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Chapter 1
INTRODUCTION

This thesis comprises four essays on social choice theory. The first three essays/chapters
consider models where voters follow “non-standard” rules for decision making. The last
chapter considers the binary social choice model and analyzes the consequences of a new
axiom.

The first chapter introduces a new axiom for manipulability when voters incur a cost
if they misreport their true preference ordering. The second chapter considers the random
voting model with strategic voters where standard stochastic dominance strategy-proofness
is replaced by strategy-proofness under two lexicographic criteria. The third chapter also
considers the random voting model but from a non-strategic perspective. It introduces a
new “robustness to small mistakes” by voters. The last chapter provides a characterization

of the status quo rule. We provide a brief description of each chapter below.

1.1 STRATEGY-PROOF VOTING WITH LYING COSTS

Chapter 2 considers the usual model of strategic voting where voters have private information
about their preference orderings. A social choice function (SCF) is manipulable if a voter
can obtain a better outcome by lying about her preference ordering than telling the truth.
The standard assumption is that if a voter has any opportunity to gain (howsoever small)
she will manipulate. It implicitly assumes that there is no cost of lying. There is a large
experimental literature that suggests that agents are averse to lying - see for instance, Abeler
et al. (2019), Gneezy et al. (2013), Kajackaite and Gneezy (2015) Lundquist et al. (2007)
and Lundquist et al. (2009). Motivated by the experimental evidence, we say that a SCF is
K-manipulable (K > 1) if the voter can improve by at least K ranks in her true preference
ordering by lying. If K > 1, we have a weaker notion of strategy-proofness that captures

the idea that a voter manipulates only when the gains from lying are “substantial”. If K



equals the number of alternatives, K-strategy-proofness will be trivially satisfied. We can
therefore reasonably expect a wider class of SCF's to be strategy-proof as the “reluctance to
lie” increases.

Our main result is that this optimism is somewhat misplaced. Our main result is that
under various notions of efficiency and for a sufficiently large number of alternatives, a SCF
is K -strategy-proof only if it is K-dictatorial, i.e. there exists a voter such that the outcome
at every profile is one of her top K-ranked alternatives. As K increases, the strength of
strategy-proofness decreases but so does the power of K-dictatorship. Rather surprisingly,
they exactly counterbalance each other. We also show that the well-known equivalence
of ontoness, unanimity and efficiency for strategy-proof SCFs breaks down when strategy-
proofness is replaced by K-strategy-proofness. We also have various results on the lower

bound of number of alternatives required to prove the K-dictatorial SCF.

1.2 RANDOM STRATEGY-PROOF VOTING WITH LEXICOGRAPHIC
EXTENSION

An important issue in the random environments, especially in strategic models is that pref-
erences in the voting model are ordinal rankings while the outcome of voting is a probability
distribution over alternatives. In order to compare the outcomes for different voting profiles,
it is necessary to specify an appropriate extension from an (ordinal) preference ordering to
lotteries - in other words, to extend preferences over degenerate lotteries to preferences over
all lotteries. The choice of an extension has profound implications for the analysis.

The standard notion of strategy-proofness is proposed by Gibbard (1977). According to
Gibbard, a RSCF is sd-strategy-proof if the truth telling lottery stochastically dominates all
lotteries obtained via misrepresentation. Gibbard (1977) showed that all sd -strategy-proof
RSCFs which satisfy the additional (mild) property of unanimity, must be a random dicta-
torship. We replace the sd-extension by two simple lottery extensions based on lexicographic
comparisons. The first is the downward lexicographic or dl-extension and the second is the
upward lexicographic or ul-extension. While comparing two lotteries in the former case, the
voter will prefer the lottery which has the higher probability on the first-ranked alternative.
If they are the same, the voter will consider probabilities assigned to the second-ranked
alternative, preferring the lottery which has higher probability. If they are the same, she
will consider the third-ranked alternative and so on till the last ranked alternative. The
voter in this case cares “much more” about a higher ranked alternative than a lower-ranked
alternative.

There are two broad sets of results in this chapter. The first concerns ul-strategy-
proofness. We show that the Gibbard (1977) random dictatorship result continues to hold,
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i.e. every RSCF satistying ul-strategy-proofness and unanimity must be a random dictator-
ship. This is rather surprising in view of the fact that ul-strategy-proofness is significantly
weaker than sd-strategy-proofness. The second set of results concern RSCFs that satisfy
dl-strategy-proofness. We show that a wider class of RSCFs beyond random dictatorship
satisfy unanimity and dl-strategy-proofness. However, if unanimity is strengthened to effi-
ciency, dl-strategy-proof RSCFs must be top-support rules, i.e. they can give strictly positive
probability in a profile only to alternatives that are ranked first by some voter. We show that
a class of RSCFs that we call top-weight rules, are characterized by dl-strategy-proofness,
efficiency and an additional but familiar property of tops-onlyness. In the case of two voters,

we show that the tops-onlyness property is implied by the other two requirements.

1.3 STOCHASTIC SAME-SIDEDNESS IN RANDOM VOTING MODELS

In this chapter, we study the standard random voting model. In this framework, we propose
an axiom called stochastic same-sidedness (SSS) and explore its consequences. Consider a
preference profile and suppose a voter changes her preference ordering to an adjacent one
by swapping two consecutively ranked alternatives. Then SSS imposes two restrictions on
the RSCF. First, the sum of probabilities of the alternatives which are ranked strictly higher
than the swapped pair, should remain the same. Second, the sum probabilities assigned to
the swapped pair, should also remain the same. In the deterministic framework Muto and
Sato (2017) showed that this innocuous-looking property has strong negative implications.
The key question addressed in this paper is the following: does randomization significantly

expand the class of RSCF's satisfying SSS relative to the deterministic case?

We show that in the two voters case, every RSCF that satisfies efficiency and SSS, is
a random dictatorship. The result does not hold if we replace efficiency by unanimity.
If there are more than two voters, efficiency and SSS do not imply random dictatorship.
However, if RSCFs are required to satisfy tops-onlyness in addition to efficiency and SSS,
we have random dictatorship again. The weakest form of strategy-proofness is the weak sd-
strategy-proofness. We also show that SSS and weak sd-strategy-proofness are independent
i.e. neither implies the other. In particular, SSS allows instances where the truth-telling
lottery gives (strictly) lower expected utility than a lottery obtained via a misreport for
every utility representation of voter’s true ordinal preference. In other words, truth-telling
lottery is stochastically dominated by a lottery obtained by lying. As a consequence, the

SSS axiom cannot be interpreted as an incentive-compatible property.



1.4 A CHARACTERIZATION OF THE STATUS QUO RULE IN THE BINARY
SOCIAL CHOICE MODEL

This chapter considers the model of binary social choice. Each voter can have one of the
three preferences - one alternative can be strictly preferred to the other or they could be
indifferent to each other. The status quo rule identifies one of the two alternatives as the
status quo alternative. The rule picks this alternative at all profiles except the one where all
voters rank the non-status quo alternative strictly better than the status quo alternative. It
is a conservative rule which is “almost” constant. However, it is an appealing rule in certain
circumstances where change from the status quo can impose losses on a large number of
voters. Examples of such policies in India in recent years have been the Citizen Amend-
ment Act, the Goods and Services tax, the demonetization policy (2016) and the four-year
undergraduate program at Delhi University.

We use three axioms for our characterization. Two of these properties, ontoness and
strategy-proofness are well-known in the axiomatic literature. The third one is a new axiom
introduced by us, which we call Positive Welfare Association (PWA). To understand the
axiom, consider a profile where a particular voter, say ¢ is indifferent. Suppose ¢ changes her
preference from indifference to a strict preference. The new outcome differs from the earlier
one and is i’s strictly preferred outcome in the new preference ordering. Then, PWA requires
all other voters not to be made worse-off at the new profile. The PWA axiom is key to our
result and cannot be replaced by welfare dominance in the characterization. We also show
that our characterization is tight by providing examples of non-status quo rules that satisfy

all but one of the axioms.



Chapter 2

STRATEGY-PROOF VOTING WITH LYING
CoSsTSs

2.1 INTRODUCTION

In this chapter we study the standard strategic voting model in deterministic framework. It
analyzes situations where a group of agents/voters want to decide what outcome should be
selected for the whole group from the set of available alternatives based on the their (ordinal)
preferences over the alternatives. Our goal in this chapter is to examine the consequences
of departing from the following hypothesis that underlies virtually all of mechanism design
theory: a voter will lie/manipulate whenever she can gain by doing so. The hypothesis
implicitly assumes that lying is costless. We will assume instead that lying has moral or
psychological costs so that an agent will lie only if the gains from lying are “sufficiently
large”.

There is a large experimental literature that suggests that agents are averse to lying -
see for instance, Abeler et al. (2019), Gneezy et al. (2013), Kajackaite and Gneezy (2015)
Lundquist et al. (2007) and Lundquist et al. (2009). To quote Kajackaite and Gneezy (2015):
“we find that people lie more, and in particular lie more when the incentives to do so increase”.
We will make a further assumption about the nature of lying - an agent may not lie if the gains
from lying are “small” but when she lies, she does so in a manner that maximizes her gain
from lying. The assumption is consistent with constant costs of lying. There is experimental
evidence to support this hypothesis as well. Quoting Kajackaite and Gneezy (2015) again:
“Our results reject the common assumption of “small lies” due to convex cost of lying. By
contrast, our data are consistent with a fixed intrinsic cost of lying: when our participants
lie, they do so to the full extent, whereas partial lying is rare. Combined, our results show

that for many participants, the decision to lie follows a simple cost-benefit analysis: they



compare the intrinsic cost of lying with the incentives to lie; once the incentives are higher
than the cost, they switch from telling the truth to lying to the full extent”.

In the standard model of strategic voting, voters have a ranking or a preference ordering
over a finite number of alternatives. A social choice function or SCF associates an alternative
with every profile of preference orderings. A voter’s preferences are private information. A
SCF is strategy-proof if no voter can gain (according to her true preferences) by lying about
her preference ordering at every profile of preference orderings for the other voters. The
fundamental result of (Gibbard (1973) and Satterthwaite (1975)) states that every SCF that
is strategy-proof and satisfies the mild requirement of unanimity, is dictatorial. In other
words, there exists a voter whose first-ranked alternative is always picked as the outcome of
the SCF at every preference profile.

We say that a SCF is K-manipulable (K > 1) if the voter can improve by at least K
ranks in her true preference ordering by lying. A SCF is K-strategy-proof if it is not K-
manipulable. If K = 1, K-strategy-proofness is standard strategy-proofness. However, if
K > 1, we have a weaker notion of strategy-proofness that captures the idea that a voter
manipulates only when the gains from lying are “substantial”. If K equals the number of
alternatives, K-strategy-proofness will be trivially satisfied. We can therefore reasonably
expect a wider class of SCFs to be strategy-proof as the “reluctance to lie” increases.

Our main result is that this optimism is somewhat misplaced. We show that under various
notions of efficiency and for a sufficiently large number of alternatives, a SCF is K-strategy-
proof only if it is K-dictatorial, i.e. there exists a voter such that the outcome at every
profile is one of her top K-ranked alternatives. As K increases, the strength of strategy-
proofness decreases but so does the power of K-dictatorship. Rather surprisingly, they
exactly counterbalance each other. For instance, if K is equal to the number of alternatives,
K- strategy-proofness is vacuously satisfied but so is K-dictatorship. If K = 2, the SCF
must always pick either the dictator’s first or second-ranked alternatives. This choice can
depend on the preferences of other voters. Our result establishes a robustness property of
the Gibbard-Satterthwaite result.

We also show that the well-known equivalence of ontoness, unanimity and efficiency for
strategy-proof SCFs breaks down when strategy-proof is replaced by K-strategy-proofness.
Along with this, we have various results on the lower bound of number of alternatives required
to prove the K-dictatorial SCF.

We would like to contrast our approach with that taken in the literature on local-global
equivalence (Carroll (2012), Sato (2013), Kumar et al. (2019)). In these models, agents are
restricted to “local lies”; i.e the inputs provided by the voters are constrained to be “close”
to the true private information they possess. Their main question is to determine whether

immunity to local lies guarantees that no lie will be beneficial. Our proposal is to focus



instead on the output of the SCF. A voter is not constrained in the manner in which she lies
but will lie only when the rewards from doing so are suitably high. As we have mentioned
earlier, there is experimental evidence to support our approach.

There is a large theoretical literature on strategic communication, cheap talk and imple-
mentation which explicitly takes into account, the cost of lying (see Sobel (2020), Kartik
(2009), Khalmetski and Sliwka (2019) and Dutta and Sen (2012), Matsushima (2008a) and
Matsushima (2008b)). The papers on implementation, especially Dutta and Sen (2012) are
close in spirit to our work since they are also concerned with ordinal environments. However,
the actual assumptions on the costs of lying are quite different. For instance, Dutta and Sen
(2012) assume a lexicographic cost structure - agents always lie if they can improve their
material payoff; however they strictly prefer to tell the truth if truth-telling and lying yield
the same material payoff.

Two papers in the social choice literature that bear some resemblance to ours are Camp-
bell and Kelly (2009) and Campbell and Kelly (2010). Both papers consider the standard
notion of manipulability. The former investigates the relation between the maximal gain
that any voter can obtain by manipulation and a measure of the “degree of dictatorship”
of particular class of social choice functions. The second paper conducts a similar analyze
for the maximum loss that a manipulating voter can impose on other voters. Our approach
differs fundamentally from these papers in the sense that we depart from the standard notion
of manipulability and consider a behavioural approach to truth telling. The results in our
chapter are also unrelated to those in the papers mentioned above.

The rest of the chapter is organized as follows. Section 2.2 introduces the basic notation
and definitions. Section 2.3 contains the main results. Section 2.4 discusses various aspects
of our results while Section 2.5 concludes the chapter. Section 2.6 is the Appendix and

contains the proofs.

2.2 PRELIMINARIES

Let N = {1,...,n} be a finite set of voters and A be a finite set of m alternatives i.e.
|A| = m. We will write i, j and a, z, y, z, etc. for generic elements in N and A respectively.
Each voter 7 € N has a (linear) preference ordering P; over the elements of the set A'. For
distinct a,b € A by aP;b we mean : a is strictly preferred to b by voter i according to her
preference ordering P;. Let P denote the set of all linear orderings over the elements of A.
For any preference ordering P; and integer k = 1,...,m, ri(P;) denotes the k' ranked
alternative in P, i.e. [{a € A : aPrp(P)} = k — 1 and r(P;,a) € {1,2,...,m} denotes
the rank of alternative a at P,. Note that for any P, € P, k € {1,2,...,m} and a € A,

!Linear order is a binary relation which satisfies completeness, transitivity and anti-symmetry.



ri(P;) = a if and only if 7(P;,a) = k. It will be helpful to write P, as an ordered tuple,
P = <r1(B), ro(P), - 16(B), 1151 (P, + .t (P), rm(B)>.

A profile is a list P = (P, ..., P,) € P" of voters’ preference orderings. For any coalition
S C N, let Ps = (P)ies and P_g = (P))ien\s- For simplicity, we write P_; for P_g; and
P_;; for P_y; ;1 and so on. A profile P is also denoted by (5, P—;), more generally (Ps, P_g)

for any S C N. Some standard definitions are as follows:
DEFINITION 2.1 A social choice function (SCF) f is a mapping f : P" — A.

A SCF picks an alternative at every preference profile. Note that all preference profiles are
admissible i.e. the preference domain is “unrestricted” throughout the chapter.

In the standard model of strategic voting, a voter’s preference ordering is private infor-
mation. A desirable property for a SCF is strategy-proofness. A strategy-proof SCF has the
property that no voter can gain by misreporting her true ordering, irrespective of the reports
of other voters. In other words, truth telling is a weakly dominant strategy for each voter in

the direct revelation game. This is formally stated below.

DEFINITION 2.2 The SCF f is manipulable at profile P via P! if f(P;,, P_;) P; f(p). The
SCF is strategy-proof if it is not manipulable by any voter at any profile.

In this chapter, we explore the consequences of introducing a fixed cost of lying for every
voter. Our model (which is the standard voting model) is ordinal. It is however natural to
interpret ranks as utilities. With this understanding we assume that the fixed cost of lying
for every voter is K —1 ranks in her preference ordering. A voter will therefore will lie only if
the lie leads to an improvement of at least K ranks according to her true preference ordering.

This leads to the definition of K-strategy-proofness.

DEFINITION 2.3 Pick an integer K in the set {1,2,...,m}. The SCF f is K-manipulable
at profile P via P! if r(P;, f(P)) —r(P;, f(P/,P_;)) > K. The SCF is K -strategy-proof if it

7

is not K-manipulable by any voter at any profile.

Figure 2.1 diagrammatically illustrates K-manipulability of SCF f at a profile P via P/.

We make two important remarks regarding K-strategy-proofness.

REMARK 2.1 The notion of K-strategy-proofness reduces to strategy-proofness in the case

K = 1. This is the case where cost of lying is zero.



T[F)h f(Pi/7 P—Z)] =L-K — f(Pz'/7 P—i)

=K-1

[P, (P, Py)) =L —  f(P, Py)

Figure 2.1: K-manipulability

REMARK 2.2 As K increases, the cost of lying for every voter increases. The incentive for
truth telling therefore increases with K. If K = m the cost of lying is so high that no voter
has incentive to lie i.e. all SCFs are m-strategy-proof. Thus K-strategy-proofness reflects the
behaviour of an agent who has an intrinsic cost of lying and misreports her true preference

only when the gain from lying exceeds her intrinsic cost of lying.

As noted in the Remark 2.2 and also mentioned in the introduction that K-strategy-
proofness can be given a behavioral justification. A voter may not choose to misreport if she
can only gain by a “small” or “imperceptible” amount.

Our goal is to characterize the class of K-strategy-proof SCFs in conjunction with some
other axioms. The benchmark result in strategic social choice theory is the celebrated
Gibbard-Satterthwaite theorem for strategy-proof SCFs. In order to state the result some

additional definitions are required.

DEFINITION 2.4 A SCF f satisfies unanimity if f(P) = x for all profiles P where r(P;) = x
for allie N.

A SCF satisfies unanimity if it always picks the commonly first ranked alternative, whenever

1t exists.

DEFINITION 2.5 A SCF f is dictatorial if there exists a voter i (called a dictator) if f(P) =
r1(P;) for all profiles P.

A dictatorial SCF always picks the first ranked alternative of a pre-specified voter called the

dictator. It is easy to verify that a dictatorial SCF is strategy-proof and satisfies unanimity.



The Gibbard-Satterthwaite theorem states that dictatorial rules are the only SCFs that

satisfy these properties, provided there are at least three alternatives.

THEOREM [Gibbard (1973) and Satterthwaite (1975)] Assume m > 3. A SCF f is

strategy-proof and satisfies unanimity iof and only if it is dictatorial.

It is well-known that the Gibbard-Satterthwaite theorem continues to hold when una-

nimity is replaced by a weaker requirement on the range of the SCF.?

DEFINITION 2.6 A SCF f is onto if, for all a € A there exists a profile P € P" such that
f(P) =a.

THEOREM [Gibbard (1973) and Satterthwaite (1975)] Assume m > 3. A SCF f is

strategy-proof and satisfies ontoness if and only if it is dictatorial.

A counterpart of the dictatorial SCF in our context is the K-dictatorial SCF which is
defined below.

DEFINITION 2.7 A SCF f is K-dictatorial if there exists a voter i (called a K-dictator) if
f(P) € {ri(P),ra(P;),...,rx(P;)} for all profiles P.

The K-dictatorship SCF picks one of the top K ranked alternatives of a pre-specified voter
called the K-dictator. Again, it is obvious that the K-dictator can never K-manipulate at
any profile. An important difference between a dictatorial and a K-dictatorial SCF is that
the outcome of the latter at any profile may depend on the preferences of voters other than
that of the K-dictator. This is illustrated in the Example 2.1.

ExAMPLE 2.1 Pick K such that 2 < K < m. Consider the following SCF: at every profile,
pick the highest ranked alternative in voter 2’s preference ordering among the top K ranked
alternatives in voter 1’s preference ordering. As we have remarked earlier, voter 1 cannot
K-manipulate. In addition, voter 2 also cannot K-manipulate. The SCF also satisfies
unanimity. However, it is not strategy-proof. For example, consider the profile P where
Py = (212913 ... 2pTx 11 ---)° and Py = (zom123. .. 230K 41 - . .). The outcome at this profile
is x9. Consider the misreport P| = (zx 12123...xxTo...) by voter 1. Now z5 is no longer
among the K best alternatives reported by the voter 1. The outcome therefore changes to

x1. However, this is a manipulation for voter 1.

2An even weaker notion of the Gibbard-Satterthwaite theorem can be stated where the range of the SCF
is required to be three. However, in this case the definition of a dictator has to be modified to be a voter

who always gets the maximal alternative in the range of the SCF.
3Recall that P, is the ordering where x; is ranked first, x5 second, 3 third and so on.
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REMARK 2.3 An important feature of the K-dictatorial SCF is that the dependence of its
outcome at any profile on the K-dictator’s preferences decreases, as K increases. In the
case when K = m, the outcome does not depend at all on the K-dictatorship’s preferences.
On the other hand, when K = 1 the outcome is completely determined by the K-dictator’s

preferences.

In the next section, we will show that there is a tight relationship between K-strategy-
proof SCFs and K-dictatorship.

2.3 MAIN RESULTS

Our first result shows that unanimity and K-strategy-proofness imply K-dictatorship for

sufficiently large number of alternatives.

THEOREM 2.1 Let K be an integer in the set {1,2,...,m} and assume m > 5K. If a SCF

18 K -strategy-proof and unanimous then it is a K-dictatorship.

The proof of the theorem is relegated to the Appendix. Our result is surprising in one respect

which we state below.

REMARK 2.4 As we have observed earlier in Remark 2.2, the requirement of K-strategy-
proofness weakens as K increases. We may therefore expect many more rules to be K-
strategy-proof for large values of K. Interestingly, all these extra possibilities are exactly
captured within the class of K-dictatorships SCFs. As we have also observed earlier in
Remark 2.3, the class of K-dictatorship expands as K increases. This expansion exactly

accommodates the extra possibilities afforded by the K-strategy-proofness.

REMARK 2.5 Our earlier Remake 2.4 suggests that Theorem 2.1 is a generalization of the
Gibbard-Satterthwaite Theorem. However, this is not exactly true since the lower bound
on the number of alternatives for the case K = 1 in Theorem 2.1 is 5. However, in the
Gibbard-Satterthwaite Theorem this lower bound is 3. We have not been able to reconcile

this difference.

The bound on the number of alternatives can be improved to 3K if unanimity is strength-

ened to efficiency.

DEFINITION 2.8 Let P be a profile. Alternative a dominates alternative b at P if aP;b for
alli € N. The SCF [ is efficient if at all profiles P and alternatives b, f(P) # b if there

exists an alternative a which dominates b.
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Now we can state our next result.

THEOREM 2.2 Let K be an integer in the set {1,2,...,m} and assume m > 3K. If a SCF
1s K -strategy-proof and efficient then it is a K-dictatorship.

REMARK 2.6 Note that, K-dictatorship does not imply K-strategy-proofness. In a K-
dictatorial SCF, the outcome may depend on the preference orderings of other voters as
well. If the outcome is not selected carefully, then the SCF may become K-manipulable.
Consider a K-dictatorial SCF, where voter 1 is the K-dictator. Suppose the SCF selects the
least preferred alternative for voter 2 between the first and second ranked alternatives in the
preference ordering of voter 1. This SCF is K-manipulable by voter 2. On the other hand,
consider a different SCF which selects the most preferred alternative for voter 2 between
the first and second ranked alternatives in the preference ordering of voter 1. Now, the
new SCF is K-strategy-proof. This complication makes it harder to provide a complete

characterization of K-strategy-proof SCFs satisfying unanimity or efficiency.

The proof of Theorem 2.2 is also contained in the Appendix. It broadly follows the
arguments in the proof of Theorem 2.1 except that many of the steps are considerably

simplified. The next section discuses several aspects of our results.

2.4 DISCUSSION

This section contains two subsections. The first discusses the relation between various axioms
and K-strategy-proofness. The second subsection discusses the lower bounds on the number

of alternatives in Theorems 2.1 and 2.2.

2.4.1 The Relationship between Ontoness, Unanimity and Efficiency

It is well-known that the notions of ontoness, unanimity and efficiency coincide for strategy-
proof SCFs. We show that this equivalence breaks down for values of K strictly greater
than 1. Of course efficiency implies unanimity which in turn implies ontoness. Below we
provide an example of a SCF which satisfies K-strategy-proofness and ontoness but violates

unanimity.

EXAMPLE 2.2 Let K > 2. Define a preference ordering P, of voter 1 as follows : a; Py a;q
for i =1,2,...,m—1ie. P, = (ai,as,...,ay,). The SCF f is defined as follows :

rr—1(Pr) if re(P1) = ag
f(P) = N%Dax {ar,ag 1} if P = Py

ri(Pr) otherwise

12



We first argue that f is not a K-dictatorial SCF. Note that no voter other than 1 can be
a K-dictator. To see this consider a profile P where rg(P;) = a,, and r,,(P;) = a,, for all
i # 1. We have f(P) = a,, which shows that voters other than 1 do not get an alternative in
the set of their top K alternatives (since m > K'). Voter 1 is not a K-dictator either because
in the profile P where P, = P| and ax,, P» a; (the second case mentioned in the SCF), she
gets her K+1 ranked alternative ag ..

It is easy to see that f is onto. To show that it violates unanimity, consider the profile P’
where 71 (P!) = ay for all i € N and rg(P]) = a3. According to the SCF we have f(P') = ag.
However, unanimity requires that outcome should be a,.

Finally, we will show that no voter can K-manipulate at any profile. At all profiles no
voter other than 1 or 2 can influence the outcome. Voter 2 chooses the best alternative from
the set which is specified independently of her ordering. Moreover, at every profile voter 1
always gets an alternative which is either ranked K —1 or K in her ordering except when
P, =P, and a k+1 P> ap. In this case, she gets her K+1 ranked alternative. The only way she
can K-manipulate is if she can get her top-ranked alternative in P, i.e. a;. This is ruled out

since f(P) # a; when agx.1 Pya;. We have covered all profiles. Hence, f is K-strategy-proof.

REMARK 2.7 The Example 2.2 also highlights the fact that K-strategy-proofness and on-

toness do not imply K-dictatorship. We note this fact in the next proposition.

PROPOSITION 2.1 Suppose m > K > 2. There exist non K-dictatorial SCFs satisfying

K -strategy-proofness and ontoness.

The next example demonstrates the existence of a SCF which satisfies K-strategy-

proofness and unanimity but violates efficiency.
ExaMPLE 2.3 Let K > 2. Consider a K-dictatorial SCF f where voter 1 is the K-dictator.

b if Tl(Pl) :T’m_l(Pg) = ¢ and TQ(Pl) :Tm(PQ) =)
1(P) = { l\/gpax{rl(Pl),rg(Pl)} otherwise

It is easy to verify that f satisfies K-strategy-proofness and unanimity. However, it violates
efficiency. To see this, consider a profile where every voter prefers a over b. The specific
ranking of @ and b in preference orderings P, and P, coincides with the first case in the
specification of the SCF. At that profile the efficient outcome is a but it selects b. Thus,

violating efficiency.

REMARK 2.8 Both Examples 2.2 and 2.3 show that the breakdown of the equivalence be-
tween ontoness, unanimity and efficiency under K-strategy-proofness does not depend on

the value of either m or K, as long as K > 2.
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2.4.2 Tightening the lower bound on number of alternatives

In this subsection, we discuss why K-strategy-proofness requires a large number of al-
ternatives. In the case of efficiency (Theorem 2.2), we have shown that K-strategy-
proofness implies K-dictatorship, if there are at least 3K alternatives. The next example
shows that there exists a non-K-dictatorial, efficient and K-strategy-proof SCF, if the num-
ber of alternatives is at most 2K.

We introduce some new notation for this purpose. For any coalition S C N and sub-
profile Pg we let TX(Ps) = N{ri(B),...,rx(P)} i.e. TH(Ps) contains the alternatives
that are ranked among the ﬁrZSGtS K alternatives by all voters in S in the profile Ps. All the
examples in this section have the feature that the outcome at any profile depends only on the
preference orderings of voters 1 and 2. Therefore, in order to show that K-strategy-proofness

is satisfied, we only need to argue for voters 1 and 2.

EXAMPLE 2.4 Let K < m < 2K. Pick P/ and P such that a; P/ a;;1 and a;y1 P/ «

3 3 7 (2

respectively, for all [ = 1,...,m—1 i.e.P/ = (a1,as,...,ay,) and P = (am, Gm-1,-..,01).
The SCF f is defined as follows :
W1 if Py = (P, F)or (P, P)
1) = Max TE(P,P,)  otherwise
2

Pick an arbitrary profile. If the profile is such that the outcome of f is specified by the first
case in the description of f then the outcome ag; is efficient because at this profile every
alternative is efficient. For any other profile, voter 2 chooses her most preferred outcome
from the set of alternatives which are top K-ranked by both voters. Since m < 2K, the set
TE(Py, P,) is non-empty. Clearly f is efficient.

We consider the K-strategy-proofness of f. Pick a profile where the outcome of f is
specified by the second case in the description of f. Here, the outcome belongs to the top
K-ranked alternatives of both voters 1 and 2. Therefore, they cannot K-manipulate. If a
profile P is such that P 2y = (P}, P5) then outcome is a1, which belongs to top K-ranked
alternatives of voter 2 and she cannot K-manipulate here (to be precise axq is m — K + 2
ranked alternative for voter 2 and we have assumed m < 2K som—K+2 < K ). For voter 1
it is her K +1 ranked alternative. In order for her to K-manipulate, voter 1 must obtain the
first ranked alternative which is a;. According to the SCF if P, = Py then for any preference
ordering of voter 1 the outcome can never be a;. Hence she cannot K-manipulate either. At
profile P where Py 9y = (P;, P5') a similar argument applies after reversing the roles of voter
1 and voter 2.

Finally, we show that f is not K-dictatorial. It is obvious that voters other than 1 and 2
cannot be K-dictators. At profiles where the sub-profile of voter 1 and 2 is either (P], Py) or
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(P, P}), the outcome is a1, which is ranked K + 1 by voters 1 and voter 2 at preference

ordering P| and Py respectively. Therefore, neither 1 nor 2 can be a K-dictator.

ExXAMPLE 2.5 Let m = 2K. Fix a set of alternatives Ax C A such that |Ax| = K and
denote A = {ai,as,...,ax}. The SCF f is defined as follows :

I\/EDaX TK(Pl,Pz) lf TK(Pl,PQ)#Q
f(P): I\/EDaX TK(Pl) if TK(P17P2>:®aHd TK(Pl)ﬂAK#Q
Max TE(PR) otherwise

The SCF f is efficient because there is always a voter (either 1 or 2) who selects the best
alternative according to her preference ordering from the top K-ranked alternatives in the
other voter’s preference ordering. We will show that it satisfies K-strategy-proofness. It is
obvious that if a voter gets an outcome from her top K-ranked alternatives, then she cannot
K-manipulate. Therefore, we focus only on voters 1 and 2 when they get an alternative which
is not top K-ranked. In the second case, voter 2 is getting her K +1-ranked alternative, but
by misreporting she can only become worse-off. Thus, she cannot K-manipulate. Similarly,
in the third case, when voter 1 gets her K+1 ranked alternative, she cannot manipulate.
Finally, we argue that it is not a K-dictatorial rule. In the second and third cases of the
rule, voters 2 and 1 get an alternative which is K+1-ranked. So, neither of them can be a
K-dictator.

REMARK 2.9 It is clear from results in the examples that we have complete answers for
the cases when m < 2K or m > 3K. In the case of two voters we can show efficiency and
K-strategy-proofness imply K-dictatorship whenever m > 2K + 1.* Unfortunately, we are

unable to settle the issue for more than two voters and 2K < m < 3K.

Example 2.6 shows that a non-dictatorial, unanimous and K-strategy-proof SCF exists
when 2K <m < % In conjunction with Examples 2.4 and 2.5 we can conclude that there
exists a non-dictatorial, unanimous and K-strategy-proof when K < m < % Note that
inequality 2K <m < % can be satisfied only when K > 3.

EXAMPLE 2.6 Let K > 3. Fix an integer K < % Let m be such that 2K < m < 2K + K.
Fix a set X C A, such that |X| = K. For any preference ordering P, define [*(P,) =
Min{r(Py,a) : a € A\X}. i.e. I*(Py) is rank of the most preferred alternative, according to
Py which does not belong to X. Define 7;*I§P1)(P1) ={rp(P),rpe1(P1), .. rpax—1 (P P\X.

4We omit the proof of this claim. It is available with the author on request.
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The SCF f is defined as follows:

Max TE(P,P) if TR(PL,P)#0

f(P) = 1\/%21)( 7;5 py(P1) otherwise.

It says that if there are any common alternatives among the top K ranked alternatives
of voters 1 and 2, then f picks the most preferred alternative from them, according to the
preference ordering of voter 2. When there is no such alternative, it picks the most preferred
alternative from the set 7;5 Pl)(Pl), according to the preference ordering of voter 2. In other
words, start from the top in preference ordering of voter 1 and pick the first alternative which
is not in the set X. Now including this alternative, consider the next K —1 alternatives in
preference ordering of voter 1 (which may include alternatives from X'). Out of this collection
of K alternatives, select the most preferred alternative in the complement of X, according
to the preference ordering of voter 2.

According to the SCF, if there is any alternative which is ranked first by both the voters
1 and 2, then it should be selected at that profile. Thus, it satisfies unanimity. We claim it
also satisfies K-strategy-proofness. It is obvious that a voter cannot K-manipulate, if she is
getting an alternative from her top K-ranked alternatives, so we only focus on profiles which
come under the second case (in the description of f).

Pick any profile P, where TX(P, P,) = (). According to the SCF, an alternative from
the set X can be obtained only if it is commonly ranked in the top K-ranked alternatives
by both the voters 1 and 2. Therefore, fixing P_;, voter 1 can never obtain an alternative
x; € X, which belongs to her top K-ranked alternatives, since 75 (P, P,) = () (in particular,
alternative z; which is ranked higher than r;«(P;)). Moreover, the outcome must belong to
the set 7?*I§P1)(P1)' It follows that at every profile voter 1 always gets an outcome which
belongs to the top K alternatives within her opportunity set. So, she cannot K-manipulate.

A similar argument applies to voter 2. At profile P, she cannot obtain an alternative
which belongs to top K-ranked alternatives in her preference ordering because we have as-
sumed TX (P, P,) = (). Moreover at every profile she selects the most preferred outcome
from her opportunity set. It implies that by misreporting, at best, she can obtain an al-
ternative which is ranked at K+1. Fix the sub-profile P_5, because of our assumption of
m < %, voter 2 at most can gain K —2 places in her preference ordering. We highlight this
specific case in Figure 2.2. Therefore, voter 2 also can never K-manipulate. Hence, f is
K-strategy-proof SCF.

It is easy to see that no voter can be a K-dictator because according to the SCF, for
every voter there exist profiles where she obtains an alternative below her top K-ranked

alternatives.
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Figure 2.2: The profile P where voter 2 has maximum possible gain via a misreporting.

We provide a profile P, where voter 2 has the mazimum scope of manipulation. We
argue that this manipulation can lead to at most a gain of 2K —1 places, which is at most
K—2. Therefore, she cannot K-manipulate. For simplicity, assume K = 10.> This makes
m = 20+K, where K € {1,2,3,4}. Consider a profile P such that P, and P, are as follows :

(1) Po=(a1,.. ,Q10_ s @1y oy TRy A1_fy -5 020)-
(11) P2:(ago,...,au,xl,...,xk,aw, ...... ,al).

The profile P is shown in Figure 2.2. At this profile, we have T (P, P5) = (). According to

the SCF, P comes under the second case. Therefore, we need to compute [*(P;), which is

5This particular instance can easily be generalized to any value of K.
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equal to 1 because a; is the first alternative from the top, which does not belong to X. It

implies that

7;*I§P1)(P1) = {re:(P1), reqa(P1), - rogx 1 (PORNX = {ar, as, - ago- i}

Hence, f(P) = l\/gax 7;5 py(P1) = aio_i. The most profitable manipulation for voter 2 is
2

when she obtains z; via a misreport. But, we have assumed that K < % Therefore, this
improvement at mazimum could be of 2K —1 places, which is strictly lower than K—1. So,

at best she can K —1 manipulate but not K-manipulate. This completes our claim.

2.5 (CONCLUSION

We have shown the robustness of the Gibbard-Satterthwaite Theorem when voters incur a
cost of lying. We have introduced the new notion of K-strategy-proofness. We have shown
that for a sufficiently large number of alternatives K-strategy-proofness in conjunction with
either efficiency or unanimity leads to the K-dictatorship. This is surprising in view of the

fact that K-strategy-proofness is a significant weakening of strategy-proofness.

2.6 APPENDIX

We provide a proof of Theorem 2.1. We begin with a lemma which we will use frequently
in the proof. It is a “lifting” lemma of the sort which is common in the arguments involving
strategy-proofness.

Let S be a non-empty subset of voters. Let (A;, Az, A3) be a partition of the set A with
|Ay| > K and As # 0. Let P be a profile such that all voters in S rank all alternatives in
Ay above all alternatives in A, and all alternatives in A, above all alternatives in As.

For any voter ¢ € S and let ]f”i( 4,) be the set of preference orderings obtained from the ]5i,
by only reshuffling the alternatives from A,, while keeping the ranks of all the alternatives in
A; and Az unchanged i.e. for i € S denote P; () ={B €P : r(P,x) = r(P,, x) for all z €
A1 U A3}

Let P §(4,) De the set of all profiles P such that P; € Pi(4,) for all - € S and P; = P for
allj e N \S Le. Pyg = PN\S In other words, every P in IPS( Ay) 1s obtained from the profile
P, by only reshuffling the alternatives from set As and only by voters in S. Let IP’" be the
set of all profiles AP’ such that P]’V\S = PN\S. In other words, every P’ in }f”g( A) is obtained
from the profile P by keeping the orderings of voters in N\S the same, while the orderings

of voters in S can be chosen arbitrarily. It is obvious that ps( A & PS( A)-
LEMMA 2.1 If f(P)€As = [(P)€A; for all P € Py, ) then f(P') € A for all P' € P 4.
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Proof: Suppose the Lemma is false. Let S be a collection of subsets of set .S as follows :
S={TCS :3P such that (i)P; € H(AQ)W € S\T (ii)Py\s = PN\S (zit) f(P) ¢ As}.

The collection S contains all sets T" of voters from set S such that there exists a profile where
voters in S\T report a preference ordering obtained by only reshuffling Ay and N\S report
exactly same as PN\ s and voters in T can obtain an outcome outside Az by reporting some
sub-profile. As we have assumed that the Lemma is false then & cannot be non-empty, it
must include at least the set S.

Pick a set of minimal size from S i.e. S* € § such that |S*| < |T| for all T € S. Let
|S*| = I* > 0. Assume w.lo.g. that S* = {1,2,...,0*}. The set S* must satisfy the following
property : there exists a profile P* such that (i) f(P*) ¢ A3 when P} € I@’,-(Az)‘v’i € S\S* and
Pins = pN\g, (i) f(Bx, P*.) € A for every P € ]f”z*(Az)- Fix this profile P*. We obtain a
contradiction by showing that S* is not the minimum.

Our first claim is that f(P*) ¢ A;. Let P'" be the profile obtained from P* by replacing
P: with Px i.e. P" = (P, P*.). By the fact that S* is minimal we have f(P") € As. If
f(P*) € A; then voter [* can K-manipulate at profile P! via P because of the assumption
|Ay| > K. Therefore, f(P*) € As.

Let P/ be an ordering where (i) all alternatives in A; are ranked above those in A,, which
in turn are ranked above those in Az and (ii) #* is the highest ranked alternative within A,.
Formally, P}l € Bp(ay) and 74,11 (P) = a*.

Our next claim is that {* # 1. Suppose I* = 1 ie. S* = {1} and f(P*) = z* € A,.
Observe that (P), P*,) € I@g(Az). By our assumption f(P/, P*,) € As. So, if f(P*) = z*
and |Ay| > K then voter 1 can K-manipulate at profile (P, P*,) via Pf.

The remaining case to consider is [* > 1. As we have argued previously that [* is the
cardinality of the set which is minimum in the size in the collection §. Thus, it must be the
case that f(P//, P*,.) € As; otherwise I* — 1 becomes the cardinality of minimal set i.e. [*—1
number of voters are enough in the set S to obtain an outcome outside As. As f(P*) = z*
and |Ay] > K, the voter I* can K-manipulate at profile (P, P*,.) via P} because z* is
ranked at least K'—1 places above every alternative in As in the preference ordering P..

Therefore, we arrive at a contradiction and it completes the proof. [

Let Gy, Gy and G be a partition of N such that G is non-empty. Let Pg, be a sub-profile
for voters in G3. Let X C A such that | X| = K. We denote P for a ranking of alternatives

only in set X.5 We say G, is decisive over X given Pg,, if there exists some ranking PX
such that we have f(P) € X for all profiles P such that

In other words, PX is linear order over the set X. In this terminology any preference ordering P; can

also be written as P; = PA.
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(i) all voters in G; rank alternatives in X above all alternatives in A\ X.
(ii) all voters in G; have the common ranking P over X.
(iii) the ordering of voters in G3 is Pg, i.e. Pg, = Pg,.

According to the definition, coalition G; can “force” the outcome in X irrespective of the
preferences of Gy provided that preferences of G and G satisfy certain conditions.” When
G3 = (), the condition reduces to saying G is decisive over X.

Next, we prove an important proposition which says that if N is partitioned into two
coalitions, a single voter and the rest, then either the single voter is decisive over some set

or the remainder coalition is decisive over another disjoint set.

PROPOSITION 2.2 Let X and Y be arbitrary disjoint sets each with K alternatives. Let
({i}, N\{i}) be an arbitrary partition of N. If a SCF satisfies unanimity and K -strategy-

proofness then either voter i is decisive over Y or coalition N\{i} is decisive over X.

Proof: Assume without loss of generality that i = 1. Let (X,Y, B,C, D) be a partition of
set A such that (i) |Z| = K for Z = X, Y. (ii) |Z| > K for Z = B,C,D. This is feasible
since |A| > 5K. Let P be the profile such that

(i) voter 1 ranks all alternatives in Y on top, followed by all alternatives in D, followed
by all alternatives in X, followed by all alternatives in B and finally followed by all

alternatives in C.

(i) all voters 2,3, ..., n rank all alternatives in X on top, followed by all alternatives in B,
followed by all alternatives in Y, followed by all alternatives in C' and finally followed

by all alternatives in D.

(iii) all voters rank alternatives in X in the same way. We assume without loss of generality
that this common ranking is (xy, s, ..., zx). Similarly, all the voters rank alternatives

in Y the same way. We assume without loss of generality that this common ranking is

(yby?? s 7yK>

The profile P is shown in Figure 2.3. Note that X and Y are shown in bold to signify that
all voters have a common ranking over X and Y as defined above. We emphasize that all

voters can rank alternatives arbitrarily in B, C' and D, different from each other.®

"To clarify the nature of the condition let’s assume G; = {1} and G2 = {2,...,n—1} and G3 = {n}. Let
PLX = (z1,...,2x) and P, = (a1,az2,...,an,). Suppose voter 1 is decisive over X given Plx and P,. The
definition does not restrict the outcome if voter 1 changes her preference ordering by swapping x; and zs.

In this case, the outcome may no longer belong to X. A similar implication applies to voter n. Therefore,
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C D D D
Figure 2.3

Step 1 : We claim that f(P) € XUY.

In order to prove the claim, we argue that f(P) ¢ BUC U D. Suppose f(P) € BU
C'. Consider a misreport by voter 1 of the type P/ = (z1,...... ) ie. m(P]) = z1. By
unanimity f(P], P_1) = x;. It is clear that voter 1 can K-manipulate at profile P via P].

If f(P) € D then we show a contradiction using Lemma 2.1. Suppose f(P) € D.
Consider changes in the preferences of voters other than 1 in a manner where only ranking
of alternatives in C' change i.e. only reshuffling the alternatives from C. Suppose a voter
1 # 1 can shift the alternative from D. If the resulting alternative is above C' then we have
a K-manipulation by voter i since |C| > K. If the outcome is in C' then the argument in
the previous paragraph applies and voter 1 can K-manipulate. Hence, the outcome must
remain in D for all such profiles.

All the conditions of Lemma 1 are satisfied with A, = X UBUY, Ay =C, A3 =D and
coalition S = N \ {1}. Consider P’ where P/ = P; and for i # 1, P/ = (y1,...... ) ie all
voters from 2 to n have y; on top. Applying Lemma 2.1 we have f(P’) € D. Moreover, at this
profile y; is commonly ranked first by all voters. However, this contradicts unanimity which

requires f(P’) = y;. This completes the proof of Step 1.

Step 2 : If f(P) € Y then voter 1 is decisive over Y.
Consider a profile P’ such that

(i) P = P|.

(i) all voters 2,3,...,n rank all alternatives in X on top, followed by all alternatives in
B, followed by alternative y, followed by all alternatives in C' and finally followed by
all alternatives in D U Y \{y }.

even a “slight change” in either P via any voter in Gy or Pg, via any voter in G3 can lead to a drastic
change in the outcome.

8In all the figures, wherever we depict a set in bold in a preference ordering of a voter, it means alternatives
of that set are ranked in a specific way by that voter. Whereas, a non-bold set signifies that alternatives in

that set are ranked arbitrarily.
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(iii) all voters 2,3, ..., n rank alternatives in X according to (x, zs,...,zx) and Y accord-

ing to (y1,Y2, .., Yk)

The profile P’ is shown in Figure 2.4. We claim f(P’) = y;.

PP P - P
Y X X ... X
D B B -.--- B
fPY=flx yu o - wl|=n (2.1)
B ¢ C ---- C
C
Figure 2.4

Consider a sequence which starts from P and terminates at P’ such that voters from 2
to n progressively change their preference ordering from P; to P/. Formally, consider the
sequence {P', P% ..., P"} where P! = P and P* = (P[,P"") = (P|... P}, Po11,...,Py)
for k = 2,...,n i.e profile P* is obtained from P*~! by replacing P, with P/. Note that

P™ = P'. We claim that for any k > 2,
(i) if f(P*1) € Y\{y;} then f(P*) € Y UD.
(i) if f(P*') =y then f(PY) =y

We first show (i). If f(P¥) € B UC then an argument identical to the one used
in Step 1 applies. Voter 1 K-manipulates by misreporting via an ordering of type P; =
(1. oo ). Suppose f(P*) € X. As per ordering Py every alternative in X is ranked
at least K places above every alternative in Y. Thus, voter k& can K-manipulate at profile
P*=1 via P}. Therefore, f(P*) € Y U D. This proves part (i).

Suppose f(P*~1) =y, but f(P*) # y;. According to part (i) it has to belong to Y U D.
In ordering Pj the alternative y; is ranked at least K places above every alternative in
DUY\{y;}. Therefore, at profile P* = (P] ... P}, Pyy1, ..., P,) voter k can K-manipulate via
misreporting Py to obtain g, instead of an alternative from D UY\{y;}. This is a contra-
diction to K-strategy-proof and completes the proof of part (ii).

It is obvious that (i) and (ii) imply f(P’) € Y U D. Suppose f(P') € DUY\{y1}.
Consider any profile obtained by changing the preference ordering of voters other than 1, only
over alternative in C' i.e. keeping the ranking of alternatives in A\ C unchanged. Arguments’

in Step 1 can be replicated to show that the outcome in this profile remains in D U Y \{y; }.

9The arguments showed that f(P) ¢ D in Step 1.
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Thus, all conditions of Lemma 2.1 are satisfied with Ay = X UBU{y;}, Ay = C, A3 =
DUY \{y;} and S = N\ {1}. Lemma 2.1 would imply that for any profile P where P, = P,
we have f(P) € DUY\{y;}. Pick P_y such that P, = (y1...yx...... ) for each ¢ # 1,
unanimity implies f(P) = y;. However, this contradicts our conclusion f(P') € DU Y \{y}
in previous paragraph. Therefore, f(P') = y;. We will use this conclusion later and record
it as Equation (2.1) Figure 2.4.

Consider a profile ([51, P’ ) where P, = (y1.--Yg,x1...2k,...), it is shown in Figure
2.5. We claim f(P) = wy. If f(P,P)) ¢ Y\{s}, we can apply the same arguments
as in the previous paragraph to show that all conditions of Lemma 1 are satisfied with
A = XUBU{nu}, Ao =C, A3 =DUY \{y} and S = N\ {1}, again arriving at a
contradiction. Therefore, f(P;, P’,) = y.

PP P o P
Y X X ... X
X B B --..- B
<P17P,—]_): yl yl e e . yl
0 Cc ... C
Figure 2.5
Now consider a profile P” such that
(i) P/ = P
(ii) all voters 2,3,...,n rank all alternatives in X on top, followed by all alternatives in

BUCUD, followed by all alternatives in Y.

(iii) all voters rank alternatives in X according to the common ranking (xi,xs,...,Tx).

Similarly, alternatives in Y have the common ranking (y1,v2, ..., Yx)-

The profile P” is shown in Figure 2.6.

We claim f(P”) € Y. In order to see this, start from profile P’ and progressively change
the preference ordering of voters 2 through n from P! to P/. Note that f(P') =y, i.e. € Y.
Suppose that voter k changes from P/ to P’ and the outcome no longer belongs to Y.

If it belongs to X then voter k£ can K-manipulate at (P/,..., P/ |, P, ..., P}) via P/.
If outcome belongs to B U C'U D then voter 1 K-manipulates at (P{,..., P/, P,,,,...,P})
via any ordering of type P = (x1...... ). Therefore, we have a contradiction, establishing

that f(P") €Y.
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popPyopPy - P

Yy X X ---- X
P//:X
Y ' Y -...Y
Figure 2.6

In profile P” note that the ranking of voters 2 through n over BUC'UD is arbitrary. Since
f(P") €Y, all conditions of Lemma 2.1 are satisfied with A; = X Ay = BUCUD, A3 =Y
and S = N\ {1}. Applying Lemma 2.1 we have f(P"”) € Y, where P"” is shown in Figure
2.7 along with its outcome.

Note that in profile P"” the preference orderings of voters 2 through n are arbitrary. While
the preference ordering of voter 1 is such that she ranks (yi, 42, ..., yx) on top, immediately
followed by (1, s, ..., 2x) and the ranking over B U C' U D is arbitrary.

le P2/// Pé// L Pé”
Y
f X €Y
Figure 2.7

Our final step is to show that voter 1 is decisive over set Y i.e. for any profile ]57 where
Pi=(y. . yx...... ), we have f(P) €Y.

Consider any such ordering P, without loss of generality assume P =
(Y1 Yry b1y ooy by oo ) ie. rl(lf’l) =y forl = 1,2,...,K and r, = t;_x for | =
1+ K24+ K,...,2K.

Let (E, F,G) be a partition of A\ [Y U T] such that each has at least K elements i.e.
V| > K for V= E, F,G. Let P be the profile such that

(i) voter 1 ranks all alternatives in Y on top, followed by all alternatives in G, followed
by all alternatives in 7', followed by all alternatives in £ and finally followed by all

alternatives in F'.

(ii) all voters 2,3,...,n rank all alternatives in 7" on top, followed by all alternatives in F,

followed by all alternatives in Y, followed by all alternatives in F' and finally followed
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by all alternatives in G.

(iii) all voters rank alternatives in 7" and Y in the same way with common ranking

(t1,ta,...,tx) and (y1, %o, .., YK) respectively.

Profile P is shown in Figure 2.8.

NN QX
QNI T
Q<MD
Q<N

Figure 2.8

It follows from Step 1 that f(P) € Y UT. Suppose f(P) € T. At this profile consider a
misreport P” = (Y, X,...) via voter 1. By our previous arguments, we have f(P;", P_q) €
Y. This implies voter 1 can K-manipulate. Hence, f(P) € Y.

Again replicating our earlier arguments, it follows that f (]3) €Y, where P, = (Y, T...).
Since choice of ordering P, is arbitrary, it completes the proof.

Step 3 : If f(P) € X then coalition {2,3,...,n} is decisive over X.

Suppose f(P) € X. Consider any ordering Py of voter 1 where she reshuffles the ordering of
alternatives in Y U D while keeping YU D above X UC'UB and the ranking of all alternatives
in X UC' U B the same. Profile (]51, P_;) with its outcome is shown in Figure 2.9.

P P, P P,
X X X
: B B B
Nx v v y |[€X
B C C C
¢ D D D
Figure 2.9

Suppose f(Pl,P_l) € Y, then voter 1 can K-manipulate at P via P;. Suppose
f (ﬁ’l, P_y) = d; for some d; in D. We can argue without loss of generality that d; is the

first ranked alternative in D according to P; in profile P i.e rx1(P;) = d;. Now, voter 1 can
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K-manipulate at P via P If f(pl, P_y) € BUC then voter 1 can K-manipulate at (Pl, Py)

via misreporting a preference ordering which puts z; on top. Therefore, f(Py, P_;) € X.
Consider any arbitrary partition (7, W) of YUD where both have cardinality of at least

K. Let P, be an ordering such that voter 1 ranks all alternatives in T" on top, followed by

an alternative x,,'% followed by all alternatives in W, followed by the remaining alternatives,
which are BUC U X\{z,}. We claim f(P;, P_;) = z;. See Figure 2.10.

P, P, P P,
T X X X
o1 B B B
f(PLP)=flw v Y Y [=2
0 C C
D D D

Figure 2.10: Note that TUW =Y U D

Suppose f (151, P_1) = z € Y UD. Using the previous argument we can assume without
loss of generality that z is the top ranked alternative in P ie. Tl(ﬁl) = 2. By construction
alternative z is ranked at least 2K — 1 places above every alternative in X. Moreover, we
have shown that f (Pl, P_y) € X. Therefore, voter 1 can K-manipulate at profile (]51, Py)
via Pl. Suppose f(P,, P_;) € X UBUC\{z;} i.e. the outcome is an alternative below W
Then voter 1 can K-manipulate via misreporting x; on top. Therefore, f(P], P_1) = x;.

Consider an arbitrary profile P’ where, P = Py and voters 2 through n rank X on top
with the common ordering (x1, za,. .., 2,). The ordering over all other alternatives i.e A\X
is arbitrary. We claim f(P’) = x;. See Figure 2.11.

P P, P ... P
T X X ... X
.’1;‘1 : : o e e . N
Py =flwo |ex
—Jwo Do e e
Figure 2.11

To see this, suppose voter 2 changes her preference from P, to Pj. Suppose the outcome

10Recall that z; is top ranked alternative of all voters other than voter 1.
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is no longer x;. If the outcome is in X \{z;} then voter 1 can K-manipulate here via misre-
porting x; on top (since |W| > K). On the other hand, if the outcome is not in X then voter
2 can K-manipulate at (151, Py, Py, ..., P,) via P, to obtain z; again. Hence, the outcome
remains x; at this profile. Now, repeating the same argument for voters 3 through n we
establish the claim.

Plll PQ’/ Pé/ . Pr/z/
X X --.-- X

e ) ) .
Figure 2.12

Consider any profile P” (see Figure 2.12), where P/’ is arbitrary and P = P/ for all 1 # 1.
We claim f(P") € XUBUC. Suppose the claim is false and f(P”) =z € YUD. As (T, W)
is an arbitrary partition of Y U D, we can assume without loss of generality that z € T" and
z is the top-ranked alternative in P|. Since T has at least K alternatives, z is ranked K — 1
places above x1. The argument in the previous paragraph shows that f(P’) = z;. Therefore,
voter 1 can K-manipulate at P via P{. So, f(P") e X UBUC.

Pr P P Pr P, P, P P,

Y X X X Y X X X

B D D D C B B B

PP=lx v v vy| PP=|lx v v Y

D C C C B D D D

C B B B D C C C
Figure 2.13

Consider the profiles P* and P** shown in Figure 2.13. As we have shown f(P”) €
X UBUC, it follows immediately that f(P*) € X U B UC. However, in Step 1 we have
already shown that f(P*) € X UY. Thus, f(P*) € X.!!

Starting from profile P* instead of P and using the arguments in Step 3 we can deduce
that f(P”) € X UD U C because B and D have been interchanged in P to obtain P*. By
an identical argument for P**, we can show that f(P") € X."?

' This is so because P* is the type of profile P”.
12The sets C' and D have been interchanged in P to obtain P**.
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Since B, C and D are mutually disjoint sets, it follows that f(P”) € X. This shows that

coalition {2,3,...,n} is decisive over X. [ |

PROPOSITION 2.3 Let f be a unanimous and K -strategy-proof SCF. If there exists X C A

such that a voter i is decisive over X then f is K-dictatorial and i is the K-dictator.

Proof: We have to prove that for any profile P = (P, P_;), we have f(P) €
{ri(P),r2(P;)...rx(P;)}. Pick an arbitrary preference ordering P;. Suppose W contains
the top K alternatives in this preference ordering and assume without loss of generality that
they are ranked according to (wq,ws, ..., wy,) i.e. r(P;) =w; foralll =1,..., K. Let Z be
the set of alternatives such that Z C AW UY and |Z] = K.

Pi o Py PP P o B
Z zZ W Z Z
E - E G E E
P=lw ... w z W w
F F E F F
G G F G G

Figure 2.14

Consider a partition (Z, W, E, F,G) of A such that |V| = K for V=2, W and |V| > K
for V.= E, F,G. Pick a profile P* (shown in Figure 2.14) such that

(i) voter ¢ ranks all alternatives in W on top, followed by all alternatives in G, followed
by all alternatives in Z, followed by all alternatives in £ and finally followed by all

alternatives in F'.

(ii) all voters in N\{:} rank all alternatives in Z on top, followed by all alternatives in E,
followed by all alternatives in W, followed by all alternatives in F' and finally followed

by all alternatives in G.

(iii) all voters rank alternatives in W in the same way with the common ranking being

(wy,ws, ..., wk). Similarly, alternatives in Z are ranked with the common ranking

(21,22, RN ,ZK).IB

Comparing profile P* with profile P in the Figure 2.3, we see that they are “the same”
except that voter 1 and partition (X,Y,B,C, D) are replaced by voter i and partition
(Z,W, E, F,G) respectively.

13Note that voters can rank alternatives in E, F and G differently from each other.
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Py Foy BBy o By p' - Py P PlYy - P
Z Z W Z VA W
E E G E E
flw W Z W wleW = f
F F E F F
G G F G G
Figure 2.15

Proposition 2.2 implies that either voter ¢ is decisive over W or coalition N\{i} is decisive
over Z. If coalition N\{i} is decisive over Z then it is a contradiction to the hypothesis that
voter i is decisive over X. Therefore, voter 7 is decisive over W (see Figure 2.15). Note that
the choice of the preference ordering P; was arbitrary. It follows that if voter ¢ has preference
ordering P; then i is decisive over set of alternatives {ri(P;),r2(P;)...rx(F;)} i.e. outcome

must belong to her top K alternatives. Hence, voter ¢ is K-dictator and f is a dictatorial

SCF. m

PROPOSITION 2.4 Suppose f be a unanimous and K -strateqy-proof SCF. Let X and Y be

disjoint sets each with K alternatives. Fiz any i € N, then either (i) voter i is decisive over
both X andY or (ii) coalition N\{i} is decisive over both X andY .

Proof: Assume w.l.o.g. that ¢ = 1. Proposition 2.2 implies that either voter 1 is decisive
over Y or coalition N\{1} is decisive over X. If voter 1 is decisive over Y then Proposition
2.3 implies that voter 1 is the K-dictator which means she is also decisive over Y. This

covers the first possibility.

PP P b,
X Y Y Y
D B B B
P =
Y X X X
B C C C
¢ D D D
Figure 2.16

Suppose coalition N\{1} is decisive over X. In order to show that it is also decisive over
Y, interchange X and Y in the profile P considered in Proposition 2.2 (Part 1)-Figure 2.3 to
obtain profile P’ shown in Figure 2.16.
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P B Py P, P’ P} P! ... PV
X Y Y Y Y 'Y -... Y
D B B B S .
fly x x x|eY = 0 T ey
B C C C S '
C D D D
Figure 2.17

From Proposition 2.2-Step 1, we know that f(P’) € X UY. We want to argue that
f(P) €Y. Suppose f(P) € X. Then, using the arguments of Proposition 2.2-Step 2, we can
conclude that voter 1 is decisive over X. If voter 1 becomes decisive over X then Proposition
2.3 implies that she is the K-dictator. This contradicts the hypothesis that coalition N\{1}
is decisive over X. Therefore, f(P) € Y. Repeat the arguments of Proposition 2.2-Step 3,
with the only modification being X and Y are interchanged. This leads to the conclusion

that coalition N\{:} is decisive over set Y (see Figure 2.17). This completes the proof. W

We will define some notation for the next proposition. Let {X,Y, B, C, D} be a partition
of A such that |Z| = K for Z = XY, B and |Z| > K for Z = C, D. For any positive integer
k define Gy- = {1,2,...,k—1}, Gy, = {k,k+1,...,n} and G+ = {k+1,k+2,...,n}. Let [
be a positive integer less than equal to n — 1. Let PGF be a sub-profile for voters in G-
such that all voters 1,2,...,l — 1 rank alternatives in B on top with the common ranking
(b1,bs, ..., bk), followed by all alternatives in D, followed by alternatives in {x1, 3 }, followed
by all alternatives in C' and finally followed by remaining alternatives i.e. in X UY \{zy, y; }'*.
The sub-profile P _ is shown Figure 2.18.

2 P, ... P,
B B e B
D D C D
Po,o = {z1,;} {z1,m} -+ {z,m}
C C e C
Figure 2.18

Note that voters in G- can rank alternatives in D, {z1,y1}, C, X UY\{z1,y1} differently from each
other.
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PROPOSITION 2.5 Let f be a unanimous and K-strategy-proof SCF. Fixz L such that 1 <
L <n—1. Suppose coalition G, is decisive over both X andY given ]5(;[7 for every | < L.

Then either (i) voter L is decisive over both X and Y or (i) coalition Gp+ is decisive over
both X andY given PGL* 15

Proof: The proof will be similar to that of Proposition 2.2. It is divided into three steps
and a one preliminary step called Step 0. The preliminary step is similar to unanimity but
restricted to coalition G. The first step is concerned with the possible outcomes at a specific
profile. Depending on the outcome at this profile, the second and third step show that either
voter L is decisive over X and Y or coalition G+ is decisive over X and Y.

Consider an arbitrary preference profile P* where coalition G- has the sub-profile PGL* )

All voters in G, rank X on top and alternatives in X are ranked according to the common

ranking (x1, za, ..., k). Similarly, let P** be an arbitrary profile where coalition G- has a
profile PGL_. In addition, all voters in G, rank Y on top and alternatives in Y are ranked
according to the common ranking (y1,%s, ..., %,).'® The profiles P* and P** are shown in
Figure 2.19.

Step 0 : We claim f(P*) =x; and f(P**) = y;.
Since G, is decisive over X given PGLf, the outcome at P* must belong to X. Suppose
f(P*) € X\{x1}. Consider the profile obtained when voter L — 1 replaces ordering P;,_; by
an ordering PL_I, which places X on top such that alternatives in X are ranked according to
the common ranking (x1, s, ..., zx). By the hypothesis, G1_; is also decisive over X given
PGL_r . Therefore, the outcome at this new profile (PL_l, Pj(Lfl)), must belong to X. If the
outcome is x; then there is a K-manipulation at the original profile P* by voter L — 1 via
Py (since |C| > K). Therefore, the outcome at the new profile also belongs to X\ {z}.

We can continue in the same way changing the preferences of voters L — 2 through 1 by
an ordering that places X on top such that alternatives in X are ranked according to the
common ranking (z1,Zs,...,Tx). At every step in this sequence the outcome must belong
to X\{x:}. However, at the end of the sequence unanimity will imply that the outcome is
x1. We have a contradiction. Therefore, f(P*) = x;. By an identical argument where X is
replaced by Y, we have f(P**) = y;. This completes the claim.

Consider the preference profile P such that (see Figure 2.20)

15 According to the Proposition, if voter L is decisive then there is no restriction. Whereas coalition G+
becomes decisive only with respect to the sub-profile PGL—' To clarify further, suppose n = 6 and L = 3.
The Proposition says : Suppose it is true that N,{2,3,4,5,6},{3,4,5,6} is decisive over X and Y given
0, P1y, Py 2y respectively. Then either (i) 3 is decisive over X and Y or (ii) {4,5,6} is decisive over X and
Y given 13{17273}.

6We are assuming w.l.o.g. a coalition is decisive over X and Y w.r.t. PX = (21,79,...,7x) and

PY = (y1,v2,- - ., Yyn) respectively.
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(i)
(i)

(iii)

B B X X X
D D
Pr=1aww} o fonm)
C C
P P, P Priy P
B B Y Y Y
D e D
P = {71, 01} {71, m}
C C
Figure 2.19

Ps, =Ps,,

voter L ranks all alternatives in Y on top, followed by all alternatives in D, followed
by all alternatives in X, followed by all alternatives in B and finally followed by all

alternatives in C.

all voters in G+ = {L+1,L+2,...,n} rank all alternatives in X on top, followed by
all alternatives in B, followed by all alternatives in Y, followed by all alternatives in C'

and finally followed by all alternatives in D.

all votersin G, = {L, L+1,...,n} rank alternatives in X in the same way according to
common ranking (x1, 2z, ..., k). Similarly, alternatives in Y are ranked in the same
way according to common ranking (y1,va, . .., yx)."

Step 1’ : We claim that f(P) € XUY.
We prove the claim by showing f(P) ¢ BUC U D. Suppose f(P) € BUC. Consider

a misreport by voter L that puts X on top which are ranked according to (z1,%s,...,Zk)

i.e. an ordering of type P, = (z1...2x...... ). We thereby obtain the profile P*. Since
f(P*) = x1, voter L is able to K-manipulate at P.

1"Note that voters in G, can rank alternatives in B, C' and D differently from each other.
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Py Py P, Pry P,
B B Y X X
D D D B B
P={z1,y1} - {zm} X Y Y
C C B C C
C D D

Figure 2.20

Suppose f(P) € D. Consider any profile where voters in G+ reshuffle only alternatives
in C' i.e. keeping the position of all alternatives in A \ C' unchanged.

Suppose a voter ¢ € G+ can shift the outcome away from D. If the resulting out-
come is in C' then the argument in the previous paragraph applies and voter L will K-
manipulate because she can obtain outcome x; via misreporting (z1, xs,...,Zx) on top. If
on the other hand, the outcome is above C' then we have a K-manipulation by voter ¢ since
|C| > K. Hence, the outcome must remain in D for all such profiles.

Lemma 2.1 can therefore be applied with A, = XUBUY, Ay =C, A3 =D and S =G+
to conclude that the outcome at a profile where voters L+1 through n have Y on top and
alternatives in Y are ranked according to (y1, s, - .., ¥yn), the outcome is in D. This implies
that P** € D, which contradicts our conclusion in Step 0. This completes Step 1’.

Step 2’ : If f(P) € Y then L is decisive over Y.

The arguments will be similar to that of Proposition 2.2-Step 2 with the modifications that

voter L and coalition G+ are treated like voter 1 and coalition G+ respectively.'®
Consider the profile P’ such that

(i) Pt =Ps,_.
(i) P, = Py.

(iii) all voters in G+ rank all alternatives in X on top, followed by all alternatives in B,
followed by alternative y;, followed by all alternatives in C' and finally followed by all
remaining alternatives i.e. DU Y \{y}.

(iv) all voters in G+ rank alternatives in X according to (z1,zs,...,zx) and Y according

to (y17y27 cee ayK)

The profile P’ is shown in Figure 2.21.

"8We will keep the profile of G- as Pg, _.
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Py Py P, P, --- P
B B Y X X
D D D B B
P — {zy, 1} - {o,p)y X w0
C - C B C 8.
C
Figure 2.21

We claim f(P') = y;. Consider a sequence of profiles { PX, PF*1 ... P} where PX = P
and P* = (P, P*.') = (P|,..., P}, Pey1,..., P,) ie profile P* is obtained from P*~! by
replacing Py, with P/ for k = L+1,...,n. Note that P = P’. The sequence starts with
profile P and voters L+1 through n progressively change their preference ordering from P,
to P/. We claim that for any k& > 2,

(i) if f(P*1) € Y\{y1} then f(P*) € Y UD.
(i) if f(P*1) = gy then f(P*) = y,.

We first show Part (i). If f(P*) € BUC then an argument identical to the one used
in Step 1’ applies and voter L is able to K-manipulate via preference ordering of type P} =
(1. Tt ). Suppose f(P*) € X. As per preference ordering P}, every alternative in
X is ranked at least K places above every alternative in Y (since |B| = K). Thus, voter k
is able to K-manipulate at profile P*~! via P]. Therefore, f(P*) € Y U D. This proves part
(i).

Suppose f(P*1) = y; but f(P*) # y1. According to part (i) it has to belong to YUD. In
preference ordering P/, the alternative y; is ranked at least K places above every alternative
in DUY\{y;} (since |C| > K). Therefore, at profile P* = (P|... P, P.11,...,P,), voter
k is able to K-manipulate via misreporting P, to obtain y; instead of an alternative from
DUY\{y;}. This is a contradiction to K-strategy-proof and it completes the proof of part
(ii).

Suppose f(P") € DUY\{y:1}. Consider any profile obtained by changing the preference
orderings of voters in coalition G+, only over alternatives in C i.e. keeping the position
of alternatives in A \ C' unchanged. Arguments in Step 1’ can be replicated to show that
the outcome at this profile remains in D U Y \{y;}."” Thus, all conditions of Lemma 2.1 are
satisfied with Ay = X UBU{y}, A2 =C, A3 =DUY \ {ys} and S = Gp+. Lemma

19We refer to the arguments which showed that f(P) ¢ D.
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2 .. Py P, P, --- P

B B Y X X
D D X B B
(PLPLy) = {zr, ) o {zm} (7 /1
C C : c .... C
Figure 2.22

2.1 implies that for any profile P, where ]5]\7\GLJr = PI/\,\GL+, we have f(P) € DUY\{y}.
Pick Pg, , such that P, = (y1...yx...... ) for each i € Gp+. The Step 0 implies f(P) = y;.
However, this contradicts our conclusion f(P') € DUY\{y} in the previous paragraph.
Therefore, f(P'") = y.

Consider the profile (P, P’;) shown in Figure 2.22. Note that P, =
(Y1 YK X1 TRy ). We claim f(P,P ;) = y.. If f(P,P,) ¢ Y then voter L
is able to K-manipulate at profile (P, P'|) via Pj to obtain y;. If on the other hand,
f (]51, P ) € Y\{y1}, we can apply the same arguments as in the previous paragraph to
show that all conditions of Lemma 2.1 are satisfied with Ay = X UBU{y;}, Ay =C, A3 =
DUY\{y:} and S = G+. Again, it implies a contradiction. Therefore, f(Py, P’ ,) = y;.

Now consider a profile P” (see Figure 2.23) such that

(i) P&, =P, .
(ii) Py = Py.

(iii) all voters in G+ rank all alternatives in X on top, followed by all alternatives in
BUCU D, followed by all alternatives in Y.

(iv) all voters rank alternatives in X according to the common ranking (x,zs,...,Tk).

Similarly, alternatives in Y have the common ranking (y1,v2, - - ., Yk )-

We claim f(P”) € Y. In order to see this, start from profile P’ and progressively
change the preference ordering of voters L+1 through n from P/ to P/. Note that
f(P") = y1 € Y. Suppose that k is the first voter whose change from P to P} leads
the outcome to no longer belong to Y. If it belongs to X then voter k£ is able to K-
manipulate at (P/,..., P/ |, P,,...,P.) via P. On the other hand, if the outcome belongs
to BUC U D then voter L can K-manipulate at (Py,..., P}, P/ ,,...,P)) via any ordering
of type Py = (z1 ... 2k ...... ). Therefore, we have a contradiction, establishing f(P”) € Y.
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p ... P, P, P, .- P

B B Y X . ¢
D D X
P//_
o {$1,y1} {xbyl}
C C
Y Y
Figure 2.23

In profile P”, note that the ranking of voters in G+ over BU C U D is arbitrary. Since
f(P") €Y, all conditions of Lemma 2.1 are satisfied with A; = X, Ay = BUCUD, A3 =Y
and S = G-. Moreover, the ranking of voter L over BU C' U D is also arbitrary. Applying
Lemma 2.1, we have f(P") € Y, where P"” is shown in Figure 2.24.

Pl Pr_4 P ngrl R Prlzll
B B Y : :
D D X
P/// —
{xlayl} {Ihyl}
C C
Figure 2.24

Note that in profile P"”, the preference orderings of voters L+1 through n are arbitrary,
while voter L ranks (yi,%s,...,yx) on top, followed by (z1,xs,...,2k), followed by an
arbitrary ordering over BU C' U D.

Next, consider a profile P* such that

(i) P4, =Pe, .

(ii) voter L ranks all alternatives in Y on top according to the ranking (yi,%s,...,Yx),
followed by all alternatives in X according to the ranking (yi1,ys,...,yrx), followed
by all alternatives in B, followed by all alternatives in D and finally followed by all
alternatives in C'.

(iii) all voters in G+ rank all alternatives in B on top, followed by all alternatives in D,
followed by alternative y;, followed by all alternatives in C' and finally, followed by all
remaining alternatives i.e. DU Y \{y}.
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(iv) all voters rank alternatives in B, according to the common ranking (by, bs, ..., bx).

The profile P* is shown in Figure 2.25. We claim f(P*) = y;.

pn ... P, P P, - P
D D X D .. ... D
Pt = {z1, 1} -+ {z1,y1u} B o Ceee
C C D C .
C
Figure 2.25

The arguments in the previous paragraph (see Figure 2.24) imply that f(P*) € Y. Sup-
pose f(P*) € Y\{y1}. Asin Step 0, consider the profile when voter L+1 replaces ordering
P7 ., by an ordering which places Y on top according to (y1,%s2, ..., ¥n). The outcome at this
new profile belongs to Y because of the argument in the previous paragraph. If the outcome
is y; then it is a K-manipulation (since |C| > K) at the original profile P* by voter L+1.
Therefore, the outcome at the new profile must belong to Y\ {y;}.

We can continue in the same way by changing the preference orderings of voters L+2
through n by a preference ordering that places Y on top, such that alternatives in Y are
ranked according to (y1,¥s, - .., Yn). At every step in this sequence the outcome must belong
to Y\{y1}. However, at the end of sequence, the profile so obtained is P**. Step 0 will imply
that the outcome is y; at this profile. So, we have a contradiction. Therefore, f(P*) = y;.

Next, consider a profile P** obtained from P*, where voters 1 through L—1 place z
below C. Formally, profile P** (see Figure 2.26) is such that

(i) all voters in G- rank all alternatives in B on top, according to the common ranking
(b1, b, ...,bk), followed by all alternatives in D, followed by the alternative y;, fol-

lowed by all alternatives in C' and finally, followed by all remaining alternatives i.e.
DUY\{y1}.

(i) Py = Pg,.

We claim that f(P**) = y;. Suppose f(P*) # y;. Start with profile P* and consider the
profile obtained, when voter 1 replaces ordering P} by P;*. If the outcome at new profile
(Py*, P*)) belongs to C'U D then voter L can K-manipulate by misreporting an ordering
of type (by...bg...... ) to obtain b;. If the outcome belongs to X then voter 1 is able to

K-manipulate at P* via ordering P;*, since |D| > K. Suppose the outcome is an alternative
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Figure 2.26: Profile P**

below C'. Then, voter 1 can K-manipulate at profile (P;*, P*;) via P} by obtaining y;, since
(|IC| > K). Therefore, the outcome at the new profile is y; i.e. f(P[*, P*)) = yi.

We can continue in the same way, by changing progressively the preference ordering P of
voters 2 through L —1, by the ordering P/*. An identical argument implies that at every step
in this sequence the outcome is y;. Note that sequence ends at the profile P**. Therefore,
we have f(P*™) = y.

Our final step is to show that voter L is decisive over Y. Compare profile P** with profile
P’ in the Proposition 2.2-Step 2 (Figure 2.4). We see that they are “the same” except that
voter 1 and sets (D, X and B) are replaced by voter L and sets (X, B and D) respectively.
Following a similar argument from there on, we can conclude that voter L is decisive over
Y. Since voter L is decisive over Y, the Proposition 2.4 implies that L is also decisive over

X. This completes the proof of this step.

Step 3’ : If f(P) € X then coalition G+ is decisive over X and Y given Py, _.
This step can be proved using the same arguments used in Proposition 2.2-Step 3 with some
suitable modifications. In particular, voter L is replaced by voter 1 and coalition G+ is
replaced by G+. In all these arguments fix the sub-profile of coalition G- equal to PGL—'
We omit the details of the arguments, since they are essentially the same as those in Step 3
of Proposition 2.2. By doing this, we get the conclusion that coalition G+ is decisive over
X given pGL— 20

Now apply the arguments similar to Proposition 2.4 by replacing X and Y in preference
orderings of voters in G+ in profile P to conclude that with this interchange outcome belongs
to Y. This will eventually lead to the conclusion that G+ is decisive over Y given PGL_.

This completes the proof. [ |

Proof: [Theorem 2.1] Proposition 2.5 implies that either there exists a voter L €

{1,2,...,n—1}, who is decisive over X and Y or voter n is decisive over X and Y, given

29The Step 0 is important to establish this result.
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(n—1)~

If voter L is decisive then Proposition 2.3 implies that L is also a K-dictator and it

completes the proof. For the latter case, we show that voter n is decisive over Y. Consider

the profile P’ (see Figure 2.27) such that

(i) P/G(nil), =Pa, -

(ii) voter n—1 ranks all alternatives in B on top, according to the common ranking
(b1, ba, ..., bk), followed by all alternatives in D, followed by alternative y;, followed by
all alternatives in C' and finally, followed by all remaining alternatives i.e. D U Y \{y;}.

(iii) voter n ranks all alternatives in Y on top, according to the ranking (yi, s, ..., Yx),
followed by all alternatives in X according to the ranking (y1,vs,...,yrx), followed
by all alternatives in B, followed by all alternatives in D and finally, followed by all
alternatives in C.

b P - Py P, P
D D D D X
P'= ey} {ovm} - {owm} w B
C C C C D
C
Figure 2.27

We claim f(P') = y. Since, G, is decisive over Y, given P; _ _, we have f(P') € Y.
Suppose f(P') € Y\{y1}. Consider an ordering of voter n — 1, which puts Y on top and
alternatives in Y are ranked according to (y1,¥2,...,yn). By such a preference ordering,
voter n—1 obtains P** and Step 0 implies the outcome is y;. This implies that voter n—1
can K-manipulate by a misreport at profile P’. Thus, we have f(P’) = x;

Compare the profile P’ and its outcome with profile P* and its outcome in Figure 2.25.
We see that they are “ the same” except that voter L is replaced by voter n and coalition
G1+ is replaced by voter n—1. Replicating the arguments of Proposition 2.5-Step 2/, we can
conclude that n is decisive over Y. If n is decisive over Y, applying Proposition 2.3 will
imply that n is also the K-dictator. This completes the proof. [

Recall, that for any L such that 1 < L < n — 1, coalitions G-, G and G+ are
{1,2,...,L—1}, {L,L+1,...,n} and {L+1, L+2,...,n} respectively. In what follows, we
use the same notion of decisiveness as in the proof of Proposition 2.2.
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Consider a partition (X,Y, Z) of A, where | X| = |Y| = K. Since m > 3K, we have |Z| > K.

PROPOSITION 2.6 Assume |A| > 3K. Let f be an efficient and K -strategy-proof SCF. Fix
L such that 1 < L <n — 1. Suppose coalition G is decisive over X, for everyl < L. Then,

either voter L is decisive over Y or coalition G+ is decisive over X .?!

Proof: The proof will closely follow that of Proposition 2.5. It is however considerably
simpler because of the additional power of the efficiency axiom. As in Proposition 2.5 the
proof is divided into three steps. The first step is concerned with possible outcomes at a
specific profile. Depending on the outcome at this profile, the second and third step show
that either voter L is decisive over Y or coalition G+ is decisive over X.

Consider the preference profile P such that (see Figure 2.28)

(i) all voters in G- rank all alternatives in Z on top, followed by all alternatives in Y

and finally, followed by all alternatives in X.

(ii) voter L ranks all alternatives in Y on top, followed by all alternatives in X and finally,

followed by all alternatives in Y.

(iii) all voters in Gp+ = {L+1, L+2,...,n} rank all alternatives in X on top, followed by

all alternatives in Y and finally, followed by all alternatives in Z.

(iv) all voters rank alternatives in X, Y and Z in the same way according to the common

rankings (21, %2, ..., %K), (y1,Y2,--.,yx) and (21, 2, .. ., 2|z|) respectively.
P ... Py P, Pry P,
zZ - Z Y X X
P=ly Y X Y Y
X X Z Z Z
Figure 2.28

Step 1 : We claim that f(P) € {z1,v1}.

Efficiency implies that f(P) € {x1,y1,21}. Suppose f(P) = z;. Consider a misreport P; by
voter L, which puts X on top and alternatives in X are ranked according to common ranking
(1,22, ...,xK). Since, G, is decisive over X, the outcome after misreport at profile (P}, P,)

must belong to X. At this profile, z; dominates every other alternative in X. Therefore,

2INote that when G+ is decisive there is no restriction regarding the preferences of other voters, which

differs from the claim in Proposition 2.5
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f(P;,P,) = zy. Since, x; is ranked K —1 places above z;, voter L can K-manipulate at P

via P;. This is a contradiction. It completes the proof.

Step 2 : If f(P) = x; then coalition G+ is decisive over X.

Consider an ordering P/, which puts all alternatives in Z on top, followed by all alternatives
in X and finally, followed by all alternatives in Y. Alternatives in X, Y and Z are ranked
according to the common rankings (z1,%2,...,2x), (y1,¥2,--.,yx) and (21, 22, ..., 2|z|) Te-
spectively. Now, construct a profile P from P by replacing P; with P/ for voters 1 through
L. In profile P’; the sub-profile of voters other than {1,2,..., L} remains the same as in P.
The profile P’ is described below and shown in Figure 2.29.

(i) all voters in {1,2,..., L} rank all alternatives in Z on top, followed by all alternatives
in X and finally, followed by all alternatives in Y. The alternatives in X, Y and
Z are ranked according to the common rankings (z1,x2,...,2x), (Y1,Y2,...,yx) and

(21, 22, - - ., 27]) respectively.

(11) P/GL+ - PGL+

P ... P, P. P, P,

Y - Y Y X X

P=lgz ... z 7z v Y

X X X 2z Z
Figure 2.29

We claim f(P') = x;. Consider the profile (P], P_;). Efficiency implies that f(P], P_1) €
{z1,y1,21}. If f(P[,P-1) = y then we have a contradiction because voter 1 can K-
manipulate at profile P via Pj as y; is ranked K—1 places above x;. If on the other hand,
f(P], P_1) = z then as we have argued in Step 1, voter L is able to K-manipulate at (P}, P_;)
by any ordering that puts X on top, which are ranked according to (xy,zs,...,zx). There-
fore, we have f(P[, P_1) = z.

Now, progressively change P, with P/ for voters 2 through L. An identical argument
applies till voter L—1, and we have f(P],..., P, {,Pp,...,P,) = ;. When voter L switches
from Py, to P], the outcome cannot be z; because at profile P’ all the alternatives in Z are
dominated by any y; € Y. The outcome cannot be y; either because it leads to a K-
manipulation by voter L. So, we have f(P’) = x;.

Consider an arbitrary profile P” obtained from P’ where voters 1 through L reshuffle
only alternatives in Z i.e. keeping the position of all alternatives in A\ Z unchanged. The

profile P” is shown in Figure 2.30.
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Figure 2.30

At profile P”, efficiency will imply that f(P) € {x1,y1}. Note that f(P') =
x1. If voter k changes the outcome from z; to y; then she can K-manipulate at
(P..., PP, P,y,...,P) via P/. It implies f(P") = x;. Since, x; € X, all the
conditions of Lemma 2.1 are satisfied with Ay =Y, Ay =7, A3 =X and S={1,2,...,L}.
Lemma 2.1 implies that for any profile where profile of coalition G+ is Pg, ., the outcome
remains in X. This is shown through profile P in Figure 2.31.

P ... P Py P P,

X X

P/// — Y Y
z z

Figure 2.31: f(P") e X

Consider an arbitrary profile P (shown in Figure 2.32) such that

(i) all voters in {1,2,..., L} rank all alternatives in A\ X above all alternatives in X.
(ii) all voters in G+ rank all alternatives in X above all alternatives in A\ X.

(iii) all voters rank alternatives in X, according to the common ranking (z1,zs,...,2k).

The ranking over A\ X can be different for each voter.

pl pL—l pL pL—i—l Pn
X ... X
P=
X .. X X
Figure 2.32

We claim f (]5) = x1. Start from profile P” and consider the sequence of profiles such that

voters 1 through n progressively replace P! with P,. The sequence of profiles thus obtained
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is {P° P ..., P"}, where P° = P” and profile P* is obtained from P*~! by replacing P}
with Pk Note that P* = P.

The step L in the sequence is profile PX = (]51, o P P, ..., P,). The argument
in previous paragraph (see Figure 2.31) implies that f(PY) € X. Efficiency? will imply
f(PY)) = z;. Consider profile PX* = (P4, Pl ). I f(PMY) ¢ X then voter L+1 can
K-manipulate at profile PLT! via P/ as z; is ranked at least K—1 places above every alter-
native in A\X. At profile P* for k > L, the alternative x; dominates all other alternatives
in X. Therefore, it leads to f(PL™') = x;. The same argument applies to the remaining
profiles in the sequence. This implies f (]5) = 1.

The final argument in this Step is to show that coalition GG+ is decisive over X. Consider
an arbitrary profile P]”\‘,\GL+ for voters in {1,2,..., L}. Let (Py, ]5_1) be the profile obtained
from profile P, when voter 1 replaces P, with P. We claim f(P}, P_1) € X. Suppose for
some q; € A\X, we have f(Py, ]5_1) = a;. Note that in ordering P, voter 1 can arbitrarily
rank alternatives in A\X. We can therefore, assume that 7’1(151) = q;. This allows voter 1
to K-manipulate at profile (P, ]5_1) via P because q; is at least 2K — 1 places above every
alternative in X according to P Hence, f(Pf ,]5_1) € X. An identical argument applies
when voters 2 through L replace P, with PF. Thus, we have f (P]’{,\GLJr , pGL L) eX.

The ranking of alternatives in A\ X in sub-profile Pg, , is also arbitrary. Therefore, for
an arbitrary profile P**, where every voter in coalition G+ ranks X on top with common
ranking (z1,2,...,2k), we have f(P*™) € X. It is shown in the Figure 2.33. Therefore,

coalition G+ is decisive over X and it completes the proof of Step 2.

ok *k sk ok *k
L R AT A AT

X ... X
P**:

Figure 2.33: f(P*) € X

Step 3 : If f(P) =y (see Figure 2.28) then voter L is decisive over Y.
Consider the profile P’ such that (shown in Figure 2.34),

(i) P/ = P, for all voters i € {1,2,...,L}.
(ii) all voters in G+ rank all alternatives in X on top, followed by all alternatives in Z

and finally, followed by all alternatives in Y. The alternatives in X and Y are ranked

according to the common ranking (z1,xs, ..., 2x) and (y1,ye, . .., yx ) respectively.

22 At profile P”, the alternative z; dominates all other alternatives in X.
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We claim that f(P’) = y;. Consider the profile (P}, P_(;41)) obtained from profile P
by replacing Pr,1 with P;_ ;. At profile (P;, , P_(z11)), efficiency implies that outcome must
belong to {z1,y:1} U Z. If f(P} ., P-(L+1)) = =1 then voter L+1 can K-manipulate at P via
Pr .. If on the other hand, f(P} ., P-(1+1)) € Z then consider a misreport by voter L of a
preference, where X is on top and alternatives in X are ranked according to (xy, za,...,Tk).
Since, coalition G is decisive over X, the outcome in the new profile after the misreport
belongs to X. The alternative x1 dominates all other alternatives in X. Thus, voter L is able
to K-manipulate at (P}, P_(r41)) by obtaining z;. Thus, we have f(P; ., P_(L41)) = ¥1-
The same argument applies when voters L+2 through n progressively replace P; with P/. At
each step, the outcome remains 3; and hence at the end, we have f(P’) = y;.

Since f(P') =y, € Y, |Z] > K and the ranking over Z is arbitrary for voters of coalition
G+, all conditions of Lemma 2.1 are satisfied with Ay = X, Ay =7, A3 =Y and S = G+.
Lemma 2.1 implies that for all profiles where preferences of coalition N\Gp+, are Py, .

the outcome remains in Y. This is shown through profile P in Figure 2.35.

Pl PL—l PL pL-i—l Pn
[z Z Y
P=ly Y X

X X z

Figure 2.35: f(P) €Y

Consider a profile P” (see Figure 2.36) such that
(i) P! = P, for all voters i € {1,2,...,L}.

(ii) all voters in G+ rank all alternatives in Z on top, followed by all alternatives in
X and finally, followed by all alternatives in Y. The alternatives in X, Y and Z
are ranked according to the common ranking (1, xs,...,2x) and (y1,9s,...,yx) and

(21,22, .., 2z]) respectively.
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Figure 2.36

As argued in previous paragraph (Figure 2.35), we have f(P”) € Y. Since, y; dominates
every other alternative in Y, it must be true that f(P") = y;.

Now, consider the profile P (see Figure 2.37) such that

(i) all voters in G- rank all alternatives in Z on top, followed by all alternatives in X

and finally, by all alternatives in Y.

(ii) voter L in rank all alternatives in Y on top, followed by all alternatives in Z and finally

followed by all alternatives in X.

(iii) The alternatives in X, Y and Z are ranked, according to the common ranking

(1, 22,...,2K), (Y1,Y2, .-, Yk) and 21, 22, . . ., 27| respectively.

(iii) Ps,, = Pa,.

pl . pL—l pL P£+1 P'r/z/

- /Z Z 'Y Z Z

P=x X Z X X

Y Y X Y Y
Figure 2.37

We claim that f (f’) = y;. Consider the profile (f’L,PL’ 1) obtained from profile P” by
replacing Py with P/ by voter L. At this profile, efficiency implies that the outcome belongs
to {y1,21}. Note that, f(P”) = y; and y; is ranked K — 1 places above z, according to P
If f(P,, P",) = z then voter L can K-manipulate at profile (P, P”,) via P}.

Now, start from profile (PL,PL’ ;) and consider the sequence of profiles, where vot-
ers 1 through L—1 progressively replace P! with P, ie. the sequence of profiles is
{PO,P',..., P*'}, where P® = (P, P",) and P* is obtained from P*~!' by replacing P}’
with Py. Note that P*~! = P.

Observe that, for the all profiles considered in the sequence, efficiency will imply that the
outcome belongs to {y1,21}. If P* is the first profile in the sequence where f(P*) = z; then
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voter k can K-manipulate at profile P*~! via Py, because z; is ranked at least K — 1 places
above y; in the ordering P/'. Since f(P°) = y;, we have f(PL~1) = f(P) = y,.

Now, we can show that voter L is decisive over Y by the same arguments used in Step 2
with some modifications. We briefly outline the argument. Comparing profile P with profile
P’ in Figure 2.29, we see that they are “ the same” except that coalitions {L} and N\L are
replaced by coalitions G+ and coalition N\G+ respectively. In addition, sets X, Y and Z
in profile P are interchanged with Y, Z and X in profile P’, respectively. Replicating the

arguments of Proposition 2.6-Step 2, we can conclude that L is decisive over Y. |

PROPOSITION 2.7 Assume |A| > 3K. Let [ be an efficient and K -strategy-proof SCF. If
there exists X C A such that voter i is decisive over X then f is K-dictatorial and i is the
K-dictator.

Proof: The proof will be similar to that of Proposition 2.3. We have to show that for any
profile P = (P, P_;), f(P) € {ri(F;),r2(P;)...rx(P;)}. Pick any arbitrary ordering P;.
Suppose B consists of the top K alternatives in P; and assume without loss of generality
they are ranked (by,b,...,bk). Let C be the set of alternatives such that C C AA\BUY
and |C| = K. This is feasible since |A| > 3K and |Y| = |B| = K

Consider a partition (B,C, D) of A such that D = A\B U C. Pick a profile P* (shown
in Figure 2.38) such that

(i) voter ¢ ranks all alternatives in B on top, followed by all alternatives in C' and followed

by all alternatives in D.

(i) all voters in N\{i} rank all alternatives in C' on top, followed by all alternatives in B,

and followed by all alternatives in D.

(iii) all voters rank alternatives in B, C' and D in the same way with the common ranking

being (bl,bg,. .. ,bK), (01,02,. .. ,CK) and (dl,dg,. .. ,dK)

pro--- PL, PYOPR, b,

C C B C C

PP=Bp ... B C B B

D D D D D
Figure 2.38
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Comparing profile P* with profile P in the Figure 2.28, we see that they are “the same”
except that voter ¢ and coalition N\{i} are replaced with voter L and coalition G+, respec-
tively, for the value L = 1.%* In addition, the partition (B, C, D) is also replaced with the
partition (X,Y, Z).

P P, P P, P P Bl P PL, - B
C C B C C : : B :
/| B B C B B|=b = [
D D D D D
Figure 2.39

Proposition 2.6 implies that either voter i is decisive over B or coalition N\{i} is decisive
over C. If coalition N\{i} is decisive over C' then we have a contradiction to the hypothesis
that voter i is decisive over Y. Therefore, voter i is decisive over B (see Figure 2.39). As
the choice of preference ordering P; was arbitrary, it follows that the voter 7 is decisive over
the set {ri(P;),r2(F;)...rx(F;)}. Hence, voter i is the K-dictator. |

Proof: [Theorem 2.2] Proposition 2.6 implies that there exists either a voter L €
{1,2,...,n—1}, who is decisive over Y or the voter n who is decisive over X. In addi-
tion, Proposition 2.7 implies that this voter is also the K-dictator. This completes the proof.
[

23The coalition G- is empty for L = 1.
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Chapter 3

RANDOM STRATEGY-PROOF VOTING
WITH LEXICOGRAPHIC EXTENSION

3.1 INTRODUCTION

In social choice theory, the problem of collective decision making has been analyzed more
extensively in deterministic than in random environments. An important issue in random
environments, especially in strategic models is that preferences in the voting model are
ordinal rankings while the outcome of voting is a probability distribution over alternatives
(an exception is Benoit (2002)). In order to compare the outcomes for different voting
profiles, it is necessary to specify an appropriate extension from an (ordinal) preference
ordering to lotteries - in other words, to extend preferences over degenerate lotteries to
preferences over all lotteries. The choice of an extension has profound implications for the
analysis; however there are several extensions that can be justifiably chosen. The literature
has almost exclusively used the stochastic dominance or sd criterion introduced by Gibbard
(1977). Our goal in this chapter is to explore the consequences in mechanism design of
replacing the sd-extension by alternative but natural extensions.

The sd-extension designates a lottery L as preferred to another lottery L' at some or-
dinal preference if the expected utility from L is greater than that from L’ with respect to
every utility representation of the ordinal preference. An equivalent formulation is that the
probability weight assigned to all alternatives in the upper contour set of any alternative
(according to the given preference) is at least as high in L as in L'. An important feature of
the sd-extension is that it is incomplete. It is possible to find lotteries L and L’ that are not
comparable.

A Random Social Choice Function or RSCF assigns a lottery over the set of alternatives

with every profile of ordinal preferences of voters. Gibbard (1977) provided a complete
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answer to the following question: which RSCF's have the property that the lottery obtained
by truth-telling at every profile is sd preferred to any lottery that a voter can obtain by
misreporting her preference. In other words, what is the class of strategy-proof RSCFs under
the sd-extension? Gibbard (1977) showed that all sd-strategy-proof RSCF's which satisfy the
additional (mild) property of unanimity, must be a random dictatorship. In such a RSCF,
every first-ranked alternative is given a fixed probability weight with the sum of weights
being one. The requirement for truth-telling in this model is strong - non-comparability of
the truth-telling lottery and the lottery obtained by misrepresentation is not permitted. *

We replace the sd-extension by two simple lottery extensions based on lexicographic
comparisons. The first is the downward lexicographic or dl-extension and the second is the
upward lexicographic or ul-extension. While comparing two lotteries in the former case, the
voter will prefer the lottery which has higher probability on the first-ranked alternative.
If they are the same, the voter will consider probabilities assigned to the second-ranked
alternative, preferring the lottery which has higher probability. If they are the same, she
will consider the third-ranked alternative and so on till the last ranked alternative. The
voter in this case cares “much more” about a higher ranked alternative than a lower-ranked
alternative. For example, a voter will prefer lottery L over L' if the former puts “slightly
more” weight on her first-ranked alternative, even though it may put “much more” weight on
her worst-ranked alternative.

In contrast, the wul-extension captures the behaviour of a voter who wishes to “avoid
the possibility” of getting lower-ranked alternatives. While comparing two lotteries, she will
prefer the one which has lower probability on the last-ranked alternative. If they are the
same, she will consider the alternative that is ranked second-last and so on. Once the dl
and ul extensions are defined, the concept of strategy-proofness for the respective extensions
naturally extend from sd-strategy-proofness. Thus, for any e € {sd, dl, ul}, the e-strategy-
proofness means that lottery obtained by truth-telling at every profile is e-preferred to any
lottery that a voter can obtain by misreporting her true preference.

The ul and dl extensions are simple and natural criteria for decision-making which have
experimental validity - see Campbell et al. (2006), Tversky and Kahneman (1974) and
Starmer (2000). They have been used in various contexts as mentioned in the literature
review. Mennle and Seuken (2014) highlight the importance of dl-strategy-proofness by
showing that it is the lower bound of a generalization of sd-strategy-proofness, which they
call partial strategy-proofness. The ul and dl extensions generate complete orderings over the
set of lotteries in contrast to the sd-extension. Suppose a voter prefers lottery L to L' ac-

cording to the dl-extension. As Cho (2016) shows, there exists a utility representation of the

LA weaker notion of strategy-proofness would require that no lottery obtained by misrepresentation be
sd-preferred to the truth-telling lottery.

50



voter’s ordinal preference according to which L has a higher expected utility than L’. There-
fore, L' can never be preferred to L according to the sd-extension. A similar observation
holds for the ul-extension. A successful misrepresentation according to either the ul or the
dl-extension will also be a successful misrepresentation according to the sd-extension, but
the reserve implication may not hold. It follows immediately that the ul and dl extensions
allow for (in principle) a larger class of strategy-proof RSCFs than does the sd-extension.
There are two broad sets of results in this chapter. The first concerns ul-strategy-
proofness. We show that the Gibbard (1977) random dictatorship result continues to hold,
i.e. every RSCF satistying ul-strategy-proofness and unanimity must be a random dictator-
ship. This is rather surprising in view of the fact that ul-strategy-proofness is significantly
weaker than sd-strategy-proofness. The second set of results concern RSCF's that satisfy
dl-strategy-proofness. We show that a wider class of RSCFs beyond random dictatorship
satisfy unanimity and di-strategy-proofness. However, if unanimity is strengthened to effi-
ciency, dl-strategy-proof RSCFs must be top-support rules, i.e. they can give strictly positive
probability in a profile only to alternatives that are ranked first by some voter. The weights
given to these alternatives can vary across preference profiles. We show that a class of RSCF's
that we call top-weight rules, are characterized by dl-strategy-proofness, efficiency and an
additional but familiar property of tops-onlyness. In the case of two voters, we show that
the tops-onlyness property is implied by the other two requirements. In this case, top-weight
rules are characterized by efficiency and dl-strategy-proofness. Overall, our results show that

the relationship between the random dictatorship and the lottery extension, is rather subtle.

3.1.1 Literature

The seminal work in strategic social choice theory in random environments is Gibbard (1977).
The paper shows that sd-strategy-proofness and unanimity imply random dictatorship. This
result has been extended to restricted domains of preferences in Chatterji et al. (2014) and
Chatterji and Zeng (2018)) using the sd-extension.

There are several papers that use the dl-extension in private good object allocation models
such as Bogomolnaia (2015), Alcalde et al. (2013), Saban and Sethuraman (2014), Schulman
and Vazirani (2012), Aziz and Stursberg (2014) and Aziz et al. (2015). Cho (2016) and
Aziz et al. (2014) consider lexicographic extensions in voting models. Cho (2016) provides
conditions on the domain that make e-strategy proofness equivalent to the weaker notions
of e-adjacent strategy-proofness and e-mistake monotonicity where e € {sd, dl, ul}.

Two papers related to ours are Aziz et al. (2014) and Aziz and Stursberg (2014). Both
consider the full domain with indifference. The first contains several results with different ex-

tensions and shows the incompatibility of ul-strategy-proofness and ul-efficiency. This result
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can be easily derived as a corollary to our Theorem 3.1. Aziz and Stursberg (2014) propose
a rule called the egalitarian simultaneous reservation rule or (ESR) that satisfies dl-efficiency
and two fairness properties. If ESR is restricted to the voting domain of strict preferences,

it is weak-sd-strategy-proof. The ESR rule belongs to the class of top-weight rules.

3.2 PRELIMINARIES

Let N = {1,...,n},n > 2 be a finite set of voters and A be a finite set of m alternatives
ie. |Al =m > 3. We will write 4,j... and a,b, z,y... etc. for generic elements in N and A
respectively. Let AA denote the set of all probability distributions or lotteries over A. It is
the unit simplex of dimension m — 1. For any lottery L € AA, L, denotes the probability
that alternative a gets under lottery L . Of course L, > 0 for alla € Aand ), L, = 1.

Each voter ¢ € N has a preference ordering F;, which is a linear order over the elements
of the set A?. For distinct a,b € A, by aP;b we mean: a is strictly preferred to b by voter i,
according to her preference ordering P;. Let P denote the set of all linear orderings over the
elements of A.

For any ordering P; and integer k = 1,...,m, rx(P;) denotes the k' ranked alternative
in P, ie. {a€ A:aPrp(P)} =k—1. Also, 7(P;,a) € {1,2,...,m} will be referred to as
the rank of a at P,. Note that for any P, € P, k € {1,2,...,m} and a € A, r(P;) = a if
and only if r(P;,a) = k. We shall occasionally write P for an ordering where a is ranked

first. Similarly, P will denote a preference ordering where a is ranked first and b second.

1

Let B(a, P;) denote the set {b € A| b= aor bPa} i.e. B(a,P,) is the set of (weakly) better
alternatives than a in the preference ordering P;.

A profile is a list P = (P, ..., P,) € P" of voters’ preference orderings. For any coalition
S C N, let Ps = (P)ics and P_g = (P)ien\s- For simplicity, we write P_; for P_g; and
P_;; for P_y; ;1 and so on. A profile P is also denoted by (P, P—;), more generally (Ps, P_g)
for any S C N.

Sometimes it will be useful to construct a preference ordering P/ from F;, where the
relative ranking of some alternatives (from set X') remains the same. For any two preference
orderings P;, P! and set of alternatives X C A, if Py < x Py, for all z,y € X, then we

(2

write P;(X) = P/(X).

DEFINITION 3.1 A random social choice function (RSCF) (or simply a rule) ¢ is a mapping
p:P"— AA.

A RSCF picks a lottery at every preference profile. It is a standard concept in random mech-

anism design (for example Gibbard (1977)). The inputs to a RSCF are ordinal preference

2A linear order is a binary relation which satisfies completeness, transitivity and anti-symmetry
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profile, while the output is a lottery. Note that all preference profiles are admissible i.e.
the preference domain is “unrestricted” throughout the chapter. We will write ¢(P) for the
lottery assigned by RSCF ¢ for profile P and ¢, (P) for the probability of alternative a being
chosen at profile P.

The objective of the mechanism designer is to incentivize voters to report their true
preference orderings, irrespective of their believes about the reports of the other voters. This
objective is referred to as strategy-proofness. In this framework, it is essential to introduce
assumptions regarding the comparison of different lotteries for a voter with an ordinal ranking
over alternatives. There are several ways to extend an ordinal preference over alternatives to
preferences over lotteries over these alternatives. We define some of these ways below using
the terminology of Cho (2016).

Let R(AA) be the set of all preference orderings over AA. An extension is a mapping
e : P — R(AA) such that for each P; € P, the restriction of e(P;) to A coincides with P;.
For each P, € P, let R = e(F;). The strict preference relation associated with R{ is denoted
by Pf. For any two lotteries L and L', L R{ L' means lottery L is (weakly) preferred to
lottery L’ under extension e when voter i has (ordinal) preference ordering P;, in short L
e-dominates L. Similarly, for any two distinct lotteries L and L', L P¢ L' means L is strictly
preferred to L', in short L (strictly) e-dominates L’. We can define strategy-proofness with

respect to an extension.

DEFINITION 3.2 Let e be an extension. A RSCF ¢ : P" — AA is e-strategy-proof if for all
i€ N, PeP, P e€P we have p(P;, P_;) RS (P!, P_;).

The most widely used notion of an extension is the stochastic dominance extension (or
sd-extension) introduced by Gibbard (1977) (also see Postlewaite and Schmeidler (1986)
and Levy (1992)). We denote this extension by R{? and is defined as follows: for any pair
of lotteries L and L’ and a voter i with ordering P, L R:? L' iff for all a € A we have

o Ly> Y. L.

bGB(a,Pi) bEB(a,PZ-)
Pick any two lotteries L and L'. Then, L R L' iff the expected utility of L is at

least as high as that of L’ with respect to any cardinal representation of the underlying
ordering P;. Tt is clear that R;¢ is incomplete in the sense that there exist lotteries L and L/
such that neither L R:? I/ nor L' R3% L hold. Thus, sd-strategy-proofness requires that the
lottery obtained by truth telling be comparable to the lottery obtained by any manipulation.
Moreover, the expected utility of the former is greater than or equal to the latter for all
utility representations of the true ordering.

We analyze strategy-proof RSCFs under two alternative extensions related with lexico-

graphic preferences (Hausner (1954), Chipman (1960)). They have recently been analyzed
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in Cho (2016) and Aziz et al. (2014).> The first is the downward lezicographic extension (or
dl-extension). For every P; € P and every pair L and L' € AA, L R L if either (i) there
exists k € {1,2,...,m} such that for each h <k —1, L,,(p,) = L}, py and Ly (p) > L;, p, oOr
(i) L=1L".

The dl-extension “strongly favors” lotteries that put higher weights on higher ranked
alternatives. It can also be rationalized as an expected utility maximization with respect to
a narrow but important class of utility representations. As Cho (2016) notes, the dl-extension
represents “agents whose von Neumann-Morgenstern (vNM) utility functions assign 1 to the
most preferred alternative, o to the second most preferred alternative, o to the third most
preferred alternative, and so on, where av — 0+7.4

The dual to the di-extension is the upward lexicographic extension (or ul-extension) where
voters lexicographically minimize probabilities for less preferred alternatives. For every P; €
P and every pair L and L' € AA, L R¥ L if either (i) there exists k € {1,2,...,m} such that
for each h > k +1, L, (p) = L;’h(Pi) and L,,p,y < L;k(Pz‘) or (ii) L =L".

Once again, the ul-extension can be rationalized as utility maximizer over a narrow
class of utility functions. These are the vNM utility functions which assign —1 to the least
preferred alternative, —a to the second least preferred alternative, —a? to the third least
preferred alternative, and so on, where e — 0% (see Cho (2016)).

Definitions make it clear that dl and ul extensions generate complete ordering over lot-
teries unlike the sd-extension. It is also clear that if L R{? L’ then both L R¥ L' and L R¥ L/

hold. However, dl and ul extensions can disagree as the following example shows.

ExXAMPLE 3.1 Suppose a P;bP;c. Let L = (%, 0, %) and L' = (0, 1,0) be two lotteries. Here
the first, second and third components refer to probabilities of a, b and ¢ respectively. Thus,

LPM[ and L' PL, while they are not comparable by sd-extension.

The ul and dl extensions allow for extra possibilities for the construction of strategy-proof
rules. This is illustrated in Figure 3.1.
Let voter i’s preference ordering be P; : a P; b P; c. Suppose that the outcome of a RSCF

at profile (P, P_;) is A = (3, 3, 3) for some P_;.°

3This extension has also been analyzed by Bogomolnaia (2015), Alcalde et al. (2013), Saban and Sethura-
man (2014), Schulman and Vazirani (2012), Aziz and Stursberg (2014) and Aziz et al. (2015) in the context

of object allocation models.
4“For any pair of lotteries L and L’ we have LP¥ L/ iff there exists & € (0, 1) such that for all a € (0, &)

the expected utility from L is higher than L’ where von Neumann-Morgenstern (vNM) utility functions
assign 1 to the most preferred alternative, a to the second most preferred alternative, o to the third most

preferred alternative, and so on”.
5The first, second and third components of A denote the probabilities of a,b and c respectively
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Figure 3.1: Lottery comparison under different lottery extensions

Figure 1(A) shows lottery comparisons with A under the sd-extension: (i) the red region
shows the set of lotteries that are sd-dominated by A (ii) yellow region shows the set of
lotteries that are not comparable using sd-extension and (iii) the green region shows lotteries
that sd-dominate .

Similarly, Figure 1(B) and Figure 1(C) show lottery comparisons with A under the wul-
extension and dl-extension respectively: (i) the red region shows the set of lotteries that
are dominated by A and (ii) the green region shows lotteries that dominate A. Note that
there is no yellow region in either 1(B) or 1(C), since ul and dl extensions generate compete
orderings over AA.

In order for a RSCF to be sd, ul and dl strategy-proof, any misreport P/ by voter i
must lead to a lottery in the red regions of Figures 1(A), 1(B) and 1(C) respectively®. Tt is
apparent that the red region in Figure 1(A) is a strict subset of the red regions of Figure
1(B) and 1(C) respectively. This suggests, it ought to be the case that there exists a larger
class of ul and dl strategy-proof RSCFs as compared to sd-strategy-proof RSCF's.

3.3 STRATECGY-PROOFNESS WITH ul-EXTENSION

In this section, we provide a characterization result under strategy-proof with respect to
ul extension in conjunction with a mild efficiency axiom. To proceed further we provide

following definitions.

DEFINITION 3.3 Let P be a profile. Alternative a dominates alternative b at P if aP;b for
alli € N. The RSCF ¢ : P — AA is (ex-post) efficient if pp(P) = 0 whenever there ezists

6The axiom of e-strategy-proofness requires that truth telling lottery always e-dominates a lottery received
under any lie where e € {sd, ul,dl}. Thus, for a RSCF to be e-strategy-proof, it is needed that if the lottery
A is selected at profile P then at any profile (P!, P_;), it must select a lottery which is e-dominated by A i.e.

a lottery in red region.
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an alternative a that dominates b in profile P.

An alternative that is (Pareto) dominated by another alternative in a profile is never chosen
by an efficient RSCF at that profile. A weaker notion of efficiency is the standard axiom of
unanimity which only requires that an alternative that is ranked-first by all voters is chosen

for sure.

DEFINITION 3.4 A RSCF ¢ : P* — AA is unanimous if p,(P) =1 at all profiles P where
ri(P;) =a foralli € N.

It is possible to define stronger notions of efficiency such as ordinal efficiency (see Bogomol-
naia and Moulin (2001a) and Abdulkadiroglu and Sénmez (2003) for details) and ex-ante
efficiency (see Gibbard (1977)). In addition, we can define e-efficiency with respect to any
e-extension. For further discussion refer to Aziz et al. (2014) and Brandt et al. (2016).

DEFINITION 3.5 A RSCF ¢ : P" — AA is a random dictatorship if there exist weights
Biy ey B € [0, 1] with > B; = 1 such that for all P € P" and a € A we have,
i=1

Pa(P) = Z Bi
{ieN : ri(P)=a}
If any §; = 1 for some i, the RSCF is the usual dictatorship which selects the top ranked
alternative of voter i. Random dictatorship is a probability distribution over (deterministic)
dictatorships, where f3; is the probability of voter ¢ being the dictator.
The classical result for sd-strategy-proof RSCF is Gibbard (1977). 7

Theorem [Gibbard (1977)] Assume |A| > 3. A RSCF is sd-strategy-proof and satisfies

unanimity if and only if it is a random dictatorship.

Our first result shows that the Gibbard’s result continues to hold, if sd-strategy-proofness is

weakened to ul-strategy-proofness.

THEOREM 3.1 Suppose |A| > 3. A RSCF is unanimous and ul-strategy-proof if and only if

it 1s a random dictatorship.

This result is surprising because ul-strategy-proofness is weaker than sd-strategy-proofness.
As we have argued in the previous section, the following example shows that there are RSCF's
which are wul-strategy-proof but not sd-strategy-proof. We know from our result that they

must violate unanimity:.

"The result in Gibbard (1977) is more general than the result stated in the Theorem 1. In particular, it
does not assume unanimity and characterize the entire class of sd-strategy-proof rules.
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EXAMPLE 3.2 Let A = {a,b,c}. The RSCF depends only on the preference ordering of voter
1. If a is ranked third (or last) then the RSCF gives probability weights (0.6,0.25,0.15) to
the first, second and third ranked alternatives respectively. If b is ranked last then probability
weights are (0.55,0.35,0.1). If ¢ is ranked last then the lottery is (0.5,0.45,0.05). Suppose a
is ranked last in 1’s preference ordering it receives probability 0.15. If voter 1 misrepresents
via an ordering that puts b or ¢ at the bottom, the probability of a strictly increases. A
similar argument can be made when b and ¢ are ranked last in voter 1’s preference. Suppose
a is third ranked while b is second ranked. One cannot reduce the probability of b while
keeping the probability of a the same. Therefore, it is ul-strategy-proof. However, it is not
sd-strategy-proof because preference ordering P| : a P ¢ P] bis a manipulation at the profile
where P, : a P, b P, c. Note that these lotteries are not sd comparable which is a violation

of sd-strategy-proofness.

We conclude this section with the following remark.

REMARK 3.1 Theorem 3 of Aziz et al. (2014) states the following : “there is no anonymous,
ul-efficient and wul-strategy-proof RSCF for n > 2 and m > 3”. This result can be obtained
as a corollary of our Theorem 3.1. To see this, observe that our theorem uses a weaker
notion of efficiency (ex-post efficiency), which is implied by ul-efficiency. Moreover, random
dictatorship violates ul-efficiency except in the case when [3; = 1 for some voter i. However

this violates anonymity.

3.4 STRATEGY-PROOFNESS WITH dl-EXTENSION

This section deals with various results concerning with di-strategy-proofness. The first sub-
section shows that dl-strategy-proofness is more permissive than ul-strategy-proofness or sd-

strategy-proofness .

3.4.1 Top-Support Rules

Unlike the Theorem 3.1, under dI-strategy-proofness unanimity does not imply random dic-
tatorship. The class of di-strategy-proof and efficient RSCF's is very rich. Unfortunately we
cannot provide its characterization. However, all efficient and dl-strategy-proof RSCFs must

belong to the class of Top-Support (TS) rules.

DEFINITION 3.6 A RSCF ¢ is a Top-Support rule if for any alternative a and profile P,
©a(P) > 0 implies a € {ri(P1),...,r1(P,)} = T(P).
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Only alternatives that are ranked first by some voter can get positive probability in a TS
rule. A random dictatorship is a TS rule. However, the probability that a voter assigns to
her top-ranked alternative can vary across profiles in a TS rule.

We provide an example of a di-strategy-proof and efficient RSCF that is not a random
dictatorship. Aziz and Stursberg (2014) introduced a rule called egalitarian simultaneous
reservation (ESR)® in the full domain which includes indifferences. If ESR is restricted only
to our domain i.e. domain of strict preferences then it reduces to a simple rule, which selects

all distinct alternatives that are ranked first by some voter with equal probability. Formally,

EXAMPLE 3.3 The ESR rule ¢¥ is as follows ? :

5 + if zeT(P)and k=|T(P)|
pr (P) = .
otherwise
ESR is a top-support rule. It is therefore efficient. Consider an arbitrary profile where
the set of top ranked alternatives is of size k, where k € {1,2,...,n}. A voter’s first-
ranked alternative gets probability % in this profile. Any misreport will either reduce this
probability or leave it unchanged. If a misreport does not the change the probability of a
voter’s first-ranked alternative, then the probability of all other alternatives also remains the

same. Therefore, the RSCF is dl-strategy-proof .

Our next result shows that the top-support feature of the Example 3.1 is true in general.

PROPOSITION 3.1 An efficient and dl-strategy-proof RSCF is a top-support rule.

The proof of Proposition 3.1 is provided in Appendix. Although, the proposition sig-
nificantly narrows down the class of admissible RSCFs, it is far from a characterization.
In the rest of the chapter, we shall attempt to provide sharper results by making further

assumptions on the number of voters and the properties of admissible RSCF's.

3.4.2 Top-Weight Rules

In this subsection, we introduce and characterize a new class of rules called top-weight rules.

For the purpose of characterization we require the axiom of “tops-onlyness”. It requires the

8They have defined a more general class of rules called simultaneous reservation (SR). Their objective is
to characterized all di-efficient RSCFs in full domain through SR.
%Recall that T(P) is the set of all top ranked alternatives at profile P i.e. T(P) =

{’I"l(Pl),’f‘l(Pg), ey rl(Pn)}
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outcome to be the same at any two profiles, where the first-ranked alternatives for voters co-
incide. This axiom has been widely studied in the context of both deterministic and random
environments- see Chatterji and Sen (2011) and Chatterji and Zeng (2018). In many contexts
tops-onlyness is a consequence of strategy-proofness together with axioms like unanimity. In
our setting however, tops-onlyness is not a consequence of dl-strategy-proofness and effi-
ciency. We impose it nevertheless on the grounds of informational parsimony. In other
words the outcome of the rule at any profile can be computed using a limited amount of re-
vealed information. The class of efficient dl-strategy-proof rules is large; tops-onlyness allows

us to make a natural and convenient selection from this class.

DEFINITION 3.7 A RSCF ¢ is a Tops-Only rule, if for any two profiles P and P’ where
r1(P;) = ri(P}) for alli € N, we have p(P) = p(P’).

To define the class of top-weight rules we further need some notations. Let x* =
(x1,x9,...,2,) € A" be an ordered n-tuple of alternatives. Denote [x] to be the set of
alternatives that appear in . Note that & can contain repetitions which are removed in [x].
For example, let n = 6 and if z = (a,a,b,c,a,b) € A® then [x] = {a,b,c}. On the other
hand, if € = (a,b,c,d, e, f) then [x] = {a,b,c,d,e, f}. For any i € {1,2,... ,n} = N we will

write & = (x;,_;). Also, for any subset S C N, we write g = (;);es-

DEFINITION 3.8 A probability assignment map & is a function § : A" — A(A) such that
Zae[m] éa(‘rB) =1
For any tuple x, the output of £ is a lottery &(x) and £,(x) is the probability assigned to

alternative a under this lottery. A probability assignment map assigns a lottery which gives

positive probability only to those alternatives which belong to the tuple.

DEFINITION 3.9 A probability assignment map & is monotone if for all x_; € A"™L, any
i € N and any distinct x;, x; € A.

1.0 &y (ziy i) > &y (2], ).

2. () If &(wimy) =& (2, @) then E(x;, @) = (27, @)
(i) If  &oi(wis@—i) > & (w5, ) then (i, @—i) < &y (2], ).

Consider the tuple (z,x_;). Suppose z is replaced by z;. According to the definition,
the probability of z; after replacement does not decrease. If it remains the same, then the
probability of all alternatives must also remain the same i.e. the lottery should remain
unchanged. If the probability of x; increases then probability of 2 must decrease. In this
case, there are no restrictions on the probability of other alternatives.

Next, we define a class of rules which are generated by monotone probability assignment

maps.
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DEFINITION 3.10 A RSCF ¢ : P — AA is a top-weight rule if there exists a mono-
tone probability assignment map & such that p(P) = &(ri(Py),r1(Ps),...,m1(FP,)) for all
P el

The next result shows that top-weight rules are the only di-strategy-proof rules which satisfy
the efficiency and tops-onlyness. In the case of two voters the tops-only assumption can be

dropped.
THEOREM 3.2 Let ¢ : P* — AA be a RSCF.

(a) If n > 3, ¢ is tops-only, efficient and dl-strategy-proofif and only if it is a top-

weight rule.
(b) If n =2, ¢ is efficient and dl-strategy-proof if and only if it is a top-weight rule.

The proof of Theorem 3.2 is provided in the Appendix. The class of top-weight rules is
very rich. It includes random dictatorship as a special case. To see this, pick a vector
B = (B,...,0,) where ; > 0 for all i € N and Y ,_v 8; = 1. Let &P be the probability
assignment map defined as £°(x) = D {ieN : z;—ay Pi for any tuple € A" and a € A. It
is easy to verify that ¢ satisfies the monotonicity requirements of Definition 3.9. A RSCF
generated by £ is a random dictatorship where each voter ¢ has weight ;.

Top-weight rules can accommodate the following kind of non-monotonicity: the probabil-
ity received by an alternative may decline, as the number of voters who rank it first increases.

We show this with an example.

EXAMPLE 3.4 Suppose N = {1,2,3} and |A|] > 3. Let 8 = (0.2,0.2,0.6) and 3" =
(0.6,0.2,0.2). Fix an alternative a, for any tuple & € A3, the probability assignment map &

o) — Plx) ifz;=a
& )_{ ¥ (x) ifx, #a

As described earlier, €7 and &7 are the probability assignment maps associated with random

is as follows:

dictatorship rules with weights 8 and 3’ respectively. The probability assignment map in
this example is obtained by combining these two probability assignment maps. In particular,
€8 is chosen when voter 1 first-ranked alternative is @ and €% when it is not. It is easy to
verify that &P satisfies monotonicity. Consequently, it generates a top-weight rule.

Consider two profiles P and P’ such that the profile of first-ranked alternatives are (a, b, ¢)
and (b, ¢, c) respectively. According to the rule, associated with the probability assignment
map &, the probability of alternative ¢ at both profiles are ¢.(P) = 0.6 and ¢.(P') = 0.4. In
profile P, only voter 3 has ¢ on top, whereas in P’ voters 2 and 3 have ¢ on top. However,

probability of ¢ declines in P’ as compared to P.
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It is possible to construct efficient di-strategy-proof rules that are not top-weight rules.

In particular, they will violate the tops-only axiom. This is shown in the example below.

EXAMPLE 3.5 Suppose N = {1,2,3} and |A|] > 3. Let 8 = (0.4,0.1,0.5) and B’ =
(0.1,0.4,0.5). Consider the RSCF ¢* generated by the probability assignment map & de-
fined as follows:
(@) = { Ex) i ri(P) Pyni(P)
&P (x) otherwise

This RSCF as the one in the previous example is a combination of two random dic-
tatorships. However, particular choice of random dictatorship weights can depend on the
ranking of alternatives that are not ranked first by voter 3. This rule is clearly not tops-only.

However, it is efficient and dl-strategy-proof .

We conclude this section with two remarks. The first one is regarding the ESR rule and
the second one is about various notions of efficiency and their relationship with our Theorem
3.2.

REMARK 3.2 The ESR rule is a top-support rule. It is easy to verify that following proba-
bility assignment map ¢¥ generates the ESR rule ¢ defined in Example 3.3 :

ff(m):{ﬁ if a€ [x]

xr
0 otherwise

REMARK 3.3 Several papers use different notions of efficiency such as sd, dl and ul efficiency.
It is easy to verify that the dl and wul efficiency notions are independent of each other. They
both imply sd-efficiency which in turn implies our notion of efficiency'®. The top-weight rule
satisfies dl-efficiency but not wul-efficiency. Thus, we can replace efficiency axiom in our

Theorem 3.2 with either dl-efficiency or sd-efficiency.

3.5 (CONCLUSION

In this chapter, we have analyzed the structure of random social choice functions using
variants of the standard stochastic dominance lottery comparisons. We show that the wul-
extension leads to the same characterization as that under the sd-extension. However, the
dl-extension allows for a richer class of strategy-proof random social choice functions. We
show that di-strategy-proofness in conjunction with efficiency implies a top-support rule. We
further characterize a sub-class of such random social functions with an addition axiom of

tops-onlyness.

00ur notion of efficiency is often referred to as ex-post efficiency.
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3.6 APPENDIX

3.6.1 Appendix : Proof with ul-extension

In this appendix we provide a proof of Theorem 3.1. We begin with a couple of lemmas. Let
P; and P/ be two distinct preference orderings that agree on the bottom k alternatives. Then
ul-strategy-proofness implies that o(P;, P_;) and ¢(P/, P_;) assign the same probabilities to

the commonly ranked bottom k alternatives, at all P_;.

LEMMA 3.1 (Monotonicity) Suppose ¢ is a ul-strategy-proof RSCF. Let (P, P—;) be a
profile and let P! be a preference ordering such that r(P;) = r/(P/) for all | > k for some
ke{l,2,....,m}. Then ¢, (p,)(P) = @) (P, P-;) for all | > k.

Proof: Suppose the Lemma is false. Let r(F;) = r(P/) for all [ > k for some k €
{1,2,...,m} and @, () (P) # ¢r,p) (P}, P-;) for some [ > k. Let I’ be the greatest integer
for which ¢, (p)(P) # @r, ) (P, P-i). Either ¢, p)(P) < @, 1) (F}, P—;) or ¢, p)(P) >
@r,(py(P}, P—;) must hold. In the former case, ¢(P) P, (P}, P_;) and voter i manipulates
at (P!, P_;) via P;. In the latter case, (P}, P_;) P* ¢(P) and voter i manipulates at P via

)

P!. This establishes the Lemma. [

LeEMMA 3.2 If a RSCF is ul-strategy-proof and satisfies unanimity, it satisfies efficiency.

Proof: Suppose not i.e. there exists a profile P and alternatives a and b such that aP;b for
all i € N and ¢,(P) > 0. Let P" be the profile, where each P/ is constructed from P; by
moving a to the top rank and leaving the ordering of all other alternatives unchanged i.e.
r1(P!) = a and for all z,y € A\{a}, we have 2Py < xPy. Note that P, and P agree on
the ranking of alternatives b and below.

Consider the sequence of profiles {P°, P!, ... P"}, where P’ = P and
Pk = (P|...P,Pyi1,...,P,) for k = 1,2,...,n. The sequence starts with profile P and
voters from 1 through n progressively change their preference ordering from P; to P!. It ends
at profile P’. We claim that ¢,(P’) > 0.

Since the ranking of b and all alternatives below it is exactly the same in P, and P,
Lemma 3.1 implies that o,(P*™1) = ¢,(P*). Repeatedly applying the argument for all
k> 1, we get vp(P) = @p(P') > 0. Since a is ranked-first by all voters at P’ and @, (P’) > 0,

we have a contradiction to unanimity. ]

To prove our Theorem 3.1, we follow the technique applied in Sen (2011). The proof uses
induction on the number of voters. The base case in the induction is n = 2. In subsequent

arguments, we will use efficiency instead of unanimity because of Lemma 3.2.
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PROPOSITION 3.2 Suppose N = {1,2} and |A| > 3. A RSCF is unanimous and ul-strategy-

proof if and only if it is a random dictatorship.
We proceed in a sequence of lemmas.

LEMMA 3.3 Fix a pair of alternatives a and b. For all profiles P, P’ such that P = (P¢, P%?)
and P = (P*, P) we have o(P) = o(P).

Proof: Fix a profile P such that P = (P, P2*). We claim that (P, P%) = (P2, P2) =
(P, Pt). Efficiency implies that at all three profiles only a and b get positive probability.
Suppose the first equality does not hold. If o,(P, Pb?) > ¢, (P2, P*) then voter 1
manipulates at (P, P2) via Pt If (P2, P2) < ¢p(PE, Pb?), voter 1 manipulates at
(Pg, Pb) via P. Second equality follows using virtually identical arguments with voter 1
being replaced by voter 2.
The proof of lemma is completed by showing (PP, Pb*) = (P, PY) = o(Psb, PY).

This be done by using the same arguments as those in the earlier paragraph. ]

For any z,y € A and a profile P = (P/Y, PJ*), denote ¢,(P) = A\ and ¢,(P) =
1 — A" where 0 < A" < 1. Lemma 3.3 implies that \*¥ does not depend on the ranking of
alternatives other than x and y. Note that order is important and potentially A*¥ and AY*
could be different. But next lemma shows that A* is the same irrespective of any = and y,

in any order.
LEMMA 3.4 For any a,b,c,d € A where a # b and ¢ # d we have A% = )\

Proof: Pick three distinct alternatives a,b,c € A. Consider the profile P = (P, P2*) and
preference ordering P, = P¢.

Lemma 3.3 and ul-strategy-proofness imply that 1 — A% = o, (Pg¢, P2) < (PP, P2) =
1 — A, otherwise voter 1 manipulates at (P2, P%*) via P, This is true since at the former
profile voter 1 prefers any lottery which gives zero probability to alternatives below b and a
lower probability to alternative b. This is exactly what happens if the inequality above does
not hold.

A similar argument holds at profile P = (P, P¥) and preference ordering P, = P&,
Lemma 3.3 and ul-strategy-proofness imply that 1 — A\ = ¢, (P, PY¢) < (P, PY¢) =
1 — A% else voter 1 manipulates at (P, P¥) via P®. These two inequalities imply that

A% = X\ This is summarized below.

a b c b c b
ab ¢ a b a cb cb a c b ¢ ab
== | S|, . [=1-ATand1-A" = | <o, . |[=1-2
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Pick an alternative d # b,c. A similar argument for voter 2 shows that A*> = A\, Thus
we have established that A% = X% = X\?. This completes the proof except the case when
r1(P1) = b. This can easily be shown using an earlier argument for voter 1 to show that
M = \bd, [

Lemma 3.4 implies that A% is same for any a and b. Thus, we simply write \ instead of
AP,

LEMMA 3.5 For all profiles P such that P = (P2, P®) for any distinct a,b, 2z € A we have
wo(P) =X and ¢p(P) =1— A.
Proof: Consider an arbitrary profile P = (P**, P*). Lemma 3.4 will imply that ¢, (P) = A
and gob(lf’) = 1—\. Now swap = and a. Note because of Lemma 3.1, probability of alternative
b should remain the same i.e. p,(P)=1— \.

Similarly start with profile P = (P Pt) we know o,(P) = A and ¢,(P) = 1 — \.
Now swap x and b. Note because of the previous Lemma, probability of alternative a should

remain the same i.e ¢,(P) = A. Thus we have established the Lemma. |

LEMMA 3.6 For any profile P € P2, we have ¢, (p)(P) = X and ¢,,(p,)(P) =1 — A\

Proof: Take any profile P and assume w.l.o.g. that P = (P, PQby). If z = y, the result
immediately follows by an application of Lemma 3.5. Suppose x # y. The probabilities of
alternatives which are ranked below b by voter 1 and below a by voter 2 are zero by virtue
of efficiency.

Suppose @,(P**, P}¥) > 1 — \. Then voter 1 can manipulate here at profile P via P/.
This is because the o(P, P,) provides probability of b equal to 1 — A and everything below
it zero.

Suppose @,(P**, PY) < 1 — X.  Consider the preference ordering P™ such that
PY(A\{a,y} = P*(A\{a,y})."! Since Lemma 3.5 implies that o,(P, PY) = 1 — A, it
makes voter 1 to manipulate at (PfY, PY¥) via P*. But it contradicts the hypothesis that
RSCF ¢ is ul-strategy-proof. Thus we have ¢, (P* P¥) =1 — \.12

HRemember that for any two preference orderings P;, P! and set of alternatives X C A, if 2Py < xPJy
for all z,y € X, then we write P;(X) = P/(X).

12The preference ordering Py is selected such that Pla ¥ holds. We want to emphasize why Py has an extra
condition of P;(A\{a,y}) = Pi(A\{a,y}). Suppose we have selected an arbitrary preference ordering P =
Pllay without this extra condition. Let there exist an alternative z such that z P; b but b Pj z. Suppose
©:(P) > ¢.(Py, P,) = 0, this is (potentially) possible because we have not ruled it out yet. If this be the
case, then P] is not a manipulation at P because o(Py, P) P;“ o(P], Py) does not hold any more. In that
case we do not have a contradiction to ul-strategy-proofness. To avoid this case we have used that extra

condition.
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A similar argument follows for agent 2 and implies that o, (P}*, szy) = A. It completes

the proof of Proposition 3.2. |

Thus, we have established that when there are two voters, unanimity and ul-strategy-
proofness imply random dictatorship. Now we use the induction argument. Assume that for
all integers k < n, the following statement is true:

Induction Hypothesis (IH): Assume m > 3. If ¢ : P¥ — AA satisfies unanimity and
ul-strategy-proofness then it is a random dictatorship.

Let N = {0,3,...,n} be a set of voters where 3,...,n € N. Define a RSCF ¢ : P* ! —

AA for the set of voters in N as follows:
For all (P(),Pg,...,Pn) E]Pm_l, g(Po,Pg,...,Pn> :(p(Pl,PQ,Pg,...,Pn) such that P1 :P2 :Po.

Alternatively, we will write g(Py, Ps, ..., P,) = g(Po, P-12) = ¢(Py, Py, P-12) (where it is
obvious that P, = P, = P in ¢(+)).

Voter 0 in the RSCF g is obtained by “cloning” voters 1 and 2 in N. Thus if voters 1 and
2 in N have a common ordering F;, then voter 0 in N also has ordering Py = P;.

LEMMA 3.7 The RSCF g is a random dictatorship.

Proof: 1t is easy to see that g is unanimous. To show that it is wl-strategy-proof , it is
sufficient to show that voter 0 cannot manipulate since other voters cannot manipulate g
because ¢ is ul-strategy-proof . Take any profile P = (P, P_15) € P*! and a preference
ordering P, e P. Using the definition of g and ¢ being ul-strategy-proof we can establish
that following ranking of lotteries:

g(Po, P—12) = SO(PO, P, P—12) 7fl 90(p0, P, P—12) qu SO(ﬁ’O, pOa P—12) = Q(Poa P—12) 13

So we have shown g(Py, P_15) R% g(Py, P_y3) for preference profiles. Thus voter 0 cannot

manipulate. Induction hypothesis implies that g is random dictatorship. |

Let 3, B33, ..., B, be the weights associated with the random dictatorship g i.e. [;, is the
weight associated with voter ¢ = 3,...,n and [ is the weight associated with voter 0. For any
profile P, let 5% ,,(P) = >_ (i#12: 11 (P,)=a) Di- S0 for any distinct alternatives z,y and profile
P we have g, (P, P_12) = %15(P) +  and g¢,(Py, P-12) = 8Y15(P). To establish that ¢ is
random dictatorship we will divide the proof in various lemmas.

13Remember that for any (ordinal) preference ordering P; the associated ordering over lotteries under
dl-extension is denoted by R¥ and it’s strict part by P#. Similar notation follows for any P! as R¥ and
put,
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LEMMA 3.8 For an profile P € P™ such that r(P;) = r1(P) we have p(P) = g(Py, P-12)
where 11 () = ri1(Py).

Proof: Let r(P;) = r1(P;) = a. We apply the definition of g and the fact that ¢ is wul-

strategy-proof to conclude that for any Ff, ]5(? and P_;5 we have
(P, P1o) = ( Py, Py, P-1z) Ri' o( By, I, P-12) Ry @(Fg, P, Poaa) = g( By, Poaa)

In the above expression first and third lottery are identical and because ul extension is a
linear order then above relation can hold if only if the middle lottery is also the same. This
will imply that o(Pf, Py, P_12) = g(P§, P-12) and it completes the proof. This lemma imply
that for any distinct x and y we have ¢, (PF, Py, P_12) = Y 15(P). |

LEMMA 3.9 Fix an arbitrary sub-profile P_j, € P"~2 and two different alternatives a and
b. Pick any two profiles P’ and P such that P’ = (P,® Py, P_y5) and P = (P, P} P_y,)
then we have ¢(P’) = ¢(P).

Proof: We first prove a claim that for any profile P = (P¢, P, P_15) we have @, (P) =
B 15(P) for all x € A\{a,b}. Consider a preference ordering Py for voter 2 obtained from
PY simply by swapping a and b i.e. Py (A\{a,b}) = Py(A\{a,b}) and (ry(PY),ro(Py)) =
(a,b). Applying Lemma 3.1 and previous Lemma 3.8 we get ¢,.(P) = . (Py,P_3) =
BT 1o(Py, P_g) = % 5(P) for all z € A\{a,b}.

Now fix a profile P such that P = (P, P?* P_;5). We have just proved that for such a
profile, probability of any alternative other than a and b is determined w.r.t. 3;’si.e. ,(P) =
% ,5(P) for all & # a,b which in turn imply that o, (P) + @p(P) = B + %15(P) + 3° 15(P).
We will make the following claim regarding the individual probabilities of a and b.

We claim 8% ,,(P) < 0q(P) < B+ B%,,(P). Suppose not, if we assume ¢, (P) < 3%,,(P).
Consider a preference ordering P, such that r1(P]) = b. Now replace this preference order-
ing in profile P to obtain the profile (P, P_;). Since both voters 1 and 2 share a common
alternative at top at this profile, Lemma 3.8 implies that ¢,(P, P_1) = 8% (P}, P_1) =
3%,,(P). This makes voter 1 worse-off compared to profile P i.e. o(P) P (P!, P_;). Thus
voter 1 can manipulate at (P?, P_;) via P;. On the other hand, if ¢,(P) > £ + 3% then,
by applying similar argument, we can obtain a manipulation by voter 2 at (P, P_,) via P,.
The similar inequality holds, £° < o,(P)3 + .14

Now we claim p(P’) = ¢(P) = ¢(P). We only show first equality the other can be shown
with virtually similar argument. We have already shown that for profile of type P’ we have

0 (P") = % for all z # a,b. Consider the sequence which starts from P and successively voter

Y For simplicity, we will drop the indexation of P and simply write 3% instead of 5%(P).
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1 and 2 change their respective preference orderings from P; to P/. We claim the outcome

remain same throughout the sequence i.e. p(P) = p(P}, P_1) = o(P], Py, P_15) = @(P").

To see first equality, note that p,(P) = ¢, (P}, P_1) = % for all x # a,b. If @,(P) #
op(P{, P_1) then either ¢,(P) < @y(P], P_1) or ¢p(P) > ¢u(P], P_1) must hold. In the
former case p(P) P ¢(P!, P_,) and voter i manipulates at profile (P!, P_;) via preference
ordering P;. In the latter case ¢(P[, P_1) P o(P) and i manipulates at profile P via

preference ordering P;/. Thus p(P) = (P}, P_1).
The second equality can be argued similarly for voter 2. Hence p(P') = ¢(P) and it

completes the proof of lemma. [ |

Lemma 3.9 implies that all profiles where top two alternatives of voter 1 and 2 coincides
then it has a special structure. For distinct z,y € A and a profile P such that P, = P}
and Py = P let ¢ (P) = X[ + % and ¢, (P) = (1-A")3 + Y. As we earlier argued
B* < ¢, (P) < 4+ 8% for z =z and y, it implies that A*¥ € [0,1]. Lemma 3.9 implies that
A" does not depend on the ranking of alternatives other than x and y. It signifies that 3
is divided into ratio of A*¥ and 1 — A\* among voter 1 and 2 for the profiles where x and y
are ranked in a certain way in their preference orderings. Note that order is important and
potentially A* and A¥* could be different. But next lemma shows A\*Y is same irrespective

of any x and y in any order.

LEMMA 3.10 For any a,b,c,d € A where a # b and ¢ # d we have A% = \*

Proof:  Pick three distinct alternatives a,b,c € A. Consider two profiles P =
(Pge, Pb* P_15) and P = (P, P_;) where preference ordering P, = P.

Lemma 3.9 and ul-strategy-proofness imply that (1 — A®)3 + 5° = ¢3(P) < @p(P) =
(1 — A3 + B, otherwise voter 1 manipulates at profile P via P,. This is true since at the
former profile voter 1 prefers any lottery which gives probability 5* to all x ranked below b
and a lower probability to alternative b. This is exactly what happens if the inequality above
does not hold.

A similar argument holds at profiles P = (P{*, P, P_15) and P = (P;, P_;) where prefer-
ence ordering P, = P®. Lemma 3.3 and ul-strategy-proofness imply that (1 — A®)3 + 3% =
op(P) < @op(P) = (1 — A®)3 + 3° else voter 1 manipulates at profile P via P;. These two
inequalities imply that (1 — A?)3 + 8% = (1 — A®)B8 + B° and if 8 > 0 then A* = \*. This

is summarized below (we have highlighted only preference ordering of voters 1 and 2, the
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sub-profile P_y5 is kept same throughout).

a b c b
c a b a
L=2"B+8" =0 |, | S@|. . |=0-2")B+5" and
C
__yob b a ¢ ¢ - __yab b
A=A+ = |, | <w|. . |=0=A")B+p
:>>\ab:>\cb

To complete the claim, pick an alternative d # b, c. A similar argument for voter 2 shows
that X = A, Thus we have established A% = \® = )\«

c d

o
Q o

b b ¢ d
Mot =g | <o, | =xBrp

o

QO
o o
SN

SH

cb c b cd c
N+ =g |, L Ze| | =288

The earlier arguments cover all cases except when r1(P;) = b. This can also easily be done
using the earlier argument for voter 1 to show that A = \*¢. This completes the proof. B

LEMMA 3.11 For any profile P where r5(P;) = ro(FP») we have ¢, (P) = ¥ for all y € A.

Proof: The profiles where r1(P;) = r1(P,) are covered in Lemma 3.8, so here we consider
the case when they are not equal. Pick any three distinct alternatives a, b,z € A. We need
to show that for any profile P where Py = P{® and P, = P%" we have p,(P) = 8Y(P) for all
y € A.

Consider the preference ordering P] such that r1(P]) = x and Pj(A\{z}) = Pi(A\{z})."”
Lemma 3.10 will imply that ¢, (P, P_1) = BY(P{, P_;) for all y € A. Now swap x and

15This implies that ro(P]) = a and r(P]) = r;(Py) for all [ > 3.
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a in preference ordering of voter 1, in other words replace P} with P, to obtain profile P.
Because of Lemma 3.1 all the alternatives that are ranked below a and x, should get the
same probability as before i.e. p,(P) = B*(P], P_1) = 8*(P) for all z # a, z.

Similarly argument applies when voter 2 has a preference ordering Pj where 1 (Py) = «
and Py(A\{z}) = Py(A\{x}). Start with profile (P, P_5) and replace P with P, to obtain
0.(P) = p*(P5, P_1) = B*(P) for all z # b, xz. Both these equalities imply ¢,(P) = £Y(P)
for all y € A\{z}. Since they all add to 1, we have ¢,(P) = 5%(P) also. This completes the
proof. |

LEMMA 3.12 For any profiles P € P we have ¢, (P) = * for all z € A.

Proof: We assume w.l.o.g. that P, = P* and P, = szy. If x = y, the result immediately
follows by an application of Lemma 3.11. To complete the result we assume x # y.

Our arguments will focus on voter 1. First we claim that probability of every alternative z
which is ranked below b in P; equals to 8*(P). Suppose it is not true. Consider the preference
ordering P, such that P| = P/ and P/(A\{a,b}) = Pi(A\{a,b}). If p.(P) > B*(P) then
voter 1 manipulates at profile P via P] because p( P, P_1) selects a lottery which gives same
probability as ¢(P) to all alternatives below z but strictly lesser to z. On the other hand
if we have ¢, (P) < (*(P) then it makes voter 1 to manipulate at profile (P}, P_;) via P
because of p(P) P (P}, P_;). In both the cases we have a contradiction to ¢ being
ul-strategy-proof.*°

Next we claim ¢y (P) = 3°. If it is not true then voter 1 will manipulate at profile P via
P! when @y(P) > 8 where P/ = P, and P/(A\{a,y}) = P,(A\{a,y}).” On the other
hand if ¢, (P) < 3° then voter 1 manipulates at profile (P, P_;) via P;, contradicting the dl-
strategy-proofness of ¢. In this argument the ranking of alternative y in P; is not important.
If b P, y then its probability remains the same as 3¢ before and after the manipulation. And
if y P b then its probability is not relevant for manipulation.

Finally we claim ¢.(P) = 7 for all z such that z P, b. Suppose ¢,,(P) # 3" such that
w P, b. Consider the preference ordering P/ such that P/ = P, and P"(A\{a,b}) =
P (A\{a,b}). If p,(P) > B*(P) then voter 1 manipulates at profile P via P;” because
w(P]", P_y) selects a lottery which gives the same probability as ¢(P) to all alternatives

16The preference ordering P} is selected such that P;**. We want to emphasis that why P] has an extra
condition of P/(A\{a,b}) = P;(A\{a,b}). Suppose we have selected an arbitrary preference ordering P2
without this extra condition. Let there exist a w such that w P, b and z P, w and ow(P) > B%. This is
potentially possible because we have not ruled it out yet. If this be the case then Py is not a manipulation
at P because @(Pl, P_1) P o(P) does not hold any more. In that case we do not have a contradiction to
ul-strategy-proofness.

1"The relevance of P{'(A\{a,y}) = Pi1(A\{a,y}) is similar to that of the previous paragraph.
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below w but strictly lesser to w. On the other hand if we have ¢,(P) < $*(P) then it makes

voter 1 to manipulate at profile (P]”, P_1) via P, because of o(P) P, “ o(P}", P_1). In both

the cases we have a contradiction to ¢ being ul-strategy-proof. [

3.6.2 Appendix : Proofs with dl-extension

LEMMA 3.13 (dl-monotonicity) Suppose ¢ is a di-strategy-proof RSCF. Let (P;, P_;) be
a profile and let P/ be a preference ordering such that 7;(P;) = r;(P!) for all [ < k, for some
ke{1,2,...,m}. Then ¢, (p)(P) = ¢n(p)(P/, P-;) for all | < k.

Proof: We show it by contradiction. Suppose r(F;) = r;(P}) for all | < k and ¢, (p,)(P) #
©r(p1y (P, P-;) for some [ < k for some k € {1,2,...,m}. Let I’ be the smallest integer
for which ¢, (p)(P) # @r,(p1) (P}, P—i). Either o, p,)(P) > ¢, (P, P) or ¢r,(p)(P) <
©r, (P (P, P—;) must hold. In the former case ¢(P) P4 (P!, P_;) and voter i manipulates

t (P/,P_) via P;. In the latter case p(P/, P_;) P* ¢(P) and i manipulates at P via P/.
This establishes the lemma. |

LEMMA 3.14 Suppose ¢ is a dl-strategy-proof RSCF. Let P! is obtained from preference

(2

ordering P; by only improving the ranking of an alternative x and keeping everything else
same i.e. k' =r(P/,z) <r(P,z) =k and P;(A\{z}) = P/(A\{x}). Then for any sub-profile
P_iwehave : (i) ¢, p)(P) = @rp) (P, P-;) for all | < k" and (ii) either o, (P}, P—;) > ¢.(P)
or p(P) = o(F;, P_;).

Proof: Part (i) is immediately follow from Lemma 3.13. If ¢, (P!, P_;) < ¢.(P) then voter
i manipulates at profile (P/, P_ ) via P;. Thus we have ¢, (P/, P_;) > ¢.(P). Suppose
0. (P!, P_;) = ¢,(P) and (,p( P_;) # ¢.(P). Pick the first alternative for which they
are not equal ie. ¢, (P, P_;) ;é 0y (P) and ¢.(P/, P_;) = ¢,(P) for all z P/ y. Either
o, (P, P;) < goy(P) or gpy(P’ P.;) > ¢,(P). In the former case o(P) P,% o(P! P.,)
and voter 4 manipulates at (P, P_;) via P;. In the latter case p(P!, P_;) P* o(P) and i
manipulates at P via P/. This establishes the Lemma. It is immediate that ¢, (P, P_;) >
@a(P). u

LEMMA 3.15 Suppose ¢ is a dl-strategy-proof RSCF. Let P and P’ be two profiles such
that, every P/ is obtained from P; by only (weakly) improving the ranking of an alternative
x and keeping everything else the same ie. k' = r(P/,z) < r(P;,x) = k and P;(A\{z}) =
P/(A\{z}) for all i € N. Then either (i) @, (P’) > ¢.(P) or (ii) p(P) = w(F;, P-;).
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Proof: Consider a sequence where voters 1 through n progressively replacing P; with P/.

Applying Lemma 3.14 at each step and hence we obtain the following inequality :

SOJE(P):(;Oac(P17P27P37‘--7Pn—1;Pn)
SSO:E(Pll7P27P37'--7Pn717Pn>
SSD:I:(P1/7P2/7P37"'7Pn—17Pn)

S SOJJ(P1/7P2/7P3Z7"'7P7/L—1>P7L)
< (P, Py,P;y..., P, 1, P) = . (P)

n—1*n

It is obvious that ¢, (P) < ¢ (P). If . (P) = ¢,(P’) then all inequalities hold with equality
and at each step again applying Lemma 3.14-Part (ii), we have ¢(P) = ¢(P’). This completes

the lemma. [ |

LEMMA 3.16 For any profile P, if ro(P;) = = for all i € N then we have p,.(P) = 0.

Proof: Pick an arbitrary profile P such that ro(P) = z. We define few notations used
in this proof. Assume w.lo.g. that T(P) = {ai,as,...,a;} = A;'® ie. there are k
distinct alternatives in total that are ranked-first at profile P. Denote K = {1,2,...,k}
for indexation of these alternatives and G; be set of voters who have alternative g
as their first-ranked alternative in P ie. G; = {i € N: rl(]si) = q} foral l € K. It
is obvious that each group G is non-empty and groups G through Gy, forms a partition of V.

Pick any set K C K and an arbitrary profile P such that
(i) 71(P) = a; and r5(P;) = x for all i € G}, for all [ € K
(ii) r1(P) = a; and {ry(B),m2(P,),...,r(P)} = Ay for all i € Gy, for all t € K\ K.

In other words, at profile P all voters in group G; (for [ € K) has a first and z second in
their preference ordering. All voters in group G; (for t € K\K) has a; on first and their
top-k alternatives are from set Ajy.

Claim 1: If |[K| = 1 then ¢,(P) = 0. W.lLo.g. assume K = {l}. At profile P we have
a; P; x for all i € N. Since ¢ is efficient, it implies ¢, (P) = 0.

18Remember that for any profile P we denote T (P) = {r1(P1),r1(Pz),...,r1(P,)}
19We want to emphasis that condition r5(P;) can easily be replace with r(P;,x) > 2. We can start with
preference ordering P; where r5(P;) = 2 and keep lowering the rank of z. By application of Lemma 3.15,

probability of z can only decrease by lowering the ranking of x. Since it is already 0 thus it remains at 0.
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Claim 2 (Induction Step): Suppose ¢, (P) = 0 for every K such that |K| < L—1. We claim
for any K such that |K| = L we also have ¢,(P) = 0.

Assume w.l.o.g. that K = {1,2,..., L}. Consider a profile P such that

(i) All voters in Gy rank alternative a; first, followed by as, followed by az and so on till
ag i.e. r(P;) =q for all | € K, for all i € Gy.

(ii) All voters in group G; rank alternative q; first, a; second and z third from group Gs
through Gy, ie. (ri(F),r2(P;),r3(F)) = (a, a1, z) for all i € Gy, for all I € K\{1} =
{2,...,L}.

(iii) All voters from group Gp.; through Gy has same preference ordering as that of in
profile P ie. P, = P, for alli € Gy, for all t € K\K = {L+1,L+2,...,k}.

At profile P every voter prefers a; over x. Thus efficiency implies ¢, (P) = 0. Let
Yo, (P) = €4, € [0,1]. Let PF be the preference ordering obtained from P; by raising z to
the second rank while keeping everything else the same i.e. ro(P}) = z and P*(A\{z}) =
P;(A\{z}). Now consider three different profiles P’, P” and P" each obtained from P. In
profile P’ only voters from G, have replaced their P; with P*. In P” only voters from group
G4 through G|, have replaced P; with PF. Finally in P all voters from group G; through
G, have replaced P; with P*. Formally,

(i) In profile P" we have P/ = P for all i € Gy and P/ = P, for all i € N\Gj.

(ii) In profile P” we have P/ = Pr for all i € G, UG5... UG and P/ = P; for all
ZGN\GQUGgUGL

(iii) In profile P we have P/ = Pr for all i € G; UGy... UG and P/ = P, for all
iGN\G1UG2...UGL.

It is important to note that each profile P/, P” and P"” is obtained from P by raising
only the ranking of alternative x for voters belong to certain groups. We show that
02 (P) = . (P") = ¢, (P") = 0. And then finally we obtain profile P from P” to establish
that ¢, (P) = 0.

Claim 2.1 : @(P') = p(P). Note that at profile P’ each voter ranks a; above x. Thus
efficiency implies ¢, (P’) = 0. Note profile P’ is obtained from P by raising only the ranking
of x for voters in G;. Therefore, Lemma 3.15 implies that ¢(P’) = ¢(P) because we have
already shown that ¢, (P’) = ¢.(P). We note that ¢, (P') = &,,.
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Claim 2.2 : ¢o(P") = ¢(P). An inspection of profile P” reveals that there are L — 1
groups in total (from Gs through Gp), such that each group G; ranks q; first then x
second and all other G; groups (G1, G4 through Gy) rank a; at first followed by next
k—1 alternatives only from the set Aj. Therefore, the profile P” satisfies the conditions of
induction hypothesis. Thus by our assumption we have ¢,(P”) = 0. Again Lemma 3.15
implies that o(P") = p(P). We note that ¢, (P") = &,,.

Claim 2.3 : ¢,(P") = 0. Note that the only difference between profile P’ and P is
preference orderings of voters in G U G3... U G. Consider a sequence from P’ to P"”
such that each voter from group Gy through G successively replaces P; with P* (while
keeping everything as the same). To be precise each of them are raising = from third to
the second rank and lower a; from second to the third. Lemma 3.14 implies that after each
such change the probability of  can only increases. Moreover, it can increase if and only if

the probability of a; decreases.?” Thus at the end we have either (i) @, (P") > p.(P') =0
and @4, (P") < a, (P') = €4, or (ii) o(P") = (P').

Suppose @, (P") > 0 and ¢, (P") < &,,. We show that it leads to a contradiction to
Lemma 3.13. Consider a sequence from P” to P"” such each voter in group G replaces P;
with P*. Note that first-ranked alternative is the same in both P, and P’. Therefore, we
have a contradiction to Lemma 3.13 because it implies that ¢, (P") = @4, (P"). Thus, we
have ¢4, (P") = €,, and which in turn implies that ¢,(P") = 0. This completes the proof
of the Claim

The Claim 1 and Claim 2 in together implies when |K| = k i.e. K = K we have ¢,(P) = 0.
Note that in preference ordering P;, the ranking of alternatives which are below z could be
arbitrary. Therefore, at any profile where each group G; ranks a; first and x second, the

probability of x is zero i.e ¢, (P) = 0. This completes the proof of Lemma. [

Proof of Proposition 3.1: Pick an arbitrary profile P, we will show that for any = ¢ T (P)
we have o, (P) = 0. Consider the profile P such r,(P;) = z and P;(A\{z}) = P;(A\{z}) for
all i € N. Lemma 3.16 implies that ¢,(P) = x.

Consider a sequence from profile P to P such that each voter 1 through n successively
replaces P, with P i.e. each of them lowers the ranking of alternative x, while keeping the
relative ranking of all other alternatives the same. By an application of Lemma 3.15 the

probability of x can only decrease with such replacement. Thus, at the end of the sequence

20Tf it is not the case, then an argument similar to Lemma 3.14 applies and a manipulation to dl-strategy-

proofness can be shown.
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we have ¢, (P) < ¢,(P) = 0, which implies that o, (P) = 0. This completes the proof. M

Proof of Theorem 3.2 [Sufficiency| The tops-onlyness and efficiency of a top-weight is obvious.
We only show dl-strategy-proofness.

Let ¢ be a top-weight rule. Suppose it is generated by a monotone probability assignment
map . Consider an arbitrary voter ¢ and two profiles P and P’ such that P_; = P/,. We
claim o(P) R& o(P").

Suppose a = ri(P;) and r(P/) = b. If a = b then tops-onlyness of ¢ implies that
©(P) = ¢(P') and the claim is trivially true.

Suppose a # b. If ¢,(P) = p(P’) then part 2(i) in the definition of monotonicity of £
(Definition 3.9) implies that ¢(P) = ¢(P’). Once again we have p(P) R p(P').

Suppose a # b. If @,(P) # @p(P’) then part 2(ii) in the definition of monotonicity of £
(Definition 3.9) implies that @, (P) < @p(P’) and ¢, (P) > p.(P’). Since a is first-ranked in
P,, we have o(P) P% o(P'). This completes the proof.

[Necessity.] First consider the case when n > 3. Let ¢ be a RSCF which satisfies tops-only,
dl-strategy-proof and efficiency. We construct a monotone probability assignment map &
which generates ¢. Define a mapping & : A — AA as follows: for any tuple € A™ we have
&(x) = p(P) where x; = ri(P;) for all i € N. Since ¢ is tops-only ¢ is well-defined.

Applying Proposition 3.1, it follows that ¢ is a top support rule. This implies that
>aer(p) Pa(P) = 1or 30 i &a(x) = 1. Hence ¢ is a probability assignment map. It only
remains to show that ¢ satisfies monotonicity.

Pick any &_; € A" ! and distinct x;, 2, € A for any i € N. Consider a profile P and a
preference ordering P/ such that ri(P;) = z; for all j € N and 2z} = r(F/). Suppose z; =
r(P;) = a # x, = r(P!) = b. We claim either ¢(P) = ¢(P’) holds or ¢,(P) > ¢.(P') and
op(P) < pp(P') is true. Since ¢ is dl-strategy-proof, ¢, (P) > ¢.(P’) follows immediately.

Case 1: Suppose p,(P) = @4 (P"). We show ¢(P) = ¢(P’). Pick an arbitrary ¢ € A\{a}.
Since ¢ is tops-only we can assume w.l.o.g. that ro(P;) = c. Since ¢ is dl-strategy-proof , it
follows that ¢.(P) > ¢.(P’); otherwise i can misreport P! at profile P to obtain a (strictly)
better lottery. Since p,(P) = ¢,(P’) = and p.(P) > ¢.(P') for all ¢ € A\{a}, it must be
the case that ¢(P) = ¢(P’).

Case 2: Suppose @q(P) > @ (P'"). We claim ¢,(P) < ¢(P’). Suppose not i.e. ¢(P) >
wp(P'). Assume w.l.og. that ro(P/) = a. Thus the probability of b is (weakly) higher and that
of a strictly higher in lottery ¢(P) as compared to ¢(P’). Thus ¢(P) is strictly preferred to
©(P') at P! according to dl-extension. Hence voter i manipulates at profile P’ via P;. Thus

wp(P) < ¢(P’') as claimed. This completes the proof for the case n > 3.
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We now turn to the case of two voters (n = 2). We will show that tops-onlyness is
redundant because dl-strategy-proofness and efficiency imply tops-onlyness.

Pick two distinct alternatives a and b and consider a profile P = (P, Pb*).2t Let
©q(P) = \. Efficiency implies that ¢,(P) = 1 — \. Pick an arbitrary profile P = (P¢, PY).
If we can show that ¢(P) = o(P) it completes the proof. The first step in that direction we
claim that ¢(P;, P5) = ¢(P).

Suppose pq(Pr, Po) # @o(P). If po(P1, Py) > ¢.(P) then voter 1 manipulates at profile
P via P;. On the other hand if ¢,(P, P,) < ©.(P) then voter 1 manipulates at profile
(Py, P,) via P;. Thus we have o, (P1, Py) = ,(P). Applying efficiency at (P, P,) implies
op(PL, Py) =1 — @4(Py, P,) =1 — \. By a similar argument we show (P, P») = o(P).

Finally we claim that o(P) = ¢(P). Suppose not. If p,(P) < ¢.(P;, P,) = X then voter
1 manipulates at profile P via P;. On the other hand, if @,(P) < @u(Py, P,) = 1 — X then
voter 2 manipulates at profile P via P,. This completes the proof. |

ZRemember that We shall write P? for a preference ordering where a is ranked first. Similarly P will

denote a preference ordering where a is ranked first and b second.

1)
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Chapter 4

STOCHASTIC SAME-SIDEDNESS IN RANDOM
VOTING MODELS

4.1 INTRODUCTION

In this chapter, we study the standard random voting model. A group of agents (or voters)
have to choose a lottery over the set of alternatives (or candidates) based on their ordinal
preferences over the alternatives. A random social choice function (RSCF) maps each profile
of agents’ preferences to a lottery. In this framework, we propose an axiom called stochastic

same-sidedness (SSS) and explore its consequences.

Consider a preference profile and suppose a voter changes her preference ordering to an
adjacent one by swapping two consecutively ranked alternatives. Then, SSS imposes two
restrictions on the RSCF. First, the sum of probabilities of the alternatives which are ranked
strictly higher than the swapped pair, should remain the same. Second, the sum probabilities
assigned to the swapped pair, should also remain the same.

The SSS axiom can be motivated as an axiom of robustness to “small mistakes”. Consider
a deterministic SCF where a voter makes a small mistake in reporting y better than x when
x is better than y and consecutively ranked in her true preference and misreport. Suppose
truth-telling outcome z was below y but is above z after the misreport. Then this could be
interpreted as a “large” change as consequence of small mistake since the outcome “jumps”
over a number of alternatives including x and y. A similar interpretation could be given if
z was above x but new outcome is below y. In addition if z is either x or y then it must

remain so after the misreport.

Muto and Sato (2017) introduced an axiom called same-sidedness (SS) which ensures
that a SCF does not respond to small mistakes in this way. Our SSS axiom is the stochastic

counterpart of the same-sidedness condition. In particular, probability weight should not be

7



transferred from an outcome ranked strictly above x to either x or any outcome worse than
x. Similarly, probability weight should not be transferred from an outcome ranked strictly
below y to either y or any outcome better than y. The SSS axiom also requires that the sum
of the probabilities of z and y is the same before and after a misreport. The same-sidedness
condition of Muto and Sato (2017) is a weaker version of a condition they called bounded
response (BR). Our SSS condition cannot be interpreted as a generalization of BR. However,
our results show that even this form of weaker immunity to small mistakes leads to negative
results.

Muto and Sato (2017) showed that the mild SS condition has strong negative implica-
tions. For more than two voters, unanimity and SS do not imply dictatorship. However,
if unanimity is replaced by the requirement of efficiency, then it is not possible to escape
dictatorship.

The key question addressed in this chapter is the following: does randomization sig-
nificantly expand the class of RSCF's satisfying SSS relative to the deterministic case? In
particular, can we escape the negative conclusions of Muto and Sato (2017)?7 The simple
answer is that we cannot. We show that in the two voters case, every RSCF that satisfies
efficiency and SSS, is a random dictatorship. The result does not hold if we replace efficiency
by unanimity. If there are more than two voters, efficiency and SSS do not imply random
dictatorship. However, if RSCFs are required to satisfy tops-onlyness in addition to effi-
ciency and SSS, we have random dictatorship again. We note that results for deterministic
SCFs do not always immediately translate into results for RSCFs. An illustration of this
fact is that much stronger restrictions may be required for a dictatorial domain to also be a
random dictatorial domain - see Chatterji et al. (2014).

It is important to clarify the precise relationship between SSS and various notions
of incentive compatibility. The standard notion of incentive-compatibility is sd-strategy-
proofness introduced in Gibbard (1977) (for detailed explanation refer Chapter 3 of the
dissertation). The SSS axiom is much weaker than sd-strategy-proofness. Suppose for in-
stance, a voter misrepresents her true preference ordering by swapping the 7" and 8 ranked
alternatives, say x and y respectively. According to sd-strategy-proofness, the probability
of all alternatives other than = and y should remain the same; furthermore the probability
of y must not decline while the probability of  must not increase. On the other hand,
SSS merely requires the sum of probabilities of alternatives above x and y (i.e. the top six
alternatives) to remain unchanged. In addition, the sum of the probabilities of x and y must
remain unchanged.

There are several weaker versions of sd-strategy-proofness that have been used in ran-
dom voting model and random object assignment models (for instance, Bogomolnaia and
Moulin (2001b), Aziz et al. (2014), Balbuzanov (2016), Sen (2011), Brandt (2017). See also
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Chapter 3 for further discussion on this issue). The weakest among these notions is weak
sd-strategy-proofness. It requires the existence of at least one utility representation of the
voter’s true ordinal preference for which the expected utility from truth-telling is higher than
lying. In other words, the truth-telling lottery should not be stochastically dominated by
any other lottery obtained by misrepresentation. We show that SSS and weak sd-strategy-
proofness are independent i.e. neither implies the other. In particular, SSS allows instances
where the truth-telling lottery gives (strictly) lower expected utility than a lottery obtained
via a misreport for every utility representation of voter’s true ordinal preference. In other
words, truth-telling lottery is stochastically dominated by a lottery obtained by lying. As a
consequence, the SSS axiom cannot be interpreted as an incentive-compatible property. We
conclude this section by noting that recently, Chun and Yun (2020) introduced a weaken-
ing of sd-strategy-proofness, called upper-contour strategy-proofness to study random object
assignment model. Our SSS axiom is weaker than their axiom, as former is immediately
implied by the latter.

This chapter is organized as follows. Section 4.2 formally introduces the model. Section
4.3 discusses the relationship between SSS and incentive-compatibility. Section 4.4 contains
the main results. Section 4.5 concludes the chapter. All proofs are contained in the Appendix
(Section 4.6).

4.2 THE FRAMEWORK

Let N = {1,...,n} be a finite set of voters and A be a finite set of alternatives where
|A] = m > 3. We denote AA the set of probability distributions or lotteries over the
elements of A. Each voter i € N has a linear ordering P; over the elements of the set A. Let
P denote the set of all linear orderings over the elements of A. A preference profile is a list
P = (Py,...,P,) € P" of voters preferences. For any profile P € P" and voter i € N, let P_;
denote the n — 1 voters profile (Py,..., P,_1, Piyq,..., P,). For any ordering P, and integer
k=1,...,m, we denote r(P;) the k' ranked alternative in P, i.e. [{a € A: aPry(P)}| =
k — 1. For any ordering P, and a € A, we denote r(P;,a) € {1,2,...,m} as the rank of a
at P;. Note that for any P, € P, k € {1,2,...,m} and a € A, r(P;) = a if and only if
r(P;,a) = k.

DEFINITION 4.1 A random social choice function (RSCF) ¢ is a mapping from P™ to AA
re. p:P"— AA.

For any P € P", p(P) is a lottery over A. For any alternative a € A, ¢,(P) denotes the

probability assigned to a at the lottery ¢(P). Clearly, p,(P) > 0 and Y ¢,(P) = 1.
acA
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Throughout this paper, attention is restricted to RSCFs satisfying the efficiency property.
This requires that if a € A is preferred to b € A by all voters in any profile, then the RSCF

must assign zero probability to the alternative b in that profile.

DEFINITION 4.2 A RSCF ¢ : P* — AA is efficient if for all P € P" and for all a,b € A
such that aP;b for all i € N, we have p,(P) = 0.

A much weaker notion of efficiency is unanimity. This requires that an alternative that

is first-ranked by all voters in any profile be selected with probability one in that profile.

DEFINITION 4.3 A RSCF ¢ : P" — AA is unanimous if for all P € P" and for all a € A
such that r1(P;) = a for alli € N, we have ¢,(P) = 1.

Now we introduce the key axiom of the paper, which we call stochastic same-sidedness.
Before providing a formal definition, we need to introduce further notations. For any P;, P! €
P and B C A, if 2Py < «zP/y for all x,y € B, then we write P;(B) = P/(B). Two
orderings P and P’ are adjacent if there exist two distinct alternatives x,y € A such that
(1) re(P;) = & = re(P) and 1 1(P) = y = me(P)), k € {1,2,...,m — 1} and (2)
P(A\ {x,y}) = P/(A\ {z,y}). If P, and P/ are adjacent and two distinct alternatives
x,y € A satisfy P,y and yP/z, the set of two alternatives {z,y} is denoted by A(P;, /).

Two alternatives  and y are adjacent at P; if they are consecutively ranked in P, i.e.,
r(P;,x) — r(P;,y) is either 1 or —1. For any P; € P and for any two alternatives x and y
at P;, U(P;,{z,y}) denotes the set of alternatives which are ranked above z and y at P; i.e.
U(P;,{z,y}) ={a € A: aPx and aPy}. A sequence of distinct orderings (P!,..., P*)is a
path from P! to P* if for every j € {1,...,k — 1}, P¥ and P/*! are adjacent.

Now we state stochastic same-sidedness formally below.

DEFINITION 4.4 A RSCF ¢ : P" — AA satisfies stochastic same-sidedness (SSS) if for all
P eP", i€ N and P € P such that P; and P! are adjacent with A(P;, P]) = {z,y}', we

)

have

a. Z 90a<P) = Z Spa(F)ilu P—z)

acU(P; {z,y}) acU(P;{z,y})
b. D2 waP)= > walF, P).
ac{zy} ac{z,y}

Stochastic same-sidedness puts the following restrictions on RSCFs. At P € P" if voter
i € N replaces her preference by P! which is adjacent to P;, then the total probabilities to
each of the two sets U(P;, A(P;, P/) and {z,y} at (P/, P_;) should remain same as at P. The
main objective of this paper is to study RSCFs that satisfy efficiency and SSS.

!Note that if P; and P/ are adjacent with A(P;, P!) = {z,y}, then U(P;,z,y) = U(P/,z,y)

’ T
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4.3 INCENTIVE-COMPATIBILITY AND STOCHASTIC SAME-SIDEDNESS

In this section we explore the connection between stochastic same-sidedness and incentive-
compatibility. In this framework, there are several notions of incentive-compatibility. We
first describe the approach of Gibbard (1977) which is, in fact the standard approach in
probabilistic voting theory.

DEFINITION 4.5 A utility function u : A — R represents the ordering P; over A if for all
a,be A,
[aFib] < [u(a) > u(b)]

We let U(P;) denote the set of utility functions that represent P;.

DEFINITION 4.6 A RSCF ¢ : P" — AA is strategy-proof if, for all i € N, for all P € P,
for all P! € P and all u € U(P;), we have

Y wl@)pa(Pi Poi) = Y ula)pa( P, P-)

a€A acA

A RSCF is strategy-proof if telling the truth maximizes a voter’s expected utility for
every utility representation of her ordinal preferences, irrespective of the announcements of
the other voters. It is well-known that this is equivalent to requiring that the probability
distribution from truth-telling stochastically dominates the probability distribution from
misrepresentation in terms of a voter’s true preferences. This is also known as stochastic
dominance strategy-proofness (sd-strategy-proofness) and is stated formally below.

Foranyi € N, P, e Pand k=1,...,m, let B(k,P;,)) ={a € A:aPri(F)} U {re(P)},
i.e. B(k,P;) denotes the set of alternatives that are weakly preferred to the k' ranked

alternative in P;.

DEFINITION 4.7 A RSCF ¢ : P" — AA is sd-strategy-proof if for all i € N, for all P € P,
for all Pl € P and for allk =1,...,m — 1, we have

Z Qpa(Pi» P—i) > Z Soa(f)i/’ P—i)

aEB(k‘,P—L') aEB(k,Pi)

In the following, we show that stochastic same-sidedness is weaker than sd-strategy-

proofness.
PROPOSITION 4.1 Let ¢ : P* — AA be a sd-strategy-proof RSCF. Then ¢ satisfies SSS.
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The proof of Proposition 4.1 is in the Appendix. However, SSS does not imply sd-
strategy-proofness (see example 4.2).

The weakest form of incentive-compatibility is weak sd-strategy-proofness which we define
formally below.

DEFINITION 4.8 A RSCF ¢ : P" — AA is weakly sd-strategy-proof if for all i € N, for all
P eP”, forall Pl €P

S walPLP) = S PP forallk =1, m = 1] = [p(P) = o(P, Py

a€B(k,P;) a€B(k,P;)

Weak sd-strategy-proofness is equivalent to requiring the truth-telling lottery not to be
first order stochastically dominated by all lotteries obtained by misrepresentation of prefer-
ences. In other words, it requires the existence of one utility representation of voter’s true
ordinal preference for which the expected utility from truth-telling is higher than lying. How-
ever, SSS is not a strategic property of RSCFs. It allows the fact that truth-telling lottery
can be first order stochastically dominated by a lottery obtained by misrepresentation of
preferences. In particular, in the below, we show that SSS and weak sd-strategy-proofness

are independent.

EXAMPLE 4.1 (Weak sd-strategy-proofness does not imply SSS) Let |A| > 3 and N = {1, 2}.
Fix a € A. We define ¢ : P2 — AA as follows: For any P € P? and for any x € A,

(

1 ifxzrl(Pl):rl(Pg)
1 ifz=a=ri(P)and r(P) # i (P)
QO(P)Z % ifa:Tl(Pl)#Tl(Pg):lE
‘ % if:c:rl(Pl);éaand 7”1(P1)7£7"1(P2)
% if’f’l(P1>#CbandTl(Pl)?éTl(Pg):.T
0 otherwise

\
It is easy to verify that ¢ satisfies weak sd-strategy-proofness. Now consider the case
where A = {a,b,c}. Let P;, P and P, be the following linear orders.

P P P
a b ¢
b a b
c ¢ a

Note that @, (P, Py) = % and o, ( Py, P2) = 0. Therefore, ¢,(P1, Py) + ©p(Pr, Py) = %
Now note that P, and P| are adjacent and A(P;, P!) = {a,b}. But ¢.(P],P) = 0 and
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wo(P], Py) = g So o (P}, P2) + ¢u( Py, P2) = g Therefore we have @, (Pi, Py) + pp(P1, P) #
0a(P], Py) + ou(P], Py). This is a violation of SSS. [

EXAMPLE 4.2 (5SS does not imply weak sd-strategy-proofness) Let |A| > 3 and N = {1, 2}.
Fix a,b € A, a # b and € € (0,0.5). We define o : P2 — AA as follows: For any P € P?
and for any x € A,

%—6 ifx=a=r(P)andr,(P)=2>5
€ ifa=ri(P),r=ro(P) and r,,(P) =0
PLP(P) = 3 if a=ri(P)) and r,,(P) =b==x
i if x € {a,b} and a # r(Py) or b # r,,(P)
(0 otherwise

Note that ¢®® satisfies SSS. Now consider the case where A = {a,b,c}. Let P, P| and P,

be the following linear orders.

P P P
a a ¢
c b b
b ¢ a

Note that ¢5"(P1, Py) = § — €, ¢, (P, P2) = § and o*(Py, P) = e. Also 93 (P, Py) = §,
op (P, Py) = $ and ¢2*(Py, P,) = 0. Now assume that P; be the true preference of agent

1. Then we have
0" (P, Pa) > 93" (P1, Po).
Yo (Pl Po) + @0 (P, Py) = @i (Pr, Po) + 2" (Pr, Pa).
P (Pl Po) + 92 (P, Po) + 93 (P, Po) = 03 (Pr, Bo) + 02 (Pr, Bo) + 7 (P, P).
This shows that p*°(P], P,) stochastically dominates ©*°(P;, P,). This implies that %°

violates weak sd-strategy-proofness. [ |

It is important to mention that a prominent class of unanimous and sd-strategy-proof
RSCFs is the class of random dictatorships (Gibbard (1977)). Each voter first is assigned a
non-negative weight such that the sum of all weights equals one. In a random dictatorship,
at each preference profile, the probability received by an alternative is determined by the set

of voters who prefer this alternative the most, and equals the sum of these voters’ weights.

DEFINITION 4.9 A RSCF ¢ : P* — AA is a random dictatorship if there exist non-negative
real numbers 3;, i € N with Y B; = 1 such that for all P € P" and all a € A,
iEN

Pa(P) = Z B

{i:r1(P;)=a}
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Note that random dictatorships are sd-strategy-proof. In the view of Proposition 4.1, we
can conclude that random dictatorship satisfies SSS. We conclude this section by stating this

observation formally below.

LEMMA 4.1 Let the RSCF ¢ : P* — AA be a random dictatorship. Then ¢ satisfies SSS.

4.4 'THE RESULTS

In this section we present the main results of the paper. For the two voters case, we show

that efficiency and SSS imply random dictatorship.

THEOREM 4.1 Letn =2. A RSCF ¢ : P> — AA satisfies efficiency and SSS if and only if

it 1s random dictatorship.

The proof of Theorem 4.1 is in the Appendix. The following example shows that Theorem

4.1 does not hold if we replace efficiency by unanimity.

EXAMPLE 4.3 Let A = {a,b,c,d} and N = {1,2}. We define P;, P, C P as follows:

P, ={P,eP:r(P)=a,r(P)=b}

PQZ{PQGPITl(Pg):b,T4(P2):CL}

Let P* =Py x P, and 0 < € < 2. We define ¢ : P — AA as follows: For any P € P? and
for any z € A,

if P € P*and z € {a,b}
if P €P*and z € {c,d}
if P¢ P and k= |{i €{1,2}:r(P) =z}
Note that ¢ does not satisfy random dictatorship. It can be verified that that ¢ satisfies
unanimity and SSS. Now consider the profile P = (Py, P») such that

|
)

SOI(P> =

ol N -

P P
a b
c c
d d
b a
Note that p4(P) = € > 0. This violates efficiency as for all agents i € N, cPd. [ |
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For the more than two voters case, efficiency and SSS do not imply random dictator-
ship. However, if we impose the additional requirement of tops-onlyness on RSCF's, then
efficiency and SSS imply random dictatorship. A RSCF satisfies the tops-only property if the
lottery under each preference profile depends only on the top ranked alternatives of voters’

preferences.

DEFINITION 4.10 A RSCF ¢ : P" — AA satisfies tops-onlyness if for all P, P" € P" where
r1(P;) = ri(P}) for alli € N, we have p(P) = p(P’).

Tops-onlyness has the following implication on efficient RSCFs. If a RSCF satisfies
efficiency and tops-onlyness, then the support of the lottery under each preference profile is
a subset of the set of the top ranked alternatives of voters’ preferences. We call this property

as only-topness and provide a formal definition in the below.

DEFINITION 4.11 A RSCF ¢ : P" — AA satisfies only-topness if for all P € P" and a € A,
wa(P) > 0 implies a = ri(P;) where i € N.

PROPOSITION 4.2 If a RSCF ¢ : P — AA is efficient and tops-only, then it is a only-top
RSCF.

Proof: Suppose not i.e. there exist P € P" and a € A such that ¢,(P) > 0 and a # ri(P)
for all € N. Let P’ € P be such that for all i € N, ry(F;) = r(P;) and r,,(P/) = a. By
tops-onlyness, ¢,(P) = ¢,(P’) > 0. This contradicts efficiency of ¢ at P’. Therefore, ¢ is
only-top. [ ]

The state our main result for the case of more than two voters in below.

THEOREM 4.2 Letn > 3. A RSCF ¢ : P" — AA satisfies efficiency, tops-onlyness and 5SS

if and only if it s random dictatorship.

The proof of Theorem 4.2 is in the Appendix. The following example illustrates that for

the more than two voters case, efficiency and SSS do not imply random dictatorship.

EXAMPLE 4.4 Let A = {a,b,c,2,9,2} and N = {1,2,3}. We define P;,Py,P; C P as

follows:

Py ={P, € P:r(P) = a,{ray(P1),r3(P1)} = {x, 2}, {ra(P1), 75(P1)} = {b, c}, m6(P1) = y}

Py = {P, € P: 11 (P2) = b, {ra(P2),r3(Py)} = {2, y}, {ra(P2),r5(P)} = {a,c}, re(Po) = 2}
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Ps = {Ps € P: r1(Ps) = ¢, {ra(P3),r3(Ps)} = {y, 2}, {ra(Ps),r5(P3)} = {a, b}, r6(P5) = x}

Let P* =P x P, x Py and 0 < € < 5. We define ¢ : P* — AA as follows: For any P € PP
and for any w € A,

—€ if P € P®and w € {a,b,c}
if PePandwe {z,y, 2}
if P ¢ P*and k= |{i € {1,2,3}:7(P) = w}|

Spw(P) =

wlF N W=

Note that ¢ does not satisfy random dictatorship. It can be verified that that ¢ satisfies

efficiency and SSS.
Now consider the profiles P = (Py, Py, P3) and P’ = (P|, P, P}).

P P, P3| P P, Pj

N0 e Ry o
8 Q2 v e o
N e 8 o o R
N ] o0 & o
N’ 8 2 o0

S o0 "N 8 9

Note that p,(P) = wp(P) = w(P) = % — € and @, (P) = ¢,(P) )
the other hand ¢,(P') = ws(P’) = p(P') = % and ¢, (P') = @u(P') = ¢.(P") = 0. So
©(P) # (P'). This violates tops-onlyness as for all agents i € N, r(F;) = r1(P}). |

The following example shows that Theorem 4.2 does not hold if we replace top-onlyness

by only-topness.

EXAMPLE 4.5 Let A = {a,b,c,d} and N = {1,2,3,4}. We define P;,P,,P3,P, C P as

follows:

Plz{PlEP:T’l(Pl):CL,T4(P1>:b}
PQZ{PQePITl(PQ):b,T4(P2):CL}

PgZ{Pg6PZT1(P3):C,T4(P3):d}
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P4:{P4€]P>3T1(P4):d,T4(P4):C}

Let PP =Py x Py x Py x Py and 0 < € < % We define ¢ : P* — AA as follows: For any
P € P? and for any x € A,

—¢ if PeP*and z € {a,b}
if P€P*and z € {c,d}
if P¢P*and k=|{i € {1,2}:r(P) =1}

Pu(P) =

N N o=

Note that ¢ does not satisfy random dictatorship. It can be verified that that ¢ satisfies
efficiency, only-topness and SSS. |

In the following, we show that Theorem 4.2 does not hold if we replace efficiency by

unanimity.

EXAMPLE 4.6 Let A = {a,b,c,d} and N = {1,2,3}. We partition P? into five sets as

follows:

P} ={P e P’ : 1 (P1) = ri(Py) # ri(Ps)}

Py ={P e P’ :ri(P1) = ri(Ps) # ri(P)}

P} ={P cP’:ri(P) #7r(P) =r(P)}

P ={P e P’ : 1 (P) # ri(Py),11(P1) # r1(Ps),72(P1) # 1(Ps)}

P} = {P e P’ :ri(P) = ri(P2) = ri(Ps)}

We define ¢ : P2 — AA as follows: For any P € P? and for any = € A,
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~

it PeP}and z =nr (P
it PeP}and z=r
it PeP3and z =1
it PeP3and z =1
if PePjand z =1
if PePiand z =1
it PeP}and z =1
it PeP}and z =1
if P€Pandx=r(Ps
if P e P} and x ¢ {ri(P),ri(P),r(Ps)}
if PeP?and z=r(P)

otherwise

pz(P) =

S = 2l Bl Bl o Bl Bl 1 e w1 01

Ve

Note that ¢ does not satisfy random dictatorship. It can be verified that that ¢ satisfies
unanimity, SSS and tops-onlyness. Now consider the profiles P = (P, P, P3). Note that

P P P
a b ¢
b ¢ a
c a b
d d d
¢a(P) = 5. This violates efficiency as for all agents i € N, aP;d. [

4.5 (CONCLUSION

This chapter explores the consequences of introducing a new axiom stochastic same-sidedness
in the random voting model. The foundations for this axiom are non-strategic. We have
shown that the axiom has strong implications for the structure of random social choice
functions. Our results show that there is no escape from random dictatorship if a RSCF is
required to satisfy a minimal robustness to small mistakes in conjunction with efficiency and

tops-onlyness.

88



4.6 APPENDIX

The Proof of Proposition 4.1

Proof: Consider ani € N, P = (P;, P_;) € P" and P/ € P such that P, and P! are adjacent
with A(P;, P!) = {z,y}. Without loss of generality, assume that r(P;, z) = r(P/,y) = k and
r(P;,y) = r(P!/,x) = k+ 1. Note that for any [ € {1,2,...,k— 1}, B(I, P,) = B(l, P!). So
applying sd-strategy-proofness for the deviation from P; to P/ and from P/ to P;, we have
Z (pa(Pia P—i) = Z Qpa(Pz‘lv P—i)
aeB(l7PL-) aEB(l,Pi)
for all { € {1,2,...,k—1}. Also note that B(k + 1, P,) = B(k + 1, P!). So again applying

sd-strategy-proofness for the deviation from P; to P/ and from P/ to P; we have

Z ‘Pa(Pia P—i) = Z ‘;Oa(Pz‘/7 P—i)

a€B(k+1,P;) a€eB(k+1,P;)
Now, it follows that
Y ¢aPPy) = > @alPi Po) ¢+ @u( P Po) + 0y (P, Py)
Y. vaPPy) = > P PL) p +¢.(P Pu) + 9P, Py)
a€B(k+1,P;) a€B(k—1,F;)

Combining we have
QOJE(Pi? P—i) + @y(Piv P—i) = QOCC(Pz‘/’ P—i) + QOy(P{, P—i)

Note that B(k — 1, P;) = B(k — 1, P}) = U(P;,{z,y}). Hence, ¢ satisfies SSS. |

The Proof of Theorem 4.1

Proof: 1t is straightforward that random dictatorship satisfies efficiency and SSS. Therefore
we show the only if part. Let ¢ : P2 — AA satisfies efficiency and SSS. We will show that ¢
is a random dictatorship.

We complete the proof by showing following two lemmas.

LEMMA 4.2 For any P,P’' € P* and a,b € A such that r1(P)) =1 (P]) =a#b=r(P) =

r1(Py), we have
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1. 94(P) + @o(P) = 0o(P') + p(P') = 1.
2. 0a(P) = pa(P') and pp(P) = op(P').

Proof: Consider any two alternatives a,b € A and a preference profile P € P? such that
r1(P) = ro(Py) = a # b = r(P) = (). By efficiency, o, (P) + ¢p(P) = 1. We assume

that p,(P) = f and ¢,(P) = [y where 0 < 31,8 < 1 and 1 + S = 1. We complete the
proof by showing following claims.

CrLAIM 4.1 For any P € P? such that ri(P)) = a # b = r1(Py) = ro(Py) or ri(P)) =
ro(P2) = a # b =ri(P,), we have p,(P) = 51 and @u(P) = Ps.

Proof: Case 1: P € P? be such that r{(P)) = a # b= r1(P) = ry(Py).

Let P/ be an ordering where Py (A \b) = P/(A\b) and 7,,(P]) = b. Let P, =
P P2 ... P = P/ be a path from P, to P| where P/(A\b) = P*(A\ b) for all
j € {1,2,...,k — 1}. By efficiency and SSS, we have p(P) = ¢(P? P,) = o(P3 P,) =
.= (P, B).

Let P be an ordering where P(A\ b) = P/(A\ b) and r,,(P]') = b. Let P| =
PL P? ... Pl = P! be a path from P| to P where r(P?) = a and 7,,(P?) = b for all
j €{1,2,...,1}. Again, by efficiency and SSS, we have (P}, P|) = o(P%, P,) = ¢(P?, P,) =
. =(P] Py).

Let P/ = P',P? ..., P" = P, be a path from P} to P, where P/(A\ b) = P7*1(A\ b)
for all j € {1,2,...,7 — 1}. Applying efficiency and SSS, we get p(P}', P,) = (P2, P,) =
o(P3,P) =...=p(P,P).

Let Pj be an ordering where Py(A \ a) = Py(A\ a) and r,(P;) = a. Let P, =
P'. P2 ... P¥ = Pj be a path from P, to P, where P/(A\ a) = P*'(A\ a) for all
j€{1,2,...,k — 1}. By efficiency and SSS, we have o(P;, P\) = ¢(Py, P?) = (P}, P?) =
o=p(P,Py).

Let PJ be an ordering where Py(A \ a) = PY(A\ a) and r,,(PY) = a. Let Py =
P!, P2 ... P" = PJ be a path from P} to Py where r(P?) = b and 7,,(P?) = a for all
Jj€{1,2,...,l'}. Again, by efficiency and SSS, we have ¢(Py, Py) = o(Py, P?) = p(Py, P?) =
..=p(P, PY).

Let P} = P',P?,...,P" = P, be a path from Py to P, where P/(A\ a) = P/t (A\ a)
for all j € {1,2,...,7" — 1}. Applying efficiency and SSS, we get (P, Py) = p(P;, P?) =
PP, P?) = ... =¢(P1, P).

Case 2: P € P? be such that r1(Py) = ro(P) = a # b = ri(P). Using same arguments
as in Case 1, we can get = (P, P5) = o(Py, P,). |
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CrLAIM 4.2 For any P € P? and x € A such that ri(Py) = a # b = r1(P) and r(Py) =
ro(P2) = x, we have p,(P) = 1 and ¢u(P) = Po.

Proof: Consider any P € P? and x € A such that ri(P) = a # b = r(P,) and r(P)) =
ro(Py) = x. We assume for contradiction that either ¢,(P) # 1 or ¢u(P) # (B2 or both.
We assume that ¢,(P) # 1 (a similar argument will lead to a contradiction if we assume
eu(P) # B2).

Let P, be an ordering where Po(A \ a) = Pj(A\ a) and r3(P)) = a. Let P, =
PY, P2 ... P¥ = P be a path from P; to Py where P/(A\ a) = P*Y(A\ a) for all j €
{1,2,...,k—1}. By efficiency and SSS, @, ( Py, P?) = (P, PPt) forall j € {1,2,...,k—1}.
Therefore we have @, (P, P2) = @u (P, P).

Let P| be an ordering where P;(A\ z) = P{(A\ z) and r(

Pl,x) = r(P},b) + 1. Let
P, = PLP? ... P' = P/ be a path from P, to P/ where P/(A\

Pa

/

1

) = PIT(A\ z) for
(P’ P} for all j €
»). Also, by efficiency,

all 7 € {1,2,...,1 — 1}. By efficiency and SSS, ¢,(P’, P;) =
{1,2,...,1—1}. Therefore we have ¢, (P1, P2) = @o(P1, Py) = @a(P
we have @ (P, Py) = 1 — . (P}, Py).

Let Py be an adjacent ordering to Py where A(Pj, Py) = {z,a}. By efficiency and SSS,
wa( Py, Py) = o (P, Py). Since, p,(P], Py) # B1, we have a contradiction to Claim 4.1. W

CrAM 4.3 For any P € P? such that ri(Py) = a # b = ri(P,), we have p,(P) = B; and
op(P) = fa.

Proof: Consider any profile P € P? such that 7,(Py) = a # b = r(P,). Let B = {z €
A :aPyx and xPib} i.e By is the set of alternatives which are preferred to b and worse than
a at P;. Similarly, let By = {z € A : bPyx and vPya}. We consider following two cases to
complete the proof.

Case 1: By N By, = (. In this case, by efficiency, we have ¢,(P) + ¢p(P) = 1. If
©0a(P) = [1, then p(P) = 2 and we are done. We assume for contradiction that ¢,(P) # (.

Let P, be an ordering where Po(A \ a) = Py(A \ a) and ry(Py) = a. Let P, =
P P? ... P' = P} be a path from P, to Py where P/(A\ a) = P (A\ a) for all j €
{1,2,...,1—1}. By efficiency and SSS, o, (P, P?) = ¢, (P, PP forall j € {1,2,...,1—1}.
Therefore we have ¢, (P, P2) = @u(Py1, Py) # 1. This contradicts Claim 4.1.

Case 2: BiN By # (). Let B = B;N Bsy. By efficiency, if ¢, (P) > 0 for some x € A, then
x € BU{a,b}. We consider following two sub-cases.

Sub-case 2.1:{x € B : ¢,(P) > 0} = . In this sub-case, by efficiency, we have p,(P) +
wp(P) = 1. If p,(P) = B1 and ¢p(P) = P2, then we are done. We assume for contradiction
that either ¢,(P) > (1 or @u(P) > [a. Let @q(P) > (1 (a similar argument will lead to a
contradiction if ¢,(P) > o)
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Let P be an ordering where Py(A \ a) = Py(A\ a) and r(Py) = a. Let P, =
P P2 ... P! = P} be a path from P, to Py where P/(A\ a) = PIT1(A\ a) for all j €
{1,2,...,1—1}. By efficiency and SSS, (P, P?) < @,(P, PP forall j € {1,2,...,1—1}.
Therefore we have 51 < ¢, (P1, Py) < ¢o(P1, Py). This contradicts Claim 4.1.

Sub-case 2.2: {x € B: @, (P) >0} #0. Let S={x € B: ¢,(P) >0} and y € S such
that for all x € S\ y, xPyy.

Let P| be an ordering where P;(A\ y) = P{(A\vy) and m(P]) = y. Let P, =
P P2 ... Pl = P/ be a path from P, to P| where P/(A\ y) = PITL(A\ y) for all j €
{1,2,...,1—1}. By efficiency and SSS, ¢, (P?, P,) < ¢, (P71, Py) forall j € {1,2,...,1—1}.
Therefore, we have 0 < ¢, (P1, P2) < ¢, (P, P).

Let Pj be an ordering where Py(A \ y) = Py(A\ y) and m(Py) = y. Let P, =
P P2 ... P¥ = Pj be a path from P, to Py where P/(A\ y) = P (A\ y) for all j €
{1,2,...,k—1}. By efficiency and SSS, ¢, (P, P?) < ¢,(P|, PP forall j € {1,2,...,k—1}.
Therefore we have 0 < ¢, (P1, P2) < ¢, (P, P5) < ¢,(P;, P;). This contradicts Claim 4.2. l

Claims 4.1, 4.2 and 4.3 establish Lemma 4.2. |

LEMMA 4.3 For any P, P € P? such that ri(P)) = a # b =r(P) and r(P) = ¢ # d =
T1(P2), we have . (P, Pp) = SOC(Ph 152) and @y( Py, P) = sﬁd(Ph P2)~

Proof: We consider P, P € P? such that r(P,) = a # b= r(P) and r\(P) =c#d =
r1(P,). We consider following two cases.

Case 1: ¢ # b. Now we consider following four sub-cases.

Sub-case 1.1: a = ¢ and b = d. By Lemma 4.2, we are done with this sub-case.

Sub-case 1.2: @ = c and b # d. W.o.l.o.g we consider P, P € P? such that P, = P, and
P, and P, are adjacent with A(P,, P») = {b,d}. Applying Lemma 4.2 and SSS, we have
¢a(Pr, Po) = ¢c(P1, Po) and @y (P, P) = pa( Py, Po).

Sub-case 1.3: a # cand b = d. W.o.l.o.g we consider P, P € P? such that P, = P, and P,
and P, are adjacent with A(Py, P,) = {a,c}. Again applying Lemma 4.2 and SSS, we have
@a(P1, P2) = @c(Py, Py) and @y (Py, Py) = @a(P1, P2).

Sub-case 1.4: a # c and b # d. By sub-case 1.3, for P, P” € P? such that ry(P]) = a #
b=ri(P) and r(P]') = ¢ # b = ri(Py)), we have p,(P') = p.(P") and ¢u(P’) = wp(P").
W.o.l.o.g. we assume 75(Py) = d and consider P, P € P? such that P = P', P/ = P, and
P} and P, are adjacent with A(Py, P,) = {b,d}. Applying Lemma 4.2 and SSS, we have

Pa(P) = ¢c(P) and ¢y(P) = @a(P).
Case 2: ¢ = b. Now we consider following two sub-cases.
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Sub-case 2.1: d = a. Let x # a,b. Consider P, P’ € P? such that 71(P;) = a # b = ro( ),
P, = Pjand P, and Pj are adjacent with A(Py, P{) = {a,x}. Again applying Lemma 4.2 and
SSS, we have ¢, (P) = ¢, (P’) and p(P) = ¢p(P’). W.0.l.o.g we assume that r(Py) = a.

Now we consider P” € P? such that P = P{ and Py and PJ are adjacent with A(Py, Py) =
{a,b}. Applying Lemma 4.2 and SSS, we have ¢, (P’) = ¢, (P") and @u(P') = ¢, (P"). Let
P/” be an ordering such that r(P]”") = x and ro(P") = b. By Lemma 4.2, ¢, (P") =
oe(PY, PY) and po(P") = gu(PY', ).

Now we consider P € P? such that P, = Py and P, and P}” are adjacent with A(P;, P/") =
{x,b}. Applying Lemma 4.2 and SSS, we have o,(P/", Py) = ¢p(P) and @, (P}, Py)) =
¢a(P).

Since @q(P) = pp(P) and pp(P) = v, (P), we are done by Lemma 4.2.

Sub-case 2.2: d # a. By sub-case 2.1, for any P, P’ € P? such that r(P,) = ri(P) =
a#b=ri(P) =r(P) we have p,(P) = ¢u(P') and p,(P) = @u(P’). For any y # a,b,
w.o0.l.o.g we can assume that ro(Pj) = y.

Now we consider P € P? such that P, = P| and P, and P, are adjacent with A(P, Py) =
{y,a}. Applying Lemma 4.2 and SSS, we have ¢,(P’) = ¢3(P) and p,(P') = ¢, (P).

Since @, (P) = ¢u(P) and ¢p(P) = ¢, (P) where y # a, b, we are done by Lemma 4.2. H

Lemma 4.2 and 4.3 establish that ¢ is a random dictatorship. |

The Proof of Theorem 4.2

Proof: 1t is straightforward that random dictatorship satisfies efficiency and SSS. Therefore
we show the only if part. Let ¢ : P" — AA satisfies efficiency, tops-onlyness and SSS. It will
be shown that ¢ is a random dictatorship.

The arguments in the proof closely follow counterparts in Sen (2011). In what follows,
we will use induction arguments. Assume that for all integers £ < n, the following statement
is true:

Induction Hypothesis (IH): Assume m > 3. If ¢ : P* — AA satisfies efficiency, tops-
onlyness and SSS, then it is a random dictatorship.

Let N = {1,3,...,n} be a set of voters where 3,...,n € N. A RSCF g : P" ! — A(A)
for the set of voters N is defined as follows: For all (P, Ps,...,P,) e P71

g(Pi7P37"'7Pn):SO(P17P17P37"'7P71)

Voter 1 in the RSCF ¢ is obtained by “cloning” voters 1 and 2 in N . Thus if voters 1

and 2 in N have a common ordering P, then voter 1 in N has ordering F;.
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LEMMA 4.4 The RSCF g is a random dictatorship.

Proof: 1t is easy to verify that g satisfies efficiency and tops-only. We will show that ¢
satisfies $SS. Consider any P € P! i € N and P! € P such that P, and P; are adjacent
with A(P;, P!) = {z,y}. Let voter i be the voter 1. Since ¢ satisfies SSS, we have

Z ga(Pi7P37"'7Pn): Z SOG(P17P17P37"'7P71)

{acU(Pi,z,)} {acU(Py,zy)}

= > @uP{,P,Ps... P
{a€U(P;,z,y)}

= > @P,P.Ps... P)

{acU (P!, z,y)}

and

Z ga(Pi7P37""PTb): Z QDQ(P1>P1>P3>-'-’P7L)

ae{x7y} QE{$,y}

— Z ©o(P|, P, Ps,...,P,)

a€{zy}

— Z ©a(P|, P, Ps,.... P,

ac{z,y}

= Z ga(P{aP&"'?Pn)

ac{z,y}

For i € {3,...,n} it is straightforward that above qualities holds because ¢ satisfies SSS.
Hence, g satisfies SSS. Therefore, the IH will imply that ¢g is a random dictatorship. ]

Let 8, B3, ..., B, be the weights associated with the random dictatorship g; i.e. (; is the

weight associated with voter ¢, i = 3,...,n and £ is the weight associated with voter 1.

LEMMA 4.5 Let P € P™ be an arbitrary profile. Let a = r1(P;) and b = ri(P,) and let

.....

(1) a(P) =B+ 5" ifa=0b.

(ii) pc(P) = B¢ for all ¢ # a = 0.

2For simplicity, we will drop the indexation of P and just write 3% instead of 3%(P).
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(11i) pa(P)+ op(P) = B+ %+ B if a # b.

Proof:  Proof of Part (i): By tops-onlyness and the fact that r1(P;) = r1(FP2) = a, we have

Soa(PhPQaPSa"'aPn):(;Da(Plaplap&"'aPn)
:ga(Piap?n---aPn)
=5+

This establishes (7).
Proof of Part (ii): By tops-onlyness and the fact that ri(P;) = r1(P2) = a, we have

0P, Py, Py, ..., P,) = (P, Py, Ps, ..., P,)
=g.(P;, Ps, ..., P,)
— g
This establishes the proof of part (ii).
Proof of Part (ii1): Note that a and b are distinct. Let P, and Py be two adjacent
orderings where 71 (P)) = a = ro(Py) and ro(Py) = b = r1(Py). In the view of part (i) and
(ii), it can be deduced that o, (Py, Py, Ps, ..., P,) + oy(P1, Py, Ps, ..., P,) = B+ 3%+ °. By

tops-onlyness and SSS, we can conclude that

QOa(Pl,PQ,Pg,...,Pn)+g0b<P1,P2,P3,...,Pn):gDa(Pl,PQ//,P:;,...,Pn)+(pb(P1,P2,/,P3,...,Pn)
:Soa(P17P2/7P37"'7Pn)+§0b(P17P2/7P37"'7Pn)
=B+ 6+

This completes the proof of part (#ii). [ |

LEMMA 4.6 Fiz a,b € A, a #b. Let P € P™ be a preference profile where r1(P;) = a and

77777

B + 35 = B such that ¢,(P) = B + 0%, ¢u(P) = B3+ * and g.(P) = B° for all ¢ # a,b.

Proof: Fix an alternative d # a,b. Let P* € P" be such that r(P) = a, r(Py) = b
and for all j € {3,...,n}, 7 (P}) = d. In the view of Part (iii) of Lemma 4.5, we have
that 0. (P*) + p(P*) = . W.lo.g we assume that ¢,(P*) = 8¢ and ¢,(P*) = 8% where
0 < B¢, 65< B and B¢+ 85 = 3. Now we show the following claims.
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CLAIM 4.4 Letri(P;) € {a,b} forallj € {3,...,n}. Then p,(P) = B¢+5%, ¢p(P) = B5+3°
and p(P) =0 for all ¢ # a,b.

Proof: By Proposition 4.2, ¢.(P) = 0 for all ¢ # a,b. We complete the proof by showing
that ,(P) = B¢ + * and ¢,(P) = B + °. W.ol.g. we assume that r;(P;) = a for all
jeA{3,...,k}and ri(P;) =bforal j e {k+1,...,n}, k <n. We assume for contradiction

that 9 (P) # 41 + B°.
Let P € P", such that v (P;) = ry(P) for all for all i € N and ry(P;) = d for all
i € {3,...,n}. By tops-onlyness, p(P) = @(P). For all i € {3,...,k}, let P, and P, be

— A — ~

two adjacent ordering where 7 (F;) = ro(P;) = a and ro(FP;) = ri(P;) = d. Also, For all
ie{k+1,...,n}, let P, and P, be two adjacent ordering where r(P;) = r5(P;) = b and
ro(P;) = r1(P,) = d. By SSS and the fact that ¢,(P) # % + 8% and @4(P) = 0, we have

(tpa(P)+(lpd(P):(pa(PhP??pS?"':pn)+§0d<P17P27P37'--7Pn)

= @a(pl,pg,pg, ey pknpk-i—la Ce ,pn) + gOd(phpQ,pg, ey pk7 pk+17 ey Pn)
# B+ 5°

k
=B+ B

=3

By Proposition 4.2 and part (7i7) of Lemma 4.5,

Spd(PhPZ:PS:'"apkakarla"-apn>:Zﬁi
Therefore, we can conclude that
%(pl,pmpz,--->pk,pk+1a---7pn)755?

By Proposition 4.2 and SSS,

wa(plap27p37"'7pk’7pk+17"'apn):Spa(plaPZapff)"'7P]€7pk’+17"'7p’n)
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However, by tops-onlyness, o, (P*) = @4 (Py, Ps, B, ... P, pk+1, P ) = B} - a con-
tradiction. Hence, @, (P) = B¢ + 3%. Since ¢,(P) + pp(P) = 1, we have ¢,(P) = 2+ 3°. R

Cram 4.5 Let [{ri(Bs),...,r1(P.)}\{a,b}| = 1. Then, ¢, (P) = B¢+ 3%, op(P) = 85+ 3°
and p.(P) = 3¢ for all ¢ # a,b.

Proof: Let {ri(Ps),...,m1(Py)}\{a,b} = e. By Proposition 4.2, ¢.(P) = 0 for all ¢ # a, b, e.
W.lo.g we assume that at P, r(P;) =efori € {3,...,k}, rm(P)=aforiec {k+1,...,1}
and r(P;) = b fori € {{+1,....,n}, k <1 < n. By Lemma 4.5 and Proposition 4.2,
pe(P) = 3 = Y1y B

Next we show that @, (P) = 5 + 8% = B¢+ 3., +1Bi- We assume for contradiction that
Soa(P) # B + Zi:k+1 Bi.

Let P € P", such that ri(P;) = ri(P;) for all for all i € N and ro(F;) = a for all
i€43,...,k}. By tops- onlyness @(P) = ¢(P). For all i € {3,...,k}, let P, and P, be two
adjacent ordering where r1(P;) = r5(P;) = e and ro(P;) = r1(P;) = a. By SSS and the fact

that @, (P) # Bf + Zi:k-}-l Bi and @e(P) = Zf:g Bi, we have

©a(P) + 0e(P) = 0u(Py, Py, Py, ..., P,) 4+ po(P, Py, Ps, ..., P))

:(70@(131,]32,]53,...,Pk,karl,...,pn)+@6<P1,P2,p3,...,pk,Pk+1,...,Pn)
l

#Br+> B
=3

The above inequality contradicts Claim 4.4. Therefore, p,(P) = {1+ = Bf—l—Zi:kH Bi.

Since, by Lemma 4.5, @, (P) + @(P) = f+ >, 1 Bi , we have o (P) = B+ Yo Bie
This completes the proof of the claim. |

Finally, we complete the proof of the lemma by induction on [{r;(Ps),...,r1(P,)}\{a, b}|.

Induction Hypothesis (IH): Let |[{ri(P),...,m1(FP,)} \ {a,0}| =k € {1,...,m — 3}.
Then, o, (P) = B¢+ 8%, op(P) = 85 + B° and . (P) = 8¢ for all ¢ # a, b.

We will show that if |[{ri(P),...,r1(P,)} \ {a,b}| = k + 1, then ¢,(P) = B + 3¢,
op(P) = B% + B° and ¢.(P) = B¢ for all ¢ # a, b.

Note that by Proposition 4.2, ¢.(P) = 0 if ¢ ¢ {ri(P),...,r1(P,)} U {a,b}. First we
show that ¢.(P) = ¢ for all ¢ € {ri(Ps),...,m1(Py)} \ {a,b}. We assume for contradiction
that there exists an alternative ¢’ € {ri(Ps),...,r1(P,)} \ {a,b} such that ¢.(P) # 5. We
consider the following two cases.
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Case I: po(P) > B°. In the view of part (iii) of Lemma 4.5, either (i) p,(P) > 5¢ + 3°
and @ (P) < 85+ % or (ii) p.(P) < 8¢ + 4 and ¢, (P) > B% + 8. First we will consider
the case where (i) ¢, (P) > 8¢ + B and py(P) < 85+ S

W.o.lg. we assume that r(P;) = ¢ for all j € {3,...,k} and r(P;) = a for all j €
{k+1,....0}, k <1 <n Let PeP such that r(P) = r(B) for all for all i € N
and 79(P;) = a for all i € {3,...,k}. By tops-onlyness and the fact that p.(P) > 3¢ and
gaP) > B + B, we have

cpc’(p) +90a(P) = @c’(P)+¢a<P)

l
> B4 B

=3

For all i € {3,...,k}, let P, and P, be two adjacent ordering where r,(P;) = ry(P;) = ¢
and ro(P;) = r1(P;) = a. By SSS and the induction hypothesis, we have

@C'(P)—i_gpa(P):SOC’(P17P27P37"°7-PH>+Q0a(PluP21p37"'7pn>

= QOC/(Pl, PQ, Pg, Ce ,pk, Pk—i—l; sy Pn) + (Pa(PI; PQ, Pg, Ce ,pk, Pk+1, ceey Pn)
l
= b7 + Zﬁz’
1=3

This leads to a contradiction. Similarly, in the case where ¢, (P) < ¢+ % and ¢,(P) >
B35+ 3%, a contradiction can be established by replacing the role of a in (i) by b.

Case I1I: p.(P) < 3°. In the view of part (i) of Lemma 4.5, cither (i) pq(P) > B¢+ 3°
and @y(P) < 8%+ 8% or (ii) p.(P) < B + B and @,(P) > (5 + °. First we will consider
the case where (i) ¢, (P) > 8¢ + 5 and ¢, (P) < 85+ /.

W.o.lg. we assume that r(P;) = ¢ for all j € {3,...,k} and r(P;) = b for all j €
{k+1,...,0}, k <1 <n. Let P& P" such that rl(H) = ri(P;) for all for all i € N
and ro( P, ) = bforalli e {3,...,k}. By tops-onlyness and the fact that p.(P) < 3¢ and
ou(P) < b+ B, we have

e (P) + ¢u(P) = o (P) + ¢u(P)
!
< B5+ Z Bi
i=3
For all i € {3,...,k}, let P, and P, be two adjacent ordering where r(P;) = ro(P,) = ¢
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and ro(B;) = r1(P;) = b. By SSS and the induction hypothesis, we have

QOC/(-P>+Q017(P):QOa(Pl,PQ,Pg,...,Pn>+Q0b(P1,P27P37...,Pn)

:Qpa(plapbp?n--wpk:;PkJrl;---7Pn)+§0b(P17P27P37'"7Pk7pk+17"'7P7L>
l
2534‘2@'
=3

This leads to a contradiction. In the case where ¢, (P) < 8% + 3% and ¢, (P) > 85 + %,
a contradiction can be established by replacing the role of b in (i) by a.

In the view of cases I and 11, we have that ¢.(P) = ¢ for all ¢ # a, b.

Next we show that ¢, (P) = B{ + 5% We assume for contradiction that ¢, (P) # 87 + 5.
W.ol.g. we assume that r(P;) = d' # a,b for all j € {3,...,k} and r(P;) = a for all
jef{k+1,...,1}, k<l<n. Let P €P" such that r,(P) = ri(F;) for all for all i € N and

ro(P;) = aforalli € {3,...,k}. In the view of what we have shown earlier and tops-onlyness,

we have

par(P) + ¢a(P) = ¢a(P) + ¢a(P)

l
# 8L+ B
=3

For all i € {3,...,k}, let P, and P; be two adjacent ordering where r1(B;) = ro( B;) = d’

and ro(P;) = r1(F;) = a. By SSS and the induction hypothesis, we have

©a(P) 4+ @a(P) = pa(Py, Py, Ps, ... ,P) + ©u(Py, Py, Py, ..., P,)

= (,Od/<P1,PQ,p3, e 7Pkapk+17 .. ,Pn) + gOa(Pl,Pg,pg, .. .,pk,Pk_H, .. ,Pn)
l
=B + Zﬁz’
=3

This leads to a contradiction. therefore, ¢, (P) = B+ 3. Finally, by part (iii) of Lemma
4.5, we have ,(P) = 8%+ °. This completes the proof of the lemma. |

The proof is now completed by considering two mutually exhaustive cases.
Case I: >0
Fix (Ps,...,P,) € P" 2 and let 5 = Z{z‘e{3 n}r (Py)=z} B; for all x € A. We define the

-----

function h : P? — R™ below: for all (P, P5) € P? and a € A,
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ha(P17P2):%[@a(PbP%P?)"':Pn)_Ba]

LEMMA 4.7 The function h is a RSCF and satisfies efficiency and SSS.

Proof: Pick an arbitrary profile (P, P,) € P2. Let a € A. If r(P;) = ri(P,) = a, then
0o(P1, Py, Py, ..., P,) = B+ % according to Lemma 4.5 part (7). Hence h,(Py, P) = 1.
Suppose 7(P;) = a # b = r(P,). From Lemma 4.6, o,(P, Py, Ps,..., P,) > (% and
op(Py, Py, Py, ..., P,) > B% Hence h,(P, %) > 0 and hy(Py, P) > 0. If a ¢ {r(P)U
r1(P2)}, then p,(Pi, Po, Ps, ..., P,) = % Hence h,(Py, P») =0, i.e ho(P1, Py) > 0foralla €
A. Notealsothat ), 0o(P1, P2, Py, ..., Py) = B+ 048" =1,s0that Y _, ho(P1, ) =
1. Therefore, h is a RSCF.

First we show that h satisfies efficiency. Pick an arbitrary profile (P, P,) € P2 Let
x,y € A such that 2Py for all i € {1,2}. From Lemma 4.6, ¢,(Py, P, Ps,..., P,) = pY.
Hence h,(Py, P») = 0. This concludes that h is efficient.

Next we show that h satisfies SSS. Pick an arbitrary profile (P;, P,) € P2, Let P, and P/
be two adjacent orderings where i € {1,2}. W.o.l.g we assume that i = 1. Let A(Py, P|) =
{z,y}. We will show that

(i)' Z ha(P17P2) = Z ha(Pz‘/7P2)-
{an(P'ux7y)} {an(P{)mvy)}

(i). X2 ho(Pr,P2) = >0 ha(Py, Ps).
ac{z,y} ac{z,y}

Note that for any a € A, we have
a(Pr, Po, Py, ..., Py) = B+ ho(Pr, P2) + 3
and
(;Oa(Pllvp%PS?-"aPn):B'ha(Pll7P2)+ﬁa

Since ¢ satisfies SSS and 3 > 0, it can be easily verified that equalities in (¢) and (i) hold.
Hence, h satisfies SSS. n

Since h satisfies efficiency and SSS, it follows from Theorem 4.1 that h is a random
dictatorship. Assume that the weights associated with h are v and ~, for voters 1 and 2
respectively. It follows from the definition of A that for all P, P, € P and a € A,

©a(PL, Py, Py, P) = > Byt > B

{ie{1,2}:r1(P;)=a} {i€{8,...,n}:r1(P;)=a}
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Therefore ¢ is a random dictatorship with weights 8v1, 872, Bs, . . ., B, if the weights for
the random dictatorship do not depend on the initial choice of the profile (P, ..., P,) for
voters 3,...,n. Lemma 4.6 establishes that this is indeed the case.

This completes the proof of random dictatorship in Case I.

Case [I: f=0.

Let Py, P, € P. Applying Lemma 4.5 and 4.6, it follows that ¢,(Py, P>, Ps, ..., P,) = B°
for all @ € A. But this implies that ¢ is a random dictatorship with weights 5 = 5 = 0
and ;,7 = 3,...,n. This concludes the proof. |
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Chapter 5

A CHARACTERIZATION OF THE STATUS
QUO RULE IN THE BINARY SOCIAL CHOICE
MODEL

5.1 INTRODUCTION

This chapter considers the following a model in which there is a finite set of voters who have
to choose an alternative from the set of two alternatives, based on their preferences over
the alternatives. Each voter can have one of the three preferences - one alternative can be
strictly preferred to the other or they could be indifferent to each other. A social choice
function (or simply, a rule) assigns an alternative to each profile. Our goal in this chapter is
to characterize a salient rule in this model, the status quo rule.

The status quo rule identifies one of the two alternatives as the status quo alternative.
The rule picks this alternative at all profiles except the one where all voters rank the non-
status quo alternative strictly better than the status quo alternative. It is a conservative
rule which is “almost” constant. However, it is an appealing rule in certain circumstances
where change from the status quo can impose losses on a large number of voters. Examples
of such policies in India in recent years have been the Citizen Amendment Act, the Goods
and Services tax, the demonetization policy (2016) and the four-year undergraduate program
at Delhi University. Since these decisions have irreversible and long-lasting consequences,
they typically require super-large majorities to be passed as a law. Other examples of such
decisions are Constitutional Amendments and jury decisions to acquit or convict.

We use three axioms for our characterization. Two of these properties, ontoness and
strategy-proofness are well-known in the axiomatic literature. The third one is a new axiom

introduced by us, which we call Positive Welfare Association or PWA. To understand the
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axiom, consider a profile where a particular voter, say ¢ is indifferent. Suppose ¢ changes
her preference from indifference to a strict preference. The new outcome differs from the
earlier one and is ¢’s strictly preferred outcome in the new preference. Then, PWA requires
all other voters not to be made worse-off at the new profile. The justification for the axiom
is the principle that a change that does not make a voter unhappy (this is well-defined in a

two-alternative model), must not make anyone else unhappy.

The PWA axiom is closely related to the various solidarity axioms in the fairness litera-
ture. The most relevant solidarity axiom for us is the Welfare Dominance Under Preference
Replacement or WD. The axiom has been extensively analyzed in the binary choice model in
Harless (2015). Suppose the preference ordering of a single voter changes. The WD axiom
requires the welfare of all other voters to move in the same direction, i.e they must all either
(weakly) gain or lose. The PWA axiom differs from WD in the respect that it relates the
welfare of the voter who initiates the change with the rest of the voters. The WD axiom
also allows for the initiating voter to be made better-off while all the remaining voters are
made worse-off. This may be natural in allocation models where the voter whose preferences
change, obtains an object that is highly valued by all other voters. This argument is less
compelling in a public good model such as ours. We believe therefore that our axiom is
entirely consistent with the notion of solidarity. The PWA axiom is key to our result and
cannot be replaced by WD in the characterization. We also show that our characterization

is tight by providing examples of non-status quo rules that satisfy all but one of the axioms.

5.1.1 Related Literature

The binary model was introduced by May (1952). This paper characterizes simple majority
voting rules using anonymity, monotonicity, and neutrality. Fishburn (2015) provides a
characterization of anonymous, neutral and monotonic rules which are further analyzed in
Llamazares (2013). As mentioned earlier, Harless (2015) provides a complete characterization
of rules satisfying WD. Recently, Lahiri and Pramanik (2019) characterize the class of onto,
anonymous and strategy-proof rules. On the other hand, Moulin (1987) studies the binary
model with money and quasi-linear utilities. The status quo rule in the Arrowian framework
is studied in Bossert and Sprumont (2014), Harless (2016) and Athanasoglou (2019). Gordon
(2007) provides conditions which guarantee the existence of a status quo alternative.

The rest of the chapter is organized as follows. Section 5.2 introduces the basic notation
and definitions. Section 5.3 contains the main result. Section 5.4 contains discussion of the
result. Section 5.5 concludes the chapter. The proof of our main result is provided in the
Appendix (Section 5.6).
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5.2 THE FRAMEWORK

Let A = {a,b} and N = {1,...,n}, n > 2 denote the set of two alternatives and the set of
voters respectively. There are three possible preference orderings over A: (i) a is better than
b, denoted by R?, (ii) b is better than a, denoted by R’ and (iii) a and b are indifferent to
each other, denoted by R®. Every voter i € N has a preference relation R; over A where
R; € {R% R’, R*} = R. We denote aP;b when R; = R®, aR;b when R; € {R* R®} and al;b
when R; = R%. Similarly notation for R; = R’ or R; € { R, R%}.

A preference profile is a list R = (R, Ry, ..., R,) € R" of voter preferences. A profile
R = (Ry,Rs,...,R,) is also denoted by (R;, R_;) for i € N, or more generally, (Rg, R_5s)
for S C N.

For every profile R € R", let N,(R), Ny(R) and N, (R) be the set of voters who prefer a
to b, b to a and indifferent between a and b at R. A profile R can therefore be represented
by the triple N, (R), Ny(R) and Ny (R). Some standard definitions are below:

DEFINITION 5.1 A social choice function (SCF) (or simply a rule) f is a mapping
f:R"— A.

DEFINITION 5.2 A rule f is onto if there exist R', R” € R such that f(R') = a and f(R") =
b.

Note that if a rule is not onto, it must be constant i.e. it picks the same alternative at every

profile.

DEFINITION 5.3 A rule f is strategy-proof if, for all i € N, for all R;, R, € R, we have
f(Rz, R,Z)le(R;7 R,l) fOT' all R_; € R 1.

Strategy-proofness is a standard requirement for social choice functions. It considers an
environment where voters’ preferences are private information. If a rule is strategy-proof
then no individual can obtain a strictly better alternative by misrepresenting her preferences

for any possible announcement of the preferences by other individuals.

DEFINITION 5.4 A SCF fsatisfies positive welfare association (PWA) if, for any R € R",
for any i € Ngp(R) and any R; € {R*, R"}, if f(R}, R_;) # f(R) and f(R;, R) R; f(R),
then f(R., R_;) R; f(R) for each j € N\{i}.

Suppose a voter changes her preference from indifference to a strict preference. This
results in a change in the alternative chosen with the strictly preferred alternative chosen
in the new profile. The voter moves from being indifferent to being “strictly” happy. Then
PWA requires all other voters not to be made worse-off. The axiom is clearly related to the

solidarity axioms in the fairness literature. We discuss this issue further in Section 5.4.

105



5.3 THE MAIN RESULT

We formally introduce the status quo rule below.

DEFINITION 5.5 A rule is a status quo rule, if there exists an alternative x € A such that
for all R € R™,

y i N(R) = Nuhere {y} = A\ {z}

f(R) = .
x otherwise

We say that x € A is the status-quo alternative. We denote by f* the status-quo rule with

status-quo alternative x. It is a simple rule gives status quo alternative x at all profiles except

when all voters agree on best alternative being y. Our main result shows that the status quo

rule can be characterized by PWA in conjunction with onto and strategy-proofness .

THEOREM 5.1 A rule is onto, strateqy-proof and satisfies positive welfare association if and

only if it is the status quo rule.

The proof of the theorem is provided in the Appendix. In the next section we discuss various

aspects of result and that of our key property we have introduced in this chapter.

5.4 DISCUSSION

In this section explore the relationship between a solidarity condition and PWA. In addition
we show independence of our axioms in our characterization and also provide an alternative

characterization of the status quo rule.

5.4.1 Relationship between positive welfare association and solidarity

A solidarity property used widely in the fairness literature (see Thomson (1999) for a sur-
vey) is welfare dominance under preference replacement (or simply welfare dominance WD).
According to the axiom any change in the outcome resulting from change in the preference
of a voter must impact all other voters in the same direction i.e. they must all be made

(weakly) better-off or all they must be made (weakly) worse-off.

DEFINITION 5.6 A SCF f satisfies welfare dominance under preference replacement (or sim-
ply welfare dominance WD) if for any R € R*, i € N and R; € R, either f(R)R,f(R;, R_;)
forall j € N\ {i} or f(R,,R_;)R;f(R) for all j € N\ {i}.
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As mentioned in the Introduction, Harless (2015) employs this axiom in our model, that
of binary social choice. We believe that our PWA axiom captures the idea of solidarity better
than WD in our model for two reasons. The first is that WD excludes the voter making the
preference change from consideration. The second is that it allows for the possibility that
the welfare of the voter whose preference changes, improves but makes others worse-off.

We now discuss the relationship between the WD and PWA axioms. At first glance it
seems that the two are independent. The PWA axiom is concerned only with profiles where
an indifferent voter changes to some strict preference ordering while WD axiom applies to
all profiles. On the other hand PWA requires all other voters to be weakly better-off while
WD says all other voters are either weakly better-off or worse-off. Thus the antecedent of
PWA is weaker and its consequent stronger than WD. Indeed we show through examples
that the axioms are independent and neither implies the other. The first examples shows
that WD does not imply PWA.

ExAMPLE 5.1 Consider the SCF f that selects b at profiles where at least some voters

strictly prefers b to a and others are indifferent, otherwise it selects a. For any x,y € A and
ReR":

a if 0 # N, (R)C N
)b i 0#NJ(R)CN
R = xif Ne(R) # 0 and Ny(R) # 0

Yy if Nab(R) =N

Consider R € R™ where R; = R® and R; = R’ for all i € N\{1} and preference order-
ing R| = R®. According to the rule we have f(R}, R_;) P{ f(R) but f(R) P, f(R}, R_1) for
all i € N\{1}. Thus f violates PWA. It is easy to see that it satisfies the WD. In Harless
(2015), this rule is called “Consensus rule with default z and 3”. It belongs to a larger class

of rules characterized solely with the axiom of WD.

The next example demonstrates that PWA does not imply WD.

ExAaMPLE 5.2 Consider the following anti-dictatorial rule f (where voter 1 is the anti-
dictator). For each R € R",

b it Ry = R*
f(R) == a if Rl = Rb
a if R1 = Rab

Consider the profile R where Ry = R*, Ry = R® and R; = R® for all i € N\{2,3} and a
preference ordering R} = R®. The rule selects f(R) = a and f(R}, R_1) = b. Thus we have
f(R) Py f(R}, R_q1) while f(R},R_1) P3 f(R). Clearly WDis violated.
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We only need to focus on voter 1 to check whether PWA is satisfied - other voters
cannot change the outcome by changing their preference ordering. Take any profile R where
Ry = R®. For any preference ordering R} either f(R) = f(R;, R_1) or f(R) P| f(R}, R_y).
Thus the antecedent of PWA is false; thus PWA holds vacuously.

Next we demonstrate that PWA cannot be replaced by WD in the characterization of the
status quo rule. We construct an example which satisfies WD along with strategy-proofness

and ontoness but does not satisfy PWA.

ExaAMPLE 5.3 Consider the SCF f which selects a for all profiles where at least one voter

strictly prefers a to b and for the remaining profiles, selects alternative b. For all R € R",

AR :{ a if Ny(R)#£0

b otherwise

This SCF is not a status quo rule. The status quo cannot be a because at the profile where
all voters are indifferent f picks b. The status quo cannot be b either because at the profile
where a single voter prefers a to b while others b to a, it picks a. This rule is clearly onto.
In order to see that it satisfies strategy-proofness consider any profile R, voter ¢ and an
ordering R; such that f(R) # f(R., R_;) else it is trivially satisfied. This is possible only
when N,(R_;) = 0. In this case f(R) R; f(R}, R_;). Thus strategy-proofness is satisfied.

Consider the profile R = (R®, R®, ..., R®) and the preference ordering R} = R*. Accord-
ing to the rule, we have a = f(R}, R_1) P| f(R) =bbut b= f(R) P; f(R},R_1) = a for all
j € N\{1}. Thus it violates PWA.

On the other hand it satisfies WD. Consider any profile R, voter ¢ and an ordering R,
such that f(R) # f(R],R_;). As just explained we have either f(R) R; f(R],R_;) or
f(R,,R_;) R; f(R) for all j € N\{i}.

An alternative PWA axiom is the following.

DEFINITION 5.7 A SCF [ satisfies minus positive welfare association (PWA™) if, for
any R € R, for any i € Ng(R) and any R, € {R* R}, if f(R;,R_;) # f(R) and
f(R) R, f(R;,R_;), then f(R) R; f(R}, R_;) for each j € N\{i}.

Suppose an indifferent voter changes her preference ordering to a strict ordering. Suppose
further that this change leads to a change in the outcome. The new outcome is voter i’s worst
alternative according to ¢’s new preference ordering. Then PWA™ requires all other voters
to be weakly worse-off. The PWA™ axiom is the symmetric counterpart of the PWA axiom.!
However it is not useful for our analysis. This is so because it an immediate implication of

strategy-proofness.

'We can show that PWA and PWA ™ are independent. To see this, the Example 5.2 satisfies the former
but violates the latter. On the other hand the Example 5.6 satisfies latter but fails the former.
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5.4.2 Independence of the Axioms

In this subsection we show that our characterization is tight. We provide examples of non-

status quo rules that satisfy all but one of the axioms which is specified in parentheses.

EXAMPLE 5.4 (Onto) The constant rule satisfies strategy-proofness and PWA but fails

ontoness.

EXAMPLE 5.5 (Strategy-proofness) Consider the SCF f that selects a for all profiles
except when everyone is indifferent, rule selects alternative b. This rule satisfies ontoness
and PWA but does not satisfy strategy-proofness. For all R € R",

f(R>:{ b if Ny(R) =N

a otherwise

ExaMPLE 5.6 (PWA) Consider the following dictatorial rule f (where voter 1 is the dic-
tator). For each R € R™,
a if Ry =R
f(Ry=<X b if Ry = R?
a if Ry = R
It is immediate to see that it satisfies strategy-proofness and onto. If voter 1 changes her
preference ordering from a profile where she is indifferent while some voters prefer a over b

to a preference ordering where she prefers b. This shift makes some voters worse-off. Thus
violating PWA.

5.4.3 An alternative characterization

In this section, we consider a modified framework where voters can report either one of
the two strict preferences or abstain from voting. A voter’s report R; € R = {R®, R*, R"}
where R? signifies abstention. We characterize the status-quo rule in terms of ontoness, the

participation property and PWA.

DEFINITION 5.8 A SCF f : R" — A satisfies Participation (PART) if for anyi € N, R_; €
Rnil; Rz € {Ra’ Rb} and R; = R® we have f(R’M R—z) 7& f(R;7 R—’L) = f(R)sz(Rga R—z)

The Participation Property was introduced in Moulin (1991) to avoid the no-show para-
dox. It prevents a voter from manipulating by abstention i.e. no voter can gain by abstaining.
In general it is weaker than strategy-proofness. However in this framework the two conditions

are equivalent as is shown in Lahiri and Pramanik (2019).
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PRrROPOSITION 5.1 A SCF f : R" — A satisfies PART if and only if it satisfies strategy-

proofness.

In view of Proposition 5.1, we can replace strategy-proofness by PART in Theorem 5.1.

THEOREM 5.2 Letn > 2. A rule f satisfies ontoness, PART and PWA if and only if f = f*
where x € A.

5.5 CONCLUSION

In this chapter, we have provided a characterization of the status quo rule in binary social
choice model. The key to the characterization is a new axiom, positive welfare association.

We also show that our characterization is tight.

5.6 APPENDIX

We provide a proof of Theorem 5.1.
Proof: Only if. Let f be a onto, strategy-proof rule which satisfies PWA. We show that
f = f* for some x € A.

Fix a profile R’ € R" such that R} = R%, R, = R’ and R, = R® for all iN\{1,2}. There
are only two cases to consider: f(R') = a and f(R') = b. We only consider f(R') = a. The
case where f(R') = b is identical and is therefore omitted.

Let f(R') = a. Now we will show that f is a status quo rule with a being the status
quo i.e. f = f* To show this, there are four types of profiles to consider: (i) Ny = N i.e.
everyone is indifferent (i) NV, = () i.e. no voter prefers b to a, (iii) N, = 0 and N, # N i.e.
no voter prefers a to b; however not all voters prefer b to a and (iv) N, # () and Ny, # () i.e.
some voters prefer a to b and some prefer b to a. In each case we show f(R) = a. The only
remaining profile is the one where N,(R) = N. Since f is onto it follows that f(R) = b. This
establishes that f = f®.

CASE 5.1 : Fix the profile R where N, (R) = N i.e. R; = R® for alli € N. As we assumed
at profile R we have N,(R') = {1} and Ny(R') = {2}. Suppose f(R;, R",) = b. Then we
have f(R') = a P, b= f(R;,R",) but also f(R;,R",) Py f(R'), which contradicts PWA.
Therefore, f(R;, R ,) = a. By strategy-proofness, f(Ri, Ro, R}, ..., R.) = a, otherwise
voter 2 would manipulate at (R, R’ ;) via Ry. Since, (Ry, R, R}, ...,R!) = R, we have
(R =a.
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CASE 5.2 : Consider a profile R where N,(R) = 0. W.lo.g., let N,(R) = {1,...,k}. Sup-
pose f(R) = b. By strategy-proofness, f(R;, R_1) = b, otherwise agent 1 would manipulate
at R via R;. Applying this argument repeatedly, we get

f(Ri,R_1) = f(Ry1, Ro, R_{19})

f(Ry, ..., Ri, Ry, .-, Ry)
f(R)
b

This contradicts our conclusion in Case 5.1. Therefore, we have f(R) = a.

CASE 5.3 : Consider a profile R where N,(R) = () and Ny(R) # N. We will show if f(R) # a
it leads to contradiction.

Suppose f(R) = b. Assume w.lo.g. Ny(R) = {1,...,k} and Ng(R) = {k+1,...,n}.
Note that k < n. Pick Ry, = R*. The PWA will imply that f(R},,, R_{x413) = b. Other-

wise, f(R} 1, Ror+1y) Py f(R) but also f(R) P; f(R},;, R_{rx+1y) where j € {1,... k}
which contradicts PWA.

Now, we show that f(Ri, R}, R_{14+13) = b. Suppose it is not true and we have
f(Rl, RZ_H, R—{l,k—i—l}) = q. This implies f(RZ+1, R_{k+1}) =b P1 a = f(Rl, RZ—H? R—{l,k—i-l})
along with f(Ry, Ry, 1, R_q1p+13) Pl f (R 1, Rok1y). We have a contradiction to PWA.
Therefore f(Ri, R} 1, R_{1k41}) = 0.

Applying PWA repeatedly, we get

f(Rla RZ+1a R—{l,k’-i—l}) = f(Rly RQa Z+17 R—{l,?,k-‘rl})
— f(Rl, ey R]“Rngl, Rk+2 ey Rn>
=b

However, this contradicts the conclusion in Case 5.2. Therefore f(R) = a.

CASE 5.4 : Let R be a profile where N,(R) # () and Ny(R) # 0 (it is obvious that
1 <k <n-1). Wlog., let N,(R) = {1,...,k} and Ny(R) = {k+ 1,...,p}. We as-
sume for contradiction that f(R) = b. Suppose that f(R;, R_;) = a. Since P, = R® we
have f(R,, R_1)P,f(R) which contradicts strategy-proof. Thus f(R;, R_;) = b. Applying
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strategy-proofness repeatedly, we get

f(Ri,R_1) = f(Ry, Ry, R,—{I,Q})

:f(Rla"-)Rkan‘-i-la"-7Rp7Rp+1a"'7Rn)
=0

However, we reach a contradiction because N,(Ry, ..., R, Rii1, .-, Ry, Rpi1, ..., Ry) = 0.
In Case 5.3 we have shown that at this profile outcome should be a. Therefore starting

assumption of this case is false. Hence f(R) = a.

Therefore, Case 5.1, 5.2, 5.3 and 5.4 establish that for all R € R" except when
Ny(R) = N we have f(R) = a. Since f is onto, there must be a profile where f(R) = b and
the only profile left is where N,(R) = N. Therefore, f(R) = b where N,(R) = N. Hence,

f=rf~

If. Let f = f* where x € A. We will show that f* is onto, strategy-proof and satisfies PWA.
It is straightforward to see that f* satisfies ontoness.

In order to show strategy-proofness, assume w.l.o.g. that x = a. Pick any R € R", i € N
and R, € R. Note that if f*(R) # f*(R;, R_;) then R_; is such that R; = R’ for all j # .
In that case f*(R) R; f*(R}, R_;). Therefore, f* is strategy-proof.

Pick any R € R" and i € N such that R; = R®. Note that for any R, € R, if f%(R) #
fYR;, R_;) then f*(R) = a and f*(R}, R_;) = b. However, in that case, f*(R;, R_;) P; f*(R)
for all j € N\ i. Therefore, f* satisfies PWA. This completes the proof. |
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