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Introduction

This thesis concerns itself with the study of quantum symmetries within the realm of noncommuta-
tive geometry. We capture these symmetries in two levels of generality, namely, Hopf algebras [Swe69|
(or compact quantum groups, [Wor98]|) in the context of noncommutative differential geometry a la
Connes [Con94] and Hopf algebroids [Boh09)] in the context of noncommutative Kéhler geometry a
la O Buachalla [B17]. We now briefly explain these terms.

Noncommutative differential geometry. The necessity for noncommutativity was first real-
ized by Heisenberg in his formulation of Matrix mechanics [Wc19|. But the justification that “classical”
corresponds to commutativity and “quantum” to noncommutativity came after a few years with the
work of Gelfand and Naimark. The Gelfand-Naimark theorem says that there is an anti-equivalence
between the category of (locally) compact Hausdorff spaces and (proper, vanishing at infinity) con-
tinuous maps and the category of (not necessarily) unital C*-algebras and *-homomorphisms. This
means that the entire topological information of a locally compact Hausdorff space is encoded in the
commutative C*-algebra of continuous functions vanishing at infinity. On the algebraic side, Hilbert’s
Nullstellensatz establishes, ignoring nilpotents, an equivalence between commutative algebras and
affine varieties. These two theorems led to the development of modern algebraic geometry. But it also
gives rise to the question if one can view a possibly noncommutative (C*-) algebra as the algebra of
(continuous) regular “functions on some noncommutative (topological space) variety”.

In classical Riemannian geometry on spin manifolds, the Dirac operator on the Hilbert space of
square integrable sections of the spinor bundle contains a lot of geometric information. The metric, the
volume form, the dimension of the manifold can all be captured from the Dirac operator, for instance.
Motivated by this, Alain Connes developed his noncommutative differential geometry with the central
object as the spectral triple which is a triple (A, H, D) consisting of a separable Hilbert space H, a
x-subalgebra A of B(H) and a self-adjoint, typically unbounded, operator D satisfying some natural
conditions. In a certain sense, this noncommutativity may be seen as a manifestation of the singular
behavior of the spaces involved. For instance, the naive spaces attached to quotients of group actions
or the leaf space of a foliation are highly pathological. The Connes approach to these spaces begins
with attaching a noncommutative algebra - the “algebra of functions on the noncommutative space”,
eventually constructing a spectral triple on that algebra and extracting geometric information, which
was inaccessible by usual geometric methods, hitherto.

Hopf algebras. It is hard to undermine the role of linear algebraic groups in algebraic geometry
or compact Lie groups in differential geometry. For instance, according to Klein or later Cartan, these
groups (with some extra data, which we ignore for now) govern “geometries”, nowadays known as
Klein geometry or Cartan geometry, respectively. When we pass from the group G to the function
algebra O(G), consisting of regular functions in the case of algebraic groups and continuous functions
in the Lie case, depending on the context, we see that the group multiplication G x G — G transforms
into a map O(G) — O(G x G). If we use an appropriate notion of tensor product, also depending
on the context, and identify O(G x G) with O(G) @ O(G), then what we get is a “comultiplication”
A:O(G) — O(G) ® O(G). Moreover, the inversion gives an involution S : O(G) — O(G). The algebra
O(G) together with A and S is the basic example of a Hopf algebra. Using either the Gelfand-Naimark
theorem or Hilbert’s Nullstellensatz (again ignoring nilpotents, which we can by a theorem of Cartier),
we see that commutative Hopf algebras are precisely the function algebras of compact Lie groups
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or linear algebraic groups. Dually, enveloping algebras of Lie algebras exhaust essentially all of the
“cocommutative” Hopf algebras, by Cartier-Gabriel-Kostant theorem.

Independently developed by Woronowicz and Drinfeld, (compact) quantum groups provide natural
examples of noncommutative spaces, the “function algebras” of which are noncommutative and
noncocommutative Hopf algebras. These are obtained by deforming a Lie group (and get a compact
quantum group) or dually, the Lie algebra (and get the quantized universal enveloping algebras). Hopf
algebras found application in low-dimensional topology, quantum field theory and knot theory. Drinfeld
used quantum groups to provide systematic solutions to the quantum Yang-Baxter equation, which
were known only in scattered examples, previously.

Quantum isometry groups. As soon as the basic theory of quantum groups was settled, the
question of viewing them as symmetries or equivalently their actions on noncommutative spaces,
emerged. Following suggestions of Connes, Wang [Wan98| defined and proved the existence of
quantum automorphism groups on finite dimensional C*-algebras. Since then, many interesting
examples of such quantum groups, particularly the quantum permutation groups of finite sets and
finite graphs, were extensively studied [Ban05a,Bic03]. It is thus natural to see what happens if one
replaces the finite structures by classical or noncommutative manifolds. Motivated by this Goswami
|Gos09| formulated and studied the quantum analogues of the group of Riemannian isometries, calling
it the quantum isometry group. It was defined more or less along the classical line, characterizing
isometries using the Laplacian, which is available from the spectral triple defining the noncommutative
manifold.

However, as observed by Bhowmick and Goswami in [BGO09], the verification of the required
properties of the Laplacian is not always easy and it is more desirable to define the quantum isometry
group in terms of the Dirac operator directly. This dream was fulfilled in [BG09] and a number
of computations were done, thus successfully deploying quantum groups to Riemannian aspects of
noncommutative differential geometry.

Generalized symmetries. Since a large part of this thesis is titled under this name, a few words
are in order. We borrowed this term from [KP11]. There are many places in geometry where the
usual notion of symmetry that is captured by a group, is not sufficient to deal with the pathology
at hand. Singular spaces like orbifolds, foliations, pathological group actions come to mind. A need
for a generalized symmetry is apparent, which can be successfully encoded using Lie groupoids and
pseudogroups, facts that can be traced back to Lie himself and Cartan. Groupoids, which are a
joint generalization of spaces and groups, were systematically deployed in differential geometry by
Ehresmann and provide a symmetry concept finding applications in foliation theory [MIMO03].

A very natural question to ask is what should the generalized symmetries in noncommutative
geometry correspond to. An infinitesimal version of Lie groupoids is provided by that of Lie algebroids,
culminating in a beautiful theory of duality. As expounded upon above, these two dual object should
give rise to some sort of symmetry object in noncommutative geometry, and it is not hard to guess
that a generalization of the concept of Hopf algebras is required. Apart from this geometric motivation,
an extension of Hopf algebra concepts surprisingly came from the work of Connes and Moscovici on
index theory of transverse elliptic operators [CM98|. There are other examples coming from topology
and geometry, all the more emphasizing the need for a noncommutative generalization of the concept
of Hopf algebras.

Hopf algebroids. Many of the needs described above have been handled by allowing for a not
necessarily commutative ring A replacing the commutative ground ring & (in this thesis, C) of a Hopf
algebra. Now a Hopf algebra is a bialgebra over k together with an antipode. So a notion of a Hopf
algebroid should involve some kind of a generalized bialgebra over A together with an antipode. Such a
generalized bialgebra is referred to as a bialgebroid. One can guess that such a structure should consist
of a “coalgebra structure over A” and an “algebra structure over A”. It becomes a bit technical to
make sense of this but can be done nevertheless with the notion of Takeuchi product. That the notion
is the “right” one can be seen from the fact the module category over the bialgebroid is monoidal, a
fact familiar from the usual bialgebra setup.
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It is also satisfying to note the arrow-reversal in the definition of a bialgebroid. We recall that a
groupoid consists of two spaces, the base space and the total space, with two maps - the source and the
target and a partially defined multiplication. On the other hand, a bialgebroid, roughly consists of a
base ring (A) and a total ring, two maps again called source and target, with a comultiplication taking
values in the Takeuchi product, which is a smaller subspace sitting inside the full tensor product of the
total ring with itself over A, resembling the partial multiplication. This would suggest that the antipode
should be an endomorphism of the total ring. But this straightforward generalization is not possible for
many reasons. Approaches begin to differ from this point on and there are many competing definitions
of what should an antipode, and hence a Hopf algebroid, consist of. See for example [Lu96,Xu01]. In
spite of this Hopf algebroids have been used in many instances. In [Mré99,|Mr¢é07], noncommutative
Hopf algebroids over commutative base have been used to study principal bundles with groupoid
symmetry. Motivated by problems in cyclic cohomology, the authors of [KR04| introduced a notion of
para-Hopf algebroid.

An alternative, more symmetric and natural, definition of Hopf algebroids was given in [BS04].
The crucial idea is to put two distinct bialgebroid structures on a single total ring, the so-called left
bialgebroid and a right bialgebroid. An antipode is then seen as some sort of an intertwiner between
these two different structures. It is this definition that we make use of in this thesis, although we do
not use both structures simultaneously, except for a few places. The need for the introduction of Hopf
algebroids in this thesis will be addressed after a few moments.

Noncommutative complex geometry. Classical complex geometry, a beautiful subject in its
own right, also stands at the threshold of two different ways of studying geometry: differential geometry
and algebraic geometry. Amenable to tools and methods belonging to these two different camps of
doing geometry, it provides a bridge between these two areas, via Serre’s GAGA [Ser55]. A complex
manifold is a smooth manifold with a complex coordinate system. Interestingly, every smooth complex
variety is a complex manifold. Kodaira’s embedding theorem characterizes compact complex manifolds
that may be embedded in CP"Y. Chow’s theorem says that every compact complex submanifold of
CP" is a smooth complex projective variety. This harmony and Serre’s GAGA show that one can go
back and forth between these two areas, enriching both.

As was hinted above, one can develop noncommutative algebraic geometry, replacing the com-
mutative algebra of regular functions by a possibly noncommutative one. This has been investigated
and developed by many authors, the most prominent one being noncommutative projective algebraic
geometry. Classical geometry tells us to expect a link between this camp and noncommutative dif-
ferential geometry, hence the dream of noncommutative complex geometry - the missing link. The
first robust framework and many connections to noncommutative projective algebraic geometry were
given in [BPS13|, approaching the subject using Woronowicz’s differential calculus setup. Taking
lessons from classical geometry again and noting that the Dolbeault complex provides one of the most
important elliptic complexes, one cannot but suspect that a spectral triple a la Connes is lurking behind
somewhere. That this is the case was shown by O Buachalla who introduced a beautiful framework of
noncommutative Kéhler geometry on quantum homogeneous space |]_5>17]. The dominating example is
the quantum projective space and it is shown that one can go as far as proving a version of Hodge
decomposition theorem and Kahler identities.

Both the frameworks in [BPS13] and [B17] recover classical complex and Kihler geometry,
respectively. But the question arises about how can one capture using these frameworks the singular
spaces. There is a body of theory developed for these spaces, the so called transverse Kéahler foliation
and Kéahler orbifolds. The frameworks mentioned above don’t suffice because of the presence of
singularities. This points to the appearance of groupoids or Hopf algebroids in this setup.

With the main players of this thesis out of the way, we now give an outline of each chapter and
mention the principal results obtained in this thesis.

Chapter 1| consists of the bare minimum of preliminaries needed for this thesis. We stress that
some of the chapters have their own preliminaries sections. This chapter is intended to make the thesis
essentially self contained. Section [I.1]recalls basic Hopf algebra theory, introduces quantum groups and
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some of the main examples. The theory of compact quantum groups a la Woronowicz is introduced in
Section We will use some unbounded operator theory in later chapters, the required background
for which is also recalled here. Section recalls Riemannian and spin geometry so as to put the next
section in context. Complex geometry is also introduced in a way that is well-suited to our purposes.
The final Section of this chapter introduces spectral triples a la Connes and quantum isometry
groups a la Goswami and Bhowmick-Goswami. We have presented the material without going into all
the details, mentioning only the results needed in this thesis.

With Chapter [2] we begin the investigation of quantum symmetry in noncommutative geometry.
This chapter focuses on the Riemannian aspects of noncommutative geometry. One of the many ways of
obtaining genuine noncommutative spaces, be they quantum groups or spectral triples, is by deforming
the algebra associated with a classical space. The Podles sphere and Woronowicz’s special unitary
group are prime examples of these. Both of these spaces have a structure of noncommutative manifolds
and associated quantum isometry groups have been computed by the pioneers themselves. The odd
dimensional spheres introduced by Vaksman-Soibelmann provide another class of noncommutative
space and we compute the quantum isometry group of this space. The main novelty lies in the fusion of
purely analytic techniques with algebraic ones. Section [2.2 provides further background and recalls the
necessary prerequisites. The first part of Section m under some assumption, computes the quantum
symmetry of the odd sphere in an algebraic way. The second part justifies the algebraic assumption
made in the previous part and identifies the quantum isometry group of the odd sphere with the quantum
unitary group, using analytic tools. This generalizes the result obtained by Bhowmick-Goswami for
SUL(2).

Chapter [3| recalls the framework of noncommutative complex and Kéhler geometry as developed
in [BPS13| and [B17], respectively. We present the material in a way so as to pave the way for the
presentation of the next chapter. We begin by reviewing Woronowicz’s differential calculus. After that,
complex and Kahler structures are introduced and some of the noncommutative analogues of standard
classical theorems are presented. Finally, we present the main example, that of quantum projective
space and the associated Heckenberger-Kolb calculus.

We return to the investigation of quantum symmetries in noncommutative geometry with Chapter
[ now in the context of noncommutative complex geometry, as described in the last chapter. We
exploit the viewpoint advocated by Haefliger, that singular spaces are regular spaces with a generalized
symmetry object. For instance, a foliation can be thought of as the geometry represented by a complete
transversal together with the holonomy pseudogroup. These data can be succinctly summarized by
the (reduced) holonomy groupoid, which is one of the most important examples of Lie groupoids. Now
a transverse Kéahler foliation is a foliation where the complete transversal admits a Kahler structure,
equivariant under the action of the holonomy pseudogroup. This promptly hints towards a framework
of noncommutative complex geometry equivariant under some generalized symmetry, i.e., that of
a Hopf algebroid. In Section [£.2] we present all the requisite definitions regarding Hopf algebroids,
groupoids and foliation. We recall how the Connes convolution algebra of a groupoid naturally provides
examples of Hopf algebroids. We discuss modules over Hopf algebroids, exemplify them using vector
bundles over Lie groupoids. We introduced *-structures, absent from the literature hitherto, and a
not-so-straightforward formalism to deal with the associated structures. Section introduces Hopf
algebroid equivariant Kéhler structures. We start by defining equivariant differential calculus. This
is quite a bit technical, as can be seen from the classical case itself. As groupoids generalize both
spaces and groups at the same time, its action should commute with the exterior derivative and satisfy
Leibniz rule simultaneously. We present this case as an example and move onto defining complex and
Kahler structures. We present in Section [£.4] two of the most important theorems in Kéhler geometry,
namely Hodge decomposition and Formality for Kahler manifolds, in our setting. Next in Section
[ 45 we construct a genuine noncommutative example of a Hopf algebroid and show it fits into our
framework, namely that of Connes-Moscovici Hopf algebroid, part of which already existed in the
literature. We end the chapter with Section [.6] which discusses further directions for future research
and some comments on earlier work.
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The last Chapter [5| deals with finite spaces. These are the spaces that are thought to be testing
ground for any noncommutative theory. The first part deals with the authors’ first foray into the
noncommutative world and classifies complex structures on a three-point space. The final Section
of this thesis initiates a program for universal action of Hopf algebroids analogous to that of Wang’s in
the setting of compact quantum groups. We obtain such a bialgebroid for a finite space. Finally, we
build a bialgebroid which makes the universal one forms on the finite space equivariant.

We end with a list of references used in the process of obtaining the results that constitute this
thesis.






CHAPTER 1

Preliminaries

In this chapter, we gather the background material for this thesis. The contents of the first three
sections are well-known, but we give a rough outline so as to be self-contained. References will be
given along the way. The fourth and final section is relatively new and we state only results that we
are going to use.

1.1. Algebraic preliminaries

We presume the reader’s familiarity with quantum groups but nevertheless, we start from the
very basics. More details can be found in the references [Swe69, KS97,/CP95/[Kas95]. All algebras
appearing in this thesis will be over C.

1.1.1. Quantum groups. Let us start by recalling the following

DEFINITION 1.1.1. An algebra over C is a triple (A, m,u) with A a C-vector space, m : AQ A — A
a linear map called the multiplication, u : C — A a linear map called the unit, and such that

m(id ®m) = m(m ® id), m(u®id) = m(id ®u) = id. (1.1.1)
The advantage of putting the definition in this way is that one can then dualize.
DEFINITION 1.1.2. A coalgebra over C is a triple (C, A, &) with C' a C-vector space, A a linear
map called the comultiplication, € : C — C a linear map called the counit, and such that
(A ®id)A = Id®A)A, (id®e)A = (e @ id)A =id. (1.1.2)
We have identified A® C (C® C) and C® A (C® C) with A (C, respectively). As an example,
consider a set S and construct the vector space CS with basis S. Define A : CS — CS ® CS by

s —>s®sande:CS — Cbys— 1. Then (CS,A,¢) is a coalgebra which is called the group-like
coalgebra. We will see other examples shortly.

Sweedler notation. Let (C,A,¢) be a coalgebra. Let ¢ € C have A(c) = ), c1; ® cg; with
cji € C. We indicate such an expression in the form

A(C) = ¢(1) ® c(2), (1.1.3)
suppressing the sigma > and the index i. Thus coassociativity of A reads
¢ @ (@) @ (c@)@ = (c)o @ (co)e@ ©c)- (1.1.4)
So we write Az(c) = (A ®id)A(c) = (id ®A)A(c¢) in the form
As(c) = c1) @ c(2) D ¢(3)- (1.1.5)

Defining inductively, A} = A, A, 41 : C — C® 2 AL = (A®id)A,, it follows that there is no
ambiguity in writing
An(c) =C1) Q... Cnt1)- (116)
DEFINITION 1.1.3. Let (C,Ac¢,ec) and (D,Ap,ep) be coalgebras. A linear map f: C — D is
called a coalgebra morphism if (f ® f)Ac = Apf and epf = ec. In Sweedler notation, this can be
written as

f(e)a) ® fle)2) = fleqy) @ fleg), ep(f(c)) =ec(e). (1.1.7)

1



2 1. PRELIMINARIES

Let (C,A,¢) be a coalgebra. A subspace V C C'is a right coideal if A(V) C V ® C, a left coideal
if A(V) C C®V and a (two-sided) coideal if A(V) CV@C+C®V,e(V)=0. If I is a coideal
then C/I is a coalgebra in a canonical way. Moreover, for a coalgebra morphism f: C — D, ker f is a
coideal and im f is a coalgebra and C'/ker f is canonically isomorphic to im f.

Given an algebra A, a left A-module consists of a space N and a linear map ¥ : A® N — N such
that

Y(u®id) = id, Y(m @ id) = ¢ (id @). (1.1.8)
Dually, if C' is a coalgebra, a right comodule consists of a space M and a linear map w: M — M ® C
such that
(id ®e)w = id, (w®id)w = (1d @A )w. (1.1.9)
For example, the coalgebra C' itself is a right comodule over itself via the comultiplication A. Other
than that any right coideal V of C is a right comodule over C.
Given (M,wyy), (N, wy) right comodules over C, f : M — N is a comodule morphism if it satisfies

wyf = (f ®id)wy. (1.1.10)

All the concepts like ker, im carry over.

Sweedler notation. The Sweedler notation for coalgebras can be extended to the setting of
comodules. For m € M, we indicate w(m) by

w(m) = mqy) @ my). (1.1.11)
We also inductively define
m) ® ... M) = (w® id)(m(o) ®...® m(n_l)). (1.1.12)

Note that the index 0 indicates the comodule tensorand and positive indices indicate the coalgebra
tensorands.

Let C and D be coalgebras. We define Aggp : C® D — C® D® C ® D by Acgp =
(id®P ®id)(Ac ® Ap), where P: C® D — D ® C' is the permutation of the two factors: P(c® d) =
d®c. Then (C ® D,Acgp) is a coalgebra called the tensor product of C' and D. Explicitly,
A(C (9 d) =c1)® d(l) ®c2) ® d(g) and €(C® d) = E(C){-j(d).

Now suppose that (H,m,u) is an algebra and (H, A, ¢) is a coalgebra. Thus H ® H is an algebra
as well as a coalgebra. One has the following proposition.

PROPOSITION 1.1.4. The following are equivalent:

i) m and u are coalgebra morphisms;
it) A and € are algebra morphisms.

DEFINITION 1.1.5. A pentuple (H, m,u, A, €) satisfying one of the conditions of the above proposi-
tion is called a bialgebra.

Before defining what a Hopf algebra is, let us recall the convolution product. Let C' be a coalgebra
and A an algebra. We put an algebra structure on Homc(C, A), called the convolution algebra as
follows:

fxg=m(f®g9)A (1.1.13)
for f,g € Homc(C, A). Explicitly, (f * g)(c) = f(cay)g(c2y). The identity for this operation is ue.

Now suppose (H,m,u, A, ¢) is a bialgebra. We write for the underlying coalgebra H¢ and for the
algebra H4. Then Homc(HY, H#) is an algebra under the convolution product. We note that the
identity operator id : H — H is an element of Homc(HS, H4).

A convolution inverse S € Homc(HY, HA) of 1 : H — H is called an antipode of the bialgebra
H. Explicitly, S(h1))h(2) = ha)S(h@)) = e(h)1 for all h € H. Note that by definition, an antipode if
exists, is unique.

DEFINITION 1.1.6. A bialgebra with an antipode is called a Hopf algebra.
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We observe that one can form tensor products of (co)modules over a Hopf algebra H, thus providing
a monoidal category structure on the category of (co)modules. Explicitly, given modules V and W
over H, V ® W carries the following H-module structure:

h-(v®@w)= (kg v)® (b -w), (1.1.14)

forveV,we W and h € H. Dually, given comodules V' and W, V @ W carries the following
comodule structure:

(v® ’LU)(O) ® (v w)(l) = V(0) ® W(o) ® V(1)W(1); (1.1.15)
where v € V, w € W. We use Sweedler notation in the above formula.

(Co)semisimplicity. Here, we recall the definitions of semi-and cosemisimplicity.

DEFINITION 1.1.7. Let H be a Hopf algebra. A left integral in H is an element t € H such that
ht = e(h)t, for all h € H. Similarly, one can define right integrals.

Denoting the spaces of left and right integrals by f Ilq and f ;I, respectively, we say H is unimodular

if [ ;I = [};- For example, for a finite group G, the element t = > gec 9 generates the spaces of left
and right integrals. The following is the analogue of Maschke’s theorem in representation theory of
finite groups.

THEOREM 1.1.8. Let H be any finite dimensional Hopf algebra. Then H is semisimple as an
algebra if and only if 6(]151) # 0 if and only if £([};) # 0.
Now we come to the dual picture.

DEFINITION 1.1.9. We call a coalgebra C' simple if it has no proper subcoalgebras. C is said to be
cosemisimple if it is direct sum of simple subcoalgebras.

DEeFINITION 1.1.10. Let H be a Hopf algebra. A Haar functional on H is a linear formh: A — C
such that h(1) =1, and for all a in H

(id®@h)A(a) = h(a)l, (h®id)A(a) = h(a)l. (1.1.16)
The following is the dual Maschke theorem.

THEOREM 1.1.11. Let H be any Hopf algebra, not necessarily finite dimensional. Then H is
cosemisimple as a coalgebra if and only if there exists a Haar functional h on H.

‘We now introduce *-structures.

DEFINITION 1.1.12. A x-algebra A is an algebra A endowed with a map a — a™, called an involution,
such that

(aa + Bb)* =@a* + Bb*, (ab)* =b*a*, (a*)* =a, (1.1.17)
where a, B € C and a,b € A.
It follows from these conditions that 1* = 1. Dually,
DEeFINITION 1.1.13. A *-coalgebra C' is a coalgebra C' endowed with an involution a — a* such that
(aa+ Bb)* =@a* + pb*, A(a*) = Ala)*, (a*)* =a, (1.1.18)
a,p € C and a,b € C and we endow C @ C with the involution (a ® b)* = a* ® b*.
In Sweedler notation, the condition A(a*) = A(a)* reads (a*)1) ® (a*)2) = (a(1))* ® (ag))*. It

also follows from these conditions that £(a*) = €(a).
Now a #-bialgebra A is a bialgebra A endowed with an involution * such that (A, *) is a x-algebra

as well as a *-coalgebra.

DEFINITION 1.1.14. A Hopf algebra which is a x-bialgebra is called a Hopf x-algebra.
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Observe that the last definition does not contain a requirement of the compatibility of * with the
antipode S. This is a consequence of the definition: for a € A,

S(S(a*)*) = a. (1.1.19)
In particular, S becomes invertible.

DEFINITION 1.1.15. A compact quantum group (CQG) algebra is a cosemisimple Hopf x-algebra H
with Haar functional h such that h(a*a) > 0, for all a # 0.

It is known that H is a CQG algebra if and only if it is isomorphic to the dense Hopf *-algebra
S of a compact quantum group .S, in the sense of the next section. This and other examples will be
described in the next section.

Let us end with an example. So consider a C-Lie algebra, g and the universal enveloping algebra
U(g) of g. Define A and e on the generators as follows: A(z) =z ® 1+ 1®x and ¢(z) = 1 for x € g.
We extend A and e to all of U(g) by the universality of U(g). One can show that endowed with these
structures U(g) becomes a Hopf algebra. Observe that it is cocommutative. By a theorem of Cartier,
more or less, these are the cocommutative Hopf algebras. Dually, let G be an algebraic group and O(G)
be the algebra of regular functions. Dualizing the group multiplication, we get the comultiplication A
of O(G). The counit is obtained by dualizing the unit map of the group G. Thus we get a commutative
Hopf algebra O(G). Again by a theorem of Cartier, these are more or less all the commutative Hopf
algebras. We “quantize” them next.

1.1.2. Quantized universal enveloping algebras. We briefly describe the quantized universal
enveloping algebras. Although we don’t need them in the later parts, these provide the first systematic
way of producing noncommutative, noncocommutative Hopf algebras. We start by describing the
quantum sly. We fix a complex number g such that ¢ # 0 and ¢% # 1.

DEFINITION 1.1.16. Let U,(slz) be the algebra over C with generators E, F, K and K~' and
defining relations

KK '=K'K=1, KEK '=¢’E, KFK!'=¢?F, (1.1.20)

and
K-—-K!

E,F] = .
|, F] q—q!

(1.1.21)

As we observed above that U(sly) carries a Hopf algebra structure, Uy (sly) likewise is a Hopf
algebra.

PROPOSITION 1.1.17. There is a unique Hopf algebra structure on Uy(sly) such that

AE)=E®K+1QE, A(F)=F®1+K '®F, AK)=K®K, (1.1.22)
e(K)=1, e(E)=¢(F)=0. (1.1.23)

Furthermore,
S(K)=K™', S(E)=-EK™', S(F)=-KF. (1.1.24)

DEFINITION 1.1.18. The algebra U,(sls) endowed with the above Hopf algebra structure is called
the quantum algebra Uy (sls).

Observe that as an algebra U, (slz) is noncommutative and as a coalgebra it is noncocommutative.
This construction can be generalized to produce deformation of any semisimple Lie algebra. We briefly
describe this construction.

Let g be a finite dimensional semisimple Lie algebra with rank I. Let the Cartan matrix be (a;;)

and d; = w, where a; are the simple roots. Let ¢ be a fixed complex number and let ¢; = ¢%.
Suppose that ¢? # 1 for i =1,...,1.
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DEFINITION 1.1.19. Let U,(g) be the algebra over C with 4l generators E;, F;, K; and K;*,
1 <i <1 and defining relations

K,K; = K;K;, KK '=K 'K, =1, (1.1.25)
K,EBK ' = q"Ej, K, FjK; = q " Fj, (1.1.26)
K, — K !
[Ei, )] = 6ij————1, (1.1.27)
qi — 4;
1-ai; 1
> (- [ - “”] E"TEEN =0, i, (1.1.28)
r=0 " qi
l—aij 1
3 (1)’“[ _a”} F7TTREN =0, 4], (1.1.29)
r=0 r qi
where
n [1]q! ¢ —q "
= : [n), = ———. (1.1.30)
Mq [rlg![n — 74! T g—q!

PROPOSITION 1.1.20. There is a unique Hopf algebra structure on Uy(g) such that

AE)=E, K, +1FE;, A(F)=F,®1+ K;l ®F, AK)=K;®K; (1.1.31)
e(Ky) =1, e(Ei) =e(F;) =0. (1.1.32)

Furthermore,
S(K;) =K', S(E)=-EK;', S(F)=-KF, (1.1.33)

DEFINITION 1.1.21. The algebra U,(g) endowed with the above Hopf algebra structure is called the
Drinfeld-Jimbo quantize (or quantum) universal enveloping algebra associated to the Lie algebra g and
the complex number q.

Observe also that Uy(g) is noncommutative and noncocommutative. These algebras also provide
systematic examples of what are called quasitriangular Hopf algebras but since we don’t need them,
we don’t get into these considerations. We will meet more examples in the next chapter.

1.2. Analytic preliminaries

Here, we summarize the analytic prerequisites used in this thesis. Although we assume some
familiarity with the theory of C'*-algebras and compact quantum groups, we go over these in a manner
sufficient for our purpose. References for the first two subsections are [Dav96.JT91||Lan95[Mur90|

1.2.1. C*-algebras and Hilbert C*-modules. Let A be an algebra over C. A norm || -] on A
is said to be submultiplicative if

[[adl| < lall|[b (1.2.1)

for a,b € A. The pair (A, || - ||) is called a normed algebra. If the algebra is unital and ||1]] =1 then A
is a unital normed algebra.

A complete normed algebra is called a Banach algebra. Unital Banach algebras are defined in the
obvious way.

EXAMPLE 1.2.1. The set Cy(Q2) of all bounded complez-valued functions on a topological space
18 a unital Banach algebra.

EXAMPLE 1.2.2. Recall that a function f from a locally compact Hausdorff space to C is said to
vanish at infinity if for each € > 0 the set {w € Q| |f(w)| > €} is compact. The set of such functions,
Co(QY) is a Banach algebra.
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EXAMPLE 1.2.3. The set B(X) of all bounded linear maps from X to X with X a Banach space,
1s a Banach algebra. The norm is the operator norm:

| = sup L (1.2.2)
w20 ||zl

The spectrum of an element a € A (assumed to be unital) is the set {\ € C | A—a is not invertible},
which is denoted by o(a).

THEOREM 1.2.4. If a is an element of a unital Banach algebra then o(a) is non-empty.

A character on an abelian algebra A is a non-zero homomorphism 7 : A — C. The set of all
characters is denoted by Q(A). If A is an abelian Banach algebra then it can be shown that Q(A) is
contained in the closed unit ball of A*. Q(A), endowed with the relative weak™ topology is called the
spectrum of A.

Suppose that A is an abelian Banach algebra whose spectrum is non-empty. For a € A, we define
the function

a:QA) - C, T 7(a). (1.2.3)
It can be shown that these functions are continuous and in fact vanish at infinity, i.e., @ € Co(2(A4))
for each a € A. a is called the Gelfand transform of a.

THEOREM 1.2.5. Suppose that A is an abelian Banach algebra and that Q(A) is non-empty. Then
the map

A — Co(QUA)), a—a (1.2.4)
is a norm-decreasing homomorphism. Moreover, o(a) = a(2(A)).
A Banach *-algebra is a *-algebra together with a complete submultiplicative norm || - || such that
[la*|| = ||a|| for each a € A. A C*-algebra is a Banach x-algebra such that the “C*-property” holds:
la*a]l = [la]* (1.2.5)

for a € A. Cy(Q) and Cy(R2) for appropriate ) are C*-algebras, the involution is defined as f > f. If
H is a Hilbert space then B(H) is a C*-algebra, the involution being the operator adjoint. We will see
that B(H) is the archetypal example of a C*-algebra.

THEOREM 1.2.6. If A is a non-zero abelian C*-algebra then the Gelfand representation
A — Co(QUA)), a—a (1.2.6)
18 an isometric x-isomorphism.
An element a in a C*-algebra is said to be normal if aa* = a*a.

THEOREM 1.2.7. Let a be a normal element of a C*-algebra A and suppose that z is the inclusion
map of o(a) in C. Then there is a unique unital x-homomorphism ¢ : C(c(a)) — A such that ¢(z) = a.
Moreover, ¢ is isometric and im(¢) is the C*-subalgebra of A generated by 1 and a.

The unique unital x-homomorphism ¢ is called the functional calculus at a € A. We write f(a) for

o(f)-

THEOREM 1.2.8. Let a be a normal element of a unital C*-algebra A, and let f € C(o(a)). Then

o(f(a)) = f(o(a)). (1.2.7)
Moreover, if g € C(o(f(a))), then
(9./)(a) = g(f(a)), (1.2.8)
where gf is the composition
o(a) —— f(o(a)) = o(f(a) ——C (1.2.9)

An element a of a C*-algebra A is said to be positive if a is hermitian and o(a) C RT.
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THEOREM 1.2.9. If a is an arbitrary element of a C*-algebra A then a*a is positive.

A linear map ¢ : A — B between the C*-algebras A and B is said to be positive if ¢(AT) C BT,
where A", respectively BT, denote the set of all positive elements of A, respectively B.

EXAMPLE 1.2.10. Let A be the C* algebra C(S*) and f be integration with respect to the normalized
arc length measure:

/;ayyﬁc, j»ﬁ/mm. (1.2.10)
Then [ is positive.
EXAMPLE 1.2.11. Let tr denote the usual trace on M, (C). Then it is positive.

Observe that if 7 is a positive linear functional on a C*-algebra A then
AxA—C, (a,b) — 7(a™b) (1.2.11)

is a sesquilinear form on A.

A representation of a C*-algebra A consists of a Hilbert space H and a *-homomorphism ¢ : A —
B(H). It is faithful if ¢ is injective.

Now given a positive linear functional 7 on a C*-algebra A, one can construct a representation
(H;,¢;) of A, called the Gelfand-Naimark-Segal representation associated to 7. If A is non-zero then
its universal representation is the direct sum of (H,, ¢,) where 7 ranges over all states, i.e., positive
linear functionals of norm one.

THEOREM 1.2.12. If A is a C*-algebra then it has a faithful representation. In particular, the
universal representation is faithful.

The minimal tensor product. We will be denoting topological tensor products by & to
distinguish it from the algebraic one, which is denoted by ®.

THEOREM 1.2.13. If H and K are Hilbert spaces then there is unique inner product (-,-) on HQ K,
the algebraic tensor product of H and K, such that

(rey2’ @y) = (2,2")(y,y), (1.2.12)
where x,2’' € H and y,y € K.

The Hilbert space completion of H ® K with respect to the inner product as above is denoted by
H®K and called the Hilbert space tensor product of H and K. Observe that

[z @yl = llz]lyl- (1.2.13)

PROPOSITION 1.2.14. Let H and K be Hilbert spaces and suppose that uw € B(H) and v € B(K).
Then there is a unique operator u®v € B(HQK) such that (u®v)(x ®y) = u(z) @ v(y) for v € H and
y € K. Moreover, ||u®v|| = ||ul|||v].

We now describe a C*-norm on the *-algebra A ® B, given that A and B are C*-algebras. But
before that, observe, that if ¢ : A — C and v : B — C' are *-homomorphisms, where C' is another
C*-algebra, with commuting images, then there is a unique x-homomorphism 7 : A ® B — C such

that 7(a ® b) = ¢(a)(b).

PROPOSITION 1.2.15. Let A and B be C*-algebras and suppose that (H, ®) and (K,1) are repre-
sentations of A and B respectively. Then there is a unique x-homomorphism 7 : A® B — B(H®K)
such that

m(a®b) = ¢(a) @ Y(b). (1.2.14)

Moreover, if ¢ and v are injective then so is 7.
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Again, we will denote 7 by ¢ ® . Now we take (H,¢) and (K, ) to be the respective universal
representations of A and B. By the above Proposition, there is a unique *-homomorphism 7 : A® B —
B(H®K) such that m(a ® b) = ¢(a) @ 1/(b). The function

I-l: A® B — C, c— |7 ()]l (1.2.15)

is a C™"-norm on A ® B, called the minimal C*-norm. The C*-completion of A ® B with respect to
this norm is said to be the minimal tensor product of the C*-algebras A and B and denoted A®B.
We end this section by observing that |ja ® b|| = ||a||||b].

Hilbert C*-modules. Let A be a C*-algebra with norm || - ||. A pre-Hilbert A-module is a right
A-module E together with a map (-,) : E X E— A which is linear in the second variable and satisfies
the following;:

i) (z,ya) = (z,y)a;

i) (z,y)" = (y,2);

iii) (z,z) > 0;

iv) x # 0 implies (z,x) # 0;

for all z,y € F and a € A. We have the following lemma.

LEMMA 1.2.16. Let E be a pre-Hilbert A-module and for = € E, define ||z| = ||(z,z)||z. Then E
18 a normed vector space and the following inequalities hold:

i) [lza] < |la] o]
i) [z, )| < =l lyll;
forxz,y € E and a € A.

We define a Hilbert A-module to be a pre-Hilbert A-module which is complete in the norm
2]l = ll(z, z)|2.

ExXAMPLE 1.2.17. A Hilbert C-module is just a Hilbert space.

EXAMPLE 1.2.18. Let A be a C*-algebra. Then A is a Hilbert A-module in itself. The inner
product is defined as {a,b) = a*b.

We will meet many more examples of Hilbert modules later on. Now let £y and Es be a pair of
Hilbert A-modules and we define the space L(E1, E2) as the set of all maps T : E1 — Ey for which
there exists another map T : F5 — Ey such that (T1x,y) = (x,Toy) for all x € Ey and y € Ey. T is
obviously called the adjoint of T'. Its existence implies that T is A-linear and that T is bounded. It is
a fact that L(F) is a C*-algebra, the norm being the operator norm.

For each pair of elements z,y € E, we define ©,, : E — E by O, ,(2) = 2(y,2), 2 € E. One
checks that ©, , € L(FE) and that ©} , = ©, . The closed linear span of the set {©,, | 2,y € E} is
denoted by K(FE). When A = C, so that Hilbert A-modules are Hilbert spaces, K(F) is just the set of
compact operators. The space K(A) is canonically isomorphic to A itself and the space L(A) is called
the multiplier algebra of A, often denoted M (A). If A is unital then M (A) coincides with A.

1.2.2. Compact quantum groups. References for this subsection are [DK94,MVD98|[Wor87,
‘Wor88||Wor98|. Let us start with the following

DEFINITION 1.2.19. Let A be a C*-algebra. A unital x-homomorphism A : A — A®A is called
coassociative if

(d®A)A = (A®id)A. (1.2.16)

In analogy with the algebraic case, A is called a comultiplication. Here, we use the minimal tensor

product of C*-algebras. (id ®A) and (A®id) are the continuous extensions of the obvious maps on the
algebraic tensor product.

With this in hand, we have
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DEFINITION 1.2.20. A compact quantum group (CQG, for short) G is a pair (C(G), A), where C(G)
is a unital C*-algebra and A : C(G) — C(G)®C(G) is a comultiplication, such that A(C(G))(C(G)&1)
and A(C(G))(1&C(G)) are dense in C(G)RC(G).

Let G be a compact topological group and C(G) be the function algebra. The multiplication of G
induces a unital *-homomorphism A : C(G) — C(G x G). Identifying C(G x G) with C(G)®C(G), this
gives rise to a comultiplication on C'(G). One can show then that (C(G), A) satisfies the coassociativity
and the density property as above in the Definition. Thus (C(G), A) is a compact quantum group.
This is the only compact quantum group with the C*-algebra being commutative. More precisely, if
G = (C(G), A) is a compact quantum group with C(G) commutative then the character space inherits
a group structure and thus (C(G), A) is of the form (C(G), A), the G being Q(C(G)). We will meet
more examples later on.

DEFINITION 1.2.21. A morphism from a compact quantum group G to another compact quantum
group G’ is given by a unital C*-homomorphism ® : C(G') — C(G) of the underlying C*-algebras such
that

(P ®P)Ag = Ag?. (1.2.17)

DEFINITION 1.2.22. A Woronowicz C*-subalgebra of a compact quantum group G is a pair (G', ®),
where G’ is a compact quantum group and ® : C(G') — C(G) is an injective morphism.

The existence of Haar measure for compact groups extends to compact quantum groups also.

DEFINITION 1.2.23. Let G = (C(G), A) be a compact quantum group. A state h on C(G) is called
a Haar state on G if (h®@id)A(a) = (id ®h)A(a) = h(a)l for all a € C(G).

‘We have

THEOREM 1.2.24. There exists a unique Haar state h on G for any compact quantum group
G = (C(G),A).

Representation theory. We now turn to defining what a representation of a compact quan-
tum group means. Let H be a Hilbert space and K(H) be the C*-algebra of all compact op-
erators on H. We consider the multiplier algebra M (K (H)®C(G)) which embeds in two dif-
ferent ways into M (K(H)®C(G)®C(G)). The first one is given by extending z ~ z®1 from
K(H)®C(G) — K(H)®C(G)®C(G). For the second, we send z®a to r&1®a as a map from
K(H)®C(G) to K(H)®C(G)®C(G). One uses the “leg numbering notation” to denote the image of
v € M(K(H)®C(G)) by v(12) and v(y3) under the two embeddings, respectively.

DEFINITION 1.2.25. Let G = (C(G),A) be a compact quantum group. A representation of G
consists of a Hilbert space H and an element v € M (K (H)®C(G)) such that

(ld ®A)’U = U(12)U(13)~ (1218)

If v is unitary as an element of the C*-algebra M (K (H)®C(G)) then the representation is called
unitary. Note that a representation can also be interpreted as an element of L(H®C(G)), the C*-
algebra of adjointable operators on the Hilbert C(G)-module H®C(G). We use the identification
K(H)®C(G) = K(H&C(G)).

Let us discuss the compact group case briefly. Let u be a unitary representation of G on H, i.e., a
continuous homomorphism of G into B(H), B(H) taken with strong operator topology. One can show
that u can be viewed as an element of M (K (H)®C(G)), using the “strict topology” on B(H) which is
the multiplier algebra of K(H). In the same way, elements of M (K (H)®C(G)&C(G)) are viewed as
strictly continuous B(H)-valued functions on G x G. Then w2 (u(13)) written in terms “elements”
becomes u(12)(p, ) = u(p) (us)(p, q) = u(q), respectively). Using the definition of comultiplication A,
one can see that (id ®A)u = u(12)u(13) is nothing but u(pg) = u(p)u(q)!

The Haar state can be used to construct the regular representation as in the compact group case.
Let H be the GNS space associated to h and &, be the cyclic vector. Here, h is the Haar state of the
compact quantum group G. Let K be another faithful and non-degenerate representation of C(G).
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PROPOSITION 1.2.26. There is a unitary operator u on HR®K defined by u(a&o@n) = A(a)(Eo®n)
forae C(G) andn € K.

One can show that u is a multiplier in M (K (H)®C(G)) and satisfies (id ©@A)u = u(12)u(13). Thus
u is a unitary representation of the compact quantum group G, called the regular representation. For
a compact group G, one does indeed get the right regular representation of G.

After defining the notion of regular representation, we briefly discuss an exact analogue of Peter-
Weyl theorem.

DEFINITION 1.2.27. Let v be a representation of a compact quantum group G on a Hilbert space H.
A closed subspace Hy of H is said to be invariant if (e®1)v(e®1) = v(e®1), where e is the projection
onto the subspace Hy. The representation v is said to be irreducible if the only invariant subspaces of
H are {0} and H itself.

Like in the case of compact groups, one can show that if v is a unitary representation of the
compact quantum group G on H and H; is an invariant subspace then the orthogonal complement
Hi- of Hj is also invariant.

Now,

DEFINITION 1.2.28. Let v and w be two representations of G on Hy and Hs respectively. An
intertwiner between v and w is a bounded linear operator x € B(Hy, Ha) such that (z®1)v = w(z®1).

Then it can be shown that any non-degenerate finite dimensional representation is equivalent to a
unitary representation. Any unitary representation decomposes into irreducible ones.

THEOREM 1.2.29. Let v be a unitary representation of the compact quantum group G on the Hilbert
space H. Then there is a set {e, | @ € I} of mutually orthogonal finite dimensional projections with
sum 1 and satisfying

(ea®1)v = v(ea®1), (1.2.19)
and v(eq®1), considered as an element in B(eo H)RC(G), is a finite dimensional unitary representation

of G.

If v is a representation on a finite dimensional Hilbert space H, we write the matrix units in B(H)
by (epq), 80 that v =3 epq @ vpy. We define v =} e, ® v,,,. Then v is still a representation and is
called the conjugate representation of v. If v is irreducible then one can show that ¥ is also irreducible.
Moreover, if v is unitary then 7 is equivalent to a unitary representation.

If Ap denotes the subspace spanned by the matrix elements of finite dimensional unitary represen-
tations then it can be shown that A is a dense *-subalgebra of C(G). Moreover, A maps Ay inside the
algebraic tensor product Ag ® Ag and (Ag, A) becomes a Hopf *-algebra (Definition . In order
to describe the counit and the antipode, one takes a complete set {u® | & € I} of mutually inequivalent,
irreducible unitary representations. It can be shown that the elements {up, |« € I,1 <p,q < n(a)}
form a basis for Ag. Then the counit and the antipode are given by

s(u;‘q) = Opq, S(ug‘q) = (ug‘q)*. (1.2.20)

Alternative approach. In the last paragraph, we mentioned that for each compact quantum
group G there is a dense Hopf x-algebra (A, Als,). It can be shown that if one starts with a
Hopf *-algebra Ay which is spanned by the coefficients of its finite dimensional irreducible unitary
representations then Haar state exists. Such an algebra is called a compact quantum group algebra
(Definition . One can moreover show that these algebras admit C*-completion which produces
compact quantum groups. A special case is that when the algebra Ag is generated by the matrix
elements of a distinguished irreducible unitary representation called the fundamental representation.
We call such an algebra a compact quantum matrix algebra.

1.2.3. Examples of compact quantum groups. In this section we describe some of the main
examples of compact quantum groups. But before that we define action of compact quantum groups
on C*-algebras.
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Action of compact quantum group on C*-algebras. One says that the compact quantum
group G acts on a unital C*-algebra B if there is a unital C*-homomorphism « : B — B&C(G) such
the following hold:

i) (a®id)a = (id ®A)a;

ii) the linear span of a(B)(id ®C(G)) is norm-dense in B&C(G).
It is well-known [Pod87| that the last condition is equivalent to the existence of a norm-dense, unital
x-subalgebra By of B such that a(By) is mapped inside the algebraic tensor product By ® Ag, Ag
being the dense Hopf *-algebra inside C(G), and on By, (id ®¢)a = id.

DEFINITION 1.2.30. Suppose that the compact quantum group G acts by a on the C*-algebra B.
We say that « is faithful if there is no proper C*-subalgebra A’ of C(G) such that the following hold:
i) (A’ Alar) is itself a compact quantum group;
i) the inclusion j : A" — C(G) satisfies Aj = (j®7)A;
iii) « is an action of (A’ Ala).

Now suppose that the unital C*-algebra B carries an action of the compact quantum group G. A
continuous linear functional ¢ on B is said to be invariant under the action « if (¢p®id)a(b) = ¢(b)1
for all b € B. With these in hand, we now move onto examples.

The Wang algebras. Fix an n X n invertible, positive matrix Q = (Q;;). Let A, »(Q) be the
universal C*-algebra (for the notion of a universal C*-algebra, see [Dav96|) generated by {u;; | ¢,j =
1,-,n} subject to the following relations:

wu* = u*u = 1I,, WQuQ ! = QuQut = 1,; (1.2.21)

where u = (uq;), u* = (uji), © = (uj;) and u* = @". It can be shown that A, ,(Q) is a compact

quantum group with comultiplication A given on the generators by

Auij) = Z Uik Q.- (1.2.22)
k

Furthermore, A, ,(Q) is the universal object in the category of compact quantum groups which act on
the finite dimensional C*-algebra M,,(C) such the functional M, (C) — C, z — Tr(Q'x) is invariant
under the action, see [Wan98|.

The quantum permutation group. Let C(S;") be the universal C*-algebra generated by a;;
i,7 =1,...,n subject to the following conditions:

a?j = aij = afj, Zaij = 1, Zaij = 1, i,j = 1, ey n. (1223)
4 J

It can be shown that C(S;") is the underlying C*-algebra of a compact quantum group S;", called
the quantum permutation group, with comultiplication given on generators by A(a;;) = >, aik®akj.
Furthermore, if a;; are assumed to commute with each other then we indeed get back the permutation
group S, on n letters. Let X,, be the set {1,...,n}. Then C(X,) has the following presentation
C(X,)=Ce;| e =e;=€,> i =k,i=1,...,n}. It can be shown that C(S;") is the universal
object in the category of compact quantum groups acting on the C*-algebra C(X,,), see [Wan98§|.

The compact quantum group U,(2). We now introduce the compact quantum group U, (2).
A more general version is given in the next chapter. We refer to [KS97| for more details. As a unital
C*-algebra, C(U,(2)) is generated by four elements ui, ul, u? and u3, satisfying

1.1 1.1 1.2 _ 2.1 1,2 _ 21 2,2 _ 2 92
U Uy = qUaU7T, UTU] = qUIUT, UUy = qUalUg, UTUF; = qURUT, (1.2.24)

1.2 .21 1,2 2.1 _ —1y,.1,2
upuy = ujly, ujuy — upuy = (¢ — ¢ )ugug (1.2.25)
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1,1
and the condition that the matrix u = Z% Z%) is unitary. Thus the matrix u becomes the
1 U3
fundamental unitary for U,(2). The CQG structure is given by
Aul) = ujdulb. (1.2.26)
k

The compact quantum group SU,(2). We end by describing one of the most studied compact
quantum groups, a more general version will appear in the next chapter, see [Wor89| for more details.
Let ¢ belong to [-1,1], ¢ # 0. The C*-algebra C(SU,(2)) is defined as the universal C*-algebra
generated by « and ~ satisfying

afa+yy=1, ad*+P =1, =7 qa=ay, ¢Va=ay. (1.2.27)

The fundamental representation of SU,(2) is given by (3 _gz ) There is a coproduct A on
C(SU,(2)) given by

Ala) = a®a — ¢v" @y, A7) =18a + o &y, (1.2.28)
which makes it into a compact quantum group.

1.2.4. Review of unbounded operators. Here we recall some facts concerning unbounded
operators, that we will need later on. References are [RS72l|Sch12|. We start with the following

DEFINITION 1.2.31. An operator on a Hilbert space H is a linear map T from its domain D(T), a
linear subspace of H, into H. We will always assume that the domain D(T) is dense and call T a
densely defined unbounded operator on H.

EXAMPLE 1.2.32. Let H = L*(R) and D(T) be the set of all functions ¢ € L*(R) such that
Jz #?|¢(x)]Pdx < co. For ¢ € D(T), define (T¢)(x) = xd(x). Then T is unbounded. To see this, we
choose ¢ with support near plus or minus infinity so that we can make ||T¢| as large as we want while
keeping ||¢] = 1.

The graph of the linear transformation T', denoted I'(T") is the set {(¢,T¢) | ¢ € D(T)}. It is a
subset of H x H which is a Hilbert space with inner product {(¢1,v1), (¢2,%2)) = (¢1, d2) + (1, 12).
T is said to be closed if T'(T") is a closed subspace of H x H. Given two operators T, T} on H, Ty is
said to be an extension of T if I'(T7) D T'(T'). An operator T is said to be closable if T has a closed
extension. The smallest closed extension of such T is called the closure of the operator, denoted T.

DEFINITION 1.2.33. Let T be a densely defined linear operator on a Hilbert space H. Let D(T™*) be
the set of all € H for which there is an n € H such that

(T, 9) = (¥, m), (1.2.29)
for all 1 € D(T). For each such ¢, define T*¢p =n. T* is called the adjoint of T.

We have the following theorem.

THEOREM 1.2.34. Let T be a densely defined operator on a Hilbert space H. Then the following
hold:
i) T* is closed;
ii) T is closable if and only if D(T*) is dense in which case T = T**;
i) If T is closable then (T)* = T*.

Let T be a closed operator on a Hilbert space H. A complex number A is in the resolvent set, p(T),
if \I — T is a bijection of D(T) onto H with a bounded inverse. If A € p(T), R\(T) = (M —T)~ ! is
called the resolvent of T at A. Similarly, the definition of spectrum is the same as they are for bounded
operators.

A densely defined operator T" on a Hilbert space H is called symmetric (or Hermitian) if T C T*
and self-adjoint if 7= T*. A symmetric operator 7T is called essentially self-adjoint if its closure T is
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self-adjoint. If T is closed, a subset D C D(T) is called a core for T if T|p = T. The following is the
basic criterion for self-adjointness.

THEOREM 1.2.35. Let T be a symmetric operator on a Hilbert space H. Then the following are
equivalent.
1) T is self-adjoint;
ii) T is closed and ker(T* +1i) = {0};
i) ran(T + 1) = H.

This has an important corollary.

COROLLARY 1.2.36. Let T be a symmetric operator on a Hilbert space H. Then the following are
equivalent.
i) T is essentially self-adjoint;
i) ker(T* £14) = {0};
iii) ran(T +4) are dense.

The spectral theorem. One can extend the spectral theorem for bounded self-adjoint operators
to unbounded self-adjoint operators.

PROPOSITION 1.2.37. Let (M, u) be a measure space with p a finite measure. Suppose that f is
a measurable, real-valued function on M that is finite a.e. [u]. Then the operator Ty : ¢ — f¢ on
L*(M, p) with domain D(Ty) = {¢ | f¢ € L*(M, u)} is self-adjoint and o(Ty) is the essential range
of f.

We now state one form of the spectral theorem.

THEOREM 1.2.38. Let A be a self-adjoint operator on a separable Hilbert space H with domain D(A).
Then there is a measure space (M, p) with ju a finite measure, a unitary operator U : H — L?(M, )
and a real-valued function f on M which is finite a.e.[u], such that

i) ¥ € D(A) if and only if f(-)(U¥)(-) € L*(M, p);
ii) if o € U(D(A)) then (UAU'¢)(m) = f(m)p(m).

The functional calculus form of the spectral theorem is as follows.

THEOREM 1.2.39. Let A be a self-adjoint operator on H. Then there is a unique map QAS from the
bounded Borel functions on R into B(H) such that
i) & is a *-homomorphism;
i) ¢ is norm continuous, i.e., ||¢A>||B(H) < |Aloo;
i1) let h,(z) be a sequence of bounded Borel functions with h,(x) — x as n — oo for each x and
|hn(2)| < || for all  and n. Then, for any ¢ € D(A), ¢(hn)(h) = Atp as n — oo;
W) if hy(x) = h(x) pointwise and if the sequence ||hn||oo is bounded then ¢(hy) — phi(h) strongly;
v) if AY =N then G(h)yp = h(A)¢;
vi) if h >0 then ¢(h) > 0.

In the case where A is bounded, one can define e*4 by the power series which converges in norm;
one does not need the spectral theorem. But when A is unbounded, the power series for e**4 may
not be defined, for ¢ € D(A) might not be in D(A™) for some n. One uses the spectral theorem to
define €4, To describe e"*4 more explicitly, we use the projection-valued measure form of the spectral
theorem. Let Py be the operator xo(A) where xq is the characteristic function of the measurable set
) C R. This family of operators { P} enjoys the following properties:
i) each P is an orthogonal projection;
ii) Pp=0and Pp = I;

iii) if Q = U,Q,, with Q, N Q,, = 0 whenever n # m then Py = s-limy_, Pay;
)

iv PQIPQ2 = Pglmg2.
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Such a family is called a projection-valued measure. Given ¢ € H, (¢, Pog) is a well-defined Borel
measure on R which is denoted by d(¢, Px¢). For a bounded Borel function g, we define g(A) by

oo

(¢,9(A)9) = / g(N)d(o, Pr¢). (1.2.30)

—0o0

It can be shown that g(A) so defined satisfies the properties in Theorem 5.8. Now, for unbounded
complex-valued g, let

Dy ={¢| /O:o lg(V)[d(¢, Prag) < oo} (1.2.31)
Then D, is dense in H and g(A) is defined on D, by
Ga(a)8) = [ gd(6. Pro) (1.2.32)
which is written symbolically as g(A) = [ g(\)dPy. For ¢, € D(A),
w.a0) = [ O; A, Po). (1.2:33)

If g is real-valued then g(A) is self-adjoint on D,. Putting all these together,

THEOREM 1.2.40. There is a one-one correspondence between self-adjoint operators A and projection
valued measures {Pa} on H, the correspondence being given by

A= / AdPy. (1.2.34)
—00
THEOREM 1.2.41. Let A be a self-adjoint operator and define U(t) = e, Then

i) for each t € R, U(t) is a unitary operator and U(t + s) = U(t)U(s) for all s,t € R;
it) if o € H and t — to, then U(t)o — U(to)o;
iii) for ¢ € D(A), YL Ay ast — 0;
i) if limy o w exists, then ¢ € D(A).

An operator-valued function U(t) satisfying i) and ii) above is said to be a strongly continuous
one-parameter unitary group. We end with a definition.

DEFINITION 1.2.42. Let A be an operator on a Hilbert space H. The set C*°(A) = NS D(A™) is
called the C*-vectors for A. A vector ¢ € C*°(A) is called an analytic vector for A if

o0 An
> Lf”t" < 00 (1.2.35)
— nl

for some t > 0.

1.3. Geometric preliminaries
Here we collect some geometric notions to be used in this thesis.
1.3.1. Hodge theory on differentiable manifolds. We assume the reader is familiar with

basic manifold theory but nevertheless we start from the basics. References are [MS74,War83\|dC92,
BT82).
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Differentiable manifolds and vector bundles. Let U C R™ be an open set and f: U — R
be a function. One says that f is differentiable of class C* on U, for k a nonnegative integer, if the
partial derivatives gjﬁ: exist and are continuous on U with k = Zl «;. Here r; are the standard global
coordinates of R”. If f : U — R™ then f is C* if each f; = r;f is. fis C if f is C* for each k > 0.

DEFINITION 1.3.1. A locally Euclidean space M of dimension n is a Hausdorff topological space
M for which each point has a neighborhood homeomorphic to an open subset of R™. If ¢ is a
homeomorphism of a connected open set U C M onto an open subset of R™, ¢ is called a coordinate
map, the functions x; = r;¢ are called the coordinate functions, and the pair (U, ¢) = (U, x1,...,zy) is
called a coordinate system.

DEFINITION 1.3.2. A differentiable structure F of class CF (1 <k < o) on a locally Euclidean
space M is a collection of coordinate systems {(Uy, ¢o) | a € A} satisfying the following:
i) UaEA U, = M;
i1) ¢a¢§1 is C* for all o, B € A; these are called the transition functions;

i11) The collection F is mazximal with respect to ii); Explicitly, if (U, $) is a coordinate system such
that p¢71 and o~ are C¥ for all o € A, then (U, ¢) € F.

One can show that if Fy is any collection of coordinate systems satisfying i) and ii) then there is a
unique differentiable structure F containing it.

DEFINITION 1.3.3. An n-dimensional differentiable manifold of class C* is a pair (M, F) consisting

of an n-dimensional, second countable, locally Euclidean space M together with a differentiable structure
F of class C*.

One usually writes only M for a differentiable manifold and we will only consider such M of class
C=.

EXAMPLE 1.3.4. The standard differentiable structure on Euclidean space R™ is obtained by taking
F to be the mazimal collection containing (R™,id).

EXAMPLE 1.3.5. Let V be a finite dimensional real vector space and fix a basis {e1,...,en}. The
elements of the dual basis {r1,...,mn} form the coordinates of a global coordinate system and uniquely
determines a differentiable structure. Thus the complex n-space C™ is a 2n-dimensional real manifold.

EXAMPLE 1.3.6. An open subset U of a differentiable manifold M admits a differentiable structure
by restricting that of M to U.

EXAMPLE 1.3.7. Let S™ be the n-sphere inside R" ™t and let N = (0,...,0,1), S = (0,...,0,—1).
The standard differentiable structure on S™ is obtained by taking the maximal collection containing
(8™ — N,pn) and (S™ — S,ps), where py and pg are the stereographic projections from N and S,
respectively.

For U C M open, an f: U — R is a C* function on U if f¢~! is C™ for each coordinate map
¢ on M. A continuous v : M — N is differentiable of class C™ if gy is C*° for all C*° functions g
defined on open sets of N. A bijective C*° map with C* inverse is called a diffeomorphism. We recall
that given a point p € M, two functions f and g defined on some open sets of M containing p are
said to have the same germ at p if they agree on some neighborhood of p. This defines an equivalence
relation and we let F,, denote the set of equivalence classes of such germs. This is an algebra in a
canonical way.

One defines a tangent vector v at the point p € M to be a linear derivation of the algebra F,.
The space of such tangent vectors is called the tangent space of M at p and is denoted by T, M.
This becomes a real vector space in a canonical way of dimension dimM = n. A basis for T,M

maybe constructed as follows: we choose a coordinate system (U, 1, ...,x,) around p and for each
i=1,...,n, define the tangent vector % ‘ by
“lp
9 fo!
(— | )= (13.1)
z; Ip ar; o)
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for each C*° functions defined on a neighborhood of p. Then one can show that these tangent vectors
are linearly independent and span T;,,M providing a basis.
Now let ¢ : M — N be C* and let p € M. The differential of ¥ at p is the linear map
dp - TyM — Ty N (1.3.2)

defined as follows. Recall T, M is the collection of all linear derivations of the algebra F,. Pick
v € T,M. We define dy)(v) on a germ g at ¢ (p) by setting

dy(v)(g) = v(gy). (1.3.3)
With this definition, di) becomes a linear map from 7}, M to Ty, N that also satisfies the chain rule:
d(¢Y)p = Aoy pydibp (1.3.4)

for¢: M — N and ¢ : N = X C° maps. All the tangent spaces T, M glue to the tangent bundle
TM = Upe v IpM which is an example of a smooth real vector bundle.

DEFINITION 1.3.8. Let E and M be differentiable manifolds. A C* map w: E — M is called a
(real) vector bundle of rank r if the following conditions are satisfied.

i) E, =n"Y(p), for p € M is a real vector space of dimension r and is called the fiber at p;
it) for every p € M, there is a neighborhood U of p and a diffeomorphism

¢ N U) = U xR" (1.3.5)

such that ¢(Ep) C {p} x R" and ¢ restricted to E, is an R-vector space isomorphism between E,
and {p} x R".

The pair (U, ¢) is called a local trivialization of the vector bundle 7 : E — M, with total space E
and base space M. Given two local trivializations (U, ¢o) and (Ug, ¢g), the map

$atby' 1 (UaNUp) X R — (Us NUp) x R (1.3.6)
induces
9ap : (UaNU) = GL(r,R) (1.3.7)
given by
9ap(m) = ¢, (¢5l5,,) "' 1 RT > R". (1.3.8)

These gop are called the transition functions (or the cocycles) of the vector bundle 7 : E — M and
satisfy the cocycle property

9aB98ygrva =id, on U, NUgNU,, (1.3.9)

where the product is pointwise matrix product. One can moreover recover the vector bundle from
these cocycle data.
As mentioned above, the tangent bundle is the disjoint union of the various tangent spaces

™ = J1,M (1.3.10)
P
and the projection is the one that collapses whole of T,M to p. For the local trivializations one
considers the coordinate systems (U,, @) and notes that for each p € Uy, T),U, is canonically identified
with R™. Thus TU, is canonically identified with U, x R", giving a trivialization for the tangent
bundle.

The algebraic operations for vector spaces to produce new ones from given ones can be carried
through for vector bundles also. Essentially, one does the constructions fiberwise and then patches
them up with the help of the transition functions. For example, the tensor product construction is
carried through as follows: given bundles E and F,

E®F =|JEn® Fy, (1.3.11)
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and the transition functions are given by gol?goF = gfﬂ ® gi@. More generally, one can form new vector
bundles using continuous functors on the category of finite dimensional vector spaces. The most
important examples in our case will be the AF-the exterior product, S*-the symmetric product and the
dual (—)*. We apply the dual functor to the tangent bundle and obtain the cotangent bundle T* M.
Applying the exterior and symmetric product functors to the cotangent bundle we get, respectively,
the k-th exterior bundle /\k T*M, the k-th symmetric bundle S*T* M.

In order to define metric and differential forms, one needs the fundamental notion of a section of a
vector bundle.

DEFINITION 1.3.9. A C* section of a vector bundle w : E — M is a C*° map s : M — E such
that
ws = idy, (1.3.12)

i.e., s maps a point p in the base M to a vector s(p) € E,, the fiber over p. We denote the set of all
sections of a vector bundle 7 : E — M by T'(M, E), or sometimes simply by T'(E).

Since each fiber E), is a vector space, one can define addition of two sections pointwise. Similarly,
one can define scalar multiplication. What is more fundamental is that one can multiply a C'*° function
and a section pointwise giving I'(E) a C°°(M)-module structure.

A section X of the tangent bundle T'M is called a smooth vetor field on M, a section of the exterior
bundle A*T*M is called a differential k-form on M. One usually denotes I'(A*T* M) by QF(M).

One may even consider local sections. Let U be an open set in M. A C* map s: U — E is a
section over U of the vector bundle F if ws is the identity on U. A collection of sections s1,..., s,
over an open set U in M is a frame on U if for every point p in U, s1(p), ..., s.(p) forms a basis of the
vector space E, = 7 1(p).

Recall that on a coordinate system (U, ¢), (0/0z1,...,0/0z,) forms a trivialization (or a local
frame over U) of TU. Let (dx1,...,dxz,) be the pointwise-dual trivialization of T*U. Then any k-form
can be written locally, i.e., on a such a coordinate system as

/

w= Y frdxr, (1.3.13)
[T|=p
where f; are local C* functions, I = (i1, ...,%), |I| = number of indices, dx; = dx;, A...Adx;, and

Z' signifies that the sum is taken over strictly increasing indices. Using this local description, one
defines the exterior product

QF (M) x QYM) — QN (M), (w,n) — w A, (1.3.14)
the exterior differential d : QF (M) — QFT1(M) which satisfies d?> = 0 together with the Leibniz rule
dwAn) =dwAn+ (=1)kw A dn, (1.3.15)

and a differentiable f : M — N, the pull-back map
QN (N) = QF (M) (1.3.16)

DEFINITION 1.3.10. The de Rham cohomology of a differentiable manifold M is defined as

ker(d : QF(M Q1M
H*(M,R) = iméd : mid\g_} Qk((M)))) (1.3.17)

If M is compact and oriented, i.e., A"T*M is trivial and a trivializing section (a global nowhere
vanishing smooth n-form) has been chosen up to scaling by positive functions, then “integration” yields
a linear map

cHY(M,R) - R, [w]— | w (1.3.18)
M M
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Riemannian manifolds and Hodge theory. We start with a definition.

DEFINITION 1.3.11. A Riemannian manifold is a manifold endowed with a positive definite

symmetric bilinear form g on each T,M for p € M such that for each coordinate system (U, z1,. .., Ty,),

the functions g;; = g(%7 %) are smooth.
i J

One can endow A*T*M with natural inner product using the metric (,). If M is orientable, then
one has a unique n-form, the volume form vol = volyy 4), which is of norm one and positively oriented
at every point. The Gram-Schmidt process applied fibre-wise produces local orthonormal frames for
all these bundles. We shall usually denote a local orthonormal frame of T*M by (eq,...,en).

Let (M,g) be an oriented Riemannian manifold of dimension n. Using the metric and the
orientation one introduces the Hodge x-operator

*: QF (M) — Q= F(M). (1.3.19)
The form «1 is the volume form vol(,; ). The adjoint d* of the exterior differential d is given by
d* = (=1)"FHDHL i QF (M) — QF (M), (1.3.20)

and the Laplace operator is
A:=d"d+dd*. (1.3.21)

Since d* has degree —1, A has degree 0, i.e., A induces endomorphism of each Q¥(M). Since the
metric g induces natural inner product on any fibre A’“T];k M for all p € M, one can introduce an inner
product on the space of global k-forms whenever M is compact.

DEFINITION 1.3.12. If (M, g) is a compact oriented Riemannian manifold then for w,n € QF(M)
one defines

<w,n>:/ g(w,n)vol(M,g):/ w A *1). (1.3.22)
M M

Using this inner product, one can prove
LEmMA 1.3.13. If M is compact, then
(dw,n) = (w,d*n)  and (Aw,n) = (w, An), (1.3.23)
i.e., d* is the adjoint of the operator d and A is self-adjoint.
We now recall what harmonic forms are.

DEFINITION 1.3.14. A form w € Q¥(M) is harmonic if A(w) = 0. The space of all harmonic
k-forms is denoted by H* (M, g).

On a compact oriented Riemannian manifold (M, g), one can show, that a form w is harmonic,
ie., A(w) =0 if and only if dw = d*w = 0. As a corollary, one gets that the natural map

HF (M, g) — H*(M,R) (1.3.24)

that associates a harmonic form to its cohomology class is injective. We also note that Ax = xA,
and % : H¥(M, g) = H" (M, g). All of these together with some hard analysis culminate into the
Hodge-decomposition theorem.

THEOREM 1.3.15. Let (M, g) be a compact oriented Riemannian manifold. Then, with respect to
the inner product {,) there exists an orthogonal decomposition:

QF(M) = d(QFH (M) @ HE (M, g) @ d* (2" (M)). (1.3.25)
Moreover, the space of harmonic forms H*(M, g) is finite dimensional.

As a corollary, the natural map H*(M, g) — H*(M,R) is an isomorphism, i.e., every cohomology
class has a unique harmonic representative.
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1.3.2. Essentials of complex geometry. Here we collect some basic definitions and facts from
complex geometry. References are [Wel08,[Huy05,/GH94].

Complex manifolds and holomorphic vector bundles.

DEFINITION 1.3.16. A holomorphic atlas on a differentiable manifold is an atlas {(U;, ¢;)} of the
form ¢; : U; = ¢;(U;) C C™ such that the transition functions ¢;; = q§i¢;1 10 (U NU;) — ¢(U; NU;)
are holomorphic. The pair (U;, ¢;) is called a holomorphic chart. Two holomorphic atlases {(U;, ¢;)},
{(U,¢})} are called equivalent if all the maps gi)i(b;-_l 195 (Ui N U}) — ¢i(U; N U;) are holomorphic.

DEFINITION 1.3.17. A complex manifold X of dimension n is a (real) differentiable manifold of
dimension 2n endowed with an equivalence class of holomorphic atlases.

We now define holomorphic functions on a complex manifold.

DEFINITION 1.3.18. A holomorphic function on a complex manifold X is a function f: X — C
such that f(b;l : ¢;(U;) — C is holomorphic for any chart (U;, ¢;) of a holomorphic atlas in the
equivalence class of defining X .

DEFINITION 1.3.19. Let X and Y be two complex manifolds. A continuous map f: X — Y is
a holomorphic map if for any holomorphic charts (U,¢) and (U',¢') of X and Y, respectively, the
map ¢'fo~ L d(f~HU)NU) — ¢'(U’) is holomorphic. Two complexr manifolds X and Y are called
biholomorphic if there exists a holomorphic homeomorphism f: X — Y.

EXAMPLE 1.3.20. The most basic complex manifold is provided by the n-dimensional complez space
C™. The open subsets of C™ serve as the local model for arbitrary complexr manifolds.

ExXAMPLE 1.3.21. The complex projective space CP™ is a compact complex manifold.

EXAMPLE 1.3.22. The complex torus C"/Z?" is a complex manifold, where Z*™ C R*™ = C" is
the natural inclusion.

Next we define holomorphic vector bundles.

DEFINITION 1.3.23. Let X be a complex manifold. A holomorphic vector bundle of rank r on X
18 a complex manifold E with a holomorphic map w: E — X and the structure of an r-dimensional
complex vector space on any fiber E, = n~1(x) satisfying the following condition: there exists an open
covering X = |JU; and biholomorphic maps 1; : 7= 2(U;) — U; x C™ commuting with the projections
to U; such that the induced map = *(z) = C" is C-linear.

Let X = |JU; be an open covering by charts ¢; : U; — ¢;(U;) C C™. By definition the Jacobian
of the transition maps ¢;; = qbiqﬁj_l 2 0;(U; NU;) — ¢:(U; NU;) is the matrix J(¢i;)(¢;(2)) =

(o)

DEFINITION 1.3.24. The holomorphic tangent bundle of a complex manifold X of dimension
n is the holomorphic vector bundle Tx on X of rank n which is given by the transition functions
big(2) = J(613)(05(2)).

The holomorphic cotangent bundle Qx is the dual of Tx. The bundle of holomorphic p-forms is
Q5% = AN'Qx for 0<p<n and Kx = det(Q2x) = \" Qx is called the canonical line bundle of X .

k,l

Now we describe an alternative way of defining complex manifolds that leads to noncommutative
complex geometry.

DEFINITION 1.3.25. An almost complex manifold is a differentiable manifold X together with a
vector bundle endomorphism J : TX — TX with J*> = —id. Here, TX is the real tangent bundle of
the underlying real manifold.

The endomorphism is also called the almost complex structure on the underlying differentiable
manifold. If an almost complex structure exists, then the real dimension of X is even.
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PROPOSITION 1.3.26. Any complex manifold X admits a natural almost complex structure.

Now let X be an almost complex manifold. Then T X denotes the complexification of T X, i.e.,
TeX =TX ®C.

PROPOSITION 1.3.27. i) Let X be an almost complex manifold. Then there exists a direct sum
decomposition
TeX =TYX o T X (1.3.26)
of complex vector bundles on X, such that the C-linear extension of J acts as multiplication by i
on TYOX and by —i on TO1X.
ii) If X is a compler manifold, then T'°X is naturally isomorphic (as a complex vector bundle) to
the holomorphic tangent bundle Tx .

The bundles T'°X and T%!'X are called the holomorphic, respectively, anti-holomorphic tangent
bundles of the almost complex manifold X. One defines the complex vector bundles

k k P,q P q
AX = NTeX), A\X=A\T"X oc \TO'X. (1.3.27)
C

The space of sections are denoted by QF(X), and QP9(X), respectively. Elements in Q79(X) are called
forms of type (p,q). We denote the projections Q(X) — QF(X) and Q(X) — QP9(X) by IT* and I17+4,
respectively.

PRrROPOSITION 1.3.28. There exists a natural direct sum decomposition

p.q

k
AX= P AXx. 2%x) = oai(x). (1.3.28)
C

p+q=k p+q=k
Moreover, NP X = A" X and Qr1(X) = QP (X), where the bar denotes complex conjugation.
DEFINITION 1.3.29. Let X be an almost compler manifold. If d : QE(X) — QEMN(X) is the

C-linear extension of the exterior differential, then one defines

0 =TPThag . QP9(X) — QPFha(X), (1.3.29)
and ~

0 =TPatq . QPI(X) — QPITL(X). (1.3.30)

It can be shown that 9 and O satisfy Leibniz rule. We next discuss what an almost complex
structure needs in order to be induced by a complex one.

PROPOSITION 1.3.30. Let X be an almost complex manifold. Then the following two conditions
are equivalent.
i) d(w) = d(w) + O(w) for w € Q(X);
i) On QY0 one has 1%2d = 0.

Both conditions hold true if X is a complex manifold.

DEFINITION 1.3.31. An almost complex structure J on X is called integrable if the conditions of

Proposition [1.3.30 are satisfied.
We have another characterization of integrability of an almost complex structure.

PROPOSITION 1.3.32. An almost complex structure J is integrable if and only if the Lie brackets
of the vector fields preserves T1X | i.e., [TO' X, TO1X] Cc TO1 X.

As a corollary to this we have,

COROLLARY 1.3.33. If I is an integrable almost complex structure then 0% = 3 =0 and 99 = —0.
Conversely if 3 =0 then J is integrable.
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The following theorem answers the question raised above.

THEOREM 1.3.34 (Newlander-Nirenberg). Any integrable almost complex structure is induced by a
complex structure.

Thus a complex manifold and a differentiable manifold with an integrable almost complex structure
are describing the same object.

Let us denote by QP4(E) the space of E-valued forms of type (p,q) for a complex vector bundle
over a complex manifold X.

LEMMA 1.3.35. If E is holomorphic vector bundle then there exists a natural C-linear operator O
OP4(E) — QPYL(E) with 5?3 =0 and which satisfies the Leibniz rule Op(f -w) = 0(f) Aw + fop(w).

The following is known as the Koszul-Malgrange theorem.

THEOREM 1.3.36. Let E be a complex vector bundle over a_complex manifold X. A holomorphic
structure on E is uniquely determined by a C-linear operator Og : Q°(E) — QUL(E) satisfying the

Leibniz rule and the integrability condition 52 =0.

Kahler manifolds and Hodge theory. Let X be a complex manifold and let J be the induced
almost complex structure. Recall the definition (1.3.11]) of a Riemannian metric,

DEFINITION 1.3.37. A Riemannian metric g on X is a hermitian structure on X if for any
point x € X the scalar product g, on T, X s compatible with the almost complex structure J,, i.e.,

9o (J2 () S () = 92 (-, -)-
We call the form w = g(J(+),-), the fundamental form associated to g.
LEMMA 1.3.38. The fundamental form w is real and of type (1,1).

Locally the fundamental form is of the form

. n
w= % 3" hijdzi A dz. (1.3.31)
i,j=1
The complex manifold endowed with a hermitian structure g is called a hermitian manifold. We
note that the hermitian structure is completely determined by the almost complex structure and the
fundamental form. Indeed, g(-,-) = w(-, J(-)). One defines the following vector bundle homomorphisms
on any hermitian manifold of complex dimension n:

i) The Lefschetz operator
k+2

k
L:/\X—> /\X, a— aAw, (1.3.32)
is an operator of degree 2.
ii) The Hodge *-operator (see (1.3.19))
2n—k

k
 AX = A X, (1.3.33)

is induced by the metric g and the natural orientation of the complex manifold X, of real dimension
2n. It is a fact that the Hodge *-operator maps QP9(X) to Q" 4" P(X).
iii) The dual Lefschetz operator

k k-2
A=+""Le: AX = N\ X, (1.3.34)
is an operator of degree —2 and depends on the Kéhler form w and the metric g and hence on the
almost complex structure J.

All three operators can be extended C-linearly to the complexified bundles A X, which we again
denote by the same symbols L, x and A.
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PROPOSITION 1.3.39. Let (X, g) be a hermitian manifold. Then there exists a direct sum decompo-
sition of vector bundles

k
A\X =P L(P*x), (1.3.35)

i>0

where P*=2 X =ker(A: N"2' X — A" 272 X) is the bundle of primitive forms.

The decomposition is compatible with the bidegree decomposition /\é X = ®p+q:k AP? X and
one has PEX = @, PP9X, where PP1X = PEYTN AP? X. Define the operators H and I:

2n n

H=> (k—n)I*, I= > P are, (1.3.36)
k=0 p,q=0

where TI* and I1P+9, are the natural projections Q(X) — QF(X) and Q(X) — QP4(X), respectively.

Using the bundle of primitive forms, the Hodge *-operator can be given an explicit form, known as

Weil’s formula:

(L () = (—1) 52 J! LRI I(w), (1.3.37)

(n—k—J)
for w € P*.

Recall that on an arbitrary m-dimensional Riemannian manifold (M, g) the adjoint operator d*
(see (1.3.20)) is defined as

d* = (—=1)"EFDFL e QF (M) — QFFL (M), (1.3.38)
and the Laplace operator is given by
Ag =dd* 4+ d*d. (1.3.39)
If the dimension of M is even, for instance, if M admits a complex structure, then d* = — % dx.
Analogously, one defines 9* and 8" as follows.

DEFINITION 1.3.40. If (X, g) is a hermitian manifold, then
O = — %0k, 0 =—%0*. (1.3.40)

9" takes QP9(X) to QP~19(X) and similarly,  takes QP7(X) to QP4~1(X). Moreover, from the
decomposition d = 9 + 9, it follows that d* = 0* + 9" and 9*2 = 5*2 = 0. For a hermitian manifold

(X, g), one defines the d- and d-Laplacians Ay and Ay as follows:
Np=00" + 90, Ny=009+00 . (1.3.41)

DEeFINITION 1.3.41. A Kdhler structure is a hermitian structure g for which the fundamental form
w s closed, i.e., dw = 0. In this case the fundamental form is called the Kdihler form.

The complex manifold endowed with the Kéhler structure w is called a Kédhler manifold. Complex
projective spaces are Kahler, and by a theorem which says any complex submanifold of a K&hler
manifold is Kéahler, any projective manifold is Kahler. Obviously, a Riemann surface is Kahler. We
now note some remarkable properties of Kédhler manifolds. We start with the Kéhler identities.

PROPOSITION 1.3.42. Let X be a complex manifold, endowed with a Kdhler metric g. Then the
following identities hold true.
i) [0,L] =[0,L] =0 and [0, A] = [0*,A] = 0.
i) [0, L] =i, [0*, L] = —id and [A, D] = —id*, [A,8] =i .
iii) Ag = Ay = %Ad and Ay commutes with =, L, A, 9, 0, 0%, 3.

If X is a complex manifold with a hermitian structure g, we denote the hermitian extension of

the Riemannian metric by gc. It naturally induces hermitian products on all form bundles. See also
Definition [[.3.12]
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DEFINITION 1.3.43. Let (X, g) be a compact hermitian manifold. Then one defines a hermitian
product on Q¢ (X) by

(w,m) = /X ge(w,n) * 1. (1.3.42)

PROPOSITION 1.3.44. Let (X, g) be a compact hermitian manifold. Then the following decomposi-
tions are orthogonal with respect to (,).

i) The degree decomposition Qc(X) = GOk (X);
ii) The bidegree decomposition QE(X) = @pi = WP1(X);
iii) The Lefschetz decomposition QE(X) = @;>0L' P~ (X)

Moreover, with respect to (,), the operators 0%, 9" are formal adjoints to 0 and 0, respectively.

For a hermitian manifold, one defines a form w € Q%(X) to be d-harmonic if Az(w) = 0 and the space
of harmonic forms are defined as

HE(X, ) = {w € QE(X) | Ag(w) = 0} (1.3.43)

and
’H%’q(X, g) = {w e QP1(X) | Ag(w) = 0}. (1.3.44)
Similarly one considers the case for 0. For X compact, being d-harmonic is equivalent to the joint

vanishing of 0 and 8" on that form. We can now state the Hodge decomposition theorem.

THEOREM 1.3.45. Let (X, g) be a compact hermitian manifold. Then there exist two natural
orthogonal decompositions

QP9(X) = 0P M X) & HEU (X, g) ® 0*QPTH(X), (1.3.45)
and

OP1(X) = 00717 H(X) © HEU(X, g) ® 9" QT (X). (1.3.46)
The spaces HP9(X) are finite dimensional. If (X,g) is assumed to be Kdihler, then HY*(X,g) =
HZ1(X, g).

1.3.3. Differential operators on manifolds. As the name suggests, here we discuss differential
operators, to motivate the next section, and to exemplify the unbounded operator theory reviewed in
We shall meet noncommutative versions in the following chapters, so it seems useful to have the
classical picture reviewed. A wonderful reference for these material is [HROO|.

First-order differential operators. Recall the notion of a differentiable manifold and of a
vector bundle from [[-3.1]

DEFINITION 1.3.46. Let M be a differentiable manifold and S be a smooth complex vector bundle
over M. A first-order linear differential operator on S is C-linear map

D:T(M,S)—T(M,S) (1.3.47)
satisfying the following properties:

i) if ur and us are two smooth sections of S which agree on an open set U C M, then Duy and Dus
agree on U.

i) if we choose a coordinate system (U,x1,...,xy,) of M which also trivializes the bundle S, then D
can be represented in local coordinates by a formula

ou
Du = Z Aja—xj + Bu, (1.3.48)
J

where A; and B are smooth, matriz-valued functions on U.
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The functions A; and B depend on the particular coordinate system and the trivialization. But if
&=y j §jdx; is a cotangent vector at x € M, then the expression

op(z,8) =Y A, (1.3.49)
J

interpreted as an endomorphism of the fibre S, is independent of the choice of the coordinates. In
fact, if g is any smooth function on M and if p(g) denotes the operator on I'(M, .S) of multiplication
by g, then

op(z,dg)u(x) = ([D, p(g)]u)(x), (1.3.50)
for any smooth section wu.

DEFINITION 1.3.47. The symbol of a (first-order) differetial operator D : T'(M,S) — I'(M, S) is
the vector bundle homomorphism
op : T*M — End(S), (1.3.51)

given by (1.3.49).

We shall, from now on assume that M is a compact oriented Riemannian manifold (M, g) and
that the bundle admits a hermitian metric (, ), i.e., smoothly varying inner products on the complex
fibres (see Definition [1.3.37]). We can then define an inner product on the space I'(M, S) by

(u,v) = /M(u(x),v(as)) vol(a1,9), (1.3.52)

and obatain the Hilbert space L?(M,S) by completing I'(M, S) with respect to the inner product
[3.52).

PROPOSITION 1.3.48. Let D : T'(M,S) — I'(M, S) be a first-order differential operator. Then there
is a unique first-order differential operator DT : T'(M,S) — T'(M, S), called the formal adjoint of D,
such that

(Du,v) = (u, DTv), (1.3.53)
for all u,v € T(M,S). The symbols of D and D' are related in the following way:
opi(x,§) = op(z,§)". (1.3.54)

We now think of D as an unbounded operator on L?(M, S) densely defined with domain T'(M, S),
in the sense of Definition[1.2.31] Recall also the notion of closability from the discussion before Definition
233

PROPOSITION 1.3.49. Ewery first-order differential operator is closable.

By an abuse of notation, we shall write D instead of the closure D. We see that a first-order
differential operator D is symmetric, i.e., (Du,v) = (u, Dv) if and only if D equals its formal adjoint.
One can show that every symmetric first-order differential operator is essentially self-adjoint, see the
discussion before Theorem

Finally, we note that if D is a self-adjoint first-order differential operator and p(g) € B(L*(M, S))
is the multiplication operator by a smooth function g, then [D, p(g)] is also a multiplication operator

on I'(M, S), because of (1.3.50).
REMARK 1.3.50. In particular, [D, p(g)] extends to a bounded operator on L*(M,S).

Dirac operators and spin manifolds. We begin by introducing some terminology regarding
Zo-grading. We recall that a complex vector space V is said to be Zs-graded if there is a decomposition

of V into a direct sum of subspaces. V* are called the positive and negative parts, respectively. The
grading operator vy is the operator whose +1-eigenspaces are V*, respectively. A graded Hilbert

space is a Hilbert space provided with a Zs-grading for which the positive and negative parts are
closed, orthogonal subspaces. A graded vector bundle is a vector bundle whose fibres are graded vector
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spaces such that the transition functions respect the grading. An endomorphism of a graded vector
space (Hilbert space, vector bundle) is even if it commutes with the grading operator and odd if it
anti-commutes with the grading operator.

DEFINITION 1.3.51. Let M be a Riemannian manifold and let S be a smooth, graded hermitian

vector bundle over M. A Dirac operator on S is an odd, symmetric first-order differential operator on
S whose symbol op(x,&) has the property that

op(r,€)*u=—|¢|u, (1.3.56)

foreveryx e M, £ € TyM and u € S,.
If op(z,§) is the symbol of a Dirac operator then it follows from the symmetry and grading
of D that op(z,£) is a skew-adjoint, odd endomorphism of S, for all  and . The condition

op(z,€)%u = —||€]|?u implies that op(z, &) is an invertible endomorphism of S, whenever £ # 0. A
differential operator with this property is called elliptic. Thus Dirac operators are elliptic.

DEFINITION 1.3.52. Let M be a Riemannian manifold. A Dirac bundle on M is a graded hermitian
vector bundle S on M together with an R-linear morphism of vector bundles

T*M — End(S) (1.3.57)

which associates to each cotangent vector & € Tx M a skew-adjoint, odd endomorphism u v+ & - u of Sy
whose square is multiplication by the scalar —||£]|? on S,.

The action of a vector £ € Ty M on S, will be referred to as Clifford multiplication by £. The
relation €2 = —||¢]|?1 is the Clifford relation, which we shall describe in a moment.

Thus there is a one-one correspondence between Dirac bundle structures on a graded hermitian
vector bundle S and equivalence classes of Dirac operators on S, two Dirac operators being equivalent
if they have the same symbols. The following examples are from the last two Subsections and
o2

ExaMPLE 1.3.53. Recall from Subsection that on any smooth manifold M of dimension n,
one has the de Rham complex
QM) —L— QL(M) Q7 (M) (1.3.58)
where Qé(M) is the space of smooth, complex-valued k-forms on M and d is the exterior differential.
Now suppose that M is Riemannian and let S be the complex exterior algebra bundle ATEM , whose
sections are complez-valued differential forms on M. One grades S by dividing the differential forms
on M into those of odd and even degree. Let d be the exterior differential thought of as a first-order
differential operator on S and let d* be its formal adjoint, see (1.3.20)) and Lemmal1.5.15. Then the
de Rham operator D = d + d* is a Dirac operator on S. The symbol of D is given by
O'D(Z‘,f) :Eg —E&*, (1359)
where E¢ is the exterior multiplication by §.
EXAMPLE 1.3.54. Let M be a hermitian manifold of complex dimension n, see Definition |1.3.57
We recall the operators O and O from Definition and note that they satisfy
P?=7 =0, (1.3.60)
see Corollary|1.3.35. Thus one has the following complex, called the Dolbeault complex

d d

g} El

QO0(M) —2 5 Q01 (M) QO (M). (1.3.61)
Let S be the exterior algebra bundle AT®'M and we grade it the same way as in the previous example.

Let O be thought of as a first-order differential operator on the bundle S and let 3" be its formal adjoint.
Then the Dolbeault operator D = 0 + 8" is a Dirac operator on S and its symbol is given by

op(@,df) = Ezp — Eg,., (1.3.62)

where E¢ again denotes exterior multiplication by &.



26 1. PRELIMINARIES

Having described two basic examples of Dirac operators, we now move onto defining spin manifolds.

DEFINITION 1.3.55. A p-multigraded Dirac operator is a Dirac operator D on a graded hermitian
vector bundle S together with p odd endomorphisms €1,...,ep of S such that €;D = Dej for all j and
€j = —€j, s? =—1, ¢gje;i+ee; =0, (i#}7). (1.3.63)

Similarly, a p-multigraded Dirac bundle is a Dirac bundle S equipped with p odd endomorphisms
€1y...,Ep of S such that

gj=—¢;, e =-1, ggitee; =0, (i#}]) (1.3.64)
and such that each €; commutes with every Clifford multiplication operator on every fibre S,.

One can construct n-multigraded Dirac operators on an n-dimensional Riemannian manifold using
the concept of Clifford algebras.

DEFINITION 1.3.56. The complex Clifford algebra for R™ is the complex x-algebra C,, generated by

elements ey, ..., e, (corresponding to the standard orthonormal basis of R™) such that
ej=—¢}, e=—1 (j=1,...,n) (1.3.65)
and
€i€; +eje; = 0 (Z =+ j) (1366)
The algebra C,, is linearly spanned by the 2" monomials ej, ...e;, , where j; < --- < j; and
0 < k < n. One grades C,, by assigning to each monomial its degree modulo 2.
Now let M be a Riemannian manifold of dimension n. If ey, ... e, is a local orthonormal frame

for T M over an open set U C M, then one can construct an n-graded Dirac bundle structure on the
trivial bundle U x C,, over U in the following way. Clifford multiplication by an element e; of the
frame is the left multiplication by the jth generator of C,,, and the n-multigrading operators €1, ..., &,
for the bundle are right multiplication by the same generators. This is the local model of a globally
defined Dirac bundle called a complex spinor bundle:

DEFINITION 1.3.57. Let M be an n-dimensional Riemannian manifold. A complex spinor bundle
on M is an n-multigraded Dirac bundle S which is locally isomorphic to the trivial bundle with fiber
C,,, the Clifford multiplication being determined by some local orthonormal frame as above.

The real Clifford algebra R,, is the R-subalgebra of C,, generated by the elements ey, ..., e, and a
real spinor bundle is a real Dirac bundle which is locally isomorphic to U x R,,. One can complexify
a real spinor bundle and obtain a complex spinor bundle. A complex spinor bundle determines an
orientation on M, therefore it can only exist on orientable manifolds. If one starts with an oriented
Riemannian manifold then one only considers those complex spinor bundle for which the induced
orientation agress with the orientation one started with.

For every complex spinor bundle S on a Riemannian manifold M there is a corresponding Dirac
operator D. There is no canonical choice but all the choices contain the same amount of structure
(K-homology class, to be precise). So one introduces an equivalence relation and calls one such class a
Spin® structure. For that we recall that for graded vector spaces Vi and V5 their graded tensor product
V1 ®9" V4 is the ordinary tensor product Vi ® V5 with the grading

Vi=(eVHhe (W eV), Vo=V eV)e(V o). (1.3.67)

Graded tensor product of graded vector bundles are defined fibre-wise. Now there is a canonical
complex spinor bundle on R, namely, the trivial bundle Sg = R x C; for which the Dirac operator is

d
DR = e1 - % (1368)
If S is a complex spinor bundle on a Riemannian manifold M then S ®9" Sk is a complex spinor bundle
over M x R.
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DEFINITION 1.3.58. Let M and M’ be two Riemannian manifolds with the same underlying smooth
manifold, and let S and S’ be complex spinor bundles on M and M, respectively. The pairs (M, S) and
(M',S") are said to be concordant if there is a pair consisting of a Riemannian metric and a complex
spinor bundle on R x M which over some non-empty open interval of R agress with (R x M, Sg ®9" S)
and which over some other non-empty open interval of R agress with (R x M’, Sg 9" 5")

We now finally come to

DEFINITION 1.3.59. A Spin®-structure on a smooth manifold M is a concordance class of Rie-
mannian metrics and complez spinor bundles on M. A Spin®-manifold is a smooth manifold which is
provided with a Spin°-structure.

Similarly, a Spin-structure on a smooth manifold M is a concordance class of Riemannian metics
and real spinor bundles on M. A Spin-manifold is a smooth manifold which is provided with a
Spin-structure. We should also add that we have followed [HROO| for this presentation. One can
also introduce Spin-manifolds using the language of principal bundles, see [Fri00,LM89] and the
wonderful [BHMSO07| for an account of principal bundles from noncommutative geometry perspective.
We end with an example.

PROPOSITION 1.3.60. Let M be a Riemannian manifold of dimension n = 2k. There is a one-one
correspondence between isomorphism classes of complex spinor bundles on M and isomorphism classes
of Dirac bundles of rank 2F.

Thus we get

ExAMPLE 1.3.61. Recall from Example that the Dolbeault operator on a complexr manifold
of complex dimension n acts on a Dirac bundle of rank 2. Hence the Dolbeault operator determines a
Spin®-structure on M.

1.4. Noncommutative geometry and quantum isometry groups

In this section, we collect the necessary background in noncommutative geometry. We also describe
the theory of quantum isometry groups.

1.4.1. Spectral triples. We start by defining the basic objects of study in noncommutative
geometry. References are [GBVF01,/Con94| Con85/(Lan97].

DEFINITION 1.4.1. A spectral triple of compact type is a triple (A, H, D) consisting of:

a) an associative algebra A of bounded operators on a Hilbert space H, and
b) an unbounded self-adjoint operator D on H such that
i) for every a € A, the operators a(D +1i)~" are compact, and
i) for every a € A, the operator [D,a] is defined on dom(D) and extends to a bounded operator
on H.

In b), D is self-adjoint in the sense of unbounded operator theory, see the discussion before
Theorem By the same theorem, (D =+ ¢) map dom(D) bijectively onto H. In ii), it is assumed
that each a € A maps dom(D) into itself. Also if the algebra A has a unit, which acts as the identity
operator on the Hilbert space H, then i) is equivalent to the assertion that (D +4)~! be compact
operators, which is equivalent to the assertion that there exist an orthonormal basis for H consisting
of eigenvectors v; of D, with eigenvalues \; converging to oo in absolute value.

One calls a spectral triple (A, H, D) even if the Hilbert space H is graded in the sense of the
previous subsection (see the discussion before Definition , that the grading operator v maps
the domain of D into itself, anticommutes with D and commutes with each a € A. Spectral triples
without a grading operator is referred to as odd.

Given an algebra A, an odd (even) spectral triple on A is an odd (even) spectral triple (p(A), H, D)
(respectively, (p(A), H, D,~)) where p: A — B(H) is a homomorphism.
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DEFINITION 1.4.2. Two spectral triples (p1(A), H1, D1) and (p2(A), Ha, D2) are said to be unitarily
equivalent if there is a unitary operator U : Hy — Hy such that Dy = UDU* and pa() = Upy (1)U*
where p;, j = 1,2 are the representations of A on H;, respectively.

We now introduce our first examples. The remark [1.3.50 is essential in the following examples.

EXAMPLE 1.4.3. Let M be a compact smooth Spin®-manifold. We recall (Deﬁnition that
this means we are provided with a concordance class of Riemannian metrics and complex spinor bundles.
Let S be such a complex spinor bundle with Dirac operator D. Then (C°°(M), L?(S), D) is a spectral
triple of compact type.

EXAMPLE 1.4.4. Let M be a compact oriented Riemannian manifold. We recall from Example
that d+d* is a Dirac operator. Then (C*(M), L*(ATEM),d+d*) is a spectral triple of compact
type.

EXAMPLE 1.4.5. The noncommutative 2-torus Ay is the universal C*-algebra generated by two

unitaries U and V satisfying UV = e*™0VU where 6 € [0,1]. There are two derivations dy and do on
Ay given by the rule:

d,(U) =0, di(V)=0 (1.4.1)
and
do(U) =0, d2 (V) =V. (1.4.2)
These are well-defined on the dense x-subalgebra Ag°:
0 =A Z AmnU™V™ | sup [m*nla,,,| < ocoVk,l € N}. (1.4.3)

m,n€”Z
There is a unique faithful trace on Ag° given by:

T(Z aanmVn) = @00- (144)

m,n

Let H = L*(7) @ L*(7), where L*(1) denotes the GNS space of A5° with respect to the state . We

embed A as a subalgebra of B(H) by a — (8 2) We define D as

o 0 di + ids
D= (dl —idy 0 ) . (1.4.5)

Then (A3°, H, D) is a spectral triple of compact type.
The space of noncommutative forms.

DEFINITION 1.4.6. Let A be an arbitrary C-algebra. Let QLA denote the kernel of the multiplication
map p: AR A— A. We then define the universal differential graded algebra over A to be the tensor
algebra

QA =POQLARA... ®1QA), (1.4.6)

n=0

n
endowed with the unique degree one derivation such that

dla) =1®a—-—a®1 (1.4.7)
forae A.

Given a spectral triple (A, H, D) one constructs a compatible differential calculus on A by means
of a suitable representation of the universal algebra €, A in the algebra of bounded operators on H.
The map
Tyt QA — B(H) (1.4.8)
given by
my(aoda ... dap) == ao[D,a1]...[D,apl, a; € A (1.4.9)
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is a homomorphism of algebras. One can show
PROPOSITION 1.4.7. Let Jy := @®,J} be the graded two sided ideal of 2, A given by
Jy ={weQA|m,(w) =0} (1.4.10)
Then J := Jy + dJy is graded differential ideal of 1, A.
The elements of J are called junk forms.

DEFINITION 1.4.8. The differential graded algebra of Connes’ forms over the algebra A is defined
by
QpA = Q,A/J = m,(QA) /7, (]). (1.4.11)

See Chapter 6 of [Con85| for many interesting examples and constructions that enable one to call
a spectral triple a noncommutative manifold.

1.4.2. Quantum isometry groups. In this subsection, we briefly describe the theory of quantum
isometry groups. We begin by recalling the notion of isometry for a Riemannian manifold.

DEFINITION 1.4.9. Let (M, g) be a Riemannian manifold. A diffeomorphism ¢ : M — M (i.e., 9
is a differentiable bijection with differentiable inverse) is called an isometry if

9(u,v)p = g(dop(u), dipy(v)) @y,  for allp € M,u,v € T,M. (1.4.12)

Let us write Iso(M) for the collection of all isometries of the Riemannian manifold M. There is a
natural group structure on Iso(M). In fact, one can prove more.

THEOREM 1.4.10. The group Iso(M) of isometries of the Riemannian manifold M is a Lie group
with respect to the compact-open topology. If M is compact then Iso(M) is compact.

We recall that a Lie group is a smooth manifold together with a group structure such that both
structures are compatible in a way.

EXAMPLE 1.4.11. The isometry group of R™ with the standard Riemannian structure (making the
standard basis an orthonormal frame) is the Euclidean group E(n) = T(n) x O(n), where T'(n) is the
translation group.

EXAMPLE 1.4.12. The isometry group of S™(C R™™) with induced Riemannian structure is
O(n+1).

EXAMPLE 1.4.13. The isometry group of the flat torus T™ = S* x --- x S i.e., with the product
—_——

n-times
metric, is T™ x (Z% % Sy,,), where S, is the permutation group on n-letters.

Now to define a quantum version of Iso(M) one needs a point-free definition of an isometry of M.
For that we need to recall the Laplacian A from Eq. ([1.3.21)) and that it is an endomorphism of each
QF(M), so in particular of Q°(M) = C>(M).

PROPOSITION 1.4.14. Let M be a compact oriented Riemannian manifold. A diffeomorphism
Y : M — M is an isometry if and only if 1 commutes with A in the sense

A(f1h) = A(f),  for all f € C®(M). (1.4.13)

Thus we can rephrase the definition of an isometry of M using the Laplacian A. To obtain a
description of Iso(M) in terms of A one considers the category with pairs (G, «), where G is a compact
metrizable group acting on M by the smooth and isometric action «, as objects. If (G1, 1) and
(G, B2) are two such pairs then a morphism between these is a group homomorphism 7 : G; — Gs
such that 7 = a. Then, it is a classical result that the isometry group of M is the universal object in
this category.

More generally, the isometry group of a classical compact Riemannian manifold, viewed as a
compact metrizable space (forgetting the group structure), can be seen to be the universal object
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of a category whose object class consists of subsets (not generally subgroups) of the set of smooth
isometries of the manifold. Then it can be proved that this universal compact set has a canonical
group structure. Motivated by this and using ideas of Woronowicz and Soltan, Goswami considered in
|Gos09] a bigger category with objects as pairs (S, f), where S is a compact metrizable space and
f:8 x M — M such that the map m — f(s,m) from M to itself is a smooth isometry for all s € S.
The morphisms are defined analogously as above. One can then prove

THEOREM 1.4.15. Let M be a compact oriented Riemannian manifold and let C*°(M)q be the span
of eigenvectors of A. Then Iso(M) is the universal object of the category with objects as pairs (C(Y), a)
where Y is a compact metrizable space and « is a unital C*-homomorphism from C(M) — C(M)@C(Y)
satisfying the following.
i) a(C(M))(1® C(Y)) is dense in C(M) ® C(Y).
i) ag = (Id®@¢)a maps C(M)g into itself and commutes with A on C*° (M), for every state ¢
on C(Y).

Therefore, to define the quantum isometry group, it is reasonable to consider a category of compact
quantum groups which act on the manifold (or more generally on a spectral triple) in a way so as to
preserve the Riemannian structure, which is precisely formulated in [Gos09|, where it is also proven
that a universal object in the category of such quantum groups does exist if one makes some natural
regularity assumption on the spectral triple at hand.

There are two formulations of the quantum isometry group of a noncommutative manifold. One
is based on the Laplacian, obtained from the space of forms and the other, more natural, based on
the Dirac operator, already part of the spectral triple. Since we will only need the latter, we do not
describe the former, referring the reader to the comprehensive book [GB16|.

So we want to rephrase the definition of an isometry of a compact oriented Riemannian manifold
M in terms of some Dirac operator. To begin with, let M be a compact oriented Riemannian manifold.
We recall the triple (C*°(M), L*(ATE M), d + d*) from Example and define

Iso((C™(M), LA (ATE M), d + d*)) :={¢ € Aut(C(M)) | 3 a unitary U on L*(ATEM) such that
U(d+d") = (d+d*)U and p(fp) = Up(f)U* for all f € C(M)},
where p(f) is the multiplication operator by f. |[Par95| proves
THEOREM 1.4.16. Iso((C*(M), L*(ATg M), d + d*)) = Iso(M).

Thus one obtains a description of Iso(M) in terms of the de Rham operator d + d*. On the other
hand, the following theorem describes an orientation-preserving isometry (i.e., an isometry v such
that ¥* (vol(ar,g)) = vol(ar,g), 1* being the pull-back Eq. (1.3.16))) for a Spin-manifold (see Definition

1.3.59)) using the Dirac operator.

THEOREM 1.4.17. Let M be a compact Riemannian Spin-manifold with the induced orientation.
Let S be the associated real spinor bundle and D be the Dirac operator on S. Let v : M — M be a
smooth injective map which is an orientation-preserving isometry. Then there exists a unitary Uy on
L2(S) commuting with D such that Upp(f)Uy, = p(f1)), for every f € C(M), where p(f) denotes the
multiplication operator by f on L*(S).

Conwversely, suppose that U is a unitary on L*(S) such that UD = DU and the map ay(X) =
UXU™! for X in B(L*(S)) maps C(M) into L>(M). Then there is a smooth injective orientation-
preserving isometry ¢ on M such that U = Uy.

It is also possible to describe a family of orientation-preserving isometries in an operator-theoretic
way.

THEOREM 1.4.18. Let M be a compact Riemannian Spin-manifold with the induced orientation.
Let S be the associated real spinor bundle and D be the Dirac operator on S. Let X be a compact
metrizable space and let i : X x M — M be a map such that

i) the map v, defined by ¥, (m) = ¥(x,m) is a smooth orientation-preserving isometry and
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it) = 1, € C°(M, M) is continuous with respect to the locally convex topology on C°(M,M).

Then there exists a (C(X)-linear) unitary Uy, on the Hilbert C(X)-module L*(S)® C(X) such that
for allx € X, U, := (id ®ev,)Uy is a unitary of the form Uy, on the Hilbert space L*(S) commuting
with D and Uyp(f)U L = p(fy;h).

Conversely, if there exists a C(X)-linear unitary U on L?*(S) ® C(X) such that U, = (id ®ev,)U
is a unitary commuting with D for all x and (id ®ev,)ay(C®(M)) C L>®(M) for all z € X, then
there exists a map ¢ : X x M — M satisfying the conditions mentioned above such that U = Uy.

Thus one is lead to the following definition.

DEFINITION 1.4.19. A quantum family of orientation-preserving isometries for the compact-type
spectral triple (A, H, D) is given by a pair (S,u), where S is a unital C*-algebra and u is a linear
map from H to H® S such that @ given by u(§ @ b) = u(§)(1 ®b), extends to a unitary element of
M(K(H)® S) satisfying

i) for every state ¢ on S, ugD = (D ® id)uy where uy = (id ®¢)u;
i) (id®d¢)ad,(a) € A", for all a € A and for all state ¢ on S, where ad,(z) = a(x @ 1)a* for

x € B(H).

In case the C*-algebra S has a coproduct A such that (S, A) is a compact quantum group and U is
a unitary representation of (S, A) on H, it is said that (S, A) acts by orientation-preserving isometries
on the spectral triple.

REMARK 1.4.20. Our discussion goes equally well in the presence of a grading operator.

Now consider the category Q(A, H, D) with object class consisting of all quantum families of
orientation-preserving isometries (S,u) of the spectral triple (4, H, D). If (S,u) and (S’,v') are
two such pairs then a morphism between these is a unital C*-homomorphism ® : S — S’ such
that (id @®)(u) = «’. We also consider another category Q'(A, H, D) whose objects are the triples
(S, A, u), where (S,A) is a compact quantum group acting by orientation-preserving isometries on
the spectral triple (A, H, D), and u is the corresponding unitary representation. The morphisms are
homomorphisms of compact quantum groups which are also morphisms of the underlying quantum
families of orientation-preserving isometries. We note that the forgetful functor Q' — Q is faithful. In
general, a universal object might not exist either for Q(A, H, D) or Q'(A, H, D), see |[GB16] for an
example. But one has the following existence result.

THEOREM 1.4.21. Let (A, H, D) be a spectral triple of compact-type and assume that D has a one
dimensional eigenspace spanned by a unit vector &, which is cyclic and separating for the algebra A.
Moreover, assume that each eigenvector of D belongs to the dense subspace AE of H. Then

i) there exists a universal object (gg,uo) in the category Q(A, H, D).
it) Ea admits a comultiplication Ag such that (:5'\(/), Ap) is a compact quantum group and (EE, Ag, ugp)
is a universal object in the category Q'(A, H, D).

Let Sy be the Woronowicz C*-subalgebra (see Definition [1.2.22)) of (:S’B, Ag) generated by {(t¢, ®

id)(ady,(a)) | €&,m € H,a € A}. Tt is the largest Woronowicz C*-subalgebra of (Sp, Ag) for which ad,,
is faithful on A.

Notation. We write Qiso™ (4, H, D) for Sy, Qiso™ (A, H, D) for Sy and refer to Qisot (A, H, D)
as the quantum group of orientation-preserving isometries of (4, H, D).

Although, the above theorem ensures existence of Qiso™ (A, H, D), it is not fit for computations.
In many of the examples, the Hilbert space H is the L2-space of A with respect to some faithful state
7 and it suffices to look for actions of compact quantum groups preserving the state 7 and commuting
with the Dirac operator D. So one introduces another category tailored for this situation that enables
one to compute several examples, which includes the Chakraborty-Pal spectral triple on SU,(2) as well



32 1. PRELIMINARIES

as Connes’ spectal triples on group algebras coming from length functions; see [GB16]. In Chapter
(Subsection [2.3.2)), we shall introduce this category and use it in our computation of the quantum
group of orientation-preserving isometries of the odd sphere. We now move on to some examples.

1.4.3. Examples of quantum isometry groups. Here we discuss some examples of quantum
isometry groups.

Equivariant spectral triple on SU,(2). We begin by recalling that for each nin {0,1/2,1,...,},
there is a unique irreducible (2n + 1)-dimensional representation of SU,(2), which we denote by 7.
Let t7; be the ij-th matrix element of 7. They form an orthogonal basis of H = L?(SU,(2)). Denote
by e}’ the normalized ¢7; so that {e?j |n=0,1/2,1,...,4,j = —n,—n+1,...,n} is an orthonormal
basis. We consider the spectral triple (A%, H, D) on SU,(2) constructed by Chakraborty and Pal
(ICP03]) given as follows. Let A be the linear span of t7;, H = L*(SU,(2)) and D be defined as:
D(e) = {(2n+1)e;; n#i

gl —(2n +1ef, n=1
Then for this spectral triple, one has

THEOREM 1.4.22. The quantum group of orientation-preserving isometries of SUq(2) is the quantum
unstary group Uq(2).

It is a fact that the Dirac operator constructed above for SU,(2) has no classical counterpart, see
Remark 5.1 of [CPO03|. Nevertheless, if we view SU(2) as the 3-sphere S3, then the isometry group
would be U(2). Our computation in Chapter [2| conform to this, where we have identified U,(2) as the
quantum group of orientation-preserving isometries of S;. Thus U,(2) naturally arises as the quantum
isometry group for the g-analogues of both SU(2) and S? in the noncommutative case as well.

The noncommutative 2-torus. We recall the spectral triple on Ay from Example Then
for this spectral triple

THEOREM 1.4.23. The quantum group of orientation-preserving isometries of the noncommutative

2-torus is again the CQG C(T?).
Taking the classical limit, we obtain the spectral triple (A°°, H,D) on T? given by A® =

C>=(T?),H = L*(T?) & L%(T?) and D = 0 di+idy

d1 - ng 0
C*-algebra generated by two commuting unitaries U and V, and d; and ds are derivations on A
defined by:

, where we view C(T?) as the universal

di(U)=U, di(V)=0, do(U)=0, dao(V)=V.
The above theorem then yields that the quantum group of orientation-preserving isometries of the
torus T2 is the T2 itself which is also the group of orientation-preserving isometries of the torus T2.



CHAPTER 2

Quantum symmetry of the odd sphere

2.1. Introduction

In the previous chapter we presented examples of compact quantum groups arising from
Wang’s work, who defined quantum permutation group of finite sets and quantum automorphism
group of finite dimensional matrix algebras. This was followed by flurry of work by several other
mathematicians including Banica, Bichon and others [Ban05b,|Ban05alBic03|. The last section
of the previous chapter described in some detail the work of Goswami and his collaborators
(including Bhowmick, Skalski and others) who approached the problem from a geometric perspective
and formulated an analogue of the Riemannian isometry groups in the framework of (compact) quantum
groups acting on C*-algebras. See also [EGMW17,EW14].

A useful procedure of producing genuine examples of ‘noncommutative spaces’ is to deform the
coordinate algebra or some other suitable function algebra underlying a classical space. In this context,
it is natural to ask the following: what is the quantum isometry group of a non-commutative space
obtained by deforming a classical space? It is expected that under mild assumptions, it should
be isomorphic with a deformation of the isometry group of the classical space, at least when the
classical space is connected. Indeed, for a quite general class of cocycle deformation (called the Rieffel
deformation), such a result has been proved by Bhowmick, Goswami and Joardar [GJ14]. See also
[EW16,EW17]|.

However, no such general result has yet been achieved for the Drinfeld-Jimbo type g-deformation
of semisimple Lie groups and the corresponding homogeneous spaces. The goal of the present paper
is to make some progress in this direction. We have been able to prove the above result for g-
deformed odd spheres, i.e., S(?N’l [VS90). Classically (for ¢ = 1), these are nothing but the spheres

{(21,...,2n) | 3;]2[* = 1} inside C". The universal group that can act ‘linearly’, i.e., leaves the
span of the complex coordinates z1, ...,z invariant and also preserves the canonical inner product on
span{zi,..., 2, } coming from the standard inner product of C¥, is the unitary group U(N).

We have proved in Subsection m (Theorem [2.3.7) a g-analogue of this result. More precisely,
we have proved the following theorem.

THEOREM 2.1.1. Let Q be a Hopf x-algebra coacting on O(SgN_l) by p making it a x-comodule

algebra, where we have viewed O(S3N~1) as a x-coideal subalgebra of O(SUy(N)). Moreover, suppose
that
i) p leaves the subspace V- = span{z1,...,zn} tnvariant, i.e., p(z;) = Zj zj @ q; for some q; € Q.

We write q = (qj‘) for the matriz of Q-valued coefficients;
i1) p preserves the inner product on V induced by the Haar functional.
Then there is a unique *-morphism ¥ : O(Uy(N)) = Q such that id®@Y)p, = p, py as in Proposition
12.5.l.

Using this, we have also identified (Theorem [2.3.19)) U,(N) with the (orientation-preserving)

quantum isometry group of a natural spectral triple on SqN ~1 constructed in [CPOS8|.

REMARK 2.1.2. We can compare the above result with [EGMW 17, Theorem 1.1]. In [EGMW17],
the algebra A on which Hopf coactions are considered is commutative, which is replaced by a g-deformed
quantized function algebra in the present article. Moreover, flexibility of choice of a non-degenerate
bilinear form in [EGMW17|, Theorem 1.1, Condition (i)] is gone in our case; we have the somewhat

33
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rigid requirement of preserving a canonical non-degenerate sesquilinear form coming from the Haar
functional. In fact, a special advantage of working with a commutative algebra in [EGMW17| is that
any bilinear form on A admits a natural extension (as a bilinear form) on A® A which is invariant
under the flip map. This is no longer true for quantized function algebra, if we consider the obvious
g-analogue of the flip, associated with the natural braiding.

REMARK 2.1.3. As pointed out by the referee, our setup is surprisingly similar to that of [HM98].
Further investigation is needed in that direction.

2.2. Preliminaries

We collect some preliminaries here that are needed for the rest of the chapter. We introduce
some well known material on coquasitriangular Hopf algebras. The main object of investigation, the
Vaksman-Soibelman (also called quantum or odd) sphere, is also introduced.

2.2.1. Coquasitriangular Hopf algebras. Let us recall that H denotes a Hopf algebra with
comultiplication A, counit ¢, antipode S, unit 1 and multiplication m. We use Sweedler notation
throughout, i.e., for the coproduct we write A(a) = a(1) ® a2y and for a right coaction p, we write
p(x) = () ® 7(1). A general reference is [KS97].

DEFINITION 2.2.1. A coquasitriangular Hopf algebra is a Hopf algebra H equipped with a linear
formr: H® H — C such that the following conditions hold:
i) r is invertible with respect to the convolution, that is, there exists another linear formt: HQH — C
such thatrxT=T*r=e®e on H® H;
it) mygor =r*mpy *T on H® H;
i) r(mpy ®id) = r(3) * r(23) and r(id@mpy) =r3) *r(12) on H® H® H,
where r(12)(a®b®c) =r(a®@b)e(c), r(23)(a®@b®c) = (a)r(b®c) and r(13)(a@bRc) = e(b)r(a®c),
a,b,cin H.
REMARK 2.2.2. A linear form r on H @ H with the properties i)-iii) is called a universal r-form
on H.

Since linear forms on H ® H correspond to bilinear forms on H x H, we can consider any linear
formr: H® H — C as a bilinear form on H x H and write r(a,b) :==r(a®b), a,b € H. Then the
above conditions i)-iii) read as

2.2.1
222
223
224

r(a(l), b(l))f(a(z), b(2)) = F(a(l), b(l))r(a@), b(g)) = 5(a)5(b),
ba = r(agy, bay)a)be)T(aes), b)),
r(ab, c) = r(a, ca))r(b, c(2)),

)
)
)
r(a,bc) = r(a, c)r(acz),b), )

(
(
(
(
with a,b,c € H.

REMARK 2.2.3. It can be shown that r(S(a),S(b)) =r(a,b).

Let H be a coquasitriangular Hopf algebra with universal r-form r. For right H-comodules V' and
W we define a linear mapping ryw : VO W — W &V by

I'V’W(U ® ’LU) = I‘(’U(l), w(l))w(o) ® v(0y, (225)
veV,weW.

REMARK 2.2.4. It can be shown that rv,w is an isomorphism of the right H-comodules V @ W
and W@V.

The compatibility of a universal r-form and a * structure is described in the following definition.

DEFINITION 2.2.5. A universal r-form r of a Hopf x-algebra H is called real if r(a®b) = r(b* ® a*).
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2.2.2. The quantum semigroup M,(N). Let g be a positive real number. We now introduce
some of the well known deformations of classical objects.

DEFINITION 2.2.6. The FRT bialgebra, also called the coordinate algebra of the quantum matriz
space, denoted O(M,(N)), is the free unital C-algebra with a set of N* generators {u} [ i,j =1,...,N}
and defining relations

u}cufC = quiu};, ufuf = qu?uf, i <7, (2.2.6)
ufu?C = ufcu}, i <7, k<l (2.2.7)
uiul —ulul = (¢ — ¢~ Hulul, i<, k<l (2.2.8)

PROPOSITION 2.2.7. There is a unique bialgebra structure on the algebra O(M,(N)) such that

A(uﬁ) = Zu}c ® uf, and E(u;) = d;j, i,j=1,...,N. (2.2.9)
k

The above construction can be realized more conceptually as follows. Let R:CVeCN - cVeocCN
be the linear operator whose matrix with respect to the standard basis of CV is given by

I%»ngm = qéij 5in6jm + (q - qil)éimdjna(]‘ - i), (2210)

where 6 is the Heaviside symbol, that is, (k) = 1 if k > 0 and (k) = 0 if k < 0. Let the inverse of R
be R~. Also, let R be the “dual” operator defined by R = R;‘Zm and R = R

REMARK 2.2.8. It is known that R satisfies
(R—qI)(R+ ¢ 'T) =0, (2.2.11)
where I is the identity operator.

The following shows that M, (V) is universal in a sense.

PROPOSITION 2.2.9. i) There is a linear map ¢ : CN — CN @ O(My(N)) such that C is a right
comodule of O(M,(N)) with coaction ¢ and R is a comodule morphism, i.c., (R®id)p® = ¢ R,
where $?) is the induced coaction on CN@CN given by ¢? (v@w) = vo@we@viw, (p(v) = Ve®v1 );
i) If A is any other bialgebra and v : CV — CN ® A is a right coaction of A on CN such that R is

a comodule morphism (in the sense described above) then there exists a unique bialgebra morphism
© : O(My(N)) — A such that (id®O)¢ = 1.

Since O(My(N)) is only a bialgebra, we want to construct a Hopf algebra out of it. For that we
need the following definition.

DEFINITION 2.2.10. The quantum determinant, denoted Dy, is the element of O(My(N)) defined
by
S (=) Pl uly, (2.2.12)

TESN
where Sy is the symmetric group on N letters and ¢(m) is the number of inversions in 7.
REMARK 2.2.11. It is an important fact that Dy is central, nonzero and group-like in O(My(N)).
D,

We recall that group-like means A(D,) = Dy ® Dy. Applying (¢ ®id) on the identity A(Dy) = Dy @ D,
yields Dy = &(Dy)Dy, hence e(Dg) =1 as Dy # 0.
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2.2.3. The quantum group SU,(N). The deformation of the special linear group is realized as

follows.

DEFINITION 2.2.12. The coordinate algebra of the quantum special linear group is defined to be the
quotient

O(SLy(N)) = O(My(N))/(Dg = 1)
of the algebra O(My(N)) by the two-sided ideal generated by the element Dy — 1.
The following shows that O(SL,(N)) is indeed a Hopf algebra.

PROPOSITION 2.2.13. There is a unique Hopf algebra structure on the algebra O(SLy(N)) with
comultiplication A and counit € such that

Awf) =) upouf  and  e(uf) = 6. (2.2.13)
k
The antipode S of the Hopf algebra is given by
i i—j I kn—
S(l) = (=a)"™7 Y (=) Pl utl s (2.2.14)
TESN_1

where {ki,...,kn—1} :={1,...,N}\ {4} and {ls,...,In-1}:={1,..., N} \ {i} as ordered sets.

The composite CV 4N ® O(M,(N)) — CN ® O(SLy(N)) gives the natural coaction of
O(SLy(N)) on CV.

As quantum groups are understood to be quasitriangular Hopf algebras, quantum function algebras
are assumed to be coquasitriangular Hopf algebras. We want to think of O(SL,(N)) as the quantum
function algebra of SL(N).

THEOREM 2.2.14. O(SL4(N)) is a coquasitriangular Hopf algebra with universal r-form ry uniquely

determined by
ri(u} @up) =tRY, (2.2.15)

where t is the unique positive real number such that tN =g~ .

REMARK 2.2.15. It can be shown that the morphism ren o~ induced by the universal r-form vy of
O(SLy(N)), equals tR. Let us denote it by o.

The following resembles complex conjugation.

PROPOSITION 2.2.16. There is a unique *-structure on the Hopf algebra O(SL4¢(N)) given by
(ug)* = S(ul), making it into a Hopf *-algebra.
Let us now introduce the quantum version of the real form SU(N) of SL(N).
DEFINITION 2.2.17. The coordinate algebra of the quantum special unitary group SUq(N) is the
Hopf *-algebra O(SLy(N)) of the above proposition.

THEOREM 2.2.18. The universal r-form vy of O(SU4(N)) is real, in the sense of Definition [2.2.5

We recall that H is a CQG algebra if and only if it is isomorphic to the dense Hopf *-algebra S of
a compact quantum group S. The following captures the compactness of the real form SU(N).

THEOREM 2.2.19. O(SU,(N)) is a CQG algebra.

In fact, there is a natural C*-norm on O(SU,(N)). Upon completion with respect to this norm,
one gets C(SU,(N)), the underlying C*-algebra of SU,(NN) which is a compact quantum group in the
sense of Definition [1.2.20] Moreover, C'(SU4(N)) is the universal C*-algebra generated by O(SU, (V).
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2.2.4. The odd sphere. We now introduce the main example to be studied. We remark that
these are ¢-deformations of the (2N — 1)-dimensional spheres. One could as well define g-deformations
of even dimensional real spheres which are quantum homogeneous spaces of O(SO,(n)) for appropriate
n. We do not deal with these because our proof of some of the main results crucially use the fact that
R has two eigenvalues whereas in the case of O(SO,(n)), it has three.

DEFINITION 2.2.20. The coordinate algebra C’)(SSN_l) of the quantum sphere is the free unital
C-algebra with a set of 2N generators {z;,z |i=1,...,N} and defining relations

2iZj = qZjZi, ziz; =q 1z;zf, 1< ] (2.2.16)
ziz; = qz"-‘zl-, i1#7] (2.2.17)
zizf — iz +q g - szzk =0, (2.2.18)
k>i
N
> zmz =1, (2.2.19)
together with the *-structure (z;)* = zf and (2})* = z;.

There is a natural C*-norm on (’)(SQN_l). Upon completion with respect to this norm, one gets
the unital C*-algebra C(S7?V~') which is the universal C*-algebra generated by O(SZV~1).

PROPOSITION 2.2.21. Putting z; = u} and z} = (u})* = S(u}) gives an embedding of O(S2N~1)
into O(SU,(N)) making O(S2N=1) into a quantum homogeneous space for O(SUq(N)) with the coaction

Agr(z) Z 2 Q@ ul Ap(z}) =Y 2z @ S(ul). (2.2.20)
J

The compact quantum group SUq(N) acts on C(SSN_l) in the C*-algebraic sense, lifting the
above coaction on O(SgN ~1). Classically, the sphere S2N—=1 can be described as a homogeneous space
for SU(N). The above proposition states the quantum version of it. Moreover, one can view the
sphere as a homogeneous space for U(N) also. As expected, the last statement continues to hold in
the quantum world too. We need the following definition.

DEFINITION 2.2.22. The coordinate algebra of the quantum general linear group is defined to be

the quotient

O(GLy(N)) = O(My(N))[t]/{tDg — 1)
of the polynomial algebra O(M,(N))[t] in t over O(My(N)) by the two-sided ideal generated by the
element tDy —

PROPOSITION 2.2.23. There is a unique Hopf algebra structure on the algebra O(GL4(N)) with
comultiplication A and counit € such that

u) =Y ul@ub  and  e(ul) =4y (2.2.21)
k
The antipode S of the Hopf algebra is given by
i i—jry — x kn_
S(ul) = (—q)" D, 1 Z (—q)“€ )Uﬂ(zl) -“ﬂ](Vle_l)’ (2.2.22)
TESN -1
and

S(D,) =D, ", (2.2.23)

where {ki,...,kn—1} ={1,...,N}\ {4} and {ls,...,In-1}:={1,..., N} \ {i} as ordered sets.
We have the following analogue of the real form U(N).
PROPOSITION 2.2.24. There is a unique *-structure on the Hopf algebra O(GL4(N)) given by

(u;)* = S(uz), making it into a Hopf *-algebra.
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DEFINITION 2.2.25. The coordinate algebra of the quantum unitary group Uy(N) is the Hopf
x-algebra O(GLy(N)) of the above proposition. In this x-algebra, the quantum determinant D, becomes
a unitary element.

In analogy with U(N), the fact that U,(N) is a compact quantum group is reflected in the following
theorem.

THEOREM 2.2.26. O(U,(N)) is a CQG algebra.

Thus we have the analogues of Proposition [2.2.16| and Theorem Moreover, Proposition
remains true in this case and makes O(S2V~!) a quantum homogeneous space for O(Uy(N)).
There is a natural C*-norm on O(Uy(N)). Upon completion with respect to this norm, one gets
C(U4(N)), the underlying C*-algebra of U,(N) which is a compact quantum group in the sense of
Definition C(U,4(N)) is also the universal C*-algebra generated by O(U,(N)). Moreover, U, (N)
acts on C(S V=1) in the C*-algebraic sense lifting the algebraic coaction on O(SgN_l). We end this
section with a lemma.

LEMMA 2.2.27. Suppose Q is a Hopf *-algebra and q; €Q,i,7=1,...,N such that the following
hold:
i) A(‘J;-) = Ek: q;i ® Qf and €(CI§) = 0ij;
i1) qj- satisfy the FRT relations , and ;
ii) q satisfies qq* = I,, where q = (¢}) and q* = q,q= ((g5)*)-
Then there is a unique x-morphism ¥ : O(U,(N)) — Q between these Hopf x-algebras such that
PROOF. Define @ : O(M,(N)) — Q on the generators u’ by ®(u}) = ¢}. Then by hypotheses i),
ii), Definition and Proposition m ® extends to a bialgebra morphism. Using Remark
we conclude:
A(D(Dy)) = (2 ®@ ®)A(Dy) = ®(D,) @ (D) (2.2.24)
and
e(®(Dy)) =e(Dy) = 1. (2.2.25)
Thus , imply that ®(D,) is a nonzero group-like element in (). Moreover, applying
(S ®id) and (id®S) on either side of (2.2.24), we observe S(®(D,))®(D,) = ®(D,)S(®(D,)) =
e(®(D,))1 = 1. Hence ®(D,) is invertible with ®(D,)~! = S(®(D,)) We also have qé@(’l)q) = CID(Dq)q;,
by the centrality of Dy, (see Remark , hence ¢} commute with ®(D,) ' = S(®(D,)).
Now define @ : O(M,(N))[t] = Q by

(ul) =qi, and ®(t) = S(®(D,)).

This is well-defined because q} commute with S(®(D,)). Clearly, ® sends the ideal generated by
tD, — 1 to 0. Hence ® descends to ¥ : O(GL4(N)) — Q which is, by Proposition [2.2.23} a bialgebra

morphism.

We are left to show that ¥ is a «-map, with respect to the Hopf s-algebra structure on O(GL4(N))
defined in Proposition i.e., the Hopf *-structure of O(U,(N)). To this end, applying m(S ® id)
and m(id ®S) on either side of the relation A(g}) = 3, ¢} ® qf (hypothesis 1)), it follows that the
antipode S satisfies

S(a)a =qS(aq) = I,
ie., S(q) = q ', where S(q) = (S(¢})). This, together with hypothesis iii), implies S(q) = q* i.e.,
S(q;'-) = (qf )*. Since ¥ is a bialgebra morphism, it preserves the antipode and so Proposition
implies that ¥ is a *-morphism. Finally, the proof of uniqueness is straightforward, hence omitted. [l

2.3. Main results

We are now prepared to describe the main results obtained in [BG19al.
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2.3.1. Quantum symmetry of the odd sphere - algebraic version. We first look for quan-
tum symmetry of the odd sphere in a completely algebraic way. Later, we will fuse these with analytic
tools to obtain the quantum isometry group of the odd sphere. We start with a basic observation.

LEMMA 2.3.1. Let H be any cosemisimple Hopf x-algebra with the Haar functional h. Then for
a,be H, h(a?l)b)a’&) = h(a*b(l))S(b(g))

PROOF. By definition, h(x)1 = h(xz(y))z () for x € H. Applying the antipode S, we get h(z)1 =
h(w(l))S(ac(g)) NOW,
h(az‘l)b)aa)

O

The following lemma exploits the relation between the two apparently different concepts, namely
coquasitriangularity and faithfulness of the Haar functional.

LEMMA 2.3.2. Let H be a coquasitriangular CQG algebra with Haar functional h and real universal
r-form r. Let the induced inner product be denoted by (,), i.e., {a,b) = h(a*b). Let V be any
subcomodule of H and rv,v be the induced morphism on V@ V. Then ry v is hermitian with respect
to the restricted inner product.

PrROOF. We have
(rvv(v@w),v @w') =r(vay, wa)(we) @ ve),v @w')
= r(w(y), v{1)) (W), V') (V) w') (we use reality of r)
(h(w(o v )w (1) h(v o)w )U(1))
= r(h(w v(y))S(v(y)), h(v w(e) ) S (w(y))) (using Lemma [2:31))
(S0 (o)), gy (0wl
r(v(), w(p)) (v @ w, wipy @ v{gy) (by Remark [2.2.3)
=vew,ryy (@ @uw)).
O

We recall a standard fact. Let V' be a finite dimensional vector space with inner product (,). Let
H be a Hopf *-algebra with a coaction p: V — V ® H on V. We say that p preserves the inner product
if (v(o),w(o)>vz‘1)w(1) = (v,w)1 for all v,w € V, where we use Sweedler notation, i.e., p(v) = v(0) ® v(1)
and likewise for p(w).

PrOPOSITION 2.3.3. [KS97| page 402] If p preserves the inner product on V and W is a sub-

comodule of V' then the orthogonal complement W+ (with respect to (,)) is also a subcomodule of
V.

For any CQG algebra, an inner product is given by (a,b) = h(a*b).

LEMMA 2.3.4. Let A and Q be Hopf x-algebras, B C A a *-coideal subalgebra of A and a comodule
algebra over Q with coaction p: B — B ® @Q such that p(b*) = p(b)* for allb € B. Suppose that A is
cosemisimple and p preserves the restriction of the Haar functionalh of A to B i.e., (h®id)p(b) = h(b)1
for allb € B. Then p preserves the induced inner product on B given by (a,b) = h(a*b), in the sense
described in the paragraph preceding Proposition[2.3.3

The proof is straightforward, hence omitted.
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PROPOSITION 2.3.5. Let w: O(U,(N)) — O(SU,(N)) be the quotient homomorphism and py, psu,
respectively, be the corresponding coactions on O(S’SN_l) so that (id ®m)py = psu. Then p, preserves
the restriction of the Haar functional h on O(SqQN_l).

PROOF. Let f be any linear functional on O(SZV~1) such that f(1) = 1. Let f’ be defined as
(f ® hy)pu, where h,, is the Haar functional of U,(N). Then f’ is p, invariant. By (id @7)py, = psu,
we get that f’ is pg, invariant too. It is well known that the restriction of h is the only functional
with this property [KS97|. Hence, the conclusion follows. |

We think the following is well known. We included it because we couldn’t find it in the literature.

PROPOSITION 2.3.6. The set {z* .. .szN (25 =1 (), 2R .zjli,N__ll (2R ()b
ki, kn,dn-1,..., i e NU{0}, Iy €N} is a vector space basis of O(S2N~1).

PRrROOF. It is a simple application of Bergman’s Diamond lemma [Ber78]| O

We state and prove below the main result concerning Hopf coactions on the quantum spheres
satisfying suitable conditions.

THEOREM 2.3.7. Let Q be a Hopf x-algebra coacting on O(S(?Nfl) by p making it a x-comodule

algebra, where we have viewed O(SZN~') as a x-coideal subalgebra of O(SUL(N)). Moreover, suppose
that
i) p leaves the subspace V- = span{z1,...,zn} tnvariant, i.e., p(z;) = Zj z; ® ¢l for some qj— €qQ.

We write q = (q;) for the matriz of Q-valued coefficients;
it) p preserves the inner product on V induced by the Haar functional.

Then there is a unique *x-morphism U : O(U,(N)) — Q such that (id @¥)p, = p.
Before we go to the proof, we prove a lemma.

LEMMA 2.3.8. In the notation of Theorem let i be the multiplication of O(SIN™1) restricted
to V@ V. Then ker(u) = im(R — qI).

PRrROOF. We first claim that ker(u) = span{z;®z;—qz;®z;i < j}. Clearly, z;®2,;—qz;Qz; € ker(p).
Moreover, v =}, i ¢ijz; ® 2; €V @V (c;; € C) is in ker(p) if and only if

0= Zcijzizj = Z(Cij + qilcji)zizj + ZC“Z? (by 2216)
ij i<j i

It follows, by the linear independence of {z;z;, 27;i < j} (Proposition [2.3.6), that ¢;; = 0 for all ¢ and
cij +q '¢ji = 0 for all i < j. Hence, v reduces to the form v = 37, (2 ® 2j — qz; ® 2;), proving

the claim.
On the other hand, using the definition of R given by (2.2.10]), an easy computation gives

q’l(zi X 25— qz; & ZZ) 1< j,

(R—aql)(z:®25) = 2 ® 20 — q2 ® zj i> 7, (2.3.1)
0 i = .
Hence im(R — qI) = span{z; ® z; — qz; @ z;;i < j} = ker (). O

PROOF OF THEOREM [2.3.7] We start with the observation that since V is a Q-comodule, we
have that A(q}) = >, i ® ¢¥ and e(q?) = d;;.

Now recall the map o from Remark By Lemma o is hermitian. Since o = tR and ¢
is real, R is also hermitian. The multiplication of (’)(SqZN_l) is a Q-comodule morphism, O(SgN_l)
being a ()-comodule algebra. Since V' is assumed to be a subcomodule of (’)(SgN —1), the restriction
of the multiplication to V ® V is also a Q-comodule morphism. We recall that V ® V is a ()-comodule
with coaction py gy (v ® w) = v(o) ® W) @ vyw(r), where p(v) = v @ v(1). As p is a Q-comodule
morphism, we have pp = (1 ® id)pyey. Thus ker(p) = im(R — ¢I) (from Lemma above) is also
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a (Q-comodule whose orthogonal complement is the image of R+ g1, by Remark Hence, by
Proposition m im(R + ¢ 1) is a Q-comodule. R has two eigenvalues, namely, ¢ and —¢~!, the
corresponding eigenspaces being im(}? +¢'I) and im(R — ¢I), respectively. Since p preserves both
the eigenspaces, R becomes a @-comodule morphism. By Proposition q then satisfies the FRT
relations (2.2.6), (2.2.7)), (2.2.8).

By assumption, p preserves the relation Zi\il zizf = 1. Applying p to both sides, comparing
coeflicients and using Proposition we get that qq* = I,,.

Thus, Lemma yields a unique *-morphism ¥ : O(U,(N)) — Q such that ¥(u}) = ¢
Moreover, (id @¥)p,, and p agree on the generators z;, hence they are equal. For any other ¥’
satisfying (id @¥’)p, = p, we get by evaluating both sides on the generators z;, that ¥'(uf) = ¢}.
Hence, by the uniqueness in Lemma U=, O

REMARK 2.3.9. The equation (2.2.19)) can also be written as Ef\il q %22 = q~2. Now applying
p to both sides, comparing coefficients and using Proposition we see that q satisfies EQEqt =
q'EqQE~! = I,,, where E is the matriz

n

q"—q

diag 1,q2,q4,...,q2(”_1) , nlg = .
g ( ) [ ]q q_q_1

qn— 1 [TL]
See [BDDD14,[VDW96].

We finally have the following theorem.

THEOREM 2.3.10. Consider the category C consisting of Hopf *-algebras satisfying the hypotheses
of Theorem[2.5.7] as objects and Hopf x-algebra morphisms intertwining the coactions as morphisms.
Then O(U,(N)) is a universal object in this category.

PrROOF. By Proposition and Lemma O(U,(N)) is an object in this category. Then
Theorem [2.3.7) shows that O(U,(N)) is universal with that property. O

2.3.2. Quantum symmetry of the odd sphere - analytic version. We provide an applica-
tion of the main result of the previous section, namely, that of determining the quantum isometry
group of the odd sphere, in the sense of [BG09]. We begin by describing the unitary representations
of the compact quantum group SU,(N).

Irreducible unitary representations of the quantum group SUy(N) are indexed by Young tableaux
A= (A1,...,AN), where \;’s are nonnegative integers Ay > --- > Ay [Wor88|. Let H) be the carrier
Hilbert space corresponding to A whose basis elements are parametrized by arrays of the form

T11 T12 ... Ti,N—-1 TIN
T21 22 .. T2 N-1
r = )
TN-1,1 TN-12
N1
where 7;;’s are integers satisfying r1; = Aj for j =1,..., N, 735 > 1441, > 73 41 > 0 for all 4, j. Such

arrays are known as Gelfand-Tsetlin (GT) tableaux (see [CPO8| for details). For a GT tableaux r, r;
will denote its ith row.

Let us denote the Haar functional of SU,(NN) again by h. Let L?(SU,(N)) denote the corresponding
GNS space and L?(S2V~1) denote the closure of C(S;N~1) in L?(SU4(N)). Let us quote the following
result from |[CPO8].

PROPOSITION 2.3.11. Assume N > 2. The restriction of the right reqular representation of
SU,(N)to L*(S2N=1) decomposes as a direct sum of the irreducibles, with each copy occurring exactly
once, given by the Young tableau A\, = (n+ k, k, k, ..., k,0) with n, k € No.

Let the irreducible representation corresponding to the Young tableau A, , = (n + k., k, ..., k,0)
be denoted by Vj, . According to our previous notation V' = Vj g, the irreducible with Young
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tableau A1 o = (1,0,...,0). Moreover, observe that V} 1, the irreducible with Young tableau Ao ; =
(1,1,...,1,0), is the conjugate corepresentation to V. In our previous notation, this is nothing but the
span of zf,..., 25, le, Vo1 =V*={v* |v eV}

Consider the space

Werk) =V, 0@ @ V100 Vo1 ®- @ Vo

n times k times

Let us denote the image of it in the algebra under multiplication by
Werk) =Vige- - eVigelVy e eV,

n times k times

Let A®(F) be the set of the Young tableaux for the irreducible representations occurring in the
decomposition of W®F) and A*(™F) bhe the corresponding set for the decomposition of W*(*) The
following proposition gives a description of (k)

PROPOSITION 2.3.12.  4) V,, 1, occurs with multiplicity exactly one in the orthogonal decomposition
of We(k) into irreducibles;
i) If a copy of Vim, occurs in the irreducible decomposition of the orthogonal complement (Vi x)* of
Vik in WeE) then we must have:
either, <k andm<n+k—1;
or, =k and m <n.

Proor. By Proposition it follows that any A € A*(™*) must be of the form Am, =
(m+1,1,...,1,0) and has multiplicity one. It is known (see e.g., |[CP95| page 326, Proposition 10.1.16])
that any A € A®(™F) is dominated by A\, = (n + k, k,...,k,0) which is equivalent to [ < k and
m+1 <n+k. ii) follows immediately from these remarks.

For i), let us first remark that O(SU,(N)), hence O(S2N 1) is an integral domain (sec [KS98, page

98]). Now, if v and T are the primitive vectors for V3 ¢ and Vj 1, respectively, then V" Th e Wenk)
is nonzero and belongs to the weight space corresponding to A, j, which follows from the definition
of weight spaces as in [CP95] and the fact that each K; is group-like (|CP95], so that K;(zy) =
(Kiz)(Kiy)). 0

The following will be useful in constructing a non-commutative structure on the sphere, see
|CPO08§|.

PROPOSITION 2.3.13. Let Ty be the set of all GT tableaux ™ given by

n+k if i=j=1
=20 if i=1,j=N
k otherwise,

for some n, k € N. Let TB* be the set of all GT tableauz with top row (n+ k,k,k,...,k,0). Then the
family of vectors
{ewnr s | n,k €N,;s € TpF}

form a complete orthonormal basis for LQ(SgN_l).
Let us now put a non-commutative structure on the quantum sphere.

THEOREM 2.3.14. Let A= O(S2V~1) and H be L*(S2N~1). Take w to be the inclusion. Finally,
define the operator D : emk ¢ — d(r™)epmi ¢ on LZ(SgN_l) where the d(r™*)’s are given by

—k ] =0
n+k if n>0.
Then (A, H, D), as constructed above, is a spectral triple of compact type on O(S(?Nfl).
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We recall the following for the reader’s convenience.

THEOREM 2.3.15. Let (A, H, D) be a spectral triple of compact-type and assume that D has a one
dimensional eigenspace spanned by a unit vector &, which is cyclic and separating for the algebra A.
Moreover, assume that each eigenvector of D belongs to the dense subspace AE of H. Then

i) there exists a universal object (ga,uo) in the category Q(A, H, D).
i1) So admits a comultiplication Aqg such that (:9\6, Ay) is a compact quantum group and (:9\6, Ao, up)
is a universal object in the category Q' (A, H, D).

Let Sy be the Woronowicz C*-subalgebra of (Sg, Ag) generated by {(te,, ®id)(ady,(a)) | €,m €
H,a € A}. Tt is the largest Woronowicz C*-subalgebra of (Sy, Ag) for which ad,, is faithful on A.

Notation. We write Qiso™ (A, H, D) for Sy, Qiso™ (A, H, D) for :S‘\(/) and refer to Qiso™ (A, H, D)
as the quantum group of orientation-preserving isometries of (A, H, D).

For the spectral triple in Theorem the cyclic separating vector € is 1 O(s2N 1y The following
is from |BGO9|

DEFINITION 2.3.16. Let (A, H, D) be the spectral triple in Theorem . Let Q(A, H,D) be the
category with objects (S, ) where S is a compact quantum group with an action on A such that
i) a is h preserving;
it) a commutes with ﬁ, ie., aD = (ﬁ@id)a, where D is the operator A — A given by ﬁ(a){ = D(af),
& as in Theorem which is 10(551\771) in our case.

Note that the eigenspaces of D and D are in one-one correspondence. In fact, eigenspaces of D
are of the form {a € A | a€ € V,\}, where V) is the finite dimensional eigenspace of D with respect to
eigenvalue A\. We recall

PROPOSITION 2.3.17. There exists a universal object S in the category Q(A,H,D) and it is
isomorphic to Qiso™ (A, H, D).

We conclude by describing the quantum isometry group of the sphere. This generalizes |BG09),
Theorem 4.13, p. 2559].

LEMMA 2.3.18. Given a compact quantum group S with an action « on A, the following are
equivalent:
i) (S,a) is an object of the category Q(A,H,D), (A, H,D) as in Theorem |2.3.14}
it) a is linear (meaning it preserves V as in Theoremm and preserves h;
iii) « preserves each wrreducible V,, 1., occurring in Proposition |2.3.11]

PROOF. i) = ii): Since o commutes with ﬁ, it preserves the eigenspaces of ZA), in particular V,
and by definition of the category Q(A, H, D), it preserves h.

ii) = iii): Recall the notation W*(™*) from the discussion below Proposition Clearly,
o preserves W9 as it is a homomorphism and preserves Vio. It also preserves W* 0:k) because it
is a *-homomorphism and preserves Vo1 = V. Hence « preserves Wek) - We will use this fact to
show a preserves V;, , for all n and k. Let P (k) be the statement “« preserves V,, j for all n”. We now
proceed to prove this statement for all k£ by induction. We break the proof in several steps.

Stepl: We prove that P(0) holds. Thus we need to show « preserves V,, ¢ for all n. We use
induction on n. Clearly, a preserves Vp o. Next, we assume that a preserves V,, o for all m < n. By
Proposition each irreducible contained in (V,,0)* is of the form V,, o with m < n, which is
preserved by a. Hence a preserves V;, o, by Proposition m

Step2: Now we assume P(I) holds for all [ < k, i.e., a preserves V,,; for all n and for all [ < k.
We have to prove that P (k) holds, i.e., a preserves V,, ;, for all n. We use induction on n (with fixed k)
to prove this.
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Step2a: We prove that o preserves Vj . By Proposition each irreducible occurring in
(Voyk)J- is of the form Vy; with | < k. By assumption « preserves Vpy; for all [ < k. Hence, by
Proposition 2.3.3] a preserves Vj .

Step2b: Next we assume that a preserves V, ;. for all m < n and prove that it also preserves
Vo (k fixed). By Proposition each irreducible contained in (V;, ;)" is of the form V,,; with
I < kor Vi with m < n. a preserves V,, ; with | < k (the main induction hypothesis that P(I) holds
for all I < k) and V;, ,, with m < n, by the induction hypothesis at the beginning of the present step.
Hence, by Proposition @ o preserves V;, . This completes the induction on n, proving a preserves
Vi, i for all n.

So we have proved P(0) holds and P (k) holds assuming P({) holds for all [ < k. This completes
the induction on k, thus completing the proof of ii) = iii).

ili) = 1i): Condition iii) implies that « leaves each eigenspaces of D invariant, hence, it commutes
with D. Since h(1) = 1 and ker(h) is the span of all V;,, with n + k # 0, « preserves ker(h).
But then, a — h(a)l € ker(h), so that a(a —h(a)l) = a(a) —h(a)(1 ® 1) € ker(h) ® S, implying
(h®id)(a(a)) = h(a)l. Hence, « preserves h. O

THEOREM 2.3.19. The quantum group of orientation-preserving isometries for the spectral triple
in Theorem |2.8.14) is the compact quantum group Uy(N).

PrOOF. By Proposition there exists a universal object (S, a) in Q(A, H,D). By ii) and
iii) of Lemma « preserves h and leaves the algebra generated by {V,, x;n,k € NU{0}}, i.e.,
O(S2N~1) invariant. Moreover, as each V;, ;. is finite dimensional, a(O(S2N"1)) c OS2V ® S,
where S is the dense Hopf #-algebra inside the compact quantum group S. In particular, by ii) of
Lemma the coaction of S on O(S2V~1) satisfies the hypotheses of Theorem hence is an
object of the category C as in Theorem Thus we have a unique morphism ¥ : O(Uy(N)) = S
in C. As C(U,(N)) is the universal C*-algebra corresponding to O(U,(N)), ¥ extends to a C*-algebra
morphism (again denoted by ¥) C(Uy(N)) — S. It is clearly a morphism of compact quantum groups
and intertwines the two (C*-algebraic) actions, hence a morphism in Q(4, H, D).

On the other hand, it follows from Lemmathat Uy(N) is an object in the category Q(A H,D)
as the canonical action of the compact quantum group Uy(N) on C(SzV~1) satisfies ii) of Lemma

Hence we have a unique morphism © : S — C(Uy(N)) in Q(A,H,D). Clearly, PO is the
identity morphism, since S is the universal object. To show that OV is the identity morphism, we
observe that it is a morphism of compact quantum groups, hence takes O(U,(NV)) to itself. Since
O(Uq4(N)) is universal in C, OV is identity, at least on O(Uy(N)). We recall that C(Uy(N)) is the
universal C*-algebra generated by O(U,(N)), hence OW lifts uniquely to C(Uy(N)), implying that
OV is also the identity morphism. Thus S is isomorphic to U, (V). O



CHAPTER 3

Noncommutative complex geometry

In this chapter, we briefly describe the framework of noncommutative complex and Kéhler geometry,
developed in [B16,B17]. See also [BPS13||KLvS11, KM11,[PS03|.

3.1. Preliminaries
In this section we gather some preliminaries.

3.1.1. Quantum homogeneous space. We start by defining quantum homogeneous spaces, on
which the theory is developed. All the Hopf algebras appearing will be assumed to be cosemisimple,
h denoting the Haar functional. Let G be a Hopf algebra. For a right G-comodule V' with coaction
p, we say that an element v € V' is coaction-invariant if p(v) = v ® 1. We denote the subspace of all
coaction-invariant elements by V¢, and call it the coaction-invariant subspace of the coaction. We
also use the analogous conventions for left comodules.

DEFINITION 3.1.1. For H a Hopf algebra, a homogeneous right H-coaction on G is a coaction of
the form (id @m)A, where w : G — H ‘is a surjective Hopf algebra map. A quantum homogeneous space
M := GH is the coaction-invariant subspace of such a coaction.

In the rest of this chapter, we will always use the symbols G, H, ™ and M in this sense. As is easily
seen, M is a subalgebra of G. Moreover, if G and H are Hopf *-algebras, and 7 is a Hopf x-algebra
map, then M is a *-subalgebra of G.

The most well-known example of a quantum homogeneous space is the Podles sphere [Pod87].
The odd sphere introduced in is also an example of a quantum homogeneous space. In fact, it is
the g-deformation of the homogeneous space SU(N + 1)/SU(N). We will later meet the quantum
projective space which is the main example of this chapter.

3.1.2. Complexes and Double Complexes. For (S, +) a commutative semigroup, an S-graded
algebra is an algebra of the form A = @, g A®, where each A is a linear subspace of A, and
ASAY € ATt for all s,t € S. If a € A%, then we say that a is a homogeneous element of degree s.
A homogeneous mapping of degree t on A is a linear mapping L : A — A such that if a € A%, then
L(a) € A*Tt. We say that a subspace B of A is homogeneous if it admits a decomposition B = ®scsB?,
with B® C A%, for all s € S.

A pair (A, d) is called a complex if A is an Ny-graded algebra, and d is a homogeneous mapping of
degree 1 such that d? = 0. A triple (A, d,d) is called a double complex if A is an N2-graded algebra, 0

is homogeneous mapping of degree (1,0), d is homogeneous mapping of degree (0, 1), and

2= =0, 90=—00. (3.1.1)
Note we can associate to any double complex (4,9, d) three different complexes
(A,d:=0+0), (A09), (A7), (3.1.2)

where the Ny-grading on A is given by A* := Dasr—r Aleb),
For any complex (A, d), we call an element d-closed if it is contained in ker(d), and d-exact if it is
contained in im(d). Moreover, the d-cohomology group of order k is the space
w ker(d: AR — AFY)
4 im(d : AR o AR

45

(3.1.3)
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For a double complex (A, 9, 0) we deﬁne O-closed, O-closed, D-exact, and O-exact forms analogously.
The d-cohomology group H, (’; , and the d-cohomology group HE, are the cohomology groups of the

complexes (4,9) and (A, d). Finally, we note that we have the decompositions

a,b a,b
= @ BvyY, Hi= P B, (3.1.4)
a+b=k a+b=k

where H (ga’b) and Hgl’b) are the a-th, and b-th, cohomology groups of the complexes (A?), ) and

(A(“"),é) respectively, where the gradings are the obvious ones.

3.1.3. Differential *-Calculi. A complex (A4,d) is called a differential graded algebra if d is a
graded derivation, which is to say, if it satisfies the graded Leibniz rule

d(af) = d(a) + (=1)*ad(B), (3.1.5)

for all o € A*, B € A. The operator d is called the differential of the differential graded algebra. The
following is the noncommutative version of the local description of a form in Subsection [1.3.1

DEFINITION 3.1.2. A differential calculus over an algebra A is a differential graded algebra (2, d)
such that Q° = A, and

OF = spanc{apday A ... ANday | ag,...,a; € A}. (3.1.6)

We use A to denote the multiplication between elements of a differential calculus when both are
of order greater than 0. We call an element of a differential calculus a form. A differential map
between two differential calculi (€2,dq) and (T, dr), defined over the same algebra A, is a bimodule
map ¢ : Q — I such that ¢dg = dre.

We call a differential calculus (€2, d) over a x-algebra A a differential *-calculus if the involution of
A extends to an involutive conjugate-linear map on €, for which (dw)* = dw*, for all w € Q, and

(wAV)* = (=D)Fv* Aw*, (3.1.7)

for all w € QF, v € Q. We say that a form w €  is real if w* = w.
A differential calculus ) over a quantum homogeneous space M is said to be covariant if p : M —
G ® M extends to a necessarily unique algebra map p : Q@ — G ® ) such that

p(mdn) = p(m)(id ®@d)p(n) = maynay @ mydn, (3.1.8)

where m,n € M.

3.1.4. Orientability and Closed Integrals. We say that a differential calculus has total
dimension n if QF = 0, for all £ > n, and Q" # 0. If in addition there exists an (A, A)-bimodule
isomorphism vol : Q™ ~ A, then we say that {2 is orientable. We call a choice of such an isomorphism
an orientation. If € is a covariant calculus over a quantum homogeneous space M and vol is a covariant
morphism, then we say that € is covariantly orientable. Note all covariant orientations are equivalent
up to scalar multiple. If Q is a x-calculus over a *x-algebra, then a *x-orientation is an orientation which
is also a *-map. A x-orientable calculus is one which admits a *-orientation.

When the calculus is defined over a quantum homogeneous space, we define the integral, with
respect to vol, to be the map which is zero on all QF, for k < n, and

/ Q" - C, w h(vol(w)), (3.1.9)
where h is the Haar functional. We say that the integral is closed if [ dw = 0, for all w € Q"1

3.2. Noncommutative Kéahler structures

In this section we introduce the framework of noncommutative complex geometry.
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3.2.1. Complex structures. We begin with the definition of a noncommutative complex struc-
ture.

DEFINITION 3.2.1. An almost complex structure for a differential x-calculus 2, over a x-algebra A,
is an NZ-algebra grading @(a’b)eNg Q@) for Q such that
i) QF = Dasr—r Q@) for all k € Ny,
i) (@) = Q) for all (a,b) € N3.

We call an element of Q%) an (a,b)-form. Let & and 0 be the unique homogeneous operators of
order (1,0), and (0, 1) respectively, defined by

8‘9(41,1;) = prOjQ(a+1,b) d, 5|Q(a,b) = pI'OjQ(a,b+1) d, (3.2.1)

where projgti.e), and projga.st1), are the projections from Q2+to+1 onto Q@10 and Qab+1),
respectively. The proof of the following lemma carries over directly from the classical setting [Huy05].

LEMMA 3.2.2. If @(a,b)eNg Q@) s an almost complex structure for a differential x-calculus
over an algebra A, then the following two conditions are equivalent:
i) d=0+0,
ii) the triple (@, pyene Q(@2.9,9) is a double complex.

With this in hand,

DEFINITION 3.2.3. When the conditions in Lemma[3.2.9 hold for an almost complex structure,
then we say that it is integrable.

We call an integrable almost complex structure a complex structure, and the double complex
(D a,p)ene Q@) 9, 9) its Dolbeault double complex. An easy consequence of integrability is that

W) = (Bw)*, (W) = (dw)*, (3.2.2)

for all w € Q.

3.2.2. Hermitian and Kahler structures. Throughout this section 2 denotes a differential
x-calculus, over an algebra A, of total dimension 2n. As a first step towards the definition of a
hermitian form, we present a direct noncommutative generalization of the classical definition of an
almost symplectic form.

DEFINITION 3.2.4. An almost symplectic form for Q is a central real 2-form o such that, with
respect to the Lefschetz operator

L:Q—=Q, w—oAuw, (3.2.3)

isomorphisms are given by

Lk .k - 2k (3.2.4)
foralll <k <n.

Note that since o is a central real form, L is an (A4, A)-bimodule *-homomorphism. Moreover, if o
is an almost symplectic form for a covariant calculus over a quantum homogeneous space M, then L is
a covariant morphism if and only if o is a left G-coaction-invariant form.

DEFINITION 3.2.5. For L the Lefschetz operator of any almost symplectic form, the space of
primitive k-forms is

PF={acQ" | L" " (a)=0}, ifk<n, and PF:=0, ifk>n. (3.2.5)
One has
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PROPOSITION 3.2.6. For L the Lefschetz operator of any almost symplectic form, we have the
A-bimodule decomposition

O ~ @ L7 (P, (3.2.6)
Jj=0
which we call the Lefschetz decomposition.

Now we present the following noncommutative generalization of the classical notion of a symplectic
form [HuyO05].

DEFINITION 3.2.7. A symplectic form is a d-closed almost symplectic form.

We now introduce a hermitian structure for a differential *-calculus, which is essentially just a
symplectic form interacting with a complex structure in a natural way. In the commutative case each
such form is the fundamental form of a uniquely identified hermitian metric [Huy05|.

DEFINITION 3.2.8. An hermitian structure for a x-calculus § is a pair (Q("'), o) where Q) s a
complex structure and o is an almost symplectic form, called the hermitian form, such that o € Q1

When € is a covariant *-calculus over a quantum homogeneous space, Q) is a covariant complex
structure, and o is a left G-coaction-invariant form, then we say that (20>, ¢) is a covariant hermitian
structure.

DEFINITION 3.2.9. For h € Rs, the h-Hodge map associated to a hermitian structure is the
morphism uniquely defined by

, ) 1,1 .
i (L)) = (—1) 52 jams Ut pacii e plan) ¢ pr (3.2.7)
[n —j = k]n!
where [m)y, := h™~1 + ™3 4 ... 4+ h=™HL denotes the quantum integer corresponding to m. We call
h the Hodge parameter of the Hodge map.

We have
LEMMA 3.2.10. It holds that
i) %2 (w) = (=) w, for all we QF,
it) *p, is an isomorphism,
iii) *p(Q@P) = Qr=bm—a),
i) *p, 1S a *-map.

By reversing the classical order of definition, we use the Hodge map to associate a metric to any
hermitian structure. Here,  denotes a differential *-calculus of total dimension 2n, and (Q(), k)
denotes a hermitian structure for 2.

DEFINITION 3.2.11. The metric associated to the hermitian structure (20) k) is defined to be the
map g: Q @y Q— M for which g(QF @, Q) =0, for all k # 1, and

glw@v) =vol(w A%, (v*)), w,v ek (3.2.8)
With this definition of the metric, one has

LEMMA 3.2.12. It holds that

i) the N3-decomposition of Q is orthogonal with respect to g,
it) the Lefschetz decomposition of ) is orthogonal with respect to g.

As a corollary to this,
COROLLARY 3.2.13. It holds that g(w @ v) = (g(v @p w))*, for all w,v € Q.

Now we specialize to the case where (2 is a covariant calculus over a quantum homogeneous space
M, and (Q0), k) is a covariant hermitian structure.
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DEFINITION 3.2.14. A hermitian structure is said to be positive definite if g(w ®pr w*) > 0 for
0#we.

We are now ready to introduce the inner product associated to a hermitian structure and to
establish the existence of adjoints with respect to this pairing.

LEMMA 3.2.15. For xp, the Hodge map of a positive definite hermitian structure, an inner product
1s given by

(,7): Q20 —-C, wevw— /w A*p (V") = hg(w ®@p V7). (3.2.9)
Moreover, the Peter—Weyl decomposition of € is orthogonal with respect to (-, -).

We continue to assume that 2 is a covariant x-calculus over a quantum homogeneous space M,
and (Q+), k) is a covariant hermitian structure. Moreover, (Q2(+"), k) is assumed to be positive definite.

LEMMA 3.2.16. For all values of the Hodge parameter h, the Hodge map is unitary.
One also has

LEMMA 3.2.17. It holds that A := L* = % " L.

As a corollary

COROLLARY 3.2.18. It holds that P¥ = ker(A : QF — Qk=2).

Consider now the counting operators,

HEK:Q-Q Hw) =(k-nw Kw)=h""w wecqkr (3.2.10)

For a classical hermitian manifold the operators H, L, and A, define a representation of sl,. We

now show that in the noncommutative setting H, L, A, and K give a representation of the quantized
enveloping algebra of sls.

PRroOPOSITION 3.2.19. We have the relations
[H,Llp-2 = [2LK, [L,A]=H, [H Alp:=—[2pKA, (3.2.11)
where [A, Blp+2 = AB — h*2BA.
COROLLARY 3.2.20. A representation p of Up(sl,) is given by
p(EY=L, p(K)=K, p(F)=A. (3.2.12)

Now we call the adjoints of d,d, and d the codifferential, holomorphic codifferential, and anti-
holomorphic codifferential, respectively. Classically, these operators have expressions in terms of the
Hodge operator analogous to the expression given above for the dual Lefschetz operator. The following
lemma shows that this is also true in the noncommutative setting.

LEMMA 3.2.21. It holds that
d= - *p d*h, 0" =— *h, 5*}“ 5* = — *p a*h . (3.2.13)
COROLLARY 3.2.22. For all w € Q, it holds that

d(W*) = (d* ()", & w) =@ )", 7 w)= (W) (3.2.14)
We now define the d-, 9-, and O-Laplacians to be, respectively,
Agi=(d+d")? DNp:=(0+9)?, Ay:=([0+0d)%. (3.2.15)

Moreover, we define the space of d-harmonic, d-harmonic, and d-harmonic forms to be, respectively,

Ha:=ker(Ag), Ho:=ker(Ap), Hg:=ker(Az). (3.2.16)
When 2 is a covariant calculus over a quantum homogeneous space, A4, Ay, and Az, are left
G-comodule maps, and so, each space of harmonic forms is a left G-comodule.
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DEFINITION 3.2.23. A Kaihler structure for a differential x-calculus is a hermitian structure
(Q0) k) such that the hermitian form  is d-closed. We call such a r a Kdihler form.

Every 2-form in a *-calculus with total dimension 2 is obviously d-closed. Hence, just as in the
classical case, with respect to any choice of complex structure, every £ € Q1) is a Kéhler form. The
following is the first set of Kdhler identities.

LEMMA 3.2.24. For any Kahler structure (Q("'), k), we have the following relations

[0,L] =0, [0,L]=0, [0",A]=0, [0 ,A]=0. (3.2.17)
Now the second set of Kahler identities.
THEOREM 3.2.25. The four identities
[L,0*] =id, [L,0]=—id, [A8]=iD, [A,0)=—id", (3.2.18)
hold in both of the following cases:
i) the Hodge parameter is fized at h =1,

it) the domain is restricted to P*® the space of primitive elements.
COROLLARY 3.2.26. When the Hodge parameter is fized at h = 1, it holds that
09 +0°9=0, D+ =0, Ay=205=2A;. (3.2.19)

3.2.3. The Hodge decomposition and the hard Lefschetz theorem. We now come to
Hodge decomposition, the principal result of the paper |Bl7]. Here, €2 denotes a covariant x-calculus,
of total dimension 2n, over a quantum homogeneous space M. Moreover, (Q(+), k) denotes a positive
definite covariant hermitian structure such that the associated integral is closed.

LEMMA 3.2.27. It holds that
i) Hq ~ ker(d) Nker(d*),
it) Ho ~ ker(9) Nker(9*),
iti) Hz =~ ker(0) N ker(8").
THEOREM 3.2.28. The following decompositions are orthogonal with respect to {-,-)
i) Q= Ha®dQ D d*Q,
ii) Q ~Ho B 0N ® I*Q,
iii) U~ Hz VDD Q.
COROLLARY 3.2.29. It holds that

ker(d) ~ Hq @ dQQ, ker(d) ~ Ho @ dQ), ker(0) ~ Hgz ® d, (3.2.20)
and so, we have the isomorphisms
Mo - Hy, HED - HEY 1D e, (3.2.21)

Using this corollary, we show that the Hodge map and the *-map induce isomorphisms on the
cohomology ring of €2, and present some easy but interesting consequences.

LEMMA 3.2.30. The Hodge map *j, and the x-map, commute with the Laplacian Ay, and so,
induce isomorphisms on Hj.

Proportionality of the Laplacians implies equality of harmonic forms:
k __ (a,b) (a,b)
ni= @ 1y = P HeY (3.2.22)

a+b=k a+b=k
Hence, Corollary [3:2:29] implies the following decomposition of cohomology classes.
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COROLLARY 3.2.31. It holds that

ko~ (ab) (a,b)
Hi~ P H ~ P =, (3.2.23)
a+b=k a+b=k
Moreover, the decomposition is independent of the choice of Kdhler form.

LEMMA 3.2.32. When the Hodge parameter is fized at h =1,

(L, Ag] = [A, Ag] = 0. (3.2.24)

DEFINITION 3.2.33. For a Kdhler structure, the (a,b)-primitive cohomology group is the vector
space

@Y . er (Ln—(a+b)+1 . plab) H(n—b+1,n—a+1)). (3.2.25)

prim
Moreover, we denote H;fm-m = Doivr HZS‘;Z?L
The following is a noncommutative generalization of the classical hard Lefschetz theorem.

THEOREM 3.2.34. Let (Q0), k) be a Kihler structure. Then it holds that
i) Lk Hgfk — H:frk is an isomorphism, for k =0,...,n,
.. i a,b
i) H* ~ @, i L Hfmi-

3.3. Quantum projective space

We now come to the main example of this chapter, see [HK06,]_5>17,1316] for more details.

3.3.1. The Heckenberger-Kolb Calculi for quantum projective space. Recall the defini-
tion of the quantum groups Uy (V) and SU,(N) from Subsections and respectively. The
quantum N-projective space is the subalgebra of coaction-invariant elements of a O(U,(N))-coaction
on O(SUG(N +1)). This subalgebra is a g-deformation of the coordinate algebra of the complex
manifold SU(N + 1)/U(N). Recall that CPY is isomorphic to SU(N + 1)/U(N).

DEFINITION 3.3.1. Let ay : O(SU,(N + 1)) — O(U,(N)) be the surjective Hopf *-algebra map
defined by setting an(uj) = D; ', an(uj) = an(ui) =0, fori=2,....,n+1, and ay(u}) = u§:117 for
i,j=2,...,n+ 1. Quantum projective n-space (CPqN is defined to be the quantum homogeneous space
of the corresponding homogeneous coaction (id @ay)A.

We recall some details about first-order differential calculi necessary for our presentation of the
Heckenberger-Kolb calculus below. A first-order differential calculus over A is a pair (Q', d), where Q!
is an (A, A)-bimodule and d : A — Q1 is a linear map for which the Leibniz rule, d(ab) = a(db) + (da)b,
fora,b, € A, holds and for which Q! = spanc{adb | a,b € A}. The notions of differential map, and
left-covariance when the calculus is defined over a quantum homogeneous space M, have obvious
first-order analogues. The direct sum of two first-order differential calculi (Q!,dq) and (I't, dr) is the
first-order calculus (Q' @ I'!, dq + dr). Finally, we say that a left-covariant first-order calculus over M
is irreducible if it does not possess any non-trivial quotients by a left-covariant M-bimodule.

We say that a differential calculus (T, dr) extends a first-order calculus (Q',dq) if there exists a
bimodule isomorphism ¢ : Q! — I'! such that dr = ¢dq. It can be shown that any first-order calculus
admits an extension ) which is maximal in the sense that there exists a unique differential map from
) onto any other extension of Q'. We call this extension the maximal prolongation of the first-order
calculus.

Now Heckenberger and Kolb’s classification of first-order calculi over (CPqN is as follows.

THEOREM 3.3.2. There exist exactly two non-isomorphic irreducible left-covariant first-order
differential calculi of finite dimension over (CPqN. We call the direct sum of these two calculi the
Heckenberger-Kolb calculus of (CPqN.
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We denote these two calculi by Q19 and QD and denote their direct sum by Q'. The maximal
prolongation of the direct sum Q! is called the Heckenberger-Kolb calculus over (CPqN .

PROPOSITION 3.3.3. For the Heckenberger-Kolb calculus over (CPqN, there is a unique covariant
complex structure QU+ such that @(Q(“*b)) = V(@b where ® is the “Takeuchi equivalence”.

3.3.2. A Kahler structure for the Heckenberger-Kolb calculus. In this subsection we
construct a covariant hermitian (Q0+), ) structure for the Heckenberger-Kolb calculus over (CP,;V . In
the classical case, it follows from the classification of covariant metrics on complex projective space that
K is equal, up to scalar multiple, to the fundamental form of the Fubini-Study metric. Throughout this
subsection we will, by abuse of notation, denote ®(L), ®(vol), and ®(x,), by L, vol, and *,, respectively.
One can then prove

PROPOSITION 3.3.4. There exists a left G-coaction-invariant closed form k such that the pair
(Q(""), K) is a covariant hermitian structure for the Heckenberger-Kolb calculus over (CPqN.

Moreover,

LEMMA 3.3.5. There exists an open real interval around 1, such that when q is contained in this
interval, the hermitian structure ((2(”')7 K) is positive definite.

Finally we end with

THEOREM 3.3.6. The hermitian structure (Q0), k) for (CPqN is a Kahler structure.



CHAPTER 4

Generalized symmetry in noncommutative complex geometry

4.1. Introduction

As we saw in the last Chapter 3| the theory of noncommutative complex geometry was initiated
in [BIG,B17], although there are precursors; see |[BPS13|[FGR97,[KLvS11,[PS03|. It attempts to
provide a fresh insight into various aspects of noncommutative geometry, such as the construction of
spectral triples for quantum groups, by considering “complex structures”. It also promises a fruitful
interaction between noncommutative geometry and noncommutative projective algebraic geometry.
Identifying “differential forms” as the basic objects of study, the framework of noncommutative complex
geometry is developed in the setting of Woronowicz’s differential calculus, see [Wor89|. The classical
complex geometry being the obvious example, the setup in [Bl7] takes as its motivating example the
family of quantum flag manifolds. It is possible to proceed, as shown in there, as far as proving a
version of the Hard Lefschetz theorem.

Singular spaces, such as the leaf space of a foliation, have been studied extensively in classical
geometry as well as noncommutative geometry. These spaces provided the main impetus for the
development of noncommutative geometry, see [Con82]. Classically, “transverse geometry” attempts
to study such singular spaces using symmetry, which most of the time turns out to be a pseudogroup.
This was exemplified in the beautiful paper [Hae80]. It led to the systematic study of spaces with
pseudogroup symmetry. It is natural to ask whether one can do complex geometry over such spaces.
That one can, was done in a volume of works, [CW91,[ EKA90|, to name a few.

Now, pseudogroups and groupoids are very much noncommutative in their nature. This led to
Connes’ construction of the highly noncommutative groupoid C*-algebra of the holonomy groupoid of
a foliation, which was successfully applied to the questions in index theory. However, the fact that
groupoids consist of symmetries is not so conspicuous in this construction. To take the symmetry into
account, one is naturally led to the language of Hopf algebroids, as shown in [Kallll[Mr&99,Mre07].

Thus, the study of complex geometry over such singular spaces consists of studying regular spaces
with highly noncommutative symmetry, which are also generalized, in that they are not Hopf algebras.

The goal of the present chapter is to introduce Hopf algebroid symmetry in noncommutative
geometry. We formulate and study a quite general framework of Hopf algebroid covariance of
noncommutative complex and Kahler structures. We have been able to accommodate all the existing
examples in our framework. Another notable and novel aspect of our work is a new definition of Hopf
algebroid action or covariance on differential calculus which seems to work in a very general context.
We present the Connes-Moscovici Hopf algebroid as one of the most interesting examples of our setup.

The material in this chapter forms the preprint [BBG].

4.2. Preliminaries

4.2.1. Hopf algebras over noncommutative base - Hopf algebroids. We recall the defini-
tion of Hopf algebroids from [KP11]. See also [Boh09,BS04]. We begin by defining a generalization
of bialgebras.

DEFINITION 4.2.1. Let A be a C-algebra. An (s,t)-ring over A is a C-algebra H with homomor-
phisms s : A — H and t : A°? — H whose images commute in H.

The functions s and ¢ are referred to as the source and target maps respectively. An (s,t)-ring
structure is equivalent to the structure of an A°-algebra on H.

53
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DEFINITION 4.2.2. Let H be an (s,t)-ring over A. The Takeuchi product is the subspace
HxaH:={> hi@ahi e HRa H|Y hitla)@hj=> h; @ hjs(a) Vaec A}

of H®4 H, where the tensor product ® g is defined with respect to the following (A, A)-bimodule
structure on H:
ay - h-ag = s(ar)t(ag)h, ai,a2 €A, heH. (4.2.1)

This Takeuchi product becomes a unital algebra with factorwise multiplication as well as an (s, t)-
ring. Before we go onto the definition of a bialgebroid, let us recall the definition of an A-coalgebra.

DEFINITION 4.2.3. Let A be a C-algebra. A coalgebra over A is a triple (C, A, e) with C an (A, A)-
bimodule, A an (A, A)-bimodule morphism called the comultiplication, € : C — A an (A, A)-bimodule
morphism called the counit, and such that

(A@Aid)A = ([d®4A)A,  (i[d@ae)A = (e @4 id)A = id. (4.2.2)

A left bialgebroid over A is then an algebra with a compatible coalgebra structure over A. More
precisely,

DEFINITION 4.2.4. Let A; be a C-algebra. A left bialgebroid over Ay is an (s;,t;)-ring H; equipped
with the structure of an Aj-coalgebra (A, e;) with respect to the (A;, A;)-bimodule structure (4.2.1)),
subject to the following conditions:

i) the (left) coproduct Ay : Hy — H; ® s, H; maps into the subset H; x 4, H; and defines a morphism
Ay Hy — Hj x4, H; of unital C-algebras;
it) the (left) counit has the property:

EI(hhl) = El(hsl(é‘lh/)) = El(htl(&‘lhl)) h, h e H;. (423)
We denote the above left bialgebroid by (Hj, Ay, si,t;, Ay, €;) or simply by Hj.

REMARK 4.2.5. From (4.2.3) above and the fact that ; is an (A;, A;)-bimodule morphism, it
follows that €;(si(a)h) = agi(h), ei(ti(a)h) = e;(h)a, and it also follows that €;(1g,) = 14,. So we have
that g8 = Eltl = idAl.

LEMMA 4.2.6. In a left bialgebroid, the left counit is unique.

PROOF. Indeed, if both e} and 7 make (H;, Ay, si,t, Ay, e1) and (Hy, Ay, s, t;, A, €7) left bialge-
broids, then we have:

e (h) = €] (sig] (h1)ha) = €] ()&} (ha) = €] (tig} (h2)h1) = €] (R).

Given an (s,t)-ring H, there is another (A, A)-bimodule structure on H:
ay - h-ag = hit(a1)s(az), aj,as €A heH. (4.2.4)

With respect to this bimodule structure, the tensor product ® 4 is defined. Inside H ® 4 H, there
is the Takeuchi product:

Hx*H:={> hi@oahi e HRa H|Y s(a)h;@hj=> h;@t(a)hj Va e A}.

This again becomes a unital algebra with factorwise multiplication and also is an (s, t)-ring.

DEFINITION 4.2.7. Let A, be a C-algebra. A right bialgebroid over A, is an (s, t,)-ring H,
equipped with the structure of an A,-coalgebra (A,,e,) with respect to the (A, A,)-bimodule structure
(4.2.4), subject to the following conditions:

i) the (right) coproduct A, : H, — H, ®a, H, maps into H, x*v H, and defines a morphism

A, : H, — H, x* H, of unital C-algebras;
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it) the (right) counit has the property:
er(hh') = ep(sr(eph)R') = e, (t- (e h)R) h,h' € H,. (4.2.5)
We denote a right bialgebroid by (H,, Ay, s, tr, Ay, &) or simply by H,.. Note that if (H;, A;, s, t;,
Ay, e;) is a left bialgebroid, then (H;”, Aj,t;, 51, A, €;) is a right bialgebroid.

REMARK 4.2.8. As in Remark[{.2.5, we have e,5, = e,t, =1ida,. Also as above, the right counit
18 UNLqUe.

Sweedler notation. We shall use Sweedler notation with subscripts A;(h) = h(1) ® h(g) for left
comultiplication while the right comultiplication are indicated by superscripts: A,.(h) = h) @ h(2).

We now define a Hopf algebroid as an algebra endowed with a left and a right bialgebroid structure
together with an antipode “intertwining” the left bialgebroid and the right bialgebroid structures.
More precisely:

DEFINITION 4.2.9. A Hopf algebroid is given by a triple (H;, H,., S), where Hy = (Hy, Ay, s1,t1, Ay, €1)
is a left A;-bialgebroid and H, = (Hy, Ay, Sp, tr, A, €r) 18 a Tight A,-bialgebroid on the same C-algebra
H, and S : H — H is invertible C-linear. These structures are subject to the following four conditions:

i) the images of s; and t, as well as those of t; and s,., coincide:
sigity = tr,  t€1Sr = Sp,  Spepty =1t, .8 = Sp; (4.2.6)
it) mized coassociativity holds:
(A @idp)A, = (dg @A)A, (A, ®@idg)A; = (dg @A) A, (4.2.7)
i1t) for all ay € Ay, ay € A, and h € H, we have
S(ti(ar)ht,(a2)) = sr(az)S(h)si(ar); (4.2.8)
iv) the antipode axioms hold:
pr(S®idy)A; = seer, pg(idy ®S)A, = sig;. (4.2.9)

We apply ¢, to the first two and €; to the second pair of identities in (4.2.6) and get that A; and
A, are anti-isomorphic as C-algebras:

¢ =cers1: AP — Ay, o=ty i A — AP,

4.2.10
0 := erty : Al — Agp, 9_1 =E1Sr Agp — Al. ( )

The antipode is anti-algebra and anti-coalgebra morphism (between different coalgebras) and
satisfies the equations

flip(S ® S)A, = A8, flip(S® S)A, = A;S, (4.2.11)

where flip : H ®c H — H ®c H is the flip permuting two factors of the tensor product (this becomes
an (A;, Aj)-respectively (A,, A,)-bimodule). Similar formulas hold for the inverse S~!. The following
identities will be used:

Srers; = Ss;,  Si€18, = S5y, spert; =S Ls;,  siety = S sy,
trepsy = St;,  tie1s, = St., treqt; =Sy, tiet, = ST, (4.2.12)
ersi€l = €5, €1506r = €15, eptieg =¢e.871, etrer =571,

and
w (S ®sig)A =8, pr(srer ® S)A, = S,
prer(idg @S A, = tre,,  pgor(S™'®@idg)A, = tiey, (4.2.13)
anp(tlEl®S_1)Al ZS_l, anp(S_l ®tTET>AT =51

LEMMA 4.2.10. In a Hopf algebroid, the antipode is unique.



56 4. GENERALIZED SYMMETRY IN NONCOMMUTATIVE COMPLEX GEOMETRY

PROOF. Indeed, if both S; and Sy make (H;, H,,S1) and (H;, H,, S3) Hopf algebroids then we
have

Sa(h) = 5,2 (K0)S2(hP) = Su(h{})HE) S ()

= S1(h(1))h$§52(hg;) = Sl(h(l))sl&‘l(h(g)) = Sl(h)
O

Finally, note that if (H;, H,,S) is a Hopf algebroid, then (H2P, H/?,S™1) is also a Hopf algebroid.

4.2.2. The main example - Etale groupoids. We now introduce our main example besides
Hopf algebras. A Hopf algebra is a Hopf algebroid with A; = A, = C. We follow [MMO03]. See also
[Con94,Har15,Kall1].

DEFINITION 4.2.11. A groupoid G is a small category in which each arrow is invertible. More
explicitly, a groupoid consists of a space of objects Gy, a space of arrows Gy (often denoted by G itself)
and five structure maps relating the two:

i) source and target maps s,t: G — Gy, assigning to each arrow g its source s(g) and target t(g);

one says that g is from s(g) to t(g);

it) a partially defined composition of arrows, that is, only for those arrows g, h for which source and
target match, that is s(g) = t(h); in other words, a map m : Gy := Gy * xtGO G1 — G1, (g,h) — gh
that is associative whenever defined, producing the composite arrow going from s(gh) = s(h) to
t(gh) = t(g);

i) a unit map 1: Go — G1, x + 1, that has the property 1yg9 = glyg) = 95

iv) an inversion inv : G; — G, g — g1 that produces the inverse arrow going from s(g~') = t(g)
to t(g~") = s(g), fulfilling g='g = 144y, 997" = Ly(g)-

These maps can be assembled into a diagram

G2 s G1 ﬂ) Gl ::; GO *1> G1 (4214)

An arrow may be denoted by = % y to indicate that y = s(g) and z = t(g).

A topological groupoid is a groupoid in which both G; and Gy are topological spaces and all the
structure maps are continuous. Similarly one defines smooth groupoids, where in addition s and ¢ are
required to be surjective submersions in order to ensure that Go = G1 ><‘5G0 (1 remains a manifold.
A topological (or smooth) groupoid is called étale if the source map is a local homeomorphism (or
local diffeomorphism); this condition implies that all structures maps are local homeomorphisms (or
local diffeomorphisms, respectively). In the smooth case, this equivalently amounts to saying that
dim G; = dim Gy. In particular, an étale groupoid has zero-dimensional source and target fibers, and
hence they are discrete. We shall only be dealing with smooth étale groupoids.

We give some examples of étale groupoids below.

EXAMPLE 4.2.12.

i) The unit groupoid has a single manifold M as both its object and arrow space. All the maps are
identity functions.

it) A (discrete) group is a one-object groupoid (called the point groupoid).

i1t) The translation groupoid T' x M of a smooth left action of a discrete group has as object space
M and arrow space T' x M. The source is (g,m) — m, the target is (g,m) — gm and the
multiplication is (g,m)(g’,m') = (gg’,m’).

i) Orbifold groupoids or proper étale groupoids. We refer to [MMO3|Har15| for more details.

v) Let (M, F) be a foliated manifold. Then the (reduced) holonomy groupoid is étale.

As the last example is one of our main motivating examples, we shall describe it in a slightly
greater details. See [CW91,|MMO03||CLN85, CMO01b|. A foliation F on M is given by a cocycle
U = {U, fi, gi;} modeled on a manifold Ny (R™ or C"), i.e.,
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i) {U;} is an open covering of M;
i) f; : U; = Ny are submersions with connected fibers defining F;
iii) g;; are local diffeomorphisms of Ny and g;; f; = f; on U; N U;.

The manifold N = Uf;(U;) is called the transverse manifold of F associated to the cocycle U, and
the pseudogroup P generated by g;; is called the holonomy pseudogroup on the transverse manifold.
To any pseudogroup P on some manifold X we can associate an étale (effective) groupoid I'(P) over
X as follows: for any x,y € X let

L(P)(x,y) = {germyg | g € P,x € dom(g),g(x) = y}. (4.2.15)

The multiplication in T'(P) is given by the composition of transitions. Equipped with classical sheaf
topology I'(P); becomes a smooth manifold and I'(P) becomes an étale groupoid. In our case, I'(P) is
called the reduced holonomy groupoid of (M, F) and is denoted Holyn (M, F) (but also we write I'(P)
sometimes).

We now show one gets Hopf algebroids naturally from étale groupoids following [KP11,Mrc07|.
Before that we introduce the following.

Fiber sum notation. Let £ and F' are vector bundles over two manifolds X and Y, respectively.
Suppose ¢ : X — Y is an étale map (i.e., a local homeomorphism) and « : £ & ¢*F an isomorphism
of vector bundles. Then the push-forward (or fiber sum) of ¢, denoted by ¢. : T'o(X, E) — I'.(Y, F), is
defined by

(Be5)(y) = > als(x)), (4.2.16)
¢(x)=y
where z € X,y € Y and s € ['.(X, E). Here we identify the fiber ¢* I, with F}(.) using the definition
of pullback.
If G is an étale groupoid over a compact Hausdorff Gy, the space C°(G) of smooth functions on
G = G with compact support carries a Hopf algebroid structure. Although G = G often happens
to be non-Hausdorff in examples, we assume this condition in this paper since the reduced holonomy
groupoid of a Riemannian foliation is always Hausdorff. We have two C'*°(Gq)-actions on C°(G)
by left and right multiplication with respect to which we define the four tensor products denoted by
®%°°(Go)7 ®TCT°°(G0)7 ®rcl°°(G0) and ®l(,:°°(G0)' We need the following isomorphisms

Dt : CF(G) O () CZ(G) = CZ(G ° xG, G) = CF(Ga)
Q1 C2(C) @by CF(C) = CF(G ' xG, §) = CF(Ga) e
Qss 2 CF(G) @ () C7 (G) = O (G ° g, G) = CF(G2)
Qts : OF(G) e () O (G) = CZ(G ' %G, G) = CF(Gh)
all given by the formulas
Q- (U ®p () W9, 9") = ulg)ulg), (4.2.18)

for u,u’ € C°(G) and (g, g’) in the respective pullback G' = x G. The maps are isomorphism, as it
was shown in [Mr&07]. We now give the Hopf algebroid structure maps for C2°(G) over C*°(Gy):

Ring structure. On the base algebra C*°(Gy) one has the commutative pointwise product, whereas
the total algebra C2°(G) is equipped with a convolution product, defined as the composition

Q

51 OF(G) Qs () O (G) =5 CZ(Ga) ™55 C2(G). (4.2.19)
Explicitly,
(wxv)(g) == *(u®v) = (MO (u@v))(g) = Y ulg)u(ga), (4.2.20)

9=9g192

which can be used in showing associativity of the product.
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Source and target maps. For f € C>(Gy) and u € CX(G),

(f xu)(g) = f(t(g))ulg)  and  (ux f)(g) = u(9)f(s(9))- (4.2.21)

It can be shown that C°°(G)), identified with those functions in C2°(G) having support on 1, C G,
is a commutative subalgebra of C2°(G). We put for the (left and right bialgebroid) source and target
maps

si=s. =t =t. =1, : C®(Gyp) = C(G), (4.2.22)

i.e., the injection as subalgebra given by the fiber sum of the unit map 1: Gy — G. More explicitly,

flx) ifg:l.x for some x € Gg (4.2.23)
0 otherwise.

s fe f, where flg) = {

Left and right comultiplications. Using the isomorphism Q_ _, the left and right comultiplications
are given as follows:

A1 CR(G) = C2(G P xk, G) = C(G) @" C2(G),

U ifg=4g¢ 4.2.24a
<Alu><g,g'>={0(g) o= R

A CF(G) = CF(G ° xg, G) = 0X(G) @™ C(G),
ulg) ifg=4d, (4.2.24b)
(Avu)(g.g) = 19 E9=9
0 else.

Alternatively, A; = d. and A, = d for the diagonal maps d' : G — G ' x4, G, g — (g,9) and
d":G— G*°xg G, g (9,9)

Left and right counits. Both left and right counits are respectively determined by the fiber sum of
the target and source maps of the groupoid. For any x € Gy,

e C(G) = C=(Go), (1) (@) = X4y u(9)
e C2(G) = C%(Go)s (20 (0)(@) = X y1g)—p u(9):

Antipode. The antipode is given by the groupoid inversion,

S:0X(G) = CX(G),  (S(w)(g) = ulg™") = (inv.u)(g). (4.2.26)
THEOREM 4.2.13. With the above structure maps, C°(G) becomes a Hopf algebroid over C*°(Gy).
The proof is in [KP11]. See also [Con82|/Con85|Kor08||Kor09|.

(4.2.25)

4.2.3. Modules over Hopf algebroids. Let H = (H;, H,,S) be a Hopf algebroid. A left
module over H is simply a left module over the underlying C-algebra H. We denote the structure map
by (h,m) + h-m. The left bialgebroid structure H; induces an (4;, A;)-bimodule structure on each
module and a monoidal structure on the category of modules. More explicitly, let M be an H-module.
Then the (A;, A;)-bimodule structure is given by

ay-m-ag = si(ar) - ti(az) - m, (4.2.27)

for all a1,as € A; and m € M. The left coproduct defines the monoidal structure (M, N) — M ®4 N,
where M ® 4 N is equipped with the H-module structure

h-(m®n):=ha) -me hg)-n, he Hme M,n€ N. (4.2.28)

The monoidal unit is given by A; with left H-action h - a = ¢;(hs;(a)). Note that e;(ht;(a)) =

ei(hsi(er(ti(a)))) = ei(hsi(a)). Also A; being the monoidal unit it is an algebra in the category of

H-modules, i.e., it is an H-module algebra. This structure will be important for us in the examples we
consider.

REMARK 4.2.14. We state the definition of an H-module algebra explicitly. It is a C-algebra and
left H-module B such that the multiplication in B is A;-balanced and
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’L) h - 1B = Slﬁl(h) . 1B;

i) h- (bb') = (h(1) - b)(h(2) - b').
for b,/ € B and h € H. Note that B has a canonical A;-ring structure. Its unit is the map A; — B,
a— si(a) - 1g=t(a) 1p

Similarly, one can consider right H-modules as modules over the C-algebra H. Such modules get
the structure of an (A,., A,.)-bimodule and the category becomes monoidal using the right coproduct.
The monoidal unit is A,.. We now see some examples coming from the geometry of groupoids. We
follow [Kall1).

DEFINITION 4.2.15. A smooth left action of a Lie groupoid G on a smooth manifold P along a
smooth map m : P — G is a smooth map p : G1° x5, P — P, (g,p) = g - p, which satisfies the
conditions 7(g - p) = t(g), 1z P =p and g' - (g-p) = (g'9) -p for all ¢’,g € Gy and p € P with
s(g') = t(g) and s(g) = =(p)-

We define right actions of étale groupoids on smooth manifolds in a similar way.

DEFINITION 4.2.16. Let G be an étale groupoid, and let E be a smooth complex vector bundle over
Gy. A representation of the groupoid G on E is a smooth left action p : Gy * x’éo E — E, denoted

by p(g,v) = g-v, of G on E along the bundle projection p : E — Gy such that for any arrow x ENY
the induced map g, : B, = Ey, v — g-v, is a linear isomorphism. A section u: Gy — E is called

G-invariant if for any arrow x 2 y, it holds that g - u(x) = u(y).
Let us see what representations mean in the examples above.

ExXAMPLE 4.2.17.

i) Representations of the unit groupoid associated to a smooth manifold correspond precisely to
complex vector bundles.

it) Representations of the point groupoid associated to a (discrete) group T' correspond to representa-
tions of the group on finite dimensional complex vector spaces.

i11) Representations of the translation groupoid I' x M corresponds to I'-equivariant complex vector
bundles over M.

i) Representations of the orbifold groupoid are the orbibundles.

v) Representations of the holonomy groupoid are the transversal vector bundles.

vi) For an étale groupoid G the complexified tangent bundle of Gy becomes a representation of G.
The cotangent bundle, exterior bundle all inherit this natural representation, so it makes sense to
speak of vector fields, differential forms or Riemannian metrics etc. on étale groupoids (vector
fields, differential forms or Riemannian metrics etc. on Gy, respectively, invariant under the
action). Also note that the exterior derivative d is invariant under the G-action. This follows
from naturality of d and a local argument.

PROPOSITION 4.2.18. Let E be representation of the étale groupoid G. The space of smooth sections
I'>°(E) over Go becomes a module over C°(G) by the formulas

(a-u)(@)= Y alg)(g-uls(9)), (4.2.29)

t(g)=z

for a € C°(G) and u € T=(E).

The proof is in [Kalll]. Moreover, each module of finite type and constant rank appears in this
way, giving a version of Serre-Swan theorem. See [Con85] for an example coming from Sobolev spaces.

4.2.4. x-structures and conjugate modules. We introduce *-structures on Hopf algebroids
which will be needed in order to view them as symmetry objects. This is one of the main results of the
present paper. We view the ensuing structures as the first step in defining a “compact”-type Hopf
algebroid in analogy with CQG-algebras [DK94], though we do not go in that direction here.
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Let (H;, H,, S) be a Hopf algebroid such that H, A; and A, are x-algebras, s; and s, are #-preserving
(the involutions for H, A, and A; are denoted by the same symbol *). Assume that

eitr(al) = (g184(a1))", erti(al) = (ersi(ag))” (4.2.30)
hold for all a; € A,, as € A;.
LEMMA 4.2.19. We have
hty(a)* @a, h* = h* @4, B*si(a)*. (4.2.31)
PrOOF. We compute
R*ti(a)* @a, W* = h*s.(e.(t)(a)))* @a, I
= h*s.((erti(a))*) @a, ™
= h*spepsi(a®) @a, B

=h*-g.s(a*) @4, "™

o ee(a . b (4.2.32)
=h*®a, h'*t.e.s1(a")
=h*®a, h'*s/(a")
=h*®a, h*s/(a)*.
|

Lemma [4.2.19[says that the map (x ® ) : H; ®c H; — H, ®, H, descends to an isomorphism
(*®@x*): H ®4, H — H, ®4, Hy. So we can make sense of
Apx = (x @ %)Ay. (4.2.33)
In Sweedler notation,
(h) D @ (h) = (ha))* © (ha)* (4.2.34)
DEFINITION 4.2.20. Let (H;, H,,S) be a Hopf algebroid such that H, A; and A, are x-algebras
while s; and s, are x-preserving. Then (Hj, H,,S) is said to be a Hopf x-algebroid if (4.2.30) and
(4.2.33) hold.

Some immediate corollaries of Definition 4.2.20] are:

i) («x®x*): H ®a, H — H, ®4, H, induces an isomorphism H; x 4, H — H, xAr H,.

ii) From (4.2.6)), t;x = s,qe.t;x = s, x €,8 = *s.6,8, = *xSs;, with the last equality following from
@E2.19).

iii) Similarly, ¢.x = xSs;.

PROPOSITION 4.2.21. Let (Hy, H.,S) be a Hopf x-algebroid. Then the counits and the antipode
satisfy

.8 e = xe,., 1Stk = xey, S x S*x =idg (4.2.35)
and A; becomes an H-module x-algebra, i.e., the H-action satisfies
(h-a)*=S(h)" -a” heH, acA. (4.2.36)

PRrROOF. We have
h* = sie((h) ) (B 2y = sier(RH)*) (h@)*,

SO

h = h® (s15,((hV)*))*.
Similarly,

h = hW (e ((W2)*))*.
Now,

*¥S|E1x = S; k 1k = TpepS  kepx =T k€18 * .



4.2. PRELIMINARIES 61

Similarly,
xtiepx = Sy * £,t16 * .

So we conclude that xe,t;e;* satisfies the right counit axioms. Hence e, = x&,tig;x = *£,5 7 1x.
Similarly, ; = *;S~! % . From this we observe that s;e;* = *t,e, and s,e,* = xt;g;. Using the above
observation and proceeding exactly as before, it follows that xS~ satisfies the antipode axioms. By
uniqueness, we have S = %S~ %, which implies S * Sx = id .

Finally,

O

Besides Hopf *-algebras, the Hopf algebroid in Theorem becomes a central example of Hopf
x-algebroids:

PROPOSITION 4.2.22. The space C°(G) becomes a Hopf x-algebroid over C*°(Gy) with x-structure
given by

u*(g9) = u(g™1) for u e C(G) and f*(x) = f(x) for f € C*(Gy). (4.2.37)
PROOF. This follows from direct computations. O

Another class of examples, which we have not mentioned above, comes from weak Hopf algebras
studied in [BNS99]. Our #-structure is the same as C*-structure mentioned in [BNS99]. Following
this and the standard theory of CQG-algebras, leads to opening up a new direction of study, namely,
(co)representation theory of Hopf x-algebroids and the interplay of the *-structure and (co)integrals.

We shall systematically use the language of conjugate modules in order to keep track of various
aspects. See [BMO09,BPS13].

Let (H;, H,, S) be a Hopf *-algebroid and M an H-module. We define the conjugate module M
by declaring that

i) M = M as abelian group;
ii) we write m for an element m € M when we consider it as an element of M;
iii) the module operation for M is h-m = S(h)* - m.

Again, let B be a *-algebra and let E be a (B, B) bimodule. The conjugate bimodule E is defined

by the following three conditions:

i) E = E as abelian group;

ii) We write € for an element e € E when we consider it as an element of E;
iii) The bimodule operations for E are b-e=¢-b* and €-b = b* - e.

If : E — F is any morphism, then we define 0 : E — F by 0(e) = 0(e).

We make B an associative algebra by defining the multiplication bb’ := b’b. As an R-algebra, B is
isomorphic to B via the map b+ b. We make B a C-algebra through the algebra homomorphism
C — B, A+ M\*1. We now define # : B — B, b+ b*. Then # is an isomorphism of C algebras. If
6 : B — B’ is a morphism then we say that @ is x-preserving if #6 = 0.

So we see that the conclusion in that A; is an H-module * algebra, is nothing but the
assertion that # : A; — A; is an H-module morphism. We also see that for an H-module M,
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the induced (A;, A;)-bimodule structure matches with the prescription above. Thus our *-structure
naturally produces examples of “Bar categories” in the sense of [BMO09].

LEMMA 4.2.23. Let B be an H-module x-algebra, and let the invariant subalgebra By be defined
as Bg ={b€ B|h-b=se(h)-b}. Then # : B — B induces an isomorphism # : By — Bpy.

Proor. This follows from the fact that # is an H-module morphism. O
In fact, we can say more:

PROPOSITION 4.2.24. Let B be an H-module x-algebra. Then By is also a x-algebra. So that, by
Lemma we can identify (B)g = (By) as algebras.
PRrROOF. Let b € By. We compute
(h-b*)*=S(h)*-b
=s11(S(h)*) - b
= si(ei(h)*) - b
= (sie(h))" - b

so that
h-b* = ((sier(h))* - b)*

= (S(sie1(h)"))" -
= 5718161(}0 - b*
= tl€l(h) -b*.
Next observe that taking h = s;(a) for a € A; in the last equality gives s;(a) - b* = t;(a) - b*. So that
for all h € H we get
slel(h) b = t161<h) -b*
which in turn implies that b* € Bpy. O

4.3. Noncommutative Kéahler structures

4.3.1. Differential calculi. Let H = (H, H,, S) be a Hopf *-algebroid. We start by defining a
differential calculus. We follow the setup in [B17], as expounded in the last chapter

DeFINITION 4.3.1. An Ny-graded H-module is an Ng-graded C-vector space which is also an
H-module such that the H-action preserves the Ng-grading.

DEFINITION 4.3.2. An Ng-graded H-module algebra is an Ng-graded algebra which is also an
H-module algebra such that the H-action preserves the Ng-grading.

DEFINITION 4.3.3. A pair (B, d) is called an H-covariant complez if B is an No-graded H-module
algebra, and d is homogeneous of degree one satisfying d*> = 0, such that

A; and Hy generate H as algebra, (4.3.1)

where
Hy:={h € H|[h—se(h),d =[h—ti(h),d =0}. (4.3.2)

DEFINITION 4.3.4. A triple (B,0,0) is called an H-covariant double complex if B is an N3-graded
H-module algebra, O is homogeneous of degree (1,0), and 0 is homogeneous of degree (0,1), such that

0% =0, 9 = 0, 90 + 00 = 0 and they satisfy (4.3.1)).

For any H-covariant complex (B, d), we call an element d-closed if it is contained in ker(d) and
d-exact if it is contained in im(d). For an H-covariant double complex (B, d,d), we define d-closed,
0-closed, 0-exact and J-exact elements analogously.
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DEFINITION 4.3.5. An H-covariant complex (B, d) is called an H-covariant differential graded
algebra if d satisfies the graded Leibniz rule

d(bt') = d(b)y + (—=1)*bd(t))  be B*, V€ B. (4.3.3)

DEFINITION 4.3.6. An H-covariant differential calculus over an H-module algebra B (with unit
map 1g) is an H-covariant differential graded algebra (Q, d) (with unit map 1) such that Q° = B, the
two H-action on B coming from B itself and Q° coincide, and

OF = span(c{bodbl A ... Adby | bo,..., b, € B} (434)

Notation. We use A to denote the multiplication between elements of a differential calculus when
both are of order greater that 0. We call an element of a differential calculus a form.

Observe that the coincidence of the two H-actions on B implies that the two unit maps also
coincide. Observe also that the induced (4;, A4;)-bimodule structure on € coincide with the one coming
from the unit map.

DEFINITION 4.3.7. An H-covariant differential calculus (2, d) over an H-module *-algebra B is a

x-differential calculus if the involution of B extends to a degree zero involutive conjugate linear map on
Q, for which (dw)* = d(w*) for allw € Q, and

(wAN)* = (=D)*p* Aw*, weQk neq!
making 0 an H-module x-algebra.
We say that a form is real if w* = w.

LEMMA 4.3.8. For an H-covariant x-differential calculus (2, d), we have

i) [h=sii(h),d] =0 = [S1(h") = tie(S™(h")), d] = 0;
ii) [h—tig(h),d =0 = [ST'(h*) — sigr(S~1(h*)),d] = 0;

for h € H. Thus combining the two, we get that h € Hy if and only if S1(h*) € H,.
PrOOF. For w € 2, we compute

0= ([h = sigi(h),d](w"))"

((h = sier(h)) - d(w*) — d((h = si21(h)) - w"))"
((h = sie1(h)) - (dw)*)" = d(((h = sier(h)) - w*)7)
(S(h = sie(h)))" - dw = d(S(h = si1(h))"

[ )% dl(w).

And similarly, 0 = ([h — t;e;(h), d](w*))* = [(S(h — tie1(Rh))

W)

(S(h — Sl€l(h)
d](w). Now

)
(S(h—sier(h))" = S(h)* = S(siea(h))* = STH(h*) = S™ (si(ea()"))
STHR) = tier(STHRY))

and
(S(h = tie(n)))" = S(h)* = S(tier(h))* = S™(h*) = si(er(h)")
= S7H(h*) — s1g(STH(RY)).
Thus we get S™1(h*) € Hy if h € Hy. The other direction follows from (S*)? = id O

LEMMA 4.3.9. On Q, defining the product as W A7 = (—1)FpAw for w € QF, n € Q! makes
(,d) an H-covariant differential graded algebra. Then an H-covariant *-differential calculus is an
H-covariant differential calculus such that # : (Q, d) — (Q,d) is H-linear and a differential graded
algebra homomorphism.
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PROOF. The second part follows from the discussion prior to Lemma For the first part, we
observe that given w € Q and h € H,

[h = siea(h), d)@) = (h = sie1(h)) - d@) — d((h — sier(h)) - @)
= (h = sie1(h)) - dw — d((S(h — s11()))* - w)
= S(h—sigi(h))* - dw — d(S(h — sigi(h))* - w)
= [S(h = siei(h))*, d](w)

and similarly, [h — t;g;(h),d](@) = [S(h —tie;(h))*,d](w). Now the lemma follows from Lemma
433 O

\_/\_/

DEFINITION 4.3.10. We define the space of invariant forms Qg of  as
Q={wel|h w=seh) w=tieh) w forall h € Hy}.

Observe that we recover the usual definition of invariant subalgebra as in Lemma if the
differential d is identically 0
PROPOSITION 4.3.11. For the space of invariant forms we have,

i) (Qo,d|q,) s a differential graded algebra;
it) Qo is a *-algebra;
iii) dlq, satisfies d|q,(w*) = (d|a,w)* for all w € Qq;
w) #: (Qo,d|a,) — (ﬁo,mﬁo) is a differential graded algebra homomorphism.

PRrROOF. i) That g is an algebra follows from the same proof as in d identically 0 case. Moreover,
that d preserves €y follows from the definition of Hy.
ii) Observe that for h € Hy and w € Qg
(h-w*)* =S(h)* - w=5"1nr") w
= tlé‘l(Sil(h*)) -w
=ti(e(h)*) w
= (Ssie(h)* - w

so that
h-w* = ((Ssigr(h)* - w)* = sigr(h) - w*.
Again
(h-w*)* =S(h)* - w=8"1h") w
= sie(S7H ) w
=si(ai(h)’) - w
= (sie1(h))" - w
so that

h-w* = ((Slf—:l(h))* . w)* = Silslt’:‘l(h) cwt = tl&“l(h) -w*.
iii) holds because d satisfies the property.
iv) Follows from ii). O

We shall denote the differential on 2y only by d, assuming that it really means d is restricted to
Qp. Now we come to our example. According to Haefliger [Kor08|:

DEFINITION 4.3.12. A transverse structure on a foliated manifold (M, F) is a structure on the
transversal manifold N, invariant under the action of the holonomy pseudogroup P.
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Since the groupoid T'(P) is constructed out of P, it follows that P invariant structures are I'(P)
invariant. The normal bundle N (M, F) of the foliation F is isomorphic to the tangent bundle TN of N.
Thus, basic forms on the foliated manifold (M, F) are in bijective correspondence with I'( P)-invariant
forms on the transverse manifold N (see [Kor08]). To see what does I'(P) invariant forms correspond
to, we introduce the following.

DEFINITION 4.3.13. A local bisection of a Lie groupoid G is a local section o : U — G of s : G — Gy
defined on an open subset U C G such that to is an open embedding.

If G is étale, any arrow g induces a germ of a homeomorphism oy : (U, s(g)) — (V,t(g)) from a
neighborhood U of s(g) to a neighborhood V of t(g) as follows: choosing U small enough such that
a bisection o exists and t|,y is a homeomorphism into V' := t(cU), we set o, := to. We do not
distinguish between o4 and the actual germ of this map at the point s(g).

LEMMA 4.3.14. Let G be an étale groupoid, and let E be a smooth complex vector bundle over Gy
with a G-representation. Then a section u : Go — E is G-invariant if and only if it is C°(G)-invariant.

PROOF. Recall that a section u of the bundle E is G invariant, if g - u(z) = u(y) for all arrow
2y, while u is C2°(G) invariant if a - u = ;(a)u for all a € C>°(G). That G-invariance implies
C°(G)-invariance is clear. For the converse, pick an arrow z % y and a bisection (U, o) such that
g € o(U) [IMMO3|. Then choose any function a € C°(G) with support in o(U) and a(g) = 1. Note
that on a bisection o(U), we have a(t|y() ™' = &i(a) and a - u = a(t|,)) "'u = &/(a)u. Hence the
lemma follows. O

Now take B = C*°(Gy) and Q = Q(Gp), the C-valued smooth functions and forms on Gy,
respectively.

LEMMA 4.3.15. The differential d on Gy satisfies
d(a-w) =d(g(a)) Nw+ a-d(w) (4.3.5)

fora € C*(G) and w € Q(Gy). Hence [a—ei(a),d] =0 for all a € C°(QG), thus implying Hy = C2°(Q)
(see for Hy).

PROOF. As observed above in the proof of Lemma4.3.14} on a bisection o(U), we have a(t|, ) ™! =
ei(a) and a - u = a(t|, () tu = g(a)u. Now ([4.3.5) follows from Leibniz rule and locality of d. The
last statement follows from (4.3.5) and the fact that s; = ¢;. O

Denote by Q(Go)® the G-invariant forms. Then forms on the “orbit or leaf space” are captured as
follows.

PROPOSITION 4.3.16. The pair (2(Go), d) is a C°(G)-covariant differential calculus, and we have
(QGo)€, d) = (AGo)c= (), d) as differential graded algebras.

PROOF. Since G acts by local diffeomorphisms, it follows that d is G-invariant. So d descends to
Q(GO)G. The proposition now follows from Lemma |4.3.14f and Lemma [4.3.15 (|

DEFINITION 4.3.17.

i) We say that an H-covariant differential calculus (2, d) over an H-module algebra B has total
dimension n if Q¥ =0, for all k > n, and Q" # 0.

it) If in addition, there exists a (B, B)-bimodule and an H-module isomorphism vol : Q" — B, then
we say that Q is orientable.

it1) If Q is a x-calculus over a x-algebra, then a x-orientation is an orientation which is also *-
preserving, meaning vol# = # vol.

i) A x-orientable calculus is one which admits a x-orientation.

v) Let T be a state on B, i.e., a unital linear functional 7 : B — C such that 7(b*b) > 0. We call the
functional T vol the integral associated to T and denote it by fT.

vi) We say that the integral is closed if [ (dw) =0 for all w € Q" 1.
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DEFINITION 4.3.18. An étale groupoid G is oriented if Gy is oriented in the ordinary sense and G
acts by orientation-preserving local diffeomorphisms.

PROPOSITION 4.3.19. With B = C*°(Gy) and Q = Q(Gy), orientation in the sense of Definition
coincide with groupoid orientation on G.

PROOF. This follows from Proposition [£.3.16] O

LEMMA 4.3.20. Assume that (0, d) is x-oriented with orientation vol and of total dimension 2n.
Then (Qq, d) is x-oriented.

PROOF. Since vol is assumed to be H-linear, it restricts to {9, which in turn shows that Q27 # 0
so that it also has total dimension 2n. The lemma now follows from Lemma [£.2.23] and Proposition

E311 O

4.3.2. Complex structures. The setup below is due to [1317], see Chapter [3|and we follow it
closely. We shall omit the proofs of some of the results here as they are essentially given in [B17].

DEFINITION 4.3.21. An H-covariant almost complex structure for an H-covariant x-differential
calculus (2, d) over an H-module x-algebra B is an N-algebra grading @(kJ)eNgQ(k’l) for Q such that

i) the H-action preserves the N3-grading;
it) Q" = Brp1=nQFD | for all n € Ny;

iii) # : Q — Q preserves the N2-grading, where the N&-grading on §) is given by ﬁ(k’l) = QR
Let 0 and 0 be the unique homogeneous operators of order (1,0) and (0, 1) respectively, defined by
8 |Q(k,l): prOjQ(k+1,z) d 5 |Q(k,z)= prOjQ(k,L+1) d, (4.3.6)

where projg.i+1y and projgu.+1y are the projections from Q*++1) onto QF+1D and QR | respec-
tively.
As in [B17], we have:

LEMMA 4.3.22. If EB(M)eNgQ(k’Z) is an H-covariant almost complex structure for an H-covariant
x-differential calculus (2, d) over an H-module x-algebra B, then the following two conditions are
equivalent:

i) d=0+0;
i) the triple (QB(,CJ)GN%Q(’“”, 9,0) is an H-covariant double complex.

PROOF. The proof of the equivalence is in |B17 |. All we have to show is the H-covariant part in
ii). Observe that projg®+1.y and projgm.i+1) are H-linear. Then for h € Hy,

[h—s1e0(h), 0 |quen] = [h — tiei(h), 0 |qun] = 0.
Thus we get ([4.3.1]) for d |1, and similarly for d |gx.1), hence the covariance. O

DEFINITION 4.3.23. When the conditions in Lemmal[{.3.29 hold for an almost complex structure,
then we say that the almost complex structure is integrable.

We also call an integrable almost complex structure a complex structure and the double complex
(@(k,l)eNgQ(k’l)a 0, 0) its Dolbeault double complex. Note that

I(w*) = (Ow)*, A(w*) = (0w)*, w e, (4.3.7)
as they follow from the integrability condition.

LEMMA 4.3.24. Suppose that (2, d) admits an H-covariant complex structure. Then (Qo, d) admits
a complex structure. We call this a transverse complex structure on By.
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REMARK 4.3.25. Strictly speaking, we haven’t defined what complex structure (or any other
structures) means on an algebra without any equivariance. The idea is to forget the “H-covariant”
part and take the rest as the corresponding definition. In the present situation, a complex structure is
a bigrading that satisfies Conditions i) and ii) in Deﬁnitz’on with d =0 + 0.

ProOOF OF LEMMA 324l Condition i) in Definition |4.3.21}implies that (Qo, d) admits an NZ-
algebra grading by (€)*! = Qék’l), (k,1) € N2. Condition ii) follows automatically, while Condition

iii) follows from that fact that # is H -linear. 0 and 0 restrict to the space of invariant forms as in
Proposition [4.3.11} Finally, d = 9 + 0 then follows automatically. |

As in [CW91]|, we define:

DEFINITION 4.3.26. The foliation F on a foliated manifold (M, F) is transversely holomorphic if
it carries a transverse complex structure in the sense of Definition [{.53.13

If the foliation F is transversely holomorphic, the normal bundle N (M, F) of F has a complex
structure corresponding to the complex structure on N. Therefore any complex-valued basic k-form
can be represented as a sum of the k-forms of pure type (r,s) corresponding to the decomposition
of k-forms on the complex manifold N. Let Q(’E(M ,F) denote the space of complex-valued basic
k-forms on the foliated manifold (M, F), and denote by Q((CT’S)(M , F) the space of complex-valued basic
forms of pure type (r,s). Then we have QX (M, F) = @Hs:kﬁg’s) (M,F). The exterior derivative
d: QE(M,F) — QE™Y (M, F) decomposes into two components d = d + 9, where 9 is of bidegree (1,0)
and 9 is of bidegree (0,1), i.e., : Q%) — QU+1L5) and §: Q3 — Qrs+1),

Keeping in mind Definition and the case for orbifolds (see [BBF717]), we make

DEFINITION 4.3.27. An étale groupoid G is holomorphic if Gg is a complex manifold and G acts
by local biholomorphic transformations.

This fits into our framework as follows:

PROPOSITION 4.3.28. An étale groupoid G is holomorphic if and only if (Q(Gop), d) admits a
C°(G)-covariant complex structure.

PROOF. First observe that an almost complex structure on Gy is also given by a bundle map
J : T*(Gy) = T*(Go) (and its extension to the exterior algebra bundle) such that J? = —idy«(gy)-
The bidegree decomposition is a consequence of this fact. Since bundle maps are sections of the
HOM-bundle, G is almost complex if and only if ((Gy), d) admits a C°(G)-covariant almost complex
structure, by Lemma [£.:3.14] Since integrability is same in both sense, we have the proposition
proved. O

The orbit space inherits a complex structure:
COROLLARY 4.3.29. If G is holomorphic, then (Q(Go)Y, d) admits a complex structure.
Proor. This follows from Proposition 4.3.28 and Lemma [4.3.24 (]

4.3.3. Hermitian and Ké&hler structures. We fix an H-covariant x-differential calculus (2, d)
over an H-module x-algebra B of total dimension 2n. As in [B17], the following is a non-commutative
generalization of an almost symplectic form.

DEFINITION 4.3.30. An almost symplectic form for Q is a central real H-invariant 2-form o
(h-o=se(h)-o for all h € H) such that, the Lefschetz operator

L:Q—Q, wroAw
satisfies the following condition: the maps
LnF .k - g2k (4.3.8)

are isomorphisms for all 0 < k < n.



68 4. GENERALIZED SYMMETRY IN NONCOMMUTATIVE COMPLEX GEOMETRY
Since o is a central real form, L is a (B, B)-bimodule morphism and #-preserving (L# = #L).
Moreover, the H-invariance condition implies that L is also an H-module morphism. Indeed, we have
h-(ocAw)=hay- o ANhg)-w=1p(e(h)))o Ahg) - w
= o Aig(ei(h)))(he) - w)) = o A (siei(ha))h@) w=0ANh w.
DEFINITION 4.3.31. A symplectic form is a d-closed almost symplectic form.

Buachalla, []_5)17 |, introduced hermitian structure which is an almost symplectic form compatible
with a complex structure.

DEFINITION 4.3.32. A hermitian structure for  is a pair (), o), where Q) is an H-covariant
complex structure, and o is an almost symplectic form, called the hermitian form, such that o € Q1

‘We have:

LEMMA 4.3.33. Suppose that (Q0),a) is a hermitian structure for (Q, d). Then o induces a
hermitian structure on (Q, d).

PRrROOF. By definition, o € €y. The H-linearity of L shows that o is an almost symplectic form
for (Qo, d). Finally, o € (Q11)g = (Q¢)*Y, by Lemma [4.3.24 O

We say that an almost complex structure is of diamond type if 2(%?) = 0 whenever a > n or b > n.
Supposing a > n and observing that the isomorphism L%t~ maps Q=7 onto Q@) we see that
the existence of a hermitian structure implies that the complex structure has to be of diamond type.

DEFINITION 4.3.34. The Hodge map associated to a hermitian structure is the morphism uniquely
defined by

* (L (w)) = (—U’“kﬁi”m_[éﬂ_wﬂjk(m w e P@b ¢ pk, (4.3.9)

Recall the notion of primitive forms from Definition Observe that x is an H-module morphism.
Hence it descends to €.

LEMMA 4.3.35. We have
i) ¥*(w) = (=1)*w for all w € QF,
it) x is an isomorphism,
iii) x(Q@Y) = Qn=bn-a),
i) % is a *-preserving.

ProoF. This is Lemma [3.2.10] The proof is same as given in |]_5)17]. One checks the statements
on primitive forms and then uses Lefschetz decomposition, see Proposition [3.2.6| and Proposition
belOW. 0

Given a hermitian structure (20+) k), we first recover the hermitian metric associated to it:
DEFINITION 4.3.36. Define g: Q®pQ = B by glw®7) =0 forwe QF, ne Q! k#1, and
g(w®T7) = vol(w A *(n")) (4.3.10)

for w,n € QF.
A metric on the orbit space should be an invariant one as is showed in the following lemma.

LEMMA 4.3.37. For w,n € QF and h € H, it holds that
g(hay w @ hez) - 7) = h- glw@7), (4.3.11)

so that g is H-covariant.
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PROOF. We compute

9(hay - w @ ey -7) = g(ha) - w @ S(hez)* 1)
— vol(hqr) - w A (S(hz)" - 1)")
= vol(hqry - w A((S(S(h2))") - 1)
= vol(hq) - w Ax(h(2) -1")
= vol(h(1) - w A hay - x(n"))
= vol(h - (w Ax(n7)))
= h-vol(w A x(n*))
=h-glw®mn),

PROPOSITION 4.3.38. The following decompositions are orthogonal with respect to (,):

i) The degree decomposition Q = @3 0F;
ii) The bidegree decomposition Q¥ = EB(ayb)Q(a’b) ;
iii) The Lefschetz decomposition QF = @ ;5o L? (P*~%7).

PROOF. Again the proof is same as in [B17]. But we repeat the proof of iii) as it is beautiful in its

own right. First we prove that the decomposition holds. Assume that the decomposition holds for some
2 Ln—kfl

k < n —2. Consider the composition L"~* : QF Loqr+2 I q2n—k Since Lk QF — Q2n—F is
an isomorphism of (B, B)-bimodules, we have the (B, B)-bimodule decomposition
QFF2 = fer(L"F 1 |grae) @ L(QF)

= ker(L"~FH2DHL |01 0) @ LQP)

— PR g L(QF)

= PH* g (8,50 L7 (PF2))

= PH2 @ (@1 L/ (PF22))

= @j>o L7 (PM27%).

Since Q20 = P and Q! = P!, it follows from an inductive argument that the decomposition holds for
each space of forms of degree less that or equal to n. For forms of degree greater than n, we see that,
for k=0,...,n,
Q2n7k ~ Lnfk(Qk)
= LM (@50 L (PF2))
= >k L/ (P2H%)
_ @jZOLj (‘PQn—k—Qj)7
where the last equality follows from the fact that, for j =0,...,n — k — 1, either 2n — k — 2j > n and
P?n=k=2j — ( by definition, or k +2 < 2n — k — 25 < n, and so, we have L7 (P?"~k=27) = (.
Now we prove that the decomposition is orthogonal. Given w € P*, n € P!, g(L'(w) ® Li(n)) is
nonzero only if 2i + k = 25 4+ [. Assuming n € P(“7b)cpl, we have
9(L'(w) @ LI (1)) = vol(L*(w) A *L? ("))
= cvol(Li(w)) A L7 (") (where c is the scalar part in the definition of x)
= cvol(L" =17 w) An*).

Assuming j > 4, we have Lt —i=t = [»=k+G~%) hence, for w € P¥, L" %+~ (w) = 0 and the result
follows. The case j < ¢ is similar. |
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The above proposition implies the following.
COROLLARY 4.3.39. We have g(w ®7) = g(n @ w)* for w,n € .
ProoOF. By Proposition it suffices to prove the result for g(L7(w) ® Li(n)), for w,n €
P@b) « Pk We have,
9(L? (w) ® LI (n)) = vol(L? (w) A <L ("))

ol ) A i)

E(k+1)
#ibfa

CRYRES
= (e e @) )
= (0 el a1 W)

= (9(L7 (n) ® LT (w)))".

We recall from [MMO3|:

DEFINITION 4.3.40. The foliation F on a foliated manifold (M, F) is transversely Riemannian if
it carries a transverse Riemannian structure in the sense of Definition[].3.19

The metric on N (M, F) is induced from a bundle-like metric on M. Recall from [CW91|:

DEFINITION 4.3.41. The foliation F on a foliated manifold (M, F) is transversely hermitian if it
carries a transverse hermitian structure in the sense of Definition [{.5.12

The operator x : A¥(M,F) — A%~%(M, F) defined via the transverse part of the bundle-like
metric of F extends to A(’E(M7 F)— Aéq_k(M, F), where ¢ is the complex codimension of F.
Being motivated by this, we make the following definition.

DEFINITION 4.3.42. An étale groupoid G is hermitian if Go admits a G-invariant hermitian
structure.

Again, algebraically we have the following proposition.

PROPOSITION 4.3.43. An étale groupoid G is hermitian if and only if (2(Gy), d) admits a C°(G)-
covariant hermitian structure.

PROOF. The proof of the statement that G is hermitian implies that (2(Gp), d) admits a C°(G)-
invariant hermitian structure is straightforward. For the converse, we recover the hermitian metric

as in Definition [4.3.36] and Lemma [4.3.37] shows that it is G-invariant. Compatibility follows from
Proposition [£.3.38 O
COROLLARY 4.3.44. If G is hermitian, then (Q(Go), d) admits a hermitian structure.
PROOF. This follows from Proposition [£.3.43] and Lemma [£.3.33] (|

The hermitian structure is said to be positive definite if g(w ® @) > 0 for all nonzero w € Q. In
that case, we define an inner product (positive definite, hermitian) on Q by setting

(w,n) =19(wRM) = /w A *(n*) (4.3.12)

for w,n € Q and a fixed faithful state 7 on B. We denote the corresponding norm of w by |lw]|.
Moreover, Lemma shows that ¢ induces a metric on €y that takes values in By. Applying 7, we
get an inner product on Qy which is really the restriction of (-,-) to €y. From now on, we assume that
the hermitian structure to be positive definite.

PROPOSITION 4.3.45. The Hodge map * is unitary.
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PROOF. See the proof of Lemma 5.10 in [B17]. O
We now define the Laplacians.

DEFINITION 4.3.46.

i) The codifferential is defined as d* := — x d*;
ii) the holomorphic codifferential is defined as 0% := — % Ox;
i11) the anti-holomorphic codifferential is defined as 0" = — % 0x.

Observe that for w € ,
(W) = (d'w)*, (W) =@ w)* and 3 (W)= (0w)* (4.3.13)
Now, it is natural to define the d-, O- and 0- Laplacians, respectively as
Agi=(d+d)?  DNp:=(0+0)2, Ay:=(0+9)%. (4.3.14)
PROPOSITION 4.3.47. The operator adjoints of d, 0 and O are d*, O* and 5*, respectively.
The following will be used later.
COROLLARY 4.3.48. The Laplacians Aq, Ay and Ay are symmetric.
We have:

LEMMA 4.3.49. The operator d* (respectively 0, 0) and hence Ay (respectively Ag, Az) descends
to Qo.

PROOF. Since x is H-linear, we have for h € Hy,
[h - Slgl(h)a d*} = [h’ - tlé‘l(h), d*] =0.
Hence d* descends to Q. O

Given the Laplacians Ay, Ay and Ay, we define the d-harmonic, d-harmonic and O-harmonic
forms to be, respectively

Haq = ker(Ay), Ho :=ker(Ag), Hy := ker(Ay). (4.3.15)

PROPOSITION 4.3.50. We have
i) Agqw =0 if and only if dw =0 and d*w = 0;
it) Apw =0 if and only if Ow =0 and 0*w = 0;
iii) Azw = 0 if and only if Ow =0 and 9'w=0.

PROOF. We only prove i), the other proofs being similar. Clearly, Ajw = 0 if dw = 0 and d*w = 0.
Now
(Agw,w) = [ldwl]|® + [|d*w]?.
Thus if Agqw = 0, then the both terms on right-hand side must vanish, i.e., dw =0 and d*w =0. O

According to [B17], Kihler structures are defined as follows.

DEFINITION 4.3.51. A Kdhler structure is a hermitian structure (Q0), k) such that the hermitian
form Kk is d-closed. Such a form is called a Kahler form.

THEOREM 4.3.52. The following relations hold:
99 +990=0, 99+00* =0, Ag=20p=2A5. (4.3.16)
PROOF. See the proof of Corollary 7.6 of [B17]. O

PROPOSITION 4.3.53. We have
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1) Hg = ®a+b:k7{;’b) and ’H% = @,Hb:k?-lgl’b), where
HEY = {w e Q@Y | Apw = 0}.
Similarly, define Hgl b) ;
it) if the hermitian structure is Kdhler, then both decompositions coincide with HZ = EBa+b:k”H((ia’b).
In particular, ’H’j =HE = M-
The proof in [1317] does not use equivariance. Hence the above proposition also holds for (Qq, d).

PROPOSITION 4.3.54. The Hodge map * and the map o — &@* commute with the Laplacian Ag.
Hence, in the Kdhler case, they also commute with Ay and A.

LEMMA 4.3.55. A Kihler structure (Q0) k) on (Q, d) induces via k a Kdhler structure on (Qo, d).
PROOF. Since & is automatically d|qg,-closed, the lemma follows from Lemma [4.3.33 O
Following [CW91], we have:

DEFINITION 4.3.56. The foliation F on a foliated manifold (M,F) is transversely Kdhler if it
carries a transverse Kdihler structure in the sense of Definition [[.3.13

The Kéhler form of N defines a basic (1,1)-form on (M, F) which is called the transverse Kéhler
form of the foliation F. Motivated by this and the case for orbifolds, we define:

DEFINITION 4.3.57. An étale groupoid G is Kdhler if Go admits a G-invariant Kdhler structure.
The following is routine:

PROPOSITION 4.3.58. An étale groupoid G is Kdhler if and only if (U(Go), d) admits a CX(G)-
covariant Kahler structure.

PROOF. This follows from Proposition [£:3.43] and Proposition [£.3:16] O
COROLLARY 4.3.59. If G is Kdhler, then (Q(Go)Y, d) admits a Kihler structure.
PROOF. This follows from Proposition and Lemma O

4.4. Hodge theory and formality for noncommutative Kahler structures
In this section, we prove a version of the Hodge decomposition and a formality theorem.

4.4.1. The Hodge decomposition. We begin by remarking that in |]§17]7 cosemisimplicity is
used to prove the theorem for quantum homogeneous spaces. What we prove below corresponds to,
classically, Hodge decomposition for Gy. Ideally, one should use only the compactness for Gy without
any equivariance. This is what we do. To descend to the space of invariant forms, we need something
more. More about it below (see Definition . Following [War83|, we make the following definition.

DEFINITION 4.4.1. For n € QF, a weak solution to Ay(w) = 1 is a bounded linear functional
1:QF — C such that
W(Aa(9) = (n,¢),  forall ¢ € Q". (4.4.1)

The next definition is equivalent to the ellipticity of the Laplacian in the classical situation.

DEFINITION 4.4.2. The hermitian structure is said to be d-regular if the following are satisfied:

i) Let n € QF, and let | be a weak solution of Ay(w) =1n. Then there exists an element w € QF such
that
I(v) = {w,v)
for every v € QF.
ii) For a sequence {n,} in QF such that |n,| < ¢ and |Aq(n,)|| < ¢ for all n and for some constant
¢ >0, there exists a Cauchy subsequence of {n,} in QF.
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A sufficient condition for regularity is provided in Theorem [4.4.18 We now show that, as in the
classical situation, regularity is sufficient for the decomposition to hold.

THEOREM 4.4.3. Assume that the hermitian structure is d-reqular. Then for each k with 0 < k < 2n,
the space Hf} of d-harmonic forms is finite dimensional and we have the following orthogonal direct
sum decomposition of Q¥ called the Hodge decomposition:

OF = Ag(QF) © 1
= (dd* @ d*d)(QF) © HE (4.4.2)
= d(QF ) @ dr () @ HE.
PrOOF. We closely follow [War83]. If HX were not finite dimensional, then H% would contain
an infinite orthonormal sequence. But by condition ii) in Definition this orthonormal sequence

would contain a Cauchy subsequence, which is impossible. Thus ’H'j is finite dimensional.
Observe that it is sufficient to prove the first equality.

Let wi,...,w; be an orthonormal basis of #X. Then an arbitrary form 7 € QF can uniquely be
written as
1
n=v+ Z<777Wi>wia (4.4.3)
i=1

where v lies in (#%)+. Thus we have an orthogonal direct sum decomposition
OF = ()" © Hj. (4.4.4)

The theorem will be proved by showing that (H%)1 = A4(QF). We let P denote the projection operator
of Q% onto H% so that P(n) is the harmonic part of 7.
It can be shown that Ay(QF) C (HE)L. Indeed, if w € OF and n € HE, then

(Ag(w),n) = (w,Aq(n) = 0.
Conversely, we claim that
(HEYE c Ag(QF). (4.4.5)
In order to prove , we first need the following inequality.
We claim that there is a constant ¢ > 0 such that

Inll < el Aa(m)ll for all € (Hg)™. (4.4.6)

Suppose the contrary. Then there exists a sequence n; € (H%)1 with ||n;|| = 1 and ||Aq(n;)|| — 0. By
condition ii) in Definition a subsequence of the n;, which for convenience we can assume to be
{n;} itself, is Cauchy. Thus lim;_,.(n;,¢) exists for each ¥ € Q*. We define a linear functional [ on
OF be setting

I(¢) = lim (n;, ) for ¢ € QF. (4.4.7)
j—o0
Now [ is clearly bounded, and
U(Bal6)) = Tim (13, Aa(6)) = Tim (Aa(ny). 6) = 0. (148)

so [ is weak solution of A4(n) = 0. By condition i) in Definition there exists 7 € Q¥ such that
(1)) = (n,v). Consequently, n; — n. Since ||n;|| = 1 and n; € (H%)L, it follows that ||n|| = 1 and
(HE)L. But Ag(n) =0, so n € HE, which is a contradiction. Thus the inequality in is proved.

Now we shall use to prove . Let n € (H%)L. We define a linear functional I on
A4(QF) by setting

1(Ag(0)) = (n,¢) for all ¢ € Q. (4.4.9)
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This [ is well-defined; for if Ag(¢1) = Ag(¢2), then ¢ — ¢ € ’H’j, so that (n, 91 — ¢2) = 0. Also [ is
a bounded linear functional on A4(QF), for let ¢ € QF and let ¢ = ¢ — P(¢). Then using the above
inequality, we obtain that
[ 1(Aa() =1 1(Aa(@)) [=] (n,) | < lInlllle|

< clnlll[Aa@)Il = clnlllAq(e)]-
By the Hahn-Banach theorem, I extends to a bounded linear functional on QF. Thus [ is a weak
solution of Ag(w) = 1. By condition i) in Definition [4.4.2] there exists w € QF such that Ag(w) = 7.
Hence (4.4.5)) is proved. Consequently, we have

(Hi)™ = Aa(29), (4.4.11)

(4.4.10)

and the Hodge decomposition is proved. O

Similarly, d-regularity and O-regularity lead to Hodge decompositions for Ay and Ay, with finite

dimensional harmonic spaces ’H(a’b) H(a’b) respectively. Moreover, if the hermitian structure is Kéhler,

then d-regularity coincide with B—Iegularlty and O-regularity. In this situation, 7—[ a:b) H(ga b,
From now on, we assume d-, 0- and 0-regularity.
COROLLARY 4.4.4. We have
ker(d) = Hq ® d(Q), ker(0) = Ho ®0(Q), ker(0) = Hz ® (), (4.4.12)
and
Hh=HE, HEY =HY WD = g, (4.4.13)

where HC’; is the k-th cohomology of (2, d), Hgl’b is the a-th cohomology of (Q("b),(‘?) and Hgl’b) 18
the b-th cohomology of (%) ).

COROLLARY 4.4.5. Let (Q0), k) be Kdihler. Then for a d-closed form w of type (a,b), the following
conditions are equivalent:
1) The form w is d-exact;
ii) the form w is 0-exact;
i) the form w is O-exact;
i) the form w is 00-exact.

PrOOF. We add another equivalent condition: v) The form w is orthogonal to #(%?). The Kshler
condition says that we don’t have to specify with respect to which differential operator (d, d or 9)
harmonicity is considered.

Using Hodge decomposition, we see that v) is implied by any of the other conditions. Moreover,
iv) implies 4)-4i¢). Thus it suffices to show that v) implies iv).

If w € Q@Y is d-closed (and thus d-closed) and orthogonal to the space of harmonic forms, then
Hodge decomposition with respect to 0 yields that w = 9(n). Now applying Hodge decomposition with
respect to O to the form 7 yields that

=) +0 (V) + "
for some harmonic . Thus w = 99(v ) 99 (). Using 00 = 75*8 and 9(w) = 0 we conclude

80" 9(1') = 0. Since (98 0(v'),0()) = |8 d(n')||2, it follows that 99 (/) = —8 (') = 0. Therefore,
w = 00(v). O

COROLLARY 4.4.6. Let (Q0), k) be Kdihler. Then there exists a decomposition
HY = @aqp—i Hy"" = Sqppr HS. (4.4.14)

The decomposition does not depend on the chosen Kahler structure.
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For foliated manifolds there are different ways of proving the decomposition; see for example
ICW91,[EKA90,PR96|. To use averaging as in [B17], it turns out that the correct generalization of
compact lie groups are proper étale groupoids. For proper étale groupoids, there are Haar systems and
cut off functions, by which one can average sections to make them invariant; see for example [Har15]|.
Motivated by this, we make the following definition.

DEFINITION 4.4.7. We say that H acts on (2, d) properly (or (2, d) is a proper H-module) if
there is a graded C-linear morphism m : Q — Q which is a self-adjoint idempotent with range €.

So we are actually capturing orbit spaces for proper étale groupoids or orbifolds. Note that
if the Hopf algebroid is assumed to be semisimple, i.e., there is an integral (see [Boh09]), then it
acts properly on any module. See Proposition for a sufficient condition (or rather the actual
projection, the algebraisation of which is the above definition) for such a projection to exist.

COROLLARY 4.4.8. For a d-regular hermitian structure on (€, d) which is also a proper H-module,
any w € QF can be written as

w=A2A4n)+v, (4.4.15)
where n € Qf and v € HE N Q. Hence Hodge decomposition hold for (o, d) under d-regularity.

Corollary implies that the same proof as in Corollary goes through and implies an
analogue of Corollary for (Q, d) under the properness assumption.

PROOF OF COROLLARY [4.4.8 The result follows from Hodge decomposition once we show that
A4 commutes with m. Now let w € Q. Then

(n, Agm(w)) = (Aa(n), m(w))

= (mAq(n),w)

= (Aa(n),w)

= (0, Ag(w)) = (m(n), Ag(w))
= (n,7Aq(w))

for all n € Qp. Hence Agm(w) = 7Ag(w). Here we use that A4 is self-adjoint and it preserves Q. O

4.4.2. Formality of noncommutative Kahler structures. In this section we prove an ana-
logue of the classical result that says compact Kéhler manifolds are formal. For foliated manifolds this
was shown in [EKA90,/CW91| and for orbifolds in [BBF™17]. We start by recalling the definition of
a formal differential graded algebra. We closely follow [HuyO05] for the whole section.

DEFINITION 4.4.9. Two differential graded algebras (X,dx) and (Y,dy) are equivalent if there
exists a sequence of differential graded algebra quasi-isomorphisms

Cludcl C’nvdc

/\/\/

(X,dx) (Co,dc,) (Y, dy).

DEFINITION 4.4.10. A differential grade algebra (X, dx) is called formal if (X,dx) is equivalent
to a differential graded algebra (Y,dy) with dy = 0.

We note that (X, dx) is formal if and only if (X, dx) is equivalent to its cohomology differential
graded algebra (H (X, dx),d = 0).

Now in our setup, suppose that (£, d) admits an H-covariant complex structure. Introduce
the operator d® : QF — QFtl defined as d° = —/—1(0 — 9). Lemma then implies that
dd® = —d°d = 2+/—=100 and (d°)? = 0. By Lemma we see that d° descends to €2g. We prove
below an analogue of the dd®-lemma in the classical situation.
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LEMMA 4.4.11. Suppose (2, d) admits a d-regular Kdihler (d-regular hermitian which is Kdhler)
structure. Let w € QF be a d°-exact and d-closed form. Then there exists a form n € QF=2 with
w =dd(n). The same holds for (o, d) if (0, d) is a proper H-module.

PRrROOF. We write w = d°(¢) and consider the Hodge decomposition ¢ = d(n) + v + d*(¢). The
property of being Kihler implies that the harmonic part v is also d-closed and O-closed. Hence
d*(¢) = d°d(n) + d°d* ().

It suffices to show d°d*(¢)) = 0. We now use 0 = d(w) = dd°d*(v)) and d°d* = —d*d° as in the
proof of Corollary Hence,

0 = (dd*d°(¢),d°(¥)) = ||d"d°(4)]|?
and thus d°d*(¢) = —d*d°(¢)) = 0.

Now for the last statement, we observe that because of Corollary [£.4.8 and Lemma [£.3.55] the

same proof as above gives the dd®-lemma for (€, d). O

Lemma [£4.17] implies the following corollary. Part of the proof was suggested by the referee.

COROLLARY 4.4.12. If w € QF is a d°-closed and d-exact form for a d-reqular Kdihler structure on
(2, d), then w = d°d(n) for some n € QF~2.

PROOF. We introduce the operator I: Q — Q defined by I(w) = Za’b(—l)%b Projos (w) and
observe that

d°=1"1d1, dI*’=-T1%d,
which follow from the bidegree decomposition. Using d® = 17! d1, we get that w is d°-closed if and only
if I(w) is d-closed. The identity d1? = — 1% d implies w is d-exact if and only if I(w) is d°-exact. Then
I dde =111 dI=T1"1d1172dI = —d°d1},
together with Lemma yield the corollary. O

We next consider the sub differential graded algebra (Q¢, d) C (£2, d) consisting of all d°-closed
forms. Since dd® = —d°d, we get that d(Q2°) C Q°.

LEMMA 4.4.13. For a d-regular Kdhler structure on (2, d), the inclusion j : (¢, d) — (2, d) is
a differential graded algebra quasi-isomorphism. If the H-action is proper, then the same conclusion

holds for (o, d).

PROOF. Let w € (2%)¢ be a d-exact form. Then by Lemma we get that w = dd®(n) for
some 1 € QF=2 Injectivity of j* is now clear because d°(n) is already d°-closed.

By Corollary any cohomology class in H (’j can be represented by a d-harmonic form w € QF.
By Proposition any d-harmonic form is also d-harmonic and d-harmonic. Thus w is d°-closed
and hence w is in the range of j*. This gives the surjectivity of j*.

The last statement is obtained by the same proof and corresponding results for (g, d). O

Since dd® = —d°d, it follows that d induces a natural differential
d:HY — HEF
where HY. is the k-th cohomology of (Q¢, d°).

LEMMA 4.4.14. For a d-regular Kdhler structure on (0, d), the natural projection p : (€, d) —
(Hge, d) is a differential graded algebra quasi-isomorphism. If the H-action is proper, then the same
holds for (o, d).

PROOF. Let w € QF be d-closed and d°-exact. Then Lemma implies that w = dd®(n). In
particular, w is in the image of d : (2F~1)¢ — (QF)°. Hence p* is surjective.

Let an element in the cohomology of (Hge, d) be represented by the d°-closed form w. Then d(w)
is d-exact and d°-closed. Thus d(w) = dd¢(n) by Lemma Hence w — d°(n) is both d°-closed and
d-closed and represents the same class as w in Hge. This proves the surjectivity of p*. O
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COROLLARY 4.4.15. For a d-regular Kdhler structure on (Q, d), the differential d is trivial on Hge.

ProoFr. If wis d°-closed, then d(w) is d-exact and d°-closed, and thus it is of the form d(w) = d®d(n)
for some 7. So 0 = [d(w)] € KX+, O

If the H-action is proper then the above corollary holds for (2o, d).

THEOREM 4.4.16. Any given (Q, d) is a formal differential graded algebra if it admits a d-regular
Kahler structure. The same conclusion holds for (2, d) if the H-action is assumed to be proper.

PRrROOF. By Lemma [4.4.13[and Lemma [4.4.14] respectively, j : (Q°, d) — (Q, d) and p : (Q°, d) —
(Hyge, d) are differential graded algebra quasi-isomorphisms. Thus, the diagram

C

/\

(Qa d Hdcy O)
it follows that (€, d) is equivalent to a differential graded algebra with a trivial differential. O

4.4.3. A sufficient condition for d-regularity. In this subsection we establish a sufficient
condition for a hermitian structure to be d-regular in the sense of Definition [f:4:2] We also prove that
the projection ¢ as in Definition [4.4.7] commutes with Ag.

Recall from that for a positive definite hermitian structure, an inner product is given by

(w,n) =T9(wWRT) = /w A *(n*). (4.4.16)

DEFINITION 4.4.17. Define the Hilbert space of forms L*(Q) to be the completion of Q with respect
to the inner product given by (4.4.16]).

Then Ay becomes a non-negative (see the proof of Proposition m densely defined symmetric
(see Corollary [4.3.48)) operator on L?(€). Thus Ay has a canonical self-adjoint extension called the
Friedrichs extenaon Wthh we again denote by Ay.

THEOREM 4.4.18. Assume that ﬂkdom(A’;) = Q) and that Ay has purely discrete spectrum, in the
sense that there is an orthonormal basis {w;} for the Hilbert space L*(Q) consisting of forms w; €
which are eigenforms for Ay:

Ag(wj) = Ajw;, for some scalar \;
such that 0 = Ao < A\; < ... — 00 as j — co. Then the hermitian structure is d-reqular.

PROOF. We have to show that conditions i) and ii) in Definition are satisfied. For 1), suppose
we are given 7 €  and a weak solution I of Ag(w) =n. Write n = 3, cjw;. Observe that [@43)
implies that ¢y = 0 and f\—’] = l(wj). Hence w =Y {° iwj is the form we are looking for. All we have
to show is that w € Q, i.e., w is “smooth”. As in the classical situation this follows from the basic
estimate: introduce the norms |[v]|7 = |A%(v)]|? + ||v]|? on H* = dom(AF). Then these spaces become
Hilbert spaces with respect to these norms [Hig06]. Now w; € 2 = Ny H", hence any finite linear
combination of w;’s is in H¥, for all k. Observe that for m > n large enough so that A, > 1,

NG e |CJ|2>‘2 s - 22k | 2 - 2
I Ll =Y Z e < 2 GPA D el = 1D el

Since n € Q = NpH", we get that w € Hk, for all k, hence smooth. Thus we proved that condition i)
holds.

For ii), fix A € p(A,)-the resolvent set, and observe that the resolvent (A — A;)~! is a compact
self-adjoint operator. By hypothesis, [[(A — Ag)(n.)| < ¢(|A] + 1) for all n. So, by compactness,
{Mn = (A= Ag) 71 (A — Ag)(n,)} has a norm-convergent subsequence, hence the subsequence is Cauchy.

Thus the hermitian structure is d-regular. ]
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Now let L?(£2) be the closure of Qg in L?(£2), and let P be the orthogonal projection onto L?(£2g).
The following is extracted from Proposition 1.17 of [Sch12].

PROPOSITION 4.4.19. Suppose Ag|q, is essentially self-adjoint on L?(). Then P takes dom(Ay)
into dom(Ay), and AgP(w) = PA4(w) for all w € dom(Ay). Moreover, P takes ) into §). Hence Plq
gives a projection in the sense of Definition [[.4.7

PROOF. Let w be in dom(Ay). Then

(Adlay(n), P(w)) = (PAdla, (1), w)

= (Adlo, (1), w)

= (1, Aa(w)) = (P(n), Aa(w))
= (n, PAg(w))
for all n € Q. We use that A, is symmetric and A, preserves Qp. So P(w) € dom((Agla,)*) and
(Adlay)*(P(w)) = PA4(w). By hypothesis, Ag|q, is essentially self-adjoint, so we have (Ag4lq,)* =
Ajla,. But Ay is closed, hence Ag|q, C Agy. Therefore we have the first statement. The last statement
follows from the assumption that Nxdom(AX) = Q. O

A further weakening condition can be given for Proposition 4.4.19] to hold. Namely, we determine
when Aglqg, is essentially self-adjoint. For this we consider the strongly continuous one-parameter
unitary group U (t) = e*Ad.

LEMMA 4.4.20. Assume that D := {w € Qo | M — 0 asn — oo} is dense in L?(Qg). Then
U(t) takes L?(Qq) into L*().

PROOF. Pick w from the dense set D above. Observe that U(t)w — w = g%(U(s)w)ds =
fg iU(s)Ag(w)ds. So for n € L?(Q)*,

<U(t)w’ 77> = <U(t)w —w, 77>

y / iU () Aa(w)ds, )

0

¢
- [ s
¢
- / (U () Ag(w) — iAg(w), 1) (since Ay takes Qo into Q)
= / / r)(iAq)*(w),n)drds (by repeating the steps above)

= (inductively)

- [ [ e,

- [w )Ld) “ o,

n!
where o is the standard simplex. Now the result follows from the density assumption on D. O
Before we go onto the next proposition, we observe that U(t) takes Qg and hence D into Qg because

of the assumption that € consists of “smooth vectors” and Lemma We follow Proposition 6.3
of [Sch12].

PROPOSITION 4.4.21. Under the hypothesis of Lemma|4.4.20, the operator Ag|q, is essentially
self-adjoint.
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PROOF. Suppose that 7 € {1, -1} and n € ker((A4|a,)* — 7¢I). Let w € D. Lemma [4.4.20| and
remarks made above imply that U(t)w € Q. Now,

%W(t)w,ﬂ) = (iAqU (t)w,n) = (iU (t)w, Tin) = 7(U(t)w, ).

Thus the function g(t) = (U(t)w,n) is real analytic (because w is smooth) and satisfies ¢’ = 7g. Hence
g(t) = g(0)e™ and so (w, U(—t)n) = (w,e ). Since D is dense in L?(Qg), we get that U(—t)n = e7n.
So t — U(—t)n is differentiable at t = 0 and 4% |—oU(—t)n = 7 = —iA4(n). Because A is self-adjoint,
it follows that n = 0. (]

4.5. More examples of Hopf algebroids

So far we have focused on a single example, that of coming from étale groupoids. We have also
mentioned Hopf algebras and weak Hopf algebras and built our framework using these as guiding
examples. In this section we describe another example, namely, the Connes-Moscovici Hopf algebroid,
which is over a noncommutative base, thus providing wider scope of our framework. Before we plunge
into the Connes-Moscovici Hopf algebroid, we describe a special case, namely the following.

4.5.1. The enveloping Hopf algebroid of an algebra. Given an arbitrary C-algebra A, let
H = A®c A°P. The left bialgebroid structure over A is given as

si(a) =a®c 1, t1(b) =1 ®c b (4.5.1a)
A(a®b) = (a®c 1) ®a (1®cb), ei(a ®@c b) = ab; (4.5.1b)
and the right bialgebroid structure over A°P is given as
sr(b) =1 ®c b, ty(a) =a®c 1; (4.5.2a)
Ar(a®ch) = (a®@c 1) ®aor (1 ®c ), er(a ®c b) = ba; (4.5.2b)

for a,b € A. Finally, the antipode

S(a ®cb) =bRca (4.5.3)
makes H into a Hopf algebroid. If A is a *-algebra then H is Hopf x-algebroid. Then an H-covariant
differential calculus on A is just a differential calculus on A, Definition is satisfied with Hy being
C! Covariant complex and further structures are then described as in Remark So we get back
the usual (non-covariant) structures. We now come to

4.5.2. The Connes-Moscovici Hopf algebroid. Let @ be a Hopf algebra over C with antipode
T satisfying T2 = id and A a Q-module algebra. Consider H = A ®¢ Q ®c A with multiplication given
by
(a®@c g@cb)(d @c ¢ @cb) = algnya’) @c q2)q¢" @c (q3)0)d. (4.5.4)
for a,b,a’,t/ € A and q,q' € Q. A left bialgebroid structure over A, known as the Connes-Moscovici
bialgebroid, is given as

si(a) = a®c 1®c 1, t(b) =1®c 1 ®c b; (4.5.5a)
Ai(a ®c q®c b) = (a ®c gy @c 1) @a (1 @c qe2) @c b); (4.5.5b)
ei(a ®c g ®c b) = ae(q)b; (4.5.5¢)

for a,b € A and q € Q. € is the counit of ) and we have used Sweedler notation for the coproduct of
Q. This much is in the literature, see for example [Boh09]. We now put a right bialgebroid structure
on H over A°P as

Sr(b) =1®c 1Q&c b, tT(a) =a®cl®cl; (456&)
Ar(a®c q®cb) = (a @c q1) @c 1) ®aor (1 @c q(2) @c b); (4.5.6b)
er(a ®c g @c b) = T(q)(ba); (4.5.6¢)

for a,b € A and ¢ € Q. Observe that, for the above structure maps,
ar - (b®c q@cb') - az = b(q(1) - a1) Oc q(2) Dc (q(3) - a2V,
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for ai,as,b,b’ € A and ¢ € . From this, it at once follows that A, and &, are bimodule morphisms.
Coassociativity of A, and counitarity of €, are easy to verify. We now check the Takeuchi condition.
Given a,b,c € A and ¢ € QQ, we have

sr(a)(b®c q) ®c 1) ®aor (1 ®c g2y ®c ¢)

(T®c1®ca)(b®cqa) @c 1)) @aor (1 ®c q(2) Ac ¢)

(b®c q(1) ®c a) Raor (1 ¢ q(2) ®c ¢)

((b®c gy @c 1)1 ®@c 1 ®@c T(g2))a)) ®aor (1 ®c q3) ®c c)
(b®c q(1) ®c 1) ® 400 (1 ®c q(3) ®c )(T(Q(Q))CL ®cl®cl)
(
(
=(

b®c q1) ®c 1) @a0r (q(3)T(9(2))a @c q4) @c ¢)

b®c q) ®c 1) ®aor (a ®c q2) @c ¢) (we use that T? =id)
b®@c q) @c 1) ®aer ((a @c 1®@¢ 1)(1 ®c q(2) @c ¢))

=(b®c q(1) ®c 1) ®aor t(a)(1 ¢ q(2) ®c ©),

thus proving the Takeuchi condition. The verification of the character property of &, is left to the
reader. So this proves that we indeed have a right bialgebroid. Now we define the antipode S as

S(a®c q®cb) =T(qas))b@c T(q2)) @c T(qq))a- (4.5.7)

Again, the antipode axioms are straightforward to check. As an example we show that (S ®idg)A; =
$,€, holds:

(S @idg)Ai(a ®c q @c b)
=S(a ®c q(1) ®@c 1)(1 ®c q(2) @c b)
=(T(qe3))1 ®c T(q2)) @c T(gq(1))a)(1 ®c qa) @c b)
=(1®c T(q2)) ®@c T(qe1))a)(1 ®c q3) @c b)

=T(q))1 ®c T(qe3))q(5) @c T(q(2))0T (q1))a
=1®c T(q2))q3) @c T(qq1))(ba)
=1®c 1®c T(q)(ba)
=srer(a ®c ¢ Q¢ b).
Thus we have:
THEOREM 4.5.1. With the structures described above, H becomes a Hopf algebroid, which we call

the Connes-Moscovici Hopf algebroid. Furthermore, if Q is a Hopf x-algebra and A is a Q-module
x-algebra then H becomes a Hopf *-algebroid in our sense.

REMARK 4.5.2. Observe that taking Q = C gives the enveloping Hopf algebroid back and A = C
reduces H to a Hopf algebra. Thus it is a simultaneous generalization of the cases discussed above.

REMARK 4.5.3. We have used T? = id to make H into a Hopf algebroid. We think that it is
possible to remove this condition by introducing a “modular pair in involution”, that in turn produces
a “twisted antipode” for ), hence for H.

We end this section by a proposition.

PROPOSITION 4.5.4. Let (2, d) be a Q-covariant differential calculus on A. Then (2, d) can be
made into an H-covariant differential calculus on A in the sense of Definition[].3.6, Furthermore, if
Q is a Hopf x-algebra, A is a Q-module x-algebra and (2, d) is a Q-covariant x-differential calculus
then it can be made into an H-covariant x-differential calculus in the sense of Definition [{.5.7}

PROOF. We define the H-action on €2 as follows:
(a®cq®cb) w=al(qg-w)b. (4.5.8)
The only non-trivial part to check is that (4.3.1)) holds. This is easy because Hy contains 1®@cQ®c1l. O
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4.6. Further directions and comments

We end this paper by discussing some directions that we have not touched upon.

4.6.1. Comparison with Connes’ approach. In |[Con82}/Con85|/Con86|, the approach taken
to study singular spaces, in particular, the leaf space of a foliation is as follows. One models the
singular space by a groupoid G and then considers the convolution algebra C2°(G) as the function
algebra of the space in question. We have considered the groupoid here also, but as symmetries. To
consider noncommutative complex geometry on the singular space, we need a differential calculus on
the algebra C2°(G). Here there are many choices and it is a priori not clear what is the correct choice
to make. In fact, if one takes a discrete group and view it as a groupoid then the convolution algebra
is the group algebra and we don’t know what a choice of differential calculus would be (neither the
universal one nor a bicovariant one), let alone the study of noncommutative complex structure and the
meaning of it. So before moving onto arbitrary groupoids, one needs to answer the following question.

QUESTION 4.6.1. Construct (or even classify) differential calculi on the group algebra CT' of a
discrete group I'. Are there any complex structures on it? If so, what does it mean to have a complex
structure on CI"?

4.6.2. Comparison with Frohlich et al.’s approach. In [FGR97], they study spectral data
associated to hermitian, Kéhler structure. []317] already mentions this and it is being taken up
by him and collaborators [BDS19]. We sketch this in our set up. Note that H is represented on
L?(©) by unbounded operators with common domain 2. We first show that these operators are
closable, by exhibiting densely defined adjoint operators. Taking ideas from [KP11], we exploit the
(A,, A,)-bimodule structure on 2 ® g Q which is given by via 071 : A, — AJP; explicitly,

a1 (W®7N) - az = S(sr(az)) - w @ sp(a1) -7, (4.6.1)
for a1,a2 € A, and w,n € Q. We assume that the faithful state 7 used to define the inner product

(4.3.12)) is right invariant, i.e.,
7(h-b) =7(er(h) - 1), (4.6.2)

for h € H and b € B. We have the following lemma.
LEMMA 4.6.2. For w,n € Q and h € H,
Tg(w R S(h)-7) =1g(h-wRT7) (4.6.3)
holds, where g is as in Definition[{.5.36 Thus (h-w,n) = (w, (S?(h))* - ).
PROOF. The proof is essentially contained in [KPll]. We compute
19w ® S(h) - 7) = 79(w @ spe, (hM)S (4.2.13)
= 7(g, (M) - g(w ® S( h<2> )) [@3-17))
= 7AWV . glwe S(h?)-7) @6.2)
= 7g(h(y - w @ hp)S(h3) 7)) [E27)
= T19(h( w®55(h(2 )-7)
Tg(tzél( 2))h) - w®7)
=79(h - w®n).

The last statement follows from the definition of H-action on Q. O

Thus H is represented by closable operators having a common dense domain. We denote the
adjoint of h € H by h' so that AT = (S%(h))* on Q. From now on, let us allow a notational abuse of
denoting by h both the operator on  and its closure in L?(2). At this point, we make an additional
regularity assumption (similar to assumption in Lemma :
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Assumption. Given h € H, D, = {w € | 107 ¢l < o0} is dense in L2(9).

n!

LEMMA 4.6.3. For h € H with h = h' and w € Dy,, define U, by

/L"n/
Up(w) = ﬁh”w,

n

which is well-defined by the above Assumption. Then U}, extends to a unitary operator on L*(£))
denoted by e'".

PROOF. The result follows from the observations that for such an h, D; = D_; and that
UnU_p =U_pU, =id. a

LEMMA 4.6.4. If the commutator [h,d + d*] extends to a bounded operator on L*(Q), then so does
[eth d + d*].
PROOF. Observe that
‘d
d

1
(ih@iSh(d—l- d*)ei(l—s)h _ ieiSh(d—‘y- d*)ei(l—s)hh)ds

eZh(d—l—d*) _ (d—l—d*)ezh _ (eish(d_i_d*)ei(lfs)h)ds

V)]

1
i(eishh(d+d*)ei(1—s)h _ eish(d+d*)hei(1—s)h)d8

o— S S— —

1
i(e*"h,d + d*]e’* )" ds.

As e is unitary, the integrand is bounded and the result follows. O
Combining Lemma and Lemma we get the following proposition.
PROPOSITION 4.6.5. Let A be the x-algebra generated by operators of the form ae?MthDb with
a,b € A, and h € Hy in B(L?(2)). Then (A,L?(),d + d*) forms a spectral triple.

PROOF. We first observe that the representation of A; on L?(Q2) is induced by restricting through
Ay — B,aw si(a)-1g. For b€ B and w € Q,

(bw, bw) = / bw A *(w*b*) = 7(bg(w,w)b*) < ||wl|*7(bb*),

implying that left multiplication by b extends to a bounded operator. In the above estimate, the
inequality comes from the fact that g(w,w) is positive in B.

Next, observing that [s;(a), d] is left multiplication by d(s;(a)-1p), we prove that left multiplication
by d(s;(a) - 1) is bounded on L?(2). Again we do this for b € B. Note that

(db A w,db Aw) = (db A w,d(bw) — bdw)
= (db A w,d(bw)) — (db A w, bdw).
The first term in the above expression is estimated as follows:
[{db A w,d(bw))| = |{d*(db A w), bw)| < ||d*(db A w)]||||bw] < const. ||w]], (4.6.4)

where we used Cauchy-Schwarz inequality and that left multiplication by b is bounded. The second
term is estimated as follows:

[{(db A w, bdw)| < ||db A wl|||bdw]|| < const. ||dwl]|, (4.6.5)

where we again used the boundedness of left multiplication by b € B. Combining the two, we conclude
that left multiplication by db is bounded on L?(Q2). Now observe that s;(a) - 15 is adjointable (see
the discussion after Lemma with adjoint again an element of B (use Eq. and compute:
(S?%(s1(a))* = (Sspersi(a))* = (sigsrersi(a))* = s((e15-6r51(a))*)) and for such an element the
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adjoint of [d, b] is precisely —[d*,b'], bT is the adjoint of b. Since adjoint of [d, b] is bounded, we can
conclude that [b,d + d*] extends to a bounded operator on L?((2).

Finally, [s;(a),d + d*] extends to a bounded operator yields that [h,d 4+ d*] too extends to a
bounded operator for h € Hy. The result follows from [4.6.4] O

If we assume that Ay has purely discrete spectrum then we get a spectral triple of compact type.
We also note that |Bl7 | computes the spectrum for the concrete examples. In our abstract setup, we
propose a way of doing it generally. We have already assumed an analogue (or rather a corollary) of
classical Sobolev embedding (see the remarks before Theorem . It would be interesting to know
the answer of the following:

QUESTION 4.6.6. If we assume an analogue of Relich’s lemma (H* — H**2 is compact in the
notation of the Proof of Theorem then does it follow that Ay has purely discrete spectrum?
See [Hig06| for the setup and more on abstract pseudo-differential calculi which has motivated this
question.

This would give a uniform way of proving that the Laplacian Ay has purely discrete spectrum in
the setting of noncommutative differential calculi.

4.6.3. Further examples. As examples for our framework, we have mentioned étale groupoids,
Hopf algebras, weak Hopf algebras and the Connes-Moscovici Hopf algebroid. There is another class
of examples coming from Lie-Rinehart algebras and associated jet spaces; see [KP11]. It would be
interesting to know the answer of the following

QUESTION 4.6.7. Investigate if these examples fit into our framework. If so, what is the meaning
of having a complex structure on a Lie-Rinehart algebra?

On this note, we mention a result from an ongoing work that produces a left bialgebroid that is
not of the form dealt with in this paper, see Subsection Let X be the finite set {1,...,n}.

PROPOSITION 4.6.8. There is a left bialgebroid H over C(X) such that the action on C(X) lifts to
an action on the space of universal one forms in the sense of Definition[{.3.3. Moreover, it is not of
the form C(X)#Q for any Hopf algebra Q.

Finally, we ask a question which is not directly related to this work but interesting in its own right.
In [GJ18]|, it is shown that a coaction of a compact quantum group on an algebra can be lifted to a
differential calculus (at least in the classical situation) under some suitable (unitarity of the coaction,
technically, see also ) conditions, like one expects from a group action. So we ask

QUESTION 4.6.9. Is the above true for unitary action (i.e., (4.3.10)) is satisfied) of Hopf algebroids?

We have shown above that if we have the action on the full differential calculus, then, under some
more conditions, the action becomes unitary. So we are seeking a converse of this.






CHAPTER 5

Geometry on finite spaces

5.1. Introduction

Finite spaces or even discrete ones are uninteresting from the perspective of classical geometry.
They are thoroughly understood. Surprisingly in the noncommutative realm, even these simple spaces
hold such mysteries. This can be seen from the work of Connes himself, see Chapter 6 of his book
[Con94|. After Woronowicz introduced compact quantum groups, on Connes’ suggestion, Wang
studied [Wan98| “quantum symmetries”, the dominant theme of this thesis, of finite spaces. Wang’s
work introduced a new array of examples of compact quantum groups. It turned out that if the space
has more than three points, it has infinite dimensional quantum symmetry group. In other words, the
quantum symmetry groups holds significantly more information than the classical permutation groups.

This discovery set the stage for further investigation of finite spaces, graphs, finite dimensional
algebras, etc. There is this whole new enterprise of matrix geometry, which approximates higher
dimensional manifolds and studies these approximating spaces by the tools of noncommutative methods,
discovering information hidden hitherto.

This chapter consists of materials from one short article [BG19b] and one preprint [BG|. The
article was the author’s warm-up project and first foray into the noncommutative realm. It was
motivated by the classical fact that on a K&hler manifold, the Chern connection and the Levi-Civita
connection on the underlying Riemannian manifold are intimately related. Vaguely, the Chern
connection is the complexification of the Levi-Civita connection. More precisely, recall [Huy05| that
for a hermitian manifold X with complex structure I, one can identify the complex bundles 7" X and
(TX,I). Under this identification, any hermitian connection on TH9X induces a metric connection
on the Riemannian manifold X. Then the Chern connection and the Levi-Civita connection on the
underlying Riemannian manifold are related, as described in the following

PRrROPOSITION 5.1.1. Let V be a torsion free hermitian connection on the hermitian bundle
(T17079(C)-
i) Then V is the Chern connection on the holomorphic bundle Tx endowed with the hermitian
structure gc.

it) The induced connection D on the underlying Riemannian manifold is the Levi-Civita connection.
iii) The hermitian manifold (X, g) is Kdhler.

The formulation and proving the existence-uniqueness of Levi-Civita connection in noncommutative
geometry is a challenging problem and there have been some progress in this direction [BGM18].
The main motivation for my first project was to define and study the Levi-Civita connection for a
noncommutative Kéhler manifold as the Chern connection which always exists [BM17]. The testing
ground was to see if the scalar curvature matched with intuition in simple examples.

We classified, using brute-force computation, noncommutative complex structures. Unaware of the
developments in []317]7 the author introduced a version of a noncommutative Kahler structure, which
surprisingly coincided with that of IB] But it turned out that none of them are compatible with a
Kahler metric in that sense. The first section of this chapter describes this work.

The other preprint is a continuation of the philosophy of the previous chapter, @l Various
aspects of the internal structure of Hopf algebroids were analyzed in a subsequent series of works,
[BB06, KP11, KRO04], to name a few. The “symmetry” aspect, as observed in [BNS99|, was yet to
be investigated. This was started in the beautiful paper [Har15]. As expounded in the last chapter,

85
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we made a tentative start at using Hopf algebroids as generalized symmetry objects in our preprint
IBBG], a viewpoint that was hinted at [KP11].

We continue viewing Hopf algebroids as symmetry objects. We obtain a universal left bialgebroid
that acts on a finite set, the analogue of Wang’s quantum permutation group. We define faithfulness
of such action and show that the left bialgebroid coming from a certain étale groupoid over the finite
set is actually the universal one in our sense. Wang’s quantum permutation group produces a natural
example of a faithful left bialgebroid acting on the finite set and we show that this bialgebroid is
strictly “smaller” than our universal one.

We end the chapter by lifting the action to the space of universal one forms on the finite set, thus
realizing the promised Proposition |4.6.8| of the last chapter.

Although, Hopf algebroids are the ones that should be viewed as symmetry objects, and since
we are only able to produce left bialgebroids, a few words are in order. In the Hopf algebra case,
there is no distinction between a left bialgebra and a right bialgebra. Thus the bialgebra structure of
the quantum permutation group is completely determined by the given action data. Moreover, the
antipode is determined too. This is something that does not happen in the algebroid setting. As
observed in [BS04], the antipode connects the two bialgebroid structures in a Hopf algebroid. Given
two of the three structures of the Hopf algebroid- the left and right bialgebroid and the antipode, one
can recover the third. But without knowing a priori that they constitute a Hopf algebroid, one cannot
pass from the two to the third structure. This, we hope, justifies our content with a left bialgebroid
for the moment and we sincerely hope that, inspired by our work, further investigations along these
lines will be undertaken. The final section describes this work.

5.2. Classification of noncommutative complex structures on a three point space

Our humble aim in this short section is to classify all the almost complex structures on this
non-commutative manifold consisting of just three points. Surprisingly they also turn out to be
complex structures, but none of them are Kéhler in our sense.

5.2.1. Complex structures. We consider a space made of three points Y = {1,2,3}. The
algebra C(Y") of continuous functions is the direct sum C(Y) = C & C @ C and any element f € C(Y)
is a triplet of complex numbers (f1, fo, f3), with f; = f(4) the value of f at the point i. The functions
Xi defined by x;(j) = d;5, 4,5 =1,2,3 form a C-basis for C(Y').

Recall the Definition B.1.2] of a noncommutative differential calculus from Subsection B.1.3l We will
now produce a differential *-calculus on the *-algebra C(Y") of continuous functions on the three-point
space.

Recall that given a spectral triple (A, H, D) one constructs a compatible differential calculus
on A, called the space of Connes’ forms by means of a suitable representation of the universal algebra
Q,A in the algebra of bounded operators on H.

Let us now describe a spectral triple on the three-point space Y = {1,2,3}. This is a special case
of a class of spectral triples considered in [CI07,Rie99] on compact metric spaces.

PROPOSITION 5.2.1. Put A = C(Y) and H = C3, ® C3; @ C3; (the subscript ij says that the
Hilbert space is along the “edge” connecting the point i with j). Define m: A — B(H) by

- S0 } {f(z) 0 } {f(l) 0 }
) { 0 f(2) 12@ 0 f(3) 23@ 0 f3)],, (5.2.1)
for f € A. And finally, define the operator D as
0 1 0 1 0 1
b= {1 0} 12 © {1 0] 0 ® [1 o} - (5.2.2)

Then (A, H, D), as constructed above, is a spectral triple on the three-point space.

PROOF. The conditions of are satisfied since H is a finite dimensional Hilbert space (D is
manifestly self-adjoint). O
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REMARK 5.2.2. Let us denote the differential graded algebra of Connes’ forms over the algebra
A =C(Y) simply by Q.

THEOREM 5.2.3. Let (A, H, D) be the spectral triple on the three-point space described in m
Then e; = [D, x:],i = 1,2 is a free right basis for Q'. The bimodule structures are given by
i) xiei = ei(1 — xi)
i) Xi€j = —€iXj, i F ]
and
i) eixi = (1 —xi)ei
i) eix; = —Xi€ej  PF]

ProOF. We note that, by definition, the space of 1-forms consists of bounded operators on H of
the form >~ ap[D, ai], where a] € A. We recall that x;, i =1,2,3 form a C basis of A and satisfies
X1+ X2 + x3 = 1. Since [D, 1] = 0, we get the first conclusion. The bimodule structure follows from
Leibniz rule and the observations x? = y;, xix; = 0. O

REMARK 5.2.4. The basis described above is also a left basis for Q.

REMARK 5.2.5. It can be shown by computation that there are no junk forms. Also the higher
spaces of forms are finite dimensional vector spaces.

We present an alternate but equivalent definition of a complex structure which appeared in
[BPS13].

DEFINITION 5.2.6. Let (QA,d, *) be a x-differential calculus on A. An almost complex structure
on (QA,d, %) is a degree zero derivation J : QA — QA such that
i) J is identically 0 on A and hence an (A, A)-bimodule endomorphism of QA;
i) J?> = —1 on Q*A; and
iii) J(E*) = J(€)* for £ € QYA (J preserves x, i.e., Jx = *J ).

Because J2 = —1 on Q! A, there is an (A, A)-bimodule decomposition
AA=0"04900%A (5.2.3)
where
AMOA={we'A| Jw=w} (5.2.4)
and
QA ={we'A|Jw=—w}. (5.2.5)

Condition iii) implies (Q%1A)* = Q10 A. Recall that the map * : Q104 — Q0.1 4 is an isomorphism
of (A, A)-bimodules.
For all p,q > 0 we define

OPIA = { £ € QPTIA | JE = (p— q)u€}. (5.2.6)
Elements in Q794 are called (p, q) forms. It is a theorem that
A= P oA (5.2.7)
p+q=n

REMARK 5.2.7. We call an endomorphism J : Q' A — Q' A satisfying the above conditions a first
order almost complex structure. In most of the examples studied so far, one defines the endomorphism
on QYA and then extends it to whole of QA using the derivation property and some “basis” of higher
forms. In our case we use the free basis for Q' and vector space basis for higher forms.

We have actually proved one side of the equivalence with Definition Recall the operator 0
and 0 from Equation (3.2.1)

The following is the analogue of Newlander-Nirenberg theorem [Huy05|, equivalent to Lemma
0.2.2)
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DEFINITION 5.2.8. An almost complex structure J on (QA, d, *) is integrable if dQ1°A C Q*°A @
QbLA.

DEFINITION 5.2.9. A complex structure on (QA,d,*) is an almost complex structure J which is
integrable.

Now we explicitly determine all the complex structures on the three-point space.

THEOREM 5.2.10. Let (A, H, D) be the spectral triple on the three-point space as described in
Proposition [5.2.1.  Then there are 8 complex structures for the calculus as in Theorem [5.2.3, as
enumerated below:

Z.)i_l—z)(g 0 i-2x 0o 1
L 2x1 2x2— 17 L 2x1 2xe — 1)

ii) i [1—2xs —2x2 | i [1—2xs  —2x2 |,
L 2 2xs—1)7 L 2 2 — 1)

o [2x =1 2xe ] 2a-10 2x .

W 1 ) 10 12y

. .—2)(1 0 . 12x1 0

“’)2_0 12><2]’ ’[0 1— 2yl

PROOF. By Remark [5.2.7, we let J be a first order almost complex structure. Let Je; =
e1J1; + eadoi, i = 1,2 and extend right linearly. Then J is a left module morphism reads as
J(xiej) = xiJ(e;) (we use the bimodule rules to take the x; to the other side). In coordinates, J? = —1
is 32,y exJrjJji = —ei. Finally, J preserves * reads as ), e;Jj; = Y., Jjie;.

Now comparing coefficients and solving for J;; from the above equations, we get the first order
almost complex structures. Surprisingly, there are no more first order almost complex structures than
the listed ones. Next we extend these according to Remark [5.2.7] and note that the restriction of any
almost complex structure to the space of one forms has to be one of these and since there is only one
way to (derivation property) extend the first order ones, we get all the almost complex structures.

For the integrability condition, we check it individually case by case. For example, for J =

0 1-— 2X2

We apply D to an element of that form, followed by J, and find that the result is 0, i.e., the
element lies in Q%!. So this J is integrable. And similarly for the other J’s, which concludes the
proof. O

} , Q1Y consists of elements of the form a(e;x1) + B(eax1) + y(eaxs), «,fB,v € C.

5.2.2. Kahler structures. Let us now go over to a possible non-commutative version of Kahler
geometry. We begin with a basic ingredient in the classical theory, namely, that of a metric.

DEFINITION 5.2.11. Let (QA,d, *) be a x-differential calculus on A. A metric g on A is a non-
degeneratd] bimodule morphism

g: A, 0A - A (5.2.8)
and a hermitian metric is a non-degenerate bimodule morphism
h: QA4 QLA — A, (5.2.9)

REMARK 5.2.12. Given a hermitian metric h : Q' AQ sQ1A — A, we get a metric g : Q' AR QA —
A by defining g = h(id ®%). We say h is induced by g.

Assume that Q' A is finitely generated and projective as a left A-module. Let (e;, e’) be a dual
basis, where ¢; € Q1A and e’ € (' A)’. Then the coevaluation
coev:A— QAR (A, 1=e e (5.2.10)

1Non—degeneracy means g(—, &) induces a bijection Q' A — (Q'A)’, the ()’ denoting the left A-dual. The isomorphism
automatically becomes an (A, A)-bimodule morphism as g is assumed to be so.
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is an (A, A)-bimodule morphism. Then using the metric, we obtain f; € Q' A such that ¢! = g(—, f),
and hence w = Y. g(w, fi)e; for all w € Q' A. Following [BM17], we call the element Y, e; ® f; €
QA ®4 QLA the inverse of g, to be denoted by g. Since the coevaluation does not depend on a
particular choice of a dual basis and the isomorphism Q2'A = (Q!A)’ depends only on g, g depends
only on g.

Now along the classical lines we have,

DEFINITION 5.2.13. Let (A, d, ) be a x-differential calculus with almost complex structure J. We

say that a metric g : Q' A @4 QA — A (respectively, a hermitian metric h : QA @4 Q1A — A) is
compatible with J if g(J ® J) = g (respectively, h(J @ J) = h).

REMARK 5.2.14. If g is induced by h and h is compatible with J, then g is automatically compatible
with J.

REMARK 5.2.15. If a metric g is compatible with J then g is identically 0 on Q*YA®4 QY0 and
Q01A® QLA

The very algebraic definition given in [Huy05| has the following counterpart.

DEFINITION 5.2.16. Let (QA,d, ) be a x-differential calculus with a complex structure J and
g be a compatible metric on A. Assume Q'A is projective as a left module. Let g € QA ®4 QAL
be the corresponding inverse of g. Then the fundamental form w is defined to be the form N(J ®
id) (proj |0 ® proj|ge.n )(g) € QVLA. The metric is said to be Kdihler if dw = 0.

Unfortunately, for the three-point space we have the following

THEOREM 5.2.17. For the spectral triple (A, H, D) on the three-point space as above in Proposition
[5-271) and the calculus obtained in Theorem[5.2.3, there are no compatible Kahler metric for the complex
structures enumerated in Theorem [2.2.10

Proor. This is also proved by case by case analysis. We outline the overall scheme.

We first find J compatible metric g. Let g(e;, e;) = g;5. Since e;,7 = 1,2 is both a right and left
basis for Q! and ¢ is a bimodule morphism, g is determined by gi;'s. The non-degeneracy condition
gi1  gi2
921 922
determinant g11g22 — g12g21 being an unit).

Then the compatibility condition reads as g;; = g(3_ exJki, y_; €1J1j). We take the Ji;’s to the
right entry of g and then use the bimodule rule to get those out of g. Solving, we get J compatible
metrics.

turns into the invertibility of the matrix [ } (since A is commutative, this is equivalent to the

11 12

The inverse g of g takes the form 3, e; ® (37 ej¢7"), where {921 922} is the inverse of {911 912} .
g g g21 922

According to Definition |5.2.16] we apply the projections and then J on the first tensorand (which
is just multiplication by ¢) and multiply them, thus getting the fundamental form. The condition
dw = 0 then contradicts the non-degeneracy condition of g as can be seen by direct computation. [

REMARK 5.2.18. In the paper IB] a similar definition of the fundamental form was proposed. But
in |B17], it is defined more conceptually and many of the standard classical theorems are proved in
that paper. It is of interest to know whether the three point space admits a Kdhler structure in the
set-up of the paper [B17].

We end this section by noting

4

REMARK 5.2.19. None of the complex structures is Ss-covariant, Ss being the “quantum symmetry’
group of the three-point space.

5.3. The search for universal generalized symmetry of a finite space

In this section we construct a universal left bialgebroid acting on a finite set. We view this as
continuation of Wang’s work in the realm of generalized symmetries.
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5.3.1. Universal bialgebroid acting on a finite set. Let X be the finite set {1,...,n}.
Consider the pair groupoid X x X over X, which is clearly an étale groupoid. Thus the convolution
algebra gives a Hopf algebroid over C(X) (see for more details). We shall show that this Hopf
algebroid is the universal left bialgebroid acting on C'(X) in a suitable sense. More precisely we have
the following theorem.

THEOREM 5.3.1. Let H be a left bialgebroid over C(X) and acting on C(X). Then there is a
unique left bialgebroid morphism (® : H — C(X x X),¢: C(X) = C(X)) such that ¢ =

PROOF. We denote the structure maps of H by s,t, ..., etc., and that of C(X x X) by sx,tx,...,
etc. Let x; be the function defined as x;(j) = d;; for j = 1 ,n. These form a basis of C(X). Thus
for h € H, we have

hexi =Y hijxi, (5.3.1)
for some h;; € C. We write h for the matrix (h;;). Now define ® : H — C'(X x X)) by
®(h) = h'. (5.3.2)
Recall that, for a, 8 € C(X x X) the product is defined as
axB(m,n) = alp,n)B(m,p), (5.3.3)
P

where m,n,p € X. Thus
(I)(hlh2>(m,n) = (hlhg)t(m,n)
= hgthlt(m n)

—th (m, p)hi*(p,n)
- Zhl p;n)ha'(m,p) (5.3.4)

—Z‘I’ (h1)(p, n)®(h2)(m, p)

:<I>(h1)*<1>(h2)( m,n),

which shows that ® is a ring homomorphism. Next observe that for f € C(X) the action of s(f) on x;
is given by

s(f) - xi = fxi = f)x- (5.3.5)
Similarly,

t(f) - xi =xif = f(@)xi- (5.3.6)
This clearly yields

ds = sy, ot =tx. (5.3.7)
Recall that the counit ex of C(X x X) is defined as

ex(a)(n) = Za(m,n). (5.3.8)

Now observe that

Zé‘(h)( xi = se(h sz—se
:h'lzh'ZXj: g hini:Z(Zhij)Xi7
j i i

(5.3.9)

which implies that

i) = Z hij. (5.3.10)
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Thus
ex®(h)(n) = ex(B)(n) = S ' (m,n)

= Z hnm = €(h)(n),
i.e., ex® = . Again recall that the coproduct on C'(X x X) is given by

a(m,n), ifmg=mag=m

Ax(a)(my, mg,n) = {

0, else.

On one hand, we have
h- (xix;) = (b - xi)(h2 - x;)
— (30 mirom) (3 () )

n

= Z(hl)mi(h2)anan

m,n

= Z(hl)mi(h2)ijm~

m

On the other,

he (xixg) =l (6i5Xi) = 6i5 Y PamiXom-

Hence, we have
(h1)mi(h2)mj = 6ijhumi-
Putting these together,

(@(h1) ® @(h2))(m1,m2,n) = ®(h1)(m1,n)®(he)(m2,n)
= hy"(my,n)hg" (mg,n)
= (hl)n,ml (hZ)n,mz
= dmymahnm,
= Omymy b (M1, m)
= Ax(®(h))(mi,ma,n).
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(5.3.11)

(5.3.12)

(5.3.13)

(5.3.14)

(5.3.15)

(5.3.16)

which implies A x® = (® ® ®)A. Finally, for the uniqueness, let (®’,id) be another left bialgebroid

morphism. Then

Zhini =h-x; =e(hs(x;))

i

(5.3.17)
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the last equality follows from
@' (h) - xj(n) = ex (' (h) * sx(x;))(n)
:Zq)’ h) * sx(x;)(m,n)

= Z ®'(h)(p, n)sx (xj)(m,p) (5.3.18)

=’ (h)( ).
This yields that h;; = ®'(h)(j,¢) implying ®'(h) = ®(h) for all h. Hence we get ' = ® concluding the
proof. |
Let H be a Hopf algebra such that C'(X) is an H-module algebra. Then the smashed product

C(X)#H is a left bialgebroid in a canonical way, see Theorem We conjecture that C'(X x X) is
not isomorphic to any of the left bialgebroids coming from this smashed product construction.

CONJECTURE 5.3.2. The morphism ® : C(X)#H — C(X x X) is not an isomorphism for any
Hopf algebra H making C(X) a module-algebra.

REMARK 5.3.3. We are grateful to the referee for pointing out an error in the “proof” of the
congecture above, which was previously a proposition. However, we still belicve that it can be proven.

5.3.2. Left bialgebroid covariance of universal 1-forms. In this subsection, we find a left
bialgebroid over C(X) whose action on C'(X) lifts to the space of universal one forms on C'(X), in
the sense of Definition [£.3.3] For that, let us consider the left bialgebroid C(X x X x X x X) over
C(X x X), constructed in the same way as above. We identify C'(X) as the first copy of the product
CX)@C(X)=C(X xX). Let feC(X)and h e C(X x X x X x X). Then

he (f @ 1)(z,y) = Zh*sf@l)(zw z,y)

Z hMa, B, z,y)s(f ® 1) (2, w, a, B)

zZ,w,a, 3

(5.3.19)
= > h(a,B,2,9)0:.0605(f @ 1)(z,w)
zZ,w,a, 3
= Zh(mw,x, y) f(2).
Z,w
So a sufficient condition that h takes f ® 1 to an element of the same form is that >, h(z,w,z,y)

does not depend on y. Therefore we can write
Z h(z,w,z,y) = Z h(z,w,z, ). (5.3.20)

Now the space of universal one forms can be identified with functions on X x X vanishing on the
diagonal. If )", f; ® g; is such an element then

h - (Z fi ® gi)(‘r> y) = Z h‘(z7 w, T, y)fl(z)gZ(w) (5321)
Thus a sufficient condition that h preserves this space is that
h(z,w,z,x) =0 (5.3.22)
for z # w. Observe that, (5.3.22) together with (5.3.20) imply
Z hz,w,z,y) = h(z,z,z,x). (5.3.23)
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Next, we find sufficient conditions on h such that [h — se(h),d] = 0 holds.

[h = se(h), d|(f)(x,y) = (h—se(h)) - (f @1 =1 f)(x,y) — (h— se(h)) - f(x)
+ (h—se(h)) - f(y)
= Z(h —se(h)(z,w, z,y)(f(2) — f(w))

—Z — se(h)) (2w, 7, 2) £(2)

+Z = se(h))(z,w,y,y) f(2)

—Z{hzwwy meyzh B, y)}(f(2) = f(w)
—Z{hzwm ”mzh B2, 2)H ()
+Z{hzwyy zywyzh By, )} (2)

zZ,w

—thwxy Zh By, y)(f(z) — f(y)
—Zh(z,w,a: x +Zh ,B,7,2)f ()
+thwyy Zhaﬁyy y)
_thwxy Zh By, y)(f(@) = f(y)
_Z th,w,x,x Z Zha,,b’,x,x ()
+Zthwyy Zzh By y)f(y)
thzwxy Zh By, y)(f(@) = ()
th z,z2,0,%)f +Zh o, o, 3, 2) f (@)
+thzyy Zhaayy

Now we put f = x, in the above expression and obtain

thwxy 20— Ow.a) Zh 3 By2,Y) (62,0 — 0y.a)

—thzxxza—i—zhaaa?iﬁ z.a
—i—Zh z,z7y,y z,a_zh 04,04,:%2/ y,a
P ey

which equals
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Zh(a,w,m,y)—Zh(z,a,xy Zh ,Bra,a)(0g,0 — 0y.a)
— h(a,a,z,x) +Zh0¢aaa)6wa
+ h(a,a,y,y) Zhaaaa y,a

h(a,a,z,x) Zh Z,a,2,Y) Zh(a,a,ma)(&w,a —0y.a)

— h(a,a,z,z) + h(a,a,y,y) + Z h(a, o, a,a)(0g,0 — 0y.a)

«

= Z h(za avxvy) + h(a7 avyvy)~

So the condition
Zh(z,w,x, y) = h(w,w,y,y) (5.3.24)

gives that [h — se(h),d] = 0. Let Hy be the set of all h € C(X x X x X x X) such that
1) 2wz w,z,y) = hiz, 2,2, 2);

ii) h(z,w,z,z) =0 for z # w;
iii) >, h(z,w,2,y) = h(w,w,y,y);

And let H be the smallest subalgebra of C'(X x X x X x X) containing C'(X) and H.

PROPOSITION 5.3.4. H is a left bialgebroid over C(X) such that the action on C(X) lifts to an
action on the space of universal one forms in the sense of Definition [{.3.3

PRrROOF. We define
sp:C(X)—H, fr—s(fol) (5.3.25)
with ¢tz same as sy. The counit of C(X x X x X x X) restricted to H actually takes value into
C(X) ® 1. For this first observe that, for h € Hy and f € C(X)

e(hxsu(f)(@y) =D hzwz,y)f(2)

= E:h(z7 z,z,1) f(2),

the last expression being a function of = only. Now the character property shows that ¢ takes values
inside C(X) ®1
We define the coproduct viewing elements of A(H) as functions of “seven variables”:

Ah(zyw,z,y, 2w, 2, y") = 04,20 0w w0y B (2, 0, 2, ). (5.3.27)

(5.3.26)

Coassociativity is tedious but straightforward. Takeuchi condition holds which is easy to see this way:
if y # ¢ then both sides of the condition vanish. If y = ¢’ then the coproduct is nothing but the
coproduct of C'(X x X x X x X) which already satisfies the condition. The proof of counitarity is
same as in the case of C(X x X x X x X). Thus H is left bialgebroid over C'(X).

Now the first two conditions in the definition of Hy shows that H acts on Q!(C(X)). That this
action satisfies the conditions in Definition 3.3 follows from the third condition and the definition of
H. O

CONJECTURE 5.3.5. H s not of the form C(X)#Q for any Hopf algebra Q acting on C(X).
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REMARK 5.3.6. We remark that the space Hy is at least n?-dimensional and hence H is at least
n3-dimensional, sufficiently large for our purposes.
We end with a

QUESTION 5.3.7. Give a nice characterization/description of H.
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