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SUMMARY. 1Inthis paper o techniquo is given for estimating unbiasedly ony non-linear function
of cetimablo pnmme(en. 'm technique conaisla in estimating the bins of the usual cstimntor wing eti-
mates based oa i b-samples and then ing tho cetimator for ita bias.

1. INTRODUCTION

Tho question of evolving & generalized unbiased cstimator for any samplo
design has been idered by Mid: (1950), Godambe (1955) and Nanjamma,
Murthy and Scthi (1959) for certain classes of paramecters, Murthy (1062) has sug-
gested a techniquo of generating unbiased estimators for any sample design for the
class of parameters which can bo expressed as a sum of single-valued set functions
defined over a class of scts of units belonging to the finito population under considera-
tion. Examples of such parameters aro tho population total ¥ and the population
variance which can be expressed respectively as

x
Y=3x 7
=
and YY)
N’E) ,}: (Y=Y
In this paper wo shall suppl the g lized theory of unbiased estima-
tion (Murthy, 1002) by gnmg ap dure of obtaining unbiased {or almost unbiased)
for i of p each of which can bo expressed as
nmglu-\'nlucd set function defined over a class of scts of units belonging to a finito
E: les of such p ters are given by ratio of population totals
of two ch istica, population etandard deviation, correlation cocfficient, ete.
The p dure of obtaining this unbiased eatimator consists in cstimating tho

bias of the usual estimator which is taken as tho same non-lincar function of
unbinsed estimators of the parameters as the parametrio function under consideration,
on tho basis of interpenctrating sub-samp i This p luro is based on
tho techniquo used by Murthy and Nanjamma (1059) in estimating tho bins of a
ratio cstimator.

Tho procedure given in this paper is likely to bo of much help in survey practico,
sinco tho eatimation of rclationships between ck jstics and between p 8,
such as a ratio of population totals of two ch isties or tho population coefficient
of varintion aro usually of much intercat in samplo survoys.
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2. DPARAMETRIO FUNCTION

Let tho parametrio function f(0) bo a singlo valued non-lincar function of tho
parameters (0,, 0y, ..., 0,), whero 0, (i =1,2,..,, k) can bo expressed as

o =..}.:,4, fda) e (20)

where f(a,) is & singlo-valued sct function defined over tho class ‘A of sets ‘a)
consisting of unita belonging to tho population X.

Supposo wo have defined the samplo spaco 8’ of samples ‘s’ with a suitablo
probability measure such that it is possiblo to esti the p O O,y Oy)
unbiasedly using tho procedure given by Murthy (1062). That is, it is sssumed that
tho sample spaco is 8o bpecificd that each aed; (i =1, 2
one ‘s” and that each ‘s’ contains at least one set ‘a, in ‘4’
a generalized unbiosed estimator of 0, (§ = 1, 2, ..., k) is given by

L=10 =a‘§'!i(ai)¢((’l a)P(s) e (22)

whero I ¢fsma)=1.
LR

In fact, we can make tho above formulation more general by relaxing the awsump-
tion that 0s (i = 1,2, ..., k) are estimated from tho same samples. In other words,
0,(3=1,2,..., k) may bo estimated on the basis of the samo, overlapping or non-
overlapping samples drawn with the samo or different sample designs.

Let (#, & --p &) bo unbiased esti of tho pa ters (0, Oy, ..., Oy).
Then an estimator of f(0) can bo taken as f(1). If f(0) is a lincar function, obviously
J(8) will bo unbiased for f(0). But hcro we are taking f(0) as a non-linear function of
0y, 0y, ..., 0;) and hence f(t) will, in gencral, bo biased for f(0).

3. BIAS AND MEAN SQUARE ERROR

In this section approximate expressions for tho bins and the mean squaro error
of the estimator of f{t) aro obtained by using Tylor series symbolically. It may be
noted that in statistical practice one is interested not so much in the convergenco
properties of the infinite series representing a function, but in finding out whether

the first fow terms of that serics will give a good: imation to tho fi
Becauso of this, tho question of tho validity of tho npp]lcauon of Taylor scries expansion
to tho cnso of a finito popul imator will not bo idered hero. However,

it will bo assumed that the estimator ¢ is such that |—0—0 | < 1, especially for

estimators oceurring in the denominator of the function f(¢) so that tho first few terms
of tho expansion can bo éxpected to give a good approximation to tho function, This
latter stat ¢ has been ompirieally verified in tho caso of applying this expansion
to a ratio estimator.
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If tho samplo aizo is fairly largo, the assumption }i‘_T‘al < 1 will bo valid.
Lot =0, (14¢), (§=1,2, ..., k) and t=(t}, ty, ..., ;,=(0,, Oy, ..., O,), e=8{e,, £3, ....0).
Expanding f(1) in & Taylor scrics about ¢ =  and neglecting terms of degreo greater
than 2 in ¢'s, wo get

=104 2 0, (¥
=10+ 2 0 (5 )._°

5!
% Ofe} 2 E z 00, e (31
[ “ ) =0 + w1 i ] (ﬂlﬂl ] @n
It moy bo observed that for certain parameters thero will bo no terms of degree
greater than 2 to neglect.  An examplo of such a parameter ia the product 6,0, with
the estimator f,t,. Taking expected valuo of f{f) in (3.1), wo find that the bias of
/(1) correct to tho sccond degreo of approximation s given by

=1 >0

1 o ..
By = ( M) 42 x(m‘ .-e"'(v)] - (39)

whero ,4,(.','):3(1‘-0‘)(1,—0,), 0i=1,2..,k

The mean square error of f(!) to the second degreo of approximation is given by

1

0] = ELfO~JOP=E £ 0e (31) ]
t=@
{=1 154

=“:;,l(g{_‘) alinee £ 3 (z{‘) (%)'-.,z,(iﬁ. TN

t=8

4. DBIASES OF TWO ESTIMATORS

Suppose the samplo on which the estimate 4 of 0 (i = 1,2, ..., ) is based
ja selected in the form of n independent interpenetrating sub-samples. Let £, bo the
unbiased estimate of 0; based on the a-th independent interpenctrating sub-samplo
i=12,..,k8=1)2..n). Inthis caso let us consider the following two esti-
mators Ty and T, of f(0).

T = 71-.?': 1w ETRY
whero L=ty ol (6=12..,7)
and 7, =10) . (42

I=@uTy .0l T‘._—E [ t=12..,%k.
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Applying the result (3.2) to T\, in (4.2) wo get

Loy o .
BT = 2: (01' ) F,(u)+2 (}.:1 ,E« 01‘01,) i) ]

whero i) = EQ=000)=0) = }, & it
Hali) = Elty—0)(t,~0,).
That is

B,= DT = ﬂl.'..l z [ t=1 ( 01’“) =8 Fadii)+2 l::'l > (17147[) I’u('.)') ]

= £ ouea . (43)
The bias of the estimator 7 in (4.1) is given by
=BTy =L% Biye - (49
N pal
Comparing (4.3) and (4.4) we find that the bias of the estimator T is n times that of

the estimator T,.

5. ESTIMATION OF BIAS

As observed in Seetion 4, comparing the biases of the estimators T and T,,
we get
B,=nB, v (5.1)

Using this result wo can derivo an unbiased estimator of the bias B,.
E(Ty) = f(0)+B,
E(T,)=[(0)+B,

Heneo E(T\-T,) = B,—B, = {n-1)B,.

Thus an unbiased estimator of B, is given by

B.= 7;::?' o (52)

The variance of the estimator of B, is given by

V(B,) = 1(7;—')). (a?=2pa+1) o (5.9)

(n—
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whero a? = V(7.)/V(T,), and p is the corrclation coefficient between tho eatimators
T,and T,. For most of tho samplo designa a? and p will tend to 1 as the samplo size
increases and henco tho varianco of tho bias estimator will tend to 0 as samplo size
increasca. It may bo obscrved that an unbiased cstimator of tho bias of T, is given
by

B =2 (1T, . (54)

0. (ALMOST) UNBIASED ESTIMATOR

Since an unbinsed estimator of the bias of the estimator 7', has been ob-
tained in Scetion 5, tho estimator T, can be corrected for its bias, thereby obtaining
an unbiased or almost unbiased estimator of f(0) according as the third and higher
degreo terms in ‘¢’ become 0 ornot.  In the latter caso, tho estimator is said to be almost
unbiased sinco it is unbiascd only to the second degreo of approximation. Tho esti-
mator corrected for its bias is given by
Ty=Ta _ nT,—T,

T,=T,—B,=T.—(n_l) ey

(6.1)

It may bo noted that this is the corrected estimator we get, even if wo correct the
estimator 7, for its bins,

The variance of the corrected estimator is
nir)= YT g opat), . (82)
(n—1p
The gain in precision in using 7, instead of T, is given by
AU -¥T) atal—2npa+1
= o - . (83
o)==, =TT ®9
where 2! is tho ratio of the square of the bias of T, to the variance of 7.  If tho sub-
samplo size is largo 22 will bo negligibly small. Neglecting 2 in the above expression,
we find that the gain in precision will bo positive if
(2a— 1) —2npa+1 < 0
which will be true if ‘a’ lies between the roots of the equation
(2n—1)a'—2npa+1 = 0. vee (0.4)
For given vatues of a and p, the minimum valuo of n which makes tho corrected esti-

mator more efficient and the value of n which maximises the gain aro respectively
given by

(1—a?)
e} ] +1 . (6.5)
and (1—pa) . (6.0
a(p—a)
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TAOLE 1. SIOWING TIHE MINIMUM AND MAXIMUM VALUES
OF G(T¢) AND THE CORRESPONDING VALUES OF n
FOR DIFFERENT VALUES OF 2 AND a{P > a)

or. a [ rainimurm moximum

ne- n O(Te) n O(T)
1 0.6 0.7 6 0.0080 10 0.0102
2 0.8 3 0.0568 4 0.0088
3 0.0 2 0.0880 3 0.30%0
+ 0.7 0.8 4 oo 7 0.0260
5 0.9 2 0.1020 3 0.l6ss
] 0.8 0.9 3 0.0469 4 0.080

Source; Murthy, M. N, and Nanjomma, N. 8. {1959): Almoat
unbinsed ratio eatil based on interp ing sub. plo ceti-
motes, Sankhya, 21, 381392,

7. TLLUSTRATIONS

In this scction, the results derived in the previous sections are applied to
some particular cases.

Case (i): f(0) = 0% Let ¢ bo an unbiased estimator of & based on any
samplo design. Then an estimator of f(0) is given by

iy =t . (1Y

The bias and mean square error of f{f) correct to tho second degreo of approximation
are givon by

BLf0) = HE—=1) C*/(0) . (1)
M) = ke for e (13)

where €1 is the relative varianco of ([ = V(1)/6?], sinco
4f _ L -
E_Ll and ﬁ-—k(k 1=,
The Dbias relative to tho mean square error is

B0 _1
A0 =T (k—1)C7, e (T4)

From (7.2) and (7.4) wo sco that tho bias of f(t) and its contribution to the mean square
orror both decreaso as the samplo sizo increases, sinco for most samplo designs C*
decrenses with increaso in samplo sizo.

308
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Ift, (s =1,2,...,, n) oro unbiased cstimatea of @ based on =» independent

interpenctrating sub-samples, the following two estimators Ty and 7, of f(0) can bo
considered.

r=1tae e (15)
n =1
-
and T, =l',(1= FEh ) . (18)

Wo have seen that the bins of T, is n times that of the bias of T,. Henee an unbiased
estimator of tho bias of T, is given by

. )‘_:. ¥ —nlt
(T, =m e (1)
and tho corcected estimator is given by
w_fa
T, =T_';;— . (1.8)

It may bo noted that the expression for bias and tho corrected estimator
will be completely unbiased if & in f(0) is 2.

Case (i) : Correlation Coefficient (p). The correlation cocflicient between
two characteristics x and y is

cov (z, &

= . 7.9)
=V Y o
In this case the parametric function is of the form
0,
0) =L v (110
J10) V0,0, (7.10)
i i h
and the estimator is givon b, 1) =—1= . (11
givon by J0 i (11

whero #,, ; and #; aro unbiased ostimators of 8,, 8, and 0, respoctivoly. Tho bins
and moan squaro orror of f(t) corroct to the socond degreo of spproximation aro
givon by

BUA0) = 2 (ot 10,9+ 20] e (112)
and (g1 = YO oy o o) —sa o b20s] e (113)
whero vy = E(ll—g:;(lll—ol)__
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Let £, (i = 1, 2, 3) be unbiased catimates based on the s-thindependont inter-
penetrating sub-samplo (s =1, 2,...,5n). Thon using the two estimators

=1 . (114)
T, = (1.15)
wo get tho following corrected estimator of p
T.-T
T,=2"""0, 7.1
=D (7.16)

Case (iii):  Regression Estimalor. Lot y and z be unbiased estimators of the
populnhon toluls Y and X respectively and let b be a consistent estimator of the
reg| i btained by taking the ratio of unbiased estimators of the
covariance between z and y and the variance of z.

Tho regression estimator is §=y+b(X—z). e (1.17)

The estimator in this case is of the form

Jo = l.+ (X—1). . (118)
Tho bias and tho mean square error of this estimator, correct to the second degreo of
approximation, are given by B0 = A¥(ryy—t) o

and M[f(0] = V(y)—28 cov (z, y)+ 5V (z). o (1.20)

By defining the two estimators T, and 7', on the basis of = interpenetrating sub-samplo
estimates we get tho corrected estimator as

nT —T,

To=%on

Case (iv) : Skewness (fy = p,/y}). The parametric function is of the form
110) = 0,/6§
and an estimator of f(0) is given by
S = ll/’}

where ¢, and 1, aro unbiascd estimators of 0, and 0, respectively. Tho bias and tho
mean square error of f(f), correct to the second degreo of approximation, aro given by

BJ(0) = fi3vr—20) - (12D
and U] = flloy+avp—dvy) . (1:29)
where vy = E(—0)4—0)/00;
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Defining suitably 1he two estimators T, and T, bused on n interpenetrating sub-
samples wo geb tho corrected estimator, as before, s

Ao nT',.—Tl
¥ =D

8, [ESTIMATION OF BIAS

General Case. Supposo f(0) Is tho parametrio function of the parameters
{0y, 0y, ..., 0,) and f(1) is an estimator of f(0) based on tho catimators (4, Iy, ..., h)
which are unbiased for the parametera (0, Oy, ..., G3). Lot £y me O +h, i = 1,2, k.
Applying Taylor scrics expansion to f(t) about ¢ = 8 symbolically and neglecting
terms of degrees greater than p in A's, wo get

j— l . .
s —fw)+l§ i b b ( ®1)

af )
dtiydbi,, .. dliy /emg
Taking the expected valuo of (8.1), wo got the bias of /(1) as

/]

1
_ 2L L. [
BU(')]-—I_ﬁ‘ 7l ﬁ.«..z.... 5 U P | [__dt“ Fe—T (8.2)

.

Supposo £, is an unbiased estimate of §; based on the e-th independent inter-
penctrating sub-sample (i = 1, 2,...,k; 8 =1, 2,... n). Lot us consider the follow-
ing p estimators of f(0)

1

Ty = - S fAm), m=1,2..p=1n o (83)
(n)
whore T {m) = (Ifm), Tylm), .. Lulm)),
?{m} being the mean of the estimate 4 based on a bination of m sub-sampl
taken from the » independent interp ti b-samples and % denotes summation

4
over all binations of m sub-samples formed out of n sub-samples.

The bias of T\, to tho p-th degree of approximation is given by
By=BTu)= 1~ % BfA(N]

(a)

= : ) IE [E’J_: N ”2‘. Birhizee big) (('u.,o+ljc7ﬁ ) ]:-o

Y
mn

e (84)

3
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where ;, =717‘ g hia.  After simplification tho bias of T, may bo expressed in the
-l

form

B, =‘§’;‘:ji m=12..p-1,n) . (85)

whero 4, is a function of the j-th order and product of the
{41y 1y .os 44) and of terms of the form

(rtimas; Vo>

From (8.5) we seo that in tho scries of estimation {T'.), B(Tp,)) < B(T,).

Since E(T,) =f(0)+B.a,
wo gob E(T,—T,) = B,—B, =£(1—'_)A. - (86)
1 m. 1 L] e ﬂl}_‘ 2] "
Let D, = (T,—T,). Tho equation {8.6) can bo written as
E(D)=AA, e (87)
whero D =(Dy Dy, ..., Dy, D)
A=(4y 4y o 4pp 4))
1 1 1 1
-z -2 . 1—1,—_i -
1 1 1 _ 1
==z =g - 1-@ 1 =T
1 1 1 1
W R = ey

It may bo noted that in (8.7) wo have (p—1) equations in (p—1) unknowns. It may
bo observed that wo are considering p estimators sinco there are (p—1)d’s and f(0)
to be cstimated. Solving (8.7) for 4 wo get

A = E(DyA, . (88}
Taking B = (By, By, ..., B,y, B,), wo got
B = Ale+A) e (8.9)

where ‘¢’ is a {(p~1, p—1) matrix whose clements aro all cqual to 1. Substituting
in (8.9) tho solution for A obtained in (8.8), we got unbiased estimators of the biases
of the estimators, namely,
B = DA-se—D.
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That ia

B, -_\z,: Dy 8y =D (i =23, . p=1, 1), (M = 2,3, ..., p—1, ), ...

843 = S5y, where 8 ia the sum of tho elements in the j-th row of A-1,

FParticular Cases: (i) p=2. This is the caso considered carlier.

case, the following 2 estimators of £(0) may bo considered.

= 0

To=/0.

B,=Alm,(m=1,n).
. _ 1 g P "
Since A—(l—;),A‘—m, 5=24
wo get B, =ﬂ—:—l (Ty—T)—~(T,—T)

= (T\—T,)n—1).
Case (i): p=3.
Let us consider the following three estimators of f(f).

T, =% % 1w

=Y

2
Ty =y B2

Since A=

n=1 _ n-1
al n

4n?

and A =2

ol

_3
1

313
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. (811)

. (812
. (813)
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wo get after simplification
B = :"2 T‘+n— 5 i (#71—2) . (8.15)
By=——1 T,+"+§ 2 (nlnﬁ) e (816)
B. —-_ T‘+"_2 (,.(-3-,1.)_;.2)-2) e (817)
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