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SUMMARY. Roy and Shah {1062) proved ilhio unbinscdncss of & combined intrn. and intor-
block estimator of a trentment contmat in an incomplets block design.  This rewult in valid for any treat-
mont contravt in any incormpleta block design nnd for a gonersl clasa of procedutcs for combined cxtimation
which includes the usunl Yatea-Rao procedure. In tho prosent papor it is shown that a combined catima-
tor oblaioed by any of the sbave procodurce has varinnco mmaller thaa that of tho corresponding intra-
blook estimuntor provided that the ratio of inter-to iatra-block variance doos not oxeced two.

1. NOTATION AND PRELIMINARLES

Consider an incomploto block design with b blocks of £ plots cach involving
v treatments, each roplicatod r times, having tho vxb matrix N = ((ny)) as tho inci-
donco matrix. A linoar function of observations which is orthogonal to each of tho
block totals will bo called an intra-block contrast. Obviously, wo can construct
Yk—1) mutvally orthogonal intra-block constrasts. Also, if o contrast in obser-
vations is a function of block totals only, wo shall call it an inter-block contrast.
Wo can construct (5—1) mutually orthogonal inter-block ts. Without loss of
gonorality we may assume that theso contrasts are normalised, ie., tho sum of
squares of coeflicionts is unity.

Theo joint distribution of theso bk—~1 contrasts is assumed to be multivariato
normal where tho expected value of any t is obtainod by roplacing in tho
contrast every observation by tho correspondi p ter, the variancoe of
any intra (inter)-block contrast is a3(o}) and tho covariances aro nl.l zoro. Thus we
may call of(e?) intra (intor) block variance por plob or simply intra (intor)-bleck
varianco. Wo shall assume that p =a}fol > 1.

Lot B =(By, By ... By), T=(T,Ty...T)) and 8=(0,,0..., 0) be
the row-vectors of block totals, troatment totals nnd troatmont parametors respectively,
By G, wo shall donote the total of all obsorvations. Lot further,

1 1 ., 1@
Q=T-{BY Q= BN-L,
o (LD)
C=ri—3 XN =NV —E

whoro E,,, donotes & (mxn) matrix with all elononts unity.

Wo shall considor connected designs only, i.o., tho dosigns for which the matrix
C has exuctly ono latent root zero. For thoso dosigns tho matrix NV hns a latent root
rk with multiplicity ono and all other lutont roots will bo smaller than rk. Supposo
tho rank of NN“is ¢. Lot p,, 8 = 1, 2, ..., q bo & sot of orthonormal latont vootors of
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NN’ corresponding to tho ¢ positive latent roots ¢y, @y, ..., $, all emaller than rk.

Lot p,, 8 =g+),q+2,...,v—1, bo a sot of v—1—7 normalisod orthogonal voctors

oach orthogonal to Py, Py, ..., P and also to E, ;. Now wo dofino, as in Roy and
Shah (1962),

{ Hok—g)V QP e=12%..q

Tq = (1.2)

- Qp; e=q+1, .., v—1.
It can bo eoon that zy, 8 == 1, 2, ..., v—1 are mutually orthogonal normalirod
intra-black contrasts. Honce we can find ¢, = Wk—1)—9+1 mutually orthogonal

normalised intra-block ts ench orthogonal to zy, Zgg, eei Zy y—.  Thoso wo
may donote by z,,, 8=1,2,....,¢ e also dofino
7, = (k¢) ¥ BN'p, &=12,..,q o (L3)

Theso can bo seen to bo mutually orthogonal normaliged intor-block contrasts
and honce wo can find ¢, = b—1—¢ mutually orthogonal normalised intor-block
contrasts ench orthogonal to 2y, ..., z),. Wo donote theso by z,, s =1,2, ..., ¢,

If follows from our assumptions that

Elzy) = 04, 7, 1=12.,v-1
E(z,) =ay,7, a=1,2,..,¢q
E(z,)=0 =126
E(z))=0 a=1,2..,¢
(1.4)
{(r—Nk)' for 8=1,2,...,q
whero 8y =
Id for & =g+1,...,0—1
and a,, = (k) s=1,2..,¢ e (LB)

7,=0p, =12, ..,v-L

It also follows from our assumptions that z,, a=1, 2,...,0—1 and
2g, 8 = 1,2, ..., ¢ aro all uncorrolated oach having varianco of and 7,,, 8= 1,2, ..., ¢
and z,,, 8= 1,2, ..., ¢, aro all uncorrolated oach with sariance a3

We note that 7,,7,,...,7,, are lincarly indopondent p tric contrast
If ono usos tho intra-block contrasts only, tho minimum variance unbiased lincar
estimator of 7, ia given by

L= xfa,  8=12,..,v-1 e (1.8)
This may be called the intra-block estimator of 7,.

Whon p is known, Inter-block contrasts may also bo used in addition ta the
intra-block contrasts. In this case, the minimum varinnce lincar unbinsed cstimator
of 7, is givon by

(pag 2oty 2, )(pad,+al) 8=1,2,..,9
L) = “ " e e {L7)
EWLW 8 =g+4l,...,v—=L
This may bo callod tho combinod cstimator of T,
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It is oasily vorified that

Vi) =o3lal, 8=12..,v-1

poillpad,+al)  e=1,2,...¢
und V(o) = e (18)
obfal, 8=q+l,...,v—1
The proceduro }y adopted is to substi for p in (1.7) somo cstimate

p* which is a function of obsorvations. Such an estimate of 7, will bo denoted by
I,(p*). In this case, tho varianco of I,(p*) will depond upon tho cstimate p® usod.

2, COMPARISON OF VARIANOES OF THE INTRA-BLOCK ESTIMATOR AND THE
COMBINED ESTDMATOR BASED ON AN ESTIMATE OF p.

In this section, wo shall considor a class of estimators of p and for an estimator
p* belonging to this class we shall compare the variance of I,(p®) with that of ¢,.

Considor a statistio P of the form
a8t £ b2
P=__ =t ' 44 e (21)
So

whore z, = 2y =0y, Ty, 8=1,2,..,¢

'l
Sy= I 2,
-l

*
8 =34, . (22)
[
and @, by, by, ..., b,, d are somo constants. One may chooso thoso constants suitably
and dofino
P ifP31
po= . (23)
1 othorwise.

It is easily soon that for 8=21,2,..,9

S,
1, (p*)—1, (p) =Zalltrey %
whero ¢ = obJal, = (k=g
and w, = % 7, e (2.4)

Wo noto that V(z,) = o3+c¢,0} for s=1,2,...,q.
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It is shown in Roy and Shah (1002) that if p*® is of the form (2.3), I,{p®) In un-
biasod for 7, and its variance is givon by
o
V{{(p*) = V {Lio}+ -EW B(w}). v (2.5)

It is also shown in Roy and Shah (1062) that in this caso, the combined esti-
mators of 7, and 7,/ (s % ¢') are uncorrolatod. Now, nny treatmont contrast 7 can
bo expreased as

(=}
7=3% m,7, .. (2.8)
-t

whoro m,, my, ..., m,_, aro some constants. Lot I(p®) = Zm](p*) denote tho combined
oatimator of 7 whon p* is usod as an cstimato for p.  If p® is of tho form (2.3), V{I{p*)}
is givon by

Vi) = Vitey+ § SR )

whore I{p) = Sm],(p) donotes the comibinod cstimator of 7 when p is known.
Tho intra-block estimator of 7 i4 givon by £ = I m, {, and jts varianco is givon
by
V(1) = E mtVQL,). e (28)

It is casy to chock that tho variance of £, can bo expressed in the form
o AT
Vi) = m,o»-;-ama(.&), a=12.,q .. (29)
This exceeds V{l,(p*)} given by (2.5) if
§_ (p*=pin
E{?'. m} >0 e (2.10)
It is readily scon that the term in tho paronthesis is positive if

p<apry L, . (210)
cl

Sinco p* dofined by (2.3) is truncated from below at unity (2.10) is satisfied
providod that

p< 2t El‘ - (212)

In view of (2.7) and (2.8), for an arbitrary troatmont contrast r a similar
srgument leads to tho following reault.

For any troat 7 tho bined outimator I{p®) will have varinneo
not largor than Lhat of f, the intra-block catimator, provided that p & 2 and p® is of
the form (2.3),
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