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SUMMARY, This papee doals with a quantitative study on the elfocts of non-normality on the
opersting charsctoristcs of published varisblos sompling Inspection plans.

1. INTRODUCTION
All published plans for pling inspection by variables assumo a normal
distribution for the variablo item quality. Although much have been said in literature
in defense of this assumption in tho presont contoxt, no systomatio attompt scoms

over to have beon made to assess tho effeot of non-normality in quantitative torms.

Tho first fow terms of a Gram-Charlier serics have provided a oonveniont
alternative to tho normal distribution in several studies on ‘non-normality’. In the
present paper, probabilities of rejeotion of lots of AQL quality and of acoeptanco of
lots of LTPD quality (known as the producer’s and tho consumer’s risks respeetively)
aro obtainod, for some typical variables sampling inspection plans, assuming for the
varisblo itom quality a non-normal distribution of this type. A comparison of
theso values with the values assured by tho tablo of plans (sco for oxamplo Eisenhart,
Hastay and Wallis, 1947,) showa the extont to whioh tho operating oharacteristio of
plan may bo sonsitive to tho assumption of normality.

2. THE 'MODUS OPERANDI' OF A VARIABLES PLAN
We consider-the situation where the item quality, spocified in terms of an uppor
apecification limit (U), is o variablo whilo tho quality of thoe lot is expressed as a pro-
portion defectivo. Tho AQL and LTPD values aro denoted by p, and p, (p, < py),
and the producor's and tho consumer's risks by a and # respeotivoly.

To dotermine the acceptability of a lot, we mensure tho item quality z in a
samplo of 7 itoms, and compute its mean Z and standard doviation 2. Tho lot is
accopled if 24k & < U, and rojected, if otherwiso.

A tablo of variablos plan providos valuos of n and & that aro roquired to bo taken
to meot givon spocifieations on p,, py, @ and .
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Tho following plans, selected from Eisonhart, Hastay and Wallis (1047), aro
included in the presont Investigation. I¢ is folt that they provido a fair eross-section
of the rango of values of p, and p, that are likely to bo met in practice.

a=0.05, #=0.10
table valuce

plan  p P - <

1 0.000  0.0025 00?7  2.831t
n 0.005 101  2.8018
1T 0.01 68 2.672
v 0.01 0.02 389  21m)
v 0.03 13 20701
VI 0.03 84 18827
v 0.08 0.01 601 150
v 0.10 13 1.4408
IX 0.15 W La»

3. FRACTILES OF A GRAM-CHABLIER SERIES

Consider the following density function for the distribution of a variable
v (=00 < v <)

¥lo) = 801+ Y2 YE o+ ’9'2:“ ] - 3

where ¢{v) is tho standard normal donsity function, Hi(v) and J7,(v) aro the Hermite
polynomials of degrees 3 and 4 respectively and f,, B, have their usual interpreta-
tion. Tho probability integral is givon by

o = J it = o(o)—400) | 2L T e B ) (32)

whero ®{v) ia the probability integral of the standard normal. Tho p-fractile v, of v
is defined by tho oquation
Y¥(v,) = p. - (33)

4. Tne OC curve
Let us now assumo that for tho item quality z, the distribution of tho standar-
dised variablo » = (z—p) = & is given by (3.1). ;2 and & aro respoctivoly the process
avernge and the standard doviation of z. For a specified valuo p of tho proportion
defective, tho valuca of U, s and o aro connected by means of the equation

U=p+ty., 0. o (W)

Sinco 24-ks has ssymptotieally a normal distribution with mean x+ko and
standard error

AT (B v
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the probability of acceptance of a lot containing o proportion p of dofeotives can bo
approximatoly evaluatod as

L(p)=0[(v‘_,—k)/v-}{l-pl:l(ll‘_—z-)+k\/p‘—}+2(n—kj_l—s]. . 43)

The inaceuracy introduoced in this formula, for finite values of n, is undor investigation,
Howover, for the range of valucs of p,, p, and » considorod in this paper, the error
would perhaps be of minor importance, s may bo scen in tho spooial case of ;= 0,
A=3.

5. CALOULATION OF PRODUOER'S AND CONSUMER'S RISKS
Computation of L(p) in (4.3) presupposos a knowledge of v,_,. The following
formulas, connooting v, with A,, the p-fractilo of the standard normal distribution,
derived on tho lines of Cornish and Fishor (1037), are useful in this conncotion. The

are dropped throughout for simp y

Cass 1: 4, =0, d = (§,—3) = 24.

P

v=At '3“.‘ F PN - (B1)

where  P,(A) = A%—3A

Pyll) = — & (M= 1243305 18))
PufA) = -:— (2A11—47A04-333AT—801A54- 83773 — 162)

PLd) m— % (2X18 =734 004A1 — £000A*} 13158A7— 15849
+712800—8481)
Cose 1: fy=38,c= VB, =86

v=At ‘:_:: o Py(d) - (52)

where
Py(A) = A'—1

Puld) = = (S—0N463)
Poid) = + (134 300-31284-4)

Pud) = “Eli (A1 127A%+-760AT— 162033+ 125833 —2712)
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Pyd) = ;—o(a,\“—xsu"+112:A'°—o1eo,\-+11730»—804 1A
+240100—118)

Pp(d) = —1—;6 (120A17—4778A184 434313 — 383404211 - 11585050°

— 175537027+ 13136735 — 42084834 417594).
Tho coeflicionts P,,(A) in (5.1) and Py{A) in (5.2) are tabulated in Tablo 1, for select
values of p. For tho rango of valucs of f,, #, and p considered in this paper, the
formulao (5.1) and (5.2) are scon to provido values of v, to reasonnblo dogree of acou-
racy (with nt most an error of 1 in tho third placo of decimal) excopt for the following
fow cnsos :

values of p
0.001 0.0023 0.005 0.0l
Can 1 2532 832 >34 8>3

Cass 11 30 B1>0.05  £,>0.05 2,501  5>0.2
#<0 8:>0.01  £i>0.05  ;>0.1  §>0.1

In theso cnses tho values of v, are obtained by inverso interpolation in o tablo of ¥(v)
which is ensily constructed using a tablo of the normol probability integral and its
dorivatives (Harvard University, 1052).

Values of producer’s risk 1—L{p,) and of consumer’s risk L{p,), obtained by
using formula (4.3), aro shown in Tables 2 and 3 for Caso I and Caso II respootively.
Tho nominal values of a and £ aro & = 0.05 and £ = 0.10 in each onso. In cach tablo
a ‘cheok’ column is introduced which ponds to & normal distribution. Dovia-
tions noticed in tho volues of @ and £ in this column, from tho nominal values,
are ascribablo to the inheront orror in tho asymptotio formula (4.3) for finite
values of n.

8. CoNOLUDING REMARKS
Tho following obscrvations are based on Tablos 2 and 3. It is scon that

(1) Tho effeot of asymmotry on both a and A, hag beon in gonoral more sovore
than that of kurtosis. This confirms similar findings of Poarson (1929)
and Gayen (1049), in a difforont conneotion.

(2) Distortions have been gonorally moro marked, whon the plan requires
a largo samplo sizo and also whon lot spocifications are atriot (as indicated
by low values for p, and p,).

(3) A positively ekow distribution for the itom quality favours the producer

at tho oxponso of the consumer, whilo reverso is tho caso with negative
skowness.
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{4) Similarly when lot spocifications aro strict, a symmotrical loptokurtio
distribution for the item quality means for the producer a risk lower
than what he was willing to accopt nnd for tho consumer a risk higher
than what he would expect. The situntion is howover exactly the roverse
when tho itema quality hos o sy ical platykurtio distributi

Opposito, though milder, offects aro noticed in plans with moro
liberal lot specifiontions.

Finally, the authors would like to point out that even though tho present paper
haa been prepared in the context of an acceptanco sampling plan, the problem could
also Le viowed as one of tosting of hypothesis or of confid interval
{(Jennett and Weloh, 1039); (Johnson and Wolch, 1940)). Ono would, for example,
bo considering essontially tho samo problem whilo testing tho hypothesis that tho un-
known proportion defective p contnined in a lot, is equal to p, as against the specified
alternative p = p,. Tho producer's and the consumor’s risks would in such a case
cortespond to the probabilitics of Type I and Type II errors respeotively.
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