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AN EXISTENCE THEORE) IN SAMPLING THEORYe
By T. V. TANUMANTI{A RAO
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SOMMARY. A (1,1) correepondeace is cetablishod hore, botwoon sampling dosigng and ssmpling
schomew, for sarapling from & finite population. This reeult enables us to soarch for optimum sampling
procedures in any particular caso, throvgh & unifed genoral sot-up.

1. IxTeODUOCTIONS
Lot a finito population, of N units bo given by

Uy, Ugyovey Uty ey Uy v (LD
Wo givo the following definitions.
Definition 1: A sample ‘s’ from tho abovo population is an ordered soqs
U‘:' U-’:' ey Ul.,: 1IKHEN, for 1IN, w (L2)

whore the i's need not nocessarily be distinct and n, is called tho sizo of the sausplo ‘.

Definition 2: A sampling acheme i8 o process of selecting unita ono by ono from
the population (I.1) with pre-di ined sots of probabilitics of selection for individual units
at each of tho draws.

Definition 3: A sample design D is an arbitrary collection ‘S of samples ‘a” with an
arbitrary probability measuro P defined on it, acconding to which the samples shiould be
drawn. We can write oxplicitly

D=D{3,P), e (L3)
whero EP=1
w3

It can be scon that this is the most genoral definition of a samplo design.

It is known that any sampling schomo results in a uniquo sampling design, which
is fully determined by it. That tho convorso also holds good, ia shown in Scction 2. Wo
restrict our proof to tho casos of practical importanco when alt tho samplos in the
givon design nre of sizes  m, & fixed positive integer. However, the oxtension to tho
cases whoro this condition is not satisficd, such as sequontial proccdurcs, should not offer
much difficulty.

A samplo design is said to bo eomp]ctoly upoclﬁod if alt poasiblo samples including
thoir permutations together with their resp bilitics of sclection aro specifiod.
Examples of partially specified designs aro (i) upecnﬁonhon of all possible unordored samples
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with their respeeti bibilitics of sclection aud {ii) spocification of the probabilities of
inclusion fn tho lnnlplo of each of tho umu Corresponding to any p«rlmlly specified samplo
design, thero may bo many possibly d t pletely specified pling designs.

.2, M RESULTS

Thoorem : There ia a one lo one spondence belween complelcly epecified sample
designs and sampling achemes.

Progf : Wointroduco o new unit U, called tho null unit, into our population. Tho
occurrence of Uy in 8 draw moana that nono of the units belonging to (1.1) is seloctod in that
particular draw. We roplaco any samplo

s={U ,U ,.,U ) whero n,<m,
i i in,
by ¥=U,0 .U , UpUu., Uy,
i 6 fn,

such that tho sizo of &' is equal to m. Wo attach tho same probability to‘s” astho correspond.-
ing's'. Let 5’ botho sct of all & nad P* bio tho probability measuro on &, s constructed
abovo.

For any sampling schemo, let (p:j" |Gy 83 ++s $a1)}s denote tho probability of selecting
n
U‘,' in tho n-th draw, given that tho first (n1—1) draws resulted in the sclections of U‘ » Ui ,
» [
oy U-'-. successively, Wo ghall now find p's such that the resulting sample design is the
'

givon design D. It would Lo sufficient to consider instead, the design D’ = (8", ). Then,
Iet 8: bo the subsot of 5’ consisting of all samplea ¢’ for which tho first unit is U‘ . Simi.
1 1

larly, lot 8; ; bo the st of all samples which have U, as their first unit and U es their
] " 53
second unit.  The definitions of 8; - oto. aro now similar. In all the abovo definitions,
1121y
tho indices iy, iy, ..., can bo any integers not nocessarily distinet, of tho index set 0, 1, ..., N,

Lot ua dofino p:,“‘ by

= L Py, 1< €N, . (21)
1 S
'l

Clearly, X gl p"_l sinco 0 8’ §' and E P, =1
i

This defines the probabilitics of sclction of all units in tho first draw. Let

L P,

S LW B #0 - (22)
{prii} = { "o

o othorwiso

for 1| i, N, and 0y N,
8
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i 8 = &,
Sinco . .*H o Sia
it is clear that & { Y ](i.)} =1 for] i, N,
=0 h
so that (2.2) pletely defines the probabilities for selection in the second draw for all pos.

siblo ontcomea of tho first draw, We obserre here that tho null unit cannot bo the first
unit of & samplo o’ sinco o’ is the angmentation of a sample ‘s’ of tho design D.

Similarly, we defino the probabilities of sclection in tho thind draw by

{rr1cia} =

~hero the notation is olear, As befors we havo
¥ ..
b b = i
aZo {Pi, |(:,.|,)} 1 for 1<i, &N
0 & iy K N.
This process ean bo continuod until tho m-th stage whero it stops finally. This gives
o well-defined sampling scheme giving riso to tho design D’ which is equivalont to the design

D. That thero is just ono achemo giving riso to D is clear becauso ot each stage all the condi-
tional probabilitics p}"' | (i1s ¥4s +vey 3x-y) ghould agreo for both tho schemes. This completos
n

the proof of our assertion.

Remark 1: The introduction of null unit in the population ensurce that at each
draw, we deal with a probability measuro on the population

Uy Uy, vy U

This removes undesirablo ambiguity in somo easca whero we come across a draw
in which there is a positivo probability of no unit getting selected. For oxamplo, considor
tho population of 3 units

U, U; and U,

Let 8 Lo the following ot of samplea

(Ui (Uy, U); (Uy, Uy (Us, Uy) and (U, Uy, U,), with probabilities 1f5 attached to
ench samplo. Then

3 . 213 _2
Loma=2/2=1
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and with a probability § we do not get any unit into the sample, which is an ambiguous situa-
tion. However, introduocing the null unit Ug, the sample (U, Us U,) eaiTies a probability
# so that
) 33 _
Ewpiy =5 3=t

as it should be.

Remark 2 : Wo have seon above that for any general design there is a unique schemeo
which results in that design. We may onll this scheme, ‘‘the generating scheme of D° and D
the “generated design” of the scheme. However complicated a sampling design muy le,
we can always consider, conceptually at leust, a scheme of drawing units one by one, which
gives rise to the given design. Thus any sampling method which does not satisfy the defi-
nition of sampling scheme as given in Section 1, can be treated as oquivalent to u suitably
chosen sampling scheme.
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