMLE. In this context observe
that by (6.6), R(fgy, 0) =2 for 8 = 6°, and it monotonically increases as
d( = 6'Z-19) increases, and finally, its upper asymptote is equal to p (= 3)
(viz., James and Stein, 1961).

Therefore, in the sequel, we confine ourselves to the case of p > 4

Theorem 6.1. Let X ~ Np(0, I) where p > 3 and 8¢ ®,. Then

R(Brsy, 8) < R(Bay, 8), for all 0 ¢ {4/8e; ;6 > 01}, ... (6.16)

where e, = (1,0, ..., 0) ts the basis vector and 0 = 6'Z10.

Proof. Note thal the relevance of {v/de,, 8 > 0} follows from the invari-
ance of the risk of the SMLE under rotation, although other choices may be
important for the RSMLE. We orly consider the case of p > 4, as for
p = 3, the result has already been proved earlier.

First, consider the case of p = 4. Since R(Bgy, 8) = p —(p—2)2E(y7),
by (A.11) and (6.6), we obtain that

R8sy, 0)—R(Brys, 0) = p/2—(p—2)2 E(x7%) —[P(0}) — 3]+ {02 (d3)—0(1— (o))}
+ 2, (la]| —2)*Eg{l(X € Z0)l| X4l 72} ... (6.17)
a CNy

The right hand side of (6.17) reduces to
2—4E(X12,a)—-[¢(5*)~%3*¢(3‘)+(1~¢(3*))]+a5223v; (la]| —2)Eg{l(X eX o)l Lull"%}
= A,(8)+B,4(0), say. ... (6.18)
Note that B,(d) is nonnegative for all § > 0. Hence, it suffices to show that
A,(8) is > 0, for every & > 0. TFor this, note that
E(X;%) = exp(—§/2) 720(8/2)'(7' N7124-2r)1, for every 6 > 0. ... (6.19)
Also,
[1—®(6%)] < 0-1p(0%) = (2m8)~F exp(—0/2), ¥ & > 0, ... (6.20)
while, by standard results,
AB(X5}) = oxp(—8]2) I ([2)(r D74[(242r) (4420)] >, exp(—52),6 > 0.

(6.21)
Hence, by (6.19), (6.20) and (6.21), we have

44,0) =0, ... (6.22)
00u) A (1) | yey = 4B(X 55 —[1—D@H]>0, & 6> (2/m) (= 0.636). ... (6.23)
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At 0 = 0, (6.23) is equai to 0, while for 0 < & < 2/m, we note that
(0/00) {4B(X33)—[1—D(84)]} = ¢(d*) —168E(y53)

= exp(—4/2) {(2m)~*— 2;40 (8/2)r(r NY(2427) (4+27) (64-27)]71 6%}

rz

> exp(—8/2) {2m)t—(348) £ (8/2)(r 1)1}

rz0
— $(01) {1—(2m)H(84/3) exp (3]2)}
> p(04) {1—(2/3) exp (71} > 0, 0 < & < (2/m), . (6.24)

ay 0 exp (0/2) < (2/m) exp(n~1) and exp (771) < 3/2. Thus, (6.23) is > 0,
for all 0 < & < (2/m), and hence, (6.23) and (6.24) imply that A4,(d) is > 0,
for every 8§ > 0. Hence for p = 4, the RSMLE dominates the SMLE.

Congider now the general case of p > 5. Note that we have here
X;~ N(6%41) and X; ~ N(0,1), for s = 2, ..., p. We denote the last term on
the right hand side of (6.17) by Cp(d) and write it as

Op(8) = X (la] —2)Eo{l(X ¢ Q%) ||Xal® I(1 ¢ @)}

aCN*
I

+ I (la| —=20E,{L(X e Qu) | Xal* 1(L €a)

acnNY
= CP(8)+CD(B), say. .. (6.25)
Now, by direct evaluation, it follows that
CO(8) = O(—8% {(p—5)[2+(p+1)272+1 ; .. (6.26)
CD(0) = (p—3)/4+2-7 and Cp(0) = (p—4)[2+(p+2)27P. ... (6.27)

For every » > 2, let us denote by

A,0) = BAX2 .. +X) UK > 0,5 =1,..,0)) ... (6.28)
Then, we may write
—1
o) = = (¥ )20 —2)2 4,(9) .. (6.29)
r=2 r—1

Noting that the joint density of X, ..., X, is given by ¢(x—dH)o(x,) ... d(ay),
we obtain that

(D)0) Ap(t) | umy == (20V2)=1 B {(X,—0)IXl| "2 LXKy > O}, 7 > 2. ... (6.30)
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Since in (6.30) X, is confined to R+, the derivative is positive at § = 0 and
it continues to be positive for all § > &, for some &7 > 0, while it may be
negative for & > 6. Moreover, by (6.30), we obtain that even for

8 > d; = min &,
r>z

(0/0u) Ap(u) | y=y > — !

5 Ar(0), .. (6.31)

and actually, (6.31) holds for all § > 0. Hence, (6.29) and (6.31) ensure that

(0/0NCP(B) > — -5 OP(B). for sll .. (6.32)
which in turn implies that
CP(8) > exp(—8/2)0@(0), for all 6 > ... (6.33)
Thus, by (6.25), (6.26), (6.27) and (6.33), we have

Cp(6) 2 ®(—8%) {(p—5)/2+(p-+1)277}+exp(—6/2) {(p—3)/2+277}, 46> 0.
(6.34)
Consequently, the right hand sidejof (6.17) is bounded from below by

(p/2)—(p—2)*E(Xp5+{0'¢(0}) —[1 = D(S4)]}—(1/2 +O(—4%)

{(p—3424+(p+1)27P 1} fexp(—0/2{(p—3)/2+2 P}, 6 > 0. ... (6.35)

At 0 = 0, (6.35) reduces to (p-2)/2? > 0, and proceeding as in (6.19) through
(6.21) but replacing 4 by p], it follows that the derivative of (6.35) with res-
pect to 8 is indeed nonnegative for all 4, and hence, (6.35) is nonnegative for
all § > 0. This completes the proof of the theorem.

Let us now consider the relative risk picture in the least favourable
direction : 0 =48t 1 where 1 =(1,...,1) and §> 0. In this case, (4.4)
reduces to

2 < ) ( ) [ I ( 6 )l ‘1 f(d) Op(a)) Stl') ’ RN} (6.3('))
r=3 7
Wh.el(’
Rr+ ’ 1

Proceeding as in (6.30) and (6.31), we obtain that for every ¢ > 0,

(D)) AW) 4wy > —(r[2) AYS) > (—p[2) AAS), for r =3, ..., p. ... (6.38)
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Consequently, proceeding as in (6.32) through (6.33), me obtain from (6.36)—
(6.38) that

Cy(8) > exp(—pd[2)C,(0) = exp(—pd/2) {(p—4)/2+(p+2)27P}, ¥ & > 0.

(6.39)
As such, noting that for 6 = 61,

R(Bsy, 8)— R(Brso. 8) = p—(p—2)2B(X5%) —p{®(84)—84g(8?)
+1 =D} +C5(9)

we obtain by using (6.39) and similar manipulations as in the proof of Theorem
6.1 that the following result holds.

Theorem 6.2. If 0 = 0t1,0 > 0, the RSMLE dominates the SMLE for

p =38 and 4.. For p 2 5, the same conclusion holds at least for large values
of 6.

We may refer to Sengupta and Sen (1987) for the proof of Theorem 6.2
and some other related results. '

-

7. COMPARISON WITH THE CHANGE ESTIMATORS

We have mentioned earlier that Chang (1981, 1982) has considered some
versions of restricted shrinkage estimators. If X ~ N(g, 1), 4> 0, the
Katz (1961) showed that

p,(X):X—{—¢o(X);¢0(x):exp<———;— xz)/{ iexp(— ;— u2)du}, xeR ... (7.1)

is an admissible estimator of Jo. State by side, consider the model X~ N(0, Iy’
Chang (1982) considered a Katz-type estimator 8, = (%, ..., 62)" where

OHX) = X+ Xe)—e(Xs+ P XN (B(Xs+ (X)) 0 = L, sy o (7.2)

where 0 < ¢ < 2(p—2) and p 2 3 ; here also 8¢ ®,. Under quadratic error
loss, 8, dominates the classical MLE (X). Further, defining #.) as in (4.5),
we may also introduce the other restricted shrinkage estimator due to Chang
(1982, 1982), which is denoted by 8, = (¢}, ..., d;),. Here

SN Xy) = Xy+HX¢)—cXy/(EX3), if all the X; are > 0, . (7.3)
and X;+#Xy), otherwise, for ¢ =1, ..., p.
Let us also introduce §, = (&9, ..., 8%) where

3Xy) = Xy+HXy), i=1,...,p. e (T.4)
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Then Chang (1982) has shown that for the simultaneous estimation of 6 ¢ ©,),
under the quadratic error loss, (7.3) dominates (7.4). However, we may
remark that it is possible to construct alternative estimators (similar to those
in Section 3) which dominate (7.3) and/or (7.4). Corresponding to (7.3),
our proposed estimator is

OY(X) = Xy+H(X;)—cq X§|| Xal"2 on Lul), a C Np. .. (1.5)
Note then
R(8,(X),0)~R(}(X),0) = X Hg| B (Xit-1(X)—0)?
¢ CaCN isq

~ = (Xi+t(X¢)—caX;*uXau—2—0»2]. (X € (1))

itq

~- Ee[z P caXi(Xi+t(Xi)~—0¢)—c§||X|1—2] (X e (1))

aC‘.N;
= EN'EG[I(XG CC(INIX 2] > O, ... (7.6)
I

where the penultimate step follows from the nonnegativity of #(.) and Theorem
4.1. In a similar manner, corresponding to 84X) in (7.2), we introduce the

following :
rX¢+¢0(Xi)"‘ca(Xi+¢0(Xi))[E‘ (Xj+¢o( X)) iea

Xi+¢o(Xe), if i ¢ a,

on Lg(l), for every a (C Np. Here, ¢4 €[0, 2(|a| —2)*], for every a C Np.
Then proceeding as in Chang (1982) but employing the results developed in
this paper, it follows that

R(8,(X), 0)— R(85(X),0) > 0, \+ 0¢0_, .. (7.8)
so that (7.7) dominates (7.4). It can also be shown that both 8, and §; are
equivalent when @ moves away from the pivot 0 (inside ©,) and their diffe-
rence in risk is exponentially in 0] negligible. For small departures from
the pivot, the relative risk picture of these two estimators depend very much
on the direction of the shift, and no general conclusion for their relative supe-
riority can be drawn. However, from the motivational point of view, locking
at our carlier sections, we are more in favor of §; than 8,. We conclude this
section with a remark that for the single inequality contraint alternative,
Judge and Yancey (1986) have considered some RSMLE, although their
findings rest on a restrictive regularity condition which is not generally met
in the case of a positively homogeneous subset of Rjp, and hence, may not be

53HX) = (7.7)

applicable here.
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Appendix
Proofs of Theorems 4.1, 4.2 and 5.1
We need a basic lemma in these derivations, and this is presented first,

Lemma A.l. Let X ~ Ny@®,Z),Z pd. Then, for every (r, s):s> 0,
p+r4s> 0.

Bl X|y < X,0>F 1(X > 0)} = (exp{—%llollé})k Z (k)70 B).

20 +s+tB)2D(r+8+k+p){T(p[2). ... (A.1)

Proof of Lemma A.1. Note that the left hand side of (A.1) is equal to

8 1 2 . 1 2
I’I‘l.-;-}’.f I Xllg < X,0> 1 exp {—?HOIIE-I— <0, X >5 -2—||X||z}dX. . (A2)
By the use of the Cauchy-Schwarz inequality (on < X, 8 >5) and the Domi-

nated Convergence Theorem, it can be shown that (A.2) is finite if s > 0 and
r4s+p > 0. Also, the left hand side of (A.1) may be written as

(cxp{—g103}), 3, G070 o0, < X,0 >4t exp{— gaxi 3} ax

— (exp{——%—”O”%}) (S () By X < X,0 gk (X>0)}, .. (A3)
where B, 5 denotes the expectation under Np(0, Z). Now, it is known that
under N, (0, Z), (||X||£2X, 1(X > 0)) is (jointly) independent of || X||5 so that
the right hand side of (4.5) can be written as

1
( exp{— 5”0”;})2,‘ _ ol !)—1E0,z[ Xz 9 < X 0> 55 1(X > 0)]
By, IXI5H )

= (exp{ 21O} I (b ) 0T OAT s+ +p)2)D(pI2),
2 E20 .. (Ad)

where the last identity follows from (4.3) and the central moments of
X, QED.

Let us now return to the proof of Theorem 4.1. TFor simplicity of presen-
tation, we shall consider only the case of Z being known ; a similar but more
complicated proof works out as well for the case of totally unknown Z or the
case of Z = oV with ¥V known, and for these details, we may refer to Sengupta

A 3-20
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and Sen (1987). Note that by virtue of (3.1) [with S, replaced by Z] and
(2.7)—(2.8), for every p > 3,

R(eism. )= EQ{HGRM—O""ca(oﬁuz_lonm)'lénmni: UX eZa (2))}
¢CaNy
= R(Gfm' 0)—2 X Eg{cgl(X e (X))
a _CN;,

<0, 0fu>x
18%xllz
where X stands for X,, and by an appeal to the sufficiency of X,, we may
set, without any loss of generality, n = 1. Thus, it suffices to show that for
every 0¢ @, the net contribution of the last three terms in (A.5) is negative.
Towards this, note that
] é}N; Eo{cal(Xoe 2 ()} = . EN ) caPg{Xg.d'(B) > 0, 274X, < 0}

+2 % By {cal(Xeza(®)) |+ = cB8(Bhlz1(Xe2a(2),
agh; aghy e (A)

= I Po{X4d(2) >0} PylZXs' < 0}, ... (A.6)
at_;N;
a3 X;.0(8) and X, are mutually independent, for every a C Np. Thus,
by (A.1), reduces to ... (A.6)
—1 1 2
Ly PR <0 o [ e,
[ki 262k 1) Yr(0a:0-(B), Za:ar) T((k+]a])2)/T(a])/2)]. ... (AT)
Similarly, using the identities that 2 = Z;1,. and 2% = — Z7L, Z,,, Zee

along with (3.2) (with S, and X, being replaced by & and X respectively),
we have _

<8, 8py > 5 =(6is 2¢°+0, 299 Xg.q. (Z) = 0.5 Bolor Xpior (E), ... (A8)
o that
B Bofea IBuulz? <0, b > 5 1X ¢ Zul®))

alNp

= 2, @Bl B> 0, TXe <0) <00 > 5 Bl
aLlNp

= 3 caPyf ZwaXa < 0} (exp {—%nom. i, })

aCN}

[2 (k)72 D2 Yk, 000 (), Z4(D((k-+|a])/2)/T((|a])/2)]

= B, Pk Xu <0} (oxp {—5 1Baas B} )-

[ 2 k)20 28000, (2) Baia)T (k2| 2IT(|a2)). ... (A9)
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Similarly, using (A.6) (with s = 0 and » = —2, p = |a]|), the last term in
(A.5) reduces to

1
2 —1 ) . 2
P @ Po{Eqty Xay < 0. (exp {3 900D, } )-

L2 (k 1)=1 26=2/2r(85:4) (B), Bata)T(k—2+1a[)/2)/T((1a])/2)]. ... (A.10)

Therefore, from (A.5) through (A.10), we obtain that
R(OIEM,o)—R(G.BSM: 0)

= 2, % PolEi Xar <0 (o (—51eia @)}

{¥o@aiar (B), Zaiar) 2—cal'((a])2—1)/2T((|a])/2)]
+2 ! Yr(8a:ar (B), Zazar) [2¥2/T((|a])/2)]
[2T((k+ |a|)/2)—kL((k—2+ | a])[2)—(ca/2) (k+ | a | —2)/2)]}

= 3 a®|a] —2)—ca)Po{Ei Xa < O}. (exp {——;—uoa:w @, )

aCNp
[ 2 VeOaia (B), Zaia)k )7 2*HAT(k—2+ |a])/2)/((|a])/2)]
= I cal2(la]—2)—ca )E{L(X ¢ La(2)IBnallz? > 0, - (AL

ason N, |a| > 2 and 0 < ¢, < 2(|a|—2). This proves the second inequality
in (4.1). To establish the first inequality (i.e., the dominance of the positive-
rule RSME), we may write {1—cq/@rull 2} = 1([0rxl > ca){l—cs [|0pmll5?

and virtually repeat the same proof as in (A.5) thiough (A.11). Hence, for
infended brievity, we omit the details. This completes the proof of

Theorem 4.1.

Congider next the proof of Theorem 4.2. We very much follow the lines
of the proof of Theorem 4.1. Parallel to (A.5), we have here

R(8*, 0) = R(bgy, 0)—2(1)+-2(/1)+(I1I), ... (A.12)
where compared to (A.6), (A.9) and (A.10), we have here

0 =i%, Py { Zaxa<o}[ op {—5100s @1, } ]

(2 5¥e0s0 Zea) Eol I Xaallyy ol Xaall, D, - (413
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1
— —1 = , (|2
an = QZN; Py {Z2k Xor < O} exp { — 5 1000 BN, . } -

(2 2 VOu Zow) Bl Xaall, folKawll,,)]), o (A1)

k=0 k!

()= 3 Py (Z5h Xa < 0} exp {5 el }]

GENP*
1
(kzo k! ¥#0a.0, a0V o[ Xa, 0’2 a0 3| X', ... (A.1D)
Thus, from (A.12) through (A.15), we obtain that

1
R 0)—R(0"9) = 3 Py {Eilewa < 0 [oxp {5 [ 00.1%a.0'} .
aC_N;

1
(2, 771 V400w, Zaca)Boltaly) {2yh— 2y — ety i, |

(A.16)
Now, under 6 = 0, || X, 4|12 24,4, ~ Xiy, for every a : ¢ C a C Ny, so that
writing U = || Xy, 4/[|Z4.a’, we obtain that for every a C N, and k > 0,

Byfta(U) [2URR— 2 UkrR-1_ TkR2-14,(T )]}

L'al_

1 1
= {2 2" P(—;— |a |> } ' Te 2%2 1[t‘,‘,(u){2u"/2-—2Icu’f/2‘1——u’“’z‘lta(u)}]du
0

= {275/-2—1[‘[%([(” —|—'Ic—2)]/I‘ [%lal] }

B{ta(X2 a1 15-2)[2X% 101 4k-2 —2k—1g (Xfat42-2)]}

>{eo 0| 3 (o) +e—2 |10 510 ]}

E(ta(Xia14k-2) [2X%a14k—2—2(|@| +5—2)]} (A.17)

as {(u) < 2(|a] —2). Now, t4(y) and 2y—2(|a | +-k—2) are both monotone .
in y and EXy= ¢, % ¢ > 0. Therefore, the right hand side of (A.17) greater
than or equal to

2¥210((|a | +5—2)/2)[T((1@])/2)}. Bofta(XPia1sk—2)}
Eo{2x% iik-2—2(|a| +k-2)]} = 0, %+ k> 0 and a C NV, ... (A.18)

Finally, by (4.4), the ¥ (8,4, Z,.,/) are all nonnegative, and hence, by
(A.13) through (A.18), we conclude that (A.12) is nonnegative. Q.E.D.
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Finally, we consider the proof of Theorem 5.1. Note that Lemma A.1
extends directly to the case where the positive orthant is replaced by any
positively homogeneous cone, and hence, we may virtually repeat the proof
of Theorem 4.1 where we need to replace (3.2) by (5. 3) For intended brevity,
the details are therefore omitted.
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