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1. Let (x1,... X, )~ N, « Siow the following relations:
Fork {7, the distribution of X, given Xq,ees %4 18 the
sane as the distribution of X, given Xiaq

’

I4

{(=)Fork {r, E(Xk‘ x1,.-;.xk_1) = E(xk} xk-1)

(=) Fp'x‘ JLBCKRYLT, /Oak - /0”5 ﬂk' . ' (o]

2.(a) state and prove the Slepian's inequality for N,. fa]
(b) Suppose (XY ) hag a p.def which has the TPZ property.
Prove that (X,Y) is associated. [12]

3.(a) Let X~ N (O,I,). Shov that U =1' X and Q.= X'C X are
independently distributed when'C 1 = 0 (C is symmetric) ;
- further show that I"XZ wvhen C is idempotent. - . [a]

“{b) Use the above result to derive the distribution of the
sample correlation coefficient based on a random sample
of size N fron a bivariate normal distribution with /0 =0.

[12]
4+(a) Let F be the ced.f of XqseeeX, and Fy be the dat of X,
Prove that F is a coniinuous function of (x ,...,)S)) when

each Fi is continuous. (6]
(b) Let (XY) be alstributed as N, [( 8)'-. C” /ﬂ)]

Prove that the correlation between x2 and y2 is /02- [5]
(c) Let X'n be the sample correlation coefficient based on a
, with /0. Obtain the
limiting distribution 01‘( "W n as n 5 o [o]

random sample of size n from N

pateo.



5. Let A AW, (n,3), withS p.d. and m ) p-
Prove that E(A™1) =(RJ_F—2-)2-1 when m=-p-2 )0 (10)

6. Let x1 denote the increcse in the number of hours of sleap
due to sedative A, and X;, denote the corresponding increase
due to sedative B. The following mean vector and the co-
variance matrix are cbtaincd for observation of <x1 .Xz) on

10 patients chosen randomly (you may assune N2 distribution
for X, .xz).

X, = 2433 4.01  2.85

Xz = 0.75 2+85 3.20

(a) Test the hypothesis Ho : Var (X1) = Var (Xé) against
H,t not Hy at 57 lcvel. (8)

(b) Test Hy: E(X1) =3 E(xz) against
H,t not Hy at 57 level. [6

7+ The qistributions in four blood-group classes 0,A,B and AB
of .140 Christions who are army cadets and 295 other Christion
are given dbelow:

o A B AB Total
army cadets 56 60 18 6 140

others 120 122 L2 1 295

Test the hypothesils that the blood group distributions
in two groups are the same. (e
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I.(a)
A(b)

11.{a)

(v)

III.(a)

(v)

v.(a)
(v)

(c)

Note! You may answer all questions. Maximun
scorc is 1C0.

o
If G 1s a firite group such that the equation x = ¢
(e = identity in G) has atmost m solutions fer any positive
integer m, show that G is abclian. [10]

If R is a cormmutative ring with unity, and I is a naxinmal
ideal, show that cvery nonzero clemunt of R/I i3 invertiblo
under mwultiplication. [10]

I£ G 13 a group of order 385, prove that its T=sylow
subgroup is in tho centre of G. [10]

In a finite gruup G, show that any two P=sylow subgroups

in G are conjugate, wherc p is a prime dividing the erder

of G« [10]
In a principal ideal domain D, given any increasing

sequence C,I C2 caenn ck sese Of ldeals of D, show
that there is some 1 such thot € = ¢ for all m ) 1. [10)
Detcrmine the number of abelian greups of order 720.

Justify your answer. [10])
If F is a ficld of q vlements, show that q = p¥.for some
prime p and integer r. ' .. [10]
If F 1s a ficld and g{x) € F[x], snow that F[x/(gx)) 18
a principal idcal domain. [10]

F is a fiold of p™ clements and K is a ficld of p°
elements. If F is a sub-field of K, show that m divides n.
[10]

V. Construct a field of 16 clements. Find a primitive element r
of the field. Find the minimum polynomial of r> over GF(2). [>5]
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Note: Answer all the questions.

1. Let £(x,y) by continuous on tho closcd strip [a,b) x (—e )
and satisfy the followirng Lipschitz condition:

Ja constant K ) O such that ) :

|i‘(x.y1 )-I(x.}g‘)l 4 K‘y‘i =Y, ] Vx ¢ [a,b]) and Yo Y €0 ).

1£ {xy.¥o) 1s any point in [a,b] x (~=,=), show that the

initial value problemy = f{x.y), ¥x) =y, has a m;.lque

solution dafined on [a,ble [20]
2.(a) Find the general solution of

4
z-x%-y-xzax.

(b) Find a solution of the homogeneous equation by trial, and
then find the gencral sclution of

x =2lxe1) y' o+ (2ly =2 2, [10+10=201]
3. Show that the equation

h)czy" - 8x2y' + (hd+1) y=0

has only onc Frobenius scrics solution. Find 4t. Use thig
solution to find the general solution. [>0]

4.(a) Let A = (x1 .y.l), B s»(xz,yz) be two points lying above the
x-axds (les youy, ) 0).
Find the curve C (having equation y = y{x)) such that

(1) C Joins A and B;
(11) C 1lies entirely above the x-axis}
(141) the length of C is soms fixed number L
and the arca bounded by C, the x-axis and the lines
x =X andx=-x?1:amax_lmum.

(b) A and B are as above. Find the equation of the curve which
satisfies (1) and (41) of the above part and for which the
area of the surface of revolution obtained by revolving the
curve about the x-axis is a minimum, - [10_+10-20]

p-toOl



5« Let Pn(x) be the nt'h Legendre polynomial.
Show that
(a) P (x) = C, d‘ﬁn  (:2-1)™), where € 1s a constant.
)
(v) an(x) a{x) dx = O whenever a(x) is a polynomial of

]
degree (n.

(c) Pn(x) has n simple zeros in (-1, 1). [7+5+8=20]
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4+ a carrizs 110 markse You may
srzwer o) the questicns. Dut the maxdrnun
you £al sedie 1s 100,

Hote: Th

1.(a) Lot £{x,y) te contfrmme cn the closd strip
[a,b] x (=o,0.) and siticfy the following Lipschitz
coadition:

a constant K ) O such that
:I(x!y“)-f(XIYZ)z .(. K ;-,1")'2‘ X € [a pb.]_' and
Y1 OYZ “(-wi"')’
b (xo,yo) is any point in [a,b] x (-ww=), shov that
the initial value prebleam yv'= tlxw), ylvg)=ry ‘has a
unique solution defin.d on [a,bl.
(nr) Lot £f{x,y) be a continuous function on the cpen strip
(a,b) x {~o,m) such that for any closed strip [c,d]x(= )
contained in (a,b)x{~oc,»), and for any (>b.y°)‘ 1cyd Jx{eon ),

the initial valuo problen y'= i(x,y), y(>g°)_ o has anmiquo
solution dsfined on (c,cJe Show that for zny xo.yo) (a,b)x

(~o,=), the initial veluo probvlem y'=f{x,y),
)
yz;%)=yo has & unigro s>lution defined on (a,b).  [15+8=23]

2+(a) Find a sclutfon of t: loworereous cquatisn by trial,
and then find the general golution of the equation

x(1-x)y.- (1-2:)y' +{x*=3x1)y = (1-x)°.

(b) Let ulx) and v {x) ba solution of y''=4y'+20y=0 and
GV rat
Jtriky #13y=0 respeciively, such that the curves v=u(x)
and y=v {x) intérsect at the origin and huwve the same
slope at the origin. Dotermine u(x) and v (x)

12 0T /) = 1. [10+6=1G]

prteOe
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3.(a) 3how that the boundary valu: problem

v nly = fx),  so) F =0

has a solutien if and only Af é () stn =x dx = 0.

In this cas:, find the sclution of th: above boundary
valug probl:im.

(b) Consider the oiion vidus problem

y''+ a2y =0, ylo)sy'(0) w0, y{1)=0, {a roal)

show: (1) any @ € 0 i: rot an cigen value.
(2) @ =0 18 ar aigcn value.
(3) 1£ & ) 0 is an oigen value, then tun o =a.
Alen, -fin:l tho algen functions, corrcsponding to cach
eigen valug. [10+4C=2
4+ Solve the initial value picblen y''+xy'+2y =0,
y(0)=1, y'(O) = 2 by the pover series method. Find the
racurrence formula and usc it to prove the convergence of the
series for all x. [+
5.(a) For n=0,1,2,+¢+ let J,{x) be thaBussel function of the

first kind of order n. Show that
n
e | costs .
n |} cos(;o-x sin ©) do, whera ¢, is some

PRV

Jn\x) =

constant.
(b) Show that x=s 15 a‘wiguic® singular peint of the equation

[ a? | .
x3y' '+3x2y' 3.-(x~; I.)y =0

Find its indicial cquation and its exponents at
X = o [15+8-;

6.(a) Find the extremals of the functional
4L
) v 2
v (3 x)= J G y'(x) -y (x)) ax
o -

vhich is detcrmined by thz boundary conditions

¥(0)=0, ¥(4) =3-
contde oeee-



6.(b) Let A and 3 be points on the spherc xzfyztzzccz. Show

that tiie sidortest curve joining A and B and 1lying on the
sphere 13 an arc of a yruat circle. [6+10=16]

e s s mi b e eeemm e aremm—-
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Nota: Answer Al FCUR questions. All quustions
carry ejual narks. Marks allotted to the
different partg of a aucstion are shown
in bracke®s | J.

1.(A) Consider a siaple modsl of incomz determination in a

closcd economy as follous:
Y=C+I+8C

C = Consucpti-a apenditure

aC+c Yd c = mpc..t = income tax
: rate
=Y +TR = tY TR= transfer payments,

Yaq
Yda disposable incoma
where C, I and G arec cutonomous consumption, investmcn:
and govt. expenditures, respectively.
(a) Suppose, transfer rayments are also autonomous, being
given at TR. What is the value of the miltiplier corres-
_ ponding tu (1) an increase in G and (41) a decrease in
iR 72 , (1

(b) Suprose transfer payments also depend on income Y.
When incom: is high, transfer payments, such az
unerplcyment bznefits, fall and when incom2 is low
unemployment and h-nce unemployment benefits increase:

TR = ™ -bY b)o
(1) What is the value of the multiplier now corres-
ponding to an inzreasc in G? (i) Why is the
new multiplier luss than the corresponding one

in (a)7 [B1

(B) write a short note on th: Fhillips curve. {10]

2.(a) The economy is at full cmployment. Now the government

wants to charge the csuiosition of demand toward investment
and away from consumption without, however, allowing
aggregate demand to ge beyond full employment. What is
the required policy mix%

(Use Is - LM diagram t5 <how your policy proposal.)
pateoe

[15]
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2.(b) Consider an ccoromy whure the government consider two
alternative programs for ccntraction. One is the removal
of an investment subsidy, tec other is a rise in income
tax rates. Uss the IS - L schedule to discuss the impact
of tivse altermative policles on income, intcrest rates
and investment.

[Hint: A subsidy te inveotment means that the govermment

essentially rays por 3! tne cost of anch firm's investmint
Thus a subsidy to inviestimont shifts the investmont schodul.
(drawn against the ruts of interest) right ward, f.c.., at
each intercst rziec, JFivns iow plan to invest mere. ) [r

3.(a) Explain th: teras : intecnal rats of return and marginal
efficicncy of capital. [s

(b) Derive the investuent schedule, i.es, the one which shows
that the amount of investnent expenditure will be inversely

related to the market rate of interost. [+

(c) What is meant by the term: 'automatic stabilizer'?
Illustrate. [t
4.(a) ¥hat 1s meant by 'sp: culative demand for moncy? Distinguich
between 'risk lovers' and 'risk averters': [r

{b) Usc Tobin's portfolis bolance aprroach to demonstrate the
following rosuits? ’
(1) an investor will pui his financial wealth partly in
cash and parily in bunds.
(11) an invester's spceulative demand for moncy will be
inversely rilated to the rate of interest. [r

5.(a) (1) Considcr an cconcny with intcrnatinal trade (but no
capital flows). h:t is meant by internal and
external balancet

(11) Suppose in this ccunemy exports are autonomously
given, but imports very positively with income.
What kinds of policy dilerma may arise in such an
eccnomy y 1T the government wants to achieve both

exter:al balarce and full cmployment of labour? [r

() (1) Allow capital Inflows and outflows in the above
econonyy «» Supposc the economy is initially in
interncl and extermal balance. Draw the I3, LM
and BP schzdulese

contde esef
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5.(b) (11) Assume there is an increase in the foreign interest
rate. Show the effcct on the BP schedule. Suppose
the central barl: docs not undertake any offsetting
policye. Duscribe briefly the adjustment yprocess by
which internal =r:! uxterral balance will be restored. (10]
6.(a) Consider thy following staterunt: 'onc way of comparing
Keyneslan and Classical redels is to view them as
postulating alternative closing rulcs to a complete
macroaconomic rodel’ .

In the 1light of th: above statement compare the
structures and irplications of thu Keynesian and the
Classical rodels. {17l

(b) Consider the Keynesia model you have developed in
(a) avove. Supposc, investment is interest-inolastic.
Show that fiscal policy is effective in raising output
in this model. Will monetary policy be also effective?
Give reasons for your answer. 6]

—— &



1 1991-92 [ 254 |
INDIAN STATISTICAL INSTITUTE
BeSTAT. II YEAR:1991-92
SEMESTRAL-II EXANINATION

BIOLOGY-II

Date: B.5.92 Maxinum Marks:100 Tire: J Hours

GRCUF_f
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Note! All question: carry equal markse

1. What aro the different frctors affecting crop production?

Briefly discuss about thc virious types of agricultural
production systemse . (5+45)

2. Diagramatically represcnt MNitrogen cycle in Soil - Plant

ecosystem. Briefly doscriba nitrogen fixation phenormenon
by legumes. [6: "

3+ Undergoes during its lifc-cycle under transplanted

&

5.

1.

condition. Briefly discuss atout the yicld components on
which paddy grain yicld is determined. [6~"
What are the main elem.nts of experimentation ir agricul-
tural trials? Describc the principles followed in serial
correlation procedure to ~ssess soll heterogencity. {5+5]
(a) State and deseribc Goodudn's Epigenetic Mcdel.

(b) Discuss the stability properties.

(c) When does the system show 1ife-cycle propertics?  [2+4+4]

Answer Question no«4 and 5 and any two of the
following.
What do you understand by spontaneous mubation and induced
mufation? Discuss the procedure utilized for detection of
sex linked lethal mufaticns utilizing CIB mcthod and

Muller-5 method . (2+444=4C,
Explain linkage and crossing over phenomenon with

examplese o (545¢ (O)
How do you induce polyploidy% Discuss briefly the importanc.
of polyploidy ih agriculturc and evolution? (2+8=10)

p.teo.



4. The colour of Omion bulbs in governed by twe pairs of genis.
A cross between truc breoding red bulb strain and true brecdis
white buldb strain procuccd 11 F, plants with rcd bulbs.

In F2, 110 red, 38 yellow cmd 46 white bulbs were preduced.
Use x2 test und explain the results gunctically. [+
5. Write short notcs on th. following (any four):

1) Imgortant cattle brewda in Indiae
11) lodern definition of y.nce
111) Major discoverics in rolccular biology in
twentieth Cuntury.
iv) The origin of tetraploid cultivated cottene .
v) Extranuclear inheritancu.
vi) Structure of DiA. .
vii) Cross-breeding in Poultry farming. (4x5=20,
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Lote: Answer wny tistce questions. All quostions
curyy equal ri.axrkse

1.(a) ¥hat do you mcar by infmnt ortality? Duscribc the
diffcrent metiiods for corputing infant mortality rate.
Comment on their merits and dumerits.

(b) For a certain 1ife tabl: 1, = 20900 - 80x - X2

(1) What is the ultimatc cge in the table.
(11) Find
10P20 °*

2.(a) Describe crude birth rate, general fertility rate and
total fertility rate, indicating their merits and limita-
tions.

(v) Describe tha net riproduction rate.

3.(a) Explain the uses of posul:iion estimates in a country's
devcloprental program:we Diicuss the mathematical methods
for rrojecting total population.

4. Write short notes on any ihrce of the following:

(a) standardised death rat-c

(b) sample Registration Scihwere

(c) Person-Years Lived by a population during a calendar year
(d) Current life table.

GROUP_B
SaC AND CR
Maxizun Farks:50 Tine: 1} Hours

Group A:SAC.Answer Guestion (1) ard any one from the remaining.
1. Discuss (any three): Causcs of variation, Rational subgrouping;
AOUL and ATI; Interpreotatiorn: of runs on a control chart. [3x5=15)

2.(a) How can frequency distrilutions be used to diagnose situa-
tions of assignable variations?

(b) What do you rean by the 0.C curve of an acceptance sampling
plan ? : . [7+3=10]

peteoe



3.(a) Derive a sirgle sarvlinz rlan for variables if acceptable

quality level is p, and rejzctable quality level is P, viltr
a and P} as the corresporcing risks, when only a lowver
specification limit is given and o is known.

(b) What will be th=2 acue, tiv.ce sarples plan for a quality

characteristic whos2 low.r specificution limit is 255
\

o is 2 p,y=.05 with @ = JC54 p,=010 with 1-8=.90.  [7+3.

Group B: OR. Answer quastisr (1) anil any one from the rest.

1. Discuss (any tirec): Inventery Crdering Systemy Dasic feasible
solutions; Arrivals in «ueucs;, Suffer stock. [3x5=1

2.(a)
(v)

3.(a)

Write dowvm tne cost modci for an inventory problem.
Derive the EOQ for a sirgle item static demand problem will
no lead time. [5+5=

Under Poisson arrival/departure, derive Y _=cxpocted watting
time in queue in terrs o th2 erxpected number of customers
and the rate of desparturc, in the steady state.

(b) Vhen is the steady state reached in an Ii/t/1 queue %

Cars arrive at a t911 oo on a freeway according to
Poisson distribution vith nean 90 per hour. Average time
for passing through the gate is 38 seconds. Assuming steady
state concdition vhat is %2 expected waiting time in queue
for a car’ [b+2+4

—— a4 b e am—————
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1.

[oF; -
ST - A Max. Marks: 80

Consider a random vector X:px1 with the p.d.f.

o ra

1(x) -ik, £OoX'x 5:-2
0, otherwise.

(a) Using induction on p, show that‘ll-; = nP/2 ®/ ['(% +1).

(7]
(b) Derive the p.d.f. of Z = X' X and obtain E(2). {53
(c) Show that the covariance matrix of X is I (3]

p+2 p’

(d) Use the sbove results to show that EY =0, ) (Y) = £,
vhen Y has the p.d.f. (y Frt) 03]

g(y) =C, 1f y' 'y ¢p+2

;e

= (0, elsewhere.

Let (X, Y) be distributed as the bivariate normal dlstributien
with zero means, unit veriances, and correlation @ (121 < 1).

(a) Show that P(X < x, Y <y)is increasing in ?. - (6]

(b) Snow that the p.d.f. of (X;¥) is TP, 1ff >0. (3]

(¢) Show that (X,Y) is associated iff # > O. (5]
(d) Prove that P[IXI < c,1¥l < a] 2 P[Ix! cclp(ivt < dl.

is)

(a) Define (i) MP level a test, (ii) UNP level o test, . .

(11i) Unbiased test. 3]

(b) State and prove the Neyman-Pearson Lemma. (51

contde..
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5.

() Let (X, ..., X)) be a random sample from t(0, o).

(b)

(c)

Let

(a)

(b)
(c)

(d)

Let

(a)

(v)

Show that the following test is UiP levil a for testing
Hoi © = 6, against Hy: © ¢ 8,
A
U 0, if 6, a’ <X, , <@
Plrueens %) = { 2T S <Xy <0
’

elsewhere.

[10]
¥here x(n) = Max(Xy, ooy )S-\)'

Let F be the c.dif. of (¥, ..., xp) and F; be the c.d.f.
of X Prove that FF 1s a continuous function of ()(1,...,

1
(6]

when each F.t 1s continuous.

Let (X,Y) be distributed as N, (), G
Prove that the correlation between X2 and Y2 is 22, [5j

Let r, be the sample correlation cecefficient. based on a
random cample of size n from a bivariate distribution with
finite fourth moments, the populaticn correlation being O.
Derive the limiting distribution of VA r, esn =>w=. .

[7]

A~ wp(m,t), with £ p.d. and m 2 p.

11
Show that 2 /9.11 ~ ’sz_p+1. (s]

For ,( # 0, show that ,( ,"1,( /{ A",( ~ xm p+1e (2]

- - i
Prove that E(A™)) =o— ¥, when m-p-2>0. [4]

m=p=-2

let z,and S be the MLE's of K and £, respectively, based
on a random sample of size N from l\i)(u, ). Find

BE s"X). (3

Dhiraan

" 11
X4 0eesy Xy be a random samnle from Nz[( ) (o a;;)]'

Itis known that 1y = 0. Compare the varimm. of the NLE
of B, with that of the standard estimate ,{2. [5]

Suppose M, = U0,y = O,,. Obtain the LRT for Hyi:? -.C
agalnst Hy: ? # 0. [6]

contdsees 3/
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(c) Let sy ond oy, be the HMLE's of 9,y and 0,,, respectively.

2
as n => =, f12]

.

s 3,
Obtnin the Liniting aistribution of WA (oot - 4lb)
22 U2

GROLP - B

Stnte_the mcethods ~nd the theoretical results uscd.

The means of three biometrical characters and the matrix of
pooled variances and covariances were obtained for two groups
of female desert locusts - one in the phase gregaria and the
other in the intermedinte phase between gregaria and solitaria.
Matrix of pooled variances and covariances based on

(20 +72 - 2) = 9 d.f.

X X X3
% | 4.7350 5622 1.4685
X2 JA431 217
X3 5702
Means b S X3
Phase gregaria 25.80 7.81 10.77
(n = 20)
;g::eme‘“ate 28,3  7.41  10.75
(n = 72) ]

Test the hypothesis of equality of the mean-vectors of the
two groups of locusts. (you may assume normal distribution).

(3]

The sample correlation coefficients based on (independent)
samples from two bivariate normal distributions of sizes

22 and 25, were found to be 1164 and .1125. Test the
hypothesis of equality of two population correlation coeffi-
cients. [7]
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3¢ Let Yy R, be the pean values and 512 ’ 32?‘ be estimated
varinnces in two somples of sizes ny and n, respectively.
If ng ~nd n, are lrree, the statistic

7 -7
¥ oe —aZt2
[0 =
S, %2
.11 nz

Can be used as a nermal variate N(O,1) when the two populatio:
means are equal.

In a feeding experiment with pnsteurized (x1) and unpasteurizc:
(xz) milk, Elderton found the following valucs of W for five
groups of boys, the varinte being the haight.

Age group of boys (yrs.) Observed
W

62 2.69
77 0.7
83 TN
97 1.84
10-2 1.C6

It 13 postulated that the two types of milk have the same effc
on the stature as oppcs2d to the hypothesis that the pasteuri:
milk leads to larger mern stoture. Combine the evidences
supplied by the different groups to make an inference.

(6]

4, The distributions in four blood-group classes O, A, B, and A%
of 140 Christiens who are army cadets and 2% other Christiar:
are given below:

0 A 3 Total
Army Cadets 56 - 60 18 6 140
Others 120 122 42 1 2%

Test the hypothesis that the blood-group distributions in the
two groups are the. sane.

(7]

shees
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SEPESTRAL~-IT EXAMINATION
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Date:30.4492 " raxiwwn Marks:100 Time'-}% Hours

GROUF:_A
Answer any two questions

1. Discuss thu propertics ol the logistic curve as used for
modelling growth of posulation over time.

Describe the iterative mothod of LS ¢stimation of the
'parmnetsrs of the logistic curve proposed by Pearl and Rccde

How does cne get tho starting values in this itcrative

miethod? [20]
Outline the cstimation of the Engcl curve of any item of
consumption from houschod budget data. Statc the assumptiors
and approximations underlying the usual pi‘ocedure-. Mention
briefly how tho appropriate algebraic form of the Engel curva,
based on the " per capita formilation', is chsen for any

given body of data. : [20].

2

3. Vrite short notcs on _q“\‘ tvo of the following:
(a) Blas of Laspeyres' forrula when used for comstructing
a éonsumer price index. ’ .
- (b) Problems of identiflcation and least squarcs bias in
the timo series approach to statistical demand analysise
(c) The Cobb-Douglas production function. [2x10=0]
GROUP: B

) Angvicr ;1.1}. questions
4s The shows some results bused on an all-India enquiry on
househor d budgets conducted during 1955-56:

contde seee2/-



totul ph. 7- average exp./person
egp/pﬂrson of (Rs. por 30 gny;!
Se persons on all . on
da“)ﬁp CE ftems = clothing
(1) () (3) ()
0-8 1h.C 6.3 0.2
8-11 17 -4 9.4 0.5
11'13 11.7 12-0 0.8
13-15 9.1 14.0 1.0
15-18 11.6 16.5 1e44
18-21 3.2 19.5 149
21-24 7.0 22.5 22
24-28 545 25.8 2.6
28-34 5e2 3047 3.9
34-43 4.8 3747 4.9
43-55 246 4742 43
55- 2.9 8343 10.2
all 100.0 -

Do any two of the follcwing:

(a) Examine graphically whether the size distribution of
population by FCE is approximately lognormal, and if so,
estimate the paramcters of this underlying distribution
by any suitable methode [

(b) Construct thc Lorenz curve of the size distribution of
population by PCt and compute the Lorenz ratio. [x

(c) Obtain th: Engel clasticity for clothings by fitting
the double-logarithnmic form of Engel curve to the datae
[dint: use tho weishted Least Squares method.) [x

5. Practical Rocord. [z




1991-92
INDIAN STATISTIC.L ILSTITUIE
BoSTAT. II YEAR:4991-92
SEMESTRAL=-II SXANTIATICH
ELEITITS OF ALGIERAIC STRUCTURZ
Date: 27:4.92 Maxirur Mirkst100 Time: 3 Hours

Note: You may answer all questions. Maxirum
score is 100.

I. (a) If G 1s n group of order 231, show that its 11-sylow
subgroup is ndomal in G and lies in the centre of G. [10]

(b) If G is a finite group and p 4s a prime dividing the
order of G such that (ab)P=aP.vP for all a,b inG,
show that the p-sylow cubrreup of G is normal in G.  [40)

11. {a3) N is a normal subgroup and S any subgroup of a group Ge.
Show that (NS)/N is isomorphic, as a group, to S/{sAN). [10]

(b) G is a finite group and T is an automorphism of G such
that T(x) = x holds onmly for x=e, the identity element
of G. Show that every cleuacnt g of G ¢an be written asz

g = xUT(x)) for some x i1 G. [101
11I.(a) Determine the number of abclian groups of order 268.
Justify your arswer. f10]

(b) R is a comutative rinz; a1 ideal P in R 4is called a
prime ideal if abCH), (a,b R) implies either a ¢P or
b (P. Show that P is a prin: ideal 1ff R/P is an

integral dsmain. [10]
(c) If R is 2 cormutative rin; with wunity, show that cvery
maximal ideal in R is a prinme idcal. {10

V. FK are fields with F { K and aCK. Suppose that a satisfies
a polynomial cquation over F and that iis minimum polynomial

g(x) over F has degree ne
(a) Show that cvery non zero clement in R=F[x)/(g(x)) 1s
invertible in R. [107
(b) 1f F(a) is the smallest field contained in K containing
both F and a, show that the dimcnsion of F(a) as a vector
space over F is n. [10]
V. Given that x>+2x+2 is irreducible over GF(3) explain how to
construct a field F of 27 clements. Find a primitive element
of F and find the minimun polyromial of Of over GF(3). [25]

P Ty e
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B.Stat. (lions.) JI Yesr: 160162
SEMESTRAL-I 2AZ/DAPER AL ITNATTON

Calouluy I7I
Datey 2.1.1452 udran tlarkss 160 Tire: 3 hours

Note; Tre parcrs tarries 160 marks.
Anawer ALL tne auestlionz.

1. "Show that if £(x) 1is a pericdic function of period 2n given

by
f(x) =

n
2

= %-x for O0<xx<mn,
4

then f(x) = = P_*_C%Zk*&s?ﬁ_x*_”.]_
A ¥ 52

What is ke value of the series for x = + it .

n2 11
Deduce that Y =1 M- T IR ARE
2. Show that
. e, .
N RS RV B
1 a'?x a ¥ a
Y

Justify ell ycur steps.

]

3. leximize x° yb zc, wnere &, b, ¢ are positive constants,

subject to the condition xk + yk + zk =1 where x, y, 2

are nonnegative and k > 0.
From th2 above result derive the following inequality for any

six positive numbers u. V4 ¥, a, b, ¢

. u+v+w)a+b+c

o]
(2D < (3 : (12)

«valuate the following line integral;
2 3
J x"yzdx -y dy + xzzdz
C
vhere C is ke clos:d wolvaonal curve with successive vertices

(0,2,3), (1,2,3, (1,2,6), (1,5,3), {¢,?,3). [11]
peteo.



5.

Evaluate tre jinterral

; 2
taken over oné leoy o) the lennlscate (1'?a y2) = (x?‘-ya).
(13

u and v are centin.usly differontizble scalar fields an an
opeén st contairiny the circular disx R vhese boundary is the

circle x24>y2 = 1, Define two vector fields ¢ and G as

follows:

- - =~ . ~ o
Flx,y) = vOay)T ¢ uand, otay) = (g - 53T+ (51 - =003

Find the value of the double integrsl ”R r.G Jdzdy if it is
lmovn that on the boundary of R we have

u(x,y) =1 and v(x,y) = y. [11)

r _uz
Ifr >0, let I(r) = ire du .
Y -(x?+y2)
(a) Show that T{~}" = ifg € dx dy, vhere R
={-r,rl x [-r,ri.

(b) If ¢y asd ¢, arm ‘ne eircular ¢is*s inscribing and circuce

cribing R, show tant

2. 2 2,2y .
Je e\x Yy )d.xdy < I(r)2 < g e'(x ry )dxdy .
1 2
@ 2
(c) Snow that f &Y du = /@ /2. )
o

Use Stoke's theorem to show that
ﬁ
e (Y2-22)dx + (':.2-x2)dy + (x?‘-y?')d-_' = %2 /2
vwhere C is the curve cut from the boundary of the cube
0O<x<a, 0<y<a, 0<z<a by the plane X+y+z = 3a/2-

Explain hew to travers2 C to get tne given answer.

[11]



9.

let S be the surfoce of the miveube, 0 < x <1, 0<y <1,

¢ 2221, and 12t Nl k2 the unit outer ncrmal to S, If

N o

Flx,y,2) = #°T vy 3 +z2R, use the nivergence theorem

to evalunte the ~uriece irteyral i F.n ds.
-

Verify the result by cvaluating the surface integral dircctly.

(1]

sbee:
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Dates 3C.12.1541 destimur Merkay 100 Time: 3 hours
Note: T.ie prpr carries 100 uarks.
megwer A1l the questions.

1.

Show that if X,Y,Z ave indeperndunt Exp(1) random variables,
then the random variables U = X+Y¥+2, V = (X+Y)/(X+Y+2Z) and
W = Z/(X+Y) are independent.

[10]

(a) What is meant by a Dirichlet distributicn with parazeters
GppeneyByg ?

(b) Suppose (X4 ,...,Zk)' has Dirichlet distribution with para-
meters Oy, «ee,@ 4. Show that for i < Kk, (X.1....,Xi)' also
las a thichlet distribution. Also show that the regre-

ssion of Xk on (11,...,Xk_1) is linear.
(2+(8+8)) = [18]

If n points are chosen at rondom prom te interval (0,1), find
the probability that all thesc noints will be within an interval
of length at rost 1 .
2 [10]
If X hss an n-dimensior»l normal dersity with mean K and
dispersior S, finil the dis*ribution of tae random variable

-1
Ya(X-mn) E (X~n). (8]
A= L Pt
At a bus staticn, a bus is supposed to appear every hour on the
hour, but is subject to delays. The successive delays are in-
dependent U(0,1) randem variables. IS a porson arrives at the

bus station at a random time between 1 p.m. #=nd 2 p.m., what is
the expected waiting time for him to get a bus ?

{10]
(a) Define convergence in probability.

(b) Show that if X,_l—P—>X , ther. for any continuoue function
f: R=—->IR, I(Xn) L>f(X)- (2410) = [12]

pet.o.



Suppose :(1,)(?,... are i.i.d. renden varinables with 2 ron-2¢re
finit: mean, ond, let Sn - X1+ ces * Xn. Show thot

max lel/l:nl ——> 0, nlmos*t surcly.
1<ign
fr0]
Ta a . a .
Show that if X\ —> X and Y, —> Q, then X +¥, —> Z.
f10]
Let ‘: be ke characteristic function of a distribution havin;

density f.

L] ? o«
Show that if J 1% (t)17dt converges, then so docs / Iz(x)dz
0

-0

and in that case

@ K
;o) ex = L1 (tn%at
! 7o
- "mz t n
Using this deduce that ¢ £ dt = L,
o t? 2

(6+8) = [12]

:bees
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SEMESTRAL-I B,CKP/PER EX MINATION

Statistical Vethods III

Date; 27.12.1991 Maximum Marks: 70 Time; & hours

1. let Xia(i = 1,000,p3 J 3 71,s00,k) be independent N(ui,o

Note: snswers must be precise and complete.

r
2)
variables.

' 2
(a) Show that the MLE's of ui(i =1,..4,p) and 0% are

A 1 K Ap 1 B Kk ~L2
a - T — z X, =B .
1% X 351 g0 B ga ge ETRigY
' - 18]
(b) Suppose k is fixed but p => =, Show that
I~2 ¥ _1 2 . M .
52 B, k1 o2, [6)
(e)- Cov:ztruct-a consistont. estimrte—uT17 1=

16t Xy, ee0,%) be 2 random saople from U(0,6), © > 0. letH,
be the NIE of 0, and define T =232 . Compare the MSE's

of Mn and T. [12]

2
let X H

.9
2
2)

Y to+ ey {1 =1,...,n), where €;'s are i.d.d.
1o, 9°), a? being imown.

() Ustng a pivot 28 t2X, /2t find a fixed length (1-a)

{5]
(b) T£0 < t; <1 (L =1,...,n), but we may otherwise choose
the t; freely, vhat values should we use for the ti so

as to make the above confidence interval as short as
possible for given a ?

level confidence interval for 8.

(5]

let x1,...,xn be {.i.d. random variables with a common conti-
nuous distribution F. let m be a median for F. Obtain a
(non-trivial) lower confidence bound for m of level (1-a).

(e]

p.t.o.



5.

To determine how an experiment-l dos® of a duntal anesthosin
affects male and feunle patients, random smwumples of 25 males
36 femnles patients"\n'.- stlected and their reacticn times are
recorded in minutes. The dota have buen surmarized as followg

Fale Femnle
ricsn 4.8 4.4
seds 0.8 0.9

(2) Test that ther: is no sex differvnce in the mcen ro:

ac tion
time. State the theorevtical results used.

(b) Obtain a %% confidence interval for the difference
the mean reection times.

of

(6+4) . [10)

Measurenents of the left-hand and right-hand gripping strenzts

of 10 left-handed writers are recorded as given below.
Person

1 2 3 4 5 6 7 8 9

Left-hand strength |[140 S0 125 130 % 121 &5 o7 131 ©
Ty
Right-hand strength 128 87 110 132 9% 120 66 QO 129

Do the data provide strong evidence that people who write wihy
the left-hond have a greater gripping strength in the left-hy)
than they do in the right-hand ?

(assume that the differcnce in strengths is approximately
normally distritutud.) (]

The number of monthly rond accidents in a busy intersecticn
decreascd from 7 to 3 after implementing some precautionary
measures. Is there any strong evidence that the precautioners
measures vere effective ? Test at size 0.1 (assume that the
number of monthly road accidents is distributed as Poisson.)

[e}

Let X4y 00,%, be A rendom sample from N{ug , %) and Yypaent
be a random sample (drawn independently) from M(K,, 07).
Obtain the likelihcod ratio test for testing H: by = By again
K:ly # 4y, O being urknown. How do you obtain the cut-off
point ?

N2}

sbee:



INDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.) II end III Year: 1991-92

Elective : Anthropology
PiUCTICAL

Date; 27.11.199 Moximum Marks: 50 Times 2 hours

Mote: Mention the number of sn{gplied dermatoglyphic
prints and the nare of the subject with age
and sex for inthropometric mecasurements.

Answer the following questions:

1. Identify the following variables and their bilatersl differences:

(a) Angle atd. (5]
(b) Total no. of triradii on finger. {5]
(c) Total no. of triradii on palm. 5]
(&) TFRC (10}
(e) Finger pattern types. 5]

2. Measure the following neasurements with land marks and the

Instruments used (any five):
(5x4) = {20]

(1) Maximum Head Longth
(1i) Least Frontal Ereodth
(111) Bigonial Breadtn
(iv) Bizygomatic Breadth
(v) Morphological Facial Length
(vi) Nasal length.

sbees
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B.Stat. (Hons.) II Year : 1991-92
SE’ESTRAL = I EXAMINATION

Cealorv
===Sos

pates 28.11.19% Maximum Marks: 100 Time: 3 hours

Note: Atterpt Cuestion No.1 and any FIVE

from the rest.

F111 up the blanks (any 13). Only write down the appropriate
word 1n the blank space from those given in the parenthesis.

(1)

(11) -

_(1i1)

(1V)

(v)
()

" (vid)
(viig)

(1x)

(x)

Petroleum is efan (rocky/mineral/organic/iﬁc;rganic)
substance.

{Basalt/Feldspar/Mudstone/Granite) is a fine-
grained igneous rocke.

Al is'an important element in (magnetite/
chalcopyrim/dolomite/teldspar)

The bottom surface of a sedimentary layer can be deter-
pined from (cross-bedding/amorphous mineral/dip/
netarmrorphism) .«

The ____ {muscles/eyes/teeth/blood cells) of a dinosaur
are best preserwd in rocks.

Quartz, the most abundant mineral available, has a
chemical composition (5103/5102/»452 szoh/Fe3oh)

Vhen a sea invades the land, it is temed
(regression/transgression/onlap/overlap).

Sedimentary structures include (grain-size/
sorting/facies/stromatolite).

The fossilized bones of the Lower Jurassic (190 m.y.)
dinosaur mount in the Indian Statistical Institute
have been obtained from-_____ (mixed/continental/
turbidite/marine) rocks. :

A bed in which the grain size decreases upward is

_called a (1lamineted/cross- /trough/graded) bed.

(x1)

A horizontal sequence of beds lying over a tilted
sequence of beds has a/an’ (folded/unconformable/
sedimentary/metamorphic) contact relationship.

contdesess 2/=



(xii) The most impertant element that occurs next to 0, in
the earth's crust is (Fe/tig/si/Ca).

(x111) The sand grains in a sea-beach are generally
(well/poorly/roderat=1y) sorted.

(xiv) Large mountain-biilding activity is closely associnted
.. with (symcline/anticline/fault/geosyncline).

(xv) The term 'texture! includes ___ (grain-size/structure/
cross - bedding/viscosity).

(xvi) Addition of frce Oxygen in the primitive atmosphere was

2,

3.

by means of __~__ (volcanic activity/water vapour/photo~-
chemical dissociation/photosynthesis).
1 1
((13x13) +3) = [20]

Describe the role of Si-O tetrahedron in the formation of
silicate minerals. Describe the role of various silicate
structures in the formation of different kinds of igneous
rock from the crystallization of a basaltic magma.

(8+8) = [16]

OR, .

V¥hat are the essential characteristics of the silit':atae struc-
‘ture ? How can pyroxene, amphibole, biotite, muscovite and
Quartz be differenticted on the basis of silicate structure ?

Describe the role of Al in the structure of Plagioclase.
(u+8+s) = [16]

Yhich of these are clastic sedimentary rocks limestone,
grainte-gneiss, chalcopyrite, pegmatite, breccia, mica-schist,

calcareous sendstone, gabbro ?

Describe the mode of transportation of the weathered material
from source to sedimentary basin. Vhere does the transported
material get deposited and what happens after the material has
been deposited ?

(4+646) = [16)
Vhat 1s a fold and its axis ? Define the dip and the strike

of a bed.
contdesees 3/-



Suppbse you are visiting an areca where others say that a
'syncline_occurs. What are the criteria thst you would look
for tolestabnsh that it {5 not a syncline but an anticline,

(4+6+6) = [16]

A violent earthquake takes place at a rcmote place. How
would you proceed to detoruine the time and location of the
place of origin (eplcenire) of the earthquake ?

In what ways cartrquakes are useful to the gecsciendisy

Hsts 7 (1244) = [16]

What is meant by *rocks of Proterozoic Age' ? Do you expect
to find coal deposits in such rocks ?
Why is the study of the Cretaceous - Tertiary boundary
(65 m.y.) to important to the geoscientists ?
'The Archaean rocks contain graphite and thin layers
of limestcne'- what does this statement signify ?
(6+2+444) = [16]

Explain how the entire remains of extirct woolly mammoths
are still to be found in Siberia and Alaska.
Describe the alteraticn processes which the hard parts
of an organism undorgo in the course of fossilization.
Give a gocd ¢#xu=mle to show how fossils car be useful.
(t+8+4) = [16)

Describe the basic ideas basing on which the theory of radio-
activity has been built up., In how many ways the age of a
rock may be determined ?

Describe the K-Ar method (without going into mathema-
tical details) employed in the age determination of a marine

sedimentary rock.
(5+45+6) = [16]

(a) Vhat is meant by 'sorting' of sedizents ? How does the
fabric of a sedimentary deposit help in understanding the
sedimentary processes ?

contdeesss 4/



(b)~ How do ycu think the great Hipalayan mountain has formed 7
(8+8) = [16]
Write short notcz (rny four):

Conical vol:z~no; Conl »nd puvarl; Zhocked quartz;
Principle or suyerposition; Choracteristics of a lava;
Fricary n-gmr; Discontinuous reaction sories.

(bxb) = {16]
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SELESTRAL « T EXANINATICH
tatistical iethods III
Date; 25.11.1991 Maximum Marks; B0 Time: 4 hours

Note: Totsl marks assicned = 100. Maximum
' score = 80. Answers must bec precise
and cormplete.

1. A national safety council-wishes to estimaté the propertion
of automobile accicents that involve pedestrians. How large
a sample of accident records must be examined to be 9%
certain that the estimate does not differ from the true
proportion by mere than 0.04 ? (The council believ2s that
the true proportion is below 0.25). (4]

2. let Xy and X, be independently distributed as N(6,, 1) and
N(Gz, 1), respeciively. Obtain the maximum likeclihood esti-
mates of 91 and 02, given that 91 < 92. '[5]

3, Consider the linear model

Y, =a+py ve (L =1, ¢aey M)

i i

Vhere €,'s are urcorrelated with zero mecan and variance 02.

Llet @ and P be the least-squares estimates of & and B,
”~

respectively. Show that (assuming the forms of & and B)

E(€)=d' E(a)’ﬂ K

~ 22 - -1
var(@) = 02{% + .__"_2], var( E) = Oz[E(xi-x)z]

E(xi-i)
cov(a, ) = 02[_”_—.2].
X(xi-i) >
and n /a s

E(Q) = (n-2)9%, waere 2 = ‘f(‘li- -ﬁxi) .



Suppose thnt the 2,'s in Cuestion 3 are i.i.d. N(o,oz).

(2) Snow that th2 meximun likeiihood estirates of &, B and 02

N ~ A
arc @, f, and Q/n, respectively.

-14)
(b) Show that the mexinats llkelihood estinstes of @ and 02,
given 8 = R, oy vlven by
= - - Zf2 1 e =\2
@ = §-pyx, © --ﬁ[(ilf-(,e-ﬂo)2 ;.\xi—x) 1.
{5]
(c) Use (a) and (b) to show that the likelihood-ratio test
for testing H: B = fy against K: B# £y rejects H 1f
RN
7y >2C.
[ 1 Q) ] 1/2
}J(;\1 -X) u-2
Vhat is the value of C i{f the test is of size a %
Justify your answer by theoretical results (without proof).
(8]
A3 part of 2 study on thc rate of combustionof artificial

grephite in hunid ~ir {low, an cxperiment was conducted to
investigate exypen Aifrusivity through water vepour pressure
Sarple cixturés of nitrcgcn and oxygen were prepared with
0.17 mole frosticn of water at nine different terperatures,
and the oxygen diffusivity was measured for each. The data
are given below.

Terperature Oxygen
% (in 100°F) d:rz\yxsivny
10 1,69
11 1.99
12 2.3
13 2,65
14 3.0t
15 3.3y
1€ 3.79
17 4.1
18 4.61

contdes.as 3/-



(a) Do the data provide sufficient evidence to inuiicate that a rise

(b)

(a)

(b)

(e)

(q)

in temperature for each 1G0°F (in the domnin of this study)
increases oxygen Aiffusivity by 0.33 ?

[12]
Find a 9% (non-trivial) confidence interval for the mean
oxygen diffusivity wien the temperature 1s 1500°F.
(Use a linear modal with errors distributed indcpen- {10]
dently as N(0,0°))

let X denote the time in days to failure of an equiprment
and assume that X is distributed with the p.d.f.

e

£(x; ©) -%e"‘/ , x>0, ©>0.

Consider the problem of testing the hypothesis H that the -
mean life @ < 6, {given) against K: 9o > 0, Lot Xjp.eny X
denote the times In days to failure of n similar pieces of
equipment, selected randomly from a large lot.

Consider the critical region X > C. Obtain C so that the
test is of size a. (3
Give an expression for the power of this test in terms of

chi-square distiribution. [h]

Use the central 1imit theorem to show that
' '{:[(oo 2,/0) + A (0-0.)/0]

is an approximation to the pcwer of the test for large n,
where D is the cdf of §(0,1), and z, the ath fractile of
N(0,1). [5]

The following are days until failure of air monitors in
a nuclear plant

3 150 L0 34 32 37 34 2 n
6 5 14 150 27 4 6 27 10
30 37.

Assume the model described above. Is H rejected at level
e = 0.05 when 8, = 25 2
[5]

p.t.0.



8.(a)

(d)

sbees

Consider tiie followin3 data which give riles per gallon of
a particular make of cor before and after application of 2
rewly developed pasoline additive:

Car 1 o 3 L 5 6 7

Jefore x  17.7 21.* 19,5 16.1 22.0 18.7 20.3
After y 18.% 20,9 20.9 2.2 22.7 18.6 1.9

test the hypotresis that the gasoline adldditive is not effec-
tive., Cormzent on the validity of the test hased on the givun
information.

(8]

Someone e€xplains the point of a test of significance as
follows: "If the null hypothesis is rejected, tue difference
is not trivial. It i3 bigger than what would occur Just by
chance' . Comment bricfly. [3]

True or false: The P-value is the probability that the null
hypothesis is true. Support your answer. (2]

Suppose cne wants to test H: X ~~ 1(0,1) against
K: X~ Cauchy (0). %that kind of critical region seems
to make sense ? [2]

Let X b2 a r.v. with continuous distribution. F(. ; ©), where
6 is unkiown (resl) perapeter, F being known. Let X, ceny X
be n independent obzervaticns on X. Show that a2 (non-triviall
cenfidence interval for @ at a given level can be obtained
based on chi-square distribution, when F is stochastically
increasing in @. Use this result when F is the distribution
of U(0, 0). 5]
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i. Consider an industry consisting of a dominant firm and many
small firms. The small firms constitute a competitive fringe.
De ternire, under usual assumptions, the equilibrium vutput
vector of the industry. Show that the consumers are better
off with a dominant firm and a competitive fringe than with a

monopolist.
(7+5) = [12]

2. A consumer spends his fixed irncome on the consurption of two
goods x and y. The rarginal utility of x(y) is independent
of tie quantity of y(x) censumed. The marginal utility of
x is a positive constant but the marginal utility of y falls
as consucption rises. Vhat can you say about

(a) the slope of the indifference curve ?

(b) the elasticity of demand for x ?
(4+7) = [11]

3.(a) Clearly explain the central ideas underlying the two funda-
men*tal theorems of VWelfare Economics. (4]

(b) Suppose that the expected utility function of an individual
A is more concave than that of individual B. That is, A's
utility function can be expressed as an increasing, concave
transform of B's utility function. Then show that A will
pay higher insurance premium than B to avoid a fair gamble.

(6]
(c) ¥nat is Walras's law ? Prove this law for a two person
exchange economy. [6]

contdessss 2/=



4.

(d) Why should a cempensated dexand curve be always negatively
sloped ?
(2

A monopolist produces a homofencous good from i sinrle pyang
with the following ascual total cost function!

. 2
T = ﬂi - 3002 + 10009 .

He sells his product in two markets between which price

discricination is possible. In the first market the demand

function 1s '
P1 = 1100 - 13‘-\1 *

In his profit maximizing ¢quilibriun his total annual outpug

is 48 and the elasticity of the sccond market demond funca
tion at the equilibrium price is -3 . How much is his

(a) Price in the first market ?

(b) Price in the second market 7

(c) Total profit ?

5.

(5x3) = [15)

Prove or disprov® the following :

(a) If an individu~l's utility function U is strictly quasicon-

cave, then fcr esch positive price vector there is a unique
bundle that maximizes U on his budget set.

(b) In a monopsonistic labor market a profit maximiting mono-

polist would pay a wale rate eGual to the marginal revenue
product of lahor.

(¢) In a pure exchangc economy if the initial endowments of the

6.

two persons are not on the contract curve, then perfect
corpetition will induce them to move to a point on the con-

tract curve.
(8x3) = 12)

Clearly distinguish between;

(a) Competitive clements and monopoly elements in a monopolis-

tically competitive incustry.

(b) The income-censurption curve and the Engel curve.

(c) Normal Profit and Excess Profit.

(3x3) = (9]
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3.(a)

(b)

4.(a)

(v)

Note: This paper carries Guestions worth a total

of 140 nmarks. JAnswer as much_as you can.
The maXimum you can score is 0_marks.

X, Y are independent random variables with a common density

{7 for x> 1
£(x) = . Find the conditional distribu-
otherwise.

tion of V given U, where U = X+Y and V = X-Y. [-10]

X190 oeey )Sq are incependent random variables with a common
continuous distribution function F and X = max(X1.--o.1S‘)
Find E(X/X = x).

{10]

Show that 1f U1. caey Un are the order statistics of a
sample of size n from an exponential distribution with
parameter A, then Uy, Uy-U;, ..., U,-U,_4 are independent.

Two light bulbs are installed simultaneously. As soon as
one of them burns out, it is replaced by a third bulb.
Assume that the lifetime of a bulb is exponentially distri-
buted with parameter A. Using (a), find the distribution
of the total time till the last breakdown.

(10+45) = [15]

What is an n-dimensional MNormal density ?

X= (X, cooy )S,‘)' has a Normel density. Let1 <k <n
and denote X4 = (X4, eeey X )t and Xy = (Xp g0 eeey X'

Show that for a suitable matrix M, the random vectors
X, +MX, and X, are independent. Deduce that X, has a

’ (n-k) - dimensional Normal density and that the conditional

distribution or)_§1 given ,)_(,2 is given by a k-d.tmensional
Normal density. (2+(10+8)) = [20]
pateo.



5. If (X%, X, Xs) are Jointly uniformly distributed on the
surface of the unit sphere in 1R3, find the distribytion of

-JX12 + X22 . Hence derive the conditional distribution of

\/Y12 + Y22 given &12 + Y; + ‘{32 where Y,,Y,,Y3 are indepen.

dent N(0,1) random variables.
(8+4) = [12]

6. XO' X x2, ««s arc independent random variables with a commor
continuous distribution function F. letN = min{n 21
X, > xo} « Find the probability P(N = n, Xyq £ x).  Assuming
that the common distribution F is U(0,1), show that %, has

density f(x) = =1log(1-x) for 0 < x < 1.
(10+10) = [20]

7.(a) Define convergence in probability.

(b) Show that 1f X» n 21 end X are rondom variables such that
E} X, - xl =0, then .{)glg converges in probability to X.

(¢) Show that if a scaucnce { X} converges in probability,
then for every ¢ > O there is a constant K such that

p(lxnl > ¥) <& Jer all n.
(3+5+10) - [18]

8.(a) X, is a sequence of random variables with P(X, = M

P(’%"Zn)’;nlz end P(X, = 0) ‘1';12' Show that

I X, converges with probability 1.
n=1

(v) X4, X500 are 1ed.ds U(0,7) random variables. Using an
appropriate law of large numbers (with statement), show thaf
1

n
( nX ) converges to ¢! almost surely.

=12 (8+8) = [16)

9.(a) Find the characteristic function of the random variable X

having density £(x) = 15 &l for =-®<x<®,

Hence derive tne characteristic function of the standard
Cauchy distribution. contdeeess 3/4



(b) X, n 21 is a scquence of random variables converging in
distribution to a nouri=-dégenerate random varizble X. Show
that 1f X 1s distributed as N(o, ﬁf ), then 0, converges

to a Mmit 0 > 0 -nd thnt X {s cdistributed as (0O, 02).

(e+348) = [19])

:beee
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1. Obtain the Fourier series corresponding to the function
f(x) mx =, =n<x<O

=f-x, 0<XxXx<n,

Show that the series converges to f(x) in (-n,0) U (0,n).
Vhat is the value of the series at X = + 1, znd at x = 0 ?
Also show that

1 1

3*%5

<=

{10]

2. Show that

b
J.2 loa (1 - n2 sin2 0)de = n log 1—3—‘?1@ , where a2<1.
0 -

n .
Hence find the value of Iz log sin © de.
0

[10]

3. Find the mirimum volume bounded by the plznes x =0, y = O,
2 = 0 end a plane which is tangent to the ellipscid

1‘; + X;- + z—L.Z- =1
at a point in the octant x>0, y >0, 2z > 0.
[10]

Find the amount of work done by the force field

F(x,y) = (x - )T + (x + y)J
in moving a particle once round the astroid

RN y2/3 - a2/.’5
in the counterclockwise direction. [10]

p.t.o.



5. A cycleoid is a curve traced out by a roint P on thc circum-
ference of a circle which rolls (without slidinz) on a
straight lire OX called the base of tha cycloid.

Y
;=
N ‘\ /~
0 H A X

x = a(6 - sin ), y = a(1 - cor 8). ‘
a = radius of the generating circle, c is its centre, P = (x,y).
0 =0 at0and 6 = 2n at A.

Find the volume of the solid generated by revolving one arch
of the cycloid about its base.

[10]
6. Let C be the curve of intersection of the hemisphere
x2 + y2 + z?‘ = 8%, 2z > 0, and the cylinder
x2 + y2 a 4x
Use Stokes' theoren. to show that
1 (y2 + za)dx + (22 + xz)dy + (x2 + y2)dz =32n,
Exglain ho% to-travbrse C %o arrive at the given answer.
S . f10]
7. Compute the arza of that portion of thu ccnical surface
x2 + y2 = 22 viich lies between the two planes z = 0
and x + 2z =3, - 1ol

8. Find the potential of the homogeneous solid bounded by the

ellipsoid
2 2 2
LEL + 5-2- =1 (a < b)
a b
at its centre. ' [10]

p.t.o.



9. Evaluate the integral

;g dx dy
- = (x2 oyz- 2x + 4y + 6)3/2

by representing it as the flat solid angle which the plane
z = 0 subtends at the point (1, -2, 1).

[10]

sbee:
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