DENSITY IN THE LIGHT OF PROBABILITY THEORY-II*
By E. M. PAUL
Indian Statistical Institute
SUMMARY. Let {Xa) boa scquence of abatract spacer, cach X consisting of the pointa 0, 1,2,.....

At ths point rin Xa, wo place probability 1/g5(1—1/ga)s ga boing tho n-th primo number. Lot X bo tho
product spacs X, ) « and let P bo the product measuro.

Let J bo a soquence (jm) of ponitivo integers. Let § bo any sct of positive integers, MY (S)in tho
st of vectars (£, 25, o) £ X mach that 271 .. 4% ¢ § for infinitely many n ¢ J. ME(S) ia tho wt of
voctors (x1,25,..) ¢ X such that 2. M e S for all suficiently Iarge neJ. Wo prove that
PIMES) < 8,(5) < 30181 < P AT (8] for all mte S if and anly if I (4 bounded 83 m—s co.

108 Jm
3z and 37 stand for lowoer and uppor logarithmie densities, reapectively.

Lot / be a finite function defined on tho sot of positive integern.  Supposo for a J satinfying the

EA

9}_1' ) = g{z) oxiste with probability 1. Then J has a distribution
m

condition sbovo, lim /(2"
L X

and this is tho samo as that of g(z); we omploy logarithmio donsity.

GENFRALIZATION OF TIE MAGNIFICATION TREOREM

We now generalize the magnification theorem in the caso of the special example
discussed in the previons paper(Paul, 1962).  LetJ beaclassof positiveintegers. Let Sbe
anarbitrarysetof positiveintegers.  We defino the upper J-magnification of S, M3(S),
to be the set of vectors (x;, z,, ...) such thnt( 2™ q:. )cS for infinitely many values
of neJ. Tho lower J-magnification of S, M(S), is defined to bo the sct of vectors

(%}, 2y, ...) such that ( 2 3™ . 0 )eS for all sufficiently large values of n in J.
Obviously, M4(8) & AHS) & MI(S) < MU(S). This raises the question of obtain-
ing sharper estimates for lower and upper logarithmic densities.

Let J consist of j,, jy, ..., in ascending order. We shall prove the following
theorem.

Theorem :  P[MA(S))  84(8) € 87(8) & P[M(S)) for all sets § if and
only if (’OIET];’:I) remaing bounded az n—c0.

Tho proof of the ‘if’ part is similar to the proof given by the author

(Paul, 1062). Let us call the space X, Xj..X, by tho namo Y, and

X X ... X, by the namo Y,... In each space X, let us introduce tho
(h41) Ua42) Ja

* Part 1 of this popor has boon publishod in Sankhyd, Berioa A, 28, Part 2, pp. 103-114.
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mensure described earlier by the author (Paul, 1062) and In each space Y, let us
introduco the product measure. X may be looked upon as the spaco ¥, ¥, Y,....
Instead of tho spaces X, Xy, ... (Paul, 1062; Scction 2) we now havo ¥y, ¥y, ... We
treat the point (0,0, ..., 0) of Y, as tho element 0 of X, Let (%) %3 s %as 0,0,
..)6I(C X. Wo associato with it tho number ¢* ... ¢i*. If o C 1, wo defino
87 (¢) 5 bo the upper logarithmic density of tho corresponding sot of positive integers.
Tho spaco ¥, Y,... and & entisly Postulates {A) to (F) of Section 2 and condition G
of Section 3 of tho previous paper (Paul, 1962). The proof that condition H also
holds is similar to the proof given in Scction 8 of the provious paper {Paul, 1962) but
requires a littlo oxplanation. Let B bo a right-completo set in J(C Yy Yy Yt
(Z11 oves 2y 0,0,...) bo a basio vector of B and let z, > 0. Let j, <m  Jinene
Let

126 = A= Ug=1/g8).. =gy )
2‘! .

We aro interested in proving that I f, (s), over all basio vectors, is continuous on
"

[1,2]. Sinco m may be < jiuey OUr previous argument does not go through directly.
So we introduce

o(0) = U= 1at)(1=1jgh)

(2:[ . q:lﬂ)'
Th L g oy oLy lesyg,
o« 2al8) > ( A ) (l % > Thogg

Fmen

by Merten's theorem, » @ > 0, by hypothesis on J.

Wo now apply tho argument given in the previous paper (Paul, 1962) and
prove that X ¢, (s) is i on[1,2]. Continuity of I f,(s) on [1, 2) follows
" .

immediately, and the ‘if’ part is proved.

Beforo proving tho ‘only if* part, we give an example of a J and a right-complete
set in JC Y, Y,... such that condition H (Paul, 1082} is violated. Of course, in

this caso (l—%‘ ) will be unbounded. Let us take a fixed number < 1, say %
n

011

91
TATAT R 1.

Also, let us take the scquenco
Let j, =2, so that tho first block of primes is 2, 3. Let ws declaro
(0,1,0,0,..) and {2,1,0,0,...) as bnsio vectors. Tho cylinder scts whose bases
aro tho points {0, 1) and (2,1} carry probability
_(=p=y), 1=—1—y) _ &
A==+ 3 36"
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We now determine j,. The set of numbers of the form 2™ 3" bas density
rero. ‘Thus the complementary sct C, has density 1. Wo now take numbers 5, 7,
10, 11, 13, 14, 15, 17, ..., 3, of C, so that

1
Z; of thess pumbor

9
T EgTE
n=1 B
Let #m) = (1=1/g) ... (1—1/ga)

We take & jy 80 large that

br= gyt Lt St 7)<t
We now introduco basio vectors so that 5, 7, 10, ..., 3f, all become members of our
right-completo set.  In order to admit 5, we declaro (0, 0, 1, 0, 0, ...) a9 a basio vector,
In order to admit 7, wo declare (0, 0,0, 1,0, 0, ...) as a basio vector. For 10, we de-
clare(1,0,1,0,0,...), and proceed like this until M, gains entry into our right-com-
plete sct.  Of course, wo make j, 50 large that g;, > M.

»;
Let C, bo the ) of tho set, of numbers of the form 2™.., qlf' . We

choose an Af, 8o largo that

s

oy <H<A,
ntCy

Ayl -
I+

. . 1 1 1 1 3
Wo choose a jy so large that £y = f+¢{7;) (l+—2—+T+ - +‘_1;) <3

Wo then admit basic vectors so that all n in B { neCy, Djean) <ng i, } gain entry

into our right plete sct. i ding like this, we construct a right-complete
(with respect to J) set whoso upper logarithmic density is==1 but whose

magnification has measure <—::—.

Now, let J bo any given scquenco such that )TOEEJ;—'" is unbounded. The
..

counter example given above can bo modified soas to prove the ‘only if® part, as follows,
Suppose g; 4y, ..., ¢ i3 a block of consceutivo primes. Let Al bo such that g,y <M <g;.
Consider the set of numbers all of whose prime factors aro exclusively from among
9w G2 -y I1s let €, bo tho complement of this set. Cousider tho quantity

DI

neC

%y, SN log M—¢ log s
L log AL
1 n
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npproximately {v denotes Euler's constant),

el
We now use the following lemma :

Lemma: Let 0,, a4 ... be increasing sequence of positive inlegers such that
)‘Ig 9n41 iy ynbounded. Takeanye > 0,8 > 0. We can determine an n and a positive,
mltger 3 such that

log g, log M
i/ d —S_" =5 5
a, <M <a,, an Yog M <e and fogarn <8

Rigorizing the nonrigorous part above is trivial.
Corollary :  Let f(n) be a finile real-valued function defined on the set of positive

integers.  Suppose there is a sequence J of positive inlegers j, such that lolﬁ;‘—‘ is

z
bounded and j(2=' ...q].:') converges with probabdility 1 to a random variadle g(z), as

n— 0. Then [ has a distribution and this is the same as the distribution of g(z); we
use logarithmic density.
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