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Notations & Abbreviations

N Set of all natural numbers

Np Set of all whole numbers; NU {0}

C Set of all complex numbers; Complex plane
Unit disk {z € C: |z < 1}

T Unit circle {z € C: |2| =1}

Co Half-plane {s € C: Res > 6}

T Homogeneous rooted tree with root o

v Parent of a vertex v

v Number of edges between v and o

¢ Riemann zeta function

XA Characteristic function on a set A

Xv Characteristic function on the set {v}; X

My, Multiplication operator induced by v

Cy Composition operator induced by ¢

Wy.e  Weighted composition operator induced by ¢ and ¢
o.(A) Point spectrum of an operator A

0q.(A)  Approximate point spectrum of an operator A
o(A)  Spectrum of an operator A

an(A) N approximation number of an operator A

Set of all bounded linear operators on X

Set of all compact operators on X

H(2)  Space of all analytic functions defined on €.






Chapter 1

Introduction

1.1 Outline of the thesis

In analytic function theory, the study of multiplication and composition operators has a
rich structure for various analytic function spaces of the unit disk D = {z € C: |z| < 1}
such as the Hardy spaces HP, the Bergman spaces AP and the Bloch space B. This
theory connects the operator theoretic properties such as boundedness, compactness,
spectrum, invertibility, isometry with that of the function theoretic properties of the

inducing map (symbol) such as bijectivity, boundary behaviour and vise versa.

Literature on multiplication operators is exhaustive. See for example the survey
articles [3, 18, 52, 70] on multiplication operators on various function spaces of the unit
disk. The study of composition operators on various analytic function spaces defined
on D becomes a popular branch of analytic function theory and operator theory. There
are excellent text books and articles on composition operators, see [29, 68, 69] and the

references therein.

Around 50 years ago, E. A. Nordgren begun a systematic study of composition oper-
ators. Composition operators have arisen in the study of commutants of multiplication
operators and more general operators. Also, they play a role in the theory of dynamical
systems. De Brange’s original proof of the Bieberbach conjecture relied on substitu-
tion operators (another name for composition operators). Ergodic transformations are

sometimes thought of as inducing composition operators on LP spaces.

In 1955, Banach begun the study of weighted composition operators. Banach [14]
proved the classical Banach-Stone theorem which asserts that the surjective isometries
between the spaces of continuous real-valued functions on a closed and bounded interval

are certain weighted composition operators. In [37], Forelli proved that the isometric

3



4 Chapter 1. Introduction

isomorphism of the Hardy space HP (p # 2) are also weighted composition operators.

The same result for the case of Bergman space is proved by Kolaski in [47].

The study of weighted composition operators can be viewed as a natural generaliza-
tion of the composition operators. Moreover, weighted composition operators appear
in applied areas such as dynamical systems and evolution equations. For example,
classification of dichotomies in certain dynamical systems is connected with weighted

composition operators, see [21].

In the recent years, there has been a considerable interest in the study of function
spaces on discrete sets such as tree (more generally on graphs). For example, Lipschitz
space of a tree (discrete analogue of Bloch space) [24], weighted Lipschitz space of a
tree [6], iterated logarithmic Lipschitz space of a tree [5], weighted Banach spaces of an
infinite tree [9] and HP spaces on trees [48] are some in this line of investigation. In
[48], the HP spaces on trees are defined by means of certain maximal or square function
operators associated with a nearest neighbour transition operator which is very regular,

and this study was further developed in [30].

Multiplication operators were considered on various discrete function spaces on infi-
nite tree such as Lipschitz space, weighted Lipschitz space, iterated logarithmic Lipschitz
spaces and weighted Banach spaces of an infinite tree. See [4, 5, 6, 8, 9, 24, 25] for more
details. The study of composition operators on discrete function spaces was first initi-
ated by Colonna et al. in [7] in which the Lipschitz space (discrete analogue of Bloch
space) of a tree was investigated. Composition operators on weighted Banach spaces of
an infinite tree were considered in [10]. Recently, some classes of operators including
Toeplitz operators with symbol from the Lipschitz space of a tree were considered in
[26]. The study of composition operators is not well developed unlike multiplication

operators in the discrete settings.

In this thesis, we mainly study the composition operators in three different settings,
namely, the following:

1. Discrete analogue of generalized Hardy spaces (Tp). See Chapter 4.

2. The Hardy-Dirichlet space H?2, the space of Dirichlet series with square summable
coefficients. See Chapter 5.

3. The class Py of analytic functions subordinate to 1% for |a| < 1,a # —1. See

Chapter 6.

All these settings are very different in nature. In particular, for each p, T, is a Banach

space but is not a Hilbert space. Observe that H? has a Hilbert space structure by its
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own, whereas the class P, does not have a linear space structure. We note that P, is a

compact convex family in H (D).

In Chapter 2, we define discrete analogue of generalized Hardy spaces (T,) and
their separable subspaces (T, ) on a homogenous rooted tree and study some of their
properties such as completeness, inclusion relations with other spaces, separability and

growth estimate for functions in these spaces and their consequences.

In Chapter 3, we obtain equivalent conditions for multiplication operators M, on
T, and T, to be bounded and compact. Furthermore, we discuss point spectrum,
approximate point spectrum and spectrum of multiplication operators and discuss when

a multiplication operator is an isometry.

In Chapter 4, we give an equivalent conditions for the composition operator Cy to
be bounded on T, and on T, spaces and compute their operator norms. We have
considered the composition operators induced by special symbols such as univalent and
multivalent maps and automorphism of a homogenous tree. We also characterize in-
vertible composition operators and isometric composition operators on T, and on T,
spaces. Also, we discuss the compactness of Cy on T), spaces and finally we prove that

there are no compact composition operators on T, o spaces.

In Chapter 5, we consider the composition operators on the Hardy-Dirichlet space
H2, the space of Dirichlet series with square summable coefficients. By using the Schur
test, we give some upper and lower estimates on the norm of a composition operator on

5, where ¢ > 2 is a fixed integer.

H?2, for the affine-like inducing symbol ¢(s) = ¢1 + c4q~
We also give an estimate for approximation numbers of a composition operators in our

H? setting.

In Chapter 6, we study the weighted composition operators preserving the class
Po. Some of its consequences and examples of certain special cases are presented.

Furthermore, we discuss about the fixed points of weighted composition operators.

1.2 Basic definitions and results

We refer to the books [27, 61, 67] for basic definitions and results on functional analysis
and [60, 63] for basic notions of complex analysis. Let us now recall several definitions

and some basic results that are needed in the sequel.

Definition 1.2.1. A normed space is a pair (X, ||-||), where X is a vector space and |||

is a norm on X. A Banach space is a normed space that is complete with respect to
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metric defined by d(z,y) = ||z — y|| for z,y € X. If X has a countable dense subset A
ie., A= X, then X is said to be separable.

Definition 1.2.2. A Hilbert space is a vector space H together with an inner product

(-,-) such that (H, ||-||) is Banach space, where the norm is induced by the inner product,
ie., |la]| := v/{a,a) for all a € H.

Proposition 1.2.3. (Cauchy-Schwarz Inequality) For any f and g in a Hilbert space

H, we have

(Fl <11 gl

Proposition 1.2.4. (Parallelogram Law) If H is a Hilbert space and f,g € H, then

If + g1+ 1 =gl = 201717 + Nlgl®)-

Definition 1.2.5. A linear map A on a normed space X is said to be bounded linear
operator or bounded operator if the operator norm ||A| := sup{||Az|| : ||z|| < 1} is finite.

The set of all bounded linear operators on X is denoted by B(X).

Remark 1.2.6. B(X) becomes a Banach space under the operator norm defined above

if X is a Banach space.

Definition 1.2.7. A linear map A on a normed space X is said to be closed operator
if its graph G(A) = {(x, Az) : ® € X} is closed in X x X, or equivalently, x,, — = and
Az, — y imply y = Ax.

Theorem 1.2.8. (Closed graph theorem) Every closed operator A on a Banach space

X is a bounded linear operator on X.

Definition 1.2.9. A bounded linear operator A on a normed space X is said to be a
compact operator if the closure of the image of the closed unit ball {Az : ||z| < 1} is

compact. The set of all compact operators on X is denoted by K(X).

Proposition 1.2.10. K(X) is a closed subspace of B(X). In particular, limit of a

sequence of compact operators is a compact operator.

Definition 1.2.11. A bounded linear operator A on a normed space X is said to be a

finite rank operator if the range {Azx : x € X} has finite dimension.

Remark 1.2.12. It is easy to see that, every finite rank operator is compact operator.

Consequently, the limit of finite rank operators is also a compact operator.

Definition 1.2.13. The essential norm [|Al|, of a bounded operator A on X is defined
to be the distance between A and K(X):

1A, = dist(A, K(X)) = inf{||A — K| : K € K(X)}.
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Definition 1.2.14. A bounded operator A on a normed space X is said to be an

isometry if [|Ax| = ||z|| for all x € X.

Definition 1.2.15. A bounded linear operator A on a normed space X is said to be
an invertible if there exists a bounded linear operator B on X such that B(A(x)) =
A(B(z)) = z for all x € X. Such an operator B is called the inverse of A and is denoted
by A~

Definition 1.2.16. A bounded linear operator A on an inner product space X is said

to have an adjoint if there exists a bounded linear operator B on X such that
(Az,y) = (z, By) for all x,y € X.

Such an operator B is called an adjoint of A and is denoted by A*.

Remark 1.2.17. Every bounded linear operator A on a Hilbert space has the adjoint.
Moreover, ||Al| = ||A*|| for all A € B(X).

Definition 1.2.18. A bounded linear operator A on a Hilbert space H is called a normal

operator if it commutes with its adjoint, i.e., AA* = A*A.

Definition 1.2.19. Let A be a bounded linear operator on a normed space X. The
point spectrum o.(A) of A consists of all A € C such that A — AT is not injective. Thus,
A € 0.(A) if and only if there exists a nonzero x € X such that Az = Az.

Definition 1.2.20. Let A be a bounded linear operator on a normed space X. The
approzimate point spectrum o4,(A) of A consists of all A € C such that A — AI is not
bounded below. Thus, A € 0,(A) if and only if there is a sequence {z,,} in X such that

|zn|| = 1 for each n and ||A(zy) — Azy| — 0 as n — oo.

Definition 1.2.21. Let A be a bounded linear operator on a normed space X. The
spectrum o(A) of A consists of all A € C such that A — Al is not invertible.

Definition 1.2.22. For a bounded linear operator A, the spectral radius, denoted by
r(A) is defined by
r(A) :==sup{|A|: A€ a(A4)}.

If 7(A) = ||A]|, then the operator A is called normaloid operator. For example, every

normal operator is normaloid.

Proposition 1.2.23. Let A be a bounded linear operator on a complex Banach space
X. Then,

(1) 0(A) C 0a(A) C o(A).
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(2) The boundary of the spectrum of A is contained in the approximate point spectrum

of A.
(3) Approzimate point spectrum o4(A) is a closed subset of C.
(4) o(A) is a nonempty compact subset of C (Gelfand-Mazur theorem).
(5) r(A) < ||Al|. That is, |A| < ||A]| for all X € o(A).

Proposition 1.2.24. Let A be a compact linear operator on normed space X. Then,

(1) e(A)\ {0} = o(A) \ {0}.
(2) 0 is the only possible limit point of o(A).

(3) o(A) is countable set.



Chapter 2

Discrete Hardy spaces (T))

2.1 Introduction

The theory of function spaces defined on the unit disk D is particulary a well developed
subject. The recent book by Pavlovi¢ [58] and the book of Zhu [71] provide us with a
solid foundation in studying various function spaces on the unit disk. One can also refer
[33] for Hardy spaces (HP), [43] for Bergman spaces (AP), [36] for Dirichlet spaces (D)
and [11] for Bloch space (B).

In the recent years, there has been a considerable interest in the study of function
spaces on discrete sets such as tree (more generally on graphs). For example, Lipschitz
space of a tree (discrete analogue of Bloch space) [24], weighted Lipschitz space of a tree
[6], iterated logarithmic Lipschitz space of a tree [5] and HP? spaces on trees [48] are some
in this line of investigation. In [48], the HP spaces on trees are investigated by means
of certain maximal or square function operators associated with a nearest neighbour

transition operator which is very regular, and this study was further developed in [30].

In this chapter, we define discrete analogue of generalized Hardy spaces (T,) and
their separable subspaces (T, ) on a homogenous rooted tree and study some of their
properties such as completeness, inclusion relations with other spaces, separability and
growth estimate for functions in these spaces and their consequences. This chapter is

based on our article [54].
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2.2 Preliminaries

A graph G is a pair G = (V, E) of sets satisfying E C V x V. The elements of V and E
are called vertices and edges of the graph G, respectively. Two vertices x,y € V (with
the abuse of language, one can write as z,y € G) are said to be neighbours or adjacent
(denoted by x ~ y) if there is an edge connecting them. A regular (homogeneous)
graph is a graph in which every vertex has the same number of neighbours. If every
vertex has k neighbours, then the graph is said to be k—regular (k—homogeneous)
graph. A path is part of a graph with finite or infinite sequence of distinct vertices
[vo, V1, v2,...] such that v, ~ v,y1. If P = [ug — vy — vy — -+ — vy,] is a path then the
graph C' = [vg — v; —v9 — -+- — v, — vo| (path P with an additional edge v, — vg) is
called a cycle. A non-empty graph G is called connected if any two of its vertices are
linked by a path in G. A connected and locally finite (every vertex has finite number
of neighbours) graph without cycles is called a tree. A rooted tree is a tree in which a
special vertex (called root) is singled out. The distance between any two vertex of a tree
is the number of edges in the unique path connecting them. If G is a rooted tree with
root o, then |v| denotes the distance between o and v. Further the parent (denoted by
v™) of a vertex v # o is the unique vertex w € G such that w ~ v and |w| = |v| — 1. For

basic issues concerning graph theory, one can refer to standard texts such as [31].

Let T be a rooted tree. By a function on a graph, we mean a function defined on its
vertices. The Lipschitz space [24] and the weighted Lipschitz space [6] of T" are denoted
by £ and L,,, respectively. These are defined as follows:

veT, v#o

Ez{f:T—)C: sup ]f(v)—f(v_)]<oo}

and

Ly = {f: T—C: sup Ju[|f(v) = flvT)] < OO},

veT v#o
respectively. Throughout the discussion, 7" denotes a (g + 1)—homogeneous rooted tree
for some ¢ € N. For n € Ny, let D,, denote the set of all vertices v € T with |v| = n and
denote the number of elements in D,, by ¢,. Thus,
(g+ )¢t if neN,

Cn = (2.2.1)
1 if n=0.
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For p € (0, 00], the generalized Hardy space H[(DD) consists of all those measurable
functions f : D — C such that M,(r, f) exists for all r € [0,1) and || f[|, < oo, where

sup Mp(’ra f) lfp € (0,00),

I, = 0= |
supf()] ifp= oo,
zeD
and
My ) = o [ 1) do
P 27 Jo '

The classical Hardy space H? is a subspace of H} (D) consisting of only analytic functions.

See [20] for recent investigation on H} (D) and some related function spaces.
For our investigation, this definition has an analog in the following form.

Definition 2.2.1. Let T be a (¢ + 1)—homogeneous tree rooted at o. For every n € N,
we introduce

L p% i 00
. (CZ!f(v)\) fp e (0,0)

n
[v[=n

mgXIf(v)l if p = oo,

My(0, f) :=f(0)| and
£, == sup My(n, f). (2.2.2)

The discrete analogue of the generalized Hardy space, denoted by T, ,, is then defined
by
Typ:={f: T — C such that ||f]|, <oo}.

Similarly, the discrete analogue of the generalized little Hardy space, denoted by T, p.0,
is defined by

Typo:={f€Typ: nlg%o Mpy(n, f) =0}

for every p € (0,00]. For the sake of simplicity, we shall write Ty, and T, as T,
and T, respectively. Unless otherwise stated explicitly, throughout |||, is defined as

above.
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2.3 Completeness

Theorem 2.3.1. For 1 < p < oo, |||, induces a Banach space structure on the space

T,.

Proof. First we begin with the case p = oco. In this case, (2.2.2) reduces to [|f|, =
sup |f(v)| and thus, the space T, coincides with the set of all bounded functions on T
veT

with sup-norm which is known to be a Banach space.

Next, we consider the case 1 < p < co. We have the following.

(i) If f =0, then [[f[|, = 0. Conversely, if | f[|, = 0 then My(n, f) =0 for all n € Ny
showing that >> |f(v)[P =0 for all n € Ny and thus, f = 0.

[v|=n
(ii) For each n € Ny and o € C, it is easy to see by the definition that M,(n,af) =
a[My(n, f) and thus, [[af[|, = [e| [ f],-

(iii) For each n € N and f,g € T, one has (since p > 1)

1
P

My(n, f +4g) < {jzwwwg(v)w}

" |v|=n

1 g 1 :
< (2 S vor) (& S o)

" |lv|=n " Jvl=n

= Mp(na f) + Mp(n7g)
The last inequality trivially holds for n = 0 and thus, |[f + gll, < [ f[l, + llgl-

Hence (T, |[-[|,) is a normed space. In order to prove that T) is a Banach space, we
begin with a Cauchy sequence {f;} in T). Then {fi(v)} is a Cauchy sequence in C for
every v € T  and thus, {f;} converges pointwise to a function f. Now, for a given ¢ > 0,
there exists an N € N such that My(n, fr — fi) < € for all k,I > N and n € Ny. Letting
I — oo, we get Mp(n, fr, — f) < eforall k > N and n € Ny. Hence ||f; — f|, < € for
all k > N, which gives that fx — f. The triangle inequality ||f]l, < |lf — fnll, + [ fxl],
gives that f € T,. This completes the proof of the theorem. O

Remark 2.3.2. For 0 <p <1, d(f,g) = ||f — g} defines a complete metric on T,,.
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A function f: T'— C is said to be a radial constant function if f(v) = f(w) whenever

o] = [w].

Remark 2.3.3. Since the integral means My(r, f) of an analytic function f defined on
D is an increasing function of r, we have [|f|, = hI{l My (r, f). Thus, the little Hardy
r—1-

space HY, defined by
HY :={fe€ H : My(r,f) =0 as r— 1"},

consists of only a single element, namely, the zero function. But this is not the case
in the generalized Hardy space Hg(]D) of measurable functions, This is because the
maximum modulus principle is not valid for a general element in H} (D). Consequently,

the generalized little Hardy space H& o is non-trivial (i.e., not a zero subspace), where
Hf ,={f € H}(D) : Mp(r, f) =0 as r—1"}.

For example, if

1 for |z] <a,
fa(z) =

0 fora<|z| <1,

then f € Hg , for each 0 < a < 1.

In the discrete case, T, o is non-trivial. In fact, the set of all radial constant functions
in T, is isometrically isomorphic to the sequence space ¢y (set of all sequences that
converge to zero).

Here are few questions that arise naturally.

It is natural to ask whether T9 is a Hilbert space or not. The answer is indeed

no!. For example, choose two vertices v; and ve such that |v;| = 1 and |vg| = 2. Take

f=+vaq+1xey, and g = /q(q + 1)xu,, where x, denotes characteristic function on the
set {v}. Then it is easy to see that f, g € Ty with

Il =gl =1If + gl =Ilf —gll; =1

and hence the parallelogram law

2 2 2 2
1F+gllz +1f = glls = 201712 + llgll2)
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is not satisfied. Therefore, Ty cannot be a Hilbert space under ||-||,.

Remark 2.3.4. In the classical Hardy space H? of the unit disk, it is known that

2 .
sup Ma(r, f) = ~ [t as

0<r<1 2m

which is due to Littlewood’s subordination theorem and mean convergence theorem (see
[33, Section 2.3]). Therefore H? becomes a Hilbert space in a natural way. On the other

hand a similar situation does not occur in the T, spaces.

Question 1. As with the [P and the HP spaces, it is natural to ask whether T; is not

isomorphic to T, when s # r? What can be said about the dual of Ts?

These questions remain open.

Theorem 2.3.5. For 1 <p < oo, |||, induces a Banach space structure on T.

Proof. For n € Ng and f,g € T,, we easily have
My(n,af) = |a|Mpy(n, f) and My(n, f + g) < Mp(n, f) + Mpy(n, g)

so that T, o is a subspace of T,. Suppose {f;} is a Cauchy sequence in T),¢. Since T), is
a Banach space, {f;} converges to some function f € T,. Next, we need to prove that
f € Tpo, ie., My(n,f) = 0 as n — oco. To do this, let € > 0 be given. Then there
exists a k € N such that [|fx — f]|, < €/2. Since fi € Tp0, we can choose N € N so that
Mpy(n, fr) < €/2 for all n > N. From the inequality

Mp(n7 f) < Mp(nv f - fk) + Mp(n’ fk)a

it follows that My,(n, f) < € for all n > N. Thus, f € T, and this completes the
proof. ]
2.4 Inclusion relations

Lemma 2.4.1. For 0 < r < s < oo and for every complex-valued function f on T,

M, (n, f) < Ms(n, f) holds for all n € Ny.
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Proof. The result for s = oo follows from the definition of M, (n, f) and thus, it suffices

to prove the lemma for the case 0 < r < s < co. Again by Definition 2.2.1, we see that

Mr(07f) = ’f(O)‘ = Ms(oaf)

For n € N, we have ¢, vertices with |v| = n. Recall that on the Euclidean space CV,

the following norm equivalence is well-known for 0 < r < s:
11
]l < flll, < N7~ [[]],, (2.4.1)

where p-norm |||, on CV is given by [z} = S, |zx|P. The second inequality in
(2.4.1), is an easy consequence of Holder’s inequality for finite sum. We may now use

this with V = ¢,,. As a consequence of it, we have

( > If(v)!’“) < (en)i (Z If(v)ls)‘

|v|=n

which may be rewritten as

(1 > !f(v)r) < (1 > !f(v)s) .
™ Ju|=n ™ Jv|=n

This shows that M, (n, f) < Ms(n, f) for all n € Ny. The proof is complete. O

S|

As an immediate consequence of Lemma 2.4.1, one has the following.

Theorem 2.4.2. For 0 <r < s < oo, we have Ty C T, and Ts9 C T, .

We now show by an example that the inclusions in Theorem 2.4.2 are proper. Let
0 <r <p<s<oo. Choose a sequence of vertices {v,, } such that |v,| =n for all n € N.

Consider the function f defined by

1
(cp)?» if v = v, for some n € N,

0 elsewhere.
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so that M, (n, f) — 0 as n — oo, since p > r. Also, we have

=
0 =

(cn)

(cn)% if s = oo,

if s < o0,
Ms(nmf) =

and in either case, we find that M,(n, f) — oo as n — oo. This example shows that T
is a proper subspace of T, for r < s. From this example, it can be also seen that Ty is

a proper subspace of T, for r < s.

Lemma 2.4.3. For f € Too, we have lim I flls = I1fll o

Proof. For n € Ny and 0 < s < t < oo, we see that Ms(n, f) < M(n, f) and thus,

| flls < [Ifll; for s < ¢ which in turn gives that

limsup || flls < | fll o -
S—00

On the other hand, for each n € Ny, we find that

(cn) Y Moo (n, ) < My(n, ) < || £, -

Now, by letting s — oo and taking supremum over n € Ny, we get

|l < liminf [ £]],

Hence, Jim [£], = £l O

Remarks 2.4.4. 1. The unbounded function f(v) = |v| belongs to £ but is not in T},
for any 0 < p < 0o. On the other hand, let us now fix an infinite path o—v;—wvo - - -
with |vx| = k. Define g(v) = (ck)% if v = v, and 0 otherwise. It is then easy to
check that g belongs to T, for all 0 < p < oo but is not in £. Thus, £ is not

comparable with T, for all 0 < p < oo.

2. Consider the radial constant function h defined by h(o) = 0 and

vl

1
h(v) = ZE if |v] > 1.

k=1
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By simple calculations, we find that h belongs to £, but is not in T, for any
0 < p < oo. For the other direction, we fix an infinite path o — v1 — vo---
with |vg| = k. If A = {o,v1,v2,...} then the characteristic function x4, namely,
xa(v) =1 for v € A and zero elsewhere, belongs to T), for all 0 < p < oo but is
not in £,. This concludes the proof that £, is not comparable with T, for all

0<p<oo.

. Clearly, To, C < N Tp> N L, whereas L,, is not comparable with T,,. For
0<p<oo
2—homogeneous trees, this inclusion relation becomes an equality. This is because

of the fact that there is no unbounded function in T, for 2—homogeneous trees,

which can be observed from the definition of T),.

2.5 Separability

In order to state results about the separability of T, o and T, we need to introduce the

following. Denote by C.(T") the set of all functions f: T" — C such that M,(n, f) =0

for all but finitely many n’s.

Lemma 2.5.1. For 0 < p < oo, closure of Co(T') under |[|-||,, is Tpp.

Proof. Let f € T, and, for each n, define f, by

v) if |v| < n,
P O I 1T

0 otherwise.

Clearly, f,, € C.(T) for each n € N and

My(k, f) ifk>n,
Mp(ky f - fn) = ?
0 otherwise.

Therefore, we see that

||f - anp = sup Mp(maf - fn) = Ssup Mp(maf)
meENg m>n

and, because Mp(m, f) — 0 as m — oo, it follows that ||f — fu[[, = 0 as n — co. This

completes the proof.

O]
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Theorem 2.5.2. For 0 <p < oo, Ty is a separable space.

Proof. 1t is easy to verify that B = {x, : v € T} is a basis for C.(T). Since B is
countable, it follows that C.(T") is separable. Since C.(T') is dense in T) o, we conclude

that T, is separable and the theorem follows. O

We remark that C.(T") cannot be a Banach space with respect to any norm, since it

has a countably infinite basis.

Theorem 2.5.3. For 0 < p < oo, T, is not separable.

Proof. Let & C T, denote the set of all radial constant functions f whose range is
a subset of {0,1}. Let f,g € F and f # g. Then there exists a v € T such that
f(v) # g(v). Since f,g € E, we have M,(n, f —g) < 1 for all n. On the other hand,
Mpy(|v], f —g) = 1 and hence,

If = gll, = sup Mp(n, f —g) = 1.
n€eNy

It is easy to check that F' is an uncountable subset of T,. Since any two distinct elements
of E must be of distance 1 apart and F is uncountable, it follows that any dense subset

of T, cannot be countable. Consequently, T, is not a separable space. ]

2.6 Growth estimate and consequences

Lemma 2.6.1. Let T be a (q+ 1)—homogeneous tree rooted at o and 0 < p < co. Then,
for v e T\ {o}, we have the following:

(a) If f € Ty, then |f(v)] < (g + D=7 ||f]],.

(b) If f € Tpo, then

The results are sharp.
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Proof. Fix v € T'\ {o} and let n = |v|. Then,

[f@)P < > 1f(w)P = cnME(n, f)

|lw|=n

so that |f(v)| < (cn)%Mp(n,f) and thus,

< Mp(n, f) < [ fl,-

The desired results follow.

In order to prove the sharpness, we fix v € T'\ {o}. Define f(v) = ((¢+ 1)q|”|*1)% for
the fixed v and 0 elsewhere. We now let m = |v| so that M,(n, f) = 0 for every n # m
and

1
p 1
1 ) 1, N
My 1) = [ = 3 ) = (Lirwr) =1

We obtain that [|f||, = sulg My(n, f) =1 and hence,
neNg

)] = £(0) = (g + g7 | £]] .

We conclude the proof. O

Remark 2.6.2. For v = o, we have |f(0)| < ||f||,. Sharpness of this inequality is easy

to verify (for example, f = x,).

Proposition 2.6.3. Convergence in ||-[|, (0 < p < o) implies uniform convergence on

compact subsets of T.

Proof. The edge counting distance on T induces the discrete metric. So, finite subsets
are the only compact sets in T'. Let K be an arbitrary compact subset of T'. Then there
exists an N € N such that || < N for every v € K. The proposition trivially holds
for the case p = oo, because given a function f and a sequence {f,} converging to f in

norm,

sup [(fn = F)(W) < |[fn = fll -

veK



20 Chapter 2. Discrete Hardy spaces (T))

Next, we consider the case 0 < p < co. From Lemma 2.6.1, given a function f in T,, we

have

F@)] < (g + D" D7 |1, < (en)? [I£1], for every v € K.

This gives

sup | f(v)] < (en)7 IS,
veK

and thus, by replacing f by f, — f, we conclude that the convergence in ||| , implies the

uniform convergence on compact subsets of 1. O

Uniform convergence on compact subsets of T' does not necessarily imply the conver-

gence in |-, (0 < p < 00) as can be seen from the following example.

Example 2.6.4. Consider the function f = 1. For each n, define f, by

v) (= if |v| < n,
o T ED s

0 otherwise.

Then

My(k, f) (=1) ifk>n,
My(k, f = fa) =4 "
#l ) 0 otherwise.

Let K be a compact subset of 7. Then there exists an N € N such that |v| < N for every
v € K and sup,cx |(fn — f)(v)| = 0 for every n > N. It follows that {f,} converges

uniformly on compact subsets of 7" to f. On the other hand,

1f=fall, = sgg My(m, f — fn) =1 for every n € N.
meiNo

Hence, {f,} does not converge to f in [[|,,.

From Proposition 2.6.3, we observe that the topology of uniform convergence on
the compact subsets of 1" on T), is similar to that of analytic cases such as H? spaces.
This observation raises a natural question. Is T, complete in the topology of uniform
convergence on compact sets? The following example shows that the answer is negative.

For each n, define f, by

lv| if |v] < m,
fa(v) =

0  otherwise.
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Let K be a compact subset of 7. Then there exists an N € N such that |v| < N for
every v € K. For N <n <m, f,(v) = fn(v) for all v € K. It is easy to see that {f,}
is a Cauchy sequence in the topology of uniform convergence on compact sets and {f,}
converges pointwise to the function f(v) = |v|. Note that f can be the only possible
limit of { f,} in the topology of uniform convergence on compact sets. Since T, contains
the sequence {f,} but not f, T, cannot be complete under the topology of uniform

convergence on compact sets.






Chapter 3

Multiplication operators on T)

3.1 Introduction

Let Q be a nonempty set and X a complex Banach space of complex-valued functions f
defined on 2. For a given complex-valued function v on 2, the multiplication operator

My, induced by the symbol 7 is defined as

My(f) =9f for f€X.

In the study of operators on analytic function spaces, multiplication and composition
operators arise naturally and play an important role. Literature on these topics are
exhaustive. See for example the survey articles [3, 18, 52, 70] on multiplication operators
on various function spaces of the unit disk D. The systematic study of operator theory
on discrete structure specially on infinite trees has been the subject of several recent
papers [4, 5, 6, 7, 8, 9, 10, 24, 25, 26, 54, 53]. Discrete function spaces are mostly

defined to be analogs of analytic function spaces.

Multiplication and composition operators are mainly considered on discrete function
spaces. The basic questions such as boundedness, compactness, estimates for operator
norm and essential norm, isometry and spectrum were considered for multiplication op-
erators between the various discrete function spaces on infinite trees such as Lipschitz
space, weighted Lipschitz space, iterated logarithmic Lipschitz spaces and weighted Ba-

nach spaces of an infinite tree. See [4, 5, 6, 8, 9, 24, 25] for more details.

23
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In this chapter, we obtain equivalent conditions for multiplication operators on T,
and T, to be bounded and compact. Furthermore, we discuss about point spectrum,
approximate point spectrum and spectrum of multiplication operators and discuss when

a multiplication operator is an isometry. This chapter is based on our article [54].

3.2 Bounded multiplication operators

A Banach space X of functions on 2 is said to be a functional Banach space if for each
v € 1, the point evaluation map e, : X — C defined by e, (f) = f(v) is a bounded linear

functional on X. The following result is well-known.

Lemma 3.2.1. [35, Lemma 11] Let X be a functional Banach space on the set  and
Y be a complex-valued function on 2 such that My maps X into itself. Then M,y is
bounded on X and [1(v)| < ||My|| for allv € Q. In particular, 1 is a bounded function.

Proof. The boundedness of My, follows from the closed graph theorem. For each v € (2,
there exists a f € X with f(v) # 0 so that ||e,| > 0 forallv € Q. For f € X and v € Q,

we have
[Y()f(v)] = [My )] < [Myfll lleo]] < [[Myll[[f]] lew]]-
By taking supremum over ||f|| =1, we get
[ ()] lleol < 1Myl llew]l
which completes the proof. O

It is natural to ask whether T, and T) o are functional Banach spaces or not.

Proposition 3.2.2. For 1 <p < oo, T, and T, are functional Banach spaces.

Proof. First we consider the case when p = co. Since |e,(f)| = |f(v)| < || fll,, for every

v €T, it follows that T is a functional Banach space.

Let us now consider the case when 1 < p < oco. The point evaluation map at o,

namely, €,, is a bounded linear functional on T, because of the fact that [f(o)| < [|f],
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for every f in T,. Now, we fix v € T' and v # o. Then, from Lemma 2.6.1, we have

leo(f)] = 1f@)] < (g + D)g" )7 | f]l, for every f €T,

1
So e, is a bounded linear functional on T, with [e,|| < ((¢ + 1)gl*I=")». Hence T, is
a functional Banach space. A similar proof works also for the space T, . The proof is

complete. 0

Throughout this chapter, X denotes either T, or Tp with the norm |||, defined by
(2.2.2), where 1 < p < c0.

Theorem 3.2.3. Let T be a (q+ 1)—homogeneous tree rooted at o and ¢ be a complex-
valued function on T. Then the following are equivalent (compare with [70, Proposi-
tion 2]).

(a) My is a bounded linear operator on X,

(b) v is a bounded function on T, i.e., ) € Too.

Moreover, | My| = ||¢]| .-

Proof. (a) = (b) : We will prove this implication by a method of contradiction. Suppose
that 1 is an unbounded function on 7. Then there exists a sequence of vertices {vy}
such that

loi| < |va] < |vs|---, and |P(vg)| > k.

For each k, define f;, : T'— C by fi = C pXv,, Where the constants Cj, ,’s are chosen in

such a way that || fx[|, = 1. Note that fx € X for each k € N. We obtain that

k= k| fell, < 1)l fell, = Mp(loel, o fx) < N9 fell, = 1My fll,

for every k € N, which gives a contradiction to our assumption. Hence, 1 is a bounded

function on 7.
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(b) = (a) : Suppose that 1 is a bounded function on 7" and 1 < p < co. Then for

any f € X,

My(n, My f) = (12 \(wa)(v)!p)

which shows that
My(n, My f) < (|9l oo Mp(n, f). (3.2.1)

For p = oo, the inequality (3.2.1) is trivially holds. From (3.2.1), one can also observe
that My f € X whenever f € X. Taking the supremum over n € Ny on both sides of
(3.2.1), we deduce that [ My f||, < [|¢[|« [ f]l, and thus, My is bounded linear operator
from X to X with || My < [|¥]| -

Since X is a functional Banach space, by Lemma 3.2.1, one has [¢)(v)| < |[My] for

all v € T which by taking the supremum gives |||, < |[[My]|. Therefore, it follows that
[ Myl = [[¢]] - O

3.3 Spectrum

In this section, we compute point spectrum, approximate point spectrum and spectrum

of multiplication operator My,

Theorem 3.3.1. Let My, be a bounded multiplication operator on X. Then

(a) oe(My) = Range of ¢ = ¢(T);

(b) o(My) = oa(My) = (T).

Proof. In order to prove (a), we begin by letting A € 0.(My). Then there exists a
non-zero function f € X such that f = Myf = Af. Since f # 0, there is a vertex
v such that f(v) # 0 and (¢»(v) — A)f(v) = 0. Thus, A = ¢(v) € ¥(T) and therefore,
oe(My) € P(T).
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Conversely, suppose that a € ¥(T"). Then there exists a vertex v such that ¢ (v) = a.
Thus, My (xv) = axy and 0 # x, € X. This gives a € o.(My,). Hence, oo(My) = ¢(T).

Before proving (b), we observe that for every A\ € C,My; — A = My_5. Thus,
A € o(My) if and only if My_y is not invertible if and only if ﬁ is not a bounded

function on T' (see Theorem 3.2.3). Now, we let A\ ¢ ¥ (T’). Since the complement of

(T) is open, there exists an r > 0 such that the disk of radius r centered at A is a

subset of C\ (T"). So, |¢(v) — A| > r for every v € T'. Thus ﬁ is a bounded function

and therefore, by Theorem 3.2.3, M L is a bounded operator on X. It is easy to verify
w7

that M . is the inverse of M, _y and hence, M, _ is invertible. We conclude that X
1/)_

cannot be in the spectrum, which in turn implies that o (M) C (7).

On the other hand, ¥(T') = 0c(My) C 0,(My) € 0(My) € ¥(T) and the fact that
the approximate point spectrum and the spectrum are closed subsets of C, give that

U(Mzb) = Ua(MIlJ) = W 0

Remark 3.3.2. The operator M, : X — X is not injective if and only if 0 € o.(My) =
(T). So, 0 is in the range of 9 is a necessary and sufficient condition for A, not being

injective on X.

3.4 Compact multiplication operators

Theorem 3.4.1. Let My be a bounded multiplication operator on X. Then My is a

compact operator on X if and only if (v) = 0 as |v| = oo.

Proof. Let My be a compact operator on X. Then, from [67, Theorem 4.25], oc(My) =
P(T') (as well as o(My)) is a countable set with 0 as the only possible limit point.
Suppose 1(v) # 0 as |[v| — co. Then there exist an € > 0 and a sequence {v;} in T such
that |vg| — oo and [¢(vg)| > € for all k. By Bolzano-Weierstrass theorem, {1(vy)} has
a limit point. Because |¢(vy)| > € for all k, we obtain a contradiction to the fact that 0

is the only possible limit point. Hence, ¥(v) — 0 as |v| — oc.

For the proof of the converse part, we use the fact that the set of compact operators

is a closed subspace of the set of all bounded operators (see [67, Theorem 4.18 part (c)]).
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Consider a function ¢ from C.(T"). Then there exists an N € N such that ¢(v) =0
for every |v| > N. So, (Myf)(v) = ¢(v)f(v) = 0 for every |v|] > N and for every
f € X. Thus, the range of M, is a finite dimensional subspace, which shows that M,
is a compact operator ([67, Theorem 4.18 part (a)]).

Let 9 be a arbitrary function such that ¢(v) — 0 as |v] — co. For each n, define

{fn} by

v) if |v] < n,
P RTURLTE

0 otherwise.

By definition f,, € C.(T') for every n. Thus, My, is a compact operator for every n.
Moreover,

1My, = Myl = |M,—yll = [[fn = ¥lloo = sup [¢(v)],

[v[>n
which approaches zero as |v| — oo, because ¥(v) — 0 as |v| — oco. Thus, My is the
limit (in the operator norm) of a sequence {My, } of compact operators, and hence, M,

is compact on X. The proof is now complete. ]

Lemma 3.4.2. If My, is a compact operator on X, then, for every bounded sequence

{fn} in X converging to 0 pointwise, the sequence ||¢fu|| = 0 as n — co.

Proof. Suppose that {g,} in X is a bounded sequence converging to 0 pointwise. Since
My, is a compact operator, there is a subsequence {gn,} of {gn} such that {¢g,, } =
{My(gn,)} converges in ||-[|, to some function, say, g. It follows that {1gn, } converges
to g pointwise. Since the convergence of {g,} to 0 implies that ¢ = 0, we deduce that

{¥gn, } converges to 0 in |-,

Let {f,} be a bounded sequence in X converging to 0 pointwise. We claim that
| My(fo)ll = [[¥fnll = 0 as n — co. Suppose that || My (frn)|| #~ 0 as n — oco. Then
there exists a subsequence {f,,} and an € > 0 such that HMw(fnJ)H > € for all j. By
taking g, = fn, in the last paragraph, we find that {tg,, } converges to 0 in [|-|| p» Which
is not possible because HM¢(fnJ)H > € for all j. Hence, || My(fo)|l = |¥fnl] = 0 as

n — 00, and the proof is complete. ]
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3.5 Upper bound for the essential norm

The following theorem is a natural generalization of Theorem 3.4.1.

Theorem 3.5.1. Let My, be a bounded multiplication operator on X. Then

[Myll, < limsup Mog(n,9) = lim sup [(v)].
n—0o0

n—00 [o|>n

Proof. For each n € N, define {¢,} by

v) if |v| < n,
() = Y(v) if o] <

0 otherwise.

Clearly, My,, is a compact operator for every n € N and thus, for every n € N,

My, = inf{[[My - K||: K € £(X)}
< [[My = My, || = |Y — ¥l o

= sup [P(v)| = sup Moo (m,1)).

[v[=n

Hence, [[My]|, < inIf\I sup |[¢(v)| = limsup My (n, 1) and the proof is complete. O
S n— 00

M vzn

We would like to point out that one way implication of Theorem 3.4.1 follows from
Theorem 3.5.1. Indeed if ¢)(v) — 0 as |v| — oo, then Theorem 3.5.1 gives that || Myl|, = 0

and thus, M, is a compact operator.

3.6 Isometry

The following result tells us that isometric multiplication operators are induced by uni-

modular symbols.

Theorem 3.6.1. Let My : X — X be a bounded multiplication operator. Then My, is
an isometry on X if and only if | (v)| =1 for allv € T.

Proof. Suppose that [1(v)| =1 for all v € T. Then My(n,¢f) = Mpy(n, f) for all n,
which shows that | f||, = [[vf||, = [|My(f)l, and thus, My is an isometry on X.
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Conversely, suppose that My, is an isometry on X. First we consider the case p = co.

Let f be x,. Because M, is an isometry on X, we have

[ (v)] = [[My(f)]

oo = 1¥flle = llfllee = 1,

which holds for every v € T'. Hence [¢(v)| =1 for allv e T.

Next, we consider the case 1 < p < oco. Let f be x,. Since M,y is an isometry, we

obtain that
[W(0)] = [My(Flloo = IV flloo = Iflloo =1,

Next, take an arbitrary element v € T with |v| > 1 and let f be x,. Moreover, since

M,y is an isometry, we have

(W(Cv)p); = My (DI, = 11l = ( 1 )i7

n Cn

which shows that |¢(v)| =1 for all v € T'. It completes the proof. O
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Composition operators on T)

4.1 Introduction

Let 2 be a nonempty set and X be a complex Banach space of complex-valued functions
defined on €. For a self-map ¢ of 2, the composition operator Cy induced by the symbol
¢ is defined as

Cy(f) =g where g(x) = f(¢(x)) forallz € Qand f € X.

The study of composition operators on analytic function spaces has a rich structure.
In the classical case, €2 is the unit disk ID and the choices for X are analytic functions
spaces, eg. the Hardy spaces HP, the Bergman spaces AP, the Bloch space B. The study
of composition operators on various analytic function spaces defined on D is well known.
There are excellent books on composition operators, see [29, 68, 69] and the references
therein. The approach in the first two books [29, 68] are function theoretic whereas [69]

deals in measure theoretic point of view.

Book of Cowen and MacCluer [29] deals with composition operators defined on var-
ious spaces of analytic functions on the unit disk, whereas the book of Shapiro [68] is
devoted mainly to composition operators on the Hardy space H2. The composition
operators on various measure spaces are discussed in the book of Singh and Manhas

[69]. These books bring together many well-developed aspects of the subject along with

31
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several open problems. Also, there is a number of articles dealing with composition

operators on different transform spaces, see for example [1, 2, 22].

The study of composition operators on discrete function space was first initiated by
Colonna et al. [7]. In that paper, Lipschitz space of a tree was investigated. Composition

operators on weighted Banach spaces of an infinite tree were considered in [10].

In this chapter, we give equivalent conditions for the composition operator Cy to
be bounded on T, and on T, spaces and compute their operator norms. We also
characterize invertible composition operators and isometric composition operators on
T, and on T), o spaces. Also, we discuss the compactness of Cy on T, spaces and finally

we prove that there are no compact composition operators on T, o spaces.

This chapter is based on our articles [53, 56].

4.2 Bounded composition operators on T,

Before we proceed to discuss our results, it is appropriate to recall some basic results
about bounded composition operators in the classical setting. For example (see [29,
Corollary 3.7]), every analytic self-map ¢ of D induces bounded composition operator

Cy on HP, 1 < p < co. Moreover,

ICylp < 120 (12.1)

1—1[6(0)"

It is also known that (see [29, Theorem 3.8]) equality holds in (4.2.1) for every inner
function of D (for example, for every automorphism of D). For the case p = oo, it is

easy to see that ||Cy| = 1 for every analytic self-map ¢ of D.

In this section, we discuss boundedness of composition operator Cy on T), spaces and

compute their norm. Before we move on to further discussion, let us fix some notation.

We let ¢ be a self-map of (¢+ 1)—homogeneous rooted tree T'. Forn € Ny and w € T,
let Ny(n,w) denote the number of pre-images of w for ¢ in |v| = n. That is, Ng(n,w)
is the number of elements in {¢~!(w)}N{|v| = n}. Finally, for each m and n € Ny, let

&)
Np.n denote the maximum of Ny(n,w) over |w| = m. It is obvious that > Ny, < ¢,
m=0
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for each n. For w € T, we define the weight function W as follows:

lwl=1 " if 4 0
W(w) := (g Da™ifw € T {o), (4.2.2)

1 if w=o.

Note that W (w) is nothing but Cly|- For the boundedness of Cy, we will discuss case by

case.

Theorem 4.2.1. Every self-map ¢ of T induces bounded composition operator Cy on
Too with [|Cy| = 1.

Proof. For each f € Ts and every self-map ¢ of T', we have

1Co(Nloe = [1f 0 @lloe = sup [ f(w)] <[]l -

wee(T)
Thus, Cy is bounded on Ty, with ||Cy| < 1.

For the converse, note that

1Cs(xo)lloo = lIXv o @lloe = 1= lIxvllo

for each v € ¢(T'), where x, denotes the characteristic function on {v}. It gives that

|Cyl| > 1. Hence the result follows. O

In order to study the boundedness of the composition operators on T, for 1 < p < oo,
it is convenient to deal with the case ¢ = 1 and ¢ > 2 independently. First, we begin

with the case ¢ = 1.

Next, we consider composition operators on T, for 1 < p < oo over 2—homogeneous

trees.

Theorem 4.2.2. Let T' be a 2—homogeneous tree with root o and let D,, = {ay, by} for
each n € N. Furthermore, let ¢ be a self-map of T and Cy be the composition operator

on Ty, 1 < p < oo. We have the following:

(1) If 6(0) # o, then [|Cyll? = 2.

(2) If p(0) = o, then any one of the following distinct cases must occur:
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(a) Either ¢ = o or for every n € N, if ¢ maps D,, bijectively onto D,, for some
m € N then ||Cy|” = 1.

(b) If ¢ maps ezactly one element of Dy, to o for each n € N then ||Cy|” = 3.

(c) FEither there exists an n € N such that ¢(an) = ¢(bn) # o or if there exists an
n € N such that |p(ay)| and |¢p(b,)| are not equal and different from O then
ICoI” = 2.

Proof. From the growth estimate (see Lemma 2.6.1) for 2—homogeneous trees, it follows

that for each n € Ny,

ME(n, Cof) = — 3 IF6@)P <2 fIP forevery [eT,

n
|v|=n

This yields that ||Cy||” < 2. Thus every self-map ¢ of T’ induces a bounded Cy on T,
with HC¢HP < 2.

Suppose that w = ¢(0) # o. For f = Q%wa we have ||f|| =1 and ||Cy(f)|” =2 and
hence, ||Cy||P = 2.

Now suppose that ¢(o) = o. Then we need to consider all the five possible cases.

Suppose that ¢ = o. Then for each n € Ny,
MJ(n,Cof) = |f(o)P < ||If||" for every f € T,.

This yields that ||Cy||” < 1. For f = x,, we obtain that ||f||” = [|Cy(f)||” and thus,
1ColP = 1.

Suppose that for every n € N, ¢ maps D, bijectively onto D,, for some m € N.
Then, MJ(n,Cyf) = MJ(m, f) for every n € N and for some m € N. Thus

ICofII” < [IF|I" for every f €Ty,

which gives that ||Cy|/” < 1. As in the previous case, by considering f = x,, we get
1C|I” = 1.
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Suppose that ¢ maps exactly one element of D,, to o for each n € N. Then, in view

of growth estimate for 2—homogeneous trees along with this assumption, we see that
Cof|P < S|P fi T
ICof I < 5 IfIP for every [ eT,

which gives ||Cyl|” < 3/2. On the other hand, by assumption, either a; or b; maps

to 0. Without loss of generality, we assume that ¢(a;) = o. Take ¢(by) = w and
1

f=xXo+2Pxy. Then, || f|| =1 and

3
My, Cof) = 5 = IC(NI"-
Thus, ||Cy||” = 3/2.

Now assume that there exists an n € N such that w = ¢(a,) = ¢(by,) # o. We have
already observed that ||Cy||? < 2. For f = 2%)@,, we have

Ifl=1 and [[Co(H)I" =2

and therefore, ||Cy||? = 2.

Finally, assume that there exists an n € N such that |¢(a,,)| and |¢(b,)| are not equal

and are different from 0. Now, we take

1
f= QP(Xu “‘Xv)a

where ¢(a,) = u and ¢(b,) = v. It follows that || f|| = 1 and ||Cy(f)||” = 2, which gives
that ||Cy||” = 2. The proof is complete. O

Corollary 4.2.3. For every self-map ¢ of 2—homogeneous tree T', Cy is bounded on T,
with ||Cyll? <2, 1 <p < 0.

Theorem 4.2.4. If T is a (¢ + 1)—homogeneous tree with ¢ > 2 such that

sup (Z q¢(”)|"> < 00, (4.2.3)

neN |,U‘:n

then Cy is bounded on Ty, 1 < p < oo.
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Proof. Forn € N, w € T' and f € T, by Lemma 2.6.1 on growth estimate, we have

1 v)|— v)|—n
Mp(n Cof) < — 32 (a+ VAP = 30 AP

n
[v|=n |v|=n

Moreover,
ME(0,Csf) = |f($(0)P < (q+ 1)g? 11| f|IP
and thus,
HC¢>prSmaX{(Q+ 1)g?=t, Sgg PR AR }Hf!p
n [v|=n
showing that Cy is bounded on T). O

Theorem 4.2.5. Let T be a (q+1)—homogeneous tree and 1 < p < co. If Cy is bounded

on Ty, then

w)
sup sup { N¢(n,w)} < |ICs]I”.
weT neNy Cn

Proof. For each w € T, define f,, = {W(w)xw}% , where W is defined in (4.2.2). It is

easy to verify that for every w € T, My(n, f,) = 1 when n = |w| and 0 otherwise. This

observation gives that ||f,| = 1 for all w € T. Now, for each fixed w € T', we have for
n € Ny,

1

MY, Cofu) = — 3 Wxw(d()
" |lv|=n
1
= 23w ="y m,w)
@ Jo=n o
p(v)=w

which yields that

H%mw:pr”Wmeg.

neNp Cn

Consequently,

W (w
1€l = sup (1P = sup ICa(FI” = sup sup { LN, )}
Il fll=1 weT weT neNy Cn

and the desired conclusion follows. O
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Corollary 4.2.6. If Cy is bounded on T,, then
sup {q‘w‘_"N¢(n,w) cweT\{o},ne N}
is finite.

Proof. For w € T'\ {o} and n € N, we note that

W (w)

Cn

— q|w|—n'
The desired result follows by Theorem 4.2.5. O

Corollary 4.2.7. If ¢ fizes the root, namely, ¢p(o) = o, then ||Cy| > 1.

Proof. Let f be the characteristic function on the root o. Clearly, ||f|| = 1 and
My(0,Csf) = |f(9(0))] = [f(0)| = 1. We see that

1G]l = Sup, 1Co(a)l = ICs ()| = Mp(0, Co f) = 1
all=

and the result follows. O

Corollary 4.2.8. If ¢ does not fix the root, i.e. $(0) # o, then

ICs )" > (q +1)g O

Proof. Let w = ¢(o) and, as before, consider f,, = {W(w) Xw}%- Now, we observe that

Ifull =1 and ME(0,Cyfu) = | fu(d(0)P = (¢ + 1"

which shows that ||Cy(fu)||” > (¢ 4+ 1)¢!*l=" and the desired conclusion follows. O

Next, we consider composition operators on T, for 1 < p < oo over (¢+1)—homogeneous
tree with ¢ > 2. A self-map ¢ of T is called bounded if {|p(v)|: v € T'} is a bounded set

in Ng. From Theorem 4.2.4, it is easy to see that every bounded self-map of T induces
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a bounded composition operator. Recall that Ny, , denotes the maximum of Ny(n,w)

over |w| = m.

Theorem 4.2.9. If T is a (¢ + 1)—homogeneous tree with ¢ > 2 and ¢ is a self-map of
T such that sup |¢p(v)| = M, then ||Cy||? < cpr. Moreover, ||Cyl|? = car if and only if
veT

Proof. For n € Ny and f € T, by Lemma 2.6.1 on growth estimate, we have
My (n,Cof) < em |fIIP-

Thus, ¢ induces a bounded Cy with ||Cy||” < car.
Let us now prove the equality case. Suppose that

NM,n

sup = 1.

neNg ©Cn

Then there are two cases. First we consider the case Ny = ¢, for some k € Ng. This

means that ¢ : D — Dy is a constant, say, ¢(v) = w € Dy for all v € Dy. For
1

f = (epm)? xw, we have

Ifl =1 and [|Co(H)II" = cm
which proves that ||Cy||” = cpr.

Next, we suppose that Nysj # ¢, for all k& € Ng. Then, there is a sequence {n;} such
that

Ny
M 51 as k — oo.

Cny,

For each k € N, choose wy, € Djs such that Nas,, = Ng(ng, wy). Take f, = (cM)%ka
so that || fx|| = 1 and

Nun
enr =21 < My, (1) < G < 1Coll”

Cny,

By allowing k — oo, we get car < [|Cy||?, and thus, ||Cy4||” = car in either case.
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For the converse part, we assume that ||Cy4|[” = car. Suppose on the contrary that

N,
sup Mo <,
neNyg Cn

Then, Ny, < 0cy, for every n. Note that, there are at least Ny, vertices from D,
mapped into Dy, and therefore, there are at most ¢, — Ny, vertices of D,, mapped into

{v: |v] < M} for each n. For f € T, we obtain

1 1
MECof) = = Y @I+~ Y ISP
"oy "o
N T
< (I4+(g—1)d)em—1 |17

Therefore,

[Coll” < (14 (¢ —1)d)ep—1 < enm,

N,
which is a contradiction. Hence, ||Cy||” = cps if and only if sup M. O
neNg Cn

Now, we consider general self-maps on (¢ + 1)—homogeneous trees.

Theorem 4.2.10. Let T be a (¢ + 1)—homogeneous tree and 1 < p < oo. Then Cy is

bounded on T, if and only if

1 o0
a = sup { E vancm} < 0.
m=0

neNg | Cn

Moreover, |Cy||P = a.

Proof. Assume that o < oo. First we show that Cy is bounded on T,. To do this, for
n € Ng and f € T, we find that

1 0
M Cof) = SIS Y Ifew)p
n m:0|¢|(:‘):|im
1 &
< {C Z Nm,ncm} Hf”p
" m=0
< allfl?,
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which yields that Cy is bounded on T, and

0

1 X
||C¢||p <o =sup | — Z Nm,ncm . (424)
neNo ( Cn ;,, g

Conversely, suppose that Cy is bounded on T),. In order to show that « is finite, we

fix n € Ng. For each m € Ny, choose vy, € D,, such that Ny(n,vm,) = Npp. Take

o)

= Z (Cm)%vaa

m=0

so that ||f|| =1 and
p L 5
ME(n,Cyf) = — > NmunCm,
-

which gives that
1 o0
a = sup { > Nmmcm} < |Gy, (4.2.5)

neNg | Cn m=0
and hence the desired result follows. Moreover, by (4.2.4) and (4.2.5), it follows that

|Cs]|” = a. The proof is complete. O

4.3 Norm of C; for automorphism symbol

A self-map ¢ of T is called an automorphism of T, denoted as ¢ € Aut(T), if ¢ is bijective
and any two vertices v, w are neighbours (v ~ w) if and only if ¢(v) ~ ¢(w). Now we
will compute the norm of the composition operator Cy when the inducing symbol ¢ is

an automorphism of 7.

Theorem 4.3.1. Let T be a (q + 1)—homogeneous tree and consider Cy on T, where
1<p<o0,q>1and¢e€ Aut(T). Then we have

(i) ICsll =1 if ¢(0) = o,

(it) |CyllP = (g + 1)g!*I= if ¢(0) # o.

In particular, every ¢ € Aut(T') induces bounded composition operator Cy on T),.
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Proof. First, we consider the case ¢(0) = o. Then, for each n, ¢ is a bijective map from

D,, to D,, (since ¢ € Aut(T') and ¢(0) = 0). For n € Ny and f € T),, we thus have

MYn,Cof) = — 3 6P =M, ).
" |p(v)|=n

Taking supremum on both sides, we get ||Cy4(f)|| = || f|| which proves the first part.

Next, we consider the case ¢(0) # o. The result is obviously true for ¢ = 1, by
Theorem 4.2.2. Thus, it suffices to prove the theorem for (¢ + 1)—homogeneous tree

with ¢ > 2. Let k = |¢(0)|. Since ¢ € Aut(T), it is easy to see that

Domain Range of ¢ contained in
Dy Dy,
Dy, Dk+m7Dk+m72>'--aDk7m

1<m<k-1)

Dy, Dy, Doj—a, ..., Dy, Dy

Ditm+1 (m >0) | Dopymits Dokgm—1s- -+ Dams1

M0, Cof) = | F($(0)” < (a+ 1) I FIIP-

For the remaining part of the proof, we need to deal with the cases n = m (1 < m <

k—1), n=k, and n > k + 1 separately. We begin with

ME(m,Cyf) = Ci > 1f ()P

" Jo|=m
< {M X Hwrs B erses 3 f(v)l”}
< c,ln {@+ 1D+ g+ D) 4 g+ D fP
= {2
< (g + DI

showing that MP(n,Cyf) < (¢+1)¢" || f||P for n =1,2,...,k — 1. Next, for n = k, we
find that
1

ME(k,Cyf) = ngjk!fwv)lp
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1
< |f(o)P + fIF+-4 ) [f@)F+1f(o)f
(q“)qk ' {Hz::% v|=221:c2 %2 }
S ) {(q+1) P (g + D 4 (g Da+ 1P
- 2k 1
= {q AP e P
< {d g2t +q2*’“+q1”“}|!pr
< (q-%l)qk’IHpr'
Finally, for each m € Ny,
M2(m +k+1,Cyf)
- Y e
(q - 1)qm+k [v|=m+k+1
1
< |f)P + f@)P+--+ |f()P
(g + Lgm+* {1;:£§;k+1 |m:£§%k_1 w|2;i+1 }
(q+;$qm+k{(q+-qu+”“+(q+-qu+”32+~"+(q+-qu}Hpr
= {dF+d 2P
< (g+ D" AIP

The above discussion implies that
M2(n, Cof) < (g + 1)@ [fIP for all n € No

and thus, ||Cs||” < (g + 1)gI*(@I=1. Other way inequality follows from Corollary 4.2.8

and the proof is complete. O

From Theorems 4.2.1 and 4.3.1, we have the following result:

Corollary 4.3.2. Let Cy be a composition operator on T, induced by an automorphic

symbol ¢ of T'. Then we have the following:

(i) [ICsll = 1 if p = oo.

(ii) Forq>1 and 1 <p < oo,

(q+1)g?=t i ¢(0) #
if ¢(0)

o

1Cs|1" =

Il
®
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4.4 Injective symbols

Every self-map ¢ of T induces a bounded composition operator Cy on Tw, or Ty, spaces
over 2—homogeneous trees. Unlike the classical Hardy space settings, there are self-maps
¢ of T' which do not induce bounded Cy on T, with 1 < p < oo over (¢+1)—homogeneous

trees, ¢ > 2.

Example 4.4.1. For each n € Ny, choose the vertex v, such that v, € D,. Define

¢1(v) = vy, if |[v| = n. Consider the function f defined by

(cn)% if v = v, for some n € N,
flv) =

0 elsewhere.

Then f € T, with ||f|| = 1 and for each m € N, we see that

My (m,Cy, f) = Ci S 1 f ) = em

m
|v|=m

showing that ||Cy, f|| = sup My,(m, Cy, f) which is not finite for ¢ > 2. This example
meENy
shows that there are self-maps of T" which induce unbounded composition operators on

Ty

The following example shows that there are bijective self-maps of 1" which do not

induce bounded composition operator Cy for (¢ + 1)—homogeneous trees with ¢ > 2.

Example 4.4.2. For each n € N which is not of the form n = 4k, k € Ny, choose v,, € T

such that |v,| = n. Define

Ugkqo  if v = w941 for some k € Ny,
¢(v) = wvopr1  if v = vgpqo for some k€N,

v elsewhere.
1
Clearly, ¢ is bijective on T'. For k € N, let f = (car42)? Xvgso- Then ||f]| =1 and
ICIP > ICo(fi)lI” = ME(2k +1,Cy(fi)) = ¢**.

Since g > 2, it follows that Cy is an unbounded operator on T),.
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Motivated by the above example, we wish to characterize all the bounded composition

operators that are induced by univalent (injective) symbols (see Corollary 4.4.4).

Proposition 4.4.3. Let ¢ be a self-map of (q+ 1)—homogeneous tree T with ¢ > 2, and
1 <p < oo. IfCy is bounded on T, then there exists an M > 0 such that |¢(v)| < |v|+M
forallveT.

Proof. Suppose that Cy is bounded on T,. Set a, = |rrTaX|¢( v)| for n € Ny, and
for each n, choose v, € D, such that |¢(v,)| = a,. Furthermore, for each n, take

fn = (Can)%xd,(vn). Then
Mp(n, Cofn) = q* " < |G,

which gives that {a,, — n} is a bounded sequence. The desired result follows. ]

Converse of Proposition 4.4.3 holds if, in addition, ¢ is injective or finite-valent.

Corollary 4.4.4. If ¢ is an injective self-map of (q+1)—homogeneous tree T with ¢ > 2
and 1 < p < o0, then Cy is bounded on T, if and only if there exists an M > 0 such
that |p(v)| < |v| + M for allv e T.

Proof. Suppose that there exists an M > 0 such that |p(v)| < |v| + M for all v € T.
Therefore, a, < n + M for all n, where a,, is taken as in Proposition 4.4.3. For an

arbitrary function f with ||f|| = 1, we have

MP(n,Cof) < — Z Z |f(w)|P (since ¢ is injective)
m=0 |w|=m

an

< —_— C = — +1
- nz e (q+1 ”1Zq
1 an_1 1
Tl "o D
1 qan 1 q
< g = — g T
" g—=1) ¢ q—1
< 14gM (q >
q—1

Thus, Cy is bounded on T,. The converse part is a consequence of Proposition 4.4.3. [
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Definition 4.4.5. Let ¢ be a self-map of T and £ € N be fixed. We say that ¢ is
k—wvalent map if every vertex of T' has at most k pre-images and there is a vertex of T’
which has exactly k pre-images. The map ¢ is said to be finite-valent if there exists a

k € N such that ¢ is k—valent.

Corollary 4.4.6. Let ¢ be a finite-valent self-map of (¢ + 1)—homogeneous tree T with
q>2,and1 < p <oo. Then the operator Cy is bounded on T, if and only if there exists
an M > 0 such that |p(v)| < |[v]|+ M for allv e T.

Proof. Consult the proof of Proposition 4.4.3 and Corollary 4.4.4. 0

Remark 4.4.7. Finite-valentness cannot be removed in Corollary 4.4.6. To do this, for

1
each n, fix v, € D,, and ¢(v) = v, if |v| = n. For each n, choose f,, = (¢,)? xs, so that
Mg(na C¢>fn) =cp < HC¢HP,

which gives that Cy cannot be a bounded operator.

4.5 Bounded composition operators on T,

Proposition 4.5.1. Let ¢ be a self-map of T and f € Tp. If |¢(v)| — oo and |f(v)] — 0

as |v| — oo, then |Cyf(v)| = 0 as |v] = oo.

Proof. Assume the hypothesis. Let ¢ > 0 be given. Then there exists an N} € N
such that |f(w)| < € for all w| > N;. Given Ny > 0, there exists an N € N such
that [¢(v)] > Ny for all |v| > N. This gives that |Cyf(v)| < € for all [v] > N, i.e.,
|Cyf(v)] = 0 as |v] = oco. O

Lemma 4.5.2. 1. h € T if and only if |h(v)] — 0 as |v| — co.

2. Let T be a 2-homogeneous tree. For 1 <p < oo, h € Ty if and only if |h(v)] — 0

as |v| — oo.
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Proof. For n € N and h € T, we have

Moo(n,h) = |H1ax |h(v)| = h(vy,) for some v, with |v,| = n.

In view of this, it is easy to see that h € To ¢ if and only if My (n,h) — 0 as n — oo if
and only if |h(v)] — 0 as |v| = oc.

Let T be a 2-homogeneous tree and for n € N, take D,, = {a,,b,}. For h € T,,, we have
p 1 p p
Mg (n, h) = S (1h(an)l? + |1 (ba) P).

This yields that h € T if and only if M,(n,h) — 0 as n — oo if and only if |h(v)| — 0

as |v| — oo. O

Theorem 4.5.3. The composition operator Cy is bounded on Too ¢ if and only if |¢p(v)| —

00 as |[v| = 0o. Moreover, ||Cy|| = 1.

Proof. Since [|Cy(f)ll, < [Ifllo for all f € T, it is enough to prove that Too is

invariant under Cy if and only if |¢(v)| = oo as |v| — oo.

Suppose that |¢p(v)| — oo as |[v| = co. Then, by Proposition 4.5.1 and Lemma 4.5.2,

|Cyf(v)| = 0 as |v]| = oo for all f € Tigp. That is, Too g is invariant under Cy.

For the converse part, assume that |¢(v)| /4 oo as |v|] — oco. Then there exist a

sequence {vg} and an M > 0 such that |vg| > k and |¢(vg)| < M for all k € N. Define

1 if |v] < M,
fv)=4 1/lvx| if |v| > M and v = v}, for some k € N,
0 elsewhere.

Then f € Toop. But Moo(f o ¢, |vg|) = 1 for all k£ and so, fo ¢ ¢ T . Finally, it is

easy to verify that |[|Cy4|| = 1. This completes the proof. O

Theorem 4.5.4. Let T be a 2—homogeneous tree with root o and let D,, = {ay, by}
for each n € N and ¢ be a self-map of T. Then, Cy is a bounded operator on T,p,
1 < p < oo, if and only if |p(v)| = oo as |[v| — oo. Moreover, we have the following

norm estimates:
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(1) If ¢(0) # o, then ||Cy|” = 2.
(2) If ¢(0) = o, then any one of the following distinct cases occurs:

(a) For every n € N, if ¢ maps D,, bijectively onto D,, for some m € N, then
ICll” = 1.

(b) Either there exists an n € N such that ¢p(an) = ¢(bn) # o or if there exists an
n € N such that |¢p(ay)| and |¢p(by)| are not equal and different from O then
ICoI" = 2.

Proof. For 2—homogeneous trees, every self-map ¢ induces a bounded composition
operator on T,. Therefore it suffices to prove that T, o is invariant under C if and only

if [¢(v)] — oo as |v] = 0.

Necessary part follows from Proposition 4.5.1 and Lemma 4.5.2. For the proof of the
sufficiency part, assume on the contrary that |p(v)| /4 oo as |v]| — oco. Take f as in
Theorem 4.5.3. Then f € Tpo. But f(¢(vy)) =1 for all k which gives M2 (f o ¢, |vg|) >
1/2 for all k£ and so, fo¢ ¢ Tpp.

The proof of norm estimates is similar to that of Theorem 4.2.2. This completes the

proof. O

o0
Theorem 4.5.5. Let ¢ > 2 and 1 < p < oo. Ifci > NmncCm — 0 asn — oo, then Cy
"™ m=0

is bounded on Ty . Moreover, ||Cy||” = «, where

1 o
o = sup { Z Nm’ncm}.
m=0

neNg | Cn

Proof. By Theorem 4.2.10, for the boundedness of Cy on T, ¢, it is enough to prove that
Cy maps T o into Ty, g. It follows from the proof of Theorem 4.2.10 that

Mg(n, Cqbf) < {Cl Z Nm,ncm} Hf”p’

™ m=0
which forces that T, o is invariant under Cy whenever

1 o0
—ZNm,ncm—)Oasn%oo.

e g—
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Moreover, we have ||Cy[| < a.

To prove that the equality holds in the last inequality, we fix n € Ngy. For each
m € Ny, choose v,, € Dy, such that Ng(n,vy,) = Npyp. Then,

k 1
fe = Z (€m)? Xom € Tpo and || fi|| = 1 for all &.

m=0

Therefore,
1k
P 2_:0 Ninem = MP(n, Cgfr) < ||CylP for all &,
which gives that o < ||Cy||”, and this completes the proof. 0O

Proposition 4.5.6. If Cy is bounded on Ty, 1 < p < oo, then

c
chN¢(n, v) >0 as n— oo for every veT. (4.5.1)

Proof. For each v € T, define f, = (c|v|)%xv. Then f, € T, o with ||f,]| = 1 and

|

M;;(TL, Cd)fv) = 7N¢(nv /U)‘

n

Since Cy(Tp) € Ty 0, we have

c
MN(;g(n,v) — 0 as n — oo for every v € T.
Cn

The proof is complete. O
Remark 4.5.7. The condition (4.5.1) is equivalent to Cy(xv) € Tpo for every v € T.

This in turn is also equivalent to saying that Cy(E) C T, o, where E = Span{x, : v € T'}

is a dense subspace of Ty under ||-||,,.

4.6 Invertible composition operators

In this section, we will discuss about invertible composition operators on T, spaces.

Lemma 4.6.1. If Cy is an invertible operator on T,, p > 1, then ¢ is bijective on T

Moreowver, C;l =Cy-1.
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Proof. Assume that Cy is invertible.

Suppose on the contrary that ¢ is not onto. Pick a vertex w € T'\ ¢(T'), where ¢(T)
denotes the image of 7" under ¢. Then for f = ., we find that f # 0 and Cg(f) = 0.

Therefore, Cy is not injective which leads to a contradiction. Hence ¢ is onto.

Suppose on the contrary that ¢ is not injective on 7. Then there exist vi,vo € T
such that v; # ve and ¢(v1) = ¢(v2) = w (say). Take g = x,, € Tp. But there is no
f € T, such that Cy(f) = g, because 0 = g(v2) = f(w) = g(vi) = 1. Therefore, Cy is

not onto which is again a contradiction. Thus ¢ is injective and onto.

Since Cy is invertible, ¢ is bijective and there is a bounded linear operator S on T,
such that Cy 0 S = S o ¢ = I, where I is the identity operator on T). Now, it is easy to
see that S = Cy-1 and thus C;l = Cy-1. The proof is complete. O

Theorem 4.6.2. A bounded operator Cy on T), is invertible if and only if ¢ is bijective

on T and Cy-1 is a bounded operator on T.

Proof. Suppose Cy is an invertible operator on T,. Then by Lemma 4.6.1, ¢ is bijective
on 1" and C(;l = Cy-1 is a bounded operator on Tj,. Converse holds trivially, since Cy—1

will be an inverse of Cy. O

Since every self-map ¢ of T" induces a bounded operator Cy on To, (resp. on T,

spaces over 2—homogeneous trees), it is easy to obtain the following results.

Corollary 4.6.3. The operator Cy is invertible on T if and only if ¢ is bijective on
T.

Corollary 4.6.4. Let T be a 2—homogeneous tree and let 1 < p < co. The operator Cy

is invertible on T), if and only if ¢ is bijective on T.

Corollary 4.6.5. 1. The operator Cy is invertible on T o if and only if ¢ is bijective

on T and |p(v)| — oo and |¢p~1(v)] — 0o as |v] = .

2. The operator Cy is invertible on T, space over 2—homogeneous trees if and only

if ¢ is bijective on T and |¢p(v)| — oo and |¢~1(v)] = oo as |v| — co.



50 Chapter 4. Composition operators on T,

Example 4.4.2 shows that there are bijective self-maps of T which do not induce
bounded composition operator Cy for the case of (¢+1)—homogeneous trees with ¢ > 2.
Indeed, there are bijective self-maps ¢ of T' which induce a bounded composition operator
Cy on T, over (¢+1)—homogeneous trees with ¢ > 2, but ¢~ does not necessarily induce

a bounded composition operator Cy-1.

Example 4.6.6. For each £ € N, choose a subset Asp_1 of k — 1 vertices in Dog_1
and choose a subset Ag, of k vertices in Dsgi. Label the elements of A4, as A, =

{vn1,0n2,0n3,...} for each n € N.

Define ¢ as follows: ¢(0) = o, ¢(v) = v if v € Dy \ Ay and ¢(vor1) = vi,1. For
each k € N, we see that A, and Agy \ {vor,1} have the same number of elements.
We can thus define ¢ : Agp—1 — Agi \ {var1} bijectively and so does for defining
¢ Agi \ {vak1} — Aok \ {var+1,1} bijectively. Thus, ¢ : T — T becomes a bijective

self-map of T

Take an arbitrary function f € T, with ||f|| = 1. Fix n = 2k — 1 for some k € N.
Then

My (n,Cyf) = ( > )P+ Y !f(cb(v))lp)

vEDR\Ap vEAR
1
_ ( S fers Y If(w)!p)
wEDR\ A, weApr1\{vnt1,1}
1
< —eallfIP +eart IF17)

n

= 1+ lfIP=1+4q

Next, fix n = 2k for some k£ € N. Then

1
M?(n,Cof) = ( S Ofe)P+ Y \f(¢(v))!p+!f(d>(vn,1))|p>
n vED\Ap vEA\{vn,1}
- 1( Y s Y rf<w>rp+rf<vk,l>rp)
" \weDp\An wEAp+1\{vn+1,1}
< Cln<cnrf|P+cn+1 A7 + e 1£1P)
< @ralflf =2+4q

Thus, ¢ induces a bounded composition operator with ||Cy||? < 2+ q.
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Finally, we consider the composition operator induced by ¢ 1. Recall that ¢~ (v,1) =

1
vap,1 for each n. For n € N, take f, = (c2n)? Xvy,,- Then

p

)

ME(n,Cyr fn) = ¢" < ch

which gives that ¢! cannot induce a bounded composition operator.

The following result characterizes invertible composition operators on T, over (g +

1)—homogeneous trees with g > 2.

Theorem 4.6.7. Let T be a (q+ 1)—homogeneous tree with ¢ > 2, and 1 < p < co. The
operator Cy is invertible on Ty, if and only if ¢ is invertible and there exists an M >0

such that ||o(v)| — |v|| < M for allveT.

Proof. Suppose Cy is an invertible operator on T,. Then, by Theorem 4.6.2, ¢ is bijective
on 7" and both Cy, Cy-1 are bounded operators on T,. By Corollary 4.4.4, there exist
My, My > 0 such that for all v € T, |¢(v)| < |v| + My and |¢p~1(v)| < |v| + My. Since ¢
is bijective, we have, |¢p(v)| < |v| + M; and |v| < |p(v)| + My for all v € T. By taking
M = max{M;, My}, we get ||p(v)| — |v|| < M for all v e T.

For the converse part, assume ¢ is bijective and there exists an M > 0 such that
[|o(v)| — |v|| < M for all v € T. This gives that |p(v)| < |v] + M and |v| < |¢(v)| + M
for all v € T. Equivalently, |¢(v)| < |v|+ M and |¢p~1(v)| < |v|+ M for all v € T. Then,
by Corollary 4.4.4 we get that both Cy, Cy-1 are bounded operators on T,. Thus, Cy

is an invertible operator on T, with an inverse Cy-1. O

4.7 Isometry

This section devoted to isometric composition operators on various T, spaces.

Theorem 4.7.1. The operator Cy is an isometry on To if and only if ¢ : T — T is

onto.

Proof. Suppose that ¢ is onto. Then, since ¢(T") = T', we have ||f o @[, = || f]|,, for all

f € T, and hence Cy is an isometry on To.
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Conversely, assume that Cy is an isometry on T,,. Now, suppose on the contrary
that ¢ is not onto. Then, choose w ¢ ¢(T'). If f = x, then ||f o ¢ # || ]|, which is

a contradiction. The result follows. O

Corollary 4.7.2. The operator Cy is an isometry on Too o if and only if ¢ : T — T is

onto and |¢(v)| — 0o as |v| — co.

Theorem 4.7.3. Let T' be a 2—homogeneous tree and let 1 < p < oo. Then Cy is an

isometry on T, if and only if the following properties hold:

(1) ¢(0) = o.
(2) ¢ is onto.
(3) [¢(v)] = |o(w)| whenever |v] = |w].

(4) If p(w) # o for some w € T, then ¢ is injective on D).

Proof. Assume that Cy is an isometry on T,

First let us suppose that ¢(0) # o. If f = xo+ (2)%X¢(O), then || f o ¢|| # || f|l, which
is a contradiction. Thus (1) holds.

Secondly, let us suppose that ¢ is not onto. Then pick a w ¢ ¢(T'). If f = xuw, then
Ilf ool # ||fl|, which is again a contradiction. So, (2) holds.

Thirdly, let us assume that there exist vy, vy € T such that |v1| = |vz| and |p(v1)] #
|p(v2)|. Let wi = ¢(v1) and we = ¢(ve). Then take

1

1 1
J= (Cun ) X+ (Clus]) " Xaws
and observe that ||f|| = 1. But,
ICo (NI = My(lnil, Cs(f)) = 3/2,

which is not possible. Thus property (3) holds.

Finally, let us suppose that there exists a v; € T such that ¢(v1) # o and ¢ is not

injective on Dy,,|. By property (3), ¢ # o on Dy,,|. Since ¢ is not injective on Dj,,|,
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we have ¢(v1) = ¢(v2) = w (say), where |v1| = |v2|. Now, we take f = Q%Xw. Then,
If[l' = 1. But,
ICo (NI = My(|vi], Co(f)) = 2,

which is a contradiction, and hence (4) holds.

Conversely, assume that all the four properties (1) — (4) hold. We need to show that
Cy is an isometry on T,. To do this, we fix f € T,. Then, by the property (1), we have

[f(@)I” =1fO)I" < IfII".

Fix n € N. By properties (3) and (4), it follows that either ¢ = o on D,, or ¢ is bijective

from D,, onto Dy, for some m € N. In either case, MP(n, Cy(f)) < ||f||, and thus

ICo(NOIP < AP

Now, fix m € N. By properties (2) and (4), there exists an n,, € N such that ¢ maps

bijectively from D, onto D,,. Therefore,

M (m, f) = M (nm, Co(f)) < |1f o ol",
and thus || f||” < ||Cs(f)||”. Hence, Cy is an isometry on T,,. O

Corollary 4.7.4. Let 1 < p < oo. The operator Cy is an isometry on Tpo over
2—homogeneous trees if and only if |¢p(v)| — 0o as |[v| — oo and all the properties (1) to

(4) in Theorem 4.7.3 hold.

Remark 4.7.5. If the operator Cy is an isometry on T, (or Tp o) over 2—homogeneous
trees, then the properties (3) and (4) in Theorem 4.7.3 hold. However, this is not the
case for (¢ + 1)—homogeneous trees with ¢ > 2. We will now provide an example to

demonstrate this fact.

For v # o, let v~ denote the parent of v. Fix k € N with k > 2. For each element of

Dy, choose one of its child and call them as vy, vg,...,v.,. Define,

v if | <k,
(Z)(’U): o if ’UEDkaU#UhU%"'aUCH

v~ elsewhere.
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For f € T,, we can easily see that

MP(n, f) it n<k,

Mp(n,Cy(f)) =
ME(n—1,f) if n>k,

and MP(k,Cy(f)) < [|f||P. This gives that, Cy is an isometry on T, (or Tp0).

Note that some vertices of Dj are mapped into its parents, but all other vertices in
Dy, are mapped to o. Consequently, ¢ violates both the properties (3) and (4). The

desired assertion follows.

It is natural to characterize isometric composition operators Cy over (¢+1)—homogeneous

trees with ¢ > 2.

Theorem 4.7.6. Let T be a (¢ + 1)—homogeneous tree with ¢ > 2 and let 1 < p < oo.
Denote Ck]cv% by Agn- Then, Cy is an isometry on T, if and only if the following
properties hold:

(1) |p(v)| < |v|. In particular, ¢(o) = o.
(2) i Men =1 for all n € Ny.
k=0

(3) For each k € Ny, Ny(n,w) = N, whenever |w| = k.

(4) sup Mgy =1 for all k € Ng. In particular, ¢ is onto.
n€eNg

Proof. Assume that Cy is an isometry on T,

Suppose that there exists a v € T such that |v| < |p(v)|. Let w = ¢(v). Then the
1
function f = (cj,|)? xw contradicts the fact that Cy is an isometry. Hence, property (1)
holds.

n
Fix n € Nyg. By property (1), ¢(D,,) € U Dy,. For each k = 0,1,2,...,n, choose
m=0
3

1
vy € Dy, such that Ny, = Ny(n,vg). Take f = 3 (cx)P xo, SO that
k=0

1 n ) n
— > alNin =M. fod) < [fodl” = |fIF =1 ie, I cxNin < cn
" k=0 k=0
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By the definition of Nj,, one can note that the number of vertices in D, which are

mapped into Dy, under ¢ is less than or equal to ¢ Ny ,,. Again by (1), we get

n
cn < Z Cka,n'
k=0

Therefore, En: A = 1 for all n € Npy.
k=0

Suppose that there exist an n; € N, and a w € T such that Ng(n1,w) < Nip,. Then
the number of vertices in D,,, which are mapped into Dy, is strictly less than c; N .

Then by (2), the total number of elements in D, is strictly less than

ni
§ CmNm,n1 = Cny,
m=0

which is a contradiction. Thus, the property (3) is verified.
Fix k € Ng and w € Dy. Take f = (c‘w‘)%xw. By (3), for each n € Ny, we see that

Cc Cka
M(n, f o 8) = - “ Ny(n,w) = 202 = Ay,

n Cn
and hence,
sup Agp = [[f ool = [ f" =1.

nENg

Conversely, assume that all the four properties (1) — (4) hold. In order to prove that

Cy is an isometry on T, we fix f € T),. Then, for n € Ny, we have

M. Cof) = =3 Y I@E)P (by (1)

=0 g(v) = k

= —ZCkan (k‘ f) (by (3))

Thus, ||Csf||P = sup A, where

A= {sn = NenMP(k, f) :n € Ng} .
k=0
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For each n € Ny, s, < [|f]|’ which implies sup A < ||f||’. Fix m € Ny. Then, by

(4), we have sup A, = 1 and that there exists an n; € Ny such that A\, ,, = 1, or
n€eNg

else, there exists a subsequence {\, n,} converging to 1 as k — oco. In the first case,

Spy = MJ(m, f) € A so that MF(m, f) < sup A. In the later case,

g
Zm
2(1 = Amm) 117

IN

which implies that MP(m, f) is a limit point of A and therefore, MP(m, f) < sup A.
Since m was arbitrary, we have |||’ < sup A. Hence, ||f||’ = supA = ||f o ¢||’. The

desired conclusion follows. O

Corollary 4.7.7. Let 1 < p < oo and Cy be a bounded composition operator on T
over (q + 1)—homogeneous tree with ¢ > 2. Then Cy is an isometry on Ty if and only

if all the four properties (1) — (4) of Theorem 4.7.6 hold.

Corollary 4.7.8. Let 1 < p < oco. Suppose that Cy is an isometry either on T, or on

Tp0, and |p(v)| = |v| for some v # o. Then ¢ is a permutation on Dj,).

Proof. The results holds easily for all 2—homogeneous trees and thus, we assume that T’
to be a (¢ + 1)—homogeneous tree with ¢ > 2. Assume that there exist vy, vy € T with
lvi| = |va] # 0, |p(v1)| = |v1] and |¢(v2)| # |v2|. Consider the function

1 1

f = (o))" Xwr + (Cusg]) P Xwn»

where w1 = ¢(v1) and wa = ¢(v2). Since |wi| # |wa|, we have || f| = 1. But

ICo (NI = My(|vi], Co(f)) = 1,

which contradicts the hypothesis. Thus, ¢(D),,|) € Djy,|-

Next, we claim that ¢ is a permutation on D), |. Suppose not. Then there exist
1
wy, wy € Dy, with ¢(w1) = ¢(wse) = w (say). The function f = (¢),,))? xw leads to

non-isometry of Cy. Thus, ¢ is injective on Dy, and the result follows. O
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Corollary 4.7.9. Suppose ¢ € Aut(T). Then, Cy is an isometry on Ty if and only if
¢(0) = o.

Proof. Suppose that ¢ € Aut(T) and ¢(0) = o. Then, ¢ is a bijective map from D,
to Dy, for each n. Therefore, for n € Ng and f € T), we have MP(n,Cyf) = MJ(n, f).

Hence, Cy is an isometry on T).

Converse part is already contained in Theorems 4.7.3 and 4.7.6. O

4.8 Compact composition operators

Before we move on to discuss the results on compact composition operators on T), spaces,

we recall certain well-known classical results on Hardy spaces.
In the classical case, for an analytic self-map ¢ of D, the following statements are
equivalent (see [68, Section 2.7 and Compactness Theorem, Chapter 10]):
(a) Cg is compact on HP for 1 < p < oo,

(b) Cy is compact on H?,

Ny (w)
lw|—1- log ﬁ

(c) = 0, where N is the Nevanlinna counting function of ¢.

Also, Cy is compact on H* if and only if sup{|¢(z)|: z € D} < 1 (see [68, Problem 10,
Chapter 2]).

For the discrete setting, we now consider the compactness of composition operators

on T, spaces.

Theorem 4.8.1. FEvery bounded self-map ¢ of T induces compact composition operator

on Ty, for 1 < p < oo.

Proof. Suppose ¢ is a bounded self-map of a (¢ + 1)—homogeneous tree 7. Then
Range (¢) is finite set, say, Range (¢) = {v1,v2,...,v;}. For each 1 < i <k, denote by
E; for the pre-image of v; under ¢. If ¢(v) = v;, then f o ¢(v) = f(v;) so that

fog= f(vl)XEl + f(UQ)XE2 +ooet f(vk)XEk
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and Range (Cy) = Span{xEg,,XE,,---,XE,}- Thus, Cy4 is a finite rank operator and

hence it is compact. O

Theorem 4.8.2. If ¢ is a self-map of (q + 1)—homogeneous tree T, then the following

are equivalent:

(a) Cg is compact on Ty, for 1 < p < oo,

(b) [|Csfnll = 0 as n — oo whenever bounded sequence of functions {f,} that con-

verges to 0 pointwise.

Proof. (a) = (b): Assume that Cy is compact on T, and {f,} is a bounded sequence
in T, that converges to 0 pointwise. Suppose on the contrary that ||Cy(fy)| # 0 as
n — 0o. Then there exist a subsequence {f,,} and an € > 0 such that HC’d,( f”J)H > €
for all j. Denote {f,;} by {g;}. Since Cy is compact, there is a subsequence {gj, } of
{g;} such that {Cy(g;,)} converges to some function, say, g. It follows that {Cy(g;,)}
converges to g pointwise and g = 0 implying that {Cg(g;, )} converges to 0 which is a

contradiction to ||Cy(g;)|| > € for all j. Hence, ||Cg(fn)|| = 0 as n — oo.

(b) = (a): Conversely, suppose that case (b) holds. First let us consider the case
1 < p < oo. Let {gn} be a sequence in the unit ball of T,. By Lemma 2.6.1, for each
v € T, the sequence {g,(v)} is bounded. By the diagonalization process, there is a
subsequence {gn,} of {gn} that converges pointwise to g (say). We see that, for each
m € Np,

Mp(m,g) =

P Z |gnn (V) [P < lim sup [|gnn [|” < 1

. 1
lim —
n—oo Cm ‘U|:m

showing that g € T, with [|g|| < 1. Consequently, if f, = gnn — g, then {f,} converges
to 0 pointwise and || f,|| < 2. By the assumption (b), ||Cyfn]| = 0 as n — oo and thus,

{C4(gnn)} converges to Cy(g). Hence Cy is compact on T).
The proof for the case p = oo is similar to the above. ]
Remark 4.8.3. Since edge counting metric on 7" induces discrete topology, compact

sets are only sets having finitely many elements. Thus uniform convergence on compact

subsets of T is equivalent to pointwise convergence. In view of this observation, Theorem
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4.8.2 is a discrete analog of weak convergence theorem (see [68, section 2.4, p. 29]) in

the classical case.

Corollary 4.8.4. Let ¢ be a self-map of T. Then Cy is compact on T if and only if
¢ is a bounded self-map of T'.

Proof. If ¢ is a bounded self-map of T', then Cy is compact, by Theorem 4.8.1. Con-
versely, suppose ¢ is not a bounded map. Then, there exists a sequence of vertices
{vr} of T such that ¢(vy) = wy and |wg| — 00 as k — oo. Take f = xw, for each
k € N. Then, | fi|lo = 1 for each k and {fi} converges to 0 pointwise. Since Cy is

compact, ||Cy(fr)||,, — 0 as k — oo, by Theorem 4.8.2. This is not possible, because

”oo

1Cs(fr)ll, = 1 for each k € N, which can be observed from the definition of f;. Hence
¢ should be a bounded map. O

Corollary 4.8.5. Let T be a (q + 1)—homogeneous tree and 1 < p < oco. If Cy is

compact on T, then

sup {q|w|*”N¢(n,w)} — 0 as |w| = .
n€eNg

Proof. As in the earlier situations, for each w € T'\ {o}, we let f,, = {W(w)xw}%. Then,
|| fwl| = 1 for all w and, since f,,(v) = 0 whenever |w| > n = |v], it follows that {fu}
converges to 0 ponitwise. Since Cy is compact, we see that ||Cy(fu)| — 0 as |w| — oo.

However, we have already shown that

ICafull = sup { TN 0} = sup (a0}

neNg n neNg

and the desired conclusion follows. O

Remark 4.8.6. For 2—homogeneous trees, Corollary 4.8.5 takes a simpler form: If Cy

is compact on Ty, then

sup {Ny(n,w)} =0 as |w| — oo.
neNg

This remark is helpful in the proof of Corollary 4.8.8.
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Corollary 4.8.7. If Cy is compact on T,, then |v| —|¢(v)| = oo as [v] — oc.

Proof. We will prove this result by contradiction. Suppose that |v|—|¢(v)| 4 oo as |[v| —
oo. Then there exists a sequence of vertices {vg} and an M > 0 such that |vg|—|o(vg)| <
M for all k which implies that |¢(vi)| — oo as k — oo. Since Ng(|vg|, ¢(vy)) > 1 for all
k, we obtain that

Ny (Jvk], p(vg))gl?CRI=Isl > g~

which yields that

sup {N¢(n, ¢(Uk))q|¢(vk)‘fn} >q M forall k
n€eNp

and thus,

sup {q|w|_"N¢(n, w)} 40 as |w| — oo
n€ENg

which gives that Uy is not compact, by Corollary 4.8.5. This contradiction completes
the proof. 0

Corollary 4.8.8. Let T be a 2—homogeneous tree. Then Cy is compact on T, if and
only if ¢ is a bounded self-map of T.

Proof. Since every bounded self-map ¢ of T induces compact composition operator
on T)p, one way implication is true. For the proof of the converse part, we suppose
that ¢ is not bounded. Then the range contains an infinite set, say {wi,ws,...}. For
each k, choose v, € T such that ¢(vy) = wg. This gives Ny(|vg|, w) > 1 and thus
sup Ng(n,wy) > 1 for all k. It follows that sup {Ng(n,w)} 4 0 as |w| — oo and

neNy neNg
hence, Cy4 cannot be compact. O

Remark 4.8.9. It is worth to recall from [68, Chapter 3, p. 37] that if a “big-oh”
condition describes a class of bounded operators, then the corresponding “little-oh”
condition picks out the subclass of compact operators”. We have already shown that
if > jo)=n ¢?™ = O(q"), then Cy is bounded on T,. So it is natural to ask whether
2= 2 @201 = 0(q") guarantees the compactness of Cy on T,. Indeed, the answer is
yes. Clearly the later observation is not useful because no self-map ¢ of T" will satisfy
this condition. This is because 37, _, gloWl > > jol=n ¢® = (¢ + 1)¢™ ! and thus,
Xlol=n ¢?™I = o(¢"™) cannot be possible.
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Theorem 4.8.10. Let T be a (q + 1)—homogeneous tree with ¢ > 2, and 1 < p < oo.

Then Cy is compact operator on T, whenever

1 o
—ZNm,ncm%O as m — 00.

—

Proof. Let { fr.} be a bounded sequence such that { fx} converges to 0 pointwise. Without
loss of generality, we may assume that || fx|| < 1 for all k. Then, by Theorem 4.8.2, it
suffices to show that ||Cy(fx)|| — 0 for all £ — oo.

Fix € > 0. Then, by the hypothesis, there exists an N1 € N such that

1

o
— Z Npncm < € for all n > Nj. (4.8.1)
Cn

m=0

Set S = {¢(v) : |[v| < Ni}. Then, since {f;} converges to 0 pointwise and S is a finite
set, it follows that {fi} converges to 0 uniformly on S and thus, there exists an N € N
such that

sup |fx(w)| <€ forall n> N.
weS

Fix k > N. Then, for n € No with n < Ny, we have M}(n,Cyfy) < €’. Next, for

n > Np, we have

MY,Cofi) = 23 Y o)

=0 |g(v)|=m
v|=n
1 oo
< =D cmNun lfell”
-
< € (by (4.8.1))
which shows that ||Cy fi|| — 0 as k — oo. Thus, Cy is compact on T),. O

Following example shows that there are bounded composition operators on T, which

are not compact.

Example 4.8.11. Consider the following self-map ¢ of T" defined by

o ifv=o,
Pa2(v) =

v~ otherwise,
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where v~ denotes the parent of v. Then it follows easily that

1
(g+1)

My (0,Cy, f) = M (0, f) and MJ(1,Cy, f) = > (o)l = ME(0, f).

lv]=1

Finally, for n > 2, we have

M;I;)(n, C¢2f) =

> f@O)P

1
Cn
|v|=n

and thus,
|Cso fll = sup My(m, Cy, f) = sup My(m, f) = |[f]

meNg meNg
showing that Cy, is bounded on T,. On the other hand, since |v| — |¢p2(v)| = 1 for all
|v] > 1, we have |v| — |p2(v)| /4 o0 as |v| = oo. Hence Cy, is not compact, by Corollary

4.8.7.

Remark 4.8.12. Let ¢3 be a map on T such that ¢3 maps every vertex into any one
of its child. Then, as in the case of Cy,, it is easy to see that Cy, is bounded but not
compact. Moreover, it can be seen that, for each n € N, (Cy,)" and (Cy,)" are also

bounded but not compact.

By Corollaries 4.8.4 and 4.8.8, we see that, only bounded self-maps of T induces
compact composition operator for 2—homogeneous trees or on T,. Thus, it is natural
to ask whether only bounded self-maps of T' induces compact composition operators on

T, spaces for the case of (¢ + 1)—homogeneous trees with ¢ > 2.

Example 4.8.13. For each n € Ny, choose a vertex v, such that |v,| = n. Define a

self-map ¢4 by

v if v = vy, for some k € N,
Pa(v) =

o otherwise.

Then we obtain that

My (0,Co, f) = [f(94(0)[" = |f(0)|" = M (0, f).
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Next, for an odd natural number n, we see that
Mg (n, C, f) Z [f ()P = |f ()P

Finally, for an even natural number, say n = 2k, for some k € N, we find that

ME(n,Couf) = 14 3 [F6a0)P + | F(balva))

n [v|=n
VF#VE
< [f(op + T

n

Thus, by Lemma 2.6.1, we have

p
ICan 1P < 1£(@)P +sup { FEUE L <oy

which shows that Cy, is bounded on T),.

Suppose now that 7" is a (¢ + 1)—homogeneous tree with ¢ > 2. Let {f,} be a

sequence in the unit ball of T, which converges to 0 pointwise. Note that

faloR)P 1
(q+1)g%k=1 = ¢k’

by Lemma 2.6.1. We now claim that ||Cy, fn|” — 0 as n — oco.

Let € > 0 be given. Then there exists a natural number N; such that ¢=% < ¢/2 for
all k > Nj. Consider the set S = {v,v2,...,vn, }. Since {f,} converges to 0 pointwise,
we can choose a natural number N > N; such that |f,(0)|P < €/2 and |f,(v)|P < ¢/2 for
all v € § and for all n > N. Thus,

e 1 1
”C¢4fn||p < ’fn(o)|p -+ sup {27 qu, W, s } <e forall n>N
which gives that ||Cy, fn||” — 0 as n — oo and hence, Cy, is compact on T,,. This exam-

ple shows that there are unbounded self-maps of T which induce compact composition

operators on T, for the case of (¢ + 1)—homogeneous trees with ¢ > 2.

Proposition 4.8.14. If Cy is compact on Tpo for 1 < p < oo, then ||Cyfn| — 0 as

n — oo whenever {|| fu| : n € N} is bounded, and {f,} converges to 0 pointwise.
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Proof. Proof of this result is similar to the proof of the implication “(a) = (b)” in

Theorem 4.8.2. O

Theorem 4.8.15. There are no compact composition operators on T o.

Proof. Suppose that ¢ is a bounded self-map of T". Then, by Theorem 4.5.3, Cy is not
bounded and hence, it is not compact. Suppose that ¢ is an unbounded self-map of T'.
Then, there exists a sequence of vertices {v,} such that ¢(vy,) = wy, and |w,| — oo as
n — oo. Take f, = X{w,} for each n € N. Then it easy to see that {f,} converges to 0
pointwise and ||Cy(fn)|l, = I[fallo = 1 for each n. Therefore, Cy cannot be a compact

operator on Ty, o by Proposition 4.8.14. O

Theorem 4.8.16. Let T be a 2—homogeneous tree and 1 < p < oo. Then, there are no

compact composition operators on T, .

Proof. By Theorem 4.5.4, no bounded self-map of T can induce a bounded (in particular,
compact) composition operator. Suppose that ¢ is an unbounded self-map of T'. Then,
choose a sequence of vertices {v,} such that {w,} is unbounded, where ¢(v,) = wy.
Take f, = 21/px{wn} so that {f,} converges to 0 pointwise and ||f,|| = 1 for each n.
Finally, since

< MP(Jvnl, fr o ¢) < [|Co(fn)]IP for all n €N,

N =

it follows that Cy cannot be a compact operator on T, o by Proposition 4.8.14. O

Theorem 4.8.17. Let T be a (q+ 1)—homogeneous tree with ¢ > 2. Then the operator

Cy cannot be compact on Tpp, 1 < p < o0, for any self-map ¢ of T'.

Proof. Suppose Cy is compact for a self-map ¢ of T'. Consider the sequence of functions

defined by

n
= f e¢T neN.
gn(v) n -+ |’U| or v y TV

It is easy to see that

My(m, gn) = n+Lm for n € N, m € No.
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Therefore, g, € T,o with ||gn|| = 1 for all n € N. For each fixed v € T, g,(v) — 1
pointwise. Since Cy is compact on T, g, there exists a subsequence {gn, } of {g,} and
g € Tpo such that Cy(gn,) — g in [|-[|,- Then, by the growth estimate (see Lemma
2.6.1), we have gy, (¢(v)) = g(v) pointwise for v € T, which gives that g = 1. Since

g ¢ Tpo, Cg cannot be compact on Ty, o. The desired conclusion follows. ]






Chapter 5

Composition operators on the

Hardy space of Dirichlet series

5.1 Introduction

In this chapter, we consider composition operators on the Hardy-Dirichlet space H2,
the space of Dirichlet series with square summable coefficients, which is a Dirichlet
series analogue of the classical Hardy space. Necessary and sufficient conditions for the
boundedness of a composition operator on H? are given in [38], but good estimates for
norm of such operators are not known. By using the Schur test, we give some upper
and lower estimates on the norm of a composition operator on H?, for the affine-like
inducing symbol ¢(s) = ¢1 + ¢4¢°, where ¢ > 2 is a fixed integer. We also give an

estimate for approximation numbers of a composition operator in our H? setting.

Determining the value of the norm of composition operators is not an easy task and
hence, not much is known on this problem even in the case of classical Hardy space
except for some special cases. For example, the norm of a composition operator on H?
induced by the simple affine mapping of D is complicated (see [28, Theorem 3]). Not to
speak of the approximation numbers of Cy, even though the latter were computed in [23].
In case of the space H?, there are no good lower and upper bounds even for the norm
of such operators except for some special cases. As a first step, we give some upper and
lower estimates on the norm of a composition operator on H2, for the inducing symbol

@d(s) = c1 +cqq~° with ¢ € N, ¢ > 2. Without loss of generality, we will assume that

67
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q = 2. One significant difference is that some properties of the Riemann zeta function,
be it only in the half-plane C;, are required. For a real number 8, we denote the half

plane {s € C: Res > 0} by Cy.

One may refer to [71] for basic information about analytic function spaces of D and
operators on them. Basic issues on composition operators on various function spaces on

D may be obtained from [29]. See also [45] for results related to analytic number theory.

This chapter is based on our paper [57].

5.2 Hardy-Dirichlet space H?>

The Hardy-Dirichlet space H? is defined by
H? = {f(s) => ann: [fIP =) |anf’ < oo}. (5.2.1)
n=1 n=1

The space H? has been used in [44] for the study of completeness problems of a system

of dilates of a given function. The following properties are obvious:
o If f € H?, then the Dirichlet series in (5.2.1) converges absolutely in C; /2, and
therefore H? is a Hilbert space of analytic functions on C; /2-

o The functions {e,} defined on Cy/, by e,(s) = n~*,n > 1, form an orthonormal

basis for H2.

o Accordingly, the reproducing kernel K, of H? (f(a) = (f, K,) for all f € H?) is

given by

o0
Ka(s) = 3 en(s)en(a) = C(s +@), with a,s € Cy s,
n=1
where ¢ denotes the Riemann zeta function.

. C(’;(Ka) = Ky(a), where C§ denotes the adjoint of an operator Cy.

Let H(2) denote the space of all analytic functions defined on Q. If ¢ : C /5 — C; /2

is analytic, then the composition operator

Cop H — H(Cyi2), Co(f) = Ffo9,
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is well defined and we wish to know for which “symbols” ¢, the operator Cy maps H?
to itself. Then, Cy is a bounded linear operator on H? by the closed graph theorem. A
complete answer to this fairly delicate question was obtained in [38]. A slightly improved
version of the same may be stated in the following form, as far as uniform convergence

on all half-planes C, is concerned. See [65] for details.

Theorem A. The analytic function ¢ : Cy;5 — Cyjp induces a bounded composition

operator on H? if and only if

o(s) = cos + i cnn”® =t cps + Y(s), (5.2.2)

n=1

[e.°]
where cg € Ng and the Dirichlet series > cyn™° converges uniformly in each half-plane
n=1

Ce, € > 0. Moreover, ¥ has the following mapping properties:

1. If cg > 1, then ¥(Cy) C Cy and so ¢(Cy) C Cy.

2. If cg = 0, then (Co) = ¢(Co) C Cy 5.

In addition to the above formulation, it is worth to mention that ||Cy|| > 1 and
|Cyl| =1 <= co > 1.

This result follows easily from the fact that Cy is contractive on H? if cg > 1 (See [38]).

5.3 A special, but interesting case

To our knowledge, except the recent work of Brevig [17] in a slightly different context, no
result has appeared in the literature on sharp evaluations of the norm of Cy when ¢y = 0.
The purpose of this work is to make some attempt, in the apparently simple-minded
case

1
d(s) =1 + ¢227° with Reep > 3 + |eal. (5.3.1)

The condition on ¢; and ¢g in (5.3.1) is the exact translation of the mapping conditions

of “affine map” to be a map of Cy into Cy /5.
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We should point out the fact that, even though the symbol ¢ is very simple, the
boundedness of Cy4, and its norm, are far from being clear. This is already the case for
affine maps ¢(z) = az+b from D into D whose exact norm has a complicated expression
first obtained by Cowen [28] and then by Queffélec (see [64]) with a simpler approach
based on an adequate use of the Schur test, which we recall in Lemma B below, under

an adapted form.

Finally, we would like to mention the following: In [46], Hurst obtained the norm
of Cy on weighted Bergman spaces for the affine symbols whereas in [41], Hammond
obtained a representation for the norm of Cy4 on the Dirichlet space for such affine

symbols.

Lemma B. [40, page 24] Let A = (a; j)i>0,>1 be a scalar matriz, formally defining a
o0

linear map A : (*(N) — (*(Ng) by the formula A(x) =y with y; = Y a;jxj. Assume
j=1

that there exist two positive numbers o and B and two sequences (p;)i>o and (gj)j>1 of

positive numbers such that

o0
> laijlas < ap; forall j>1 (5.3.2)
1=0

and
o0
> laijlp; < Bai for all i > 0. (5.3.3)
j=1

Then, A defines a bounded operator with | A|| < Vap.

Remark 5.3.1. Let ¢ be a map as in (5.3.1). Then C is a compact operator on H? if
and only if Recy > 3 + [ea| (see [15, Corollary 3]). Also the spectrum of Cy is

7(Cy) = {0,1} U{(¢'())* : k €N},

where o is the fixed point of the map ¢ in Cy , (see [15, Theorem 4]). Since the spectrum

o(Cy) is compact, we have |¢/(a))| < 1 and thus the spectral radius
r(Cy) :=sup{|A|: A€ o(Cy)}

is equal to 1.
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In [42], Hedenmalm asked for estimate from above for the norm [|Cy|| in terms of
¢(+00), that is, ¢; for the map ¢(s) = Y oo cyn™ % We give a partial answer to his
question at least for this special choice of ¢(s) = ¢1 + ¢227°. To do this, we list below

some useful lemmas here.
Lemma 5.3.2. Let s > 1. Then, we have

1 s

S ssB)= 7

Proof. The result follows, by comparison with an integral, from the fact that x — 7%

is decreasing for s > 1. See for instance, [62, p. 299]. Indeed for f(z) = 275 = e~*10%
we have
9 oo (9]
|t <3 5w < 50 + [ payda,

k=1

from which one can obtain the desired inequality, since [° f(z)dz = ﬁ O
Lemma 5.3.3. For all s > 1, we have

1 s—1 1
< . 5.3.4
() == (5.4

Proof. Let

h(s)zsi1+<sgl> \/127_

Then, we observe that both h and ¢ are decreasing functions on (1,00). Thus,

1 1/2 1 1
h(s)ﬁh(3)=2+3\/;<2+3<1<C(s) for all s > 3.

This shows that the inequality (5.3.4) is true for s > 3. Now we need to verify the
inequality (5.3.4) only for 1 < s < 3. By setting s = x + 1, it is enough to prove that

h(m+1):%+f(x)§((x+1) for 0 <z <2,

where

Clearly, f is an increasing function on x > 0. From [17, Lemma 10], we have

1
;—Fg(x)g((l—l—x) for z > 0,
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20

— +im

— 1+om

\ — {(x+1
8

-05F

FI1GURE 5.1: The range for x varies from 0.1 to 10

where

1o+l (D) +2)(z+3) 1 9 3
g(x)_§—|— TRl Gl _a(4l4+49:v—6x —z°).

In view of [17, Lemma 10], it suffices to show that f(x) < g(x) on (0,2). For 0 < z < 2,
p 1
g (x)= @(49 —3z(z+4)) >0,

which shows that ¢ is increasing on (0,2). Since

1 /2

f(2):§ ;<é<9(0):

23
40’
we have f(z) < f(2) < g(0) < g(z) for all 0 < 2 < 2. This proves the claim for 0 < z < 2,

i.e., 1 < s < 3. In conclusion, the inequality (5.3.4) is verified for all s > 1. O

Remark 5.3.4. Consider the functions f and g as in Lemma 5.3.3. Thus, both %—l—f(x)
and 1 + g(z) form a lower bound for ((1 + z) for > 0. For 2 > 3, we have

1

Gl (Bx(x +4) —49) < 0,

g'(x) =

which shows that ¢ is decreasing on (3, 00) and therefore, g(z) < f(x) for all x > s ~

6.2102, where s is the unique positive root of the equation given by f(z) = g(x), i.e.,

\&w_2+ 12 6!

(9:) 1 1 z41 (z+1)(z+2)(z+3)
r+1 .
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It follows that Lemma 5.3.3 is an improved version of [17, Lemma 10] for x > so. For

a quick comparison with the zeta function, in Figure 5.1, we have drawn the graphs of

(1/2) + f(z), (1/2) + g(z) and ((z +1).

Remark 5.3.5. Before seeing the work of [17], we made use of a result of Lavrik [50]:

For 1 <s <3,

() - —— =3 Dy,

_ |
s—1 = n!

where ~ is the Euler constant and |v,| < % We thus obtained an alternative proof

of (5.3.4).

Lemma 5.3.6. If s > 1, i > 1 is an integer, and f(x) = 182)" then one has

s )

> i!
>0 < (e

Proof. The function f increases for z < ¢%/* and then decreases for z > ¢%/%. By a simple

change of variables, we have

i!

[:/1 f(a:)da::m-

Let N > 1 be the integral part of ¢'/%, so that N < e/ < N + 1. Computations give,

il
2mi

with help of Stirling’s inequality (i/e)? < F

and

k=N-+2 S AR
It follows that
N+1 N if f(N)<f(N+1
[ s [ 100 A0S 00
N f(N+1) otherwise,

and therefore,

(i/s) P

et T\ 2mist

N+1 ‘
I+ SN+ D = [ fa)de < pe) =
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From the above three inequalities, we get that

S Pk < I+ ()
k=1
< v[ L, 1,}
G- D Vamis
7! 1 1 s—1
= (s—'l)" [8—1—'_\/%( s )]
< ).

The third and the fourth inequalities follow from % < 1 and Lemma 5.3.3, respectively.

This completes the proof of the lemma. O

Our next result provides bounds for the norm estimate of Cs on both sides.

Theorem 5.3.7. Let ¢(s) = ¢1 + 227 % with Recy > % + |ea| and co # 0, thus inducing

a bounded composition operator C : H? — H?. Then, we have
((2Rec1) < [|[Cyll* < ¢(2Recy — rfea),
where r < 1 is the smallest positive root of the quadratic polynomial
P(r) = |ea|r® + (1 — 2Recy)r + |eal.

Remark 5.3.8. Observe that P has two positive roots with product 1, so one of them
is less than or equal to 1 (because P(0) > 0 and P(1) < 0) and by our assumption

2Rec; —rlea| > 2Recy — |ea] > 1+ |e2| > 1, so that ((2Rec; — r|ca|) is well defined.

Proof of Theorem 5.3.7. Without loss of generality, we can assume that ¢; and cy are
positive. Indeed, in the general case, for ¢(s) = ¢1 + 227, we set ¢; = 01 + it; and
Ccy = |02|2i¢2. Note that Rec; = o1 > 0 by our assumption of the theorem. Consider
the two vertical translations 77 and 75 defined respectively by Ti(s) = s + it; and
Ts(s) = s — i, and set ¥ (s) = o1 + |c2|27°. Then, one has ¢ = T o 1) o T» whence

Cyp = Cp, 0 Cy 0 Cpy,

where U, and Cp, are unitary operators.
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Note that Cy(1) = 1. Now for j > 1, we see that
ey e oo i) — e N (Fe2logg)t i
Co(i™) =5~ exp(=e2 log j) = j ™ Y = (2) 7"
i=0 '

In other terms, considering the orthonormal system {(2?)7*};>0 as the canonical basis
of the range of Cy and the orthonormal system {j7°};>1 as the canonical basis of H2,

C‘b can be viewed as the matrix A = (ai7j)i207j21 : EQ(N) — ZZ(N[)) with

1 ifi=0,
0 ifz>0,

a;1 =

and ‘
j—Cl (_62 logj)z

. for i>0,j>1.

a/iaj =

By Theorem A, we already know that Cy is a bounded operator. We will give a direct
proof of this fact, and moreover an upper and lower estimates of its norm. To that effect,

we apply the Schur test with the following values of the parameters

:rca—C1

a=1, f=((2c1 —rc2), pj =13 and ¢; = r°.

Now, we can check the assumptions of Schur’s lemma. Equality holds trivially in the

inequality (5.3.2) for the case of j = 1. For j > 1,

S S p— (02 logj)z i ‘rCco—C1
Zo‘ai,ﬂ%:%j 7@_! r' =3 = apj.
1= 1=

Thus, the inequality (5.3.2) is verified. Now, we verify the inequality (5.3.3). For the

case i = 0, we have

(o) (o ¢]
> laoglpy =Y 57T = (201 — rea) < Bao.
Jj=1 Jj=1

Finally, for ¢ > 1, with the help of Lemma 5.3.6, we have

S G (logg)t _ ¢ i , o
jz_:l |(M,J ‘pj - ﬁjzz j2cl—rcg - ﬁ (261 —reg — 1)z<( c1 — ’I“CQ) = Bq,“

Cc2
where prpr—

= r, that is, P(r) = 0. The assumptions of the Schur lemma with the

claimed values are thus verified, and the upper bound ensues.
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For the lower bound, we use reproducing kernels as usual (recall that C3(K,) =

Kg(a)):

Ky I” ¢(2Re ¢(a)) ¢(201 — 2¢,277)

ICsI2 > (S5)2 = sup — swp — qup
Coll” 2 (537" := b TR = S0 T C@Rea) b, (@)

The last equality in the above is obtained from basic trigonometry and the fact that
((s) is a decreasing function on (1,00). Now by letting © — oo, we get the lower bound

for ||Cyl|. O
Corollary 1. Let ¢(s) = c¢1 + c227° with Rec; = % + |co| and co # 0. Then, for the
inducing composition operator Cy : H? — H2, we have

C(2Recr) = ¢(1 + 2fea]) < IO < C(1 + Je2]) = ((2Reer — |ea).

Proof. 1t suffices to observe that r = 1 in Theorem 5.3.7 when Recy = § + [ca|. O

Remark 5.3.9. From the proof of Theorem 5.3.7, it is evident that the lower bound of

|Cyl| continues to hold for any composition operator Cy with ¢y = 0 in (5.2.2), namely,

for any ¢(s) = > epn®.
n=1

Remark 5.3.10. (a) Note that, if co = 0, then ¢ becomes a constant map and the
induced composition operator Cy is the evaluation map at c¢;. Also it is known
that

ICs 1% = ¢(2Rec1).

b) Let ¢ be a map as in (5.3.1). Then Cyj cannot be a normal operator. More
¢

generally, it cannot be a normaloid operator because,

T(C¢) =1< \/C(QRecl) < ”C¢||

(see Remark 5.3.1 and Theorem 5.3.7).

5.4 Approximation numbers

Recall that the N** approximation number ay(A), N = 1,2,..., of an operator A :

H — H, where H is a Hilbert space, is the distance (for the operator norm) of A to
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operators of rank < N. We refer to [19] for the definition and basic properties of those
numbers. In the case of Cy, on H?, for ¢(z) = az + b with |a| + |b| < 1, Clifford and
Dabkowski [23] computed exactly the approximation numbers an(Cy). In the compact

case |a| + |b| < 1, they [23] showed in particular that
an(Cy) = laNTIQNTY2 forall N > 1,

where
1+ a2 — b2 — VA

2af?

Q=

and where A > 0 is a discriminant depending on a and b.

It is natural to ask whether we could get something similar for ¢(s) = ¢; + 227
and the associated Cy acting on H2. We have here the following upper bound, in which
2Rec; — 2|cg] — 1 is assumed to be positive which is indeed a necessary and sufficient

condition for the compactness of Cy.

Theorem 5.4.1. Assume that 2Recy — 2|ca| — 1 > 0. Then the following exponential

decay holds:

(2Rec; — 1)(2Recy) ( 2|co| )N
< ’
““MM¢QMQ—W—®@P2MQ—1

Proof. Without loss of generality, we can assume that ¢; and co are non-negative. Let

f(s) =2 plibpn™ € H2. Then

[e.9]

Cyof(s) = Z “exp(—c22” % logn)

(Z bpn” (logn) ) o ks

Thus, designating by R the operator of rank < N defined by

N—l
Rf(s) = Z <Z bpn~ (logn) ) 9 ks,
k=0

we obtain via the classical Cauchy-Schwarz inequality that

o0

1C,() —ROIZ = 3. 2 2
k=N

Z bp,n” (logn) n)¥
n=1
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00 2%k 00 00 2k
@ 2 (logn)
< > e (ZW ) <Z T )
k=N """ n=1 n=1
By Lemma 5.3.6, the latter sum is nothing but
o (logn)®* o)
ngl n2cl - C (261)
(2k)!
WC(QQ)
(2k)1(2¢1)

(261 _ 1)2k+1'

The last inequality follows by the simple fact that ((s) < %7 (see Lemma 5.3.2). Since

o k) 2k (2% .
S bl =117 and i < >0 ) =4k,
= (K2 ~ = \J

we get the following:

2 (2K)1(2e1)

ICs = R <
@ k;\] (kN2 (2¢; — 1)2k+1
00 2%k
< Z ( 2¢o ) 2c1
=N 261—1 201—1
2¢1(2¢1 — 1) ( 2¢s )2N
(201 - 1)2 - (202)2 261 -1 '
Thus, we complete the proof. ]

Question 2. 1. Is there a symbol ¢ for which the strict inequalities
1Csll > 55 > S

hold for Cy, on H?? (refer to [12] for similar problem in the case of classical Hardy

space H?). In the case ¢(s) = c1 + c227%, we probably have
1Csll = S = S5,

but this still needs a proof. Also observe that this ¢ is not injective on C, /5.

2. What can be said about ||Cy|| acting on H?(f2), where (2 is the ball By, or the
polydisk D?, when ¢(z) = A(z)+b with A : C¢ — C% a linear operator, i.e. when ¢
is an affine map such that ¢(Q) C Q7 This might be difficult [16], but interesting.
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Weighted composition operators

on P,

6.1 Introduction

In this chapter, we use the notion of topological vector space and few other related
definitions. A topological vector space is a vector space together with a topology such
that the vector space operations, namely, vector addition and scalar multiplication, are
continuous with respect to this topology. A set C'in a topological vector space X is said

to be conver if tx + (1 —t)y € C for all z,y € C and 0 <t < 1.

Let E be a subset of a topological vector space X. Then the convex hull of E is
defined to be the intersection of all convex sets that contains E. The closed convex
hull of E, denoted by ¢o(FE), is defined to be the intersection of all closed convex sets
that contains E. A topological vector space X is said to be locally convez if there is a
collection of convex sets which forms a local base for the topology of X. A topological
vector space X is said to be metrizable if the topology of X is induced by some metric

d.

Let €2 be an open subset of C and let H(€2) be the set of all analytic functions defined
on €. Consider the compact-open topology on #H((2), i.e., the topology of uniform
convergence on compact subsets of 2. Then H(£2) becomes a metrizable, locally convex
topological vector space. On H(f), f, converges to f, denoted by f, =+ f, we mean
that the convergence is locally uniformly on compact subsets of €.

79
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Weighted composition operator is a combination of multiplication and composition
operators. These operators are mainly studied in various Banach spaces or Hilbert
spaces of H(ID). Recently, Arévalo et al. [13] initiated the study of weighted composition
operator restricted to the Carathéodory class P;, which consists of all f € H(D) with
positive real part and with the normalization f(0) = 1. Clearly the class P; is not
a linear space but it is helpful to solve some extremal problems in geometric function

theory. See [39].

We generalize the recent work of Arévalo et al. [13] by considering weighted com-

position operators preserving the class P, of analytic functions subordinate to 1; <= for
la] < 1,a # —1. This class is connected with various geometric subclasses of H(DD) in
the univalent function theory (see [34, 39, 59]). Since the class P, is not a linear space,
for a given map on P, questions about operator theoretic properties are not meaningful.
However, one can talk about, for example, special classes of self-maps of P, and fixed

points of those maps.

In this chapter, we discuss the weighted composition operators preserving the class
P.. Some of its consequences and examples for some special cases are also presented.

Furthermore, we discuss about the fixed points of weighted composition operators.

This chapter is based on our paper [55].

6.2 Preliminaries about the class P,

For f and g € H(D), we say that f is subordinate to g (denoted by f(z) < g¢(z) or
f < g) if there exists an analytic function w : D — D such that w(0) =0 and f = g o w.
If f(2) < z, then f is called Schwarz function (i.e., analytic function f : D — D with
f(0) =0). For |a| < 1,a # —1, define hq on D by hq(z) = 122 and the half plane H,

is described by
Hy := ho(D) = {w € C: 2Re {(1 + @)w} > 1 — |af*}.
In particular, if « € R and —1 < a < 1, then

ha(D) ={w e C:Rew > (1 —«a)/2}
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so that Rehq(z) > (1 — «)/2 in D.

For |a| <1, # —1, it is natural to consider the class P, defined by

Po:={f € H(D) : f(2) < ha(2)}.

It is worth noting that for every f € P,, there is an unique Schwarz function w such

that
o) = R,

It is well-known [59, Lemma 2.1] that, if g is an univalent (injective) analytic function
on D, then f(z) < g(z) if and only if f(0) = ¢(0) and f(D) C ¢g(D). In view of this

result, the class P, can be stated in an equivalent form as
Po:i={f € H(D): f(0) =1, /(D) C Ha}.

We continue the discussion by stating a few basic and useful properties of the class P,.

Proposition 6.2.1. Suppose f € Py and f(z) =1+ > 02 ap2", then |a,| < |a+1] for
all n € N. The bound is sharp as the function ho(z) =14 3021 (1 + a)z" shows.

Proof. This result is an immediate consequence of Rogosinski’s result [66, Theorem X]
(see also [34, Theorem 6.4(i), p. 195]) because hq(z) (and hence, (hq(z) —1)/(1+ «)) is

a convex function. O

Proposition 6.2.2. (Growth estimate) Let f € P,. Then for all z € D, one has

1 — |az|
1+ |2

1+ |az|

<1< T

Proof. This result trivially follows from clever use of classical Schwarz lemma and the

triangle inequality. O

From the ‘growth estimate’ and the familiar Montel’s theorem on normal family, one

can easily get the following result.

Proposition 6.2.3. The class Py is a compact family in the compact-open topology

(that is, topology of uniform convergence on compact subsets of D).
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Because the half plane Hy, is convex, the following result is obvious.

Proposition 6.2.4. The class Py is a convex family.

For p € (0, 00), the Hardy space HP consists of analytic functions f on D with

171, = sup {;ﬂ / 2W|f(rei9)|pd9};

ref0,1)

is finite and H> denotes the set of all bounded analytic functions on . We refer to [33]
for the theory of Hardy spaces. By Littlewood’s subordination theorem [51, Theorem
2], it follows that if f < g and g € HP for some 0 < p < oo, then f € HP for the same

p. As a consequence we easily have the following.

Proposition 6.2.5. The class P, is a subset of the Hardy space HP for each 0 < p < 1.

Proof. Because (1 — z)~! € HP for each 0 < p < 1, it follows easily that h, € HP? for

each 0 < p <1 and for |a] <1, # —1. The desired conclusion follows. O

Remark 6.2.6. Although P, does not posses the linear structure, due to being part
of HP the results on HP space, such as results about boundary behavior, are valid for

functions in the class P,

6.3 Weighted composition on P,

For an analytic self-map ¢ of D, the composition operator Cy is defined by

Co(f) = f o ¢ for f € H(D).

One can refer [29], for the study of composition operators on various function spaces on
the unit disk. Throughout the chapter, unless otherwise stated explicitly, o denotes a
complex number such that |o| < 1, # —1, and ¢ denotes an analytic self-map of D.
The following result deals with composition operator when it is restricted to the class

Pa-

Proposition 6.3.1. The composition operator Cy induced by the symbol ¢, preserves

the class Py if and only if ¢ is a Schwarz function.
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Proof. Suppose that Cy preserves the class P,. Then Cy(ha) € Pa, and thus

1+ a¢(0)

-0 -

This gives that ¢(0) = 0 which implies that ¢ is a Schwarz function. The converse part
holds trivially. O

For a given analytic self-map ¢ of D and analytic map v of D, the corresponding

weighted composition operator Wy, 4 is defined by

Wys(f) =9(f o ¢) for f € H(D).

If 1 = 1, then Wy 4 reduced to a composition operator Cy and if ¢(z) = z for all
z € D, then Wy, 4 reduced to a multiplication operator M. For a given analytic map 1

of D, the corresponding multiplication operator M, is then defined by

My(f) = f for f € H(D).

The characterization of M, that preserves the class P, is given in Section 6.4.

In this section, we discuss weighted composition operator that preserves P,. Before,

we do this, let us recall some useful results from the theory of extreme points.

Lemma 6.3.2. ([39, Theorem 5.7]) Extreme points of the class Py consists of functions
given by

A point p of a convex set F is called extreme point if p is not a interior point of any
line segment which entirely lies in £. We denote, the set of all extreme points of the
class Py by &,. That is, &, = {fx : |A\| = 1}. Now, we recall a well-known result by
Krein and Milman [49].

Lemma 6.3.3. ([39, Theorem 4.4]) Let X be a locally convez, topological vector space
and A be a convex, compact subset of X. Then, the closed convex hull of extreme points

of A is equal to A.
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The original version of it is proved in [49]. It is easy to see that Wy, 4(fn) — Wy 4(f)

whenever f, —» f. Thus, Wy, 4 is continuous on H(D) (in particular on P,).

Proposition 6.3.4. Suppose that Wy, 4 preserves the class Po. Then ¢ is a Schwarz

function and there exists a Schwarz function w such that

Proof. Suppose that W, 4 preserves the class P,. Take f = 1 to be a constant function,
which belongs to P,. Thus, Wy 4(f) = @ € P, and hence, there exists a Schwarz

function w such that
14+ aw
1—w’

77Z} g hOL ow =
In particular, ¢(0) = 1.

Since hy € Py, we have 1(0)(ha(¢(0))) = 1, which gives ¢(0) = 0. Hence ¢ will be a
Schwarz function. O
1+ow
1—w

In view of above result, from now on, we will assume that ¥ = h, ow = and

¢, w are Schwarz functions.

Theorem 6.3.5. Let ¢, w and 1 be as above. Then, Wy, 4 preserves the class Py if and

only if
2Q(w)|¢l < (1 = |wl*) + P(w)[¢|* on D, (6.3.1)

where, P(w) = |aw|? — |1 + (o — Dw|? and Q(w) = |(a — 1)|w|* + T — aw].
Proof. At first we prove that, Wy, 4 preserves the class P, which is equivalent to the

inclusion Wy, 4(€n) C Po. To do this, we suppose that Wy, 4(£n) C Po. Since Py, is a

convex family, we obtain
Wy, convex hull (£,)) C Pa.

Now, by Krein-Milman theorem and the fact that Wy, 4 is continuous on the compact

family P, we see that Wy, 4(Pao) C Po. The converse part is trivial.
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Next, we prove that Wy, 4(€4) C Pq if and only if
2Q(w)|¢] < (1 — |wl*) + P(w)[¢|* on D.

Assume that Wy, 4(E4) C Po. This gives ¥(fy o ¢) € P, for all |A| = 1. Thus, for all

|A| = 1, there exists a Schwarz function wy such that ¥(f\ o ¢) = hy owy. That is,

Il+awl+arg 1+ awy
l—w 1=X¢p 1—wy

Solving this equation for wy, we get that

" C wH A+ (o — 1) wo
AT 1+ agw '

For each |A| = 1, wy is a Schwarz function if and only if
w4+ Ao+ (a — D)Awd|?> < [14 argw|? forall [N =1,
which is equivalent to
2Re (Ap{(a — |w’ + @ — aw}) < (1 — |w*) + 6 (law]* — 1 + (a = w|?),

for all |\| = 1. By taking supremum over X on both sides, the last inequality gives (6.3.1).

The converse part follows by repeating the above arguments in the reverse direction. [J

Remark 6.3.6. Suppose that a = a + ib and w(z) = u(z) + iv(z). Then,

Pw) = Jaw|* =1+ (a—1w|?

= a(|w* = 1)+ (@ — 1)jw — 1> + 2bv.
Set q(w) = (o — 1)|w|? + @ — aw so that Q(w) = |g(w)|. Upon simplifying, we get that
qw)=(a—-1)T(w—1) - 2iav = (a —1)(Ju|* - w) — 2iv

and thus
q(w) = [(a — 1) (|w]? = u) + bv] +i[b(Jw|* — u) — v(a +1)]. (6.3.2)
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Also, it is easy to see that

—q(w) = |1 — w2+ (jw]> — 1) with 1 = 11+_0;“’. (6.3.3)

6.4 Special cases

In this section, first we recall some familiar results on Hardy space H? which will help
the smooth traveling of this section. In what follows T denotes the unit circle {z € C:

2] = 1}.

Proposition 6.4.1. ([33, Theorem 1.3]) For every bounded analytic function f on D,

the radial limit lin% f(re??) exists almost everywhere (abbreviated by a.e.).
T

In view of Proposition 6.4.1, every Schwarz function has radial limit a.e. and using
the fact that the function h, has radial limit a.e., it is easy to see that, every function

f € Py has radial limit a.e. on T. Also, it is well-known that (see [33, Section 2.3])

sup |f(2)| = esssup |f(”)],
EIES! 0<0<2n

for every f € H*. Now, we will state a classical theorem of Nevanlinna.

Proposition 6.4.2. ([33, Theorem 2.2]) If f € HP for some p > 0 and its radial limit

f(e%) =0 on a set of positive measure, then f = 0.

Since every Schwarz function f belongs to H* and every f € P, belongs to HP for
0 < p < 1, the above result is valid for functions in the class P, and in the class of

Schwarz functions.

An analytic function f on D is said to be an inner function if |f(z)| < 1 for all

z € D and its radial limit |f({)| =1 a.e. on || = 1.

Theorem 6.4.3. Suppose that ¢ and w are Schwarz functions, ¢ is inner and ¢ = 11“;—"‘5

Then, Wy, 4 preserves the class Py if and only if v =1 (i.e., w=0).

Proof. If ¢ = 1, then Wy, 4 becomes a composition operator Cy and thus, Wy, 4 preserves

the class P,, because ¢ is a Schwarz function.
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Conversely, suppose that Wy, 4 preserves the class P,. Then, by Theorem 6.3.5, one
has the inequality
2Q(w)[¢] < (1 — |wl?) + P(w)[4[* on D.

With abuse of notation, we denote the radial limits of ¢, w and ¥ again by ¢, w and
1, respectively. Also, let @ = a + ib and w(z) = u(z) + iv(z). By allowing |z| — 1 in
(6.3.1), we get that
2Q(w) < (1 — |wl*) + P(w) a.e. on T,

which after computation is equivalent to
Q(w) < (a—1)(|w* —u) +bv a.e. on T.
In view of (6.3.2) in Remark 6.3.6, the above inequality can rewritten as
lg(w)| < Re[g(w)] a.e. on T

which gives that Im [¢(w)] = 0 a.e. on T. Again, by using (6.3.3) in Remark 6.3.6, we
have

|1 — w|?Im()) = 0 a.e. on T.

Analyzing the function w through the classical theorem of Nevanlinna (see Proposition

6.4.2), one can get that Im = 0 a.e. on T. Now the proof of ) = 1 is as follows:

Consider the analytic map f = e~* ¥~ Then, |f| = e™¥ =1 a.e. on T and

1= f(0) < sup |f(2)| = esssup | f(e”)] = 1.
lz|<1 0<0<2m

Hence, by the maximum modulus principle, we get that f = 1 which gives ¢ = 1. ]

Corollary 6.4.4. M, preserves the class Pq, if and only if 1 = 1.

Proof. The desired result follows if we set ¢(z) = z in Theorem 6.4.3. O

Theorem 6.4.5. Suppose that o is a real number, ¢ and w are Schwarz functions, w is

an inner function and ¢ = 1?_—0:‘;’ Then, Wy, 4 preserves the class Py, if and only if ¢ is

identically zero.
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Proof. If ¢ = 0, then Wy 4 becomes a constant map ¢ and hence it preserves P,.

Conversely, suppose that Wy, , preserves the class P,. Then, by Theorem 6.3.5,
2Q)I¢] < (1 = [w]?) + P(w)[¢]? on D.
By allowing |z| — 1, we get that
211 — w?[Y] || < 2ImaImw + (Rea — 1)|1 — w|?)|¢|* a.c. on T,
from which we obtain that
11— w|?|¢]|¢] <0 ae. onT.

By the hypothesis on w and %, and the classical theorem of Nevanlinna, we find that

¢ =0. O

Here is an easy consequence of Theorem 6.4.5.

Corollary 6.4.6. Let « be a real number, ¢ and w are Schwarz functions and that

¢ # 0. Suppose that Wy, 4 preserves the class P, and

E={CeT:|w(@)|=1}.

Then the Lebesque arc length measure of the set E is zero, i.e., m(E) = 0.

6.5 Examples for special cases

In this section, we give specific examples of ¢ and 1 so that Wy, , preserves the class

P, For a bounded analytic function on I, we denote sup |f(z)| by || f]|-
|z]<1

Example 6.5.1. Suppose that ||¢|| < 1. If ||w|| < %, then Wy, 4 preserves the class
Po, for a € [0,1].
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Proof. In view of Theorem 6.3.5, it suffices to verify the inequality (6.3.1). This inequal-

ity can be rewritten as
21(1— )@ (w— 1)+ 2ia Imw| |6 + (1 —a) (w2 + 1 = w6l 1) < a(l—|w2) (1 - [4[?).
We may set ||w|| = A and ||¢|| = B. Thus, it is enough to check that
2(1 —@)A(A+1)B +4aAB+ (1 — a)(A* + (1 + A)*B* — 1) < a(1 — A*)(1 — B?)
which is equivalent to
[A+ B+ AB—-1|][1l-a)(A+B+AB+1)+a(A+B—-AB+1)] <0.

This yields the condition A + B+ AB — 1 < 0. This means that A < }_T_—g and the

desired conclusion follows. ]

Since the condition A+ B+ AB—1 < 0 gives B < ﬁ—ﬁ, we have the following result.

L= |||
1ot [Jo]

Example 6.5.2. Suppose that ||w| < 1. If |¢]| <
Po, for a € [0,1].

, then Wy, 4 preserves the class

Example 6.5.3. Suppose that ¢(z) = z(az+Db), where a and b are non-zero real numbers

such that |a] + |b| = 1. Take w(2) = z(cz + d) with

ab 1 —(a® +b?)

c=-7 and d= % for K > 2+ /5.

Then Wy, 4 preserves the class Pr.

Proof. Clearly |¢(2)|> < a® + b + 2abx for z = z + iy and thus,
0<1—(a®4b?) —2abz < (1 —|0%).

Also note that
1 — (a? + b%) — 2abx

I <2 d| =
Imw| < |2¢cx + d| e

and
1—|ab] — (ja| = [p)* _ 1
K - K

w(2)] < ] +|d| =
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The inequality (6.3.1) for v = 1 reduces to
4lgl mw] < (1 - |w]*)(1 ~ [¢*).
Since 4|¢| [Imw| < 4|Imw| < 4|2cx + d| and

(1 — 1;2) K2cx +d| < (1 — |w[*)(1 - [8]%),

to verify the inequality (6.3.1), it suffices to verify the inequality

4 1 . 2
?<1—ﬁ7 le,K—4K—1>0

This gives the condition K > 2 + /5 and the proof is complete. O

Remark 6.5.4. By letting o = 0 in Theorem 6.3.5, we see that W, 4 preserves the class
Py if and only if |1 — w||¢| + |w| < 1 on D.

Example 6.5.5. If |¢| < |w| < V2 —1 on D, then Wy, 4 preserves Po.

Proof. In view of Remark 6.5.4 and the assumption that |¢| < |w|, it is enough to show
that |w| |1 —w| < 1—|w| which, by squaring and then simplifying, is seen to be equivalent
to the inequality

lw* = 2Rew|w|? + 2Jw| —1 < 0.

In order to verify the last inequality, we observe that

w* = 2Rew|w? + 2w =1 < |w|* + 2w + 2Jw| -1

(lf? + 1) (Jw]* + 2fw| — 1),

which is negative whenever |w|? + 2|w| — 1 < 0, i.e., |w| < v/2 — 1. The desired result
follows. H

Example 6.5.6. If either |¢| < |w| < sg or |w| < |¢] < sg on D, then Wy, , preserves
Po for every a with —1 < a < 0, where so (= 0.2648) is the unique positive root of the
polynomial P(x) = 2x* + 82 + 1222 — 1.
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Proof. Without loss of generality, we assume that |¢| < |w|. In view of Remark 6.3.6

and the assumption that « € (—1,0), the inequality (6.3.1) can be rewritten as
2)(1-0) @ (w—1)+2ia Tmw] 6]+ (1 —a) (w2 -+ 1 w292~ 1)~ a(l - [w2) (1-|¢[2) < 0.
By setting ||w|| = 4 and ||¢|| = B (so that B < A), it suffices to check that

2(1 —)A(A+1)B —4aAB+ (1 —a)(A2+ (1+ A)?B?> - 1) —a < 0,
which is equivalent to

—a[(A+ B+ AB)? +4AB]+ (A+ B+ AB)? -1 <.
Since B < A and « € (—1,0), the last inequality holds if
(244 A%)2 4 4A% + (2A + A%)2 -1 =241 1843 + 1242 — 1 < 0.

Clearly, the function P(z) = 2% + 823 + 1222 — 1 is strictly increasing on (0, 00) and
thus, P(z) < 0 for 0 < z < sg, where sg is the unique positive root of P(x). The desired

result follows. O

6.6 Fixed points

In this section, we discuss the fixed points of weighted composition operators. It is time
to recall a well known result [32, Theorem V.10.5]. The modern way of writing it is as

follows:

Proposition 6.6.1. Let X be a metrizable topological vector space and C' be a convex
compact subset of X. Then, every continuous mapping T : C — C has a fixed point in

C.

We set X = H(D), C = Pa, T = Wy 4 and observe that every weighted composition
operator on P, has a fixed point. Indeed, one has something more to conclude than this

as we can see below.
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Theorem 6.6.2. Let ¢, 1, w be as before, and ¢ not a rotation. Suppose that Wy, 4 is a
self-map of Py. Then, Wy, 4 has a unique fized point which can be obtained by iterating
Wy, for any f € Po. Further more, if ¢ is an inner function, then the fized point is

the constant function 1.

Theorem 6.6.3. Let ¢, ¢, w be as before, and ¢ be a rotation. Suppose that Wy, 4 is a
self-map of Py and F' denotes the set of all fived points of Wy, 4. Then, there are three
distinct cases:

1. If §(z) = z, then F = P,.

2. If (z) = Az and A" # 1 for every n € N, then F = {1}.

3. If §(z) = Az and \" =1 for some n > 1, then

F={f:f(2)=g(2") for some g€ P,}.

The proofs of these two theorems follow from the lines of the proofs of the corre-
sponding results of Section 4 of [13]. Moreover, the key tools for the proofs are from

Section 6.1 of Shapiro’s book [68]. So we omit the details.
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