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SUMMARY. Two additional corroctive torma to Patnaik's (1949) approximation to the non-
central chisquare distribution are dorived from o Laguerre scrics oxpansion of tho denaity function.
1, LAGUERRE SERIES EXPANSION
A stochastic variable Y is anid to have tho non-contral chi-square distribution
with # degrees of freodom and trality p tor A, if its probability density
function is of the form :

b Juaft¥): 2 (1A), e (L1)
-0

whoro /,(y) is the probability density function of tho contral chi-squaro distribution
with n degreos of freedora :

ceyi-l for 0y <o
Sy = { . (12)
0, othorwiso
whoro 1jc, = 2*T{§n)
and 2 = )i e (L3)

donotes the j-th torm of the Poisson probability distribution with mean §2, j=0, 1, 2,....

Woe shall considor tho tranaformod variablo X = Y/2p whoro p is a constant
whoso value will be spocified later, and dorive a Laguorre sories oxpansion for ¢{(z),
tho probability donsity function of X. Following Roy and Tiku (1962), wo shall writo

JL IS
p.(z)={””"¢ Fho0QE<e o (L4)

0, otherwiso

for tho Gamma donsity funotion with mean m > 0.
Tho Laguerro polynomials

L) = & Cim—z)it e (LB)
=
(m4-8)om+i41) oo (m4r—1)f(r—=t)) for t =0, 1,...,r—1
whoro C{7 ={ . (16)
1 for t=r
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have the orthogonality property

_ , 0 if rste wn
LNx) LN z) pal = o (L
'I (2)L'P(z) pulx )z {CS_';’ T
\We thon have the formal expansion
$0) = pul) £ aPL) - (19)
=0
whero AP = T L)pla)d)C . (LD)
o

where m will bo specified later.

Tho cooffich a'™ can bo obtained in torms of tho momonts of X from
formula (1.9). The cumulants of Y have boon calculated by Patnaik (1049) from which
we got tho first four cumulants of X as

Ky = {n+A)p, Ky = {(n+22)p7

K, = (n432)p=3, K, = 3(n+42)p™4. v (110)
This now onables us to compute the first five coofficionts a for r = 0, 1, 2, 3 and 4.
Of courso,

P =1 e (L)
W have two disposable paramoters p and m which wo can now fix by sotting
aP =aP =0. (1.12)

n4-22 "= (n+/\)'_
ntA Anf2X)"
With valucs of p and  so detormined, we got aftor somowhat longthy but straight-
forward calculations :

This gives p= (1.13)

) 2

Rl en y TEs T T - (L1

BAL

(m _ . (L1§
0T = T D IR (19
Using only tho first five torms of (1.8) we got the approximation :
$2) ~ (140 LD +aPL=)palz) e (L16)
which can be put in tho alternative form :
Hz) ~ pulz)
+ T Pn(2) = 3P 1(2)F 3P ) —Punaslz))
H D Pal2) = 4PrerlE) + 0P s sl2) = 4P a2)+ P al2)] e (L17)
) A
whore ¥ = B(T-i-".:T)’ v (1L18)
b9 = Abn(n443) (110

i(n+2A7
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APPROXIMATION TO NON-CENTRAL CHI.-SQUARE
2. APPROXIMATIONS TO THE DISTRIBUTION FUNCTION
Lot P, y(y)denoto the distribution function of Y, that is, F, x(y) = prod(¥ < y).

Thon Foal) = {lgﬁ(l)dl e (2)

whero ¢(¢) is dofined by (1.8) and
z =y/2p. v (22)
Using approximation (1.17) for ${(z),
wo got F,s\(y)~ Pu(z)

FUPu(2) =3Py (2) 43Py s of2)— Prysl2)]

FUUPo(2) = 4Py s(2) 4 0P 15(2) — 4 Pray 3l )+ Py ()] - (23)

where Pofx) = | pall. . (24)
0
Thia can be oxprossod in tho alternative form
Fos(y) ~ Pu(z)
m [ % 223 2!
+p“(’)[ vy { mo m(m+l)+ m{mtI)m+2) }
3zt 3

o (2 _ S ¥
+ ¥ { m m{mt1) + mmt1)(m+2)
R } ] - (28)
m(m+1)(m—+2)(m+3)
Wo may rewrito squation (2.3) in torms of the distribution function F(z) of the central
chi-squaro statistic with n degrees of froedom.

e = jfud e (26)

gy o (AP
Lot v=2m= et e (27)
u=2r=ylp. e (28)

Then F . \(y) ~ F,(u)

HOPF(u)=3F, ,u) +3F,, (1) = Froffu)

FUHF ()= 4F, fu)+8F,  (u)—4F, o)+ Fouslt)) oo (29)
Hero tho first torm is tho approximation givon by Patnaik (1049), the socond and
tho third terms can bo rogarded as additional corrective torms.

3. TLLUSTRATIVE EXAMPLE

We shall illustrato tho computation technique by evaluating F, ,(y) for
y=1230,n=151=20. Vo got

= AT gy 00 o A )
Ay ) 2221213, p= Frs 167143, m = v[2

Aty

b= AV Atn(n4-41)
2T At 2a)

.
= 0.400850, b, = “nrAF

= 0,635588,
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w = y/p = 10.00080. By intorpolation in Tablo 7 of Biometrita Tables, wo got tho
following valuos of F, = F(u): F, = 0.344521, F,,y = 0.230854, F,, = 0.157539,
F,,o= 009772 and F,,, = 0.057012. Thus
Ay = F,3F,4,+3F,,(—F,,y = —0.000160
and A= F,—4F, 3, +6F, ,—F,,¢+F, s =—0.002053.
Wo thus havo as approximations to F, \(y) :
first approximation (Patnaik’s) :  F = 0.344562

socond aproximation : F4b; = 034445
third approximation : F4byA,+b,4, = 0.34257
oxact valuo : F,ly) = 0.34205.

Wa prosent below a fow moro values of F, x(y) and the threo approximations
to it for tho purpose of comparison. The values wore abtained by interpolation in
Tablo 7 of Biometrika Tables.

TABLE. COMPARISON OF VARIOUS APPROXIMATIONS TO NON-CENTRAL CHI-SQUARE

DISTRIBUTION
approximations
n by ¥y . moeond prewey oxact valuo®
4 4 1.765 0.0387 0.0410 0.0434 0.0500
4 4 17.309 0.0401 0.9476 0.0489 0.8500
7 18 10.257 0.0429 0.0400 0.0403 0.0500
7 18 38.070 0.9382 0.0300 0.0472 0.0300
10 8 30.000 0.7806 0.7878 0.7878 0.7880
18 8 40.000 0.9620 0.0628 0.0834 0.9632
24 24 30.000 0.1560 0.1578 0.1874 0.1567
24 2 72,000 0.0650 0.0604 0.0009 0.0607

* Dorrowed from Patanik (1040).
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