ON ONE-SIDED DISTRIBUTION FUNCIIONS
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SUMMARY. and sufficiont itiona on the ch ixtic function are obtained for
& probabilily distribution function on 1L roal line te be ono-sided {fellowing the saslier work of G, Polya
and E. Lukacs). Tho results sro then spocialized to inflnitely divisible lawa and, in particular, stablo laws,

Lot ¥ bo & distribution function (d.£.} on tho rvsl lino. If & real a (rospectively &)
oxists such that F(a) = 0 [F(b} = 1], then F is saidl to bo bounded to the lsft (bounded to the
right) ond its left extremily (right extremily) s defined in an obvions mannor e sup(s : F(a) = 0}
[inf {5 : F(b) = 1}]. In cithor caso, F ig eaid to bo 8 one-sided d.f. If F is bounded on both
sidos, it is enid to bo s finite d.f.

Following the discussion of finita d.f.'s in Polys (1049), Lukacs (1957; pp. 229.230
and 1960; p.139) establishod that a nocessary and sufficiont condition (NASC) for & d.f. with
analytic charactoristic function (.£.) to bo boundod to tholoft is that the c.f. bo alss analytic
snd of oxponential typo in tho upper half.plano; the left extremity of tho d.f, is then given by

—lim aup(In f{iy)jy). OF courso, tho dual of this result hulls for d.f.'s houndod to the right.

Wo show bolow that tho stringont assumption of tho analyticity of the ¢.f. is suporfluous
and (porhaps oqualling this fact in importance) tho Tim sup’ in the abovo atatomont can
in fact Lo roplaced by ‘lim’. Wo apply tho rosult so obtained to cstablish NASC’s for an
infinitoly diviziblo (i.d.) c.f. to corrospond to & ono-sided d.f. Tlo rosults are then spocializod
for tho “‘stablo” laws,

Theorom 1: A NASQ for a c.f. f to correspord to a d.f. F bounded to the left is that
[ be extensibleto the upper half-plane as a function continuoua in the closed half-plane and analytic
in the open half-plane and of exponential type there, The left exiremily of F is then given by

1654 F = — lim [Infiiy)y) (which eziets). -
r—e

The oxpression for tho right ity in tho dual of tho sbove rosult for d.f.'a bouniod
to tho right is: Jim [Inf{—iy)fy). It follows from thnso two rosults that a NASC for a d.F.
o

to be finito is that its o.f. f bo ontire and of oxponential typoe throughout tho plano. It can
bo further ssortod in this case that eithor f ex 1 or is of ordor ono. Tho formulas above give
the two exiromitios of the d.f.
Proof: If F i bounded o tho loft and 1 oxt F = a, thon Jt) = | ¢%* dF () for
H

real f.  Tho intogral on the right, howovor, dufincs a function of tho complox variabla f conti-
nuous in Im¢ > 0 and snalytio in Im ¢ > 0 and of exponentisl type < |a| thoro.
Honco tho nocossity part of tho thooroimn.

Convorsoly, lot f bo oxtonsillo to tho uppor half.plano as doscribod. Donoto the
estonded function also by f. If F{0—) = 0, thore is nothing to prove. Lot thon F(0—) > 0,

and lot tho functions f= and f+ bo dofinod by : f=(1) —ol- e“2dF(z) and fH{(1) -=-{ &% dF(z).
/- is continuous in I ¢ 0 and analytio in Im ¢ < 0; / by aasumption and f+ by dofinition
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aro continuous in In ¢ 3> 0 and analytic inIm & > 0,50 that tho same is truo of f—f+. Furthor,
/- and f—f* coincillo on tho real axis. Tenco, by & well-known consoquonco of tho “principlo
of rofloction”, they aro analytio continuations of cach other. f-is thua an ontiro function
which cuincidea on the roal axis with a constant multiplo of a o.f. It thorofore follows from

o
tho Lévy-Raikov theorem that the ropresentation : f=(t) = | ¢'“ dP(z) holds for all complox
e

t, and honco that, for f == f++4f=, the intcgral roprosontation f ¢"* dF(x) holds for Tm ¢ > 0;
£

in particular, f{iy) > 0 for all y > 0. Sinco further [ ia of oxponontial typo thoro, thoro
oxists & ¢ > 0 such that f(iy) & ¢ for all ¥ > 0; it thon follows as in Lukacs(1060) that the
AT is boundud to the loft an that its Joft extremity is givon by tho rolation

Toxt F = —lim sup [nf(iy)/y) = a, say. . (2)
—te
Lot now, for y » 0, ${y) = Inf(iy). Hy) ia & convox function of y in y » 0, since
it is continuous thero and sinco ita sccond derivative exista and ia non-nogative in y > 0
- T
by the Cauchy-Schwarz inoqunlity.[z' e dF(x)vf e dF(z) > [] ze v dF(z)] . The
. . .

convoxity of @ and the fact that $(0) = 0 imply that In f{iy})/y is & non-ducreasing function
of yiny > 0. (This fact plays a vital rolo in tho author’s proofa of cortain rosulta rolating to
finito antt blo “a-d itions” of probability laws.) In particular, thorefore,
formula (2) ean bo roplaced by (1) and our thoorom stands proved.

Wo proceod to the considoration of i.d. laws. Let us donoto by Lig,y, I, N) the
Lévy reprosontation for the Jogarithm of an f.d.e.f. :

o= -
Infl) = ipi—pitt { B0, 3+ A1, u) dN(w) )
whoro A{Y, u) = ef™— 1 —ituf(14u?), M and N oro ! ing right i functiona

dofinod on (=00, 0) andd (0, 6) rospoctivoly, with M(—~c0) = N(oo) = 0 and § ubdd(w)+

f u! dN(u) < o for some (and o for ell) a > 0. Supposo F, the (f. corvesponding to
o4

L{8, v, M, N), is boundod to the luft, Noting the trivial fact that any componont thoroof
is also boundod to tho loft (if F is tho convolution of the d.f.'s @ and JI, each of tho latter is
boundxl to the lult), wo sco that F cannot have a Normal component and g0 wo must have
v = 0. Also, if M rdoes not vanish identically, thoro oxist real numbors a < b < 0 such that

3[(b)—M(a) > 0; honce [ has the i.d. factor oxp [ } (®—1) d3(u) ]which, though anontire

function, is nol of oxponontial typs in Im ¢ > 0, so that tho corresponding d.f. is not bound-
od to the loft, by Thoorem L. (A non-function-thooretio argumont for this fact, of somo
intervst, wonld be : lnking aand b to bo continuity-points of I, without loss of genorality,

Tet @ bo tho t locl ing right-conti function dofinod by
0 for 2 a
a(z) = A(z)—la) for a<z<d
2(s)—Al(a) for zp
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@G*" tho n.fold convolution of ¢ with italf, and € = exp{M(a)—=M(5)]. Then I defined hy
H=0 £ ae (z)/n! is & component of F, sinco its o.f. oxp( j.(t"'—l) dM(u)) i o factor
=) a

of /. But, for overy positive integor », H{nd)—Hina) > ClO*"(nd)—0%"(na))jn! = C,
[0(8)—G(a))*[nt > 0, so that H (aml so F) in not bounded to the Toft. Honea wo minat
have M = 0,

Thus, the I4vy roprosentation of an i.d.ef. f corresponding to a LS. F honnded to

the 1ot in necorsarily of the form (£ real)
-
nf(t) = iﬂl+.! (e, u) dN(u). . )
Donuting tho oxpreexion on the right by Yit), we sce that ¢, and conroquently ¢,
ia continuonis in Im ¢ > 0 and analytic in Inut > 0; since f, a4 the ¢.f. of a d.f. boundad to the
Toft, has tho eamo property, and furthor coincidus with ¥ on the veal axis, it colnchlos with
¢ in Im¢ > 0 anil it follows that (4) holits for oll auch 1.
et u
I
finitely (and is oqual to-F —1 ext F). Sinco, fur every fixed u > 0, (e¥v—))jy = — fe"' de
°

It thon fullows from Thoorem 1 that lim }( ) dN(n) exiatn
y=> = o+

is an incroasing fanction of y and tonds to zoro as y=» oo, it follows from the monutoue

convorgenee thvorem that f {uf{l +u%) dN(4) oxinta finitely and in equal to (tho sbove limit
o

and 60 to) f—lext F.

Conversoly, lot y =0, M =0 nudnf[u[(l +u3)]dN(u) = & < @ In tho Lévy reprosen.
+

tation L(f, v, M, N) of an i.d.o.f. f. Thoen, setting ' = §—3, In f{t) = if't+ {’(e"“—l)d.v(u)
+

for real £.  Dunoting tho oxpression on the right virlu of the last relation by y({), wo seo that
¢* is continuous in In ¢ 3> 0, analytic in Im § > 0 and of exponcntial typethero(noting that,

for any y > 0, i (1= dXm < v fu AN(u) € 28y). Henco by Theorem 1, f corrce.
ponds to a d.f.ol:mmlod to tho left. nn:‘iu Toft oxtromity in givon by A = 8.

We havo thus oatshlishwd tho following roault.

Thoorom 2a: A set of NASC's for an i.d.c.f. with the Lévy representation I{f,y,
2, X)tobelong toad.f. F bounded lo the left ia that : (iyy = 0, (ii) M = 0, and (iif) L[ul(l +u%)]
@N(u) exists finitely. If the value of thia integral be denoted by 3, then e have lext F = f—8.

Thourem 2b : A ael NASC's for an id.c.f. with the Livy representation LB, v, M,
N) to belong 1o a d.f.F bounded lo the right iz thot: () y =0, (i) N =0, and (i)
r {uJ(L+2))dBf(u) exista finitely. If the value of thia integral ia denoted by 8, then we have
ret Fom 2.

Theorent 21 can bo obtained from Theorem 2 by consitoring the d.f, & conjugate
to F (givon by F(z) = 1—F(—x~0) for all ).
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Corollary 1 : A finite d.f. with an i.d.c.f. ia necessarily degenerate,
For, in such a caeo, wo must havoy =0, M =m0 and N = 0,

{The function-theorstio proof of thia fact is as follows : if an i.d.o.f. corroaponds to
a finite d.f,, then it §s & non-vanishing entiro function of order one (and of exponontial type)
ur identicnlly equal to 1. In the former eany, it is necoasarily of the form oxp (ift) for somo
real B3 0, thux proving onr sssertion.)

A non-Normal atablo law with exponent « is given hy
¥ =0, dM(z) = (]| 2] +%) dz, dN(z) = (k{z'+a)d,
whore 0 < & < 2, and A and £ are conatants. [t follows from Theorema 24 and 2b that :

Corollary 2: No nou-Normal stable lmw with exponent a 3 1 (and, irivially, no
Normal luw) can have a oneaided d.f. Amemg stable laiea with exponent a < 1, only those
have one-sided d.f.'s for which either B =0 or N =0, i, either k or k above is zero
{ef. Theorem 5.7.7. of Lukacs, 1960, proved by a direct evaluation of the corresponding
density function due to H. Bergatrom).

1
The above assortion follows from the fact that [ z=® dz exints fnitely if snd
0
only f a < 1.
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