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DISTRIBUTION OF THE VALUES OF o
IN SHORT INTERVALS

By
G. J. BABU* (Tucson—Calcutta)

Introduction. Let w(m) denote the number of prime factors of m, 1=b(n)=n
be a sequence of integers and let

&(x) =L fe":-,'dy
| 4
In (1), it is shown that

) b( 5 card {(n, n+b(m)IN (m: w(m)—log log m<x(log log m)/3)} ~ d(x)

as n—oo, provided b(n)=Tn* for some T>1 and O<a=1. Similar results for
general additive arithmetic functions are also proved in [1]. In this connection P.
Erdés raised the following question. How small can one let b(n) to be, so that (1) still
holds? We have the following result in this direction.

THEOREM. Let 1=a(n)=(log log n)''? be a seq of real bers tending to
infinity. Then (1) holds if b(n)znt (" Uostasm=3s

NoraTiONs. Let Q denote the set of all primes and for any set E of integers let

v (E) = b( 5 = card {EN (s, n+b(m)]}-
We require the following lemma (for a proof see [1]).

LemMA (Lemma 1 of [1]). Let 8,(m)=1 —l or -1 according as p\m or not.
Let {a,} be a sequence of real bers and let r,k=s be integers. Then

E(Za,8,(m) = (2:+Bk‘)£’—a’

where X’ denotes the sum over all integers mé(r, r+s] and X" denotes the sum over
all primes p<k.

Proof of the theorem. To avoid repetitions of arguments of [1] and [2], we give
only the main steps of the proof. Let k=k,=1+[(b(n))}**] and for any t=1,

* Part of this work was done while the author was visiting the Mathematical Institute of the
Hungarian Academy of in 1980.
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let ,(m)= IZ 1. For mé(n, n+b(n)),
plam,p<t
log log M2
@ lom-wmls F  1=1+(log2nlogh) = ("L;:‘:’I)L
and

) 0 = loglog 2n —log log m = loglog 2n—loglog n -~ 0
as n—-oo, Since

2 1 log log n—log log k+0(1) = log log log n,

r<psn P

by (2) and (3) it is enough to prove

l 1 1/8.
@ v,{m:a),(m)—'%;; =< x[’% 7] } - ®(x).
Now let r=r,=exp ((log n)(log log n)~'). Clearly
1 N
@ (23)(z7) -

as n—, So by the lemma, it follows that for every £=0,

® Zallad) o

as n—oo, In view of (5) and (6) it is enough to show that, as n— oo,
U] F,(x)=v {m'w (m)—Z'l<x[2'i]m}_.¢(x)
" " o p<r P p<r P .

To prove (7), we introduce a sequence {£,: p€ @} of independent random variables
with

P[e,= 1—%] =% and p[c,=-%] = 1—%.

-1
Put (,,=[Z i] 2, &, It follows that

par P pEr
3) {, converges weakly to &.

We shall now show that the distribution of {, does not differ much from F,.
By a proof similar to the proof of lemma 3.1 of [2], we have for any integer =1

® 555 Bl 2 3) =

and by lemma 3.2 of [2] we have
(10) [EQ)| = tle'.

Since 74/b(n)~0 as n~oo for any =1, (7) follows from (8), (9), (10) above and
Theorem 11.2 of {2). This completes the proof.
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REMARKS. If ¢(m)--eo, then, except possibly for o(b(n)) integers
mé(n,n+b(n)], we have |w(m)—loglog m|<c(m)(loglogm)/s. In particular,
by taking b(n)=exp {log n)(log log log nflog log n)*/%} we have

Jw(m) ~log log m| < (log log log m)(log log m)\/2

for all but o(b(n)? many mé (n, n+b(n)].
As in [1] and [2], by going over to the Brownian motion we obtain, as n-» o,
that

—l~card {n <m= n+b(n):x;1=anx (@, (m)—loglog 1) < x(log log m)"’} -

b(n)
x 1
- l/ %6/ e_T,.dy.
As a consequence, in particular, it follows that

lr‘nsanx (w2,(m)—toglog )| < (log log log m)(log log m)*

for all but o(b(n)) many integers mé€ (n, n+b(n)].

One can show that many results of 1] still hold for general arithmetic functions,
when the restriction b(n)=Tn* is weakened to b(m)=Tn*™, where a(n)—~0 at
an appropriate rate.

Some open problems. In this connection P. Erd8s and 1. Z. Ruzsa raised the
following questions.

(a) What is the largest value of a(n) such that, if b(n)<a(r) for all n, then (1)
fails to hold?

(b) Does (1) hold if b(n)=ntlosiosn-27

The author wishes to thank P. Erd&s and I. Z. Ruzsa for many valuable dis-
cussions.
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