INADMISSIBILITY OF CUSTOMARY ESTIMATORS
IN SAMPLING OVER TWO OCCASIONS
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SUMMARY. Inadmisibility of B of population total in sampling over
two oocasions is demonstratod by providing moro ‘oDiciont. estimators under some well known schoraes

of sempling ovor two occasians.

1. IMPROVED ESTIMATORS FOR SRS SOREME

1 3

In this papor, wo i two ach of pling ovor two
(1) when simplo random eampling (srs) (without replacoment) is uscd on both tho
oceasions and (2) when probability proportional to sizo (pps) sampling is used on both

the occasions.

Under schomo 1, a sample of sizo n is sclected by simple random sampling
(without replacement) from the population on tho first occasion. Then on the sccond
occasion m units of tho first snmple aro retained and (n—m) units aro sclocted inde-
pondently by simplo random sampling (without replaconient) from tho whole population.
For estimating tho total of the population on the sccond (current) occasion, the custo-
mary estimator (Cochran, 1063) of tho population total is given by

1y = }N G2, )+ 1)V
whero
N = population size,

fau = moan of the unmatched portion on occasion A(h = 1, 2),

i = moan of matched portion on occasion kih = 1,2),

g1 = mean of the wholo samplo on ocension Ak = 1, 2),

Grm = Grmt U —Fim), is the rogrossion cstimate based on tho matched

portion
and ¢ is dotermined such that tho varianco of f; is minimised.

Now, lot tho (n—m) units sclected indopendently on the second oceasion bo
representod by 8 = (), 8,), whoro 8, = (nyy, 1y, ...y "1-,) donotes tho sample units of &
which como from the matched portion and &; = (uyy, gy, -0y u.,l) denotes the remaining
unite,

The following theorom now provides an cstimator more precise than 4y and
thus proves tho inadmissibility of f,.

Theorem 1: Let

s Jonta 9
&= wof
*Now with Univority of Illinois, U.8.A.

} X0
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where _'7,,, == mean of the unita bused on the sample s,. Then E(fy) = E{ty) and for any
conver loss function (3 does not have greater expected loss than 1,
Proof: We have

Eltfon 0] = P r o B | I 4 O $ia = B ()
whore P, in tho mean of units based on tho samplo s,.
Therofore,
E(@) = Elt) by (1)

Now as a consoquonco of Jonson’s inoquality, it follows from (1) that i3 does
not have greater oxpooted loss than f,.

This complotes tho proof of the theorem.

Although the main object of this paper is to demonstrate the bwdm:mbnhty
of tho 'y ostimators of the population total in sampling over two

wo, howover, provido bolow for completeness (Corollaries 1 and 2) tho gain in efficiency
of 13 ovor #, and an uppet bound to it.

Corollary 1: If squared error is the loss function, the gain in efficiency on using
13 is given by

-1, 1 1
Bt = M98 (i )
Proof :
'
B 09 o g ]
= (Tbi%l E[EMY(Gymg—Foml* [ 33 8]
N'#' .
= WE [m,(l-...‘) ]
s
= =y

Mg 11 Nem
= T—mp [("—m)’ —m N m(n—m .\ = }]

[3=m) B — B Xom,)+ Vi)

" 1 1\ m—1 N
='N'é.sﬂﬁ(ﬂ-m “NIN=T m

=pps =2

n—m
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Corollnry 2: An upper bound to lhe relative gain in efficiency of tg over Iy is

equalto 5. 91 A ¥ 1’3— uhen g < 2,

Proof : We have from Cochran (1903)
o= s (B () (-5

where p is tho correlation betweon units over two oceasions and # = s—m. Tho rola-
tivo gain in efficionoy of 3 over #y is dofinod to bo

_ Eln—tn
¢ -

Since V(t) = V(t,)—E(ly—13)% we got by virtuo of Corollary 1

o A g (22 252 5),

N mun N,

In practice % < %nnd P> % g0 that ¢ < ';" . Thorefore

s0 that a<s”/(1 X _-(1— -)/(1——(1_—)) 79, approximately.

Whon ono is dealing with finito populations and the sampling fraction is large,
a modified sampling scheme has beon suggested by the roferce in which (n—m) units
aro scloctod on the second occasion from the (N'—n) unita in the population not sampled
on tho first occasion. It scoms that the estimator similar to £, under tho now schome
would fare bottor than §. Sinco our aim has been to domonstrate tho inadmissibility
of the customary eatimators, we do not go into dotailed comparisons of theso estimat

2, IMPROVED ESTIMATORS FOR FP3 SOHEME

Wo now considor tho other sampling schomo over two occasions where ppa
sampling is usod on both tho occasions (Des Raj, 1065). In this schome, n sample
4, of sizo n is solooted by pps with ropl t on the first: ion and on tho socond
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occasion a simplo random samplo of sizo m is soloctod without roplacement from & and
an indopendent sample of (n—m) units is sclected by pps with replacement from the
wholo population.

As an cstimator of the population total on tho sccond occasion Des Raj con-
sidors the following estimator :

2= grpH{1—GNtm
whore '

Py
n—m b

Ty =
is the estimate of the population total basod on the unmatchod sample, on occa-
sion h(h = 1, 2),

EVM
“m P
i tho estimato of the population total based on tho matched sample, on occasion
Mh=1,2),
= — Lyt
LI
is the estimate of the population total basod on the whole sample, on occasion
Ah = 1,2) and

e
is tho difference estimate of the population total on the second occasion, based on
the matchod portion.

Now, let s, denote the matchod samplo and ropresent the unmatched sample
on the socond occasion by 8 = (4, &), whore &y = {1y, vys, ..., «_’) denotes tho sample
units which como from the matched portion and &, = (g, g, ..., #y,) denotes the
romaining unite. We thon have the following theorem.

Thoorem 2: Let

4= 2 B tdnot (m{ E va)) | E 2] +0—p5n

where S, denotes the summation over the unils in 8y and the summation in the second term
within braces is taken over the matched portion. - Then E(z3) = Ezy) and for any convex
loss function 2§ docs not have greater expecied loss than zy.

Proof: Wo have

Elzy| oy, 8] = (1= )22t

g ers ]

-
o E() = Elzy).
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That 25 does not have greater expected lues than g, fur any convex lws function followa
from Jensen's incquality.

Corollary 3: If squared ersor ia the luss function then the gain in cfficiency in

weing 23 Vs given by

o , Lo VP
Famt = e {sn-s oy +l,)+(m—l)3-m‘.:—",‘—1

-t )‘

—(m—2) x L TY, 11}
Proof: Els—3j) = C'E[ ;‘-‘ ((.‘Inc’P.)—( }:-.- S’u/sl: l") ) ]'. where¢ = Tf‘,;
=cE [P { Spa ? (P.y:m = y“) ) ./m" "”

=k [ (Ep) (r./!(.’.'—m)]

e et My 1 e Yu_

cE [(‘ o 2mi{m—1) "y PR (pdl:n pijl.p,) ]
K

= F [J-‘P. )S_ E(-'_/“ !!v)':l
Am—1) " \py Py

= 2(:_1 ['.'(m_x)}:{(::m)zg‘l} F[(‘r)‘;‘%t—',%}]

! .o Y
T ['.'(m—l){m EyH-m(m—l).‘.‘;lE—)‘,T'l]
—.{m(m—l)x" ¥ Y, P‘+m(m—l)" IY.p,

o ¥ W il
~+m{m—1¥m-2) E‘*Eﬂ}'. )‘)‘l,}]

[Sr1-LE yauPa P13 E—mj—

= em)y

—(m—.)“ z E ¥, )’,I’]] on simplification.

A rampling scheme which would probably furo Lotter than the above dusctibed schumo
of sampling over two occarions can bo suggusted in & manner similar to that given in
the equal probabdility case,
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