INDIAN STATISTICAL INSTITUTE
M.Stat, I Year (M-Stream):1988-89
Introduction to Stochastlc Processes
Semestral=-II Examination

Date: 16.5.89 Maximum Markst 100 Time: 4 Hours

Note: Answer at most six questions,
The maximum you can score is 4100.

1.{4) Taxis arrive at a stand according to a Poisson process with
rate h1. Customers arrive at the stand according to another
independent Poisson prccess with rate )‘2' If a taxt arrives
and individuals are waiting, the first person in line is served;
if no individuals is waiting, the taxi waits. If a person
arrives and there are taxis waiting, the person requisitions
the first taxijy if no taxi is available, the person waits.

Let X_.C be the number of taxis walting at time t if taxis are

waiting for people, and be minus the number of people walting
at time t if people are waiting for taxis.

{a) Show that {xt 1t O} is a compound Poisson process so that
N,
it can be represented as Xg = ¥ Y.
1=1

(b) Fird the parameter oz {N, 1 % ) of.

(c) Find the distribution of Yo

(d) write pn(t) = P(xt=n); n=0, t1,t2,+s» « Compute

b Pn(t)sn for s} # 0. [6+2+3+3=14]
T=co
(i1) Give an example of a stoghastit Process which is weakly
stationary but not stationary. b [6]

2.(1) (a) Define a stationary renewal process.
(o) Suppose {Nt t t) 0} is a stationary renewal process with
associated interoccurrence times denoted by{)(m s n 2 1} o

Write S =X ¢eee¥X yn 2 1.
Fix any number s ) O, Dei‘ine{Yn tn) 1% by

Y =S8 - ’ n=1

o SNs‘_n'-SNS:‘_‘n_l1 ' n 2 20
L d
Showthat‘g‘lnx n21£= {}%: n21}.

petioe.
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3.(1)

(i1)

L(1)
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(c) Hence, or otherwise, shoothat a stutionary renewed process
has stationary increments. [3+7+14=141

Find the rsnewal functien corresponding to the lifetime density
() =22 x @, w ) o. [6)

Supposeixn :n) o'g is a branching process with X_ 2 1 and

a.ssociatec{ probebitity generating function (.r . Suppose

e )
¢ (s) =% pksl" wligre every p, 1 and po+p, € 1. Suppose
®=0

[o%

ef.

= k=0
oc
moreover that 1 ( n=="753

l-:pk o
k=1
(a) Stats and prove a result describing the limiting behaviour
oI{Xn tn) CS.
(b) State a result describing tne limiting behaviour of

X
w . def n ~
ﬁlf.n t n) Og where W == =— , n) 0. [10+3=13]

L

30l1lve the following equation:
ex - xe = 0. [7]

supposc Ao(t) solves the renewal equation
t
A = alt) + | ACt-y)ar(y)
0

vhere ={t) i¢ a bounded nondecrcasing function vith 2(0)=0.

a () o @
Show trat lime == == , wh=re a = lim a(t) and
—_— t i PP
0« 1 (= is the mean of F(x). Bl

Suppose that in a branching pm:ess{Xn t n ) 0% with X =1,
the nurber of offspring of the initial particle has a distri-
bution whose gencrating function is £(s). Each member of the
first generation has a number o1 offspring whose distribution
has generating function g(s). The iext generation has generating
function f, the next g and the functions continue to altermate
in this way from gencration to guncration. Denote by q’n(s), the

probubility generating function of I.n

(a) Obtain rucurrence rclutionships between P, ad P .,

separately for n even and n odd,.

contd. esee3/-
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4.{11) (b) Hence, or otherwise, detemnine extinction probability of
\ the process.
(c) Would the quantity obtained in (b) above change if we
started the process with the g function, and then continued
to alternate ? [3+4+4=11]
5.(a) Let i and j be two states in a Markov chain{ann=0,1,2,...§;
assume that J is aperiodic and recurrent and it is accessible

from i. State and prove a theor.m concerning the biciting

i o n i =. ..
behaviour of PiJ' = P(Xrl 3 ‘ Xo-i) as Dem) eo.

(b) Consider a larkkov chain having only three states 0,1,2. Its
s transition probability matrix is given by

AR

P =

3 © 3
o 1 0 /.

Show that for n = 1,2, «e., P2 - p% am PP L p ard

hence comment on the recurience or transience of the three
states. ’

(c) Let S be the state space of a Markov chain
{xn: n=0, 1,000 § with Pyy=P(X =] \xn_1=1), n ) 1. Write

S =S UT wnhere R and T denote the set of recurrent and
€ransient states in S respectively. Assume R and T to be
both non-empty cnd also that the probability of staying
forever in transiect states is zero.
Prove that

A

. =5 P.
3 kep K Mt

where Ay = E(L g 1 Xy = 1) , (R being the hitting time of Re

) [5+546=20)
6. Consider a Markov chain{xnt n=0,1,+..¢ having a finite state

space S =’§_‘0,1,-.-,d% , d ) 1. The transition probabilities
Pij= P(Xn=.j{ g = i), n) 1.arelsuch that for 1 = 0,1,2, =« 4,
d

JEO 3Py =1 (#)

contdes esesely/=
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6.(a) 3hov that for i = 1,2,eee, d

1P (i-1)Pi1+(i-2)P12+...+Pii_1

SR FTIVLE STPPLIE ‘+(d"1)Pid’

vhere Pi' =0 for j ) d.

J

(o) From {#), prov: il.et Lotii O ani d are absorbing states.
(c) assume that nore of the states 1,2,..s, d=1 is absorbing.

(1)

(ii)

(111)

(iv)

Using {a) zbove or othurvise, chow thet Flo ) 0. Extend
your arguacnts fto c¢stablisn that O is accessible from
cach of the states 1,2,e.., d=1.

Froo (i) argue that cac: of the states 1,2,.:., d=1 is
Transient.

Recall that for n = 2,3,.es and states i, 3,

nN=m

PY, -3 P(T, =m|x =i) Pt
3 o 33

19 n=1
where TJ. is the hitting time of Jj. Use this fact to claim

that forn = 2,3,4.s

) d-1 _n .
E(x ) X =i =j£1 PPy +d P(Ty¢n X,=i).
From (ii) and (111) above, prove that

lim M%l%d)nd&w

nécr;
1 =1,2,e0e, d=1 where fi;] is the probahbility of ever

reacting J from 1.

(v) Prove from (#) that E(Xn\ Xo=1) =i, forn = 1,2,+.. and

1 =0, 1 2, «ss j finally show that

i
fid =7 1=0,1,ce0,4.
[2+5eh+242434=20]

contd, s.se5/=
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7.(a) Define a Markov pure Jump process and develop the
Chapnan - Kolnogorov equation.

(b) Show that in a Yule process X(t), EX(t) grows exponentially
vith t.

(c) A stochastic process X(t), t ) O may take the value O and 4
with probabilities p,(t) and p,(t) ruspectively. Given that

P(X(t+h)=1 | x(t)=0) = ah +o(h),
P(x( t+h) =o| x(t)=1) = Bh + olh).
as h = = , show that

polt) = Blas) +{po(o) - B(a+ﬁ)-1£ e'(“”t

and give corresponding expression for p,](t). [449+7=20]




INDIAN STATISTICAL INSTITUTE
M.State I Year (M-stream): 1988-89
Semestral-II Examination
Sample Surveys and Design of Experiments

Datet 3+5.89 Maximum Markss 100 Time: 3 Hours

Note: Answer g_gqsi;i_c_n“%’;_ar_xgiﬁ_ag_" one question from
2

Group A and any &vo. guestions from Grouf B
Group A
Show that in the class of linear homogenecus unbiaszd estimators

the sample mean based on SRSWOR is '"admissible" but not 'the
minimum variance estimator!' for the population mean. [13+12225])

-
.

2. From each of K strata of a stratified population, samples are
independently selected by PPSWR method. Suggest an unbiased estimator
for the population total. Obtain a sultable formula for its variance.
Verlfy if your estimator of the population total is admissible in a
sense to be specified by you. If inadmissible, give an altermative
estimator which 1S admissible. [3+5+15+2=25]

3. From a population of N fsu's two fsu's are selected by PPSWOR
method and from each of the sampled fsu's sub-samples of m ssu's
are indeperdently selected by SRSWOR method. Obtzin an unbiased
estimator for the population total, a formula for its wvariance
amd an unbiesed estimator for the latter. (5+10+10=25]

4. Data relating to land holding sizes and cultivated areas are given
in the following table for a certain region.

seriaéLino Y holding size cultivated area
hoz._ilng in ?ges in (a;ges
4 21.04 2.70
2 12.59 1.76
3 20.30 1647
L ' 16.16 1.64
5 23.82 1.56
6 1479 1479
7 26491 5.4
8 7.68 2.45
9 66.55 34206
10 141.80 3.20
1M 28.12 3.90
12 28.29 1.95
13 8.29 1.95
14 727 2.20
15 1447 .48

Divide the region into three strata according to holding size classes
0-8.99, 9.00-24.99 and "25 ard above'l. Select a stratified sample of
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size 9 by proportional allocation using PFSWR mcthod taking holding
size as measure of slze for each stratum. Estimate averoge cultivaty
area perholding and also estimate the variance of the estimator usc
Estimate also the gain in efficiency of the proposed estimator over,
the usual mean per unit estimator based on an SRSWOR of size 9 from
thes~ 15 holdings. [2+4+6+8+3=25]
Grep B

When are two latin squares said to be mutually orthogonal ?2CGive a
method of constructicn of n-1 peirwise orthogonal 1lwtin squares of
order n. (n is a prine pover). Define a BIED, Construct a BIED with
1% treatments) block size 4, every puir appearing in exactly one
1ok [3+8+L+10=25]

-+ -) Consider an experiment with factors A,B,C each having 3 levels.

Write down the treatment contrasts represcnting the followving fac

rial effects and justify the reprusentations:

(i) Quadratic effuct of factor A

(1i) Interaction between A and B which 15 lincar in A and quadiesly
in B. '

(i11) Interaction between A and C with is quadratic in A and limner
in C.

(b) Consider the following factorial design involving threc factors

with two levels each. Recognise the effect (s) which is (are)
confounded with the block effects.

B.l_o:k—w‘l-“r-(-o)-.u (C),W (ab), (abe)

Block 2 [(a), (v), (ac), (be)

vhere the Symbols have their usual mearings. [15+10=25]

3. . .xperimater is inturested in testing whether the fibres pmduced;

by 4 machines in a factory have the same strvengtin. Supposing th~t -
™M of tne fibre may also deperd on its thickness suggest a sui-
table plan of the experiment and describe the computational procedure
to analyse cata availabl: on taking 5 observations from each machine
to carry out the test.
rite down an appropriate model and obtain least squares estimates o
“h. measure of dependence of the strength on thickness. (1) under a
(11 hypothesis and (i1) under an alternative hypothesis to be appre
priately formulated by you to carry out the test. [B+17=25]




INDIAN STATISTICAL INSTITUTE
M.Stat. I Year (M-stream):1988-89
Semestral-II Examination

Demog raphy

Date: 12.5.89 Maximum Marks: 100 Time: 3 Hours

Note: The questions are of equal value
Answer any five questions.
1.{a) Give various defenitions o. 'demography'. Indicate the importance
of study of demographye.
(b) Describe various sources for obtaining data relating to 'demography
with reference to India.

2. What do you mean by 'infant mortality'? Describe different methods
of computing the infant mortality rate. Comment on their merits amd
demerits.

3.{.) What do you mean by a 'life table'? Discuss Chaing's method of

constructing a complete life table.

(b) For a certain life table 1 = 20900~ 80x = N
(1) what is the'ultimate age in the table?
(11) find u, q and ,oPy5e

Le Yhat are the different measures of fertility commonly used? Discuss
in details, the merits and demerits of the crude and general fer-
tility rates.

5. A demographer intends to project the female population of a country
for the years 1991, 1996, 2001 amd 2006. iie intends to use a time
and age interval of five years Suggest a suitable method for
determining the Sth values.

5.(3) Define a stable populations Write down the assumptions of a stable

population theory.
(t) Derive the integral equation

g

~

;m p(x) m (x) dx = 1

and prove that it has exactly one real root r = Tor find rg.

9\\.——

“rite short notes on any threc of the following
(i) Myers' Blended method

(i1) Measures of reproduction

(iii) Lexis' diagram

(iv) Stationary population.



INDIAN STATISTICAL INSTITUTE
M.Stat. I Year{Mi-stream): 1988-89
Semestral-I1 Examination
Theory and Methods ot Statistics-II

Note: 945489 Maximum Marks: 100 Times 3 Hours

Note: 1. Answer any Five Questions.
2. Precise and complete answers are given
more weight.
1.(a) Give a precise definition ~f unbiasedness of an estimator.

Show by exanples that (i) an unbiased estimator need not exist
(11) an unbiased estimator may be "unreasonable® (iii) more than
one unbiased estimator may exist.

'b) vhen is a sequence of estimators said to be consistent ? Derive
a sufficient condition for a sequence of estimators to be consis- )
tent. Show that a corsistent estimator need not be unique. [14+6a2C

) If x,,essy%, 15 a random sample from N(i,1) obtain two sufficient

statistics for u. Which ons do you prefer ? Justify. Obtain an

-
unbiased estimator of o of N(0,0°) based on a sample of size
n and based on the sufficient statistic. What should be n?

tRY If XqpeeasXy is a random sample from a uniform d.tstribut:.on on

(0,6), @ )0, derive a sufficient statistic for @ and useLto obtai:
a uniformly minimum variance unbiased estimator of ©. [10+10=20]

‘Stating the underlying assumptions clearly, derive the Cramer-Reo
lover bound for the variance of an unbiased estimator T(x) of a
parzmetric function g(e), based on a random sample x § (x‘| ’51)

< povey

from a population with p.def f (x,8), 8€R. Is the minimum
variance bound always attain.. ? Justify your answer.

(v) 1£ T, (x) and T (x) are two uniformly minimum variance unbiased
est.lmators of a parametric function show that cor (T1,T )=1.
[14+6=20]
4ela) al X,yeee ,X 15 a random sample from N(u,1) derive a Uniformly

Most Powerful Test for Hys u < B, against H,s u ) Bye Of 8 given

size.

(b) If n=5, u_ = 3 and @ = 0.05 draw the powerfunction of the test.

()
(c) Show how you can obtain a Uniformly Most Accurate upper confidence
bound for p using the above result.

If you need a test of size 0.05 and of power at least 0.9 for
Hoie { 3 egainst the alternative u = 4 what is the minimun sample
size you would require ? [B+4+4+4=20]

-

pet.o.
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5.¢a) It Xgpeee,X, 1s a random sample from N {0,02) show that there

(o)

~

(1)

does not exist a UMP Test of size a for Hg3 02=c§ egainst
-, 2

Hys o2 # oy -

Derive a Uniformly Most Powerful Unbiased Test of size a for

) . o2 . 2, 2
testing H: o2 = % againct H1: o° # Oge

State precisely the main results you use in deriving the above
test.

Show that thre power function of this test increases as 02 moves
away from cg. [6+44=20]

Stating clearly the regularity conditions, show that the maximum
likelihood estimator which exists as a consistent solution of

the likelihood equation with probability going to one as the samp1
size increases, is asymptotically Mormal. What can you say about
the asymptotic variance of this estimator?

If the family of distributions has a2 sufficient statistic T(x),
show that the maximum likelihood estimator is an explicit

function of T{x). Illustrate your answer with an example.
[14+6=20]




IiDIAN STAYISTICAL I1.ISTITUTE
M.Stat. I Year {M-stream): 198¢-89

Semestral-1I Examinztion

Linear Stat. Models and Large-sample 3tat. Methods
Dates 28.L4.89 Maximun liarkss 100 . Times 3,1j Hours
Notes Answer all questicns. Use separate answer -
sh.ewts zor each part.
PART-A Suggested time:‘l; hours
Max. Mlarkss 50

1. State and Prove Gauss-iiarkoff theooem. [10]

2. Describe AMCOVA nod:l in detail 11lustrating with an cxample where
it can be applied. Derive tost statistics for testing linear
hypotheses of intorsst on the parameters of the mouel. [15]

3. Write short notes on
(a) Generzl regression and Linear regrussion
(b) Tukey's test for nonadditivity. [5+5=10]

4s To compare the averuge yiclds of three different varieties of wheat
an experiment was conducted in which ecch varicty was tried in three
plots in cach of four villages selcucted at random. The yields are
given in the table in convenient units. Analyze¢ the data

- Yicdds e

Villare J Variety

1

Vs

8

6
10

1 3

o

1
9
8

12
10
15

8

9
11

\
[
2
5
4
9
5
8

ON® N W W, Ul\)l\]k‘<

=

6
7
5
9

=
® W O

[151

5. Assignments [10]

r.t.o.
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PART-E Suggested tine: 2 Hours
Maxdmum Marks: 50

EITHER

1.

[

Let L IPEOYETXYE W be ieieds observetions each following a distribution
Fe depernding on an unimowr real purimeter . Let @n Le a strongly
consistent solution of the liikeclihood cjuation.
Lincarise @n and find its as;njtotic distribution under suitable
assumptions (to be stated clearly).
Are tio consistent solutions of the lilielihood equation "asm}:-'toticallj
esuivalent"Explain. [15]
-~
Swerest suitable large zanple tests for the following proilems.
(a) e have a random cawplc of n pairs “rom & bivariate nomal popu-
lation with unkno.n correlation ccefficient 2 . Our problem is
to test Hy 3 P=1r vs Hy P4 A ")O is specified, f # C.
(b) Ve have twe independent random semplazs of sizes n, and n, from
two hivariate nomal populations with populztion correlation
coefficients ,01 and '02 respectively. e are to test
c . O o . v
hO"1"O2 vs H1./1ﬁ r’z.
What is the asymptotic distribution of the test statictic in
(a) under the null hy;othesis ? Use this result to find the
asymptotic distribution of the test statistic in (b) under HO
n
when n,l-—é », n2-4 « in such a way that n—1 - A for some
2

0 ¢ AL o [15]

EITHER

2

State the representation theorem for sample quantiles and use this
to prove
(i) asymptotic normality of any p-th quantile Yo 0t
’

(ii)asymptotic nomality of (Yp1,11 , YPZ ,n) , 0¢ Py €1, 4 Eéz,

Suppose that a population consists of k mutually exclusive classes,
the proportion of members falling in the i-th class being ni,

i =1,2,00ee,k. Let a random sample o siize n be druwn from the
population and ny be the number of me:xhers falling in the ith class.
We want to test H, 3 Ty o= R i =1,2,0000,ke Sugzest a test

statistic and find its asymptotic distribution under Hy. [209

Contd. «ased3/-
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3. The following data relate to the distribution of 1725 school
children who are classified according to their (i) economic conditions

and (ii) intelligence
The standard in the latter case are (A) slow and dull (B) dull

(c) slow but intelligent (D) fairly intelligent (E) distinctly
capable (F) very capable.

——— e &

Intelligence

Zconomi s A B Cc D E F

Condition

Very good 33 Le 113 209 194 39
Good 41 100 202 255 138 15
Not good 56 71 92 71 43 5

Is there any reason to belleve that there is association between
economic condition and intelligence ? [15.
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INDIAN STATISTICAL TNSTITU'x
I.Stat. (M-striam) Y Year . 1732-50

DBACKPAFSR (SEMESTRAL-I) EXAMIIAYTCN
Mathcmatical Anrlysis IM

Nata: 2.1.1909 Maximum Marks, 107 Times: 3 hours

Hots s+ Answer ALL qucstions. Th. pager
carri<s 100 marks.

4. let f be a <ontinuous function on MM inte ®™, say
fUX) = (f %), ..., rm(i)) WHirE X L0y, ea, xm) ¢ WM.

Defin: g by g{X) = max £(X). 1Is g continucus ? Give
reasons for your answor.

(101

2. L2t £ be = continuous function on I = [¢,']x[G,1]. Show
that therce is a point (x

o Yo) such tinat 4 f(x,y)dix,y) =
i
f(xo . yc).

[1r1

3.(a) L2t £ b. a continuous rv:al-valu-d functi.n en ]'9\2 such
that U(<,¥) = O whon X is raticnal and y :i1rational.
Show tiiat f{x,y) = 0 for all x,y.

(101
2 L aV) ;
{b) Lat ¢ ¥ 2 = S(x (n)' en, x(n) ¢ e a sequence in R™.
L J R ) m )’)
Show tnat  lim (x‘|\n ) ey xm\n ) T Xy, seey xn) if
n=>o
andi enl» if 1lim max 1 x {n) _ xil = (.

n->©1¢iem

(151

)

vo Let L b2 the line given by y = ax + b an? Lt f be an
analytic furction on € such that f(z2) e L f..r all z. Show
that f iz constant.

(101
5.(a) Let £ bc such that for any closed path J in €, § f(z)dz= 0.
Show that £ is analytic.
(151
sin X

-3
(b) Use contour integration to compute c!, R dx . [10]

ramovahle singularity at z=0, show thi.t I is constant.

RE3]

6. If £(2) is analytic everywhure and 2iz) = f(%) has a

—_—
sbee:
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INDIAMN STATISTICAL INSTITUTE ’
M.Stat. (ii-stream) @ Veer ; 1988 -33

FIRST S ESTRAL aXiMIIATION

Mathematica! .nnlysis I

Late. 21.11.17%¢8 axtuws: .arks. 1CO Time. 3 hours

“.(a)

(b}

4.(a)

(b)

Mote; The paper carrisr 11% marks. The
maxirum you can eccre is 1€0.

Let £ be a unifermly co::iinucus funcuion defined on a
bounded subset of TR™ ii.. R. Show that f is bounded.

[151

Let 1(x,y) = x* vy’ logyi +y°) 4F (x,¥) + ,0,0)
£{c,0) = 0.

Does f have a differenti:l at (0,C) ? Jive reasons for
your answer. (13]

Lzt f be a real valued ccintinuous function on
J = (0,11 x [0,1]. Show that J £{x,y) d(x,y) exists anad
J

, 11,
'y £lx,y) dix,y) = /s f{x,y)dxdy

J
¢c

1
f(x,y) dydx. [201

= J I

co

If in part (a), f is non-negative and s f(x,y) d(x,y) = O,
J

show that f(x,y) = C fov all (x,y) € J. [151

Is the function f defincd on € by f£(2z) = Z analytic ?

Give reasons for your answer. (51
-

If £ is analytic on € and 7 is defined by z{(z) = £(z),

show that g is analytic and g'(z) = £'(Z). [10]
10



let D=1f2 .12z! <17 :ud A an infinite subset of

Z,. Is there an analytic function f on D

Nl— .

such that f(z) = 2 if ze A ard £(Q) =17 Justify your

answer. [101
Calculate

0 2
(a) —X _ax. (131

b)) 2T (1 - 2324z, [12]
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INDIAN STATISTICAL INSTITUTE
M.Stat. (M-stream) I Year : 1088-89

FIRST SEMESTRAL 2XAYINATION
Linear Algebra and Re~ression and Correlation

Date: 24.11.1288 tiaximum Marks: 100 Time: 3 hrs.

Note: Answers to difforant Parts should be in
different -nsw raoci ts.

P27
Linear ..

! Max.Marks: 50
1,tebra

Note: Answer any W0 questions. Each
question carries 25 marks.

1. Let Jn denote a matrix of order nxp with all elements
equal to unity.
(a) Find the inverse of a I, + b Jon When it exists.

(Hint: the inverse can be expressed in the same form).

(b) Find the inverse of

when it exists.
(10415) = [25]

2.(a) Prove that the characteristic rocts of an idempotent m..trix
are either zero or unity. Find the matrix of the quodratic
form px'2 = x'Ax where x is a px1 vector with elements

_ P
X, and X = % 51 xq ard snow that the matrix is idempotent.
i=
Find the rank of A.
(5+4+3) = [12]

(b) If x"Ax is a real qQuadratic form in n variables,
X' = (X, eeey xn) and \j, «.., A are the characteristic

roots of A, show that we can find an orthogonal matrix P
of order nxn such that the transformation x = Py, where
¥' = (yq, +e+y ¥,) transforms x'Ax to the diagonal form

Contd..... 2/~
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5.

Moy

2

when

(a) Frove

¢ oo+ ny 7. iliustrate the mothod by firling P

2 o
x'Ax = ’Sx12 ¥ SXF By

that the systewm =X - iz ¢

tne rank of ..

be the

R

Regression -~ Correl

o
\
) b the w1 veatar

T >

x

i
\P

variance-covariancs .. viv of

where # = (1’.1 X?_ :"n-’l)’ eed en

= X)Xy b Xy Xg - 2%,

() = |

vroistent iff 2(A) =

{5+10+10) = [

ation iax.arks:

—f- st
no o

amd S o= So S
QI

JA

[

tne variable 1
P

A-observatiens:

(i) Derive the cxprmsions ror the following interms of

(1i)

elen

aents of ', 3 and 37

(a) L(X), the Linecar VYregression function of X, on X

{b) iMultiplv correlation coufficient R

{c) Partial correlation coefficient R"l 12

Fur
(a)
(b)
(c)
{d)

0.12 ... pete

oo plt

ther if e = X° - LX), the residual, show that

Cov(e,X) = P (il vector)
Cov(e,L(X)) =0

Cov(Xy) = V(L{X)) + V(&)
Cav(X ,L(X)) = ViL{X))

Contd..... 3/-

Xy o

13]

25 w)

where 2(4a) denotes th vonl of 4.
b)) Frov. that ix = b is consistent iff thore dous not exist
. = L.
any u such tn=t L RILEE
.c)  3how that -y consistuns ooof viauations., 22 = b ois
ejuivalont to some sysLt-. of r Linenr oquaticns wa.re r is

251

50



Contde.... G.Nc.1.(11)

(e) Cor(X ,L(X)) > Cor(%, ,%:%)) whcre Z(X) is any linear
function of X, ... X .
1 51

" (%01

?. The followine tatle gives the mean vector and vsrionce
covariance matrix of 4 varir-les ;(O, LN ‘1(2, Xz based con
1C0 observaticns.

Obtain (a) Linesr regressien function of Xy on Xy nnd X,
(¥) Compute multiple corrvlatien cotfficient R0.1? and
(¢) Fartial correlation co¢fricicnt Ryz q5-

Cov. n:~trix

Y.O X }(2 % | aan
XO 1 1 z ? 0
X.‘ 1 2 3 3 0
Xy 2 3 6 7 o
3 1 c
Xy 2 7 0

(2]

3. issignments. (10]
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INDIAN STATISTICAL INSTITUTE
M.Stat. I Year (M-stream): 17°88-87

FIRST SEMESTRAL &Y ANIN4TICN

Economic Stotistics

Cate; 25.11.1788 Maximw: Marks, 100 Time: 3 hours
GROUP - £
Note: Answer uy TWO Max.Marks. 40

1.(a)

(v)

?.(a)

Let py(0), pp(0), «ovy b, AC) and pa(T), pp(T), ..., p (T)
be the prices of n different commodities observed at time
0 and T respectively. '“Whit are the alternative approacheg
using which the overall orice change between these two
time points can be meaning fully measured ? Describe the
rationale c¢f these aprro=ches.
(8+4) = [12]
The average prices of cereal items in a certain wholesale
market as observed during two different weeks z2re given
below along with the corresponding figures of volumes

transacted.

Price (Rs. pe;'héund) Volume transacted(maunds)

Ite during the w -k during the week
m ending on __ .. ending on
17.11.1256 21.17.1257 17.11.1756 21.12.,1957

()] ) ) %) 6]
rice 20.50 17.50 22,500 25,500
wheat 18.50 14.40 10,500 8, 500
jawar 16.25 12.50 1,450 1,800

b jra 15.50 12,40 1,050 1,450

using the above data calculate two Aifferent price indices
of cereals for the week ending on 21.12,1957 with the week
ending on 17.11.1757 taken as the base which are based on
different approaches. (81

What is a cost of living index number ? Describe briefly
the steps and the problcms involved in the construction ef

such an index number.
(3+7) = [10]

Contd..... 2/=
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b)

3.(~)

(b)

The Tnble below <ives sfom: incomplete inform~tion -bout
the chande in consumer prices faccd by th: worhkina class
households in » certain Ioc-lity.

conguas r price ind: x (base . 176€0)

item eroup f,f:‘:gt o for the yoar 3
1272 1274
focd jtems 6c 174 . 252 B
fucl -nd light 175 1a5
clothing 12 A 200
house rent 20 150 150
cther items * 132 212
all itims 1c0 150 E ]

Where every # denotes - nissin fizure. It is ~lso civen
that th¢ ceonsum=r pricc indix num'wr for 1973 bas.:d on
prices of food ftems, futl -+nd lizht »ni clothing only is
135, Calcul-te the all jtems consum r price index number
for the year 1774, .

Ll
Expl-in the rationtle of censtructing chain-bas  index
numb'r siries. Is 1 serivs of chain-base index number
21wnys superior to tha corresponding series of fixed base
index numbcrs ? Give rotsons for your answer.

(Hhth) = [10]

The Table below: 2ives the price »nd auontity of four
commoditivs obstrved in four succussive years.

commodi ty g(x;ic~;1 (RS/K‘?‘ in _‘,’:-'.'_nl_‘ q:.anti::y(!(g) ;n yea;‘
B ) B € I &) I €O N ) €Y I ) I €) B () )
‘A 5 6 4 7 100 80 120 70
B 4 3 5 & 80 20 70 60
C 2 5 4 i 60 % 50 40
D 10 B8 o 15 % 50 50 20

Calculate Laspeyres' fixed base and the corrvsponding chain
bzse price index number for year 3 taking year 0 as th2
base for the above data.

(5+5) = [10]
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GRCUJF -1 Max.Marks: 40

Note: Answer ~ny TWC

4.(a) Describe the nature of the different componvnts that may
possibly be present in o time series of monthly observa-
tions on an economic variable which covers several decades.
Expl:in briefly why an anrlysis of such 2 time s¢ries
miy be useful.

(6+5) = [11]
1b) With which componént of a time serieés would you associate
the following phenoienz. In each c¢nse give resson for
your answer;

(1) a labour unrest in 2 factory hampering the
volume of d=ily production;

(ii) a rise in d:mand for foodgrains due to the growth
of populaticen in ~ country;

(iii) a relatively hizher price of vesztsbles in the
Calcutta markets during monscon every year.

(3x3) = [

.

5.(a) What are se=sonzl indicus *°
method of obtaining the constnt seasonal indices of an

Describe an =zppropriate

observed time scries.
(4+48) = [12]

(b) The pattern of se=zsonality of s~les of a shop during a
yeor is given below:

Jan.-Mar. April-June July-Sept. Oct.-Dec.

Quarter of
the year

Constant
senasonml 97 85 83 135
index

If the shopownur realizes a total sale of 15,000 units
during thc¢ first quarter of A year, how much stock should
be keep during the other quurter of the yesr in order to
avoid possible shortage of supply.
(81
6. Vrite short notes on the following:
(1) Adaitive and Multinlicative models of time series;

(ii) Logistic trend curve;

Contd..... 4/~
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\"'
(1i1) Cyelical variations of & time series;

(iv) Estimation of the trend by the method of moving
averages.

(4x5) = [20]

GROWP ~C

Note: Any ONE Max.Marks: 20

7. Write a note on the nature and the source of wholesale price
index numbers Aavailable in India.
(20]

7. Discuss briefly the role of the central statistical
organization in the official statistical system of India.

(203
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(v)

<~

(c

?2.(a)

(b)

%.(n)

(b)

(c)

]
INDIAN STATISYICAL IN3STITUTE T
M.Stats (M-gtre~m) I Yenr ; 1928-89
FIRST SEMESTRAL EXAMINATION
Probability Therory IM

26.11.1988 Maxisun Marks. 100 Time: 335hx‘s.

Pote. The paper carric-s 116 m~1rks. Answer as
much as you ¢ar. Ihe maximus you can
score is 1°0.

Consider Polya's urn scliciir with r ved balls and b black
b3lls with ¢ new balls addiq ¢~ch time. Let Xi b 1 or O
according as the ith ball drown is red or black.

Show that the joint disctributien of (X3, ..., X)) is the

s~me as the joint distritution of (X"(”, veey Xn(n))for

esch permutation 1 of %1, ..., n}. [
- 61

Compute the conditional probability that the first b»11
Arawn is red given that the third ball is black.

(1
What is the expected numisir of red balls drawn in n trials ?

(41
State the Borel-Cantelli Lumna. (s1

Use the Borel-Cantelli Lerma to nrove that in the elassical
Gambler's ruin probleim thi geme stops with probability one.

(81
State the Borel Stronz Law of large Mumbors. (5]

Let Xy, X,, ... be a sequence of i.i.d. random variables
with common distribution function F.

Let F, (¥,x) = %u- 5‘_1 s Xy(e) ¢ x} be the empirical
distribution function. 3how that for each x,

P(§ e yl&t\mx Fole,y) == F-(X)}) =1

(7
In the snme set-up ag above, let
A= § @i Fyle,x) ~>Fx) unifornly tn x} .
Why is A an event ? (8]

Contd.s.s. 2/-
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Jortlecede “Mo3

{A) St=te th: Slivenko-Cont tli Theoren . Hh-t do-s it s~y in

)

{b)

(a)
{b)

-

v latlion to (0 7

(51

Lot Sy, X, eee beo2 moguwace of fedede Bt (X)) roadon
variabl s and let ilt} strud for the nsseeintsd foisson
[$4

process.

Put Et =t -35. . Snow t. t Et h:s the same distribution
Tt

as min {44,%).

(Hint: Express th- svent S £, > uy In terms of a Foisson

o
[P

increment, for u- i}

55
Fut Ly =S, 4 - Sy, bw o interarrival time:
t t
Show lim E(Lt) = z,\ .
t > o

[Hint: Use (1) -~nd resuvit: rroved in the cless].

(8]

Ycu ent-r = casino to play = roulette wheel game. The whecl
has 18 rud, 18 black, ar:l » green sectors. You decide to
bet 2ither on the red or on the black in each trial. You
start with = capital of Rs.00/~- and decide to play until
you either reach Rs.1002/ .. ¢r lose your capitol. The rulis
specify th-t you play »t coinstint stakes and you are allowed
to choose any st~ke betwe.n Re.l and Rs.100/-.

What will your choice b ' Justify your answer in detail.
[15]

For the choice you make, wh~t is the oxpocted durction

of the game; [121

Let X and Y be two indépenrdent random variables ench uniform
on [0,1]

Find the probability dcniicy function of X*Y explicitly.
Find the {cumulative) Ai:iribution function of Z = minmX,Y).

Find the joint probability Ae:rsity function of U and V,
where U = X2 and V = /Y
{5+5+7) = [171
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INDIAN STATIITICAL INSTITUTE
M.Stat. (M=-stream) [ Vear . 1958-82
FIRST SEMEZTRAL LX & INATIOM

Theory and ietho's of Statistics I

Date: 18.11.1788 Faxi w. Jdarkss 100 Time. 3-’5 hrs.
1. Adrission deta for the gradu.ie proeramres in six laraest
departments in a certsalin u.iversity are wviven below.
T TR en T Vicnen
Department No. of Percent. BEPSEY Fercent
applicants  admitted  applicants admitted
A 825 (e 108 82
B RE0 o4 25 (3]
c 325 37 53% LA
D h17 3 475 35
E 171 25 n3 24
v

hVl
.

373 G 1 7

A politician pointed out that the university admission proce-~
dure had discriminated arainst Women, since 44°. of the male
apnlicants had been admitt2d whereas only 307. of the female
applicants nad been admittesl. Comment on the above statement
and support your ccmments based on the data provided.

(151

In 1958 a doctor introduced a new technique for treating
ulcers. He tried the methcd on 24 patients, and all were
cured. Comment on the scientific validity ef #is result
which tends to promote the new technique instead of the

standard treatments which requires sureery. [15]
Represent the following data 2raphically. 1151
Percentage of l_tterates‘ .i_n_ India by age and sex, 1771

Age croup .

in years f.;n.]ie Female

5 -9 e 18.9

10 - 14 52.8 38.1

15 - 19 [N 7.7
20 - 24 0.7 28.7

25 ~ 34 5G.1 19.3%

35 and above 3.0 10.7

p.t.o.



L.(a)

(b)

5.(a)

{b)

6.(a)

Discuss a practical situsiicn where the 2inorial reidel .

cculd be vsed.

The following taile ;iw @ rhe fr=iuwncsy Aistributicn »f
i* 3 small valume o f 4ir that

the number 1 just nuct®id
¢ ocantais i moisture. and

fall cr: to a stag- i 7
filtered airs

Froqueney diserioorioen of dust nuelod

'ee of dust recled Freau-: oy
1 5
2 R
T 25
4 7*
5 g
6 17
7 5
3 3

Examine whether a suitall. Feisson distributicon rits the

data. {(3+12) = [1:—'1
what are the advantagcecs of stratifivd sannling ?

£ proup of 112 studernts is dividid into 2 strata consisting
of AC kasters and 32 3~chilors. From the first stratum a
simnle ravom samrle cr - students is sflected without
replacenent whil: from 4ie second stretum a simrle random

4 1 with rerlacement.  The nunber

1is o

samnle of size
of study hours per wee: (outside the clzss) are record.d
for all sthé selerten students as follews,

stratum 1 . 18, 1€, ', 17, 204 19, 18, 2?2

stratum 2 : 10, 8, 1, 7.

Estimate the average numbsr of study hours for this aroup.
Also obtain an unbiasud wstimate ol the sampling error of
your estimate. [3+ (5+7)] = [151

Suppose that X, the len~ti of an item has a Mormal distri-
bution with mean 10 and variance 2. The Guality Control
Manager classfies the itcus into three catcgories according
as X ¢ 8, B ¢X <12 ani il >12. If 21 such items ara
produced in a shift, what is the probability that an equal

Contdecess 3/-
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number of items belong to each of the above categories.

(b) Wehn do you say that a discrete random variable has a
‘hypergeometric distribution' ? For large N, explain
with a numerical illustration how this can be approximated
by the Binomial distribution.

(c) Let X be a random varia®le having an exponential distri-
bution with parameter A, show that Pr.(X > s+ tl X >3) a
P(X>t). What is the singnificance of this result ?

(5+5+5) = [15]

7. Practical records. IR)
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INDIAN STATISTICAL JTHETITUTE

M.Stat. (M-stream) I Year : 1Q088-89

FIRST SEMESTRAL EAAWINATION
Computational Techniques and Frogramming

Maximum larks: 85 Time: ’S% hrs.

1.(a) State the general formula for errors.

S
.

(b) Find the number of trusiworthy figures in the quotient of

876.3/4Q4.2, assuming that toth numbers are approximate

and true only to the numbeér of digits given.
(6+6) = [10]

Write a FORTRAN program to compute¢ the following sum
correct upto 3 places of decimals

1.3  1.3.5 143.5.7
1
O<¢<x< [15]

(%1, X5, Xz, X, x5) is multinomially Aistributed with

197 and the cell probabilities given by

o]
L]
N ea\n
X
n

(%, &9. %(1-9). }(1—9), &9). 0<8 <.

We observe xy + x, = 125, x3 =18, x, = 20 and Xg = 4.

Write down the EM Algorithm to find the maximum likelihood
Find the estimate of € using this algorithm

estimate of O.
= 0.5 (with the minimum of

with the initial estimate ‘"
accuracy 0.01 or 5 iterations).
[15]
If x is px1 vector and A a pxp positive definite matrix
show that
A X 1
er se adf = 1AL (1 - x'AT x).
I x 1
Hence develop a method for numerical evaluation of x' A x

by sweep=-out.



Contd. s, Q.No.b

Use your method to compute x' A

x = (.5, .6, 7)) an! a = o3
(5+10+10) = [25]

5.{2) "hat is a basic frasible solution to an LF preblem ?

Find an optimal solution ‘e the following LP problem by
computing all basic feasibl: sclutinns and th.n finding

(b)
cne that maximizes tho obgjective functicn.

2%y + Kxa + hx3 + Xy,

max z =
s.t. 2% + 3x2 - x3 +bx, =3
Xq = 2%y * Ex3 - TX), = -3
Xy, Xpp Xuy X 26
(4+16) = [20]

.bees
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