1, NUOVO CIMEXNTO Vou. VI, N. 6 ' 19 Dicembre 1957

A Class of Exaect Solutlons of the Combmed Gravnauonal
and Electro-Magnetic Field Equations of General Relativity.

R. L. Braumacnary

Researeh and Training Sehool, Indian Statistical Institute - Calevila

(ricevuto il 23 Luglio 1957)

1. — In our "l‘nl}.l]lz‘l“()ll of the Reissner- \(mlernm-.h flery solution (1), we
attempted a mlmwn of the field-equations
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We will now attempt the interior solution of a space containing matter which
is distributed with a spherical symmetry around a charged particle. We will later
see that the charged particle should be something like an electron having a finite
radins, . -

In the space surrounding the charged particle or sphere, we have

— 83T} — Safl = Sap — Cfp*.
. .

wliere ) ¢ depends on the charge of the particle {sphere) and the density is

8o + Ot (8t = — 8t = 8at = f’) .
< 1 2 4

) I L. BRARMACHARY: Nuorvo Cimendo, 4. 1216 (1956).
) A. 8. EDUINGTON: The Mathemulical Theorg of Relativity (1929). p. 185,
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Following a method of ToLMaN (3). we cambine the first and second equation (1)
thus~

2 9
{87} — 8at}) — (82T% + 8} = ==
. T T

[e=#..31,

and obtain

@ - H_ _‘l{"‘z"‘ n . _‘1_(‘”;"") Lol ("_ri) )
dr . 2
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We thus see that it iz necessary and sufficient to solve the three equations, (la).
(Id) and (2). Thus we avoid the complicated equation (18).
TAssumption: ¢'= 6. "= 0.
Our equations reduce to

~t—1 d
(@) (e-——)—-4('f-r,
or "
- v . LAY el e_l 1
(3) ) 311’7 Tr’—_l: F"—-TT‘\L AL
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(c) 870 +—=e—7-(————)+———4\.
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From (3a) we immediately obtain
et = 4Cart —Cfrr + 1,

where « ix a constant of integration. Putting this value in 3 (b) we obtain
Sap = 4C"az + A
We further obtain from 3 (¢)
879 = — A~-12Ca—20r.

Discussion: We find that for r« 1, e-% hecomes negatii‘e. As e~ must always
he positive. we thus find that even outside the origin r=0, there is a singular domain .
unless we assume a shell like distribution of mass around the charged particle with
a gap hetween the particle and the inner shell.

It however, a charged sphere of finite radius whose Wravl’tahonal part of the
energy tensor is negligible in comparison with its electromagnetic part (i.e. an
clectron) ix assumed. our solution is to remain valid only outside the electron.

(*) . C. Toraax: T‘hys‘.‘ Rer., 55. 364 (1939).
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At r=r,, the radjus of the electron, the singular region commencts, or in other
words we put )
5y 4Car? ~CI+1=0.

Qur solution is:

e = const, . et = 4Cart - Cir2+ 1,

8ap

!

§0z+ A, 8to= —A—120x—20/.

As p is positive and g must be positive up to r=r,, we have a=negative, A=po-
sitive
|A]>14Cx]

and .
[12Ca|>| A + 201

With the help of these conditions, we can find from equation (4), the value of 2.
If g
“‘g = 10'“’ units  or  10-%, enr.,
(in relan\ isti¢ Jnits). and 7.~ 10-¥ cm. We find ¥-Te- 1084,
Instead of an electron we may also take a charged sphere, the solution for
which las already been found (%). Outside the sphere. the Reissner-Nordstrém solution
would he valid (if the space were empty) with

Ty=0, « fi=20C.

Thus our equations (3) correctly represent the energy-tensor of matter-distri-
bution having a spherical symmetry around the charged sphere.

' 2. ~ We attempted so far a solution of spherically symmetric matter-distribution
around a charged sphere of finite radius. Another example of this type of solutions
is now being obtained by the simple expedient of putting p=0, namely, considering
the case of dust like particles, offering no pressure.

Assumption: p=0, v'=0, +'=0.
The field-equations now .reduce to

@ —sat =1
(0) . — 8t = e~M— M2y - A
(8) - [
{e} . T2 = T3 .
(@) —8np—8aff = —eXHr— 1) — 1r+ A.

Qutside the charged sphere,

8aly = — 8t = 8af} = Ot .

0 R. L. BRARMACHARY: Nuovo Cimenlo, 5, 1520 (1957).
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We therefore obtain from (5)a,

et=1— Art— (Ofrt.

Equation (5)) is seen to be identically satxshed for thix \'.Llue of -4,
We can then easily find from (511, the value for o:

870 = 2A — 2C(rt.

As 8ag and e-* mubt alwav:, he positive the range of vahdxtv of our solution

is restncted
Let the lower and upper houndaries of the range of validity be n, and r,. res-

pe(‘tu’ely
Ve then have

A1 — Ar} — Cfr; = positive ,

8mo =12\ —20r} = positive .

If r,=10-® cm andl C=10-% em."we have

Y * .

ed =1 — 1-10-%° — 10-1% = positive’.

*Thus
A< (10% — 10%) .

Again from the_ expression for 870 we have

S0 =204 —2-1014 >0,
Thus,
A > 101,

But we can now easily see that the maximum allowable value for the range of
-alidity of the solution is r=r,<10-7 that is, e~ attains the value zevo at r,<10-7
if we choose the minimum (possible) value of A.

By taking a greater value of »,. we ean inerease the range of \.lll(]n\‘ With

n=2ecrny, for O\ample. we have .
=13\~ C[4
and
S70 = 28— 20721 .
Then we have

A > 10-3j(2p
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