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“Sed quis custodiet ipsos custodes?”

Juvenal, Satires (Satire VI, lines 347-348).

Prologue

1.1 BACKGROUND

THIS FAMOUS PHRASE, which literally translates to “Who will guard the guards them-
selves?”, was coined by the Roman poet Juvenal satirically referring to the optimistic
view of trusting the guardians of the state as a solution to deal with the problem of
marital fidelity. Juvenal suggests that keeping wives under guard may not be a so-
lution to prevent infidelity - because guards themselves might not be trustworthy.
Juvenal suggests that keeping wives under guard may not be a solution to prevent
infidelity - because guards themselves might not be trustworthy. In present times,
this phrase is intimately connected to the corruption and nepotism in the govern-
ment, law enforcement, and other forms of social institutions. Hence, a central

concern of modern societies is to design social institutions that induce truthful be-



haviour from individuals.

Most social institutions resort to collective decision making procedures such as
voting when designing policies. The scientific study of collective decision making
procedures is known as social choice theory. The subject was pioneered by the early
works of French mathematicians, Jean-Charles de Borda ([16]) and Marquis de
Condorcet ([25]), who initiated a formal analysis of these problems in terms of
voting and related procedures. Kenneth Arrow and Leo Hurwicz later developed
a mathematical formulation of these issues using a much general framework ([4],
[47] and [48]).

A collective decision making procedure is formally called a social choice function.
Individuals report their preferences over the social alternatives (policies, public fa-
cilities, candidates in an election and so on). At every profile of individual prefer-
ences, a social choice function chooses an alternative that is, in some sense, optimal
for the society. Thus, a social choice function can be thought of as embodying the
welfare judgements of a social planner. However, the planner would be unaware
of the true profile of individual preferences, and she must rely on the individuals’
reports about their preferences. This requires the planner to design social choice
functions so that individuals report their preferences truthfully.

We consider a few examples in order to illustrate these notions more clearly.
Suppose that the government proposes a public project, such as a highway, flyover,
hospital etc. When the government decides whether the project should be under-
taken, it performs a cost-benefit analysis of these projects. The possible benefits of
such a project would be lower commuting time, increase in property values, and an
overallimprovement in social welfare. Since such projects would be usually funded
by an increase in taxes, the planner must also have certain fairness considerations
in her mind, such as taxing individuals who live near this proposed public facility
higher than the ones who live far from it. These aspects of this decision involve in-
formation privately held by the individuals such as individuals’ valuation of each
project. Another class of examples is that of voting problems. A set of voters must
elect a candidate for a political position. In this case, the set of social goals can

be identified with different political agendas (say, going from the left to the right



on a uni-dimensional political spectrum). Again, as in the previous example, the
individual preferences over the candidates might be private information.

In order to capture the welfare judgements of the social planner, it is natural to
impose certain desirable properties on a social choice function. A social choice
function is called unanimous if whenever all the agents in a society unanimously
agree on their best alternative, that alternative is chosen. A social choice func-
tion is called strategy-proof if no agent can benefit by misreporting her preferences.
Throughout the present thesis, we focus our attention on unanimous and strategy-
proof social choice functions.

Designing social choice functions that possess the desirable properties of una-
nimity and strategy-proofness leads to the famous Gibbard-Satterthwaite impossi-
bility theorem ([43], [75]). It says that if the range of the social choice function
contains at least three alternatives, then every unanimous and strategy-proof so-
cial choice function is a dictatorial rule. A dictatorial rule always selects the most
preferred alternative of some particular individual, called a dictator, in the society.
An assumption that lies at the heart of this impossibility result is that the individ-
ual preferences are unrestricted. In other words, an individual can misreport any
plausible preference in place of his true preference.

Researchers in mechanism design have persistently looked for ways to bypass
the Gibbard-Satterthwaite impossibility result. The present thesis is concerned
with one such approach where we consider restrictions on the domain of admis-
sible preferences. Domain restrictions naturally arise in several practical scenarios.
However, this approach has proved to be a double-edged sword in the sense that it
leads to both impossibility and possibility results. This is because the unrestricted
domain assumption in the Gibbard- Satterthwaite result is by no means a necessary
condition for the dictatorial result to hold. This leads us to the notions of dictato-
rial and non-dictatorial domains. A domain of admissible preferences is called dic-
tatorial if every unanimous and strategy-proof social choice function on it is dicta-
torial. Similarly, a domain is called non-dictatorial if it admits non-dictatorial rules
as unanimous and strategy-proof social choice functions.

Several restricted domains such as the free pair at the top domains ([12], [20]),



linked domains ([6]), and circular domains ([74]) are known to be dictatorial do-
mains. These results imply that it is impossible to sustain a reasonable aggrega-
tion procedure without strategic manipulation. Hence, these results are usually
deemed unsatisfactory as such domain restrictions preclude the possibility of ar-
riving at any fair compromise.

On the other hand, consider a situation where the social planner has to locate a
public good (hospital, shopping mall etc.), i.e., a facility which generates a positive
externality to individuals. In this case, it is natural that individuals would want to
place such a facility closer to their own locations. This means that individual pref-
erences would have a unique peak at their own location and it falls as one moves
away from its peak. Such preferences are called single-peaked and domains contain-
ing such preferences are non-dictatorial. Similarly, consider a situation where the
social planner has to locate a public bad (nuclear power plant, garbage dump etc.),
i.e,, a facility which generates a negative externality to individuals. In this case, it is
natural that individuals would want to place such a facility farther away from their
own locations. This means that individual preferences would have a unique dip at
their own location and it rises as one moves away from its dip. Such preferences are
called single-dipped and domains containing such preferences are non-dictatorial.
Next, consider a situation where the government is trying to set the tax level. In
such models, it is customary to assume that relatively poorer individuals would pre-
fer a higher tax regime over a relatively lower one as he would benefit from a greater
redistribution of income. This means that the domain restriction relevant in such
situations allow only for a single reversal of a higher tax regime with a lower one
when moving from the preference of a lower income individual to that of a higher
income individual. Such a domain of preferences is called single-crossing which are

also known to be non-dictatorial.

1.2 MOTIVATION

The existing literature on domain restrictions in strategy-proof social choice has

been subject to severe criticism due to its limited practical applicability. For in-



stance, most of the existing literature on non-dictatorial domain restrictions like

single-peaked domains, single-dipped domains, and single-crossing domains make

two customary assumptions: (i) prior order assumption, which says that alterna-

tives can be arranged over a uni-dimensional space, and (ii) maximality assump-

tion, which says that all preferences with the relevant restriction are admissible. In

the context of electoral competition, [81] criticizes the prior order assumption on

the following accounts:

(i)

(i)

(iii)

Uni-dimensionality: The uni-dimensionality assumption is a far-fetched
one when reconciled with evidence in both two-party and multi-party sys-
tems. Voters’ ordering over the candidates’ positions on different policies
and issues might be independent of each other. For example, there would be
no relation (in a statistical sense) in the voter attitudes towards candidates’
views on anti-abortion policies and terrorismin the recently concluded Pres-
idential election in the US. Therefore, each of these attitudes must be placed
on different dimensions and a uni-dimensional policy space would be an un-

realistic assumption in these situations.

Full comparability of alternatives: The assumption that any two alterna-
tives can be compared with respect to the given prior ordering over the alter-
natives is very unrealistic. This assumption fails if voters are merely reacting
to the association of the candidates to an issue or goal which is positively or
negatively valued by them. For instance, the outcome of 2014 General Elec-
tions in India was highly influenced by the high profile scandals, such as the
Commonwealth Games scam, Coal-gate scandal, 2G scam etc., as the In-
dian voters associated the then incumbent UPA government to these scan-

dals when bringing the Modi government to power (for more details, see

[23]and [82]).

Single prior ordering: The assumption that all individuals derive their
preferences based a single prior ordering over the alternatives is not applica-

ble to many practical scenarios. This is because different individuals come



from different socio-economic backgrounds, and hence they might be con-
cerned about different aspects of an alternative. This leads the individuals

to have different prior ordering over the alternatives.

Further, the maximality assumption fails in the domain restriction considered in
models of voting ([84],[5],[64], [66],[65], etc.) and taxation and redistribution
([38]).

Among the non-dictatorial domains discussed, single-peaked domains are by
far the most popular. A few empirical studies like s8], [41], and [59] find that
voters’ preferences often violate the very assumption of single-peakedness. For
instance, in many practical economic and political situations, voters’ preferences
are known to be multi-peaked (see [28], [32], [78], [31], [34], [80] and so on).
However, these empirical studies show that voters’ preferences are consistent with
mild violations of single-peakedness.

Keeping these practical and empirical considerations in mind, the main motiva-
tion of this thesis is to further explore domain restrictions to accommodate these
criticisms and thereby, widen the applicability of the standard social choice frame-

work.

1.3 OUR CONTRIBUTION

In this section, we provide a brief overview of our contribution to the area of strategy-

proof social choice.

1.3.1 DICTATORSHIP ON TOP-CIRCULAR DOMAINS

In Chapter 2, we consider domains of admissible preferences with a natural prop-
erty called top-circularity. Several domains with practical applications such as multi-
dimensional single-peaked domain in [9], union of a single-peaked and a single-
dipped domain, etc. satisfy top-circularity. We show that if such a domain satisfies
either the maximal conflict property or the weak conflict property, then it is dictato-
rial. We show that this result can be applied to the problem of locating a public



facility where the planner does not know whether agents derive positive or nega-
tive externality from the facility. The union of a single-peaked and a single-dipped
domain captures such situations and such domains are top-circular satisfying the
maximal conflict property. It follows from our results that such domains are dicta-

torial. Further, we obtain the result in [74] as a corollary.

1.3.2 ON SINGLE-PEAKED DOMAINS AND MIN-MAX RULES

In Chapter 3, we consider social choice problems where the set of alternatives can
be ordered over a real line and the admissible set of preferences of each agent is
single-peaked. A preference is called single-peaked if the preference falls as one
moves away from its top-ranked alternative. First, we show that if all the agents
have the same admissible set of single-peaked preferences, then every unanimous
and strategy-proof social choice function is tops-only. A social choice function is
called tops-only if it is insensitive to changes in agents’ preferences below the top-
ranked alternative. Next, we consider situations where different agents have differ-
ent admissible sets of single-peaked preferences. We show by means of an example
that unanimous and strategy-proof social choice functions need not be tops-only
in this situation, and consequently provide a sufficient condition on the admissible
sets of preferences of the agents so that unanimity and strategy-proofness guaran-
tee tops-onlyness. Finally, we characterize all domains on which (i) every unani-
mous and strategy-proof social choice function is a min-max rule ([54]), and (ii)
every min-max rule is strategy-proof. As an application of our result, we obtain a
characterization of the unanimous and strategy-proof social choice functions on
maximal single-peaked domains ([54], [86]), minimally rich single-peaked do-
mains ([61]), maximal regular single-crossing domains ([72], [73]), and distance

based single-peaked domains.

1.3.3 STRATEGY-PROOF RULES ON PARTIALLY SINGLE-PEAKED DOMAINS

In Chapter 4, we consider domains that exhibit single-peakedness only over a sub-

set of alternatives. We call such domains partially single-peaked domains and pro-



vide a characterization of the unanimous and strategy-proof social choice func-
tions on these domains. As an application of this result, we obtain a characteriza-
tion of the unanimous and strategy-proof social choice functions on multi-peaked
domains ([80], [78], [37]), single-peaked domains with respect to a partial or-
der ([18]), multiple single-peaked domains ([67]) and single-peaked domains on
graphs ([76]). As aby-product of our results, it follows that strategy-proofness im-
plies tops-onlyness on these domains. Moreover, we show that strategy-proofness

and group strategy-proofness are equivalent on these domains.

1.3.4 ON STRATEGY-PROOFNESS AND UNCOMPROMISINGNESS

In Chapter s, we consider a social choice setting where the set of alternatives can
be ordered over a real line. In Chapter 3, we have characterized domains where the
set of unanimous and strategy-proof rules coincide with the set of min-max rules.
Min-max rules satisfy an interesting property called uncompromisingness ([17]). A
social choice function is uncompromising if no agent can influence the outcome
by taking extreme positions. It follows from our result in Chapter 3 that a do-
main is not top-connected single-peaked then unanimous and strategy-proof rules
may violate uncompromisingness. In this chapter, we consider arbitrary single-
peaked domains (not necessarily top-connected) and provide a general charac-
terization of the unanimous and strategy-proof social choice functions on those
domains. We show that every unanimous and strategy-proof social choice func-
tion defined on such domains satisfy a property called weak uncompromisingness.
Weak uncompromisingness implies that whenever an agent’s top-ranked alterna-
tive moves closer to the outcome, the outcome does not change. Moreover, if an
agent moves his top-ranked alternative away from the outcome, the outcome can
change only in a restricted way.

As an application of this result, we obtain a characterization of the unanimous
and strategy-proof social choice functions on maximal single-peaked domains ([ 54],
[86]), minimally rich single-peaked domains ([61]), maximal regular single-crossi-

ng domains ([72], [73]), one-dimensional Euclidean single-peaked domains ([26]),



and left (or right) single-peaked domains ([64], [66], [65]).

1.3.5 SociaL CHOICE ON DOMAINS BASED ON TREES

In Chapter 6, we consider social choice problems where the set of alternatives are
arranged over a (fixed) tree. We study unanimous and strategy-proof SCFs when
agents’ preferences are single-peaked on such a tree. Such preferences naturally
arise in situations where a public good (shopping mall, hospital, etc.) has to be
located on a road or railroad network. We show that when such domains satisfy a
property called top-connectedness, every unanimous and strategy-proof SCF sat-
isfies Pareto property and tops-only property. Further, we show that when such do-
mains satisfy a stronger requirement called strongly connected, every unanimous
and strategy-proof SCF is uncompromising. In this setting, uncompromisingness
means if the top-ranked alternative of each agent does not “cross” the outcome, i.e.,
the outcome does not lie on the unique path joining the initial top-ranked alterna-
tive to the final one of each agent.

The Chapters are intended to be self-contained. We also try to unify the symbols

across the chapters.



Dictatorship on Top-circular Domains

2.1 INTRODUCTION

2.1.1  MOTIVATION

THE COINCIDENCE OF strategy-proofness and dictatorship has always been an in-
triguing question since Alan Gibbard and Mark Satterthwaite proposed their im-
possibility result ([43], [75]) - famously known as the Gibbard-Satterthwaite (GS)
Theorem - which states that every unanimous and strategy-proof social choice func-
tion (SCF) defined over the unrestricted domain of preferences (provided that
there are at least three alternatives) is dictatorial. However, the unrestricted do-
main assumption in the GS theorem is far from being the necessary condition for

dictatorship. A domain of preferences is called dictatorial if every unanimous and
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strategy-proof SCF on it is dictatorial.

Apart from being a generalization of the GS theorem, dictatorial domains have
garnered a lot of interest in the literature. At present, there is a sizeable literature
on dictatorial domains as seen in the works of [12], [6], [74], and [62]. The main
motivation of this chapter is to find dictatorial domains that can be applied to some

economic and political environment.

2.1.2 OUR CONTRIBUTION

A crucial property of a dictatorial domain is that for every alternative a, there must
be at least two preferences ab ... and ac. .. in the domain, where b # c¢.'* A
domain of practical importance of such type is the one whose top-graph comprises
of a maximal cycle.*”* We call such a domain a top-circular domain.

We prove by means of an example that the top-circular domains are not dic-
tatorial. In view of that, we identify two conditions called the maximal conflict
property and the weak conflict property such that if a top-circular domain satisfies
either of these two conditions, then it becomes a dictatorial domain. Maximal
conflict property requires the existence of two exactly opposite preferences and
consequently verifying if some domain satisfies this property is easy. However,
weak conflict property is somewhat technical and the corresponding verification
is relatively harder. Several domains of practical importance such as the maximal
single-peaked domain, the maximal single-dipped domain, and maximal single-
crossing domains (with respect to a given ordering over the alternatives) satisfy
the maximal conflict property. Also, maximal single-peaked domains satisfy the
weak conflict property. Here, maximality refers to the largest possible set of pref-

erences with the corresponding property. We obtain the dictatorial result in [74]

"We denotebyab . . . a preference which places a at the top and b at the second-ranked position.

?[70] shows that this property is necessary and sufficient for dictatorship on a large class of
domains which they call short-path-connected domains. However, the domains that we consider are
not short-path-connected.

*The top-graph of a domain is defined as the graph where nodes are alternatives and there is an
edge between two alternatives a, b if there are preferences ab . . . and ba . . . in the domain.

*An undirected graph with nodes v,, . . . , v} is said to contain a maximal cycle if it has the fol-

lowing edges: {v,, v}, {vs,v; }, -« o, {ve—ss i}, {ve, . }-

11



as a corollary of our result.

We apply this result to the problem of locating a public facility. For certain pub-
lic facilities such as metro stations, hospitals etc., agents want the facility to be
located closer to their own locations, and consequently their preferences can be
modeled as single-peaked with respect to a given ordering over the alternatives.
On the other hand, for facilities like garbage dumps or nuclear plants, agents want
the facility to be located farther from their own locations, and consequently their
preferences can be modeled as single-dipped with respect to a given ordering over
the alternatives. For both these cases, it is well-known that one can design non-
dictatorial rules that satisfy unanimity and strategy-proofness.>°

However, for facilities like shopping malls, factories etc., the social planner may
not have clear knowledge on whether the agents want it to be closer or farther away.
This is because, some individuals may be concerned about the resulting conges-
tion, pollution etc., whereas some others may want to minimize their commut-
ing distance. In such a situation, the relevant admissible domain is the union of
a single-peaked and a single-dipped domain with respect to a given ordering over
the alternatives.” Our result shows that every unanimous and strategy-proof SCF

on such a domain is dictatorial.

2.1.3 RELATION TO THE LITERATURE

In this section, we discuss the connection of our result with the vast literature on
dictatorial domains. [12] and [77] provide a generalization of Gibbard-Satterthwa-

ite theorem by showing that every free pair at the top (FPT) domain is dictatorial.

*[54], [9] and [86] characterize the unanimous and strategy-proof SCFs on the single-peaked
domains as min-max rules.

®[60], [8] and [52] characterize the unanimous and strategy-proof SCFs on the single-dipped
domains as voting by extended committees.

? Alternative models that consider similar practical situations exist in the literature. For instance,
[83] and [40] partition the set of agents into those who can only have single-peaked preferences
and those that can only have single-dipped preferences. On the other hand, [1] considers a sit-
uation where the social planner is informed about the location of the agents but agents can have
single-peaked preferences with the peak at her location or single-dipped preferences with the dip
at herlocation. Though the domain restriction considered in the aforementioned models are close
in spirit with ours, they admit non-dictatorial, unanimous, and strategy-proof SCFs.

12



A domain satisfies the FPT property if for every two alternatives x and y, it con-
tains a preference which places x at the top and y at the second-ranked position. It
is worth noting that such a domain requires at least m(m — 1) preferences, where
m is the total number of alternatives. Later, in a seminal contribution, [6] further
generalizes this result by showing that the same holds if a domain satisfies a much
weaker property called the linked property.® More recently, [62] further general-
izes the dictatorial results in [6]. However, all these domain restrictions are differ-
ent in nature from those we consider in this chapter. This is because, in contrast to
these works which put restrictions only on the first and second ranked alternatives
in a preference, we consider additional restrictions on some other ranked alterna-
tives as well. As a consequence, we obtain dictatorial domains that require fewer
preferences.

The structure of the domain restriction that we consider in this chapter is simi-
lar to that considered in [ 50]. They show that any domain containing all clockwise
and anti-clockwise preferences with respect to some arrangement of the alterna-
tives on a circle is dictatorial. Such domains are called circular domains. Later, [74]
generalizes circular domains by placing restrictions only on the first, second and
last ranks of a preference and show that such domains are also dictatorial. In a
subsequent chapter, [20] independently prove that circular domains (as defined
in [50]) are dictatorial.” However, our result generalizes all these results in a sub-

stantial way.

2.1.4 REMAINDER

The rest of the chapter is organized as follows. We describe the usual social choice
framework in Section 2.2. Section 2.3 presents our main results and Section 2.4
discusses applications of the same. The last section concludes the chapter. All the

omitted proofs are collected in the Appendix.

8We provide the technical definition of the linked property in Remark 2.2.2.
*They also provide two conditions T and T', and show that any domain satisfying those is dic-
tatorial.

13



2.2 THE MODEL

Let N = {1,...,n} be a set of agents, who collectively choose an element from
a finite set X = {x,, x,,...,x,} of at least three alternatives. A preference P over
X is a complete, transitive, and antisymmetric binary relation (also called a linear
order) defined on X. For two alternatives x,y € X and a preference P, we write
xPy to mean that x is preferred to y according to P.'"* We denote by LL(X) the set
of all preferences over X. An alternative x € X is called the k™ ranked alternative
in a preference P € LL(X), denoted by r(P), if [{a € X | aPx}| = k — 1. For
ease of presentation, by ab...c...d. .., we denote a preference P where r,(P) =
a,r,(P) = band cPd. Also, by ab ..., we denote a preference P where r,(P) =
a, r,(P) = b,and r,,(P) = c¢. We denote by D C ILL(X) a set of admissible
preferences over X. A preference profile, denoted by Py, is defined as an element
of D".

For simplicity, we do not use braces for singleton sets, for instance, we use the

notation i to mean {i}.

Definition 2.2.1 A social choice function (SCF) f on a domain D is defined as a map-
pingf: D" — X.

Definition 2.2.2 An SCFf : D" — X is unanimous if for all Py € D" such that
r.(Pi) = xforalli € N and some x € X, we have f(Py) = x.

Definition 2.2.3 An SCFf : D" — X is manipulable if there exists a profile Py €
D", an agenti € N, and a preference P, € D of agent i such that f(P,, P_;)Pf(Py).
An SCF f is strategy-proof if it is not manipulable.

Definition 2.2.4 An SCFf : D" — Xis dictatorial if there exists an agenti € N
such that for all profiles Py € D", f(Py) = r.(P;).

Definition 2.2.5 A domain D is called dictatorial if every unanimous and strategy-
proof SCEf : D" — Xis dictatorial.

®More formally, since P is a binary relation on X, xPy means that the pair (x,y) € P.

14



Definition 2.2.6 A domain D is regular if for all x € X, there exists P € D such that
r.(P) = «.

REMARK 2.2.1 All the domains we consider in this chapter are regular.

Now, we introduce a few graph theoretic notions. A graph G is defined as a pair
(V,E), where V is the set of nodes and E C {{u,v} | u,v € Vandu # v}is
the set of edges. A cycle in a graph G = (V, E) is defined as a sequence of nodes
(v, ..., v, v,) such that the nodes v,, . . . , v are all distinct and {v;, v;y,} € E for
alli=1,..., k where v, =,

All the graphs we consider in this chapter are of the kind G = (X, E), i.e., whose

node set is the set of alternatives.

Definition 2.2.7 The top-graph of a domain D is defined as the graph (X, E) such
that {x,y} € E if and only if there exist two preferences P,P' € D with r,(P) =
r,(P") = xandr,(P) = r,(P") = y.

Now, we introduce the notion of a top-circular domain.

Definition 2.2.8 A domain C with top-graph (X, E) is called top-circular if {x;, x;} €
Eforalli,jwith|i —j| € {1,m —1}.

Below, we present a top-circular domain and its top-graph.

Example 2.2.1 Let X = {x,,x,,x,,x,,x,}. Consider the domain given in Table
2.2.1. Figure 2.2.1 presents the top-graph of this domain. Note that this graph contains a
maximal cycle given by (x,, x,, . . . , X, x,). Further, note that such a graph may contain

some additional edges like {x,, x,} and {x,, x,}.

REMARK 2.2.2 [6] introduce the notion of a linked domain and show that every linked
domain is dictatorial. A domain is called linked if the alternatives can be ordered as

Viy - -« Ym Such that the top-graph (X, E) of the domain has the following property:
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Figure 2.2.1 Top-graph of a top-circular domain

iyt € Eandforalls < 1 < m, {{y;,n}, {ye-yi}} C E for somej,k < 1
with j # k. It can be verified the the top-graph in Figure 2.2.1 satisfies this property
with respect to the order x,, x,, . . . , x,. Thus, it follows from [ 6] that every unanimous
and strategy-proof SCF on this domain is dictatorial. However, note that any arbitrary

top-circular domain need not be linked.

2.3 MAIN RESULT

In this section we present the main result of this chapter. We first show by means
of an example that an arbitrary top-circular domain need not be dictatorial. The

domain provided in this example is a two-dimensional single-peaked domain given
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in [o].

Example 2.3.1 Suppose that each alternative has two dimensions, and in each dimen-
sion, it can take two values {0, 1}. In other words, the set of alternativesis X = {o,1} X
{o,1}. Suppose further that the domain is the maximal set of preferences satisfying
separability. Separability in this case says that if (x,y) appears as a top-ranked al-
ternative at some preference, then (1 — x,1 — y) must appear as the bottom-ranked
alternative. It can be verified that the top-graph of this domain has the following cy-
cle ((1,1), (1,0), (0,0), (0,1), (1,1)). Thus, this domain is top-circular. However, it
is well-known that this domain admits unanimous, strategy-proof, and non-dictatorial
SCFs.

In view of Example 2.3.1, we present below two conditions, and show that if a

top-circular domain satisfies either of the two, then it is dictatorial.

Definition 2.3.1 A domain D satisfies the maximal conflict property if there exist
P,P' € Dsuchthatri(P) = rp_11,(P') = xpforallk =1,... m.

Thus, the maximal conflict property ensures the existence of two exactly oppo-

site preferences.

Definition 2.3.2 A domain D satisfies the weak conflict property if
(i) {x%, .. %y, XXy - .. %} C D, and

(ii) forallk = 2,..., m—1, therearetwo preferences P = xpxy_, . .. %, . . . Xpyy - - -

and P = x4 Xy . . X . . . Xp—, . . . in the domain D.

Condition (i) in Definition 2.3.2 is a weaker version of the maximal conflict
property. It requires the existence of two preferences that are opposite with re-
spect to their first, second, and last-ranked alternatives. For an intuitive explana-
tion of Condition (ii), assume that the alternatives are arranged on a circle in the
following (clockwise) order: x,, x,., . .., x,. Then, for every alternative x;, where

k # 1,m, it ensures the existence of two preferences with x; as the top-ranked
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alternative such that in one of them, preference decreases in the anti-clockwise di-
rection (only) over the alternatives x;_,, x, and x¢,, and in the other, it decreases
in the clockwise direction (only) over the alternatives x.,, x,, and x;_,. It further
says that in those two preferences, the second-ranked alternatives must be the next
alternatives in the corresponding direction (i.e., x;_, in the anticlockwise direction
and xy, in the clockwise direction).

In the following, we illustrate the notion of a top-circular domain with the max-

imal conflict property by means of an example.

Example 2.3.2 Let X = {x,, x,, x,, x,, X, X¢, ., }. Then, the domain C = {P,, P,,
P,,P, P, Ps P, Py, Py, P, P, P, P, P,} asgivenin Table 2.3.1 is a top-circular
domain satisfying the maximal conflict property.

p, P, P, P, P, P, P, Py P, P, P,

X X, X, X, X

X, X, X X, X, X3 X X, X; X X
X, Xg X; X X, X X, X X, X

X, X; XX Xs X, X X X X X X, X,

P, P,
x5 0%
x5 X
X, X,
x3

X, X,
Xs X, X, X, X Xg Xe X, X X X X, X, Xg

X, X, Xg Xy X, Xg Xy Xg X, Xy X, X, Xg X

Table 2.3.1 A top-circular domain satisfying the maximal conflict property

Now, we present an example of a top-circular domain with the weak conflict

property.

Example 2.3.3 Let X = {x,, x,, x,, x,, x, x4, x, }. Then, the domain C = {P,, P,,
P,,P,,P,Ps P, Py P, P, P, P, P, P,} asgivenin Table 2.3.2 is a top-circular
domain satisfying the weak conflict property.

REMARK 2.3.1 [50] consider domains containing all clockwise and anti-clockwise pref-

erences with respect to some arrangement of the alternatives on a circle and show that
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Table 2.3.2 A top-circular domain satisfying the weak conflict property

these domains are dictatorial. Later, [20] independently show the same result. It is

worth noting that these are top-circular domains satisfying the weak conflict property.
Now, we proceed to present our main results.

Theorem 2.3.1 Let C be a top-circular domain satisfying the maximal conflict prop-

erty. Then, C is a dictatorial domain.

Theorem 2.3.2 Let C be a top-circular domain satisfying the weak conflict property.

Then, C is a dictatorial domain.
The proofs of Theorem 2.3.1 and 2.3.2 are relegated to the Appendix.

REMARK 2.3.2 [20] introduce two properties called T and T' and show that every
domain satisfying those two properties is dictatorial. It can be verified that a top-circular
domain satisfying the maximal conflict or the weak conflict property does not satisfy
properties T and T'.

2.4 APPLICATIONS

2.4.1 LOCATING A PUBLIC FACILITY

In this section, we consider the problem oflocating a public facility when the social
planner does not have any information whether it generates positive or negative ex-

ternality for the agents. As argued in Section 2.1, the relevant domain restriction
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in such problems is the union of the single-peaked and the single-dipped domain.
In what follows, we describe such domains formally and show that they are dicta-

torial.

Definition 2.4.1 A preference P € 1L(X) is called single-peaked if r,(P) = x; and
i < k <iori < k < j|imply xPx;. A domain D, is called single-peaked if it

contains all single-peaked preferences.

Definition 2.4.2 A preference P € L(X) is called single-dipped if r,,(P) = x; and
i < k <iori < k < j|imply x;Pxy. A domain Dy is called single-dipped if it
contains all single-dipped preferences.

A domain D is called the union of the single-peaked and the single-dipped do-
mainif D = D, U Dy. It is easy to verify that the union of the single-peaked and
the single-dipped domain is a top-circular domain satisfying the maximal conflict

property. Thus, we have the following corollary of Theorem 2.3.1.

Corollary 2.4.1 Let D be the union of the single-peaked and the single-dipped domain.

Then, D is a dictatorial domain.

2.4.2 CIRCULAR DOMAINS

The notion of circular domains is introduced in [ 74 ], where he shows that a circular

domain is dictatorial. However, we obtain this result as a corollary of our result.

Definition 2.4.3 A domain D is called circular if it is a top-circular domain satisfying
the property that for allk = 1,. .., m, there are two preferences XXy, . . . Xx—, and

XXy - - - Xpiy in the domain D.

Note that a circular domain is a top-circular domain satisfying the weak conflict

property. Thus, we have the following corollary of Theorem 2.3.2.

Corollary 2.4.2 ([74]) Let D be a circular domain. Then, D is a dictatorial domain.
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2.5 CONCLUDING REMARKS

In this chapter, we prove that any unanimous and strategy-proof social choice rule
on a top-circular domain satisfying either the maximal conflict property or the
weak conflict property is dictatorial. Our result is independent from the existing
results on dictatorial domains.

Since dictatorial rules are tops-only, Theorem 2.3.1 and 2.3.2 imply that top-
circular domains satisfying either the maximal conflict property or the weak con-
flict property are tops-only. [20] provides sufficient conditions for a domain to be
tops-only, however, our domain restrictions do not satisfy their condition. More-
over, since dictatorial rules are also group-strategy-proof, it follows that the no-
tions of strategy-proofness and group-strategy-proofness are equivalent for the do-

mains we consider.

2.6 APPENDIX

In this section, we prove Theorem 2.3.1 and Theorem 2.3.2. The following propo-

sition in [6] allows us to restrict our attention to the case of two agents.

Proposition 2.6.1 ([6]) Let D be a regular domain such that every unanimous and
strategy-proof SCF f : D* — X s dictatorial. Then, every unanimous and strategy-
proof SCEf : D" — Xis dictatorial.

The following proposition in [71] allows us to restrict our attention to minimal

top-circular domains satisfying either the maximal conflict or the weak conflict

property.1 !

Proposition 2.6.2 ([71]) A superset of a regular dictatorial domain is also dictato-

rial.

Now, we introduce the notion of option sets, which we use in our proofs.

" A top-circular domain is minimal if none of its subsets is top-circular.
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Definition 2.6.1 Given an SCF f : D* — X, we define the option set of agent i €
{1,2} at preference P; € D of agentj € {1,2} \ i, denoted by O;(P;), as 0;(P;) =
U f(Ph P’)'

p,eD

REMARK 2.6.1 Note that ifan SCFf : D* — X is unanimous, thenr,(P;) € O;(P;)
for all P; € D. Furthermore, if f is strategy-proof, then for all i,j € {1,2};i # j
and all (P,,P,) € D* f(P,,P,) = max Oi(P;), where max O:(P;) = «xif and only if
x € Oy(P;) and xPy for ally € O;(P;) \ «.

REMARK 2.6.2 Note that an SCF f : D* — X is dictatorial if and only if there is
i € {1,2} such that O;(P;) = {r,(P;)} for all P; € D.

For all the subsequent results, let C be a minimal top-circular domain. Suppose
f: C* = Xisaunanimous and strategy-proof SCF and O;(P;) is the corresponding
option set of agent i at a preference p; ofagentj € {1, 2} \ i. We prove a sequence
of lemmas that we use in the proofs of Theorem 2.3.1 and Theorem 2.3.2.

The following lemma establishes a property of a minimal top-circular domain.

We assume for this lemma thato = mandm +1 = 1.

Lemma 2.6.1 Let P,, P, € C be such that r,(P,) = r,(P)) = x;. Then, for all
j€ {k—1,k+1},x € O,(P,)ifand only if x; € O,(P,).

Proof: Assume for contradiction that there exist P,, P, € Cwithr,(P,) = r,(P)) =
xi such thatx; € O,(P,) and x; & O,(P,) forsomej € {k — 1,k + 1}. Consider
P, € Csuch thatr,(P,) = x; and r,(P,) = x;. Such a preference exists in C as
j — k| = 1. Then, by the strategy-proofness of f, f(P,, P,) = x; and f(P,, P,) = xy..
This means agent 2 manipulates at (P,, P,) via P,, a contradiction. This completes

the proof of the lemma. [ |

The subsequent lemmas establish few crucial properties of a minimal top-circular
domain C such that {x,x, . .. %, %, - . . 2, } C C. Note that if a minimal top-
circular domain C satisfies either the maximal conflict property or the weak conflict

property, then such two preferences are there in C.
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Lemma 2.6.2 Let {x,x, ... %, %Xy, ...%,} C C. Then, forallP, € {x.x, . ..x,,
Ky - - - %, }, T(P,) & O,(P,) implies O,(P,) = {r,(P,)}.

Proof: We prove the lemma for the case where P, = x.x, . ..x, € C, the proof
of the same for the other case is analogous. Let P, = x,x,...x, € C and let
fm(P.) = %, ¢ O,(P,). We show O,(P,) = {r,(P,)}. Assume for contradiction
thatx; € O,(P,) for somej # 1,m. Let P, € C be such that r,(P,) = «, and
r,(P)) = x,. Sincex,, ¢ O,(P,), by Lemma 2.6.1, x,, ¢ O,(P.). Let P, =
XpXm—, - - - %,. By unanimity and strategy-proofness, we must have f(P,,P) €
{x,, %, } as otherwise, agent 2 manipulates at (P,, P, ) via a preference which places
x,, at the top. Also, since x,, ¢ O,(P.),wehave f(P,, P,) = x,. However, since xj €
O,(P,) and «;P,x,, it must be that f(P,, P,) # «,. Because r,(P,) = &, = r,(P,),
this means agent 2 manipulates at (P,, P,) via P,, a contradiction. This completes

the proof of the lemma. |

Lemma 2.6.3 Let {x.x, ... %y, XXy - .. %, } C C andlet O,(P,) € {{r(P,)},
X} forall P, € {x,%, . .. Xy, XXy, - - - X, }. Supposeﬁz, P, € Cissuch thatrl(f’z) =
x, and r,(P,) = x,,. Then, O, (152) = {x,} ifand only if O,(P,) = {x,,}.

Proof: Let P,,P, € C be such thatr, (132) = x,and r,(P,) = x,,. It is sufficient
to show that O,(P,) = {x,} implies O,(P,) = {x,,}. By strategy-proofness, it is
enough to show that O,(P,) = {x,,} where P, = x,%,,—, . . . x,.

Assume for contradiction that O, (f’z) = {x,} and O,(P,) # {«,}. By the
assumption of the lemma, O,(P,) # {x,, } implies O,(P,) = X. Consider P, € C
such that r,(P)) = «x,, and r,(P)) = «,. Since O,(P,) # {x,,}, it follows from
strategy-proofness that O,(P,) # {x,}. We showx; ¢ O,(P,) forallj # 1,m.
Suppose not. Then, f(P,, P,) = «; for some P, € C with x; at the top. However,
because O, (132) = {«,}, agent 2 manipulates at (P,, P.) via P,. Since O, (P)) #
{x,} and Xj ¢ O,(P)) forallj # 1, m, it mustbe that O,(P)) = {x,, x,, }. However,
since O,(P,) = X, which in turn means x,,_, € O,(P,), by Lemma 2.6.1, we must

have x,,_, € O,(P.), a contradiction. This completes the proof of the lemma. W
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2.6.1 PROOF OF THEOREM 2.3.1

In this section, we provide a proof of Theorem 2.3.1. First, we establish a few prop-

erties of a top-circular domain satisfying the maximal conflict property.

Lemma 2.6.4 Let C satisfy the maximal conflict property. Let P,P' € C be such
that r.(P) = rp,_1,(P") = xy forallk = 1,... ,m. Then, forall P, € {P,P'},
rm(P,) € O,(P,) implies O,(P,) = X.

Proof: We prove this lemma for the case where P, = P, the proof of the same
for the other case is analogous. Let P, = P. Suppose x,, € O,(P,). We show
0,(P,) = X. We prove this by induction. Since x,, € O,(P,), it is sufficient to
show that forall1 < k < m, x, € O,(P,) implies x,_, € O,(P,). Assume for
contradiction that x; € O,(P,) butxy_, ¢ O,(P,) for some1 < k < m. Consider
P, = x_x... € C. Sincex; € O,(P,) andx,_, ¢ O,(P,), f(P,,P,) = .
However, this means agent 2 manipulates at (P,, P,) via a preference which places

X, at the top, a contradiction. This completes the proof of the lemma. [ |

REMARK 2.6.3 Let C be a minimal top-circular domain satisfying the maximal con-
flict property, and let P,P' € C be such that r,(P) = r,_1.(P)) = x for all
k=1,...,m. Then, it follows from Lemma 2.6.2 that for all P, € {P,P'}, r,,(P,) ¢
O,(P,) implies O,(P,) = {r,(P,)}. Again, it follows from Lemma 2.6.4 that for all
P, € {P,P'}, r,(P,) € O,(P,) implies O,(P,) = X. Thus, for all P, € {P,P'}, we
have O,(P,) € {{r.(P,)},X}.

Lemma 2.6.5 Let C satisfy the maximal conflict property. Further, let P, P' € C be
such that r(P) = r,y_11,(P') = xy forallk = 1,. .., m. Then, forall P, € {P,P'},
0,(P,) = {r.(P,)} implies O,(P,) = {r,(P.)} forall P, € C.

Proof: It is enough to prove the lemma for the case where P, = P, the proof for
the other case is analogous. Let P, = P. Suppose O,(P,) = {r,(P,)}. We show
0,(P,) = {r.(P,)} forall P, € C. By strategy-proofness, we have O,(P,) =
{r,(P,)} forall P, € C withr,(P,) = x,. Moreover, by Lemma 2.6.3 and Remark
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2.6.3, we have O,(P,) = {r,(P,)} forall P, € C withr,(P,) = x,,. Takej # 1,m
and P, € C withr,(P,) = x;. We show O,(P,) = {r,(P,)}.

First, we show O,(P,) = O, (Pi) = X, where r,,_11,(P,) = 1 (Pi) = x; for
allk = 1,...,m. We show this for P,, the proof of the same for P/ is analogous.
Since O,(P,) = {x,}, we have f(P,, P,) = «x,. Because r,,(P,) = «,, this means
m(P,) € O,(P,). By Lemma 2.6.4, this means O, (P,) = X.

Now, we complete the proof of the lemma. Assume for contradiction that x; €
0,(P,) for some x; # r,(P,) = ;. Since r,,_1,(P,) = ri(P) = x; forallk =
1,...,m, we must have either x;P,x; or leixj. Assume without loss of generality
that x,P,x;. Since O,(P,) = Xandr, (152) = ), f(Pl,IBZ) = x;. Let P, € C such
that r,(P,) = x. Since x; € O,(P,) and r,(P,) = x;, we have f(P,, P,) = x;. This
means agent 1 manipulates at (P,, P,) via P,, a contradiction. Therefore, O,(P,) =

{r,(P,)}, which completes the proof of the lemma. |

Now we are ready to prove Theorem 2.3.1.

Proof:[Proof of Theorem 2.3.1] In view of Propositions 2.6.1 and 2.6.2, it sufficient
to show that a minimal top-circular domain with the maximal conflict property is
dictatorial for two agents. Consider P, € C such that . (P,) = «; forall1 <
k < m. By Remark 2.6.3, we have O,(P,) € {{r.(P,)},X}. Suppose O,(P,) =
{r,(P,)}. Then, by Lemma 2.6.5, it follows that O,(P.) = {r,(P.)} forall P, € C,
which implies agent 2 is the dictator.

Now, suppose O,(P,) = X. Consider P, € C such thatr,(P,) = x,,. Since
0,(P,) = X, we have f(P,,P,) = x,,. We claim O,(P,) = {r,(P,)}. Assume
for contradiction that x; € O,(P,) for some j # m. Since r,(P,) = x,, we
have x;P,x,,. However, since x; € O,(P,), agent 2 manipulates at (P,, P,) via some
preference P, with r,(P,) = ;. Therefore, O,(P,) = {r,(P,)}. By Lemma 2.6.s,
this means O, (P,) = {r,(P,)} forall P, € C, which implies agent 1 is the dictator.
This completes the proof of the theorem. |
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2.6.2 PROOF OF THEOREM 2.3.2

In this section, we provide a proof of Theorem 2.3.2. First, we establish a few prop-

erties of a top-circular domain satisfying the weak conflict property.

Lemma 2.6.6 Let C satisfy the weak conflict property. Suppose P, € {x,x, ... %y,
Xy - - - %, } C C. Then, r,,(P,) € O,(P,) implies O,(P,) = X.

Proof: It is enough to prove the lemma for P, = x.x, ...x, € C, the proof for
the other case is analogous. Suppose x,, € O,(P,). We show O,(P,) = X. We
prove this by induction. By unanimity, x, € O,(P,). Therefore, it is sufficient
to show that forall1 < k < m,x, € O,(P,) implies 3., € O,(P,). Assume
for contradiction that x, € O,(P,) and x;y, ¢ O,(P,) for some1 < k < m.
Let P, = XXty - Xy - - X, ... € C. Note that since x,, € O,(P,) and
rm(P,) = x,, by strategy-proofness, it must be that x,, € O, (132) Let P, =
XjysXkts - - - Xy - - . Xk ... € C. By unanimity and strategy-proofness, f(P,, 132) S
{&y, %4, }, as otherwise agent 2 manipulates at (P,, P,) via some preference with
1.+, at the top. Suppose f(P,, 132) = x¢. Since x,,P,x and x,, € O, (132) , this means
agent 1 manipulates at (P,, P,) via some preference with x,, at the top. Therefore,
we have f(P,, P,) = x;1,. Now, let P/ = x,,%;... € C. Then, since f(P,,P,) =
Xtr, and r,(P,) = r,(P)) = x4, by strategy-proofness, f(Pi,ISZ) = Xpy,. Also,
because x; € O,(P,) and xr., ¢ O,(P,), we have f(P., P,) = x;. Therefore, agent
2 manipulates at (P/, P,) via P,, a contradiction. This completes the proof of the

lemma. [ |

REMARK 2.6.4 Let C satisfy the weak conflict property. Then, by using arguments
similar to the ones employed in Remark 2.6.3, it follows from Lemma 2.6.2 and Lemma

2.6.6 that for all P, € {x,x, . .. %, X, - .. %, }, O,(P,) € {{r.(P,)}, X}.

Lemma 2.6.7 LetC satisfy the weak conflict property. Further, let P, € {x,x, . . . %y,
XXy - - - %, 1. Then, O,(P,) = {r,(P,)} implies O,(P,) = {r,(P.)} forall P, € C.
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Proof: We prove this lemma for the case where P, = x,x, . .. x,, the proof for
the case where P, = x,,X,,_, . . . x, is analogous. Let P, = x,x, . ..x,,. Suppose
0,(P,) = {x,}. Weshow O,(P,) = {r,(P,)} forall P, € C. By strategy-proofness,
we have O,(P,) = {r,(P,)} forall P, € C withr,(P,) = x,. By Lemma 2.6.3
and Remark 2.6.4, O,(P,) = {x,} implies O,(P,) = {x,,} forall P, € C with
r(P,) = %,,. We prove the lemma using induction. Take1 < j < m. Suppose
0,(P,) = {«;} forall P, € Cwithr,(P,) = ;. We show O,(P,) = {x;;,} forall
P, € Cwithr, (132) = j4,. Take P, € Cwithr, (132) = xj4,. We show O, (132) =
{%j1.}. By strategy-proofness, it is enough to show this for p, = Xj X o e

First, we claim x; ¢ O,(P,) forall k # j,j + 1. Assume for contradiction that
x € 0, (152) for some k # j,j + 1. Then,f(Pl,f’z) = x; for some P, € C with
r,(P,) = x. However, since O,(P,) = {«;} forall P, € C withr,(P,) = x;, agent
2 manipulates at (P,, 132) via some preference P, with r,(P,) = Xj.

Now, we show x; ¢ O,(P,). Assume for contradiction thatx; € O,(P,). Let
P = Xj41Xj4s - - - Xy - - - %j . . .. Then, by Lemma 2.6.1, x; € O,(P). Take P, € C
suchthatr,(P,) = x;. Then, because x; € O,(P.),f(P,, P,) = ;. Now, take P, € C
withr,(P,) = x,,. Since O,(P,) = {x,,}, wehavef(P,, P,) = x,,. This means agent
2 manipulates at (P,, P.) via P,. This completes the proof of the lemma. |

Proof:[Proof of Theorem 2.3.2] The proof of Theorem 2.3.2 follows by using anal-

ogous arguments as for the proof of Theorem 2.3.1. |
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On Single-peaked Domains and Min-max
Rules

3.1 INTRODUCTION

3.1.1 BACKGROUND

THE CELEBRATED Gibbard-Satterthwaite ([43], [75]) theorem has drawn severe
criticism as it assumes that the admissible domain of each agent is unrestricted.
However, it is well established that in many economic and political applications,
there are natural restrictions on such domains. For instance, in the models of lo-
cating a firm in a unidimensional spatial market ([46]), setting the rate of carbon

dioxide emissions ([15]), setting the level of public expenditure ([69]), and so on,
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preferences admit a natural restriction widely known as single-peakedness. Roughly
speaking, single-peakedness of a preference implies that there is a prior order over
the alternatives such that the preference decreases as one moves away (with respect

to the prior order) from her best alternative.

3.1.2 MOTIVATION AND CONTRIBUTION

The study of single-peaked domains dates back to [ 15], where it is shown that the
pairwise majority rule is strategy-proof on such domains. Later, [54] and [86]
characterize the unanimous and strategy-proof SCFs on these domains."> How-
ever, their characterization rests upon the assumption that the set of admissible
preferences of each agent in the society is the maximal single-peaked domain, i.e.,
it contains all single-peaked preferences with respect to a given prior order over the
alternatives. Note that demanding the existence of all single-peaked preferences is
a strong prerequisite in many practical situations.” This motivates us to analyze
the structure of the unanimous and strategy-proof SCFs on domains where agents
have arbitrary (but same) admissible sets of single-peaked preferences. We show
that every unanimous and strategy-proof SCF on such domains satisfies the Pareto
property and tops-onlyness.*

While single-peakedness is a natural condition in many practical scenarios, the
assumption that all agents have the same set of single-peaked preferences is not jus-
tifiable in many contexts. In view of this, we consider the situation where different
agents have different admissible sets of single-peaked preferences.

First, we show by means of an example that tops-onlyness is not guaranteed for

unanimous and strategy-proof SCFs on such domains. Next, we provide two suffi-

[9] and [24] provide equivalent presentations of this class of SCFs.

?A rich literature has developed around the single-peaked restriction by considering various
generalizations and extensions (see [9], [29], [76], [55], and [56]).

*See, for instance, the domain restriction considered in models of voting ([84], [5]), taxation
and redistribution ([38]), determining the levels of income redistribution ([44], [79]), and mea-
suring tax reforms in the presence of horizontal inequity ([45]). Recently, [63] shows that under
mild conditions these domains form subsets of the maximal single-peaked domain.

*[20] provide a sufficient condition on a domain so that every unanimous and strategy-proof
SCF onitis tops-only. However, an arbitrary single-peaked domain does not satisfy their condition.
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cient conditions, called left-connected and right-connected, on the admissible sets of
single-peaked preferences of the agents so that unanimity and strategy-proofness
imply tops-onlyness. A set of single-peaked preferences is called left-connected
(right-connected) if for every two consecutive alternatives with respect to the prior
order over the alternatives, say x and x + 1, we have a preference that places x + 1
at the top and x at the second-ranked position (x at the top and x + 1 at the second-
ranked position). Finally, we show by means of examples that the exact struc-
ture of unanimous and strategy-proof SCFs depends heavily on the domain. In
order to obtain a tractable structure of such SCFs, we restrict our attention to fop-
connected single-peaked domains and provide a characterization of the unanimous
and strategy-proof SCFs on those. A domain is top-connected if the admissible
sets of preferences of each agent is both left-connected and right-connected.’

The unanimous and strategy-proof SCFs on the maximal single-peaked domain
are known as min-max rules ([54], [86]). Min-max rules are quite popular for their
desirable properties like tops-onlyness, Pareto property, and anonymity (for a sub-
class of min-max rules called median rules). Owing to the desirable properties of
min-max rules, [ 11] characterize maximal domains on which a given min-max rule
is strategy-proof. Recently, [ 3] provide necessary and sufficient conditions for the
comparability of two min-max rules in terms of their vulnerability to manipulation.
Motivated by the importance of the min-max rules, we characterize all domains on
which (i) every unanimous and strategy-proof social choice function is a min-max
rule, and (ii) every min-max rule is strategy-proof. We call such a domain a min-
max domain.

Note that min-max domains do not require that the admissible preferences of
all the agents are the same. Furthermore, it is worth noting that in a social choice
problem with m alternatives, the number of preferences of each agent in a min-max
domain can range from 2m — 2 to 2™, whereas that in the maximal single-peaked
domain is exactly 2™ . Thus, on one hand, our result characterizes the unanimous

and strategy-proof SCFs on alarge class of single-peaked domains, and on the other

The top-connectedness property is well studied in the literature (see [12], [6], [20], [21],

[22],[63] and [70]).
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hand, it establishes the full applicability of min-max rules as strategy-proof SCFs.

3.1.3 APPLICATIONS

An outstanding example of a top-connected single-peaked domain is a top-connected
regular single-crossing domain.®” [ 73] shows that an SCF is unanimous and strategy-
proof on a maximal single-crossing domain if and only if it is a min-max rule.® In
contrast, our result shows that an SCF is unanimous and strategy-proof on a top-
connected regular single-crossing domain if and only if it is a min-max rule. Thus,
we extend [73]’s result in two ways: (i) by relaxing the maximality assumption on
a single-crossing domain, and (ii) by relaxing the assumption that every agent has
the same set of preferences. However, we assume the domains to be regular. Note
that in a social choice problem with m alternatives, the number of admissible pref-
erences of each agent in a top-connected regular single-crossing domain can range
from 2m — 2 to m(m — 1) /2, whereas that in the maximal single-crossing domain
is exactlym(m — 1) /2.

Otherimportant examples of top-connected single-peaked domains include min-
imally rich single-peaked domains ([61]) and distance based single-peaked domains.
A single-peaked domain is minimally rich if it contains all left single-peaked and all
right single-peaked preferences.”'® Further, a single-peaked domain is called dis-
tance based if the preferences in it are derived by using some type of distances
between the alternatives. It follows from our result that an SCF is unanimous and

strategy-proof on these domains if and only if it is a min-max rule.

®A domain is regular if every alternative appears as the top-ranked alternative of some prefer-
ence in the domain.

”Single-crossing domains appear in models of taxation and redistribution ([68], [53]), lo-
cal public goods and stratification ([85], [35], [39]), coalition formation ([30], [51]), selecting
constitutional and voting rules ([10]), and designing policies in the market for higher education
([36]).

8[73] provides a different but equivalent functional form of these SCFs which he calls aug-
mented representative voter schemes.

°A single-peaked preference is called left (or right) single-peaked if every alternative to the left
(or right) of the peak is preferred to every alternative to its right (or left).

19Such preferences appear in directional theories of issue voting ([81], [64], [66], [65]).
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3.1.4 REMAINDER

The rest of the chapter is organized as follows. We describe the usual social choice
framework in Section 3.2. In Section 3.3, we study the structure of the unanimous
and strategy-proof SCFs on single-peaked domains, and in Section 3.4, we charac-
terize such SCFs on top-connected single-peaked domains. Section 3.5 character-
izes min-max domains. In Section 3.6, we discuss some applications of our results,
and we conclude the chapterin the last section. All the omitted proofs are collected

in the Appendix.

3.2 PRELIMINARIES

Let N = {1,...,n} be a set of at least two agents, who collectively choose an
element from a finite set X = {a,a + 1,...,b — 1,b} of at least three alterna-
tives, where a is an integer. For x,y € X such that x < y, we define the intervals
oyl ={z e X[x <z <y} lxy) =[xy \ I} (03] = [y \ {2}, and
(x,y) = [x,9] \ {x,y}. For notational convenience, whenever it is clear from the
context, we do not use braces for singleton sets, i.e., we denote sets {i} by i.

A preference P over X is a complete, transitive, and antisymmetric binary rela-
tion (also called a linear order) defined on X. We denote by LL(X) the set of all
preferences over X. An alternative x € X is called the k™ ranked alternative in a
preference P € IL(X), denoted by r((P), if |[{a € X | aPx}| = k — 1.

Definition 3.2.1 A preference P € L(X) is called single-peaked if for all x,y € X,
[x <y <r(P)orr(P) <y < x| implies yPx.

For an agent i, we denote by S; a set of admissible single-peaked preferences. A

set Sy = H S, is called a single-peaked domain. Note that we do not assume that
iEN
the set of admissible preferences are the same across all agents. An element Py =

(P,,...,P,) € Syis called a preference profile. The top-set of a preference profile
Py, denoted by 7(Py), is defined as 7(Py) = U r.(P;). A setS; of admissible

iEN
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preferences of agent i is regular if for all x € X, there exists a preference P € §;

such that r,(P) = «.
Definition 3.2.2 A social choice function (SCF) f on Sy is a mapping f : Sy — X.

Definition 3.2.3 An SCFf : Sy — X is unanimous if for all Py € Sy such that
r.(P;) = xforalli € N and some x € X, we have f(Py) = x.

Definition 3.2.4 AnSCFf: Sy — Xsatisfies the Pareto property if for all Py € Sy
and allx,y € X, xPy for alli € N implies f(Py) # .

REMARK 3.2.1 Note that since S; is single-peaked for alli € N, an SCFf: Sy — X
satisfies Pareto property if f(Py) € [min(7(Py)), max(t(Py))] for all Py € S.

Definition 3.2.5 An SCFf : Sy — X is manipulable if there is Py € Sy, i €
N, and P; € S, such that f(P,, Px\;)Pf(Py). An SCF f is strategy-proof if it is not

manipulable.

Definition 3.2.6 An SCFf : Sy — Xis called group manipulable if there is Py €
Sy a non-empty coalition C C N, and a preference profile P, € Sc of the agents in
C such that f(P, Px\c)Pf(Py) foralli € C. An SCFf : Sy — Xis called group
strategy-proof if it is not group manipulable.

Definition 3.2.7 AnSCEf: Sy — Xis called tops-only if for all Py, Py, € Sy such
thatr,(P;) = r,(P;) for alli € N, we have f(Py) = f(Py).

Definition 3.2.8 An SCFf : Sy — Xis called uncompromising if for all Py € Sk,
alli € Nyand allP, € S;:

(i) ifr.(P;) < f(Py) and r,(P;) < f(Py), then f(Px) = f(P}, Py\;), and
(i) if f(Pn) < r.(P;) andf(Py) < r,(P)), then f(Py) = f(P], Px\;)-

REMARK 3.2.2 If an SCF satisfies uncompromisingness, then by definition, it is tops-
only.
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Definition 3.2.9 Let B = (B)scn be a list of 2" parameters satisfying: (i) g € X
forall S C N, (ii) By =b By =aand (iii) forany S C T, B, < Bs. Then, an SCF
1 Sy — Xis called a min-max rule with respect to p if

£ (Px) = min{max{r,(P), B} }.

REMARK 3.2.3 Every min-max rule is uncompromising.”

3.3 SCFs ON SINGLE-PEAKED DOMAINS

In this section, we establish that every unanimous and strategy-proof SCF on a
class of single-peaked domains is tops-only.

First, we state an important result that follows from [7].

Theorem 3.3.1 ([7]) Every strategy-proof SCF on a single-peaked domain is group
strategy-proof.

For a set of preferences D, we denote by 7(D) the set of alternatives that appear
as a top-ranked alternative in some preference in D, that is, (D) = Upep{r.(P)}.

Our next corollary follows from Theorem 3.3.1.

Corollary 3.3.1 Let Sy be a single-peaked domain such that ©(S;) = ©(S;) for all
i,j € N. Then, every unanimous and strategy-proof SCF f : Sy — X satisfies Pareto

property.

The proof of Corollary 3.3.1 is rather straight-forward, but for the sake of com-
pleteness, we provide a proof.
Proof: By Theorem 3.3.1, f must be group strategy-proof. Suppose that the corol-
lary does not hold. Then, without loss of generality we can assume that there is a
profile Py € Sywherer,(P,) < r,(P;)forallj € Nsuchthatf(Py) < r,(P,). Note
that this means r,(P,)P;f(Py) for all j € N. Let Py be such that r,(P;) = r,(P,) for

UEor details, see [86].
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all j € N. Note that such a profile Py is in Sy since 7(S;) = 7(§;) foralli,j € N.
By unanimity, f(Py) = r,(P,). This means all the agents together manipulate f at
Py via Py, a contradiction. This completes the proof of Corollary 3.3.1. |

Our next theorem shows that if every agent in a society has the same set of single-
peaked preferences, then each unanimous and strategy-proof SCF on that domain

is tops-only.

Theorem 3.3.2 Let S be a(ny) set of single-peaked preferences. Then, every unani-
mous and strategy-proof SCFf : 8" — X satisfies tops-onlyness.

Note that the set of single-peaked preferences S in Theorem 3.3.2 need not be
regular. The proof of Theorem 3.3.2 is relegated to the Appendix.

Now, we consider situations where different agents can have different sets of
single-peaked preferences. First, we show by means of an example that unanimity

and strategy-proofness do not guarantee tops-onlyness on such domains.

Example 3.3.1 Let N = {1,2,3} and let X = {x,,x,,x,}, where x, < x, < x,.
Suppose that S, = {x,x,x,, %,%,%5, x,00,%,, X,0,%0, }, S, = {x,20,%,, %,%,%,, x,%,%, },
and S, = {xx,x,, x,:0,%,, x,5,%, } where by x,x,x, we mean a preference P such that
x,Px, Px.

Consider the SCF on this single-peaked domain as given in Table 3.4.1. The table is
self-explanatory.

It is easy to verify that the SCF given in Table 3.3.1 is unanimous and strategy-proof.
However, since f(x,%,%;, x,0,%,, %,0,%;) = %, and f(x,0,%,, x,0,%,, %,%,%,) = ,, this

SCEF is not tops-only.

In view of Example 3.3.1, we look for additional conditions on the set of (ad-
missible) single-peaked preferences of each agent so as to ensure tops-onlyness for
every unanimous and strategy-proof SCF on the respective domains. In what fol-
lows, we introduce the notion ofleft-connected and right-connected single-peaked

domains.
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P, = xx,x,

p
P, 2| X0 | XXXy | XXX
X, %, %, X, X, X,
X, %, %5 X X X,
X,%,%, X X X,
X3%,%; X X Xy
P, = x,x,x,
p
P, 2 XXX | XXXy | XXX,
X%, X, X, Xy
X,%, X, X, X, X3
X, %%, X, X, X,
X3, X, X, X,
P, = x,x,x,
P
P, 2 XXX | XXXy | XXX
X, %, %, X, X, X,
X,%, %, X, X, X,
X,%3%, X, X, X,
X3, x5 x, x,

Table 3.3.1 A non-tops-only SCF
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Definition 3.3.1 A regular set of single-peaked preferences S is called left-connected
ifforallx € [a + 1,b), there exists P € S such thatr,(P) = xand r,(P) = x — 1.
Similarly, a regular set of single-peaked preferences S is called right-connected if for all
x € [a,b — 1), there exists P € S such thatr,(P) = x and r,(P) = x + 1.

We call a single-peaked domain Sy left-connected (right-connected) if for each
i € N, S, is a left-connected (right-connected) set of single-peaked preferences.

Note that the domain in Example 3.3.1 is neither left-connected nor right-conn-
ected. This is because, even though the set of preferences S, is both left-connected
and right-connected, the set S, is left-connected but not right-connected whereas

the set S, is right-connected but not left-connected.

Theorem 3.3.3 Let Sy be a left-connected or right-connected single-peaked domain.
Then, every unanimous and strategy-proof SCF f : Sy — X satisfies tops-onlyness.

The proof of Theorem 3.3.3 is relegated to Appendix.

3.4 SCFs oN TOP-CONNECTED SINGLE-PEAKED DOMAINS

In this section, we characterize the unanimous and strategy-proof SCFs on a class
of single-peaked domains.
First, we present an example to show that the structure of the unanimous and

strategy-proof SCFs on arbitrary single-peaked domains is quite intractable.

Example 3.4.1 Fixx,y € Xwithy — x > 2. Foralli € N, let S.” be the set of all
single-peaked preferences such that forallP € S;”,r,(P) € (x,y) impliesr,_.(P) = x
and r,_.+,(P) = y. In other words, the set of preferences S;” is such that if the top-
alternative of a preference is in the interval (x, y), then all the alternatives in that interval
are ranked in the top y — x — 1 positions, and x and y are ranked consecutively after
those alternatives. Similarly, let S} be the set of all single-peaked preferences such that
forallP € 8", r,(P) € (x,y) impliesr,_.(P) = yand r,_.1,(P) = x.
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Letx =P, <P, <...<PB <P, =y.Considerthe SCEf” : Sy — Xas

given below:

median{r,(P,),...,r(P,),B.,---, B, }, ifri(P,) € [x,y)

r.(P,), otherwise

fxy(PN):{

The above SCF can be viewed as a partially median rule in the following sense. Con-
sider the median rule'* defined over the interval [x, y| for the agents in N \ 1 given by
the parameters ([}k)k:o7.__,,,_v where .ng = B forallk = o,...,n — 1. Then, the rule
f? works as follows: if agent 1's top-ranked alternative lies outside the interval [x,y),
then she is the dictator (i.e., the outcome is her top-ranked alternative), otherwise the
outcome is determined by jﬁ . In other words, f* partitions the set of preference profiles
into two subsets, and behaves like a dictatorial rule in one subset and like a (generalized)
median rule in the other.

Similarly, define f* : S}y — X as follows:

median{r,(P,),...,n(P,),B.,---, B, }, ifri(P,) € (x,y]

r.(P,), otherwise

f*(Py) = {

Note that both f7 and f* are unanimous by definition. We show that 7 is strategy-
proof on Sy, but manipulable on SY;. It follows from similar arguments that f* is
strategy-proof on Sy, but manipulable on Sy, .

Clearly, no agent can manipulate f at a profile Py € Sy where r,(P,) ¢ [x,y).
Consider a profile Py € Sy wherer,(P,) € [x,y). Since f?(Py) = median{r,(P,),
ooy i(Pa), Bys -+, B, } and S} is single-peaked, by the property of a median rule,
an agent i # 1 cannot manipulate at Py. Now, consider a preference P, € S¥. If
r(P)) € [x,y), then f*(P,,Px\,) = f*(Py) and hence agent 1 cannot manipulate.
On the other hand, if r,(P)) ¢ [x,y), thenf”'(Pi,PN\l) = r(P) ¢ [x,y). How-

ever, by the definition of S, uP,v for allu € [x,y) and allv & [x,y), this means

1

2A median rule is a min-max rule that is anonymous. More formally, a min-max rule with respect
to parameters (B )sc is a median rule if B = 5 forall S,S C Nwith |S| = |S|. For details see
[54].

38



f7(Pn)Pf? (P, Pn\,), and hence agent 1 cannot manipulate at P.

Now, we show that f* is manipulable on Sy;. Consider a profile Py € Sy where
r(P,) € (x,y) andr,(P;) = xforallj # i. Then, by the definition of f”, f*(Py) = «.
Let P, € S be such that r,(P,) = y. Then, f*(P,,Pyx\,) = y. However, since
P, € 8, by the definition of S, yP,x. This means agent 1 manipulates at Py via P..

It can be verified that the structure of the unanimous and strategy-proof SCFs
will get more complicated as we take x and y farther apart (i.e., increase the length
of the interval [x, y|). This makes the characterization of such SCFs on these do-
mains quite intractable. Therefore, we impose a mild restriction called top-connect-
edness on single-peaked domains, and characterize the unanimous and strategy-
proof SCFs on such domains. We begin with the formal definition of top-connecte-

dness.

Definition 3.4.1 A set of single-peaked preferences S is called top-connected if it is
both left-connected and right-connected.

Note that the minimum cardinality of a top-connected set of single-peaked pref-
erences with m alternatives is 2m — 2. Also, since the maximal set of single-peaked
preferences is top-connected, the maximum cardinality of such a setis 2™ . Thus,
the class of top-connected single-peaked preferences is quite large. In what fol-
lows, we provide an example of a top-connected set of single-peaked preferences

with five alternatives.

Example 3.4.2 Let X = {x,, x,, x;, x,, &, }, where x, < x, < x, < x, < x. Then,
the set of single-peaked preferences in Table 3.4.1 is top-connected.

Note that the domains S;” and S!” in Example 3.4.1 are not top-connected. This
is because, for instance, there is no preference in S;” with y — 1 as the top-ranked
alternative and y as the second ranked alternative. A similar argument holds for
S

.
Now, we provide a characterization of the unanimous and strategy-proof SCFs

on top-connected single-peaked domains.
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Table 3.4.1 A top-connected set of single-peaked preferences

Theorem 3.4.1 Let S; be a top-connected set of single-peaked preferences for alli € N.
Then, an SCEf : Sy — Xisunanimous and strategy-proofif and only if it is a min-max

rule.

The proof of Theorem 3.4.1 is relegated to Appendix.

The following corollary is immediate from Theorem 3.4.1.

Corollary 3.4.1 ([54],[86]) LetS; be the maximal set of single-peaked preferences
foralli € N. Then, an SCFf : Sy — X is unanimous and strategy-proof if and only

if it is a min-max rule.

3.5 MIN-MAX DOMAINS
In this section, we introduce the notion of min-max domains and provide a char-
acterization of these domains.

Definition 3.5.1 Let D; C L(X) for all i € N be a regular set of preferences and let
Dy = H D;. Then, Dy is called a min-max domain if

ieEN

(i) every unanimous and strategy-proof SCF on Dy is a min-max rule, and
(ii) every min-max rule on Dy is strategy-proof.
Our next theorem provides a characterization of the min-max domains.

Theorem 3.5.1 A domain Dy is amin-max domain ifand only if D is a top-connected

set of single-peaked preferences for all i € N.

The proof of Theorem 3.5.1 is relegated to Appendix.

40



3.6 APPLICATIONS

3.6.1 REGULAR SINGLE-CROSSING DOMAINS

In this subsection, we introduce the notion of regular single-crossing domains and
provide a characterization of the unanimous and strategy-proof SCFs on these do-

mains.

Definition 3.6.1 A set of preferences S is called single-crossing if there is a linear order
<Von S such that forallx,y € Xand allP,P € S,

[x < y,P <1 P, and xPy] = xPy.

Definition 3.6.2 A single-crossing set of preferences S is called maximal if there is no

single-crossing set of preferences S’ such that S C §'.

In what follows, we provide an example of a maximal regular single-crossing set

of preferences with five alternatives.

Example 3.6.1 Let X = {x,,x,,x,,x,,x,}, wherex, < x, < x, < x, < x,. Then,
the set of preferences in Table 3.6.1 is maximal regular single-crossing with respect to the
linear order given by P, << P, <A P, < P, <A P, <« P¢ < P, <« Py < Py <
P, < P,,. To see this, consider two alternatives, say x, and x,. Then, x,Px, for all
P € {P,P, P, P, P, P} and x,Px, forallP € {P,, Pg, P, P,,P,}. Therefore,
x,Px, for some P € D and P <1 P imply x,Px,.

Table 3.6.1 A maximal regular single-crossing set of preferences
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REMARK 3.6.1 Note that a maximal regular single-crossing set of preferences is not

unique.

The following lemmas establish two crucial properties of a (maximal) regular

single-crossing set of preferences.

Lemma 3.6.1 ([33], [63]) Every regular single-crossing set of preferences is single-
peaked.

Lemma 3.6.2 Every maximal regular single-crossing set of preferences is top-connected.

The proof of this lemma is left to the reader.
The following corollary follows from Theorem 3.4.1 and Lemma 3.6.2. It charac-
terizes the unanimous and strategy-proof SCFs on maximal regular single-crossing

domains.

Corollary 3.6.1 ([73]) Let S, be a maximal regular single-crossing set of preferences
foralli € N. Then, an SCFf : Sy — X is unanimous and strategy-proof if and only

if it is a min-max rule.

The following corollary is obtained from Theorem 3.4.1 and Lemma 3.6.1. It
characterizes the unanimous and strategy-proof SCFs on top-connected regular
single-crossing domains. Note that in a social choice problem with m alternatives,
the cardinality of a top-connected regular single-crossing set of preferences can
range from 2m —2 to m(m—1) /2, whereas that of a maximal regular single-crossing

set of preferences is exactly m(m — 1) /2.

Corollary 3.6.2 Let S; be a top-connected regular single-crossing set of preferences for
alli € N. Then, an SCFf : Sy — X is unanimous and strategy-proof if and only if it

is a min-max rule.
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3.6.2 MINIMALLY RiCH SINGLE-PEAKED DOMAINS

In this subsection, we present a characterization of the unanimous and strategy-
proof SCFs on minimally rich single-peaked domains. The notion of minimally
rich single-peaked domains is introduced in [61]. For the sake of completeness,

we present below a formal definition of such domains.

Definition 3.6.3 A single-peaked preference P is called left single-peaked (right single-
peaked) if for allu < r,(P) < v, we have uPv (vPu). Moreover, a set of single-peaked
preferences S is called minimally rich if it contains all left and all right single-peaked

preferences.

Clearly, a minimally rich set of single-peaked preferences is top-connected. So,

we have the following corollary from Theorem 3.4.1.

Corollary 3.6.3 Let S; be a minimally rich set of single-peaked preferences for all i €
N. Then, an SCF f : Sy — X is unanimous and strategy-proof if and only if it is a

min-max rule.

3.6.3 DISTANCE BASED SINGLE-PEAKED DOMAINS

In this subsection, we introduce the notion of single-peaked domains that are based
on distances. Consider the situation where a public facility has to be developed at
one of the locations %, . . . , x,,. Suppose that there is a street connecting these lo-
cations, and for every two locations x; and x;,, there are two types of distances, a
forward distance from x; to x;;, and a backward distance from x;, to x;. An agent
bases her preferences on such distances, i.e., whenever a location is strictly closer
than another to her most preferred location, she prefers the former to the latter.
We show that under some condition on the distances, such a set of preferences is
top-connected single-peaked. Below, we present this notion formally.

A directed graph G over X is defined as a pair (X, E), where X denotes the set of
nodes and E C X X X denotes the set of edges. The direction of an edge (x, y) is
from x to y (this is well-defined since (x, y) is an ordered pair). A graph G = (X, E)

43



is called a directed line graph if (x,y) € Eif and only if |x — y| = 1. Consider the
directed line graph G = (X,E) on X. A functiond : E — (0,00) is called a
distance function on G. Given a distance function d, define the distance between two
alternatives x, y as the distance of the path between x and y, i.e., d(x,y) = d(x,x +
1)+...+d(y—1,y)ifx < yandasd(x,y) = d(x,x—1)+. .. +d(y+1,y)ifx > y. A
preference Prespects a distance function difforallx,y € X,d(r,(P),x) < d(r,(P),y)
implies xPy. A set of preferences S is called single-peaked with respect to a distance
functiondif S = {P € L(X) | Prespectsd}.

A distance function satisfies adjacent symmetry if d(x, x+1) = d(x,x—1) forall
x € X\ {a, b}. Below, we provide an example of a set of single-peaked preferences

with respect to an adjacent symmetric distance function.

Example 3.6.2 Let X = {x,, x,,x;,x,, x, }, where x, < x, < x, < x, < x,. The
directed line graph G = (X, E) on X and the adjacent symmetric distance function d
on E are as given below. Then, the set of preferences in Table 3.6.2 is single-peaked with

Figure 3.6.1 The directed line graph G on X and an adjacent symmetric distance
functiond on G

respect to the distance function d.

Table 3.6.2 A set of single-peaked preferences with respected to the distance func-
tion d
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Let G = (X, E) be the directed line graph on X andletd : E — (o0, 00) be
an adjacent symmetric distance function. Then, it is easy to verify that a set of
single-peaked preferences with respect to the distance function d is top-connected.

Therefore, we have the following corollary from Theorem 3.4.1.

Corollary 3.6.4 Let G = (X, E) be the directed line graph on X and let d; : E —
(0,00) be an adjacent symmetric distance function for alli € N. Suppose that for all
i € N, S, is the set of single-peaked preferences with respect to the distance function d;.
Then, f : Sy — X is unanimous and strategy-proof if and only if it is a min-max rule.

3.7 CONCLUDING REMARKS

In this chapter, we have studied social choice problems where the admissible sets of
preferences of all agents are single-peaked. First, we have shown that if the agents
have arbitrary (but same) admissible sets of single-peaked preferences, then ev-
ery unanimous and strategy-proof SCF on corresponding domains satisfies Pareto
property and tops-onlyness. We have further shown that if the admissible sets of
preferences of each agent satisfies a mild condition called left-connectedness (or
right-connectedness), then the same result holds even when different agents have
different admissible sets of single-peaked preferences. Next, we have shown by
means of an example that the exact structure of the unanimous and strategy-proof
SCFs on such domains is quite intractable, and consequently have provided a full
characterization of the unanimous and strategy-proof SCFs under an additional
condition that the admissible set of preferences of each agent is top-connected.
Outstanding examples of top-connected single-peaked domains are maximal single-
peaked domains, minimally rich single-peaked domains, distance based single-pea-
ked domains, and top-connected regular single-crossing domains. Finally, we have
introduced the notion of min-max domains, the domains for which the set of unan-
imous and strategy-proof SCFs coincides with that of min-max rules. We have
shown that a domain is a min-max domain if and only if it is a top-connected single-

peaked domain.
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3.8 APPENDIX

3.8.1 PROOF OF THEOREM 3.3.2

Proof: Let Py € Sy,i € N,and P, € Sbesuchthatr,(P;) = r,(P}). Itisenough to
show that f(Py) = f(P}, Py\;). Suppose not. Let r,(P;) = ,(P;) = x,f(Py) = z,
andf(P/, Px\;) = y. By strategy-proofness, zP;y and yP/z. Since S; is single-peaked
and r,(P;) = r,(P}), this means either y < x < zorz < x < y. Assume without
loss of generality thaty < x < z.Let N = {j € N | r,(P;) > x} andlet Py € Sy
be such that P; = P; forallj € N,and P; = P; forallj ¢ N.

Claim 1. f(P}, Py\;) = y implies f(Py) = y.

By Pareto optimality, f(Py) < x. Iff(Py) € (y, ] then agents in N manipulates
fat (P}, Py\;) via Py. On the other hand, if f(Py) < y, then agents in N manipulate
fat Py via (P}, Pyy;). This completes the proof of Claim 1.

Claim 2. f(Py) = zimplies f(Py) # .
Because zP;y forallj € N, iff(Py) = y, then agents in N manipulates fat Py via
Py. This completes the proof of Claim 2.

However, Claim 2 contradicts Claim 1. This completes the proof of the theorem.

3.8.2 PROOF OF THEOREM 3.3.3

Proof: We prove the theorem for the case where Sy is right-connected, the proof of
the same for the case where Sy is left-connected follows from similar arguments.
It is sufficient to show that f(Py) = f(P}, Px;) forall P;, P; € S;and all Py, €
S\ with r,(P;) = r,(P;). Assume for contradiction, f(Py) # f(P;,Pn). By
strategy-proofness, we have f(Py ) Pf(P;, Py\;) and f(P,, Pxy;)Pif(Py). Assume with-
out loss of generality, (P, Pxy;) < r,(P;) < f(Py). Suppose f(P,,Pyi) = y,
r(P;) = x,and f(Py) = z. LetN, = {j € N | r,(P;) > z}. By Pareto optimality,
N, # (. Consider P, € Sy such thatr, (P]‘) =z —1and rz(P]‘.) = zforallj € N,,
and P, = P forallk ¢ N, By group-strategy-proofness, f(Py) € {z,z — 1}.
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By Pareto optimality, f(Py;) < z — 1. Combining, f(Py) = z — 1. Now, let
N, = {j € N| r,(P;) = z — 1}. Consider Py, € Sy such thatr,(P;) =z — 2and
rz(le) =z —1forallj € N,,and P; = P, forallk ¢ N,. Using similar logic as
before, f(P%,) = z — 2. Continuing in this manner, we construct a profile Py € Sy
such that r, (f’]) = xforallj € Nwithr,(P;) > x, P, = P forall k € N such that
r.(Py) < x,and f(Py) = .

Now, consider the profile Py € Sy such that P, = P/, P, = P ifk € N
such that ,(P;) < «x,and r,(P) = xifk € N\ isuch thatr(P;) > «x. By
Pareto optimality, f(Py) < x. This, together with group-strategy-proofness from
(P}, Pn\;) to Py, implies f(Py) > y. However, by group-strategy-proofness from
Py to (P}, Px\;), we f(Py) < y. Combining, f(Py) = y.

Note that 13]- = P;forallj € Nwithr,(P;) < xandr, (13]) =r,(Pj) forallj € N
with r,(P;) > . This means the group of agents {j € N | r,(P;) = x} manipulates

at Py via ISN, a contradiction. This completes the proof of the theorem. |

3.8.3 PROOF OF THEOREM 3.4.1

Proof: (If part) Note that a min-max rule is unanimous by definition (on any do-
main). We show that such a rule is strategy-proof on Sy. Foralli € N, let S. be
the maximal set of single-peaked preferences. By [86], a min-max rule is strategy-
proof on Sy. Since S; C S, foralli € N, a min-max rule must be strategy-proof
on Sy. This completes the proof of the if part.

(Only-if part) Let S; be a top-connected set of single-peaked preferences for all
i € Nandletf: Sy — Xbe a unanimous and strategy-proof SCF. We show that f
is a min-max rule. First, we establish a few properties of fin the following sequence
of lemmas.

By Corollary 3.3.1 and Theorem 3.3.3, f must satisfy the Pareto property and
tops-onlyness. Also, by Theorem 3.3.1, fis group strategy-proof. Our next lemma

shows that fis uncompromising.

Lemma 3.8.1 The SCF fis uncompromising.
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Proof: Let Py € Sy,i € N,and P, € S;be such thatr,(P;) < f(Py) andr,(P]) <
f(Py). Itis sufficient to show (P, Px\;) = f(Py). Suppose r,(P;) = x, f(Py) = y,
and f(P,, Pn;) = .

By strategy-proofness, we must have y' < «x. This is because, if y' € [«, ), then
agent i manipulates at Py via P,. On the other hand, ify’ > y, then by means of the
fact that r,(P;) < y, agent i manipulates at (P,, Py;) via P;.

Because y' < x, we assume without loss of generality that r,(P,) = ' and
min(7(P}, Pyy;)) = y'."* Assume for contradiction thaty # y'.

LetT = {j € N | r,(P;) < x}. Forj €T, letP; € S be such that rl(P]{) = x.

Claim 1. f(Py) = y implies (P}, Py 1) = y.

If T is empty, then there is nothing to show. Suppose T'is non-empty. By Pareto
property, f(Pr, Pxyr) > x. Iff(Pr, Pyyr) € [x,7), then the agents in T manipulate
fat Py via (P, PN\T). On the other hand, if f( P/, PN\T) > y, then the agents in T
manipulate fat (P}, Px\r) via Py. This completes the proof of Claim 1.

Let T' = T Ui. Forallj € T let P, € S, be such thatr,(P;) = x.

Claim 2. f(P], Py\;) = y implies f(Prr, Py 1) = «.

Let T” be the set of agents whose top-ranked alternative is y' at the profile (P;,
Py\i). More formally, T = i U {j € N | r(P;) = y'}. Consider the profile
Py € Sysuchthatr,(P)) =y +1forallj € T" and P; = P, for all other agents.
By tops-onlyness of f, we can assume r,(P;) =y forallj € T". However, since
f(P.,Px\i) = ¥, by group strategy-proofness, f(Py) € {y',y' + 1} as otherwise
agentsin T" manipulate fat Py via (P;, PN\,-). Since min(‘r(PN)) = y’+1, by Pareto
property,

f(Py) =y +1.

Using similar logic, we can construct a profile Py € Sy where r, (f’]) =y +2

for all agents j with r,(P;) = y' + 1and f’,— = P; for all other agents, and conclude

BSince f(P}, Px\;) = y',if r.(P]) # ', then by strategy-proofness, f(P;’, Py\;) = y' for some
P! € S;withr,(P]") = y'. Similarly, i r,(P;) < y' forsomej € N\ i, then by strategy-proofness,

f(Pf,P;,PN\{iJ}) =y for some P; € §; with rl(P;) =y
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that

f(f) N) = y/ + 2.
Continuing in this manner, we move all the agents jin T’ to a preference 13j €S
with r, (131) = x while keeping the preferences of all other agents unchanged and

conclude that
f(13TH PN\T’) = X.

This completes the proof of Claim 2.

Now, we complete the proof of the lemma. Consider the profiles (P7, Py\r)
and (IBT/ , Px\17). Note that for an agent j, if r,(P;) > «, then her preference is the
same in both the profiles (P, Pyyr) and (P, P\ ). Moreover, for an agent j, if
r(P;) < x, then her top-ranked alternative is x in both the profiles. Therefore, the
top-alternatives of each agent in these two profiles are the same. However, since
f(Py, Pnr) # f(Pr, Parv), Claim 1 and 2 contradict tops-onlyness of f. This

completes the proof of the lemma. |

The following lemma establishes that fis a min-max rule.
Lemma 3.8.2 The SCF fis a min-max rule.

Proof: Forall S C N, let (P, Plh\,\s) € Sybesuch thatr,(P!) = aforalli € Sand
r(P’) = bforalli € N\ S. Define B :f(Pg,Pf\,\s) forall § C N. Clearly, f, € X
forall S € N. By unanimity, B, = band B, = a. Also, by strategy-proofness,
By < BrforallT C S.

Take Py € Sy. We show f(Py) = rsréilrvl{rg%x{n(P,»), Bs}}. Suppose S, = {i €
N|rn(P) <f(Pn)},S.={i e N|f(Py) <r(P;)},andS, ={i € N | r(P;) =
f(Py)}. By strategy-proofness and uncompromisingness, Bsus, < f(Py) < B
Consider the expression grélzrvl{r?eaéx{rl (Pi),Bs}}. Take S C S,. Then, by Condi-
tion (iii) in Definition 3.2.9, B < P Since r,(P;) < f(Py) foralli € Sand
f(Py) < B < B we have %%x{rl(Pi),ﬁs} = B. Clearly, forall S C N such
that S N S, # O, we have rzrleqsx{rl(Pi), Bs} > f(Py). Consider S C N such
that SN'S, = Pand SN S, # . Then, S C S, U S,, and hence :leus} <
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B;. Therefore, I?Eaéx{r1 (P:), Bst = max{f(P), B} > max{f(Py), B s }- Since
Bsus, < f(Pn), we have max{f(Py), B s } = f(Pn). Combining all these, we
have rsrélg{rflé%x{rl (P;),Bs}} = min{f(Py), B, }. Because f(Py) < B, we have
min{f(Py), B } = f(Py). This completes the proof of the lemma. M The proof

of the only-if part of Theorem 3.4.1 follows from Lemmas 3.8.1 - 3.8.2. |

3.8.4 PROOF OF THEOREM 3.5.1

Proof: The proof of the if part follows from Theorem 3.4.1. We proceed to prove
the only-if part. Let Dy be a min-max domain. We show that D; is top-connected
single-peaked for all i € N. We show this in two steps: in Step 1 we show that D;
is single-peaked for all i € N, and in Step 2, we show that D; is top-connected for
alli € N.

Step 1. Suppose that D; is not single-peaked for some i € N. Then, thereis Q € D;
andx,y € Xsuchthatx < y < r,(Q) and xQy. Consider the min-max rule fﬁ with
respect to (B)scy such that B, = xforall ) C S C N. Take Py € Dy such that
P, = Qandr,(P;) = yforallj € N\ i. By the definition of £, f (Py) = y. Now,
take P, € D, withr,(P)) = x. Again, by the definition of jﬁ , jﬁ (P, PN\,-) = x. This
means agent i manipulates at Py via P}, which is a contradiction to the assumption

that Dy is a min-max domain. This completes Step 1.

Step 2. In this step, we show that D; satisfies top-connectedness for alli € N. As-
sume for contradiction that D; is not top-connected for some i € N. By definition,
D; is regular. Since D; is single-peaked, forall P € D,, r,(P) = a (or b) implies
r,(P) = a+1 (orb — 1). Again, because D; is single-peaked, for all P € D; and
allx € X\ {a, b}, r,(P) = ximpliesr,(P) € {x — 1, x + 1}. Since D, violates top-
connectedness, assume without loss of generality that there existsx € X \ {a, b}

such that forall P € D,, r,(P) = x implies r,(P) = x — 1. Consider the following
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SCF:*4

xifr,(P;) = xand xP;(x — 1) forallj € N\ i,
f(Py) = x —1ifr,(P;) = xand (x — 1)ij for somej € N\ i,

r.(P;) otherwise.

It is left to the reader to verify that fis unanimous and strategy-proof. We show
that f is not uncompromising, which in turn means that f is not a min-max rule.
Let Py € Dy be such that r,(P;) = xand r,(P;) = x — 1for some j # i, and let
P, € D;besuch thatr,(P,) = x + 1. Then, by the definition of f, f(Py) = x — 1
and f(P}, Py\;) = «x + 1. Therefore, because f(Py) = x —1andx —1 < r,(P;) <
r,(P)), the fact that f( P/, Py\;) = x +1is a violation of uncompromisingness. This
completes Step 2 and the proof of the only-if part. |

“Here D; satisfies the unique seconds property defined in [6] and the SCF f considered here is
similar to the one used in the proof of Theorem 5.1 in [6].
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Strategy-proof Rules on Partially
Single-peaked Domains

4.1  INTRODUCTION

4.1.1 BACKGROUND OF THE PROBLEM

MOST OF THE SUBJECT MATTER of social choice theory concerns the study of the
unanimous and strategy-proof SCFs for different admissible domains of prefer-
ences. In the seminal works by [43] and [75], it is shown that if a society has at
least three alternatives and there is no particular restriction on the preferences of
the individuals, then every unanimous and strategy-proof SCF is dictatorial, that

is, a particular individual in the society determines the outcome regardless of the
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preferences of the others. The celebrated Gibbard-Satterthwaite theorem hinges
crucially on the assumption that the admissible domain of each individual is unre-
stricted. However, natural domain restrictions arise in many economic and politi-
cal applications. For instance, in the models of locating a firm in a unidimensional
spatial market ([46]), setting the rate of carbon dioxide emissions ([15]), setting
the level of public expenditure ([69]), and so on, preferences admit a natural re-
striction widely known as single-peakedness. Informally, a single-peaked preference
with respect to some arrangement of the alternatives over a uni-dimensional space,
called a prior order, requires that the preference decreases as one moves away (with
respect to the prior order) from her best alternative.

The study of single-peaked domains dates back to [15], where it is shown that
the pairwise majority rule is strategy-proof on such domains. [54] and [86] have
characterized the unanimous and strategy-proof SCFs on such domains as min-
max rules."* In Chapter 3, we characterize the domains where the set of unanimous

and strategy-proof SCFs coincide with that of min-max rules.

4.1.2 OUR MOTIVATION

Itis both experimentally and empirically established that in many political and eco-
nomic scenarios ([58], [41], and [59]), where the preferences of individuals are
normally assumed to be single-peaked, they are actually not. Nevertheless, such
preferences have close resemblance with single-peakedness. In this chapter, we
model such preferences as partially single-peaked. Roughly speaking, partial single-
peakedness requires the individual preferences to be single-peaked only over a sub-
set of alternatives. It is worth noting that the structure of the unanimous and
(group) strategy-proof rules on such domains are not explored in the literature.
In view of this, our main motivation in this chapter is to develop a general model
for partially single-peaked domains and to provide a characterization of the unan-

imous and (group) strategy-proof rules on those. Below, we present some evi-

l9] and [24] provide equivalent presentations of this class of SCFs.
?A rich literature has developed around the single-peaked restriction by considering various
generalizations and extensions (see [9], [29], [76], [55], and [56]).
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dences of partially single-peaked domains in the literature. In Section 4.4, we will
formally define these notions and show that they are special cases of partially single-

peaked domains.

MULTI-PEAKED DOMAINS

In many practical scenarios in economics and politics, the preferences of the in-
dividuals often exhibit multi-peakedness as opposed to single-peakedness. As the
name suggests, multi-peaked preferences admit multiple ideal points in a unidi-
mensional policy space. We discuss a few settings where it is plausible to assume

that individuals have multi-peaked preferences.

« Preference for ‘Do Something’ in Politics: [28] and [32] consider public (de-
cision) problems such as choosing alternate tax regimes, lowering health
care costs, responding to foreign competition, reducing the national debt,
etc. They show that a public problem is perceived to be poorly addressed
by the status-quo policy, and consequently some individuals prefer both
liberal and conservative policies to the moderate status quo. Clearly, such a
preference will have two peaks, one on the left of the status quo and another

one on the right.

o Multi-stage Voting System: [78], [31], [34], etc. deal with multi-stage vot-
ing system where individuals vote on a set of issues where each issue can
be thought of as a unidimensional spectrum and voting is distributed over
several stages considering one issue at a time. In such a model, preference
of an individual over the present issue can be affected by her prediction of
the outcome of the future issues. In other words, such a preference is not
separable across issues. They show that the preferences of the individuals

in such scenarios exhibit multi-peaked property.

« Provision of Public Goods with Outside Options: [13], [80], and [14] con-
sider the problem of setting the level of tax rates to provide public funding

in the education sector, and [49] and [37] consider the same problem in
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the health insurance market. They show that the preferences of individuals
exhibit multi-peaked property due to the presence of outside options (i.e.,
the public good is also available in a competitive market as a private good).
For instance, in the problem of determining educational subsidy, an indi-
vidual with lower income may not prefer a moderate level of subsidy since
she cannot afford to bear the remaining cost for higher education. Thus,
her preference in such a scenario will have two peaks - one at a lower level
of subsidy so that she can achieve primary education, and another one at a
very high level of subsidy so that she can afford the remaining cost for higher

education.

« Provision of Excludable Public Goods: [42] and [2] consider public good pro-
vision models such as health insurance, educational subsidies, pensions, etc.
where the government provides the public good to a particular section of in-
dividuals, and show that individuals’ preferences in such scenarios are multi-

peaked.

SINGLE-PEAKED DOMAINS WITH RESPECT TO PARTIAL ORDERS

In the literature, single-peaked domains are generally considered with respect to
some (prior) linear order. Such a preference restriction requires an individual to
order (a priori) the whole set of alternatives in a linear fashion. However, it is well-
documented in psychology that in many situations individuals are unable to derive
a complete ordering over the alternatives. For instance, in the political science lit-
erature, it may not be possible for the individuals to unambiguously order the par-
ties who are moderate in their policies (center parties) over the policy spectrum.
Similarly, in a public good provision problem where locations are distributed over
different geographical regions, even though individuals can derive some prior or-
dering (based on traffic distance or so) over the locations that are in same region,
but they may not be able to do the same for locations in different regions. Such
a situation can only be modeled by considering single-peaked domains with re-

spect to prior orderings that are incomplete (or partial). In this respect, our work
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is closely related to [ 18] who consider semi-lattice single-peakedness - preferences

that are single-peaked with respect to a semi-lattice (which is a partial order).

MULTIPLE SINGLE-PEAKED DOMAINS

[67] introduces the notion of multiple single-peaked domains. Such a domain is
defined as a union of some domains each of which is single-peaked with respect
to some prior orderings over the alternatives. A plausible justification for such a
domain restriction is provided by [57] who argues that the alternatives can be or-
dered differently using different criteria (which he calls an impartial culture) and it
is not publicly known which individual uses what criterion. On one extreme, such
a domain becomes an unrestricted domain if there is no consensus among the indi-
viduals on the prior order, and on the other extreme, it becomes a maximal single-
peaked domain if all the individuals agree on a single prior order. Itis worth noting

that such domains can be seen as a special case of partially single-peaked domains.

SINGLE-PEAKED DOMAINS ON GRAPHS

[76] considers domains that are based on some graph structure over the alterna-
tives (e.g,, locating a new station in a rail-road network). They assume that the in-
dividuals derive their preferences by using single-peakedness over some spanning
tree of the underlying graph. In this chapter, we show that when the underlying
graph has some specific structure (involves a cycle or so), then the induced do-

mains become partially single-peaked.

4.1.3 OUR CONTRIBUTION

In this paper, we develop a general model for partially single-peaked domains which
capture the non-single-peaked domains that commonly arise in practical scenarios.
Formally speaking, we assume that the whole interval of alternatives is divided into
subintervals such that every preference in the domain is required to satisfy single-
peakedness over each of those subintervals, and is allowed to violate the property

outside those. We characterize the unanimous and strategy-proof SCFs on such
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domains as partly dictatorial min-max rule (PDMMR). Loosely put, a PDMMR
acts like a min-max rule over the subintervals where the domain respects single-
peakedness and like a dictatorial rule everywhere else.

The class of partially single-peaked domains that we consider in this paper is
quite large. It includes single-peaked domains on one extreme and unrestricted do-
mains on the other. To corroborate this fact, we prove that partially single-peaked
domains contain almost all domains on which (i) every unanimous and strategy-
proof SCF isa PDMMR, and (ii) every PDMMR is strategy-proof.

4.1.4 RELATION WITH [67]

In this section, we compare our results with those of [67]. [67] provides a char-
acterization of the unanimous and strategy-proof SCFs on multiple single-peaked
domains. We think our results significantly improve that in [67] from both practi-

cal and theoretical point of views.

PRACTICAL POINT OF VIEW

« Multiple single-peaked domains assume that every preference is single-peaked
with respect to some prior ordering. However, this is a strong requirement
for practical purposes. For instance, consider the situation where the loca-
tions x,, . .., x,, are arranged on a street. Suppose further that there is a
direct route from x, to xg. This means that a preference with x, at the top
may have xg as its second ranked alternative, and that with x; at the top may
have x, as second ranked alternative and vice-versa. However, it is not pos-
sible for the designer to assume any ordering with respect to which such a
preference will be single-peaked (particularly, over the alternatives x;, x;,
and «x,). Thus, such domains violate the basic principle of multiple single-
peaked domains which assumes that every agent derives his/her preference

with respect to some prior ordering over the alternatives.

« Multiple single-peaked domains require each single-peaked domain to be

maximal. Such a single-peaked domain requires 2™ preferences, where m
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is the number of alternatives. This is a strong requirement since many do-
mains of practical importance such as Euclidean etc. do not satisfy this con-
dition. In contrast, our result applies to multiple single-peaked domains that
require each single-peaked domain to be only top-connected. It is worth
noting that the number of preferences in such single-peaked domain can
range from 2m — 2 to 2™, This significantly improves the applicability of

multiple single-peaked domains.

THEORETICAL POINT OF VIEW

« In general, a major step in characterizing the unanimous and strategy-proof
SCFs on a domain is to show that the domain is tops-only. In case of multi-
ple single-peaked domains, tops-onlyness follows from [20]. However, the

same does not follow for partial single-peaked domains.

« It follows from [7] that every unanimous and strategy-proof SCF on multi-
ple single-peaked domain is group strategy-proof. However, the same does
not hold for partially single-peaked domains. We establish this indepen-
dently in this paper.

4.1.5 OTHER RELATED PAPERS

[19] study a related restricted domain known as a semi-single-peaked domain. Such
a domain violates single-peakedness around the tails of the prior order. They show
thatifa domain admits an anonymous (and hence non-dictatorial), tops-only, unan-
imous, and strategy-proof SCF, then it is a semi-single-peaked domain. However,
we show that if single-peakedness is violated around the middle of the prior order,
then there is no unanimous, strategy-proof, and anonymous SCF. Thus, our char-
acterization result on partially single-peaked domains complements that in [19].
Recently, [3] provide necessary and sufficient conditions for the comparability of
two min-max rules in terms of their vulnerability to manipulation. However, our
results identify the min-max rules that are manipulable if single-peakedness is vio-

lated over a subset of alternatives.
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4.1.6 REMAINDER

The rest of the chapter is organized as follows. We describe the usual social choice
framework in Section 4.2. In Section 4.3, we presents our main results. Section
4.4 provides a few applications of our results, and the last section concludes the

chapter. All the omitted proofs are collected in Appendix 4.6.

4.2 PRELIMINARIES

Let N = {1,...,n} be a set of at least two agents, who collectively choose an
element from a finite set X = {a,a+1,...,b —1, b} of at least three alternatives,
where a is an integer. For x,y € X such thatx < y, we define the intervals [x, y| =
{zeX[x<z<yhlxy) = )]\ U} (ey] =[xy \ {x}, and (x,y) =
[x,9] \ {x,y}. Throughout this chapter, we denote by x and X two arbitrary but
fixed alternatives such that x < ¥ — 1. For notational convenience, whenever it is
clear from the context, we do not use braces for singleton sets, i.e., we denote sets
{i} byi.

A preference P over X is a complete, transitive, and antisymmetric binary rela-
tion (also called a linear order) defined on X. We denote by IL(X) the set of all
preferences over X. An alternative x € X is called the k™ ranked alternative in a
preference P € IL(X), denoted by r(P), if |[{a € X | aPx}| = k — 1. For no-
tational convenience, sometimes we denote by P = «xy ... a preference P with
r(P) = xand r,(P) = y. A domain of admissible preferences, denoted by D,
is a subset of L(X). An element Py = (P,,...,P,) € D"is called a prefer-
ence profile. The top-set of a preference profile Py, denoted by 7(Py), is defined
as 7(Py) = {x € X | r,(P;) = xforsomei € N}.

4.2.1 DOMAINS AND THEIR PROPERTIES

In this subsection, we introduce a few properties of a domain and a class of do-

mains.
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Definition 4.2.1 A domain D of preferences is regular if for all x € X, there exists a
preference P € D such that r,(P) = «.

All the domains we consider in this chapter are assumed to be regular.

Definition 4.2.2 A domain D satisfies the top-connectedness property if for all x, y €
Xwith |x — y| = 1, thereis P € D suchthatP = xy. . ..

GRAPH OF A DOMAIN

In this subsection, we introduce the notion of the graph of a domain. First, we
introduce a few graph theoretic notions. A directed graph G is defined as a pair
(V, E), where Vis the set of nodes and E C V X Vis the set of directed edges, and
an undirected graph G is defined as a pair (V, E), where V is the set of nodes and
E C {{u,v} | u,v € Vandu # v} is the set of undirected edges. For a graph
(directed or undirected) G = (V,E), a subgraph G' of G is defined as a graph
G = (V,E'), where E' C E. For two graphs G, = (V,,E,) and G, = (V,,E,),
the graph G, U G, is definedas G, U G, = (V, U V,, E, UE,).

All the graphs we consider in this chapter are of the kind G = (X, E), i.e., whose

node set is the set of alternatives.

Definition 4.2.3 A directed (undirected) graph G = (X, E) is called the directed
(undirected) line graph on X if (x,y) € E ({x,y} € E) ifand onlyif |x — y| = 1.

Definition 4.2.4 A graph G is called a directed (undirected) partial line graph if G
can be expressed as G, U G,, where G, = (X, E,) is the directed (undirected) line graph
on X and G, = ([x,%|, E,) is a directed (undirected) graph such that (x,y), (x,z) €
E, ({x,y},{x,2} € E,) forsomey € (x + 1,%] andz € [x,x —1).

In Figure 4.2.1, we present a directed partial line graphon X = {x,, x,, x,, x,, ;, %,

x,} where x = x, and ¥ = x.

Definition 4.2.5 The top-graph of a domain D is defined as the directed graph (X, E)
such that (x,y) € E if and only if there exists a preference P = xy ... € D.
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0=0=0=0=0=0=0

Figure 4.2.1 A directed partial line graph

Note that a domain satisfies the top-connectedness property if and only if its

top-graph is the directed line graph on X.

4.2.2  SINGLE-PEAKED DOMAINS

Definition 4.2.6 A preference P € 1L(X) is called single-peaked if for all x,y € X,
[x <y < r(P)orr,(P) <y < x| implies yPx. A domain is called single-peaked if
each preference in it is single-peaked, and a domain is called maximal single-peaked if it

contains all single-peaked preferences.

Definition 4.2.7 A domain is called top-connected single-peaked if it is both top-conne-
cted and single-peaked.
4.2.3 PARTIALLY SINGLE-PEAKED DOMAINS

In this section, we consider a class of domains that violates single-peaked property
over the interval [x, x| and exhibits the property everywhere else. We call such

domains partially single-peaked domains which are formally defined below.

Definition 4.2.8 A domain S is said to satisfy single-peakedness outside [x, %] if for
allP € S,allu ¢ (x,%), and allv € X,

[v <u<r(P)orr(P)<u< v} implies uPv.

To gain more insight about Definition 4.2.8, first consider a preference with
top-ranked alternative in [x, x|. Then, Definition 4.2.8 says that such a preference

satisfies single-peakedness over the intervals [a, x| and [, b]. That is, the relative
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ordering of two alternatives u, v is derived by using single-peaked property when-
ever both of them are either in the interval [a, x| or in the interval [, b]. Note that
Definition 4.2.8 does not impose any restriction on the relative ordering of an al-
ternative in [x, %] and any other alternative. Next, consider a preference P such
that r,(P) ¢ [x,x]. Suppose, for instance, r,(P) € [a,x). Then, Definition 4.2.8
says that (i) P satisfies single-peakedness over the interval [a, r,(P)], and (ii) if an
alternative u lies in the interval (r,(P), x| or in the interval [, b], then, as required
by single-peakedness, it is preferred to any alternative v in the interval (u, b]. Thus,
Definition 4.2.8 does not impose on P any restriction on the relative ordering of an
alternative in (x, X) and an alternative in [, b]. Therefore, in particular, Definition
4.2.8 does not impose any restriction on any preference on the relative ordering of

two alternatives in the interval (x, x).

Definition 4.2.9 A domain S is said to violate single-peakedness over [x, x| if there
exist Q = xy...,Q = xz... € S such that either [y € (x+1,x)andz €

(2, % —1)] or [y =% andz = x].

Note thatsincer,(Q) > r,(Q)+1andr,(Q’) < r,(Q’) —1,both the preferences
Q and Q' violate single-peakedness. This, together with the facts that r,(Q) = x,
r(Q) = % and ,(Q),r,(Q) € (x,x), implies that a domain with those two
preferences violates single-peakedness over [x, x|. In Section 4.3.2, we show that
the particular restrictions on the second-ranked alternatives of Q and Q' given in

Definition 4.2.9 are necessary for the results we derive in this chapter.

REMARK 4.2.1 Definition 4.2.9 considers violation of single-peakedness only over in-
tervals. It may seem that the possibility of violating this over several intervals is excluded
in this definition. However, as we argue in the following, that is not the case. Note that
by Definition 4.2.9, if a domain violates single-peakedness over several intervals, then it
also violates the same over the minimal interval that contains all those. Thus, for the
notion of violation of single-peakedness that we consider in this chapter, it is enough to

consider it over an interval.

Definition 4.2.10 A domain S is called partially single-peaked if
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(i) it satisfies single-peakedness outside [x, x| and violates it over [x, X|, and

(i) it contains a top-connected single-peaked domain.

REMARK 4.2.2 Condition (ii) in Definition 4.2.10 may not seem to be essential in
modeling non-single-peaked preferences that arise in political and economic scenarios.
However, we feel this is not the case. In most political and economic scenarios where
a prior ordering over the alternatives exists (naturally), non-single-peaked preferences
arise because some individuals may not use that ordering completely in deriving their
preferences. However, there is no logical ground to rule out the possibility that some in-
dividuals may still use that ordering in deriving their preferences. Thus, one must allow

for the single-peaked preferences in such domains.

We illustrate the notion of partially single-peaked domains in Figure 4.2.2. Fig-
ure 4.2.2(a) and Figure 4.2.2(b) present partially single-peaked preferences P with
r(P) € [x,%| and r,(P) € [a,x), respectively. Figure 4.2.2(c) presents partially
single-peaked preferences Q = xy...and Q' = xz...wheny € (x + 1,%) and
z € (x,x — 1), and Figure 4.2.2(d) presents those wheny = ¥ and z = x. Note
that, as explained before, all these preferences are single-peaked over the intervals
a, x| and [, b]. Furthermore, for the preference depicted in Figure 4.2.2(a), there
is no restriction on the ranking of the alternatives in the interval (x, %), and for the
one shown in Figure 4.2.2(b), there is no restriction on the ranking of the alterna-
tives in the interval (x, X) except that x is preferred to all the alternatives in (x, b].
Also, for the preferences in Figures 4.2.2(c) and 4.2.2(d), there is no restriction
on the ranking of the alternatives in (x, %) other than that on the second-ranked
alternatives.

Now, we interpret Definition 4.2.10 in terms of its top-graph. Let G be the top-
graph of a partially single-peaked domain. Then, G can be written as G, UG,, where
G, = (X, E,) is the directed line graph on X and G, = ([, x|, E,) is a directed
graphsuch that (x,7,(Q)), (¥,7.(Q’)) € E, wherer,(Q) € (x+1,%]andr,(Q’) €

[x, x—1). Therefore, Gis a directed partial line graph. In Example 4.2.1, we present
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a ¥ n(P) = booa ) x 5 b

(a) Partially single-peaked preference P with (b) Partially single-peaked preference P with
n(P) € [&v%} rl(P) € [“7&)

a n(Q =x ® b f @)=y

(@) =% [

(@

(C) Partially single-peaked preferences Q, Q' with x +1<r,(Q) <% and x < r,(Q') <% —1

nQ =% p e n@) =x (@) =% b

(d) Partially single-peaked preferences Q, Q' with r,(Q) =& and r,(Q’) = %

Figure 4.2.2 Partially single-peaked preferences

a partially single-peaked domain with seven alternatives, and in Figure 4.2.3, we

present the top-graph of that domain.

Example 4.2.1 Let X = {xl, Xyy Xy, Xy, X, X, x7}, wherex, < x, < x, < x, <
x, < x5 < X, and let x = x, and X = xs. Then, the domain in Table 4.2.1 is a par-
tially single-peaked domain. To see this, first consider a preference with top-ranked al-
ternative in the interval x,, x|, say P,. Note that x,P,x,P.x, and xsP.x., which means
P, is single-peaked over the intervals [x,, x| and |xs, x,]. Moreover, the position of x,
is completely unrestricted (here at the bottom) in P,. Next, consider a preference with
top-ranked alternative in the interval |x,, x,), say P,. Once again, note that P, is single-

peaked over the intervals [x,, x,| and [xs, x,|. Further, x, is preferred to the alternatives
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x,, X, X, X,, and there is no restriction on the relative ordering of the alternatives x,
and x, (here x,P,x,). Thus, the domain in Table 4.2.1 satisfies single-peakedness out-
side the interval [x;, x). Now, consider the preferences Q and Q'. Since r,(Q) = x,
r(Q) = x, 1 (Q) = x¢ and r,(Q') = «,, this domain violates single-peakedness
over [x;, x4). Finally, note that the domain contains a top-connected single-peaked do-
main given by P,, P, P,, P, Ps, Py, Py, P, P,,, P,,, P,;, and P,,.

Table 4.2.1 A partially single-peaked domain

The top-graph G of the domain in Example 4.2.1 is given in Figure 4.2.3. Note
that G is a partial line graph since it can be written as G, U G,, where G, is the di-
rectedline graph on {x,, x,, x,, x,, x, %4, %, } and G, isa directed graph on {x,, x,, x,, xs }

having edges (x,, x,), (x,, xs) and (xg, x, ).

0=0=0=0=0=0=0

Figure 4.2.3 Top-graph of the domain in Example 4.2.1

4.2.4 SociaL CHOICE FUNCTIONS AND THEIR PROPERTIES

In this section, we introduce the notion of social choice functions and discuss their

properties.
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Definition 4.2.11 A social choice function (SCF) fon D" is a mapping f : D" — X.

Definition 4.2.12 An SCFf : D" — Xis unanimous if for all Py € D" such that
r.(P;) = xforalli € N and some x € X, we have f(Py) = x.

Definition 4.2.13 An SCFf : D" — X is manipulable if there exists i € N, Py €
D", and Pl/- € D such that f(Pl/., Py\i)Pf(Py). An SCF f is strategy-proof if it is not

manipulable.

Definition 4.2.14 AnSCFf: D" — Xis called dictatorial if there exists i € N such
that for all Py € D", f(Py) = r,(P).

Definition 4.2.15 A domain D is called dictatorial if every unanimous and strategy-
proof SCEf : D" — Xis dictatorial.

Definition 4.2.16 Two preference profiles Py, Py, are called tops-equivalent if r,(P;) =
r.(P.) for all agentsi € N.

Definition 4.2.17 An SCFf : D" — X is called tops-only if for any two tops-
equivalent Py, Py, € D", f(Py) = f(Py)

Definition 4.2.18 A domain D is called tops-only if every unanimous and strategy-
proof SCEf : D" — X is tops-only.

Definition 4.2.19 AnSCFf: D" — Xis called uncompromising if for all Py € D",
alli € N,and all P, € D:

(i) ifr,(P;) < f(Py) and r,(P}) < f(Py), then f(Py) :f(P;,P_,-), and

(i) iff(Py) < r,(P;) and f(Py) < r,(P}), then f(Py) = f(P,,P_,).

REMARK 4.2.3 If an SCF satisfies uncompromisingness, then by definition, it is tops-
only.
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Definition 4.2.20 Let f = (B)scn be a list of 2" parameters satisfying: (i) B € X
forall S C N, (ii) By =1b By =aand (iii) forany S C T, B, < Bs. Then, an SCF
ff . D" — Xis called a min-max rule with respect to  if

£ (Px) = min{max{r,(P), B} }.
REMARK 4.2.4 Every min-max rule is uncompromising.3

Definition 4.2.21 A min-max rule f* : D" — X with parameters p = (B s)sCn s
a partly dictatorial min-max rule (PDMMR) if there exists an agent d € N, called the
partial dictator of ff, such that B, € [a,x] and Paa € [x, b].

In Lemma 4.3.1, we explain why the particular agent d is called the partial dicta-

tor of f£.

REMARK 4.2.5 [67]defines partly dictatorial generalized median voter scheme (PDG-
MVS) on multiple single-peaked domains. It can be shown that PDMMR coincides with
PDGMUVS on those domains.*

4.3 RESULTS

4.3.1 UNANIMOUSAND STRATEGY-PROOF SCFS ON PARTIALLY SINGLE-PEAKED

DomMaiINs

In this subsection, we characterize the unanimous and strategy-proof SCFs on par-
tially single-peaked domains as partly dictatorial generalized median voter schemes.
First, we present a lemma that justifies why the agent d in Definition 4.2.21 is
called the partial dictator. It shows thata PDMMR chooses the top-ranked alterna-
tive of the partial dictator whenever that lies in the interval [x, x|. It further shows
that it chooses an alternative in the interval [a, x] or [, b] depending on whenever

the top-ranked alternative of the partial dictator lies in that interval.

3For details, see [86].
*For details see the proof of Theorem 3.1 in [67].

67



Lemma 4.3.1 Letf’ : D" — X bea PDMMR. Suppose agent d is the partial dictator

of f£. Then,
(i) f(Py) € [a.a] if r.(Py) € [a,),
(i) f(Py) € [7,b]ifr.(Py) € (%, b], and
(iii) ff(Py) = r.(Pa) if ri(Pa) € [x,].

Proof: First, we prove (i). The proof of (ii) can be established using symmetric
arguments. Assume for contradiction that r,(Py) € [a, x) and ff(Py) > x. Since f*
is a min-max rule, f* is uncompromising. Therefore, f* (P, Pywa) = f(Py), where
r(P,) = a. Again by uncompromisingness, we have f*(Py) > f(Py), where
r(P)) = bforalli # d. Because f*(Py) > x, this means f(P},) > x. However,
by the definition of f/, #(P},) = B g Since B, € [a, x, this is a contradiction. This
completes the proof of (i).

Now, we prove (iii). Without loss of generality, assume for contradiction that
r(P;) € [x,%| and ff(Py) > r,(P,). Using a similar argument as for the proof of
(i), we have f*(P}) > ff(Py), where r,(P,) = aand r,(P}) = bforalli # d. This,
in particular, means f*(P}) > «x. Since by the definition of f/, f(P}) = f, and
B, € [a, x|, this is a contradiction. This completes the proof of (iii). |

Now, we present a characterization of the the unanimous and strategy-proof

SCFs on partially single-peaked domains.

Theorem 4.3.1 LetS bea partially single-peaked domain. Then, an SCFf : S" =X
is unanimous and strategy-proof if and only if it is a PDMMR.

The proof of the Theorem 4.3.1 is relegated to Appendix 4.6.

Our next corollary is a consequence of Lemma 4.3.1 and Theorem 4.3.1. It char-
acterizes a class of dictatorial domains, and thereby it generalizes the celebrated
Gibbard-Satterthwaite ([43], [75]) results. Note that our dictatorial result is inde-
pendent of those in [6], [74], [62], and so on.

Corollary 4.3.1 Letx = aandx = b. Then, every partially single-peaked domain is

dictatorial.
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4.3.2 A RESULT ON PARTIAL NECESSITY

In Subsection 4.3.1, we have focused on partially single-peaked domains and have
shown that every unanimous and strategy-proof SCF on those is a PDMMR. In
this subsection, we look at the converse of this problem, that is, we focus on PDMMR
and investigate the class of domains where these rules are unanimous and strategy-
proof. We show that the partially single-peaked domains are almost all domains
with this property. This indicates that our notion of partial single-peaked domains

is quite general. A formal definition is as follows.

Definition 4.3.1 A domain D is called a PDMMR domain if
(i) every unanimous and strategy-proof SCF on D" is a PDMMR, and

(i) every PDMMR on D" is strategy-proof.

By Theorem 4.3.1, every partially single-peaked domain is a PDMMR domain.
In what follows, we show that a domain has to be very close to a partially single-
peaked domain in order to be a PDMMR domain.

Conditions (i) and (ii) in Definition 4.2.10 are obviously strong conditions. In
what follows, we show by means of Lemma 4.3.2, Example 4.3.1 and Example 4.3.2
that Condition (i) in the said definition is necessary for a domain to be a PDMMR
domain. Regarding Condition (ii), in Example 4.3.3, we provide a domain that
fails to satisfy Condition (ii) (but satisfies Condition (i)) and is not a PDMMR
domain. Note that this does not prove that Condition (ii) is necessary (even in
the presence of Condition (i)) since there are many ways this condition can be
violated, and here we consider a particular type of violation of it. Thus, Conditions
(i) and (ii) are close to being necessary in an appropriate sense for a PDMMR

domain.

Lemma 4.3.2 Let D be a PDMMR domain. Then, D satisfies single-peakedness out-

side [x, x|.
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Proof: First, we show that a preference with top-ranked alternative in [x, ¥] satisfies
single-peakedness outside [x, X]. Without loss of generality, assume for contradic-
tion that there exists P € D withr, (13) € [x, x| such that uPv for some u < v < x.
Consider the PDMMR jﬁ : D" — X, where

vif S = {1},

B—{ withycs,
bif1 §§ S.

We show that f* is not strategy-proof. Note that agent 1 is the partial dictator of
f/. Consider the preference profile Py € D" such that r,(P,) = a, P, = P, and
r(P;) = bforallj # 1,2. Then, by the definition of £, f(Py) = v. LetP, € D
be such that r,(P,) = u. Again, by the definition of f*, f* (P, Py\,) = u. Since uPy,
this means agent 2 manipulates at Py via P..

Now, we show that a preference with top-ranked alternative outside [x, x| satis-
fies single-peakedness outside [x, x|. Without loss of generality, assume for contra-
diction that there exist P € D with r,(P) € [a,x) and u,v € X withu ¢ (x, %)
such that [v < u < r,(P)orr,(P) < u < v] andvPu. If [v < u < r,(P)] and
vPu, then using a similar argument as for the proof of the necessity of Condition
(i), it follows that there is a PDMMR on D" that is manipulable. Hence, assume
r.(P) < u < vand vPu. We distinguish two cases.

CASE 1. Suppose u < x.
Consider the PDMMR f* : D" — X, where

g = uifi1 € Sand S # N,
S bif1 ¢ S.

We show that ff is not strategy-proof. Let Py € D" be such that P, = P and
r,(P;) = bforallj # 1. Then, by the definition of £, f/(Py) = u. Let P! € Dbe
such that r,(P!) = v. Again, by the definition of £, (P!, Py\,) = v. Since vPu,

agent 1 manipulates at Py via P/.
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CASE 2. Suppose x < u.
Since u ¢ (x,%), this means # < u. Consider the PDMMR ff : D" — X,

where
g, — aif1 € S,
s uif1 ¢ Sand S # 0.

We show that jﬂ is not strategy-proof. Let Py € D" be such that P, = Pand
r,(P;) = bforallj # 2. Then, by the definition of f,ff(Py) = u. Let P, € Dbe
such that r,(P)) = v. Again, by the definition of f, f*(P., Py\,) = v. Since vPu,

. . /
agent 2 manipulates at Py via P,. |

Now, we discuss the necessity of the existence of two particular preferences
Q, Q' as mentioned in Definition 4.2.9. Recall that Definition 4.2.9 requires two
non-single-peaked preferences Q = xy...and Q' = xz...in D such that either
[y € (x+1,x)andz € (x,%x — 1)} or [y = Xandz = @]. Suppose a domain
D satisfies single-peakedness outside [x, ]. Suppose further that it contains a non-
single-peaked preference of the form Q, but no preference of the form Q'. In the
following example, we construct a two-agent unanimous and strategy-proof SCF

on such a domain that is not a PDMMR.

Example 4.3.1 Let X = {xl, Xyy Xyy Xy xs}, where x, < x, < x; < x, < «,.
By P = x,x,x,x,x,, we mean a preference P such that x,Px,Px,Px,Px,. Consider the

domain as follows:

D ={2,20,%,00, X, 2,X500, X5, Xy%,00,5, X s XXy, XX, Kyp2,00, Xy Xy, XXXy 5 X, X35,

00, X523 X, X, Ky X3, -

Note that D \ {x,x,x,x5x,} is a top-connected single-peaked domain and the pref-
erence x,X,x,xx, is of the form Q where x = x, and x > x,. However, there is
no preference in D of the form Q', that is, no preference Q with r,(Q') > «x, and
r(Q) € [x,n(Q) — 1). In Table 4.3.1, we present a two-agent SCF that is unani-
mous and strategy-proof but not a PDMMR.
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P, P, XXXy Xy | XXX XX | XXXy XX | XXX XXy | XXoXX, X | Xy, XXX, | Xy X0000K0 | XXX 0,K0 | XX XX, X,
X XXX X X, X, X, X, X, x, x, X, X,
XXX XX X, X, X, X, X, X, X, X, X,
X005, X, X, x, x, x, x, X,

XX XX, X, X, X, X, x, x, x, X, X,
X300, %X, X, EA x, x, X, X, X, X, Xy
Xy, XX, X, X, X, X, X, X, X, X, X, Xy
X %5 0,5, X, X X, X, X, X, x, X, X,
Xy XXX, X, X, EA X, X, X, X, X, X, x,
XX 432, X, X, Xy X, X, X, X, x, X, xg

Table 4.3.1 A unanimous and strategy-proof SCF which is nota PDMMR

It is left to the reader to verify that the SCF presented in Table 4.3.1 is unanimous and
strategy-proof. Note that it violates tops-onlyness at the preference profiles (x,x,x5%,%, , %,5,%,%, X, )

and (x,x,%,%,%, , %,%,%,%, ), and hence it is not a PDMMR.

Now, suppose that D contains two non-single-peaked preferences Q and @',
however, they do not satisfy Definition 4.2.9 for their second-ranked alternatives.
In the following example, we construct a two-agent unanimous and strategy-proof

SCF on such a domain D that is not a PDMMR.

Example 4.3.2 Let X = {x,, x,,%;,x,,x,}, where x, < x, < x, < x, < «,.
Let D be the domain given in Example 4.3.1. Consider the domain D U {xsx,x,x,x, }.
As pointed out in Example 4.3.1, D \ {x,x,x,x5x,} is a top-connected single-peaked
domain. Consider the non-single-peaked preferences x,x,x,x.x, and x.x,x,x,x,. They
can be considered as Q and Q' only if x = x, and x = x,. However, since their second-
ranked alternatives are x, and x,, respectively, they do not satisfy Definition 4.2.9. In
Table 4.3.2, we present a two-agent SCF that is unanimous and strategy-proof but not
a PDMMR.

Note that the restriction of the SCF presented in Table 4.3.2 to D* is same as the SCF
presented in Table 4.3.1. It is left to the reader to verify that this SCF is unanimous and
strategy-proof. However, as pointed out in Example 4.3.1, it violates tops-onlyness, and
hence it is not a PDMMR.

Our next example shows that the requirement of top-connectedness in addition

with single-peakedness as given in Condition (ii) is necessary. In fact, we show that
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P,
p XXX X X | XXX XX, | XXX, K | XXX XX, | XXX XX | N XXX, | X XXX | X XXX, | XX XXX, | XXX, XK,

\

XX, X, X, X X, X, X. X, X, X, X,
2,05, XX, X, EA X X, N X N EN X5 X,
Xy, X5, X . X, X X, X, X, X, x, x, X.
X, X35, XX, X X, X. X, X. X. X, X, X, X.
Xy,%,0, 0 X X, X X, EX EX EX EX X, X,
235, X%, %, X. Xy X. X, x X Xy EN N EA
X%, X Xy X X, X Xy X, X, X, X,
XXX, X, X X, X. X, EX EX X, X, X, X,
XK X%, %, X Xy X X, x EN x, x, X £
XX, X X5, X X, X x, EA EA X, X, EA X

Table 4.3.2 A unanimous and strategy-proof SCF which is not a PDMMR

if a single-peaked domain is not top-connected, then it admits SCFs that are not
PDMMRs.

Example 4.3.3 Consider a domain D that violates Condition (ii) in the following
manner: there exists u € [x, x| such that for all P € D, r,(P) = u implies r,(P) =

u—1L

wifr,(P;) = uwand uP;(u — 1) forallj € N \ i,
f(Pn) = u—1ifr,(P;) = uand (u — 1)Pjuforsomej € N\ i,
r.(P;) otherwise.

It is straightforward to show that the SCF f is not a PDMMR as no agent is a partial

dictator.

REMARK 4.3.1 Itis worth noting that the reason why PDMMR domains are not nec-
essarily partially single-peaked is that the top-connectedness requirement of the single-

peaked preferences as given in Condition (ii) is not necessary for the alternatives in the
interval (x, X).
4.3.3 GROUP STRATEGY-PROOFNESS

In this section, we consider group strategy-proofness and obtain a characteriza-
tion of the unanimous and group strategy-proof SCFs on partially single-peaked
domains. We begin with the definition of group strategy-proofness.
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Definition 4.3.2 An SCFf : D" — Xis called group manipulable if there is a pref-
erence profile Py, a non-empty coalition C C N, and a preference profile P, € plcl
of the agents in C such that f(P, Px\c)Pf(Py) for alli € C. An SCEf : D" — Xis
called group strategy-proof if it is not group manipulable.

In the following theorem, we present a characterization of the unanimous and
group strategy-proof SCFs on partially single-peaked domains. It is worth men-
tioning that these domains do not satisfy the sufficient condition for the equiva-

lence of strategy-proofness and group strategy-proofness provided in [7].

Theorem 4.3.2 LetS beapartially single-peaked domain. Then, an SCEf : S" =X
is unanimous and group strategy-proof if and only if it isa PDMMR.

Proof: Let S be a partially single-peaked domain. Suppose f : S" — Xisa
PDMMR where agent d is the partial dictator. It is enough to show that fis group
strategy-proof. Clearly, no group can manipulate f at a preference profile Py € S"
where r,(P;) € [x,x|. Consider a preference profile Py € S" such that r, (Py) €
[a, x). We show that fis group strategy-proof at Py. Since r,(P;) € |[a,x), by the
definition of PDMMR, f(Py) € [a,x]. Let C' = {i € N | r,(P,) < f(Py)}
andlet C" = {i € N | r(P,) > f(Py)}. Suppose a coalition C manipulates
fat Py. Then, there is P, € S such that f(Pe, Pxvc)Pf(Py) foralli € C. If
f(Pc,Pxc) < f(Py), then by the definition of S, we have CN C” = (). How-
ever, by the definition of PDMMR, f(P¢, Pyic) > f(Py) forall C € C' and
all P, € S!%, a contradiction. Again, if f(P, Pxyc) > f(Py), then by the def-
inition of S , we have C N C' = (). However, by the definition of PDMMR,
f(Pe,Pxc) < f(Py)forall C € C"andall P € S!°, a contradiction. The
proof of the same for the case where r,(P;) € (, b] follows from a symmetric ar-
gument. This shows f is group strategy-proof, and hence completes the proof of
the theorem. |

4.4 APPLICATIONS

In this section, we present a couple of examples of our main result.
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4.4.1 MULTI-PEAKED DOMAINS

In Section 4.1, we have discussed the importance of multi-peaked domains in mod-
eling preferences of individuals in certain economic and political scenarios. In this
subsection, we formally define this notion and show that these are special cases of

partially single-peaked domains.

Definition 4.4.1 A preference P is called multi-peaked if there are d,, p,, d,, p,, d,,
co oy diem o dewitha = d, < p, < d, < ... < pp < di = bsuch that for all
i=o,....k—1andallx,y € [di,diy.), [x <y < pir,orpis, <y < x] implies
yPx. For such a preference P the alternatives p,, . . . , py are called its peaks.

We present a multi-peaked domain in Figure 4.4.1.

Figure 4.4.1 A multi-peaked preference

Definition 4.4.2 Let c, and c, be such thata < ¢, < ¢, — 1 < b. Then, a domain
D is called multi-peaked with critical values c,, c, if each preference in D is either single-

peaked or multi-peaked with all its peaks in the interval [c,, c,].

It is easy to verify that a multi-peaked domain with critical values x and X is a

partially single-peaked domain. Thus, we have the following corollary.

Corollary 4.4.1 Let S be a multi-peaked domain with critical values c, and c,. Then,
an SCFf : 8" — X is unanimous and (group) strategy-proof if and only if it is a
PDMMR.
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4.4.2 SINGLE-PEAKED DOMAINS WITH RESPECT TO PARTIAL ORDERS

As discussed in Section 4.1, expecting individuals to have a complete prior order
over the alternatives is a strong prerequisite. In view of this, we relax this condition
by requiring the individuals to have a partial prior order over the alternatives and
to derive preferences based on such a partial order. In this subsection, we argue

that such a domain is partially single-peaked.

Definition 4.4.3 A binary relation is called a partial order if it is reflexive, antisym-

metric, and transitive.

Note that a partial order need not be complete. We denote a partial order by <.®

Also,wewritea < btomeana<bora = b.

Definition 4.4.4 A preference P is said to be single-peaked with respect to a partial
order < over X if for all distinct x, y € X,

[x<y < r.(P)orr,(P) <y<x|implies yPx.

A domain is called single-peaked with respect to a partial order < if it contains all single-

peaked preferences with respect to <.

Since every partial order can be thought of a subset of a linear order (as a binary
relation), it can be shown that a single-peaked domain with respect to a partial
order is partially single-peaked. However, we do not provide a concrete proof of
this since that is a bit technical.’ Nevertheless, in what follows we provide a few
examples of single-peaked domains with respect to partial orders and show that

those domains are partially single-peaked.

Example 4.4.1 Suppose that the set of alternatives is partitioned into a number of

subsets such that the designer knows how agents order (a priori) the alternatives in each

5To be precise, the antisymmetric part of a partial order.
®A proof of this fact is available on request.
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of those subsets, but does not know how agents compare alternatives in two different
subsets.

More formally, suppose that X is partitioned into the subsets X,, . .., X;. For all
i=1,...,k let <,€ LL(X;) be a linear order over X;. Consider the partial order <
over X given by the union of <;s, that is, x < y if and only if there isi = 1, ..., k such
thatx,y € X; and x <; y. In what follows, we consider a simple such partial order and
present the single-peaked domain with respect to the same.

Let the set of alternatives be X = {x,,x,, x,,x,,x;, %s }. Suppose that X is parti-
tioned into the sets {x,, x,, x, } and {x,, x, x5 }. Consider the partial order < given by
x, < x, <xy and x, A x, <A xg. In Table 4.4.1, we present the single-peaked domain with
respect to <. Note that the domain has the property that its restriction on {x,, x,, x, } is
single-peaked with respected to the prior order x, < x, < x, and on {x,, x,, x4} is single-
peaked with respected to the prior order x, < x; < x¢. Since this domain is large, we
provide only a few preferences that are significant for our purpose. Clearly, this domain
is partially single-peaked with x = x, and x = xs. Therefore, it follows from Theorem

4.3.1 that it is a dictatorial domain.

P, P, P, P, P, P, P, Py P, P, P, P,
X X X, X, X, X3 X, X, X, X, X5 Xg

X, X, X X, X, X, X, X X, X5 X, X,
Xy X, Xy XX Xy Xy, Xe Xg X, X, X
X, Xy X, X, X, Xg X Xy Xy Xy X, X,
Xy Xy Xy KXy Xy Xy, Xy Xy, Xy, X, X, X,
Xe Xs Xe Xg Xe X KXe X X X XX

Table 4.4.1 A single-peaked domain with respect to the partial order <

Example 4.4.2 In political science, it is often assumed that the parties can be ordered
from left to right on the policy spectrum based on whether they are more liberal (left)
or more conservative (right) in their policies. Deriving such an ordering can be done
unambiguously over the parties who are clearly identifiable as more left or more right.

However, ordering parties who are moderate in their policies (i.e., having policies around
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the center of the spectrum) may not be possible. To model such a situation, one needs to
assume that the prior ordering of the parties (on the political spectrum) is not complete
around the center of the spectrum. In what follows, we consider a simple such partial
order and present the single-peaked domain with respect to the same.

Suppose that the set of alternatives is given by X = {x,, x,, x,, x,, x5, x }. Consider
the partial order < obtained from the linear order x, < x, < x, < x, < %, <
xs by making x, and x, incomparable, that is, < is given by x, < x, < %, < x5 < xg
and x, < x, < x, < x; < x5 The single-peaked domain with respect to < is given in
Table 4.4.2. Note that this domain is partially single-peaked with x = x, and x = x.
Therefore, it follows from Theorem 4.3.1 and Theorem 4.3.2 that any unanimous and
(group) strategy-proof SCF on this domain is a PDMMR.

p, p, P, P, P, P, P, Py P, P, P, P, P

X X X, X, X, X, X, X, X, X X X, X5 Xg

Table 4.4.2 A single-peaked domain with respect to the partial order <

The following corollary summarizes the above discussion on single-peaked do-

mains with respect to a partial order.

Corollary 4.4.2 Let<be a partial order over X and let S be the single-peaked domain
with respect to <. Then, an SCEf : 8" — X is unanimous and (group) strategy-proof
if and only if it is a PDMMR.

4.4.3 MULTIPLE SINGLE-PEAKED DOMAIN

In this subsection, we consider a well-known class of domains called multiple single-
peaked domains and show that they are special cases of partially single-peaked do-

mains.
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We begin with introducing the notion of a single-peaked domain with respect

to an arbitrary order over X.

Definition 4.4.5 Let < € IL(X) be a prior order over X. Then, a preference P €
IL(X) is single-peaked with respect to < if for allx,y € X, [x < y = r,(P) orr,(P) <
y < x| implies yPx. A domain S is called a single-peaked domain with respect to
< if each preference in it is single-peaked with respect to <, and a domain S_ is called
maximal single-peaked with respect to < if it contains all single-peaked preferences with

respect to <.

Definition 4.4.6 Let L = {=<,,..., <.}, where <, € L(X) forall1 < k < g,
be a set of q prior orders over X. Then, a domain is called a multiple single-peaked

domain with respect to L, denoted by S, if Sy = U S, where S, is the

ke{s,...,q}
maximal single-peaked domain with respect to the prior order <. A multiple single-

peaked domain with respect to L is called trivial if S. = S~ forall <, <'€ L.

For ease of presentation, for any multiple single-peaked domain with respect to

L, we assume without loss of generality that the integer ordering < is in the set L.

Definition 4.4.7 Let Sy be a non-trivial multiple single-peaked domain with respect
to a set of prior orders L. Then, alternatives u,v € X withu < v — 1 are called

break-points of S if

(i) forallpreferencesP € Spandallc,d € X\ (u,v), [d <c<r(P)orr,(P) <
c < d} implies cPd, and

(ii) there exist P,P' € S such thatr,(P) = w, r,(P) € (u+ 1,v], n(P) = v,
andr,(P") € [u,v—1).

REMARK 4.4.1 The break points, say u, v, of a non-trivial multiple single-peaked do-
main Sy induce the partition {X;, Xp, Xz} of X, where X;, = [a,u), Xy = [u, ),
and Xg = (v, b]. [67] calls such a partition the maximal common decomposition of X
and the sets X1, Xy, and Xy as the left component, the middle component, and the right

component of alternatives, respectively.
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In the following, we illustrate the notion of break-points of a non-trivial multiple

single-peaked domain by means of an example.

Example 4.4.3 Let X = {x,,x,,%,,x,, X, X6, x, } be the set of alternatives. Con-
sider the set of prior orders L = {<, <., <,, <, }, where <= x,2,%,%, XXX, <,=
XXy Xy Xy Ky <= Xy Xy X, Xy KXy AN <= 2,X,X,%,%X6%,. Let Sy be the multi-
ple single-peaked domain with respect to L. Clearly, S is non-trivial since So # S~..
We claim u = x, andv = x4 are the break points of Sp. It is easy to verify that S satis-
fies Condition (i) in Definition 4.4.7. For Condition (ii), note that we have preferences
P,P € S, C S;wherer,(P) = x,, 1,(P) = x, 1r,(P') = xg and r,(P') = x,.
Further, note that the maximal common decomposition of X is given by X; = {x,},

Xy = {x,, x5, %, %5, %6 }, and Xg = {x, }.

It can be easily verified that every non-trivial multiple single-peaked domainis a
partially single-peaked domain where x and % are the break-points. Thus, we have

the following corollary.

Corollary 4.4.3 ([67]) Let Sy be a non-trivial multiple single-peaked domain with
break-points x and x. Then, an SCFf : S} — X is unanimous and (group) strategy-
proof if and only if it is a PDMMR.

4.4.4 SINGLE-PEAKED DOMAINS ON GRAPHS

In this subsection, we introduce the notion of single-peaked domains on graphs
and show that such a domain is partially single-peaked if the underlying graph sat-

isfies some condition. All the graphs we consider in this subsection are undirected.

Definition 4.4.8 A path in an undirected graph G = (X, E) from a node x to a
node y, denoted by ng(x,y), is defined as a sequence of nodes (x,, . . ., x;) such that
{xi,xi4,} € Eforalli =1,...,k — 1. Anundirected graph G = (X, E) is called
connected if for all x, y € X, there is a path from x to y.
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Definition 4.4.9 An undirected graph G = (X, E) is called a tree if for every two
distinct nodes x,y € X, there is a unique path from x to y. A spanning tree of an undi-
rected connected graph G is defined as a connected subgraph of G that is a tree. For an
undirected connected graph G, we denote by T, the set of all spanning trees of G.

Definition 4.4.10 Let T = (X, E) be a tree. Then, a domain is called single-peaked
with respect to T, denoted by Sr, if for all P € St and all distinct x,y € X,

[x € 71(n(P),y)] = [xPy].

Definition 4.4.11 Let G = (X, E) be an undirected connected graph. Then, a do-
main is called single-peaked with respect to G, denoted by S, if S¢ = Ure7,St-

Note that if T is the undirected line graph on X, then Sy is the maximal single-
peaked domain. In Lemma 4.4.1, we show that if a domain is single-peaked with
respect to an undirected partial line graph as defined in Definition 4.2.4, then it is

a partially single-peaked domain.

Lemma 4.4.1 Let G be an undirected partial line graph. Then, S is a partially single-

peaked domain.

Proof: Let G be an undirected partial line graph. We show that Sg is a partially
single-peaked domain. Let G = G,UG,, where G, = (X, E,) is the undirected line
graph on Xand G, = ([x, %], E,) is an undirected graph such that {x, y}, {x,z} €
E, forsomey € (x +1,%|and z € [x,x — 1).

First, we show that Sg satisfies single-peakedness outside [, x|. Take P € S;
withr,(P) € [x,%] and take u, v € X \ (x,%). Suppose [v < u < r,(P) orr,(P) <
u < v|. Consider an arbitrary spanning tree T of G. Then, by the definition of G,
u € mr(r,(P),v), and hence uPv. Therefore, P satisfies single-peakedness outside
[x, . Using a similar argument, it can be shown that a preference P with r,(P) ¢
[x, x| satisfies single-peakedness outside [x, X].

Next, we show that S violates single-peakedness over [x, x]. Consider the tree
T = (X,E) suchthat E = (E, \ {x,x + 1}) U {«x,y}. Since G, = (X, E,) is
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the undirected line graph on X, T is a spanning tree of G. Because {x,y} € E,
there is a preference Q = xy... € Sy C Sg. Similarly, there is a preference
Q ==xz... € 8. Ify # xand z # x, then clearly Q and Q' satisfy Definition
4.2.9. On the other hand, if, for instance, y = X, then that means there is an edge
{x,%} in G, and consequently, z can be chosen as x. This shows S;; violates single-
peakedness over [x, x|.

Now, we show that S; contains a top-connected single-peaked domain. Since
G, is the undirected line graph on X, Sg, is the maximal single-peaked domain.
Moreover, since G, is a spanning tree of G, Sg, € Sg. This completes the proof of

the lemma. n

Combining Theorem 4.3.1 and Theorem 4.3.2 with Lemma 4.4.1, we obtain the
following characterization of the unanimous and strategy-proof SCFs on a single-

peaked domain with respect to an undirected partial line graph.

Corollary 4.4.4 Let G = (X, E) be an undirected partial line graph. Suppose Sg is
the single-peaked domain with respect to G. Then, an SCFf : S¢; — X is unanimous
and (group) strategy-proof if and only if it is a PDMMR.

4.5 CONCLUSION

In this chapter, we have considered non-single-peaked domains that arise in the
literature of economics and political science. We have modelled them as partially

single-peaked domains and have characterized all unanimous and (group) strategy-
proof rules on those as PDMMR.

4.6 PROOF OF THEOREM 4.3.1

We use the following theorem in Chapter 3 in the proof of Theorem 4.3.1. It charac-
terizes the unanimous and strategy-proof SCFs on a top-connected single-peaked

domain as min-max rules.
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Theorem 4.6.1 (Theorem 3.4.1) Let S be a top-connected single-peaked domain.
Then, an SCFf : 8" — Xis unanimous and strategy-proof if and only if it is a min-max

rule.

Proof:[Proof of Theorem 4.3.1] (If part) Let Sbea partially single-peaked domain.
Suppose ff be a PDMMR on S". Then, f is unanimous by definition. We show
that f* is strategy-proof. Let d be the partial dictator of ff. If r,(P;) € [x,%],
then ff(Py) = r,(P,;), and hence ff cannot be manipulated at a preference pro-
file Py € S". Take Py € S" such that r,(P;) € [a,x). Then, by Lemma 4.3.1,
f(Py) € [a,x]. Takei € N such that r,(P;) < f(Py). By the definition of £/,
f(P,Pnyi) > ff(Py) forall P, € S. Since f(Py) < &, by the definition of a par-
tially single-peaked domain, r,(P;) < f*(Py) means f*(Py)Pu forallu > f*(Py).
Therefore, agent i cannot manipulate jﬁ at Py. By a symmetric argument, agent i
cannot manipulate f° at a preference profile where r,(P;) > ff(Py). Using a similar
argument, it follows that f* cannot be manipulated at a preference profile Py with

r.(P4) € (%, b]. This completes the proof of the if part.

(Only-if part) Let Shbea partially single-peaked domain. Suppose f : S" = X
is a unanimous and strategy-proof SCF. We show that fis a PDMMR. Let S be a
top-connected single-peaked domain contained in S. Such a domain must exist by
Definition 4.2.10. By Theorem 4.6.1, frestricted to S" must be a min-max rule. We
establish a few properties of fin the following sequence of lemmas. As mentioned
earlier, we use the notation S in all these lemmas to denote a (fixed) top-connected
single-peaked domain contained in S.

Our nextlemma and its corollary show that f satisfies tops-onlyness for a particu-
lar type of preference profiles. It says the following. Let cbe an arbitrary alternative.
Consider a preference profile Py such that for alli € N, P; is single-peaked and
r.(P;) € {x,c}. Suppose the outcome of fat Py is c. Consider a tops-equivalent
preference profile Py, where the agents with top-ranked alternative ¢ in Py do not

change their preferences in Py, Then, the outcome of fat P, must be c.

Lemma4.6.1 Let() C S C Nandletc € X. Suppose (Ps,Pyns) € S" and
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(P, Pxs) € S" are two tops-equivalent preference profiles such that r,(P;) = x for all
i € S,andr,(P;) = cforallj € N\S. Then, f(Ps, Px\s) = cimplies f(Pg, Pay\s) = c.

Proof: Take Ssuch that ) C S C N. We prove the lemma using induction on
|c — x|. By unanimity, the lemma holds for ¢ = x. Suppose the lemma holds for all
csuch that [c— x| < k. We prove the lemma for all c such that |c — x| = k+1. Take
csuch that [c — x| = k+ 1. Let (P, Py\s) € S"and (Pg, Pys) € S" be two tops-
equivalent preference profiles such that r,(P;) = x foralli € S,and r,(P;) = c for
allj € N\ S. Suppose f(Ps, Py\s) = ¢. We show f(Pg, Pyys) = c. We show this for
x < ¢, the proof for the case x > cis similar. Since x < cand |c — x| = k + 1, we
have ¢ = x + k -+ 1. Let (P, Py\s) € S"besuchthat P, = (x+k)(x +k+1) ...
forallj € N'\ S. Because fis a min-maxrule on §" and f(Ps, Py\s) = x+k+1,we
have f(Ps, ISN\S) = x + k. Since (Ps, ISN\S) and (P, 13N\5) are tops-equivalent and
r(P)) = x+kforallj € N\ S, we have by the induction hypothesis, f( Py, Py\s) =
x+k. Forallj € N\S,letP; = (x-+k+1)(x+k) ... € S. Sincef(P§, Pys) = x+k,
by moving the agentsj € N \ S from f’j to P; one-by-one and applying strategy-
proofness at every step, we have f(Pg, Px\s) € {x + k,x + k + 1}. We claim
f(P5,Px\s) = & + k + 1. Assume for contradiction that f(Pg, Px\s) = x + k.
Recall that P; € Sforalli € S. Since (x + k)Pi(x + k + 1) foralli € S, by
moving the agents i € S from P, to P; one-by-one and applying strategy-proofness
at every step, we have f(Ps, Py\s) < & + k. Since r,(P;) = r,(P)) = x + k+1
forallj € N\ S, by strategy-proofness, f(Ps, Px\s) # x + k + 1. This contradicts
our assumption that f(Ps, Px\s) = x + k + 1. Therefore, f(Pg, Pys) = x + k + 1.
Sincer,(P;) = r,(P;) = x+ k + 1forallj € N\ S, we have by strategy-proofness,

j
f(P§, Px\s) = & + k + 1. This completes the proof of the lemma. [

Corollary 4.6.1 Let ) C S C Nandletc € X. Suppose (Ps, Pyys) € S" and
(P, Pas) € S" are two tops-equivalent preference profiles such that r,(P;) = x for all
i € S,andr,(P;) = cforallj € N\S. Then, f(Ps, Px\s) = cimplies f(Pg, Pyys) = c.

Our next lemma shows that the outcome of f at a boundary preference profile
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cannot be strictly in-between x and x.”

Lemma 4.6.2 Let Py € S" be such that r,(P,) € {a,b} foralli € N. Then,

f(Py) & (x,%).

Proof: Assume for contradiction that f(Py) = u € (x, %) for some Py € S" such
thatr,(P;) € {a,b} foralli € N. LetS = {i € N | r,(P;) = a}. Then, it must
be that ) C S C N as otherwise we are done by unanimity. Let ,(Q) = y and
r(Q) =z, whereQ,Q € Sareas given in Definition 4.2.9. We distinguish three

cases based on the relative positions of y, z, and u.

CASE 1. Supposey € (x +1,%),z € (x,x —1),and u € (x,2] U [y, %).

We consider the case where u € (x, z|, the proof for the case where u € [y, %)
follows from a symmetric argument. Let Py, € S" be such that r,(P,) = zforall
i€ S,andP; = (x —1)(%) ... forallj € N'\ S. Further, let Py € S"be such that
r(P;) = xforalli € Sandr,(P)) = x + 1forallj € N\ S. Because fis a min-max
rule on " and f(Ps, Py\s) = u, we have f(Pg, Py\) = z and f(Ps, Py\s) = x + 1.
Asf(f’s,f)N\S) = x + 1, by Lemma 4.6.1, we havef(QS,f)N\s) = x + 1, where
Q; = Qforalli € S. Consider the preference profile (Qg,P;V\S),where Q =q
foralli € S. Note that (P, Pg\r\s) = zand Q' = xz.... Therefore, by mov-
ing the agents i € S from P, to Q' one-by-one and using strategy-proofness at
every step, we have f(Qg,P;\,\s) € {x,z}. We claim f(Qg,P;V\S) = X. Assume
for contradiction that f(Qs, P\ys) = z. Since &Pz forallj € N\ S, by moving
the agentsj € N\ S from P; to Q' one-by-one and applying strategy-proofness
at every step, we have f(Q, %\s) # %. However, this contradicts unanimity.
So, f(Qs; Pyys) = % Foralli € S, let P, € S besuch that r,(P;) = % By
strategy-proofness, f(Ps, Pg\r\s) = x. Since fis a min-max rule on §", this means
f(Ps,Pys) = %. Foralli € S, letP, € S be such thatr,(P]) = y. Because
(155, PN\S), (13;’ ISN\S) € §"andfis amin-maxrule on S",f(f’s, PN\S) = ximplies
(P, f')N\S) = y. Because f(P;, PN\S) = yand Q = ay ..., by moving the agents
i € S from P, to Q one-by-one and applying strategy-proofness at every step, we

7A boundary preference profile is one where the top-ranked alternative of each agent is either a
orb.
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have f(Qs, Pxys) € {x,y}. Since {x + 1} N {x,y} = 0 by our assumption, this
is a contradiction to our earlier finding f(Qs, PN\S) = x + 1. This completes the

proof of the lemma for Case 1.

CASE 2. Supposey € (x +1,%),z € (x,x — 1),z <y —yandu € (z,y).

Let P\, Py € S" be such that r,(P)) = yandr,(P;)) = xforalli € S, and
r (P]/) =xandr, (13]) = zforallj € N\ S. Because fis a min-max rule on " and
f(Ps, Px\s) = u, we have f(Pg, Pﬁv\s) =y andf(f’s, f’N\s) =z Asf(lss, ﬁ’N\s) =z
by Lemma 4.6.1, we have f(Qs, ﬁN\s) = z, where Q; = Qforalli € S. Again, as
f(P,, PIN\S) = y, by Corollary 4.6.1, we have f(Pj, Q;\,\S) = y, where Q; = Q' for
allj € N\ S. Because f(Qs, 13N\5) = zand Q' = xz..., by moving the agents
j € N\ Sfrom .f’]- to Q' one-by-one and using strategy-proofness at every step,
we have f(Qs, %\s) € {x,z}. Again, because f(Ps, %\s) =95Q=wx...,by
moving the agents i € S from P; to Q one-by-one and using strategy-proofness
at every step, we have f(Qs, Qus) € {x,y}. Since {x,y} N {X,z} = () by our
assumption, this is a contradiction. This completes the proof of the lemma for

Case 2.

CASE 3. Suppose y = %,z = x,and u € (z,).

Let Py, € S" be such that r,(P)) = xforalli € Sand rl(P;) = X for all
j € N\ S. Because fis a min-max rule on S" and f(Ps, P\\s) = u, we have
f(Ps, Pys) = u. Take i € N and consider the preference profile (Q;, Py ;; Py s);
where Q; = Q. Since r,(P}) = r,(Q) = xand f(P§, P;\,\S) # x, by strategy-
proofness, f(Q;, Pls\i, PJI\,\S) # x. Continuing in this manner, it follows that f(Qs,
P;\r\s) # x, where Q; = Qforalli € S. Moreover, since r,(Q;) = x for all
i € Sandr, (P]/) = xforallj € N\ S, by unanimity and strategy-proofness,
f(Qs, Pys) € {x,%}. Since f(Qs, Pyys) # % this means f(Qs, Pyys) = % Let
Q; = Q' forallj € N\ S. Asf(QS,Pf\]\s) = xand r,(Q’) = %, by strategy-
proofness, f(Qs, Qus) = & Now, if we first move the agents j € N \ S from P,
to Q' and then move the agents i € S from P; to Q, then it follows from a similar
argument that f( Qs, Qzl\r\s) = x. Since x # X, this is a contradiction to our earlier

finding that f(Qs, %\s) = x. This completes the proof of the lemma for Case 3.
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Since Cases 1, 2 and 3 are exhaustive, this completes the proof of the lemma. Il

Let (B;)scn be the parameters of frestricted to S”. In Lemma 4.6.3 and Lemma

4.6.4, we establish a few properties of these parameters.
Lemma 4.6.3 Forall S C N, B, € [a, x] if and only if Bans € [x, b].

Proof: Take S C N. It is enough to show that f; € [a, ] implies Pas € %, b].
Assume for contradiction that f, ,BN\S € [a,]. Let Q' € Swithr,(Q) = x
be as given in Definition 4.2.9. Suppose 7,(Q') = z. Takeu € (z,x). Let
(Ps,Pn\s) € S"besuch thatr,(P;) = aforalli € Sandr(P;) = b forall
j € N\ S. Since frestricted to S” is a min-max rule, f(Ps, Pyys) = B¢ € [a, x].
Let (P, Pyys) € S" be such that r,(P)) = zforalli € Sandr,(P]) = uforall
j € N\ S. Since f(Ps, Py\s) € [a, x|, by uncompromisingness of f restricted to
S", we have f(P%, Pl'\,\s) = z. Because Q' = xz..., by moving the agentsi € S
one-by-one from P, to Q' and applying strategy-proofness at every step, we have
f(Q/g,P/N\S) € {%,z},where Q, = Q' foralli € S.

Now, let (P, Px\s) € S"besuch thatr,(P;) = bforalli € Sandr,(P;) = afor
allj € N\ S. Again, since frestricted to S” is a min-maxrule, f(Ps, Py\s) = Pas €
[a, x]. Recall thatforj € N\ S, P € Swithr,(P]) = u. Consider (P, Py5) € S
such thatr,(P/) = xforalli € S. Since f(Ps, Px\s) € [a, x], by uncompromising-
ness of f restricted to S", we have f( Py, P;\,\S) = u. Becauser,(P/) = x = r,(Q)
foralli € S, by Corollary 4.6.1, it follows that f(Q, P;\,\S) = u. However, as
u ¢ {x,z}, thisis a contradiction to our earlier finding that f{ Q%, P;\,\s) € {x,z}.
This completes the proof of the lemma. |

The following lemma says that there is exactly one agent i such that p, € [a, x].
Lemma 4.6.4 It must be that [{i € N | B, € [a,x|}| = 1.

Proof: Suppose there are i # j € N such that §, B, < [a, x]. By Lemma 4.6.3,
B, € [a, x| implies Pawi € [%,b]. Sincej € N\ iand B, < B forallS C T,
ﬁN\i € [x, b] implies ﬁj € [x, b], a contradiction. Hence, there can be at most one

agenti € N such that B, € [a, ].
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Now, suppose f8, € [x, b] foralli € N. By Lemma 4.6.3, this means ,BN\I. € [a, x|
foralli € N. Therefore, there must be S C N such that f; € [a, x| and for all
S C S, By € [, b]. By unanimity, S # (). If S is singleton, say {i} for some i € N,
then 8, € [a, x| and we are done. So assume that there are j # k € S.

Consider the preference profile Py € S” such thatr,(P)) = x +1,1,(P;) = «,
r(P;) = yforalli ¢ S,andr,(P;) = xforalli € S\ j. Since f; € [a,x]
and By, € [x,b]forall ' C §, it follows from the definition of a min-max rule
that f(Py) = x + 1. Let P, € S be such that r,(P,) = y. Since Bo € %, b]
and frestricted to S” is a min-max rule, it follows that f(P;, Px\;) = y. Consider
the preference profile (Qx, Py\¢), where Q. = Q. Because f(P;, Py\x) = y and
Qx = «y . . ., by strategy-proofness, f(Qx, Pnix) € {x,y}. Suppose f(Qx, Pxi) =
x. Because f(Py) = x+1and r,(P) = x, this means agent k manipulates at Py via
Qx- S0, f(Qx, Pyvi) = y- Let P]/. € S be such that rl(P]{) = «x. Since B¢ € [a,x] and
«x is the top-ranked alternative of the agents in S at preference profile (P]{, PN\j) ,we
havef(P]'., Pyj) = x. Asr,(Py) = r,(Qi) = «, this meansf(P]/., Qi Pajy) = &
Because f(Qx, Pxvk) = 3, 1(P;) = &+ 1,and r,(P;) = «, agent j manipulates at
(Qk, Pa) via P]/.. This completes the proof of the lemma. |

REMARK 4.6.1 By Lemma 4.6.3 and Lemma 4.6.4, it follows that f restricted to S" is
a PDMMR.

Our next lemma establishes that fis uncompromising.® First, we introduce few
notations that we use in the proof of the lemma. For Py € S",let N(Py) = {i €
N | P; ¢ S} be the set of agents who do not have single-peaked preferences at
Py. Moreover, foro < | < n,let S = {Py € S" | |N(Py)| < I} be the set
of preference profiles where at most / agents have non-single-peaked preferences.

Note that S = §" and S" = S".

Lemma 4.6.5 The SCF fis uncompromising.

8Since every SCF satisfying uncompromisingness is tops-only, Lemma 4.6.5 shows that a par-
tially single-peaked domain is a tops-only domain. It can be easily verified that partially single-
peaked domains fail to satisfy the sufficient conditions for a domain to be tops-only identified in

[20] and [22].
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Proof: Since 3;‘ = §", frestricted to S';’ is uncompromising. Suppose frestricted
to S} is uncompromising for some k < n. We show that f restricted to Sy s
uncompromising. It is enough to show that frestricted to S,? ', is tops-only. To see
this, note that if f restricted to S’,:’ ., is tops-only, then fis uniquely determined on
3,’: ', by its outcomes on S”. Therefore, since frestricted to S" is uncompromising,
fis uncompromising on St i

Take Py € S,f+l andj € N(Py). Let P; € S be such that ,(P;) = r,(P)).
Then, Py and (f)j, Py;) are tops-equivalent and (f’j, Pyy) € S',Z’ . It is sufficient to
show that f(Py) = f(IAJ,-, Py\j). Assume for contradiction that f(Py) # f(f’,—, Pyyj)-
Assume, without loss of generality, that the partial dictator of f restricted to S”
is agent 1. Then, by the induction hypothesis, agent 1 is the partial dictator of f
restricted to S, i.e, forall Py € S, ifr,(P,) € [a,x) then f(Py) € [a,x], if
r.(P,) € (x,b] thenf(Py) € [%,b],andifr,(P,) € [x,%] then f(Py) = r,(P,). We
distinguish two cases based on the position of the top-ranked alternative of agent

1.

CasE 1. Suppose r,(P,) € [a,x) U (%, b].
We consider the case wherer,(P,) € [a, x), the proof for the case where r,(P,) €
) €

(x, b] follows from symmetric arguments. Sincer,(P,) € [a, x), we have f(ﬁj, P\
<

A A

[a, x|. Because f)j is single-peaked, if f(ﬁj, Py) < f(Py) < ri(P;) or r,(P))
f(Py) < f(P;, Py\;), then agent j manipulates at (P;, Py\;) via P;. Moreover, since
f(B;, Pa) € [a, 2, iff(Py) < f(B}, Pay) < ri(By) orr(B)) < f(P, Pwy) < f(Pw),
then by the definition of a partially single-peaked domain, agent j manipulates at
(P;, Pyj) via P;. Now, suppose f(P;, Pxy;) < ,(P;) < f(Py). Let P; € S be such
that r,(P;) = f(Py). Since frestricted to S! is uncompromising and f(P,, Pyj) <
1 (13]) < r,(P;), we have f(P;, Py;) = f(13j, Py\j). Because r,(P;) = f(Py), it fol-
lows that agent j manipulates at (13]-, PN\]-) via P;. Using a similar argument, it can
be shown that f(Py) < r,(P;) < f(P;, Py\;) leads to a manipulation by agent j.
Therefore, f(Py) = f(f)j, Py\j) whenr,(P,) € [a,x). This completes the proof of

the lemma for Case 1.

CASE 2. Suppose r,(P,) € [x, ).
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Since agent 1 is the partial dictator, f(P;, Py\;) = r,(P,). Consider P, € S
such that r,(P;) = f(Py). Since (P;, Py\;) € S,Z’ , by the induction hypothesis,
we have f(Pj,PN\j) = r,(P,). Because rl(Pj) = f(Py) and f(Pj,PN\j) =r(P,) #
f(Py), agent j manipulates at (P;, Pyy;) via P;. Therefore, f(Py) = f(P;, Py\;) when
r.(P,) € [x,%]. This completes the proof of the lemma for Case 2.

Since Cases 1 and 2 are exhaustive, this completes the proof of the lemma by

induction. [ |

Now, we complete the proof of the only-if part of Theorem 4.3.1. Since f is
uncompromising on S" and uncompromisingness implies tops-onlyness, the fact
that f restricted to S” is a min-max rule with parameters (B)scy satisfying the

properties as stated in Lemma 4.6.3 and Lemma 4.6.4 implies that fis a PDMMR
onS". [
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On Strategy—proofness and

Uncompromisingness

5.1 INTRODUCTION

5.1.1 BACKGROUND OF THE PROBLEM

THE SINGLE-PEAKED RESTRICTION, introduced in [15], is by far the most endur-
ing theme in the literature on domain restrictions in strategy-proof social choice.
Loosely put, a preference over a set of alternatives, given a prior ordering over this
set, is called single-peaked if it decreases as one moves away (according to the prior
order) from its top-ranked alternative. Such preference restrictions arise naturally

in many economic and political applications such as in the models of locating a
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firm in a unidimensional spatial market ([46]), setting the rate of carbon dioxide
emissions ([15]), and setting the level of public expenditure ([69]).

[54] and [86] characterize the unanimous and strategy-proof social choice func-
tions (SCF) on these domains as min-max rules. [86] shows that min-max rules sat-
isfy a well-known property called uncompromisingness ([17]). An SCF satisfies
uncompromisingness if no agent can take an extreme position to influence the social
outcome to their advantage. In Chapter 3, it is shown that top-connected single-
peaked domains are the only domains where the set of unanimous and strategy-
proof SCFs coincide with that of all min-max rules. In other words, top-connected
single-peaked domains are the only domains on which unanimity and strategy-

proofness are equivalent to uncompromisingness.

5.1.2  OUR MOTIVATION

The characterization resultin [ 54 ] and [ 86] makes the implicit assumption that the
underlying domain is maximal single-peaked, i.e., it admits all single-peaked prefer-
ences. The maximality assumption in [54] and [86] is quite unrealistic as is seen
in the models of voting ([84], [5]), taxation and redistribution ([38]), determin-
ing the levels of income redistribution ([44], [79]), and measuring tax reforms
in the presence of horizontal inequity ([45]). Chapter 3 relaxes this maximality
assumption by considering top-connected single-peaked domains. However, the
following examples suggest that the domain restrictions in several practical scenar-

ios are not top-connected single-peaked.

(i) Directional theories of issue voting: [64], [66], and [65] consider mod-
els of electoral competition where voters react to policies or ideologies in
a symbolic way. Such a reaction will have two components: (i) direction,
and (ii) intensity. For example, consider a situation where the government
is setting the level of public expenditure in the education sector. Let us rep-
resent the intensity of such an expenditure using integers between —5 to
5. Negative (or positive) values represent decreasing (or increasing) the

existing level of public expenditure whereas the integer zero represents the

92



(i)

neutral position, i.e., maintain the status quo level of expenditure. In such
a setting, it is expected that if an individual’s most preferred level of expen-
diture is negative then he would prefer a level of expenditure to its left to
one to its right. Such preferences are known as left single-peaked preferences
([61]) where every alternative to the left of its top-ranked alternative is pre-
ferred to the ones to the right. Similarly, one can introduce the notion of
right single-peaked preferences. Thus, the relevant domain restriction in this
example would be that the preferences are left single-peaked when the top-
ranked alternative is a negative value, they are right single-peaked when the
top-ranked alternative is a positive value, and they are single-peaked when
the top-ranked alternative is zero. It is straightforward to see that such do-

mains are neither single-crossing nor top-connected single-peaked.

One-dimensional Euclidean domains: [26] introduces the notion of one-
dimensional Euclidean domains. They arise in situations where individuals
in a society collectively choose the location of a new facility, such as a bus
stop or a library, and want it as close to their own locations as possible. For
example, consider the situation where a social planner is proposing to locate
a bus stop. In such situations, it is natural that an individual will prefer a
location to another if the physical distance of the former is lesser than the
latter. Thus, the crucial property of the preferences that arise here is that
they are determined by the Euclidean distance. Clearly, top-connectedness

is not guaranteed in such situations.

In view of this, our primary motivation is to provide a general characterization

of the unanimous and strategy-proof SCFs on arbitrary single-peaked domains.

5.1.3

OUR CONTRIBUTION

First, we show that an SCF is unanimous and strategy-proof on an arbitrary single-

peaked domain if and only if it is weakly uncompromising. Weak uncompromis-

ingness implies that whenever an agent’s top-ranked alternative moves closer to
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the outcome, the outcome does not change. Moreover, if an agent moves his top-
ranked alternative away from the outcome, the outcome can change only in a re-
stricted way. We show that if a domain is top-connected, then weak uncompromis-
ingness boils down to uncompromisingness, and consequently, the set of unani-
mous and strategy-proof SCFs coincide with that of min-max rules.

Next, we provide a parametric characterization of the unanimous and strategy-
proof SCFs. We observe that parametrically characterizing strategy-proof rules un-
der the requirement of unanimity is a hard problem as it involves a huge set of
parameters. Hence, we restrict our attention to anonymous SCFs. A social choice
function is called anonymous if it is outcome equivalent at any two anonymous pro-
files. A pair of preference profiles is called anonymous if one profile can be obtained
from the other by permuting the set of individuals. We introduce a class of SCFs,
called sequentially median rules, and show that these rules are unanimous, anony-
mous and strategy-proof on arbitrary single-peaked domains. Further, in a setting
with atmost three players, we show that sequentially median rules characterize the
set of unanimous, anonymous, and strategy-proof SCFs on arbitrary single-peaked
domains.

Lastly, by means of examples, we provide a general algorithm to construct unani-
mous, anonymous and strategy-proof SCFs using weak uncompromisingness. We
also observe that the algorithm can be extended to the case of non-anonymous

SCFs in a straightforward manner.

5.1.4 REMAINDER

The rest of the chapter is organized as follows. We describe the usual social choice
framework in Section §.2. Section s.3 studies the unanimous and strategy-proof
SCFs on single-peaked domains and Section 5.5 provides a parametric characteri-
zation of such anonymous SCFs. Section 5.6 provides a general algorithm to con-
struct unanimous and strategy-proof rules using the notion of weak uncompromis-
ingness and Section 5.7 concludes the chapter. All the omitted proofs are collected

in the Appendix.
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5.2 PRELIMINARIES

Let N = {1, ...,n} be a set of at least two agents, who collectively choose an ele-
ment from a finite set A = {a,a + 1,...,b — 1, b} of at least three alternatives,
where a is an integer. For x,y € A, we define the intervals [x,y] = {z € A |
x <z <yory <z <y =[xy \ I (ey] = [y \ {x}, and
(x,y) = [x,y] \ {x,}. For notational convenience, whenever it is clear from the
context, we do not use braces for singleton sets, i.e., we denote sets {i} by i.

A preference P over A is a complete, transitive, and antisymmetric binary relation
(also called a linear order) defined on A. The upper-contour set (lower-contour set)
of P at an alternative x € A, denoted by U(P, x) (L(P, x)), is given by U(P, x) =
{y € A|yPx} U{x} (L(P,x) = {y € A| xPy} U {x}). We denote by L(A) the
set of all preferences over A. An alternative x € A is called the k™ ranked alternative
inapreference P € IL(A), denoted by r(P),if|{a € X | aPx}| = k—1. Adomain
of admissible preferences, denoted by D, is a subset of L(A). For B C A and a
domain D, D® = {P € D | r,(P) € B}. AnelementPy = (P,,...,P,) € D"is
called a preference profile. The top-set of a preference profile Py, denoted by 7(Py),
is defined as 7(Py) = {x € A | r,(P;) = xforsomei € N}. A domain D of
preferences is regular if for all x € X, there exists a preference P € D such that

r,(P) = x. All the domains we consider in this chapter are assumed to be regular.
Definition s5.2.1 A social choice function (SCF) fon D" is a mapping f : D" — A.

Definition §.2.2 An SCFf : D" — A is unanimous if for all Py € D" such that
r.(P;) = x foralli € N and some x € A, we have f(Py) = x.

Definition §.2.3 An SCFf : D" — A is manipulable if there exists i € N, Py €
D", and P, € D such that f(P,, Pw\i)Pf(Py). An SCF fis strategy-proof if it is not

manipulable.

Definition §.2.4 An SCFf: D" — Ais called dictatorial if there exists i € N such
that for all Py € D", f(Py) = r.(P)).
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Definition §.2.5 A domain D is called dictatorial if every unanimous and strategy-
proof SCEf : D" — Ais dictatorial.

Definition 5.2.6 Two preference profiles Py, Py, are called tops-equivalent ifr, (P;) =
r,(P)) for all agentsi € N.

Definition §.2.7 AnSCFf: D" — Ais called tops-only if for any two tops-equivalent
Py, Py € D", f(Px) = f(Py).

Definition 5.2.8 A domain D is called tops-only if every unanimous and strategy-
proof SCEf : D" — Ais tops-only.

5.3 SCFS ON ARBITRARY SINGLE-PEAKED DOMAINS

In this section, we provide a characterization of the SCFs on arbitrary single-peaked

domains.

Definition s5.3.1 A preference P € 1L(A) is called single-peaked if for all x,y € A,
[x <y < r(P)orr,(P) <y < x| implies yPx. A domain S is called a single-peaked
domain if each preference in it is single-peaked, and a domain S is called a maximal

single-peaked domain if it contains all single-peaked preferences.

Definition §.3.2 Let S be a single-peaked domain. An SCFf : 8" — A satisfies the
Pareto property if for all Py € S", min(7(Py)) < f(Py) < max(z(Py)).

Definition 5.3.3 Let S be a single-peaked domain. Let p = (B)scn be a list of 2"
parameters satisfying: (i) B € AforallS C N, (ii) By =b By = aand (iii) for any
SCT,B; < B Then, an SCFff : 8" — Ais called a min-max rule with respect to
Bif

£ (Px) = min{max{r,(P), B} }.

Next, we introduce the notion of uncompromisingness.
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Definition §.3.4 Let S be a single-peaked domain. An SCFf : 8" — Ais called
uncompromising if for all Py € S", alli € N, and all P, € S:

(i) ifr.(P;) < f(Px) andr,(P)) < f(Py), then f(Py) = f(P;, P_;), and
(i) iff(Px) < r.(P;) and f(Py) < r,(P}), then f(Py) = f(P,,P_,).
REMARK §.3.1 Every min-max rule is uncompromising.'

REMARK §.3.2 If an SCF satisfies uncompromisingness, then by definition, it is tops-
only.

Now, we introduce the notion of weak uncompromisingness. We begin with

defining the notion of left-right interval.

Definition 5.3.5 Let S be a single-peaked domain. Then, an interval [x, y| is called a
left-right interval on S with cut-off z € [x,y| if for all P € S™¥, we have xP(z + 1)
and for all P € S, we have yP(z — 1).

Definition 5.3.6 LetS be asingle-peaked domain. Then an SCFf : 8" — Asatisfies
weak uncompromisingness with respect to S if f is unanimous and for all Py € S", all
i € Nyand all P, € Swith |r,(P;) — r,(P})| <1

(i) ifr(P;) € [ri(P:), f(Px)), then f(P;, P_;) = f(Py), and

(ii) ifri(P:) € [f(Px), r.(P})] and f(Px) 7 f(P}, P—), then [f(Pn), (P}, P—)] isa
left-right interval on S with cut-off r,(P;).

REMARK 5.3.3 Note that if an SCF satisfies weak uncompromisingness, then by defi-

nition, it is tops-only.

5.4 REsuULTS

Theorem s.4.1 Let S be a single-peaked domain. Then, an SCEf : 8" — A'is

unanimous and strategy-proof if and only if it is a weak uncompromising rule.

The proof of this theorem is relegated to Appendix 5.8.1.

'For details, see [86].
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5.5 A PARAMETRIC CHARACTERIZATION

In this section, we show how Theorem 5.4.1 can be used to construct a parametric
(functional form) characterization of the unanimous and strategy-proof SCFs. We
provide this characterization for three agents, it will be clear from the presentation

of the same for more number of agents will be complicated.

Definition s.5.1 (Sequentially median parameters) LetS be asingle-peaked do-

main. Then, a collection of parameters B, ..., B, witha = B < ... < B, = bis
called sequentially median parameters on S if for all j = 1,... k — 1, there exists
€ (B, B;,) such that for all P € S%1, we have p;Pr.(P) andfor allp € SUF),
we have B, Pr, (P).
Note that for a collection of sequentially median parameters § , ..., 8, for all
y € (,3]., :Bj+1) and for all P, P’ € &”, we have B;PB,., if and only if B, P B In

view of this, for such alternative y, we write ﬁjyﬂj L, (or [Sjy[%j .,) tomean ,B].Pﬂ}. L, (or
ﬁjﬂyﬁj) forallP € &.

For a collection of median parameters f;, ..., , we denote by jﬂ " the me-
dian rule with respectto 7, ..., _ .

Definition s.5.2 (Sequentially median rules) An SCFf : 8" — Xis called se-

quentially median if there are sequentially median parameters B , . .. , B, and median
parameters B7, ..., B where B, ... B € {p,, ..., P} suchthat

£ (en)iff (Py) € {B,s- - B}
f(Py) = mln{ﬁ]+l,max PN V}iff (Py) € [3},,8}+1 ) and ﬁ]+fg
max{,Bj,mm V}ifff (Py) € [3},,81+1 andﬂf Py)B [,

Lemma s.5.1 Letf : 8" — X be a sequentially median rule with respect to sequen-
tially median parameters B, . . ., B, and 0 8" — X be a median rule with respect
to median parameters 7, . . ., B:_ For all Py, Py € S", f (Py) > £ (PY) implies

f(Px) = f(Py)-
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The proof of this lemma is left to the reader.

Theorem s.5.1 Let S be a single-peaked domain. Then, every sequentially median

rulef : 8" — X is unanimous, anonymous and strategy-proof.
The proof of this theorem is relegated to Appendix 5.8.2.

Theorem s.5.2 Let S be a single-peaked domain and let n < 3. Then, an SCF f :
S" — Xis unanimous, anonymous and strategy-proof if and only if it is a sequentially

median rule.

The proof of this theorem is relegated to Appendix 5.8.3.

5.6 DISCUSSION

In this section, we provide two examples to illustrate how the weak uncompromis-
ingness property helps in constructing a unanimous and strategy-proof SCF. For
both these examples, anonymity is assumed for simplicity. One can use the same

procedure to construct SCFs that are not anonymous.

5.6.1 LEFT SINGLE-PEAKED DOMAIN

In this subsection, we first present a formal definition of left (right) single-peaked
domains and construct a unanimous, anonymous and strategy-proof SCF on such

domains using weak uncompromisingness.

Definition 5.6.1 A single-peaked preference P is called left single-peaked (right single-
peaked) if for allu < r,(P) < v, we have uPv (vPu,). A set of single-peaked preferences
S is called left single-peaked (right single-peaked) if it contains all left single-peaked (all
right single-peaked) preferences.

Let the set of alternativesbe A = {a,, a,, a,, a,, as, de, a,, as }. Suppose that the

admissible domain of preferences is left single-peaked over these alternatives.
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In Table 5.6.1, we construct an anonymous SCF that satisfies weak uncompro-
misingness. In each row of Table 5.6.1, one agent’s top-ranked alternative is moved
from a, to a,. In the first row, agent 4’s top-ranked alternative is moved from a, to
ag. Note that the outcome jumps’ from g4, to a, while the top-ranked alternative
of agent 4 moves from a, to a,. Further, note that the interval [a,, a,] is a left-right
interval with cut-off a, as required by weak uncompromisingness. Similarly, in the
second row, the outcomes jumps from a, to a, while the top-ranked alternative of
agent 3 moves from a, to a. Also, the interval [a,, a,] is a left-right interval with
cut-off a,. In this fashion, it can be checked that this SCF satisfies weak uncompro-

misingness, and hence, by Theorem 5.4.1, it is strategy-proof.

(n(P))ien | (a,a,0,a,) | (a0, 0, a,) | (a,a,0a,a,) | (a,a,a,a) | (a,a,a,a6) | (a4, a,a,) | (a,a,a,a)

f(PN) A a a a a3 a4 a

(n(P))ien | (s, a5) | (@, 4,05, a5) | (a0, 0,,05) | (a0, a0, a5,05) | (a1, 01,06, a5) | (4,0, 87,00) | (a,, a,, a5, a5)

f(Pn) a, a, a, a; ag a, a,
(r(Py)ien | (a1, 82,05, a5) | (a, a5, a5,a5) | (a,,a,,a,a5) | (a4, as,a5) | (a,, a6, a5,a5) | (a,,a,,a5,a5) | (a,,as, as, as)

f(Px) a, a, a, a, a, a, ag
(r(Py))ien | (a.,as,as,a5) | (ay,as, as, as) | (a,, as, as, as) | (as, as, ag, ag) | (as, as, ag, ag) | (a,, as, ag, ag) | (as, as, ag, ag)

f(Px) ag ag ag ag as ag ag

Table 5.6.1 Construction of unanimous, anonymous, and strategy-proof SCFs us-
ing weak uncompromisingness

5.6.2 EUCLIDEAN DOMAINS

In this subsection, we first present a formal definition of Euclidean domains and
construct a unanimous, anonymous and strategy-proof SCF on such domains us-
ing weak uncompromisingness.

For ease of presentation, we assume that the set of alternatives are (finitely many)
elements of the interval [0, 1].> Leto = a, < ... < a,, = 1be the alternatives. As-
sume that the individuals are located at arbitrary locations in [0, 1] and derive their

preferences using Euclidean distances of the alternatives from their own location.

>With abuse of notation, we denote by [o, 1] the set of real numbers in-between o and 1.
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We call such preferences Euclidean. Below, we provide formal definitions of these.

Definition 5.6.2 A preference P is called Euclidean if there is x € [o, 1], called the
location of P, such that for all alternatives a, b € A, |x — a| < |x — b| implies aPb. A

domain is called Euclidean if it contains all Euclidean preferences.

Let the set of alternatives be A = {a,, a,, a, a,, a4, as, a,, as, d,, d,, } With the
distance function as given in Figure 5.6.1. Suppose that the admissible domain of

preferences is Euclidean over these alternatives.

a, a, a, a, a, dg a, ag 4y
Figure 5.6.1 Distance function of a Euclidean domain

In Table 5.6.1, we construct an anonymous SCF that satisfies weak uncompro-
misingness. In each row of Table 5.6.1, one agent’s top-ranked alternative is moved
from a, to as. In the first row, agent 4’s top-ranked alternative is moved from a, to
ag. Note that the outcome jumps’ from a, to a; while the top-ranked alternative
of agent 4 moves from a, to a,. Further, note that the interval [a,, a,] is a left-right
interval with cut-oft a, as required by weak uncompromisingness. Similarly, in the
second row, the outcomes jumps from a; to a, while the top-ranked alternative of
agent 3 moves from a; to as. Also, the interval [a, a.] is a left-right interval with
cut-off a;. In this fashion, it can be checked that this SCF satisfies weak uncompro-

misingness, and hence, by Theorem s.4.1, it is strategy-proof.

5.7 CONCLUSION

This chapter studies the structure of the unanimous and strategy-proof SCFs on
arbitrary single-peaked domains. It characterizes such SCFs by means of weak
uncompromisingness. Further, it provides a parametric characterization of such

SCF:s for the case of 2 and 3 agents under the assumption of anonymity.
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(n(P))ien | ( )] )| ( )| ) | (ayananas) | ( )]« )]« )|« )
f(Py) a a a ag a a a a

(n(P))ien | (@, 0:,80) | (a0, a5, 00) | (a,a,8,,80) | (0,6, 05,00) | (a1, 66,800) | (a0,80,8,,80) | (a1, a,85,80) | (40,80, 89,00) | (a1, 1,40, 1)
f(Py)

(r(P))ien | (a1 8ay oy 10) | (a1, 85, i, @i0) | (81, G4, G0y i) | (a1, 85,y uo, 10) | (81, Gy Guos Bi0) | (a1, sy Gy o) | (a1, 5y oy o) | (@1 81y iy @10) | (4, 4, iy 10)
f(Px) a, a, a, a, a, a, a, a, a,

(r(P))ien | (2 @10, o, o) | (35 10, Groy o) | (45 o ios Gro) | (A5, oy oy io) | (6 ios Gros o) | (75 Gro, Ghoy o) | (as: Guoy oy o) | (g, oy oy io) | (s o o @1o)
f(Py) a, a, a, a, a, a, a, a, a,

Table 5.6.2 Construction of unanimous, anonymous, and strategy-proof SCFs us-
ing weak uncompromisingness

5.8 APPENDIX

5.8.1 PROOF OF THEOREM §.4.1

Proof: (If part) f is unanimous by definition. To show that f is strategy-proof, as-
sume for contradiction that fis manipulable. Thus there exists Py € S", P, € S
such that f(P,, P_;)P/f(Py). Without loss of generality we can assume |r,(P;) —
r(P))| < 1. Note thatifr,(P}) € [r,(P;),f(Py)] then by Condition (i) in Defini-
tion 5.3.6, f(Py) = f(P;,P_;). This means r,(P,) ¢ [r,(P;),f(Py)]. Without loss
of generality we can assume f(Py) < r,(P;) < r,(P,). But by Condition (ii) in
Definition s.3.6, this means [f(Py), f(P}, P_;)] is a left-right interval on S with cut-
off r,(P;). This, in particular, implies f(Py)Pir, (P;) and hence by single-peakedness
f(Px)Pf(P;, P_y).

(Only-if part) Let f : S" — A be unanimous and strategy-proof SCF. We show
it is weak uncompromising. Since f is unanimous by assumption we proceed to
show that f satisfies Condition (i) and (ii) in Definition 5.3.6.

Condition (i): Let Py € S8"and P, € S such that |r,(P;) — r,(P})| < 1and
r(P) € [r(P,),f(Py)]. We show f(P,,P_;) = f(Py). If |r.(P;) — r(P))| < 1,
ie, r,(P;) = r,(P,)) then, by tops-onlyness f(Py) = f(P,P_;). So, we consider
the case |r,(P;) — r,(P})| = 1. Assume for contradiction f(Py) # f(P,,P_;). By
strategy-proofness f(P,, P_;)P.f(Py). Since r,(P}) € [r,(P;),f(Px)],if (P}, P_;) €
[r.(P;), f(Py)) then, agent i manipulates at Py via P;. On the other hand if f(Py) €
[r.(P;), f(P,, P_;)) then, agent i manipulates at (P,, P_;) via P,. Thusr,(P;) € [f(Py),
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f(P}, P_,)]. Withoutloss of generality we assume f(P;, P_;) < f(Py).LetT = {j €
N|r,(P;) < r,(P;)}. Consider a profile Py such that P; = P} ifj € T, otherwise

/

P, = P;. Note that since r,(P;
Pareto property f(Py) = f(Py). Butasf(P,, P_;)P/f(Py), the set of agents in T will
manipulate at Py via (P, P_;), a contradiction. Thus f(Py) = f(P}, P_;).

Condition(ii): Note that if f(Py) = f(P;, P_;) then there is nothing to show.
So, without loss of generality, we assume f(Py) < r,(P;) < r(P,) < f(P,,P_,).
Againiff(Py) = r,(P;) < r,(P) = f(P}, P_;) then |[f(Py) — f(P,,P_;)| = 1and by
definition [f(Py) —f(P,, P_;)] is aleft-right interval on S w.r.t. r,(P;). So we further
assume f(Py) < r,(P;) < r,(P}) < f(P,,P_;). Take a € [r,(P,),f(P,, P_;)]. Then
by Condition (i), f(P*, P_;) = f(P,, P_;). Now if f(Py) = r,(P;), then by strategy-
proofness for all P € S f(P,, P_;)P*f(Py), which shows [f(Py), f(P,, P_;)] is aleft
right interval on S with cut-off r,(P;). So, we assume f(Py) < r,(P;). It is enough
to show that foralla € [r,(P)),f(P,,P_;)],and all P* € S, f(P,, P_;)P*r,(P;). Sup-
pose not, and for some a € [r,(P,),f(P,,P_;)] and P* € S, r,(P,)P*f(P,, P_;). Let
T={j € N|r, (Pj) < r,(P))}. Consider the profile Py where 13}» = Plifj € Tand
P, = P;ifj ¢ T. Then, by condition (i), f(Py) = f(P, P_;) as ,(P.) < f(P., P_;).
Let T' = {j € N|r,(P,) < r,(P))}. Consider the profile Py such that P, = P, if
j€ T andP; = Pjifj ¢ T'.

Claim: f(Py) = r,(P,).

Note that by the Pareto property f(Py) > r,(P;), as by construction r,(P;) >
r,(P;)forallj € N. Since by strategy-proofness f(Py)Pf(P}, P_;),f(Px) # f(P], P_,).
If f(ISN) = f(P],P_;) then, agents in T’ will manipulate at Py via (Py). Now
suppose f(Py) > r,(P;) then by condition (i) f(Py) = f(Py) but that means
f(Py) = f(P,,P_,) as f(Py) = f(P,,P_,). Thus f(Py) = r,(P;), which completes
the proof of the claim.

Let T” = {j € N|r,(P;) < a}, and Py be such that P, = P*ifj € T” and
f’]- = P;ifj ¢ T". Using a similar argument as in the case of f(Py), we can show
f(Py) = f(P],P_;). But since by our assumption r,(P;)P*f(P}, P_,), agents in T"
will manipulate at Py via Py. This is a contradiction to group strategy-proofness
and hence f(P}, P_;)P*r,(P;). This completes the proof of condition (ii). |

) < f(Py), by group strategy-proofness and the

103



5.8.2 PROOF OF THEOREM 5.5.1

Proof: Let S be a single-peaked domain and let f : S" — A be a sequentially
median rule.

Anonymity of f follows from the definition. We show f is unanimous. Take a
unanimous profile Py € S". Let mint(Py) = maxt(Py) = «. Since jﬁ " is
unanimous, f = x. Ifx € {B,,..., B}, then f(Py) = ff (Py) = x. Suppose
#(Py) € (ﬁj, 'Bj+1) for somej = 1,...,k — 1. Then, min{max(7(Py), ,8])} =
max{min(7(Py), B, +.)} = x,and hence f(Py) = «. This shows fis unanimous.

Now, we show that f is strategy- proof Take Py € 8", i € N,and P, € S.
Note that if r,(P;) < f* (Py) and r,(P)) < £ (Py), thenff (Py) = £ (P, Pny),
and hence, by the definition of a sequentlally median rule, f(Py) = f(P}, Pyy)).
Similarly, if r, (P;) > f; (Py)andr,(P)) > fﬁ (Py), then f(Py) = f(P;, PN\l)

So, suppose r,(P;) < f* (Py) and r.(P) > f (Py). Then, by the property
of a median rule, f (P, Py,) > £ (Py). Iff (P,Py;) = f* (Py), then by
the definition of a sequentially median rule, (Py) = f(P,, PN\,-). So, assume
(P, Py) > f£(Py) and f(Py) > f(P,,Py\;). Supposej < kis such that
7 (Py) € [,Bj, B +,)- This, together with the fact that f(Py) > f(P], Py\;), implies
either f(Py) = ﬂj and f(P;, Py\;) > ﬁ}. L, or f(Py) = ﬁ}. ., and (P, Pxi) > ﬁ}. a
Iff(Py) = p;and (P, Pxi) > B, then by the definition of a sequentially me-
dian rule, it must be that Jﬁ ’ (PN)ﬁj .- Since r,(P;) < 1" (Py), by the property
of sequential parameters, we have . Pix forallx > .., and hence i does not ma-
nipulate. On the other hand, if f(Py) = ﬁj ,, and (P, Pxi) > ﬂj ., then since
rn(P) < ff (Py) and £ (Py) < B, wehave B Puforallx > f. ,andhence
i does not manipulate It can be shown by similar logic that i cannot manipulate
when r,(P;) > j‘JB (Py)and r,(P;) < fﬁ (Py).

suppose rl( ) =F (Py) .Ifjﬂ (Py) € {B,,-..,B.} thenf(Py) = f (Py) =
r.(P;), and hence, i cannot manipulate. So, assume f* (Py) € ([3]., [3}. .,) for some
j < k. Assume without loss of generality that f(Py) = B, Then, by the definition
of a sequentially median rule, f;P;, . Again, by the definition of a sequentially
median rule, f(P}, Px\;) € ( ﬁj, ,Bj +,)- Also, by the single-peakedness of P;, B,Px for
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allx ¢ [ﬁj, ﬁj +,)- This means i cannot manipulate at Py. This completes the proof
of the theorem. n

5.8.3 PROOF OF THEOREM §.5.2

Proof: The proof of the if-part follows from Theorem 5.5.1. We proceed to prove
the only-if part of the theorem. Let f : S" — A be a unanimous, anonymous,
and strategy-proof SCE. By Theorem s.4.1, f satisfies weak uncompromisingness.
Define B = a,; = b,andforallk € {1,...,n—1},define f; = f(Py) where Py
issuch thatr,(P;) = bforalli =1,...,kandr,(P;) = aforalli=k+1,...,n.

Take k € {o,...,n — 1} such that By < B; . Let us denote §; by . We
construct f_ as follows. Consider a(ny) profile where the top-ranked alternatives
of agents 1,...,kis b, of agents k + 1,...,n — 1is a, and of agent n is ;. We
first argue that the outcome at such a profile must be §, . To see that, consider the
profile where the top-ranked alternatives of all agents except n remain the same
as above and that of n is a. By the definition of §, , the outcome at this profile is
B, Since at the former profile, the top-ranked alternative of agent n is ,_, by a
straight-forward application of strategy-proofness it follows that the outcome at
that profile must be 8, . Now, keeping the top-ranked alternatives of all agents
except n unchanged, we keep moving that of agent n ‘continuously’ (i.e., each time
one step) towards the right direction from f8,,. We do this till the outcome changes
from B, for the first time. Since f; > B,,, outcome must change at some time
point by this procedure. Note that by weak uncompromisingness, this changed
outcome must lie on the right of B, . We define §,_ as the new outcome whenever
this first-time-change happens. We follow this method recursively to define g,
ﬁk4, and so on. Below, we describe this method formally.

Let Py\, be such that r(P;)) = bforalli = 1,...,kand r,(P;) = aforall
i = k+1,...,n— 1 Suppose P; is such that f(Px\,, P,) = B,, for all P, with
r(P,) € [B,,n(P;) — 1] and f(Pxs, P}) # PB,,- As we have argued in the pre-
ceding paragraph, weak uncompromisingness implies f,, < r,(P;) < f(Pn4, P;).

Define B, = f(Px\u, P;). Having defined B, if 8, < P, then define ﬁk(l =
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f(Pxpns P, where PL™ is such that f(Px\us Py) = By forall P, with r,(P,) €
Bus 1 (P — 1] and f(Py s, Py > By As we have argued before, B, < B, .
Since f(Py\n, Py) = B, forall P, such that r, (P,) > B, itfollows that ﬁk(l+1) <
B..,- Moreover, for the same reason, there must be [; such that B = B, Thus,
we obtain a collection of alternatives (:Bku B :Bklk)'

Following this procedure for each k € {o,...,n — 1}, we obtain the following

oo Ba B B Bl By

B,). By construction, these collection of alternatives satisfy the properties of se-

collection of alternatives (

quentially median parameters. In what follows, we show that the SCF fis a se-
quentially median rule with respect to these parameters.

Take Py € S". Let £ be the median rule with respect to the parameters
S AR Suppose f (Py) = B, forsomek = o,1,...,n —1and somel =
1,.. ., lr. Bythe definition of the median rule, this means f,, = median{r,(P,), .. .,
r(P,), Bs,...,B.}. Supposel = 1. Thatis, f,; = f;. Then, by the definition
of the median rule, f* (Py) = B; implies that Py is such that r,(P;) = b for all
i=1,...,kandr(P;) = aforalli = k+1, ..., n. Now, by weak uncompromis-
ingness, f(Py) = B forall Py € S" such thatr,(P;) > p; foralli = 1,...,k
and r,(P;) < B foralli = k+ 1,...,n Thus, for all profiles Py such that
median{r,(P,),...,n(P,), B, ..., B} = B;, we have f(Py) = B;.

Now, suppose | # 1. Then, it must be that ,, = r,(P;) for some i € N. By
the definition of the median rule, this means |[{i € N | r,(P;)) > B, }| > k+1
and [{i € N | r(P;) > By} = n — k. We show f(Py) = B, for all such
profiles. Consider Py such that r,(P;) = bforalli = 1,...,k,r,(P;) = aforall
i=k+1,...,n—1andr(P,) = B,. By the construction of B, f(Pn) = B,
Now, by weak uncompromisingness, we conclude that f(Py) = B, for all Py as
described above.

Suppose ff (Py) € (B :Bk(l+1)) for some k = o,...,n — 1and some | =
1,...,lr — 1. Assume without loss of generality, [Skfg ) (PN)ﬁk(l +)- This, in particu-
lar, means f(Py) = f,;. By the definition of ', |{i € N | n(P,) > Butl > k+1
and [{i € N | n,(P;)) < By} = n — k. Sincen < 3, it must be that there

exists at most one agent with top-ranked alternative strictly less than ff (Py) and
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at most one agent with top-ranked alternative strictly greater than f* (Py). Con-
sider the profile Py € S" where r,(P;) = bforalli = 1,...,k r(P;) = afor
alli = k+1,...,n—1,andr,(P,) = ff (Py). Sincen < 3, by weak uncom-
promisingness, f(Py) = f(Py). By the construction of 8, and Briiy f(Py) = By
Combining, we have f(Py) = B,, which completes the proof of the theorem. W
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Social Choice on Domains based on Trees

6.1 INTRODUCTION

6.1.1 BACKGROUND AND MOTIVATION

THE INCOMPATIBILITY OF strategy-proofness and non-dictatorship as shown in
the Gibbard-Satterthwaite theorem ([43 ], [75]) hasled researchers to weaken their
assumption that the domain of admissible preferences is unrestricted. Among the
domain restrictions, the single-peaked restriction has attracted special interest due
to its practical appeal. The seminal works of [15], [54], and [86] consider single-
peaked preferences when the set of alternatives are arranged over the real line. A
rich literature has developed around the single-peaked restriction when the set

of alternatives have much more general structural properties (see [9], [29], [76],
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[s55],and [56]).

[29] and [27] consider single-peaked preferences when alternatives are arranged
on a free.'’ When alternatives are arranged on a tree, a preference is called single-
peaked if it falls when one moves farther away from its top-ranked alternative along
any path. Both these articles consider maximal single-peaked domains on a tree.
[29] shows that such domains guarantee the existence of a majority winner and
[27] characterizes the non-manipulable SCFs on such domains as medians of dicta-
torial and constant rules. [55] and [56] consider single-peaked domains based on
a general notion of betweenness. They consider rich single-peaked domains which
we find very demanding in the context of trees. A single-peaked domain is rich if
(i) it is top-connected, and (ii) for every path from a junction node to a leaf, there
exists a preference which places the alternatives along the path consecutively at
the top.”> Hence, our main motivation is to study the structure of unanimous and
strategy-proof SCFs on arbitrary single-peaked domains on trees so as to widen

the applicability of this framework.

6.1.2 OUR CONTRIBUTION

We introduce the notion of top-connected single-peaked domains. Loosely speak-
ing, it requires that for any two adjacent alternatives, there exists a preference which
places one at the top and the other at the second rank. We show that every unani-
mous and strategy-proof SCF on top-connected single-peaked domains on a tree
satisfies the Pareto property and tops-onlyness. It is worth noting that the tops-
onlyness result does not follow from the sufficient conditions provided in [20] for
a domain to be tops-only. Further, we characterize the unanimous and strategy-
proof SCFs on single-peaked domains that satisfy a stronger requirement called
strong connectedness. A single-peaked domain is called strongly connected if for any
two adjacent alternatives x and y, there exist two preferences such that (i) one

places x at the top and y at the second rank, and the other places y at the top and x

'An undirected graph with the alternatives as nodes is a tree if there is a unique path connecting
any two alternatives.
A node is called a junction if its degree is at least 3, and called a leaf if its degree is equal to 1.
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at the second rank, and (ii) the relative ranking of all the other alternatives remains
the same in both of them.

Lastly, we contrast our result with the related resultin [55] and [ 56]. They char-
acterize the unanimous and strategy-proof SCFs on a rich single-peaked domain
with respect to their general notion on betweenness. It is straightforward to see
that both top-connectedness and strong connectedness are weaker than their rich-
ness condition. Therefore, in the context of trees, their results follow as a corollary

of ours.

6.1.3 REMAINDER

The rest of the chapter is organized as follows. We describe the usual social choice
framework in Section 6.2. Section 6.3 establish a few properties of unanimous
and strategy-proof SCFs on top-connected single-peaked domains and Section 6.4
characterizes such SCFs on strongly connected single-peaked domains. Section

6.5 concludes the chapter.

6.2 PRELIMINARIES

Let N = {1,...,n} be a set of at least two agents, who collectively choose an ele-
ment from a finite set A = {a,a + 1,...,b — 1, b} of at least three alternatives.
For notational convenience, whenever it is clear from the context, we do not use
braces for singleton sets, i.e., we denote sets {i} by i.

A preference P over A is a complete, transitive, and antisymmetric binary relation
(also called a linear order) defined on A. The upper-contour set (lower-contour set)
of P at an alternative x € A, denoted by U(P, x) (L(P, x)), is given by U(P, x) =
{ye A|yPx} U{x} (L(P,x) = {y € A| xPy} U {x}). We denote by L(A) the
set of all preferences over A. An alternative x € A is called the k™ ranked alternative
inapreference P € IL(A), denoted by ri(P),if|[{a € X | aPx}| = k—1. Adomain
of admissible preferences, denoted by D, is a subset of L(A). For B C A and a
domain D, D® = {P € D | r,(P) € B}. AnelementPy = (P,,...,P,) € D"is
called a preference profile. The top-set of a preference profile Py, denoted by 7(Py),



is defined as 7(Py) = {x € A | r,(P;) = xforsomei € N}. A domain D of
preferences is regular if for all x € X, there exists a preference P € D such that

r,(P) = x. All the domains we consider in this chapter are assumed to be regular.
Definition 6.2.1 A social choice function (SCF) fon D" is a mapping f : D" — A.

Definition 6.2.2 An SCFf : D" — A is unanimous if for all Py € D" such that
r.(P;) = x foralli € N and some x € A, we have f(Py) = x.

Definition 6.2.3 An SCFf : D" — A is manipulable if there exists i € N, Py €
D", and P, € D such that f(P,, Px\;)Pf(Px). An SCF f is strategy-proof if it is not

manipulable.

Definition 6.2.4 An SCFf: D" — Ais called group manipulable if there is a pref-
erence profile Py, a non-empty coalition C C N, and a preference profile P, € Dlcl
of the agents in C such that (P, Px\c)Pf(Py) for alli € C. An SCEf : D" — Ads
called group strategy-proof if it is not group manipulable.

Definition 6.2.5 An SCFf: D" — Ais called dictatorial if there exists i € N such
that for all Py € D", f(Py) = r.(P)).

Definition 6.2.6 A domain D is called dictatorial if every unanimous and strategy-
proof SCEf : D" — Ais dictatorial.

Definition 6.2.7 Two preference profiles Py, Py, € D" are called tops-equivalent if
r.(P;) = r.(P)) for all agentsi € N.

Definition 6.2.8 AnSCFf: D" — Aiscalled tops-only if for any two tops-equivalent
Py, Py € D", f(Py) = f(Py)-

Definition 6.2.9 A domain D is called tops-only if every unanimous and strategy-
proof SCEf : D" — Ais tops-only.

Definition 6.2.10 An SCFf: 8" — A satisfies the Pareto property if for all Py €
Sy such that xP;y for all i € N and some x,y € X, we have f(Py) # y.



Definition 6.2.11 An SCFf: 8" — A satisfies uncompromisingness if for all Py €
S" alli € N, and all P, € S such that {r,(P;),r(P))} € E,

(i) n(P) € (n(P),f(Py)] or r(P;) € (r(P)),f(Px)] implies f(P, Py\;) =
f(Py), and

(i) r(P) € (f(Px),ri(P)] or r(P;) € (f(Px), ri(P))] implies f(P], Pxy;) =
f(Py).

Next, we introduce a graph structure on the set of alternatives. A collection
E C {{a,b} | a,b € A, a # b} is an undirected graph. The elements of E
are called edges. The degree of a € A is the number of edges to which it belongs,
ie., the number |{{x,y} € E | a € {x,y}}|. Fora,b € Aapatha,b]isa
sequence of nodes (a,, . .., a;) such thata, = a,a; = b, and (a;, a;y,) € E for
alli = 1,...,k — 1. In this case, by (a, b] we denote the sequence (a,, ..., a;),
and by (a, b) the sequence (a,, . .., a;_,). Whenever it is clear from the context,
the notations [a, b, (a, b], and (a, b) will also be used to denote the sets of nodes
(instead of the sequences) that appear in the path.

Agraph Eisatreeif foralla,b € A there is a unique path [a, b|. Throughout
this chapter, we assume that E is an arbitrary but fixed tree. By A; C A, we denote
the set of alternatives with degree 1 (also called leafs), and by A; C A, we denote
the set of alternatives with degree more than two (also called junction nodes). Thus,
the alternatives in A are partitioned into three sets: the leafs, the junction nodes,

and the nodes with degree exactly two.

Definition 6.2.12 A preference P is single-peaked if for all distinct x,y € A with

y # r(P),

x € [r(P),y] = «Py.
A domain S is single-peaked if each preference in it is single-peaked.
Example 6.2.1 LetA = {a,, a,, a,, a, } be aset of alternatives arranged over the tree

in Figure 6.2.1. The alternatives a,,a,, and a, form the leaves of this tree and the alter-

native a,, form the only junction node. Therefore, A; = {a,,a,,a,} and A; = {a,}. A



preference P over A such that a,Pa,Pa,Pay is single-peaked whereas preference P’ over
A such that a,P'a,P'a,P'a, is not. This is because the alternative a, comes before a, in
the path [a,, a,| and hence, in any single-peaked preference which places a, at the top,
a, must be preferred to a,. Note that single-peakedness does not place any restriction
on a preference which places a, at the top as the alternatives a,,a,, and a, are on differ-
ent paths from a,. More generally, single-peakedness does not place any restriction in
the preference over the alternatives belonging to two different paths from the top-ranked

alternative.

Figure 6.2.1 A tree graph

6.3 PARETO PROPERTY AND TOPS-ONLYNESS

In this section, we introduce the notion of top-connected single-peaked domains
on trees and establish a few important properties of unanimous and strategy-proof

SCFs on such domains like the Pareto property and tops-onlyness.

Definition 6.3.1 A single-peaked domain S is called top-connected if for all distinct
x,y € Asuchthat {x,y} € E, there exists P,P' € S such thatr,(P) = r,(P') = «x
and and r,(P) = r,(P') = y.

Example 6.3.1 LetA = {a,, a,, a,, a, } be aset of alternatives arranged over the tree

in Figure 6.2.1. Then, the set of single-peaked preferences in Table 6.3.1 is top-connected.
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Notice that the maximal single-peaked domain based on this tree would have 6 pref-
erences with the top-ranked alternative a, whereas the domain in Table 6.3.1 contains

only three such preferences.

p, P, P, P, P, P; P,
a, a, a a, a, a, a,

a, a, a, a, a, a a,
a, a, a; a 4, a, 4a,
a a, a, a, a 4a 4a

Table 6.3.1 A top-connected single-peaked domain based on the tree in Figure
6.2.1

The following theorem shows that unanimity and the Pareto property are equiv-

alent under strategy-proofness on top-connected single-peaked domains.

Theorem 6.3.1 Let S be a top-connected single-peaked domain. Every unanimous

and strategy-proof SCF f : 8" — A satisifies Pareto property.

Proof: Assume for contradiction that f(Py) = y for some Py € Sy such that xPyy
foralli € Nand somex,y € X. Letu € Nien[r.(P;),y] be such that u,y € E.
Such an alternative u exists because S is a single-peaked domain on a tree and xP;y
foralli € N. Consider agent 1 and consider the preference P, € S such that
r.(P,) = uandr,(P,) = y. Since uP,y, by strategy-proofness, f(P,, Px\,) = y. By
sequentially moving agents i from P; to P, such that r,(P}) = uandr,(P}) = yand
by applying strategy-proofness at each stage, it follows that f(P};) = y. However,
since r,(P}) = uforalli € N, this contradicts unanimity of f. This completes the
proof of the theorem. u

The following theorem shows that top-connected single-peaked domains are

tops-only.

Theorem 6.3.2 Let S be a top-connected single-peaked domain. Every unanimous

and strategy-proof SCFf : 8" — A is tops-only.
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Proof: LetPy € S",i € N,and P; € Sbesuchthatr,(P;) = r,(P;). Itis enough to
show that f(Py) = f(P}, Py\;). Suppose not. Let f(Py) = x # y = f(P}, Px\;). By
strategy-proofness of f, xP;y and yPjx. Therefore, y ¢ [r,(P;), x| and x ¢ [r,(P;),y].

Let [x,y] = (x,4',...,u",y). Let S C Nbe such thatj € S implies r(P;) €
[b,u"] forallb € Ay such that u* € [b,y]. Similarly, let T C N be such that
j € Timpliesr,(P;) € [b,y]forallb € A suchthaty € [b, u*].3 Construct the
profile Py from Py such that r,(P;) = u*and r, (P;) = yifj € S,r,(P;) = yand

r.(P) = uifj € T,andr,(P;) = r,(P) ifj € N\ (SUT).

Claim 1. f(Py) = x implies f(Py) = u".

Proof:[Proof of Claim 1] Consider the profile P}, € S" such that r, (13]‘) = xif
r(P;) € [b,«]forallb € Ay suchthatx € [b,u'] and f’]‘. = P; otherwise. Since
f(Py) = x, we have f(P},) = x. Next, consider the profile P, € S" such that
r, (13]2) = y'andr, (13}2) = xifr (13]’) € [b,u']forallb € Aj suchthatu' €
[b, u’] and P; = P; otherwise. By moving agents one-by-one from Py, to Py, and
applying unanimity and strategy-proofness at each step, we have f(P%) € {x, u'}.
By Theorem 6.3.1, f(P%) # «, and therefore, f(P%) = u'. Next, consider the
profile P}, € S" such that r, (13]3) = v’ and rz(lsf) = u'ifr, (1312) € [b,u’] forall
b € Ap such thatu® € [b,®] and 1313 = 13; otherwise. By moving agents one-by-
one from P} to Py, and applying unanimity and strategy-proofness at each step, we
have f(P}) € {u',u’} and by Theorem 6.3.1, f(P}) = 1.

Continuing in this manner, consider the profile P € S" such that r, (ijJ“) =
u* and rz(f);‘J“) =y ifrl(f’]’-‘+l) € [b,u"] forallb € Ay such that u*™* € [b, uf]
and 13]3 = 13]2 otherwise. Using the same arguments as before, we have f(Py,) = u*,
Observe that yf’]’.‘uk forallj € T. Now, move agents from the profile P, to Py one-
by-one and by applying strategy-proofness at each stage, we have f(Py) = u". This

completes proof of Claim 1. |
Claim 2. f(P}, Py\;) = y implies f(Py) = y.
Proof:[Proof of Claim 2] Consider the profile P}, € S" such that , (15;) = yand

*The sets S and T are defined with respect to the profile Py. However, the same could also be
defined with respect to the profile (P, Py) as the profiles Py, (P,, Py) are tops-equivalent.
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rz(f’]‘) = uFif r(P;) € [b,y]forallb € A suchthaty € [b, u"] and P; = P
otherwise. Since f(P}, Py\;) = y, we have f(PY,) = y. Observe that ukIS;y for all
j € S. Next, move agents from the profile Py to Py one-by-one and by applying

strategy-proofness at each stage, we have f(Py) = y. This completes proof of Claim
2. |

Since u* # y, Claim 1 contradicts Claim 2. This completes proof of the theorem.

6.4 MAIN RESULT

In this section, we introduce the notion of strongly connected single-peaked do-

mains on trees and characterize the unanimous and strategy-proof SCFs on it.

Definition 6.4.1 A single-peaked domain S is called strongly connected if for all dis-
tinctx,y € A such that {x,y} € E

(i) thereexistsP, P’ € Ssuchthatr,(P) = r,(P') = xandandr,(P) = r,(P') =
y, and

(i) r.(P) = r(P) forallk € {3,...,m}.

Example 6.4.1 Let A = {a,,a,,a,,a,} be a set of alternatives arranged over the
tree in Figure 6.2.1. Then, the set of single-peaked preferences in Table 6.4.1 is strongly
connected. Strong connectedness requires that for any pair of alternatives, there exists
two preferences which places these alternatives at the top two ranks and these preferences
restricted to other alternatives must be the same. Therefore, strong connectedness imposes
a stronger restriction on the domain as opposed to top-connectedness. To see this, observe
that for the pair of alternatives a, and a,, the restriction of the preferences P, and P
to the set of alternatives {a,, a,} is not the same for the top-connected single-peaked

domain in Example 6.3.1, and hence, it is not strongly connected.
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Table 6.4.1 A strongly connected single-peaked domain based on the tree in Figure
6.2.1

The following theorem shows that uncompromisingness is a necessary condi-
tion for an SCF to be unanimous and strategy-proof on a strongly connected single-

peaked domain.

Theorem 6.4.1 Let S be astrongly connected single-peaked domain. Then, every unan-

imous and strategy-proof SCE f : 8" — A is uncompromising.

Proof: Let S be a strongly connected single-peaked domain. Consider Py € S",
i € N,and P, € S such that {r,(P,),r,(P})} € Eandr(P)) € (r,(P),f(Py)].
It is sufficient to prove that f(P;, Py\;) = f(Py). Letr,(P;) = «,1,(P;) = y, and
f(Py) =z
Since fis tops-only (Theorem 6.3.2 ), we assume without loss of generality, r, (P;) =

xandr,(P;) = y. Let P; € Ssuchthatr,(P;) = y,r,(P;) = xand ri(P;) = re(Py).
Ifz = y, then by strategy-proofness, we have f(P;, Px\;) = z. Suppose z # x, .
Since r(P;) = ri(P;), by strategy-proofness, f(P;, PN\i) = z. Since fis tops-only
(Theorem 6.3.2), f(P;, Pyi) = f(P;, Pxyi) = z. This completes the proof of the
theorem. [

6.5 CONCLUDING REMARKS

In this chapter, we have considered single-peaked domains when alternatives are
arranged on a tree. We have shown that when such domains satisfy top-connecte-
dness, then every unanimous and strategy-proof SCFs on these domains satisfy

the Pareto property and tops-onlyness. Further, when such domains are strongly
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connected, we have characterized all unanimous and strategy-proof rules as un-

compromising rules.
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Epilogue

In a standard social choice setting, the present thesis is concerned with studying
domain restrictions when designing unanimous and strategy-proof social choice
functions. The thesis contains 7 chapters (including the present chapter). In what

follows, we provide a brief summary of the main results in each chapter:

(i) Chapter 1 introduces the strategy-proof social choice literature, provides
motivation to the problems studies in the thesis and provides a brief overvie-

w of the subsequent chapters.

(i) Chapter 2 contributes to the literature on dictatorial domains where we in-
troduce the notion of top-circular domains and provide two sufficient con-

ditions for it to be dictatorial.

(iii) Chapter 3 considers arbitrary single-peaked domains and shows that, un-

der mild conditions, every unanimous and strategy-proof social choice func-
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tion defined on such domains satisfy the Pareto property and tops-onlyness.
This chapter further provides a domain characterization of a special class of
social choice functions called the min-max rules as top-connected single-

peaked domains.

(iv) Chapter 4 considers partially single-peaked domains, domains where pref-
erences violate single-peakedness over a subset of alternatives. This chapter
characterizes the unanimous and strategy-proof social choice functions and
provides (almost) necessary and sufficient conditions on the admissible do-

main of preferences for this characterization to hold.

(v) Chapter s provides a general characterization of the unanimous and strategy-
proofsocial choice function on arbitrary (not necessarily top-connected do-

mains) single-peaked domains as weak uncompromising rules.

(vi) Chapter 6 considers single-peaked preferences when the set of alternatives
are arranged on a tree and characterizes the unanimous and strategy-proof
social choice functions on strongly connected single-peaked domains as un-

compromising rules.

We discuss a few interesting open problems for future research. A long stand-
ing open problem in the literature on domain restrictions in strategy-proof social
choice is the characterization of dictatorial domains. A partial answer is provided
in [70] who answers this question for the case of social choice functions satsfying
the Pareto property.

A few other related open problems are: (i) characterizing domains where every
strategy-proof rules are tops-only, and (ii) domains where the notions of strategy-
proofness and group strategy-proofness are equivalent. [20] partially answers (i)
by providing sufficient conditions on domains for it to be tops-only. However,
the present thesis shows that several practical domain restrictions such as arbitrary
single-peaked domains, partially single-peaked domains, etc. do not satisfy their

conditions. [7] partially answers (i) by providing sufficient conditions on domains
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for it to be tops-only. However, partially single-peaked domains and single-peaked

domains based on trees do not satisfy their sufficient conditions.

121



[1]

[2]

References

ALcALDE-UNZU, J. AND M. VORSATZ (2015): “Strategy-proof location of
public facilities,” Working Paper.

ANDERBERG, D. (1999): “Determining the mix of public and private provi-
sion of insurance by majority rule,” European Journal of Political Economy, 15,

417-440.

ARRIBILLAGA, R. P. AND J. Mass6 (2016): “Comparing generalized median
voter schemes according to their manipulability,” Theoretical Economics, 11,

547-586.

ArrROW, K. J. (1950): “A Difficulty in the Concept of Social Welfare,” Journal
of Political Economy, 58, 328—346.

———(1969): “Tullock and an Existence Theorem,” Public Choice, 6, 105—
111.

AswaL, N., S. CHATTER]JI, AND A. SEN (2003): “Dictatorial domains,” Eco-
nomic Theory, 22, 45-62.

BARBERA, S., D. BERGA, AND B. MORENO (2010): “Individual versus group
strategy-proofness: When do they coincide?” Journal of Economic Theory,

145, 1648 — 1674.

BARBERA, S., D. BERGA, AND B. MORENO (2012): “Domains, ranges and
strategy-proofness: the case of single-dipped preferences,” Social Choice and

Welfare, 39, 335—352.

BARBERA, S., F. GuL, AND E. STACCHETTI (1993): “Generalized Median
Voter Schemes and Committees,” Journal of Economic Theory, 61, 262 — 289.

122



[10]

[11]

BARBERA, S. AND M. O.JACKSON (2004): “Choosing How to Choose: Self-
Stable Majority Rules and Constitutions,” The Quarterly Journal of Economics,
119,1011—-1048.

BARBERA, S.,J. MAssO, AND A. NEME (1999): “Maximal domains of prefer-
ences preserving strategy-proofness for generalized median voter schemes,”
Social Choice and Welfare, 16, 321-336.

BARBERA, S. AND B. PELEG (1990): “Strategy-proof voting schemes with
continuous preferences,” Social Choice and Welfare, 7, 31-38.

BarzEeL, Y. (1973): “Private schools and public school finance,” Journal of
Political Economy, 81, 174-186.

BEARSE, P, G. GLoMM, AND E. JANEBA (2001): “Composition of Govern-
ment Budget, Non-Single Peakedness, and Majority Voting,” Journal of Pub-
lic Economic Theory, 3, 471—481.

Brack, D. (1948): “On the Rationale of Group Decision-making,” Journal
of Political Economy, 56, 23—34.

BORDA, J. D. (1784): “Mémoire sur les élections au scrutin par M. de Borda,”
Mémoires de I'’Académie Royale des Sciences année 1781, 331-342.

BORDER, K. C. AND J. S. JORDAN (1983): “Straightforward Elections, Una-
nimity and Phantom Voters,” The Review of Economic Studies, 50, 153—170.

CHATTERJI, S. AND J. MassO (2018): “On strategy-proofness and the
salience of single-peakedness,” International Economic Review, 59, 163—-189.

CHATTERJI, S., R. SANVER, AND A. SEN (2013): “On domains that admit
well-behaved strategy-proof social choice functions,” Journal of Economic
Theory, 148, 1050 — 1073.

CHATTERJ, S. AND A. SEN (2011): “Tops-only domains,” Economic Theory,
46,255—282.

CHATTERJL, S., A. SEN, AND H. ZENG (2014): “Random dictatorship do-
mains,” Games and Economic Behavior, 86, 212 — 236.

CHATTERJI, S. AND H. ZENG (2018): “On random social choice functions
with the tops-only property,” Games and Economic Behavior, 109, 413 — 435.

123



[23]

[24]

[30]

CHHIBBER, P. AND R. VERMA (2014): “The BJP’s 2014 ‘Modi Wave’: An
Ideological Consolidation of the Right,” Economic and Political Weekly, 49,
50—56.

29

CHING, S. (1997): “Strategy-proofness and “median voters”,” International
Journal of Game Theory, 26, 473-490.

CONDORCET, N. D. (1785): Optimality and informational efficiency in resource
allocation processes, Paris.

Coowmss, C. H. (1950): “Psychological scaling without a unit of measure-
ment,” Psychological review, 57, 145.

DantLov, V. L. (1994): “The structure of non-manipulable social choice
rules on a tree,” Mathematical Social Sciences, 27, 123-13 1.

Davis, O.A., M. J. HinicH, AND P. C. ORDESHOOK (1970): “An Expository
Development of a Mathematical Model of the Electoral Process,” American
Political Science Review, 64, 426—448.

DEMANGE, G. (1982): “Single-peaked orders on a tree,” Mathematical Social
Sciences, 3, 389 — 396.

——— (1994): “Intermediate preferences and stable coalition structures,”
Journal of Mathematical Economics, 23, 45 — 58.

DeNzAU, A. T. AND R. J. Mackay (1981): “Structure-induced equilib-
ria and perfect-foresight expectations,” American Journal of Political Science,
762-779.

EGaN, P. J. (2014): ““Do Something” Politics and Double-Peaked Policy
Preferences,” The Journal of Politics, 76, 333—349.

ELKIND, E., P. FALISZEWSKI, AND P. SKOWRON (2014): “A Characterization
of the Single-Peaked Single-Crossing Domain,” in AAAI vol. 14, 654—660.

ENELOW, J. M. AND M. J. HINICH (1983 ): “Voter expectations in multi-stage
voting systems: an equilibrium result,” American Journal of Political Science,
820-827.

EppLE, D. AND G. J. PLATT (1998): “Equilibrium and Local Redistribution
in an Urban Economy when Households Differ in both Preferences and In-
comes,” Journal of Urban Economics, 43, 23—51.

124



[36]

[37]

[38]

[44]

EprpLE, D, R. RoMANO, AND H. S1EG (2006): “Admission, Tuition, and Fi-
nancial Aid Policies in the Market for Higher Education,” Econometrica, 74,
885-928.

EppLE, D. AND R. E.RoMANO (1996a): “Public Provision of Private Goods,”
Journal of Political Economy, 104, 57—84.

EppLE, D. AND T. ROMER (1991): “Mobility and Redistribution,” Journal of
Political Economy, 99, 828-858.

EppLE, D., T. ROMER, AND H. S1EG (2001): “Interjurisdictional Sorting and
Majority Rule: An Empirical Analysis,” Econometrica, 69, 1437-1465.

FEIGENBAUM, I. AND J. SETHURAMAN (2014): “Strategyproof Mechanisms
for One-Dimensional Hybrid and Obnoxious Facility Location,” CoRR,
abs/1412.3414.

FELD, S. L. AND B. GROFMAN (1988): “Ideological consistency as a collec-
tive phenomenon,” American Political Science Review, 82, 773-788.

FERNANDEZ, R. AND R. ROGERSON (1995): “On the Political Economy of
Education Subsidies,” The Review of Economic Studies, 62, 249-262.

GIBBARD, A. (1973): “Manipulation of Voting Schemes: A General Result,”
Econometrica, 41, §87—-601.

HamaDAa, K. (1973): “A simple majority rule on the distribution of income,”
Journal of Economic Theory, 6, 243-264.

HetricH, W. (1979): “A Theory of Partial Tax Reform,” The Canadian Jour-
nal of Economics / Revue canadienne d’Economique, 12, 692—712.

HoTeLLING, H. (1929): “Stability in Competition,” The Economic Journal,
41-57.

Hurwicz, L. (1960): Optimality and informational efficiency in resource allo-
cation processes, Stanford University Press.

———(1972): “On informationally decentralized systems,” Decision and
organization.

IRELAND, N.J. (1990): “The mix of social and private provision of goods and
services,” Journal of Public Economics, 43,201 — 219.

125



[s0]

Kim, K. H. aND F. W. RousH (1980): “Special domains and nonmanipula-
bility,” Mathematical Social Sciences, 1, 85 — 92.

Kung, F.-C. (2006): “An Algorithm for Stable and Equitable Coalition
Structures with Public Goods,” Journal of Public Economic Theory, 8, 345—

3SS-

MANJUNATH, V. (2014): “Efficient and strategy-proof social choice when
preferences are single-dipped,” International Journal of Game Theory, 43, 579

597.

MELTZER, A. H. AND S. F. RICHARD (1981): “A Rational Theory of the Size
of Government,” Journal of Political Economy, 89, 914-927.

MouLiN, H. (1980): “On strategy-proofness and single peakedness,” Public
Choice, 35, 437-455.

NeHRING, K. AND C. PUPPE (20072): “The structure of strategy-proof social
choice — Part I: General characterization and possibility results on median
spaces,” Journal of Economic Theory, 135, 269 — 305.

——— (2007b): “Efficient and strategy-proof voting rules: A characteriza-
tion,” Games and Economic Behavior, 59, 132 — 153.

Niemy, R. G. (1969): “Majority decision-making with partial unidimension-
ality,” American Political Science Review, 63, 488-497.

Niemi, R. G. AND J. R. WRIGHT (1987): “Voting cycles and the structure of
individual preferences,” Social Choice and Welfare, 4, 173-183.

Parrr, F. U. AND G. ECKSTEIN (1998): “Voters’ party preferences in multi-
party systems and their coalitional and spatial implications: Germany after
unification,” in Empirical Studies in Comparative Politics, ed. by M. J. Hinich
and M. C. Munger, Boston, MA: Springer US, 11-37.

PEREMANS, W. AND T. STORCKEN (1999): “Strategy-proofness on single-
dipped preference domains,” in Proceedings of the international conference,
logic, game theory, and social choice, 296—313.

PeTERS, H., S. ROy, A. SEN, AND T. STORCKEN (2014): “Probabilistic
strategy-proof rules over single-peaked domains,” Journal of Mathematical
Economics, 52, 123 — 127.

126



[62]

[63]

[64]

[65]

[66]

[68]

[69]

[73]

[74]

PRAMANIK, A. (2015): “Further results on dictatorial domains,” Social
Choice and Welfare, 45, 379-398.

Purpg, C. (2018): “The single-peaked domain revisited: A simple global
characterization,” Journal of Economic Theory, 176, 55 — 80.

RABINOWITZ, G. (1978): “On the Nature of Political Issues: Insights from
a Spatial Analysis,” American Journal of Political Science, 22,793-817.

RABINOWITZ, G. AND S. E. MACDONALD (1989): “A Directional Theory of
Issue Voting,” American Political Science Review, 83, 93—121.

RABINOWITZ, G., J. W. PROTHRO, AND W. JACOBY (1982): “Salience as a
Factor in the Impact of Issues on Candidate Evaluation,” The Journal of Poli-

tics, 44, 41—63.

REFFGEN, A. (2015): “Strategy-proof social choice on multiple and multi-
dimensional single-peaked domains,” Journal of Economic Theory, 157, 349 —

383.

RoBERTS, K. W. (1977): “Voting over income tax schedules,” Journal of Pub-
lic Economics, 8, 329—340.

ROMER, T. AND H. ROSENTHAL (1979): “Bureaucrats Versus Voters: On
the Political Economy of Resource Allocation by Direct Democracy,” The
Quarterly Journal of Economics, 93, 563—587.

Roy, S. AND T. STORCKEN (2016): “Unanimity, Pareto optimality and
strategy-proofness on connected domains,” Working Paper.

SANVER, M. R. (2007): “A characterization of superdictatorial domains for
strategy-proof social choice functions,” Mathematical Social Sciences, 54,257
—260.

SAPORITI, A. (2009): “Strategy-proofness and single-crossing,” Theoretical
Economics, 4, 127—163.

——— (2014): “Securely implementable social choice rules with partially
honest agents,” Journal of Economic Theory, 154,216 — 228.

Sato, S. (2010): “Circular domains,” Review of Economic Design, 14, 331—
342.

127



[75]

[82]

[83]

[84]

[85]

[86]

SATTERTHWAITE, M. A. (1975): “Strategy-proofness and Arrow’s condi-
tions: Existence and correspondence theorems for voting procedures and
social welfare functions,” Journal of Economic Theory, 10, 187 — 217.

SCHUMMER, J. AND R. V. VOHRA (2002): “Strategy-proof Location on a Net-
work,” Journal of Economic Theory, 104, 405 — 428.

SEN, A. (2001): “Another direct proof of the Gibbard-Satterthwaite Theo-
rem,” Economics Letters, 70, 381 — 385.

SHEPSLE, K. A. (1979): “Institutional Arrangements and Equilibrium in
Multidimensional Voting Models,” American Journal of Political Science, 23,

27-59-

SLESNICK, D. (1988): “The political economy of redistribution policy,” Un-
published University of Texas Working Paper.

STiGLITZ, J. E. (1974): “The demand for education in public and private
school systems,” Journal of Public Economics, 3, 349—385.

Stoxkes, D. E. (1963): “Spatial Models of Party Competition,” American Po-
litical Science Review, 57, 368—377.

SUKHTANKAR, S. AND M. VAISHNAV (2014): “Corruption in India: bridg-
ing academic evidence and policy options,” in India Policy Forum.

THOMSON, W. (2008): “Where should your daughter go to college? An ax-
iomatic analysis,” Tech. rep., Mimeo University of Rochester.

TuLLOCK, G. (1967): “The General Irrelevance of the General Impossibility
Theorem,” The Quarterly Journal of Economics, 81, 256—270.

WESTHOFF, F. (1977): “Existence of equilibria in economies with a local
public good,” Journal of Economic Theory, 14, 84—112.

WEYMARK, J. A. (2011): “A unified approach to strategy-proofness for
single-peaked preferences,” SERIEs, 2, §29—550.

128



	Prologue
	Dictatorship on Top-circular Domains
	On Single-peaked Domains and Min-max Rules
	Strategy-proof Rules on Partially Single-peaked Domains
	On Strategy-proofness and Uncompromisingness
	Social Choice on Domains based on Trees
	Epilogue
	References

