AN ESTIMATE OF INTER-GROUP VARIANCE
IN ONE AND TWO-WAY DESIGNS

By K. R. SHAH
Indian Statistical Institute

SUMMARY. A proceduro for cetimation of intor.block variance has been suggeated as an alter-
nativo to tho usual procedure given by Yatea and others. A computational proceduro to obtain thia esti-
malo is also given.  Tho variance of this catimalo is compared with that of tho usual estimato when . the
ratio of the inter-block varioncs 1o the intra-block vorianco s Jurge, say p > Po, the eatimato considered
hero has a smaller sampling varianco, A tablo showing theso values of po is given for all BID designs listed
by Fisher ond Yatcs. Similar p for cetimaling inter-tow and inter-column variances aro given
for deeigna whero the expori materiol i lically arranged in rows ood columna to climinato
hoterogeneity in two dircctions.

1. INTRODUCTION

Yates (1039, 1040) suggested tho use of inter-block contrasta for estimating
treatment effects. In order to combine theso estimates with thoso obtained from
intra-block contrasts, ono needs knowledgo or at least the estimates of variances of
both inter and intra-block contrasts. The varianco of a normalised intra-block
contrast which wo shall call intra-block variance js estimated by the error mean
square in tho ordinary analysis of variance. Tho varianco of a normalised intor-
block contrast which wo shall call the inter-block variance was estimated by Yates
(1939, 1940). Nair (1944) and Rao (1947, 1956) using tho block sum of squares
adjusted for treatments.

In tho caso of two-way designs where the experimental material is symboli-
cally arranged in rows and columns, for the samo purpose of utilising inter-row and
inter-column contrasts for estimating treatment elfects, Roy and Shah (1961) gave
procedures for estimating inter-row and inter-column variances. Tho cstimates
considered there aro analogous to the estimato of inter-block variance given by Yates.

In this paper an alternative cstimation procedure is put forth for the estima-
tion of inter-group variance, whero tho oxperimental material is grouped in blocks
a8 in one-way designs or in rows and columns as in two-way designs. In tho case
of two.way designs this procedure turns out to bo computationally simpler.

2. PRELDIONARIES

Consider an experiment in which v treatments are tested on bk plots, arranged
in b blocks of & plots cach, such that each plot receives cxactly ono treatment, and each
treatment s applied atmost onco in a block nnd altogether in r blocks. Let y,, denoto
tho yicld of tho u-th plot in the i-th block. It is assumed that

Y= pHhit é‘ Opmiut-tun - (1)
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whero s is tho genoral mean, f the effect of tho i-th block, 9, tho offect of the j-th
treatment, my, = 1 or 0 according as tho u-th plot in tho i-th block does or does not
receivo thoe j-th treatment and ¢, ia the exporimental error, i = 1,2,...,5; j =1,2,

au=12. l‘ Tho general mean g and the trentment offects 0J aro regarded

a3 un} t ters, subject to tho restriction that Z0, = 0. Tho block
cffects f's and the expcnmonu\l errors €,'s aro taken to bo independent random
varinbles, each with exp ion zero and vari given by

Vip) =oh, Vig) =aj for all (i, u), e (22)
wo shall writo o} = ol t-ka}, p =ollol. . (23)

Let Zmy, = ny, the number of times tho j-th treatment occurs on plots

in the s-th block, Thus ny=1or 0 and Sny=r,Zny=4% The vXb matrix
¢ [
N = ({n,)) is called tho incidence matrix of tho design.

Denoto by B,, the total yicld of tho i-th block, by T), tho total yield for the
J-th treatment, and by @ the totsl yield of all the plots. Thus

B = z!I.m Ty= E Z MY 0=2‘: I Yus e {(24)
M .

we shall uso the row vectors B = (B, By, ..., B} and T =(T,,T,, ..., T), wo
further define

-5, P= n—_ ™~

1 _l d _l 1’
Q=T—1 BN, 0,= ;BN

v o o e —ry_Laear
C=rl=gNN,Ci= LNN'-D B, D=kI—XN'N .. (28)

where E,, stands for a matrix with m rows and n columes with each element unity.
It is easy to verify that

E(Q)=6C, E(Q,)=6C, E}=0,
V(Q) = Co}, ¥(Q,) = Cio}, ¥(P) = Do§+D%]}, - (20)
whero 0 =(0,,0,,...,0,) is the vector of treatment effects parameters,

As is well known (Reo, 1047) the intra-block equations for cstimating
treatment differcnces aro

Q=6C e (27)

giving us § = QC* as & solution, where wo put A* for the pseudo-inverse (Rao, 1955)
of tho matrix A, It is also shown by Rao (1947) that tho combined inter and intra-
block equations aro

Q+%Q. = Q(C+%Cx)- o (29)
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Sinco p is usually unknown, to solve theso equations ono uses an estimato of
p obtained by taking tho ratio of the estimato of o} to that of o}.[(Yates, 1939, 1040);
(Rao, 147)).  An cstimato of o3 is provided by M8, tho error mean squaro in tho
ondinary analysis of variancoe. Wo now consider tho problem of estimating o2

3. ESTIMATES OF 0}

Estimato of o} using sum of squares duo to blocks adjuated for treatments
waa obtained by Yates (1939, 1940) for special designs and wos later adopted by
Rao (1947) for gencral incomplete block designs. Thia can bo put in tho form

EPDOP —(o—RIS,
£, = PTG DS, . B
(B—ONYI— ENB-8NY~allS,
ey

Another estimate is Ey = 3.2)

where a i3 the trace of the matrix CeN'N", which can be shown to bo equal to k{v—1)
(1—E)/E whero E is tho efficiency factor of tho design (Kempthorne, 1956; Roy, 1958).

Under the additional assumption that tho random variables 4's and ¢,'s
are jointly normally distributed we shall derive the variances of £, and E,. Now, we
stato tho following lemma used in doriving V{Z,) and V(E,).

Lemma: If @ = (2, 2y, ...,2,) has multivariate normal distribution with
mean 0 and dispersion mairiz A and if A is a mairiz such that there exists an ortho-
gonal malriz P salisfying

PAP’ = ding (A, Ay s AL, P AP =ding (3,8, ..., 8,)

then ExAx) =L &),
¢ (3.3)
Vizaz') =28

The proof is immediate if we transform from x to Z = zP",

First, we observe that /8, is distributed independently of P, B and 8. We

also note that B and 8 aro independently distributed. Hence V(B—6N) = kot
+N'C*No}.
Using tho Lomma wo get

.
VE) = i (e Eotort Lo—tra) . 34)

and V(E) =

b=
rmip [V, otz L)

whero z,, 2y, ..., 7,_, aro the non-zoro latent roota of D (whon all treatment contrasts
aro cstimablo, i.e., when the design is conneeted, tho matrix D has oxactly ono latent
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root zero. Ilero, wo shall consider only connccted designs) and ¢ stands for the
number of error degreea of freedom in the intra-block nnalysis.

Sinco 2 = Zz; [(b—1) = v{r—1){{b—1), it is casy to sco that

ol

VEN-VIE) = 5o

(2 (i todr—ziostoginp)
=1

On simplification this gives
o4t
V(E)-V(E) = u_f—m-["” {:.Jrf—(b—l);‘} +2a§a§[xz‘—z’): 4

I L

In thig expression of has positive coefMicient whilo o4 and a0} have negative
cocflicients. Henco V(E,)—V(E,) is positive for somewhat largo valucs of o3fo3 or
equivalently for somewhat largo values of p = o3/o3. By p,, we denote tho value of
p such that for p > py, V(E|)—T(E,) is positive i.e., the usual estimato has larger
variance than tho new cstimato. Tho values of p, are given below in the tablo for
all BIB designs listed by Fisher and Yates (1957).  For each of theso designs p,
happons to lie between 4 and 5.

VALUES OF pg FOR ALL BIBD BY FISHER AND YATES
(Othor thon Symmetrical Dosigns)

3 r [ v IR E r ) v X
3 a 10 8 4.3420 8 10 18 9 4.1795
3 5 10 6 4.3328 s ? 18 10 41818
3 ‘ 12 4.0 8 7 21 15 4,222
" 5 ® 3 25 41900
3 ] 26 13 .00 s 0 o W e
3 [} 30 10 4080 . . 1 o 4.os2
3 7 33 15 4.7030 o 9 18 10 1.1062
3 [] 57 19 4.8001 s 9 2 16 41584
3 10 70 21 4.8463 [ 8 28 21 4.1660
a 2 [ 46 4.2142
4 7 It 8 €.2520 0 10 85 3] 4.2400
4 10 15 [ 4.2044 7 10 10 21 1.1308
4 [} 15 10 4.2640 q 0 30 o8 51290
. 8 18 43018 M N . o st
4 [ 20 16 42584 8 10 13 38 4100
1 8 80 26 44464 9 1) 72 [} 4.0076
. ° 63 28 4.4832 [] 10 [ 8l 4.0072
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It may bo noted that tho two estimates aro identical in the caso of z, = z,
= v =1, , i.0. when the design is a dunl of & BIB design. Henco in particular for
symmetrical BIB designs tho two estimntes aro identical.

Other propertics of £y will bo di 1 in a subseq: ication. Wo
derivo hero a simplo computationnl proceduro to obtain £ after the intra-block
snalysis is performed. It is casy to sco that

(B—6N) (1-%1;‘..)(1:-0.\")' =188}~ BN'G+ONN'E o (3]

whero $8} denotes unadjusted block sum of squares. On simplification this reduces
to H{SS;—(T—rd)0’]. Onco, tho intra-block estimates & aro obtained, this is easily
computed.

4. DESIONS WITH TWO-WAY ELIMINATION OF IETEROGENEITY

A similar problem for designs with twa-way climination of hetcmgcnclty
would i timates of threo vari Here, if tho experimental 1 is
arranged into o two-way array of rows and columns one has to L\aumaw inter-row vari-
ance, inter-column varianco in addition to the usual error variance which one may call
interaction variance. As usual, the estimate of interaction variance is provided by
M8, the error mean square in tho ordinary analysis of variance. A method of obtain-
ing cstimates of inter-row and inter-column variances was given by Roy and Shah
(1961). The estimates given there aro analogous to the estimato of inter-block varianco
given by E; and to computo them one has to carryout two additional onc-way analysis,
ono with rows and treatments ignoring colunins and the other with columns and treat-
ments ignoring rows. In this case, it would be smxpler to computo the estimates of
inter-row and inter-col v cor g to E, in the one-way casc,

P

If ¢} denotes tho variance of & normalised inter-row contrast an estimato of
o} is given by

(R—121) (I 2 B, (R— 020y —tr{ KA S,
&= " e (40)
n{m—1)

whero nll tho quantitics dofined in tho R.H.S. aro as dofined by Roy and Shah (1961).
Using tho samo notations, thoe cstimato of o2, the variance of a normalised inter-column
contrast is given by
_ (e (1-LB,.)c—tNy -t ns,
m(n—1)

. (42)

After tho interaction analysis is performed 6% and &2 can bo casily caleulated.
Tho author is grateful to Dr. J. Roy and to Dr, §. K. Mitra for helpful
diseussions,

285



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Semtss A
Rxrengxces

Fianen, B. A. and Yates, F, (1057) 1 Statisticsl Tables for Biological, Agricuitural ond Medical Rescarch,
8th o Edinburgh, Oliver and Boyid.
Keurrionyg, 0. (1056) s Tho efficivncy factoe of an incomplolo block desiyn. Ann. Maih. Siat., 27,

840-840.
Nam, K. R. (1044)5 Tho recovery of inter-block i ion in i loto block dosigns.  Samkhyi, 6,
383-390.
R0, C. R. (1047)1 Genornl mothods of analysis for incomploto block designe. J. Amer. Siat. Aes., 43,
511.501,

(1955}t Analyeis of dispossion for mulliply clomified data with unoqual numbors in

colls, Sankhys, 15, 253.280,

(1030) s On the rocovery of intor-block information in variotal trinls. Sankhya, 17, 105-114,

Rov, J. (1058): Oa tho efiiciency factor of block designs. Sankhyd, 19, 181-138,

Rov, J. and Sai, K, R. (1001):  Analyeis of two-way dosigns. Sankhyd, 23, 120-144.

Yates, F. (1939) : Tho recovery of intor-block information in varietal trinle arranged in threo dimenaional
Isttico. Ann. Eug., 9, 130-136,

(1040): 'Tho rocovery-of intor-block information in balanced incompleto block designs. Ann.

Eug, 10, 317.325.

Puptr received ; January, 1962,

286



	001
	002
	003
	004
	005
	006

