THE CONSIST ROUTINE
A COMPUTER PROGRAMME FOR SOLVING
SIMULTANEQUS EQUATIONS
By v, C. SABHERWAL
Indian Statistical Institute
SUMMARY. This paper presentn & routino for solving @ ayatom of equations satistying eoriuin
copditions. This rouline fs written in Fortean II for IBM:1620 with 40 K coro stornge memaory and card

ftaput-output mystem.  With slight ehangvs, 1hia contine tan bo made to work on CDC-1600 and 1BM-1620
with on.line printer.

1. IxTRODUOTION

Thin computer routino has been written to provide specifio solutions to a aystem
of simultanoous equations of the typo

AX=B

Gyt dy Uy EA b

e e e . .

o1 My oag o ) = B
H

Oy * Opy ' Oy EN bu

Here X is tho unknown vootor to b sulved for, Tho squave matrix A and the
right-hand-side voctor B aro known. This reutino also gives a complete set of row-by-

-
row balances ; i.c. tho produet terms a;x; and the row sums X gy x;.  Throughout the
=

discunsion of this renting, the clementa of the matrix A will have two subseripls.  The
subscript § will always stand for tho row, and the subxeript j will stand for tho column
of tho matrix to which the oloment bolongs,

The mothod used in this routine is an iterative prooedure, and is eapablo of
wolving thoso aystems which conform to the Leontiel conditions for input-output
models. A sufficient condition for the convergenco of the mothod in discussed in
Scotion 3. Withoul making uxe of magnetic tapes, this routino for the IBM 1620
can handlo problen cuntaining lesa than 100 variables and also less than %00 non-
zero cocfficionts in the matrix.
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2. MemiopoLouy

‘Thia routine solves the problem in a number of iterations.  (Tho factors intlu-
encing the number of ilerntions in n particulur problem will bo discussed lator.) The
vector X is called a solution veetor and the corresponding vootor Y, dofined a4
Y = B—AX, is calledd tho error veotor.  We start the fimst iteration with tho sulution
X = 0, and henco the crror vector ¥ = L. Each iteration consists of m (equal to the
number of varinbles) steps, and all steps ure repeated at overy iteration. Tho j-th
step of any iteration ix as follows :

(a) Cnloulate Ax; by tho relntions :

Ay = L'JLI
L]

whero i=! is the j-th component of the creor veotor ¥ at tho (j—1)-th step.

(L) Caleulato the sulution vector X at the j-th step from the solution vootu

at tho (j—1)-th step ns:
) X = Xm14AN

whers AX! = (0... Ar, 0) i» a column vector.
(o) Caleulate tho crror vector ¥ at tho j-th step as :
Y= B—AX = Y1l —AAX.

Thus, in each step, wo modify tha solution veetor and reducs Lo zoro the j-th
component of the crror_vector Y. |

After completing nll tho m stops in an iteration, we Lest tho ertor vootor against
the toleranee limit xet a priori. The iterations nro halted whon

| Y| € tolerance.
At each iteration, we modify only these variables i for which |g;| exoeeds the tolerance
limit.

In this iterative procedure, note that we make uso of the individual cozfliciont+
ay sequentially, following the order of the column veetors.  These coxficienta consti-
tuto the vast bulk of what ix stored in momary. In designing a programme for a8 mag-
netio lapo machine, this soquentinl aecess fentura would bo particularly ardvantageous,

3. A SUFFICIENT CONDITION FOR CONVERGENOE

T'u achieve neatness in the proof and with no luss in generality, let us assumae

that

ay=1 for j=1,2 ., m
i With this assumption, n suflicient, but net neeesary, condition for convergence
18

X e, 1
~ |y <l
AR
Convergenco of the routine will ho proved if :
(i) sum of almoluto crrom gues down at oach stop or maintains the samo vali,
nnd
(ii) sum of almolute errom can be made to go helow any predetermined level
in & finito number of slops.
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Proof : In Scetion 2, we have ween that
Yi=RB—iXI
Y = B—AX,

From these two relations, together with a; = 1, we can write

Y= Y A(XI= X . m
o
and Xi—X)t = aX, = [y;" J . {2
o
From {1} and (2} wo have :
Il =1y~ =gt =0 . (3)
and W=y -y i A )
[l =yl =ayyft| Q2
1 < 1 a1y e 6450 )
Summing (4) over all § £ j, wo have :
S AN -1 T la.
_?_-‘ly“ <,}‘ Rt I,:J |agyl. . (3
Addition of (3) and (5) yields:
I EESEP RN EE R .
ZIAL] 1 =11 [ 1= 2l ] e (8)
If Eay| <.
inf
then Sl < S v (T}
=l fal

Rolation (7) proves atatement (i). Noto further that the equality sign holds
in (7) if and only if =) = 0. In this case, the routine automatically bypnsses tho
Jj-th step.

To prove statement (ii), let us assumeo that at every step j wo roduce the maxi-
mum of the error components to zevo rather than proceeding sequentially from g,
Lo yyto ... Yu. Further define S and & so that :

n
AL

and mux Jot ) = 1|

1) > s . (8)
From relation (8) we can write :

Erdl-s <1 {1- S teal )

or S=E 4l > et 1= S e, )
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From (8) and (9) :

s-Elm> 3o
Pt 1941 3 |"u|}

1 2
sh-g{=Zlel}] > £ 141
‘I'hu, at each step, the sum of nbsolute errors i multiplicd Ly a factor not

. I - : )

excecding [l—— E t— X |a,| }] , & quantity lexs than one.  This lends to the con-
e

clusion that the sum of absoluto errors is deercasing at least as rapidly as o geomotrio

weries and henco can bo mado to go helow any predetermined positive level in a finito

number of atops.

4. COMMENTS 0N GONVERGENCE
‘I'wo problems were solved on an IBM 1620 {punched card input-vutput
systom; 40,000 characters of magnotic core memory). Both problems satisfied the
following conditions :
tolerance = 0001
b€ 10.000

The first problem xatisfiedd tho Leontief conditions and

001 € Jay ]| € 1.000.
It contained 29 equations, 400 non-zero eloments, and was solved in 7 iterations. The
second was o 33 equation problem (320 ! ). This did not satisfy the
Loeontief conditions, but

001 € [ay| < 4.000
was satisficd. The computer solved it in 11 iterations. The two probloms took
8§ minutes and 12 minutes respeotivoly.

One fuclor Lelioved to influenco tho speed of the routine is the triangularity
of the matrix 4. [t is recommended that the matrix A be arranged so a3 o get the
maximum number of zcros above and to the right of the main dingonal. It is to o
noted that although trinngularity of tho matrix is a desirable condition, it is not
essontial for the convergenco and operation of the rontine.

5. SAMPLE PROBLEM
For cheeking out this programmo, ths follewing sample problem may be tried.
Bry— =20
—.bz, + L0zg = 2.6
—.bry 4+ L0r, =25
A completo listing of the input datn cards and output is given at the ondd.  Tho input
data eards are to bo prepared as deseribed holow.
M8
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6. DATA PREPARATION
The data must ba presented to the machine in the following ordor @

(i) Master card
(i) Right-hand-sido constants
{iii) Matrix coefficienta
{iv) 000-cnrd
(i) Muster card.  This card gives general information about the problem
to the computer. The information is to be punched on ono card in the following
form :
(1) DPunch the numbor of rows (right justificdj in the mntrix A in
columns 1-3 of the card.
{b) Funch the number of non-zero elements {right juxtified) in the matrix
A in columns 4-7 of the card.
Punch numerieal tolerance in columns 3-13 of the card.  The decimal
point in the numerical tolerance should be punched in column 3.
The numerical tolcranco may, thercfore, bo anywhere betweon
00001 and .99999.  The iterations will end when the absoluto value
of tho errer in each equation is below tho tolerance. That is,
| ¥ = | B—AX]| < tolerance.

[(3

o

In this samiplo problem, there aro threo equations and 6
The numerical tolerance was put at .00100.  Thus the fimt card of this problom is of

the following form :

Col. Col. Col.
-3 +71 813
003 0006 .00100
(it)  Right-hand-sid tants. Al right-hand-side constants, including cons-

tants with zero values, are listed. The listing shonkd be one element per eard in the
format given in Table I.

TABLE L. FORMAT FOR RNS VECTOR

leading

dlewTiption sohution nigny digita {right  decimal  frwetional row
of field veetor Justifieed) point portion number
eol. no.

of tho canl 3 0 7 18 1720 21 22.21 a3
Ist eard o n 0002 . VU0 o0l
2nd conl [ n 0002 DUOM) w2
3rd eard o . 0 von2 50000 vl
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A Llank in all columny, except tho 16th column, will bo intorproted as zoro.
1 column 18, u blank will bo interpreted as a positive gign, and o minus as a negative
Bign.

Al the right-haml-side carty should by srvanged in ancending order of the row
number.

(iii) Matriv coifficients.  Only non-zero matrix cocflicients are to be listed.
Thero is a distinet ndvantage in xetling up the routine in this way.  If wo woro dealing
with a 50X 50 matrix, we would otherwise have to pinch 2500 cards.  In largo consis-
teney muclels, & majority of the entrics arolikely to be zevo.  Inthe 35-cquation problem,
dizcussed earlier, thero were only 320 non-zero olements out of a possiblo 33 35 = 1223

entries,  Thus this routine is casice to handle as wo need punch non-zero oloments
only, and it is quicker us only tho non-zcro elomonts aro operated upon.

The clements are to be listed one per enrd according to tho format given in
Table 2, which also gives a listing of all tho clements of the samplo problom.

TABLLE 2. FORMAT FOR MATRIX COEFFICIENTS

Toading digit

descriptivn column row nign {righit sdecimnl feactional
of fivld number j nimber § Justitiod) point portion
column

numbery 1.3 4.6 7 a 12 1308

in the card
st card 0on1 001 0060 . 800000
2nd card ov) one _ 0000 . 500000
3rd curd 002 002 0001 . 000000
4th card 002 003 _— 0000 . 500000
8th card 003 003 0001 . 000000
Oth cand 013 00l -_ 0000 . 400000

Blank column ceverywhere, except column number 7, will bo interpreted as
zero.  In column 7, a blank will be interpreted as a positive sign, and a minus as a
negativo sign.

Cards for the matrix should be arranged columnwiso; i.e., all cards belonging
to tho first column vector should come fimt, then tho cards belonging to the second
column, and so on.  Tn beginning a new column veotor, the first cocflicient listed must
Lo the dingonal cl t. The remnining cards of the column voctor may bo in any
convenient order.

If tho cards are not arranged in tho way mentioned above, the computer will
come to the “Stop” mode as goon as it finds tho first out-of-order card. Tho consol
typowtiter will type the column ber and row ber of tho ol punched in
nuch a eard.
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(iv) The last canl of tho data deck must bo & 800-oard. In this card, the
number 000 ia to bo punched in columus 1.3, This card functions within the pro-

gramme to compare tho number of cands actunlly read in with the number aupposed
to have beon read.

7. OreratioNs ox Tiup IBM 1820

Threo out of fone senxo-switchea buve beon incorporated in the routine.

Sense-switch 1 on will punch the results of all the intermediato itorations on
to cards. If the rosults of tho intermediato i fons are not required, sen itoh
1 is to bo tumed off.

Sonse-switch 2 on will punch tho results of tho final iteration on to ecards. I
it i truncd off, tho results of the last iteeation ave typod on the consolo typowritor,

Sense-nwitch 3 on will give tho row-by-row balances, i.e., tho non-zere torms
)
a3z, and thesums X a, x;.  [fecnso-switch is off, theso torms will neither be computed
1=t
nor punched out.

As 800N a3 tho data arv fed into tho computer, it will typo 001 followoed by a
number equal to tho number of rows in the matrix. This marks tho complotion
of the first iteration. After pletion of onch subsequont iteration, the consolo
typowtiter will typo the numbor of the iteration it has just completed and the number
of errors nt thisitocation, i.0., tho number of rows i for which || is greater than
the tolerance. Tho computer will ‘continue the iterations until there are no move
rows whose absolute errors lio above tho toleranco lovel.

Tho results of different iterations ave transmitted out according to the following
format: the activity lovels 2) aro punched out in columns 1-12 of a eard,  Tho orvor
terms y; aro punched in columns 16-27. (In the final iteration, theso ortors aro all
Lelow tho tolerance limit.) Tho idontification of the activity is punched in colunins
31-33. The number of tho iteration the computer has just completed is punched
in columns 37-39. Al tho above information i punched into one card. Inany
iteration, the number of much carda will bo equal to the number of rows in tho matrix.

The resuits of the flow matrix aro transmitted out in a different format.
Each product ay z; is punchod onto a different eard. Tho column number
of tho product is punched in col 1-3; tho row ber is punched in col
4-6. Tho valno of ayay is punohed in columns 7-18.  After punching the product
ternis of row i, the sum of theso product terms, £ ay xy, is punched onto the next
oard along with the row numbor. !

Having pleted ench problem, tho cumputer will come to rest in “Manual™
porition. This monna the computer is rendy to solve tho noxt problent.  Load the «ata
cards fur the next problem, if any, and press the “Start” key. On doing ko, the
IBM 1020, with eard-input-output will sny “Reador na feod. Tho computer wilt
start reading the data eards, if “Reador Start” key i3 prossod on IBM onrdreador.
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8. CONSIST FLOW DLAGRAM

HEAD IMAX, LMAX. TOL

READ ALL CANDS CONTAINING ACTIVITY LENEL Xcly
FRROW ViL) L0}

WEAD A CAKD CONTAINING (0l No JiLh
ROW No. L] ANU MATHIX ELEMENT ALY

PUT
ITER=ITER+1
i

1

‘ TYPE ITER, NER ’
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CONSIST FLUW DIAGRAM

s
N me NER sTor

oFY tive

TYPE Xed) Vidp A ITER

OF]
NAIY
- 28 CONPUTE
KECTION
ox
FUNUH XtUn Yedd), 30, ITER
s PUNCH
Xth Vb 3, ITER
ox
MCLTIPLY
(44
RXTIRE PAUKE GO TO 400
HATRIX OFF
PUT 5UN OF ROW
BMZ)=0
SELECT
LeQOL. TO vEs | AN mLENENT
WHICH THIS OF MATRIX
ELEMENT BELONGS
DOBS’
T HELONG YO
T-PHOLUCT OF THIN RUW Y,
THRIS ELENENT
AND Xty
5O
YES
NO RMZ-EWZ+X ( PHINT muZ )
0 10 Yiu 0|
o
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CONSIST FLOW DIAGRAM

SELELT A 0Ol
i
SELECT AN ELEMENT)
IN THIS COL.

W:'!AT

IT BELONGE “trk,furﬂch
W ARTWEEN

TOROWr r‘ ABSOLVTE

VL1 AND
JoL?
DX = Viby GREATER
Yiri=Yiry LENS DIVIDED BY THAN

HODUCT OFDX AN

(TH18 ELEMENT)|
THIS ELENENT

LEXS THAX OR ¥QUAL TO'

L2 THAN OR EQUAL TO
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0, CoxsisT soURCE ROUTINE (FORTRAN II) ror IBM 1020 wrrn

QARD-INPUT-OUTPUT SYSTEM

P O

00

=

3

=

30

32

33
36
34
30

CONSIST 1¢C

DIMENSION X(100), Y(100), J(200), I(300), A(800)
FORMAT (I3, I4, F6.5)

FORMAT (F12.0, 3X, F12.6, 3X, I3, aX, 13)
FORMAT (I3, I3, F12.6)

FORMAT (3 HSUM, 13, Fi2.6)

READ 1, J MAX, LMAX, TOIL

DO 5 JJ = 1, J MAX

READ 2, X(JJ). Y(3))

READ L-ARRAY, CHECK SEQUENCE

JF = 0.

DO 9 L =1, LMAX

READ 3, J(L), KL), ML)

IF J(L}-JF8, 9, 7

TYPE 3, J(L), KL)

STOP

IF (J(L)—KL)8, 9, 6

JF = J(L)

CHECK ON TOTAL NUMBER OF DATA CARDS
READ 3, JL

IF (JL—900)10, 30, 10

TYPE 3, JL

STOP

ITERATION OUTPUT, BUT BYPASS VIA SSION
ITER = 0

NER =J MAX

ITER = ITER 41

TYPE 3, ITER, NER

IF (NER) 33, 37, 35

STOP

IF (SENSE SWITCH 1) 34, 38

DO 30 JJ =1, TMAX

PUNCH 2, XJ), Y{JJ), JJ, ITER

GO TO 36

DO 45 JJ =1, I MAX

IF (SENSE SWITCH 2)38, 31
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Coxsist soukoe ROUTINE (FORTRAN II) For IBM 1020 wiry

CARD [NPUT-OUTPUT BYSTEM

3

38
45

10

+

4
11

30

300

30
302

52

Lx

TYPE 2, X{JJ), Y(M), JJ, ITER
GO TO 45

PUNCH 2, X(3J), Y{JJ). 43, ITRR
CONTINUE

MULTIILY EXTIRE MATRIX VIA 883 ON
IF (SENSE SWITCH 3) 40, 47
DO 41 I =1, J MAX

SMZ =0,

DO 46L =1, L MAX

JL = J(L)

IL = I(L)

IF (IL=TI)}6, 44, 46

Z = XWJL)*A(L)

TUNCH 3, JL, IL, Z

SMZ = SMZ+7

CONTINUE

PUNCH 4, I, SMZ

PAUSE

GO TO 100

MAIN COMPUTE SECTION

DO 70 L =1, LMAX

IF (I(L)—=J(LY)55, 51, 65
BRANCH FOR DIAGONAL ELEMENTS
1L = I(L)

JL=1L

1F (Y(IL))300, 300, 301

ABY = —Y(IL)

GO TO 302

ABY = Y{JL)

IF (ABYTOL)52, 52, A3

DX = 0.

GO TO 70

DX = Y(IL)/ML)

X(L) = X(JL)+DX

YPL) = 0.

GO TO 70
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CoNsIST BOURCE ROUTINE {(FORTRAN 1I) ror IBM 1620 wrtn
OARD INPUT-OUTPUT BYSTEN

c BRANCH FOR OFF-DIAGONAL ELEMENTS
55 IF (DX)60, 70, 60
80 IL=1L)
Y(IL) = Y(IL)—DX*A(L)
{0 CONTINUE
¢ COUNT OF NER
NER =0
DO §0JJ =1, J MAX
IF (YQPI)m, 71, 72
11 ABY =—Y(JJ)
GO TO 13
72 ABY = Y(J)
73 IF (ABY—TOL)80, 80, 75
75 NER = NER+1
80 CONTINUE
GO TO 32
END

10. MAOHINE INPUT

() Master card

30006-00100

(i) RIS coefficients with row designations

20 001
2:5 002
25 003

(iii)  Malrix coefficientn with column row designations

001001 -8
001002~ -5
002002 1
002003— -5
003003 1-
00300 — -4

{iv) 800-Card

157



SANKHY X : THE INDIAN JOURNAL OF STATISTICS : Sertes B

11, MACHINE OUTPUT
(i) Results of all iterations

Sol. Error Row Itor.
Voc. Vector no. no.
-0000 2-000000 1 1
0000 2-500000 2 1
0000 2-:500000 3 1
25000 1-750000 1 2
3-7600 0-000000 2 2
$:3750 0-000000 3 2
46375 -218750 1 3
4-843750 0-000000 2 3
1:021876 0-000000 3 3
$-960037 027343 1 4
1080468 0-000000 2 1
4990234 0-000000 3 4
4995117 003417 1 5
4-007558 0-000000 2 5
4-008779 0-000000 3 5
4-999389 000427 1 [
$:009694 0-000000 2 [
4909847 0-000000 3 8

(it} Flow snatriz oulput with column row designationa

1 1 3-0995t1
3 1 —~1:090038
Sumn 1 1-090572
1 2 —~2:409094
2 2 4000694
Sum 2 2-600000
2 3 —2-490847
3 3 4-009847
Sum 3 2600000
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