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SUMMARY. Lot Tboa moisuro prosorving transformation of & probability space (. A, P)
inta itsolf. Wo shiall sy that T iu n stable transform tion if for evory A, B ¢ g, lim PIT-7A0B) exists,
—pe

Stable transfurmitions nro invostigatod in this nrticle with the aid of Rényi's rowults on slablo soquoncos
of eventa. The concopt of a stable trapuformation gonomliscs that of & mixing tennaformation,

1. INTRODUCTION

Let (2, A, P) be a probability spaco. Let 7 bo a measurablo transformation
(not necessurily one to ono) of Q into itaclf. Assume further that T' is measure pro-
serving, that is P{T-34)=P(d) for every d¢ 4. Following Rényi (1963), wo shall say
thut 7T is stable if for every Ade g, {T-" 4,n=1, 2,...} is a stablo sequenco of events,
that is, if for every A, Be A, lim P(T-"A (1 B) exista. Tho purpose of this article
L2
is to study such transformations.
The pt of stability g lises that of mixing. A mixing transformation
is, of course, always stablo. It will bo shown that a stable transformation 7 is mixing

if and only if tho o-field of invariant sets js trivinl (s measurablo set 4 is said to bo in-
variant if 7-1 4 = d).

As tho present investigation relies heavily on tho resulte proved in Rényi
(1963), wo shall for the sake of completencss give a résumé of theso in Section 2. In
Section 3 the analogucs of results for stable sequences of events will Lo proved for
stable transformations. Exomples of stablo transfornations, including a countor-
exumple to disprovo & reasonnble conjecture, will bo given in Section 4.

2. RESUME OF RESULYS ON STADLE SEQUENCES OF EVENTS
Let (, A, P) be n probability space and let {A,, n =1, 2, ...} bo a sequence
of events.  Wo shall say that {d4,} is a stable sequenco of ovents if for every Be ¢
lim P(4, () B) = QB)
~— o
exista.
Theorem 2.1: If {d,} is @ slable scquence of cvents and Q is as above, then Q
is @ measure on (Q, 4) and is absolutely continuous with respect to P.

Denoto by « tho Radon-Nikodym derivativo of @ with Tespect to P. a is said
te bo the local density of the stable sequenco of events {d ).
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A requence of ovents (A n=1,2,..} in suidd to ho mizing if there cxists

A0 B Y, such that for every Be &
lim (A, B)=p P(B).
"~ o
£ is called the density of the mixing sequonce{d,}.
Corollary 2.1: If {d,) is a stable sequence of events with local density a, then
{4} is mixing if and only if a is a constant almost surely.

Theorem 2.2 : The sequence of events (A,,n = 1,2,

..} {8 stable if and only if
lim PA,NAN=0Q, k=12, ..
»—p o

cxista. If, in addition, P(4,) > 0, k= 1,2,..., 8¢l q, = QP(A}), k= 1,2, ..., and

go = lim P(A.). Then {A.) is mixing if and only if the q,/'s (k= 0,1,2,...) are all
A—p o

equal..

The property of stability is prescived if the underlying probability measure
P is replaced by a probability measure absolutely continuous with repeet to it.
oxplicitly we havo the following theorom.

Theorem 2.3: Let{d,, n=1,2,...,) be a stable sequence of events with local
density a on the probability space (Q, A, P). Let P* be a probability measure on (Q, _{),

abgolutely continnous with respect to P. Then (A} is stable on (Q, A, ') with local
density x.

More

3. SOME GENERAL THEOREMS ON STABLE TRANSFORMATIONS
We shall now prove some theorems about stable transformations.

Theorem 3.1:  Let T be a slable measure preserving transformation on (Q. 4.P).

Then
lim (T-*A N\ B) = { P(A[ P
n—b =

Jorevery A, Be_y. Here gis the invariant o-ficld and I(A].9) is the conditional probali-
lity of A given .

Proof : By definition, the sequenco (T A,z = 1,2,..}, where de_y, is
stuble. Hence lim P(T-"A(MB) exists for every Be_y. But by the Individual Ergodio
L X 2

Theorem, we have : —'l'— S‘.l Ir~k 4 converges nlmost surely to (4/9), where I is the
Ea1

-1
indicator of thoset C. Hence, if Be A, 'rlT -2 Ip—k,. Iz converges nlmost surely to
k-0
(A]8) 15.  Apply the Dominuted Convergence Theorem. We got
L1 w1
lim — X (7% = ’
Jim 2. X (T-*A (M) B) {P(A/J):ll

that is, the requence {P(T-~A NB)y) is Cemnro-summable ‘-"',‘f P(A[ ) dP. Tho resuly
now follows from the semark mado at the beginning of the proof.
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Remark : Denote by a, the loenl demsity of the stable soquence {T-*d},
Ae 4. What wo have proved then ix that ;a‘tll’ =J P(A]g) dP for cvery BeA.

But a, and I(4]g) are -mensurablo functions. Heneo ay = P(A]9) almost
surely. Therefore the loeal densivy of {T-% A} i simply P(A[9).

In order to cheek if a measure preserving transformation T ia stable, it is in
fact suflicient ta verify that lim P(T-"A [ B) exists for A = Bs 4.
— e

Theorem 3.2: A measure preserving transformation T ts stable if and only if
lim P(T-"A (M A) exists for every Ae 4.
L X ]

Proof: Tho “only if” part is trivial. Consider now the sequenco
(T-"4,n=1,2, .., de_y. We want to show that {T-* 4} I stable. Note that sinco T
is measuro preseeving, P(T-*ANT"A) = P(T-HT-*PANA)) = P(T-"-0 A N A),
where n >k But by hypothesis, lim P(T-*-B4 (JA) exists and so l_i.m

Abw e
P(T-2A N T-"A) exists, k=1,2,.... Henco, by Theorem 2.2, {T-"d} is stablo.
This completes the “if” part of the proof.

A measure preserving transformation T is mixing if for overy Ae 4, the
sequenco of events (7-"A, a = 1, 2,...} is mixing with density P(A), that is, if for
overy A, Be g

lim PT-"4(\B) = P(4). P(B).

Clearly a mixing transformation is stablo. When is the converso true 1

Corollary 3.1:  In order that a stable transformation T be mixing, it is necessary
and sufficient that S, the o- field of invariant sets, be triviel under P,

Proof ; Suppose that ¢ ia trivial under P, that is, if ey, then P(d) =0
or 1. By Theorem 3.1, sinco T is stable, wo have

lim PT-"ANB) = | PAI)IP
a—pe

for every A, Bs_q. But as 2 is trivial, P(A/) = P(4) almost surely for every A A.
Hence lim P(T-"AMB) = P(A). P(B) for every A, Be 4,80 that T' is mixing. Con-
L 2

versely assume that T ja mixing. Let Ae g Then 7" A=A for n=1,2,....
But {T-"A,n=1,2,..} is mixing. Henco for every B¢ g, P(ANB) = P(A). P(B),
that is P(4) = 0 or 1. Thercfore, ¢ is trivial, which concludes tho proof.

Let us now turn to the functional form of atability. Yot ,&(Q, 4.P) bo tho
clasa of complex-valued random varinbles £ on (Q, 4, P) such that f|f|MdP < c0.
Idontify all functions £, which differ on a sct of measure zero, Then & is a Hilbert
spnco over tho ficld of complex numbors with innec product (f, g) = Jf gdP (hero 2
is tho complox conjugate of z) and norm Jiff] = (f]/]* dPP. If T is o mensure preserv-
ing transformation of Q into itself, we oan dofine a transformation U of £ into itself
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as fullows : Uf = f+T, fe £,. Thon U in an isometry, that I, U is & bounded lincar
transformation such that JUA = Iff for every fe £, (sco Halmos, 1056, p. 14),
Denoto by U® tho n-th iterato of U.

Call a function f ¢ &, mmnanl if Uf = f. Denoto by E, tho projoction on the
closed subsp of i 1 in £ We can now charaotyrlso stability
of 7 as follows.

Theorom 3.3: A smeasure preserving transformation T is slable if and only
l'_l.l_il‘n (U, g).ma (Eqf, g) for exery f, g 6 £y, thut i, U™ converges to Eq in the weak operator
-

topology.
Proof: Straightforwanl.

Remark : Lot {{}, j € J} ben completo orthonormal set for £, Thon a mea-
sure preserving transformation 7 s stablo if and only if lim (U*f, /}) = (B, fu J)) for
e

alli,jeJ. Thiy follows dircetly from tho linearity and continuity of U.

In tho caso of mixing, ¥ is trivial so that all invariant functions in &, are
constants. Henco £y f = (f, 1)1 for evory fe £, whore 1 atands for tho function
which is cqual to ono everywhoro.

Corollnry 3.2: A measure preserving transformation T is mizing if and only
"I.l_i'": (UL 0) = (U 1) Ly g) =, 1ML, g) Jor every [ ¢ .

Wo may add lhiero that if 7' is a stablo measuro preserving transformation, then
U™ converges to E, in the strong operator topolegy only in a rathor trivial and uninter-
esting caso. In fact, U® converges to E, if and only if U is the identity. To prove
this statement, note that sinco U® convorges weakly to E, U® will converge
strongly to E, if and only if lim U] = Bl for ench fe &. But [ = [fj] for

n=1,2,... Notoualso that for any f e Ly, Ifi* = (ELJI*+If — Eof))* by tho Decom-
position Theorem. Henco Hf}l = [|E,f|| if and only if Ef=/. It followa that U*
convorges strongly to E, if and only if U f = £ for each f¢.6,.

Tho propcny of stability is preserved if tho underlying measura is roplaced
by a ly conti with rospoot to it. Moro oxplicitly, wo have
tho following Lheorom.

Theorom 3.4 : Let T be a stuble mensure preserving transformation on (Q, A, P).
Let Q be a probabilily measure on {Q, ) absoluicly continuous with respect to P on 4.
Assume further that Q is preserved by T, Then T is stable on (Q,_A,Q) and for every
Ac g, P(A]g) = Q4] ) almost surely (Q).
Proof : {1) First wo provo that Q is absolutely continuous with rexpect to P
on 4. Let Ae £ and P(4)=0. Sinco T presorves P, P{lim sup 7-"4) = 0.
But lim sup T4 ¢ #. Ilonco Q(limsup 7-*A) = 0. It now followa from tho fact
that @ is proserved by T and tho Rocurrenoo Theorem (lalmos, 1936, p. 10) that
Q4)=0.
28
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(2) Now consider tho sequence of ovents (T4, n=1,2,..}, A e 4. Since
Q in absolutely continuous with respeet to P on g, by Theorem 2.3, {T-" A} is atablo
with vespeet to Q. Hence T is stable on (Q, 4, Q). Furthermore, by Theorem
23, lim T-"ANB) =J P(A]g) dQ for every A, Be 4. Henco, by Theorem

e
3.1, wohave [QA/oMQ = [ P(A]/S)Q forovery A, Be 4. Thisproves the sccond
B ]

asgertion of the theorom.

Corollary 3.3: Let I’ and Q be probubility measures on (Q, A). Assume

that T is siable and meusure preserving with respect to both P and Q. Then, if P =Q
on g, P=Qon 4.

Proof: Lot p(d) = §P(A)+1Q(A), A e 4. It is casy to verify that T is
stable and measute preserving with respeet to yr. Note that P, @ aro absolutely
continuous with respeet to sz Furthermore, =P =@ on J. By Theorem 3.4,
#A]9) = P(A]9) almost surely [P] for every 4 6 4. Note that the exceptional set
above i3 g-mensurablo and so must have ji-measure zero as well.  Again, as P(A[9)
and s{A}9) nro g-measurchlo functiona, weo have

wA) = [l ) oyipd= [Pl P = Pray

for every A6 4. Here /;J. PJ denote the restriction of g, P, vespectively to .
This proves tho corollary.

Corollary 3.4: Let T be a measure preserving mixing Iransformation on
(Q, A, P). Let Q be a probability measure on (Q, A). Assume that Q i absolntely
continnous with respeet to P on S and thal it is preserved by T, Then P = Q.

Proof: Follows directly from Theorem 3.4.

Corollary 3.5: Let T be measure preserving and mixing with respect fo pro-
bability smeasures P and Q on (2, A). Then either P = Q or P and Q are mulually
singular.

Proof: Supposo P = Q. Then, by Corollary 3.3, thero exists asct A s
such that P(4) = @¢(4). But sinco T is mixing for both P and @, cither P(4) =1
and Q(A) =0 or P{4) =0 and Q(4) = 1. In cither case, P and Q aro mutually
singular,

In tho rest of this section, we shall investigate stablo transformations which
aro not necessarily mensuro preserving.  As befure, we shall say that & measurable
transformation 7' on (Q, A, P) is slable if lim P(T-*A () B) exista for every A, Be 4.

~— o
Undor cortain additional assumptions, wo shall prove that stability of a transformation
makes it potontially measuro preserving. Beforo making this lust statomont preciso,
wo need a couplo of definitions.

Wo shall say that a measurable transformation L on (2, 4, P) is non-singular
if P(4) = 0 implics P(T-' A) = 0. Wo shall call T consereative if A, T-' A, T-4, ...,
(4 € A), mutually disjoint implies P(d) = 0,

29



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : SERtes A
We are now in a position to ntate our theorem.
Theorem 3.5:  Let T be a stable, non-singular, consercative transformation on
(Q, A, ). Then there exists a probability measure @ on (2, A) with the following
properties :
i) Pand Qagreeon J,
(i) 7 is a slable, measure preserving transformation on (Q, A, Q),
{iii) P and Q are equiralent, i.e. they vanish on the sume sels,

(iv) lim P(T-"A N B) =); QA}S) AP for every A,Be 4.

~—> o
Proof: Define @A) = lim P(T-"A), Ae A. The exintence of the limit ia
") ©

guaranteed by the stability of 7. IV follows frum tho Vitali-Hahn-Saks Thoorem
(Halmos, 1950, p. 170) that Q is a probability measure. (i) is obvious. Clearly,
Q(d) = Q(T-* A) for every A € A. Furthormore, non-singularity of T (with respect
to P) implies that Q is absolutely continuous with respeot to P. Now we can uso
Theorem 2.3. to concludo that T is stablo with respect to Q.  Thus (ii).

Now let Q(A) = 0. Since Q is proserved by T, Q(lim sup T-"4) = 0. But
lim sup T-"Ad 6 ¥, so that P (lim sup T-*A) = 0 by (i). Sinco T is conservative
wo ¢an invoke the Recurrence Theorem for conservativo transformations (Sucheston,
1957, p. 445} and conchude that P(4) = 0. We have already shown that P(4) =0
implies Q(A) = 0. Henco (iii).

{iv) now follows from {iii), Theorem 2.3. and the remark following Theorem

3.1, This completes tho proof of Theorem 3.5.

Remark: Conservativencsa of ' was used to prove that P ia absolutely conti-
nuous withrespeet to Q. If 7'ia invertiblo and both ways measurable, then the assump-
tion of conactvati enn bo dropped from tho preceoding theorem. For now

J T A plays tho rolo of lim sup T-"4.
o

4. EXAMPLES OF STABLE TRANSPORMATIONS

Example 1: Tet T bo tho idontity transformation on & probability space
(Q, A P). Then T in a stable measuro proscrving transformation. 16 4 is non-
trivial, we get an example of a atahlo transformation that ix not mixing.

Erample 2: Tot (€}, ) Lo & measurable space and It (Q,, ¥,) =

Qo A 5 =1,2, 0 Tt (R, A) = ﬁl (R A Denote by e, (a1 = 1,2, ...) the
ne
n-th ‘coordinato of a point w in 2. Wo shall uso the following notation for fnite

[ {ia) . . P
dimensional rectangles : € ( E '). e E_" ). where 1, < < fy <. < 1, is tho act

of all @ such that oy eE k=10 Iliy=k k=1,.,n, we shall write
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C(E). oy E,).. Let T bo the whift operator on Q, that b, T = «', where
W=y, =1, 2,.... Conriler a symmetrio probability measure £ on(Q _¥,).
that is, P satisfies the following condition

lo(Bt?, )= (.. )
for all u = 1,2, ...,all By, ..., £, 6§ Ay anl all sequences of positive integews iy, ..., i,
and i 1oy Ja (38 all distinet and j's all distinet).

Then 7 is w stablo, presecving Y onon (Q, A4, ). Clearly
T is measuro preserving, Let B Lo a mensurable (L, ..., m}-cylinder, that Is,

B=FxX0 1 X0y X ey where Fina mensurablo subset of I1 Q. Let By = T4 B,
- . ba1

k=1, 2. It is cear that B, =O0,X ... XQXF X Qous1 X Qpymes X ooy
that in, By is a {k+1. ..., &+ m}-cylinder with buso F. Hence, as P is & symmetric
menaure, for all Iarge n and fixed X, P(By ") B,) = P(D), whero D is tho {1, ..., 2m}-
eylinder, FXFXQpus1 XQausgX ...  Thorefore, .lil:l By B,) eximts for every

k= 1,2,.... Consequently, the requenco of events (T-t B, & = 1, 2,..} is stable by
virtue of Theorem 2.2. Now any ret A ¢ 4 can be approximated arbitrarily closely
Dby a meusurable {1, ..., m)-cylinder B (for some ), from which it follows that
{T-"4, n=1,2,..} ix astable soquenco of events for every A e_y. This proves
that T is a stable transformation.

In partioular, let P be a prod with identical The
arguments of the last pacagraph show that 7' is mixing. Converscly, muume that T
is mixing for a symmetric measure P, Let A = C(E,, ..., £,) be & measurablo finito
dimensional rectangle. 1t is easy to sco that

lim PT-+ANT"A) = PC(Ey, oo, Eny By ooy Bl k= 1,2, ...
AP

The limit is independent of & But the wequenco {T-"A} is mixing. Henee, by
Theorem 2.2, we must have

PC(E,, .oy By By, ooy EL)) = PYCE,, ..., E)).
As T is mixing, this lout relation holds fnr all blo finite-cki ional gl
Hence, hy Theorenm 6.2, and 5.3 in Hewitt and Savago (1935, pp. 477-78), P mmt
he s product measure with identicnl components.  We have thus proved :

Theorem 4.1 : Let I be u symmelric probability on (Q, Ag). Then T is a
sluble measure preserving transformation on (Q, A, P) and T is miring if and only if
P is a product measure with identical components,

Eaample 3¢ Let {r,, n =0, 1,..} be n stationary, aperiulio Markov chnin
with countuble state spce I, Elements of I will bo denoted by & with or without
subscripts, Assume that the Markov chain ia defined on the approprinto (unitateral)
requence space (2, ) and leb T bo the whift aperator on (Q, 4). If P is tho relevant
probability meanure on (Q, ), 7' ix a stable measure preserving tennsformation on

[P B
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To sco that 7' s stablo, lot us noto that it in sufficiont to demonstrato stabilivy
of soquences of oventa {T-"A, n = 1, 2, ...}, whero A Is a finito-dimonsional rectanglo
of tho form (rq = i, ..., 2,4 = i,), tho i's boing ergodio atates belonging to the mame
olass. Wo have for fixed k and largo n

PTYANT"A) = Py, pry, v i Fi7Prg, - P

it

whero p; denotes tho

'y Py tho ono-stop transition probability and
P the nstep transition probability.

Remembering that im  pf = n; for j ergodio, we obtain
e

lim P(T-*ANT-"A) = PigProt, - Pl st ™,
L X 4

foPlgfy ** Pry st k=1,2,..

Henoe, by Theorem 2.2, T-"A ia stable. This proves tho assertion.

Example 4: Let 2 bo a compact Abelian group, ¢ tho o-ficld of Borel
wubscts of @ and P normnlised 1lasr mensure on (Q, #). Let T be a continuous
automorphism of . Then T is measure prexerving with respect to P (Halmos, 1958,
p- 7).

Let C Lo the character group of 0, that is, € is the sct of all continuous homo-
morphisms of £ into the oircle group. Denote by U tho unitary operator on
£4Q, A, P)induced by T.  Urestiioted to € is an automorphism of tho group C. 1ffeC,
by the orbit of f under U, wo ghall meun the sot {U* f, n = 0, £1,+2,...}. Ifthe orbit
is finite, tho least positive integer m such that U"f = f will Lo called tho order of tho
orbit. Tho order of tho orbit of an invariant character f(i,e, f = U f) under U is
cloarly 1. We remark for later uso that € forms a complote orthonormal sot in
£(Q, A, P). (Theso facts may bo found in Halmon (1936, p. 63)).

Wo want to characteri i phisms of Q which are stable.

Theorem 4.2: A conlinuons automorphiom T of a compact Abelian group
0 ia stable if and only if the induced auntomorphism U on the character group C has no
Sfinite orbits of order > 1.

Proof : Assume that T is stable and that thore is a f ¢ C such that tho orbit
of f under U is finito and of orler 1 > 1. Thon, it is clcar that Lim sup (U, f, f) =1
L d
and lim inf (U* £, f) == 0, 80 that lim (U"/, /) docs not exixt. Wo have thus arrived
L X 4 e
at a contradiotion,

Conversely, supposo that U hns only finito orbits of ordor 1 or infinito orbits.
18/ ¢ O such that Uf =/, then it i casy to sco that foroveryg e C’..Lim (A =(9)
-

=0 or 1 acoording an g or g=f. If the orbit f6C under U in infinite,
32



ON STABLE TRANSFORMATIONS
then oloarlyii'm {U* /,y) = 0 for overy geC. Honoo, in cithor caso, lim (U™ f, g)
- L]

= (E,/, y) for overy f, g € O, where E, is tho projection on the olosed rubspaco of in-
variunt functions in J£4(Q, 4, F). It now follows from the fnot that € forms a comploto
orthonormal set and tho remark made after Theorem 3.3 that 7' is stablo. This
completes the proof of Theorem 4.2,

Sinco a stable trunsformation 7 is nuxing if and only ifo\ ory invariant function
in £ is n constant, wo can now charaoterize phi which are
mixing ay follows :

Corollary 4.1: A continuous automorphizm T of a compact Abelian group
Q is mizing if and only if the induced automorphism U on the character group C has only
infinite orbits, other than the trivial orbit {1} (here ) stands for the function wchere value is
one everywhere on Q).

Ezample 6 It is known that, under suitabl ptions on the
apace, A preserving t f ion can be d an & direct sum (direct
integral) of ergodio ¢ fi {ace, for inst llnlmos (1041)).

The question then naturally arises whethor a stable measure preserving trans-
formation is always'a direct sum of mixing transf i We give an P
below which answers the question in the negative. (Tho reader is referred to Halmos
(1041) for & precise definition of tho concept of direot sum).

Let X = Y = circumferenco of tho unit circlo, A, = Ay = o-field of Borel .

subsets of X =Y, and Py = Py = lized Lebesguo on A=Ay Lot
(Q, A, P) = (X, Ay PYX(Y, Ay, Py). 053 then a compuct Abelian group, tho
group operntion boing i viso multiplication, 7 is tho o-field of Borel subscts

of Q2 and P is normalised Haar mensuro. Weo shall denoto points of by ordered pairs
(z,y), wheroze X, ye Y. Wonow defino s transformation T of 2 onto Q2 as follows ;
T(z,y) = (x,zy) 6 Q. In fact, T is a continuous automorphisnt of Q and is, conso-
quently, moasure preserving with rospoct to P.  Now tho character group G of Q b
easily seen Yo be the sot of functions [, h(m, n =0, £1, £2, ..., whero fu, 2, %)
=z, (z,y) 2. It follows from a straightforward application of Theorem 4.2
that 7 is stable. Thun, we have proved that T is a stalile mcasuro preserving trans-
formation.

Wo assert that 7' is a direct sum of transformations, none of which is mixing.
First note that tho invariant o-field # of T is tho o-field of scts of the form AX Y,
Ac A, The atoms of  ave of tho form {f}x ¥, z¢ X. Wo shall denoto atoms of
J by Y,. Now, cach Y, Loing Invariant, 7' induces a transf tion, say T on
each Y,. Infact, T,y = zyfor(z,y) 6 ¥,. Itiscasytoscothat Tisa direot sum of
thoso transformations 7', z¢ X. Now T, is a rotation on tho cirelo group for every
26 X. Consequently, foreachz ¢ X, T', is measure prescrving with respeet to Lebesguo
mensuro (Halmos, 1056, p. 7); furthermore, for all x, oxcept for tho countable numbor
of 2’% such that 2* = 1 for nome natural numbor », T, is ergadio (Halmos, 1956, p. 26).
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But for no xeX ix T, mixing (Halmos, 1956, p. 37). Thus wo have shown that 7'
ix n direet sum of ergodic preserving L I ionn, none of which is mixing.
It folluwa now, sinco tho transformation T, were dufined on tho atoms of #, that T
cannot bo exprexsed ay a dircet sum of mixing transformations.

Erample 6: We conclude with an example of a stable, non-singular trans-
formation which is not mewsuro preserving,

Let 02 = [0, 1], A the o-tickl of Borel xubscts of £ and £ Lebergue moasurs
un A, Defline a tranxformation 7' of Q vnto itself an follows :

2 if e [0,4)
Tx=
z if ze(} 1]
T is clearly measurable,

Since for any sct A e o, P(T-1)A)  2P(A), T is non-xingular with respect to P,
Forde yand AC[0, §), it inclearthat lim PT-"A)=0,u0 that lim PT-AN\B)=0
~—w ~a

for every Be . Henee (T-"A, n =1, 2,..} b n stable wequence of events,
It Ae gand AC[4. 1), then T-"A is n nonadecreaning sequenco of kets.  Heneo

lin T2 () B) = (0 T-*ANB)for every Bev. Therefore (T2, 4= 1,2, ..]

— =0

instable. It now followa that lim (T-"A () B) exista forevery d, Be . Thu T
— e

in a stablo tramdormation.

But 7" is not meusuro preserving with respect to #; indeed, 7' is not measure
preserving with respect to nny finito mensure equivalent to I, To prove this, it suflices
to whow that 7 is not conscrvative (Halmos, 18536, p. 84).  Consider B =14, §).
Then B, T-' B, T-153, ... arc mulunlly dixjoint and (5) = §. Hence T ix not conser-
vative.

"Thin example shuws that the axsumption of vonservativenvss enniot be dropped
from Theorem 3.5, if T is not invertible.
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