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Chapter 1

Introduction

In this thesis, by a measure © on some locally compact Hausdorff space we will always mean
a complex Borel measure or a signed Borel measure such that the total variation || is locally
finite, that is, |u|(K) is finite for all compact sets K. It is well-known that if 4 is such a
measure on some second countable, locally compact Hausdorff space then || is regular (see
[Rud87, Theorem 2.18]). As we will always work with measures on some second countable,
locally compact Hausdorff space, we will always assume, without loss of generality, that the
total variation of a measure is regular. If u(E) is nonnegative for all Borel measurable sets F
then p will be called a positive measure. Our motivation is certain classical results of Fatou
and their converse which relates various differentiability properties of 1 at a boundary point
xo € R™, with various types of boundary behavior of the Poisson integral P[u] of the measure

nat xzo.

Definition 1.0.1. Given a measure p on R", the symmetric derivative Dy, pt(zo) of 41 at a

point o, € R", is given by the limit

Do) — timg PB1)

b BT’ (1.0.1)

provided the limit exists. Here,

B(z,r) ={£ e R" [ [lo = &]l <},
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is the open ball of radius > 0, with center at x € R", with respect to the Euclidean metric

and m denotes the Lebesgue measure on R".

Given a measure i on R", its Poisson integral P|[u] is given by the convolution

Plul(w,y) = [ Pl = &y) due), (1.02)

]Rn

whenever the integral above converges absolutely for (z,y) € R;t!. Here, the kernel P(x,y)

is the standard Poisson kernel of R:! and is given by the formula

Yo, (z,y) €RT, (1.0.3)

P(x,y) =c,
() = o e

where ¢, = 7~ ()21 (’%1) It is known that if the integral above converges absolutely
for some (1o,79) € RI', then it converges absolutely for all other points in R”". This

observation follows from the following limiting behavior (see (2.2.11)).

2 2 nil
(vt llme =&t _ .

lim =1, forany given (z1,y;) € RTH.
l€ll->o0 (y% +lz1 — €2 y given (z1,41) € RY

Moreover, P[u] defines a harmonic function in R, For a function f € L"(R"), r € [1, o0],
its Poisson integral is defined analogously and is denoted by Pf. So, Pf is the Poisson

integral of the measure p, where dp = f dm.

For a complex-valued function ¢ on R™, we define

i(z) = " (‘f) T ER", e (0,00). (1.0.4)

It then follows that

Cn

P(x,y) =Py(z), Px)=——oeer,
(2.0) = Pyfe), P = o

zeR" y e (0,00), (1.0.5)
with ||P||z1@ny = 1. We say that the Poisson integral P[u] of a measure p is well-defined if

1
g .
o G ey ) < o0
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Our starting point is the following well-known result which was proved by Fatou [Fat06] in

the case n = 1.

Theorem 1.0.2. Suppose 11 is a measure with well-defined Poisson integral P|u). If there
exists tg € R™, L € C, such that
DsymN(JJO) =L,

then

lny Pl (0. y) = L.

It is important to note here that the theorem above concerns existence of limits at a single
point xg € R", and has nothing to do with almost everywhere existence of the above limits.
Fatou's theorem were later generalized in various directions. One such generalization was
obtained by Saeki [Sae96], which generalizes the result of Fatou for more general approximate
identities like {¢:}. The detailed version of Saeki's result is as follows. We recall that a

function ¢ : R™ — C, is a radial function if

¢(r) = ¢(£), whenever [z = [€]|

For a radial function ¢ : R" — C, we will occasionally interpret ¢ as a function on [0, c0), in
the following way.

¢(r) = ¢(z), whenever r=|lz|, = €R".

Also, a function ¢ : R®™ — R, is said to be radially decreasing if

(x) = ¢(€), whenever |[lzf] < [|€]].

In this thesis, we will always assume that if ¢ : R" — [0, 00), is a nonzero radially decreasing

function, then ) is bounded by ¥ (0) € (0, 00). More precisely,
P(x) <(0), forall xeR"

We now define a notion called comparison condition which will be used several times in the

latter part of this thesis.
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Definition 1.0.3. We say that a function ¢ : R" — (0, 00), satisfies the comparison condition

if

()
sup { o) |t € (0,1), [|z|| > 1} < 00. (1.0.6)

For examples of functions satisfying the comparison condition (1.0.6), we refer the reader

to Example 2.1.2.
Given a measure p and a complex-valued function ¢ on R"™, we define the convolution
integral ¢[u](z,t) by

¢[N]($7t) i gbt(x) = /]R" th(x - g) d”(g)’ (107)

whenever the integral converges absolutely for (z,t) € R%.

Remark 1.0.4. It was proved in [Sae96, P. 137] that if y is a measure on R", and ¢ is
a nonnegative, radially decreasing function on R", then finiteness of |u| * ¢y, (), for some
(x0,t0) € R™, implies the finiteness of || * ¢¢(x) for all (z,t) € R™ x (0,%y). In this case,
we say that ¢[u] is well-defined in R™ x (0, ). We note that if |x|(R") is finite then ¢[u] is

well-defined in R/,

The importance of the condition (1.0.6) stems from the following theorem (see [Sae96,

Theorem 1.1]) which generalizes Theorem 1.0.2 for more general kernels.

Theorem 1.0.5. Suppose that ¢ : R™ — (0,00), satisfies the following conditions:

1) ¢ is radial, radially decreasing function with ||¢|| .1 ®n) = 1.

2) ¢ satisfies the comparison condition (1.0.6).

Suppose i is a measure on R™ such that |u| x ¢y, (1) is finite for some ty € (0,00), and

x1 € R". If for some xy € R", and L € C, we have Dy, j1(x¢) = L, then

%i_r}réu * ¢ (x0) = L. (1.0.8)

It was also shown in [Sae96, Remark 1.6] that the theorem above fails in the absence of

the comparison condition (1.0.6).
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For us, the main concern of Chapter 2 is the following classical question regarding the

converse implication of Theorem 1.0.2.

Question: Given a measure £ on R"™, with well-defined Poisson integral P[u|, and =g € R",

L € C, is it true that

Zlil_f%P[M](UUan) = L7

implies that
Dgymp(zo) = L7

In [Loo43, P.246], for n = 1, Loomis had shown by an example that in general, the answer
to the question above is negative. However, Loomis also proved in the same paper that the
converse of Theorem 1.0.2 does hold true for n = 1, if the measure p is assumed to be positive

(see [Loo43, P.239-240]). Rudin generalized the result of Loomis for dimension n > 1.
Theorem 1.0.6 ([Rud78, Theorem A]). Suppose y is a positive measure on R"™ with well-
defined Poisson integral P|u]. If there exists xo € R", and L € [0, 00), such that

lim P[u(zo,y) = L,

y—0

then Dgympt(zo) = L.

According to Rudin, the theorem above is a Tauberian theorem with positivity of y being
the Tauberain condition. The proof of this theorem, given in [Rud78], depends heavily on
Wiener's Tauberian theorem for the multiplicative group (0,00). In [RU88, Theorem 2.3], a
different proof of this theorem without using Wiener's Tauberian theorem was given. But this
proof crucially uses the fact that P[] is a harmonic function in R:!. However, it will be too
simplistic to think that Theorem 1.0.6 is valid only for harmonic functions. In fact, Gehring
[Geh60, Theorem 4] proves a similar result for positive solution of the heat equation in one
dimension. Later, Watson [Wat77, Theorem 4] generalized the result of Gehring for higher
dimensions. In [Khe94, Theorem 3], it has been shown that results analogous to Theorem
1.0.6 hold true for positive eigenfunctions of the Laplacian in R”"'. We refer the reader to
[CD99, Dub04, Geh57, Logl5] for related results. This motivated us to ask the following

question:



6 Chapter 1. Introduction

Question: Can one find a necessary and sufficient condition on ¢ : R" — (0, 00), satisfying

the conditions 1) and 2) of Theorem 1.0.5, which ensures that
lim g+ ¢y(20) = L,

implies Dy pt(z9) = L, whenever p is a positive measure?

This question is being answered in Chapter 2. The main result proved in Chapter 2 is
Theorem 2.1.3 which provides a necessary and sufficient condition on the function ¢ (as in
Theorem 1.0.5), under which a result analogous to Theorem 1.0.6 holds. We will then use this
theorem (Theorem 2.1.3) to prove a result analogous to Theorem 1.0.6 for certain positive

eigenfunctions of the Laplace-Beltrami operator on real Hyperbolic spaces.

So far, we have restricted our discussion only to the existence of the vertical limit of the
Poisson integral P[u] and the symmetric derivative of the measure p. We will now shift our
focus to the nontangential convergence of Poisson integral. We need the following definitions

to proceed further.
Definition 1.0.7 ([SW71, P.62]). i) For zyp € R", and a € (0,00), we define the conical

region S(xo, ) with vertex at zy and aperture a by

S(zo,a) = {(z,y) € RY™ | [|lz — w0l < ay}.

i) A complex-valued function u defined on R’ is said to have nontangential limit L € C,

at xp € R, if, for every a € (0, 00),

lim  w(x,y) = L.
($,y)_>($070) ( y)
(z.y)E€S(z0,00)

Let 5 : R — C, be such that 3 = Y7_; ¢;3;, where each 3; is increasing and right-
continuous on R, and €; are =1 or %7 and let ;5 be the Lebesgue-Stieltjes measure on R,

induced by (3. In other words,

ws ((a,0]) = B(b) — B(a), a, beR, a<b. (1.0.9)
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We refer to [SS05, P.281-284] for detailed discussion on Lebesgue-Stieltjes measure. In his
paper [Fat06], Fatou also considered the nontangential convergence of Poisson integrals of

Lebesgue-Stieltjes measures and proved the following.
Theorem 1.0.8. Suppose that P[ps] is well-defined in R?., where 3 and g are as above. If

B is differentiable at some xy € R, then P[ug| has nontangential limit 5'(xo) at x.

As shown by Loomis [Loo43, P.246], converse of Theorem 1.0.8 fails in general. However,
Loomis also proved in the same paper that the converse does hold true if 5 is a real-valued
increasing function on R (see [Loo43, Theorem 1]). It is well-known that for a positive measure

w1 on R, its distribution function F': R — R, given by
F(z) = p((0,2]), ©>0; F(z) = —p((x,0]),  <0; F(0) =0,

is right-continuous and increasing. Moreover, ur = p, where up is defined according to
(1.0.9). The reason for discussing Lebesgue-Stieltjes measures is that they are related to
characterization of a large class of harmonic functions in ]Ri. In fact, characterization of

positive harmonic functions in R?, due to Loomis and Widder says the following:

Theorem 1.0.9 ([LW42, Theorem 4, P.645]). If u is a positive harmonic function in R%,
then there exists a right-continuous and increasing function [3 defined on R (unique up to an

additive constant) and a nonnegative constant C' such that

u(a:,y) =Cy+ P[Mﬁ](x7y)7 (:c,y) € Ri—’ (1'0'10)

where g is the Lebesgue-Stieltjes measure induced by 3.

We are now ready to present Loomis's result.

Theorem 1.0.10 ([Loo43, Theorem 1]). Suppose that u is a positive harmonic function in

R?, 9 € R, L € [0,00), and that 3 as in (1.0.10). If for two distinct real numbers o, as
limu(zo +a1y,y) = L = limu(zo + a2y, y),

then (B'(xo) = L.
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In order to extend Theorem 1.0.8 and Theorem 1.0.10 in higher dimensions, one needs to
generalize the notion of derivative of the distribution function of a measure defined on R. It is
not hard to see that symmetric derivative of measure is not a right candidate for this purpose.

Indeed, we consider the measure du = x[o,1) dm. Then for all 7 € 0,1),

p((=rr)) 1 / 1 / 1
— = — dm=— [ dm = —.
m((—r,7)) 2rJ- X @m =75 J, " =73

This shows that the symmetric derivative of y at 0, Dsy,,(0), equals to 1/2. On the other

hand, the distribution function F' of u is given by
F(z) = zxp1(z) + X(1,00(2), 7 €R,

which is not differentiable at zero. The correct generalization of derivative, in this context,

turns out to be the notion of strong derivative of a measure introduced by Ramey and Ullrich.

Definition 1.0.11 ([RU88, P.208]). Given a measure ;1 on R", we say that p has strong

derivative L € C, at 25 € R", if

li P70 7 B)

=1L
r—0  m(rB) ’

holds for every open ball B C R™, where rB = {rxz | x € B}, r > 0. The strong derivative

of p at xy, if it exists, is denoted by Du(xo).

We note that for a measure p, if Dyu(xg) = L, then Dy, p1(x0) is also equal to L. However,
the converse is not true. To see this, we refer the reader to Remark 3.1.3, where we have
given an example of a measure £ on R such that Dg,,,,1(0) = 1/2, but the strong derivative
of y fails to exist at 0. We also refer the reader to Theorem 3.1.4, where the relation between
strong derivative and derivative has been explained. In fact, we have shown in Theorem 3.1.4
that a measure 1 on R has strong derivative L at some xy € R if and only if its distribution

function has derivative L at .

The relation between the strong derivative and the nontangential convergence of the Pois-
son integral was first established by Ramey and Ullrich [RU88]. In the following we present the
result of Ramey and Ullrich. Much of our work in this thesis will revolve around this theorem.

Ramey and Ullrich proved their results for positive harmonic functions. Positive harmonic
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functions in the upper half-space R"™, are essentially characterized by Poisson integral of
positive measures defined on R™. In fact, the following higher dimensional analogue of the

aforementioned result of Loomis and Widder (Theorem 1.0.9) is known.

Theorem 1.0.12 ([ABRO1, Theorem 7.26]). If u is a positive harmonic function in R,
then there exists a unique positive measure . (known as the boundary measure of u) on R",

and a nonnegative constant C' such that

u(z,y) = Cy + Ply(z,y), (z,y) € RY

We are now ready to present the result of Ramey and Ullrich.

Theorem 1.0.13 ([RU88, Theorem 2.2]). Suppose that u is positive and harmonic in R’
with boundary measure 11 and that L € [0,00), xy € R™. Then the following statements are

equivalent:

i) w has nontangential limit L at z, € R".

i) There exists a positive number « such that

lim  w(x,y) = L.
(z,y)—(20,0) ()
() €S (z0,00)

iii) p has strong derivative L at x.

A generalization of this theorem has been proved by Logunov [Logl5, Theorem 10] for
positive solutions of a more general class of second order uniformly elliptic operators on RTl
containing the Laplacian. Theorem 1.0.13 has also been extended for a more general classes
of measures in [BC90, RU88]. However, in this thesis we will restrict ourselves only to positive

measures.

Inspired by the works of Fatou and Loomis, Gehring [Geh60], initiated the study of Fatou-
type theorems and their converse for solutions of the heat equation in RZ. The heat equation
in R is given by

Au(z,t) = gtu(x,t), (z,t) € R,
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where A = Z?:1 8%22, is the Laplacian of R™. We recall that the fundamental solution of
J

the heat equation in the Euclidean upper half-space R"-™, is known as the Gauss-Weierstrass

kernel or the heat kernel of R™, and is given by

W(z,t) = (4rt)"2e 1, (x,1) € R™L (1.0.11)

We observe that

|Ed]

W(z,t) =wy,(r), wr)= (4m)"2e 71, zE€R" t>0. (1.0.12)

In the literature, w s is also denoted by h;. The Gauss-Weierstrass integral of a measure
on R", is given by the convolution

Wikl(e,t) = s w @) = [ W = y,1) du(y), (10.13)

n

whenever the integral above converges absolutely for (x,t) € R, As in the case of Poisson
integral of measures, it is known that [Wat12, Theorem 4.4], if W[|u|](z0, to) is finite at some
point (zg,to) € R, then W{|u|](x,t) is also finite for all (z,t) € R™ x (0,%). In this case,
we say that Wy is well-defined in R™ x (0,%y). Moreover, W|u| is a solution of the heat
equation in the strip R"™ x (0, ty). Widder proved that positive solutions of the heat equation

in R%, have the similar characterization as positive harmonic functions in R?.

Theorem 1.0.14 ([Wid44, Theorem 6]). If u is a positive solution of the heat equation in
IR?, then there exists a right-continuous, increasing function 3 defined on R (unique up to

an additive constant) such that

u(z,t) = Winsl(e, t) = /RW(J; &) dus(f), zER, te(0,00), (1.0.14)

where g is the Lebesgue-Stieltjes measure induced by 3.

The natural approach regions to consider for studying boundary behavior of solutions of

heat equation in ]R’}FH, are the parabolic regions.



Chapter 1. Introduction 11

Definition 1.0.15. i) For a € (0, 00), we define the parabolic region P(z, a) with vertex

at zg € R™ and aperture a by
P(zo, ) = {(z,t) € RT™ | |z — zo|* < at}. (1.0.15)

i) A complex-valued function u defined on R’frl, is said to have parabolic limit L € C, at

xo € R™, if, for every a € (0, 00),

lim wu(x,t)=L.
(z,t)—(z0,0)
(z,t)EP(z0,0x)

The following are the analogues of results of Fatou and Loomis for solutions of the heat

equations in R? due to Gehring.

Theorem 1.0.16 ([Geh60, Theorem 2, Theorem 5]). i) Suppose that W {ug| is well-defined
in Ri, where (3 and ji5 are as in Theorem 1.0.8. If 3 is differentiable at some x, € R,

then W ug| has parabolic limit B'(zy) at x.

ii) Suppose that u is a positive solution of the heat equation in R?, with (3 as in Theorem

1.0.14 and that o € R, L € [0,00). If for two distinct real numbers oy, ay
11_{%”(1‘0 + alﬂ) t) = L = 11_{%'&(.%0 + Oég\/%, t)a

then ' (xzo) = L.

There are two kinds of results related to the result of Ramey and Ullrich (Theorem 1.0.13)
which will be proved in this thesis. Results of the first kind proved in Chapter 3, and 4,
revolve around the parabolic convergence of the positive solutions of the heat equation in
R™ x (0,00), and in G x (0,00), where G stands for certain nilpotent Lie groups known
as stratified Lie groups. In chapter 3, we will use the idea of Theorem 1.0.13 to prove
higher dimensional analogue of the results of Gehring (Theorem 1.0.16) regarding parabolic
convergence of positive solution of the heat equation in R”:"" (see Theorem 3.3.2). In Chapter
4, Theorem 3.3.2 will be further generalized for positive solutions of the heat equation on

stratified Lie groups.
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Result of the second kind deals with certain Riemannian manifolds called Harmonic N A
groups (also known as Damek-Ricci spaces) which generalizes the Euclidean upper half-space.
Our result will deal with the relationship between admissible convergence (in the sense of
Koranyi [KP76, P.158]) of certain positive eigenfunctions of the Laplace-Beltrami operator
(including positive harmonic functions), on these spaces and the strong derivative of a measure
on the boundary, which is a group of Heisenberg type. This result extends the theorem
of Ramey and Ullrich (Theorem 1.0.13) to a more general class of spaces which includes
Riemannian symmetric spaces of noncompact type with real rank one. We will discuss this

result in Chapter 6.

To proceed further, we need some more definitions.

Definition 1.0.17. Given a measure i on R", we consider the following sets.

i) A point 2o € R", is called a Lebesgue point of a measure 1 on R", if there exists L € C,

such that
= I (Blao, )

e ) B

The set of all of Lebesgue points of a measure p is called the Lebesgue set of 1 and is

denoted by L, (u).

i) A point zg € R", is called a o-point of p if there exists L € C satisfying the following:

for each € > 0, there exists § > 0 such that

(= Lm)(B(z,7))| < (|l — zol| +7)",

whenever ||z — || <, and r € (0,6). In this case, we will denote the complex number

L by D,pu(xg). The set of all o-points is called the o-set of i and is denoted by >, (1).

iii) Sn(n) = {xo € R" | the strong derivative of y exists at z}.

It can be shown that L, (u) includes almost all points of R™, and that

Ln(ﬂ) C Zn(ﬂ)a

for a measure y on R". The set L, (1) was introduced by Saeki [Sae96, P.135] generalizing

the notion of Lebesgue point of a locally integrable function. As has been mentioned already,
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the set S, (1) was defined by Ramey and Ullrich [RU88, P.208]. The set %, (1) was defined
by Shapiro [Sha06, P.3182] for locally integrable functions and for measures it was defined in
[Sar21b, Definition 2.1].

We again look back at the theorem of Fatou (Theorem 1.0.8) regarding nontangential
convergence of Poisson integral of measures. According to the result of Ramey and Ullrich
(Theorem 1.0.13), if 11 is a positive measure then the nontangential convergence of its Poisson
integral P[u] takes place precisely at the points of S,,(1). However, the same is not known
about measures (not necessarily positive) with well-defined Poisson integrals. In [Sha06,
Theorem 1], Shapiro proved that if du = f dm, for some f € LP(R"), 1 < p < oo, then P[y]
has nontangential limit at all points of ¥, (x). Shapiro also gave an example of a function
fe LP(RQ), for all 1 < p < oo, such that the origin is a o-point of f but not a Lebesgue
point. In Chapter 5, we will define the notion of Lebesgue points and o-points of a measure
on a stratified Lie group and prove an analogue of Shapiro’s result. When we specialize to

the Euclidean space, our results include the following.

i) For a measure ;1 on R", the following set containment holds.

Ly (p) € Xn(p) C Sn(p).

In one dimension, the following equality holds.

Y1) = Si(p).

i) Nontangential convergence of the convolution integral ¢[u| takes place on the set X, (1)
for a fairly general class of radial kernels containing the Poisson kernel. This extends

the result of Shapiro [Sha06, Theorem 1].

In the same chapter, we shall construct a measure on the Heisenberg group such that the set
of all Lebesgue points of the measure is strictly contained in that of all o-points. A result
analogous to ii) above was proved in [EH06, Theorem 3.4]. However, by means of an example,

we shall show that our result does not follow from that of [EH06, Theorem 3.4].
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The last result we will be discussing in this thesis was proved by Repnikov and Eidelman
[RE66, RE67] regarding large time behavior of certain solutions of the heat equation. They

proved, among other things, the following result.
Theorem 1.0.18 ([RE66, Theorem 1]). Let f € L>®(R"), zo € R", L € C. Then

1

T]L%W/B(xw) f(z)dm(z) =L, (1.0.16)

if and only if
lim f*w ;(70) = L, (1.0.17)

t—o00

where w s (x) is the heat kernel of R" (see 1.0.12).

We will extend the above theorem for two different approximate identities {¢;} and {1}
(see Theorem 2.1.14). Precisely, we will find a set of sufficient conditions on the function ¢

such that for f € L>*(R"), zp € R" and L € C

lim f % ¢y(xg) = L,

t—o00

implies that
tli{?of * ¢t(x0) = L)

for all radial function ¢ € L*(R™) satisfying

/n O(z) dm(z) = 1.

We will further show that one of these conditions is also necessary. We will then use this result
to prove a theorem analogous to Theorem 1.0.18 regarding asymptotic behavior of certain
eigenfunctions of the Laplace-Beltrami operator on real hyperbolic spaces (see Corollary 2.2.6
in Chapter 2). As such there does not exist any connection between Theorem 1.0.6 and
Theorem 1.0.18, at least in this generality, apart from the fact that they seem complementary
to each other in some sense. However, from our viewpoint, the main reason for including
both these results in the same chapter (Chapter 2) is the fact that proof of both these results

depend crucially on the Wiener Tauberian theorem for the multiplicative group (0, 00).
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We now describe the chapterwise content of the thesis.

Chapter 2: Theorem 2.1.3 extends the result of Rudin (Theorem 1.0.6) for a fairly general
class of radial kernels containing the Poisson kernel. Necessity of these conditions has been
discussed in Example 2.1.9. Our next result, Theorem 2.1.14, extends the result of Repnikov
and Eidelman (Theorem 1.0.18) for a suitable class of approximate identities satisfying certain
conditions. Example 2.1.16 discusses necessity of these conditions. We have then used
Theorem 2.1.3 to prove a result analogous to Theorem 1.0.6 for certain positive eigenfunctions
of the Laplace-Beltrami operator on real hyperbolic spaces H", n > 2 (see Theorem 2.2.4).
Analogue of Theorem 1.0.18 for certain eigenfunctions of the Laplace-Beltrami operator on
real hyperbolic spaces H" have also been proved in this chapter (see Theorem 2.2.6). Results

of these chapter have appeared in [Sar].

Chapter 3: In this chapter, our main result is Theorem 3.3.2, which extends the re-
sult of Gehring (Theorem 1.0.16) in Euclidean upper half-spaces R:*, regarding parabolic

convergence of positive solutions of the heat equation. This result has appeared in [Sar21c].

Chapter 4: Our aim, in this chapter, is to prove a variant of Theorem 1.0.16, for positive
solutions of the heat equation on stratified Lie groups. This result can also be viewed as a
generalization of Theorem 3.3.2. After discussing necessary prerequisite regarding the analysis

on these groups, we prove our main theorem which is Theorem 4.4.2.

Chapter 5: The main result of this chapter is Theorem 5.2.12, which generalizes Shapiro’s
theorem (Theorem 5.1.2) for a fairly general class of radial kernels as well as for measures.
One of our result of this chapter, in particular, shows the relationship between the sets L, (1),

Yn(p), Sp(p) (see Definition 1.0.17), for a measure 1 on R™.

Chapter 6: In this chapter, we prove an analogue of Theorem 1.0.13 for certain positive
eigenfunctions of the Laplace-Beltrami operator on Harmonic N A groups. Our main result in

this chapter is Theorem 6.4.2.






Chapter 2

Generalization of a theorem of Loomis

and Rudin

In this chapter, we generalize the result of Loomis and Rudin (Theorem 1.0.6), to show that
analogous result remain valid for more general convolution integrals other than the Poisson
integral. We will then apply this result to prove a result regarding boundary behavior of certain
positive eigenfunctions of the Laplace-Beltrami operator on real hyperbolic spaces H", n > 2.
Our other aim, in this chapter, is to prove a generalization of the result of Repnikov and
Eidelman (Theorem 1.0.18) regarding large time behavior of bounded solution of the heat
equation. We will then use this result to prove a result regarding asymptotic behavior of
certain eigenfunctions of the Laplace-Beltrami operator on real hyperbolic spaces H". The
main results of this chapter are Theorem 2.1.3, Theorem 2.1.14, Theorem 2.2.4, and Theorem

2.2.6.

2.1 The Euclidean spaces

We recall that for a measure 1 on R™ and a complex-valued function ¢ on R", we have defined

the convolution integral ¢[u] by

Blul(a.t) = px dnla) = [ dula =€) du(©).

17
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whenever the integral converges absolutely for (x,t) € R, Here,

de(x) =t"¢ <?> , xeR" te(0,00).

We say that the convolution integral ¢[u] is well-defined in E C R/, if the integral above

converges absolutely for all (z,t) € E. It is well-known that if ¢ € L'(R"), with

[ oa) dm(z) = 1.

then {¢; | t € (0,00)} is an approximate identity [SW71, Theorem 1.18], where m is the
Lebesgue measure on R™. Throughout this chapter, whenever an integral is involved, we will

write dz instead of dm(x) and hope that it will not create any confusion.

Remark 2.1.1. As we have already mentioned, it was proved in [Sae96, P. 137] that if ¢ is
a nonnegative, radially decreasing function on R™ then finiteness of |u| * ¢y, (o), for some
(zo,t0) € R, implies the finiteness of || * ¢.(x) for all (z,t) € R™ x (0,t), that is, ¢[u]
is well-defined in R™ x (0,,). Note that if |u|(R") is finite, then ¢[u] is well-defined in R’/

In Saeki's theorem (Theorem 1.0.5), which generalize Fatou's theorem (Theorem 1.0.2)
for an approximate identity {¢; | t € (0,00)}, it is necessary for ¢ to satisfy the comparison

condition (1.0.6).

Example 2.1.2. The following are some simple examples of functions which satisfy the con-

dition (1.0.6).

i) For a € [n/2,00), and k € [0,00), we define

1
K(z) = , xeR"
) = T e tog@ + ol

We have for t € (0,1), and ||z]| > 1,

Ki(z) t_nf%“(l + [|z[|?)* log(2 + ||z
K(x) (t2 + ||z|]?)> log (24—@)
< t20¢—n(1 + ||lz[|?)* log(2 + ||=||7)

[[[|? log (2 + [|]|)

2a—n 1 ¢
< t 1+ 5 .
]
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This shows that K satisfies the comparison condition (1.0.6). In fact, in case of o >

n/2, we have the following stronger result.

. Ki(z)
K T

uniformly for = € B(0,€)", for any € > 0. In particular, taking oo = 21, k = 0, we see

that

[((n+1)/2) ol n
P@)= —mme 1+ 2%, zeR

satisfies the comparison condition (1.0.6).

ii) For positive real numbers a and (3, we define

Gt(x) — tfneia(%il)”xwi < tfneicY(tT’ 1) = et e B
G(x)
Taking limit as ¢ — 0, we get
Gi(x) _
o

uniformly for z € R™ \ B(0,1). Thus, G satisfies the comparison condition (1.0.6). In

particular, the Gaussian

ll]2

w(z) = (4r) 2 1, ze€R"

satisfies the comparison condition (1.0.6).

We recall that the symmetric derivative of a measure 1 on R”, at a point o € R", is
defined as

_ i MB 0, T)
Daympt(o) = lim orm 2y

whenever the limit exists. Here, B(xg,7) = {x € R" | ||z — xo|| < r} is the open ball of

radius r with center at xy with respect to the Euclidean metric. We are now in a position to
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present the our first result of this chapter, which generalizes the result of Loomis and Rudin

(Theorem 1.0.6).

Theorem 2.1.3. Suppose ¢ : R" — (0, 00), satisfies the following conditions:

1) ¢ is radial, radially decreasing measurable function with ||¢||,1(rn) = 1.
2) ¢ satisfies the comparison condition (1.0.6).
3) Forall y € R,

/Rn o()||z|| dz # 0. (2.1.1)

Suppose i is a positive measure on R™, such that u * ¢4, (0) is finite for some ty € (0,00). If

for some xy € R", and L € [0, c0)
lim g% @1 (o) = L,
then Dgypmpt(zo) = L.

This theorem will be proved after we prove the necessary lemmas. Our first lemma shows
that the comparison condition (1.0.6) can be used to reduce matters to the case of a finite

positive measure /.

Lemma 2.1.4. Suppose ¢ : R" — (0,00), satisfies the conditions 1) and 2) of Theorem

2.1.3. If u is a positive measure such that px ¢4, (0) is finite for some ty € (0,00), then

lg%p*qbt(()) :1%“*@(0)’ (2.1.2)

where [i is the restriction of 11 on the closed ball B(0,t,). Moreover,

Dyyt(0) = Dyymfi0). (2.1.3)
Proof. We write for t € (0,1t),
wral0) = [{zemnxqo} WV IV J o cpoppoporey P D)
= o0+ [ o) duta). (2.1.4)
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Since ¢ is a radial, radially decreasing function, we have for any r € (0, 00),

r

/r/2<x||<r de) de > w”‘lgb(r)/ s"Hds = Car"9(r),

r/2

where w,,_; is the surface area of the unit sphere S"~! in R", and C,, is a positive constant
which depends only on the dimension. Since ¢ is an integrable function, the integral on the

left hand side converges to zero as r goes to zero and infinity. Hence, it follows that

lim [|z||"¢(z) = lim |z||"¢(x) = 0. (2.1.5)

[[z]|—0 l[z[| o0

We denote the integral appearing on the right-hand side of (2.1.4) by I(¢). Then, fort € (0, 1)

) = (o) [ o 6(i) du

() (i)
/{1€R7L||m>to} W%@ dpu(). (2.1.6)

lim <M> é (“7) — 0,
t—=0 \ ity tto

for each fixed x € R". Also, by the comparison condition (1.0.6), we have

() o (&) _old) _ .

From (2.1.5) we get that

lel"ou(z) ~ o (2)

to

whenever ||z|| > ty, 0 <t < 1,

for some positive constant C. Since ¢;, € L*(R"™, dpu), it follows from (2.1.6), by the domi-
nated convergence theorem that

Consequently,
lim /(t) = lim 1 (tty 'to) = lim oi(x) du(x) = 0.

t—0 t=0 J{zeR?|||lz||>to}

This proves (2.1.2). Proof of (2.1.3) follows easily as for all € (0, t),

(B0, 7)) = n(B(0,r)). =
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Next, we are going to prove two simple lemmas which will be used in the proof of the main

theorem.

Lemma 2.1.5. Let ¢ : R" — (0,00), be a radial and radially decreasing measurable function.

Let 1 be a finite positive measure on R™ and

v(t) = p*¢i(0), te(0,00).

If

limu(t) = L < oo,
t—0

then

i) v is a bounded function on (0, c0).

i) The function
M(r) = )) r € (0,00), (2.1.7)

is a bounded function on (0, c0).

Proof. The proof of i) is simple. Indeed, as v has finite limit L at zero, there exists some
d € (0,00), such that
0<wv(t)<L+1,

for all ¢t € (0,6). On the other hand, for all ¢t > ¢

0 0(t) = [ o) du@) = [ 6 (5) duta) < 67 o0u®.

As ¢(0) and p(R™) are finite quantities, v is bounded on (0, c0).

To prove i), it suffices to show that
M(r) < Chev(r), forall r e (0,00). (2.1.8)

Using the fact that ¢ is radial and radially decreasing, we observe that

o) = [ o(%) duta)

r
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r /B(O,r) ¢ (i) d,u(l')

r" /B(o,r) ¢(1) du(z)
= m(B(0,1))p(1)M(r),

v

v

for all r € (0,00). As ¢(1) € (0,00), the inequality (2.1.8) follows by setting C,,, =
(m(B(0,1))$(1))"". This completes the proof of ii). O

Remark 2.1.6. We observe that the inequality (2.1.8) remains valid even if x is an infinite

positive measure. This observation will be used in the proof of Theorem 2.1.10.

To prove our next lemma we will have to use the convolution on the multiplicative group

(0,00), with Haar measure ds/s. To differentiate with the convolution on R", we write

[ *0,00) 9(t) = /OOO f(s)g <t> g

s/ s
where f and g are integrable on (0, c0), with respect to the Haar measure ds/s.

Lemma 2.1.7. Suppose k € L> ((0,00)), is such that

lim k(t) = L,

t—0

for some L € C. Then for all f € L*((0,00),ds/s), with

[TreC =1,

we have

lim f *(0,00) k(1) = L.

t—0

Proof. Let f be as above. We note that for each ¢ € (0, 00),

/OOO F(s)k (i) dj— /OOO f(s)k(t)cis
[Fueife(t) - ro| < (2.1.9)

| %0000 k() — k(1)| =

IN

S
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Since k(t) has limit L as t goes to zero, it follows that for each fixed s € (0, 00),

k (t> - k(t)‘ 0.

S

lim
t—0

The integrand on the right-hand side of (2.1.9) is bounded by 2||k|| o ((0,00))|.f|, an integrable

function on (0, 00). Using dominated convergence theorem we conclude from (2.1.9) that

lim | £ #(0.00) (t) = (t)| =0,

t—0

which in turn, implies that

lim f (000 k(t) = lim k(t) = L. O

t—0

The following versions of Wiener's Tauberian theorem [Rud91, Theorem 9.7] for the mul-

tiplicative group (0,00), will be used multiple times in the remaining part of this chapter.

Theorem 2.1.8. Suppose 1) € L*>°((0,0)), and K € L'((0,00),ds/s) with the Fourier

transform K everywhere nonvanishing on R.

1. If for some a € C
lim K *(g00) () = aK(0),

t—o00

then for all f € L'((0,00),dt/t),

lim f #(0,00) ¥ (t) = af(0).

t—o00

2. If for some a € C
lim K #(0,) (1) = ak (0),

then for all f € L'((0,00),dt/t),

A

lim f #(0,0) (1) = af (0).

We now prove our main result of this chapter.
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Proof of Theorem 2.1.3. Without loss of generality, we can assume that z, is the origin.

Indeed, we consider the translated measure iy = 7_,, 4, where

(Tep) (E) = p(E = &), (2.1.10)

for all Borel subsets ¥ C R". Using translation invariance of the Lebesgue measure it follows
from the definition of symmetric derivative that Dy, 110(0) and Dy, (o) are equal. On the

other hand, for a function f : R™ — C, its left-translate by £ € R", is defined as

Tef(x) = fle—§), zeR" (2.1.11)

As translation commutes with convolution, it also follows that

po * G1(0) = (Toaot ¥ 01)(0) = Ty (1 ¢1)(0) = g% P1(0),

for all ¢ € (0,00). This shows that we can assume that x is the origin. In view of Lemma

2.1.4, we can restrict ;1 on B(0, 1), if necessary, to assume that p is a finite positive measure.

As before, we define
v(t) = px ¢ (0), 0 <t < o0; M(T):ﬁ 0<r<oo.

From Lemma 2.1.5, we know that both v and M are bounded functions on (0, c0). Following

[Rud78], we consider the following function on (0, o).

0, te(0,1)

nt=", ¢ > 1.

Clearly, H € L'((0,00),dt/t) with ||H || 11((0,00),at/ty = 1. We observe that for r € (0, c0),

H %00y v(r) = /OOO H <7’> v(s) ds

S S

S () o
e[ ()

= nr‘”/n/orgb(i;:) isdu(ﬁ), (2.1.12)
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where we have used Fubini's theorem and the fact that ¢ is positive to obtain the last equality.

Since M is a bounded function, it follows from the definition of M (2.1.7) that

lim u(B(0,7)) = limm(B(0,r))M(r) = 0,

r—0 r—0

that is, 4+ has no point mass at the origin. We can now write, from (2.1.12), the convolution

H *(9,00) v in a different way.

Hioo o) = v [ 70 (%) % duto
N W_n/n\m}/wI i <t||xw||> 7@(1‘)

(change of variables, s = t||z||)

= [0 () T
=n// o W0 (5 () 5

(by Fub|n| s theorem)

- nm(B(o,1))/0°° “(B(O’:»)tngb (1) dt

(
- nm(B(O,l))/OOOM(Z) £ <1> d (2.1.13)

By defining
gls) =nm(BO.1)s 70 (). s (0.00)

equation (2.1.13) can be rewritten as

H %(000) V(1) = M %000 g(r), 7 € (0,00).

By hypothesis, v(r) converges to L as r goes to zero and hence by Lemma 2.1.7, so does

H *(g,00) v(r) . It now follows from the equation above that

lim M *(o,00) g(r) = L. (2.1.14)

r—0

We want to use the Wiener Tauberian theorem (Theorem 2.1.8) to deduce, from (2.1.14),
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that for all f € L! ((O, 00), %) with integral one,

lim M *(00) f(r) = L. (2.1.15)

r—0

In order to do so, we need to show that ¢ is of integral one with everywhere nonvanish-
ing Fourier transform on the multiplicative group (0,00). This can be deduced from the

assumption (2.1.1). Precisely, for all ¥ € R we have

ily) = /Ooog(S)Side

S

= nm(BO.Y) [Tsme (L)

— nm(B(0,1)) /0 h ¢(t)tiytn‘ff

( change of variables, t = 1/s)

= [ o@)lz]” dx.

We observe that by considering y = 0, it also follows that g € L'((0, 00), dt/t), with §(0) = 1.
Validity of the limit (2.1.15) now follows from the Wiener's Tauberian theorem (Theorem
2.1.8). In the final part of the proof we shall use (2.1.15) to deduce that

Dy pt(0) = lim M(r) = L. (2.1.16)

r—0

We fix an arbitrary v € (1,00). We choose two positive functions f; € C.((0,0)), fo €
C.((0,00)), such that || fi|lL1((0,00),at/) = 1, for i = 1,2, and

1
supp f1 C [1,7], supp f» C lV’ll :
By monotonicity of u we have for t € [1,7] and r € (0, ),

n (30) () = (20 7) <500,

and hence

r B(0,7))
m(T) < N~ M(r) < "M (). (2.1.17)
(=20
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By a similar argument it follows that for ¢ € [1/v,1] and r € (0, c0),
r _
M <t> >~ "M(r).

Now, for r € (0, 00)

Mo i) = [ 1 (F) T < [[mm)fi) F =m0,

where the inequality follows from (2.1.17). Similarly, using (2.1.18) we get
M *000) fo(r) >~ "M(r) 7€ (0,00).
Combining (2.1.19) and (2.1.20) we get
YM *(0,00) f1(r) < M (1) < A"M %(0.00) f2(1), 7€ (0,00).
Allowing r tending to zero in the inequality above and using (2.1.15) we get
v "L < lirrn_%lfM(r) < limsup M(r) <~"L.

r—0

This implies (2.1.16) as v > 1 is arbitrary. This completes the proof.

(2.1.18)

(2.1.19)

(2.1.20)

We now show by an example that Theorem 2.1.3 fails in the absence of condition (2.1.1).

Example 2.1.9. Suppose ¢ : R” — (0,00), is such that it satisfies the first two conditions

of Theorem 2.1.3 but does not satisfy the third condition. That is, there exists yy € R, such

that
[ é@)cos(yolog 2] do = [ (a)sin(yo log |2]) dz = 0.

(2.1.21)

As ||@||L1rny = 1, and ¢ is strictly positive, we have 3, # 0. We consider the function

flx) = 2+cos(yolog|lz]), = eR"\{0},

= 1, x =0,

and define a positive measure, du(x) = f(z) dm(x).
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We will show that
%1_{%# * 0y (0) = 2, (2.1.22)

but the symmetric derivative of i does not exist at zero. Now, for all ¢ € (0, 00)

pra0) = e [ o(5) fla)da

t
= [ o@)f(tr) do
= 2/ d:v+/ ) cos(yo logt + yo log ||z||) dx

= 2+ cos(yplogt) /Rn o(z) cos(yo log ||z||) dz

— sin(yo log t) /]R () sin(yo log || ]) dz

= 2,

where the last equality follows from (2.1.21). This implies the limit (2.1.22). On the other

hand, for any r € (0, c0)

1 1
m<B((lr))/B(o,T>f () dv = m(B(0,7)) /B(Om)(”COS(yo log [|))) d
1

= 2+ ||| v dx]

Rl
m(BO,r) l B
Wn_1 rio
= 24+ Re -
m(B(0,1)) (n + Zyo>
n cos(yo logr) + yo sin(y log 7")
n? + ya

- 24

(2.1.23)

— . .
As yq is nonzero, taking ; = e Twl, for j € N, we get from the equation above that

p(BO) 1 gy (=1
n(B0.7)) = WBE Joary =2 g

jeN.

Since r; — 0, as 7 — oo, it follows from the relation above that Dsym,u(()) does not exist.

It now remains to construct a function ¢ on R", as above. To do this, we first consider

the following functions defined on (0, c0):

n

9(r) = Xe-14(r),  f(r)= e



30 Chapter 2. Generalization of a theorem of Loomis and Rudin

Clearly, f and g both are in L'((0,00),dr/r), and the function r — r~" f(r) is decreasing in
(0,00). Moreover, for all y € R\ {0}

[ gty &= 20
0 r Y

which vanishes for y = 7. We now define

0(s) = Frosas) = [ 1 (2) o) %, s € 0.00)

r r

Then ¢ € L'((0,00),ds/s), with 1 () = 0, and 1) is strictly positive. Hence,

o0 d
Cy ::/0 YP(s) ?8 > 0.

As the function 7 +— =" f(r) is decreasing in (0,00) and ¢ is nonnegative, it follows that

L e @120

is also decreasing. We observe that for each r € (0, 00)

lim f(s/r) —lim = r ",
s—0 sn s—0 (r + 5)2”

and
f(s/r)

g(r) <r "g(r), se(0,00).

Sn
From the expression (2.1.24), it follows by applying dominated convergence theorem that
lim vls) _ / g(r)r~ ™ ar > 0.
0

s—0 sn
Finally, we define ¢ : R™ — (0, 00), by

L (=)

p(z) ={ WWn-1 )™
! lim ¥(s)

CyWp_1 570 s™

x # 0,

, x = 0.

By construction, ¢ is strictly positive, radial and radially decreasing on R™.
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For all y € R,

[ olalall dr =y —— [T g L[y
R™ 0 S

CyWn—1 sn Cy J0O

This shows that ¢ € L'(R"),
/ o(z) de =1,

and

L, #@lalmdz = 0.

It remains to show that ¢ satisfies the comparison condition (1.0.6). The function ¢ has the

following explicit expression

e r"s™  dr
W(s) = / TR T (2.1.25)

Differentiation under the integral sign yields

e n(r+s) 1" (r —s)

Vi = [ T

which is negative if s € (e,00). Hence, 1 is decreasing in (e,00). Now, for ||z|| € (e, o0),

and ¢ € (0,1) we have from the definition of ¢

¢e(x) _ p(llll/t)

W(lzl) _
o) ~ w(lel) = olllzl) (2.1.26)

()

We will now deal with the case ||z|| € (1,¢], and t € (0,1). Using the expression (2.1.25) of

1, it follows that for s € (1, €]
P(s) > /e ¢ dr= a, > 0. (2.1.27)

Also, for t € (0,1), and s € (1,¢]

e n o n,.n—1 e e
()Lt [t [ren, @i
Je=t (tr + s)™" e ! e

It now follows from (2.1.27) and (2.1.28) that for ||x|| € (1,€], t € (0,1)

oi@) _ v(llell/1)
o) ~ ol

< a,'by. (2.1.29)
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Inequalities (2.1.26) and (2.1.29) together imply that ¢ satisfies the comparison condition
(1.0.6).

In the following theorem we show that Theorem 2.1.3 remains valid for a restricted class

of measures in the absence of condition (2), that is, the comparison condition (1.0.6).

Theorem 2.1.10. Suppose ¢ : R™ — (0, 00), satisfies the following conditions:

1) ¢ is radial, radially decreasing measurable function with ||¢||,1(rn) = 1.

2) ¢ satisfies the condition (2.1.1).

Suppose that 1 is a positive measure on R™ such that
u(B(0,r)) =O(r"), as r — oo, (2.1.30)
and that p x ¢, (0) is finite for some t, € (0,00). If for some xy € R™, and L € [0, c0)
lim g1 % ¢y (o) = L,
then Dgympt(zo) = L.

Proof. Without loss of generality, as before, we assume that z( is the origin. We will use
the same notation as in the proof of Theorem 2.1.3. From the proof of Theorem 2.1.3 we
observe that it suffices to prove the boundedness of the functions v and M and then the
rest of the arguments remains same. Using Remark 2.1.1, we note that v is well-defined in
(0,%o] and the fact that v is well-defined in (¢y,00) will be shown to be a consequence of
the condition (2.1.30) in the hypothesis. According to Remark 2.1.6, the boundedness of v
implies boundedness of M. Therefore, it suffices to prove that under the hypothesis of the
theorem the function v is bounded. Since v has limit L at the origin, there exists ¢ € (0, ),

such that v is bounded on (0,4]. We observe that for ¢ > 4,

. ¢t(0) = /B(o,t) ¢ (f) du(a:) e ki_o: /2k1t§x||<2kt ¢ (f) du(x)
< $(0)m(BI0, 1>>m 36 (B0,2°)
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s u(BO.0) 0 i oty HB(0,250))
< m(B(0,1)) <¢(0) + kz_j 2%(2’“—1)) sup m (2.1.31)

As ¢ is radial and radially decreasing, we have

9 o 2k
n—1 — n—1
/1 o(r)r"dr = kz::l - o(r)r"dr
o] 2k
> Z¢(2k)/ "1 dr
=1 2k—1
() 2nk: _ 2n(k—1)
= > @) ———
k=1 n
-n —2n 00
n k=1
Integrability of ¢ now implies that
> 2"g(2F ) < oo
k=1

Hence, we conclude from inequality (2.1.31) that for all ¢ > 4,

1(B(0,1))
0)< C, 2 _ o M(#), 2.1.32
p* ¢y (0) < SSUD L B(0.1)) #SUD (t) ( )

where

s = m(B(0.1)) (000) + 32027 ) <.

k=1

As p satisfies (2.1.30), there exist positive constants C' and 7 such that for all r > 7,

u(B(0,r))
m(B0,r) =
On the other hand, for all r € (§,79),
p(B(0,r)) _ p(B(0,r)) _ p(B(0,70
m(B(0,7)) — m(B(0,d)) — m(B(0,4))
Therefore,
sup M (r) = sup B0, r < oo
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Existence of v on (¢, ), and boundedness of v on (§,00), now follow from boundedness of

M on (§,00), and (2.1.32). This completes the proof. H

Remark 2.1.11. i) If p is an absolutely continuous measure with L? density, then p
satisfies the growth condition (2.1.30). Indeed, if du = f dm, with f € LP(R™),
p € (1, 00|, then by the Holder's inequality we have

=

n
re

pBO.I< [ Ifldm < |l (m(BO.1)

< ey (m(B(0, 1)))7" ™,

=

AN

for all 7 > 1, where p' is the conjugate exponent of p. If du = f dm, with f € L(G),
then |u|(G) is finite. Hence, in this case the comparison condition (1.0.6) in Theorem

2.1.3 is not necessary.

i) The condition (2.1.1) on ¢ is necessary in this case as well and can be seen from Example
2.1.9 by noting that the positive measure du(x) = f(z) dm(z) described there satisfies
(2.1.30), in fact,

u(B(0,7)) <3m(B(0,r)), forall re (0,00).

As an application of Theorem 2.1.3, we now suggest an alternative proof of a result of
Watson [Wat77, Theorem 4] (see also [Geh60, Theorem 4] for the case n = 1, due to
Gehring) regarding boundary behavior of positive solutions of the heat equation in R’:" along
the normal. Like positive harmonic functions in ]RTI, we have similar characterization of the

positive solutions of the heat equation.

Lemma 2.1.12 ([Wat12, Theorem 4.18]). Let u be a positive solution of the heat equation
in R™ x (0,to), for some ty € (0,00|. Then there exists a unique positive measure yi (known

as the boundary measure of u) on R", such that

u(:v,t):W[,u](x,t):/ W(x — &) du(€), x €R", t e (0,t).

n

We recall that W {u] is the Gauss-Weierstrass integral of  (see (1.0.13)).
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Corollary 2.1.13. Let u be a positive solution of the heat equation with boundary measure

win R™ x (0,ty), for some ty € (0, 00]. If for some xy € R™, and L € [0, 00)
1151_1301 u(zo,t) = L,

then
Dsym,u(.fl:o) = L

Proof. We consider the Gaussian w = W(-,1) given in (1.0.12). Clearly, w is a strictly
positive, radial, radially decreasing function on R". Moreover, ||w| i@y = 1 [SWT71, P.9],
and w satisfies the comparison condition (1.0.6) ( see Example 2.1.2, ii)). To apply Theorem

2.1.3, all we need is to show that w satisfies (2.1.1). Now, for all y € R,

[

| w@lal*de = (@m)7F [ e )| do
R™ R

a o 2o
= (4m) 2wn_1/ e Tr¥r" T dr
0

n . S iy+n
= (4%)_5@1_12"_1“‘”/ et gt
0

(by the substitution r = 2v/%)

— (dm) Fuw, 20T (” J; Zy) ,

which is nonzero. As
1iiléu(x0,t) = %gl% Winl(xo,t) = 15%“ *w (70) = %Ln%u s« wy(xg) = L,
the proof follows by Theorem 2.1.3. O

Our next result is a generalization of the result of Repnikov-Eidelman (Theorem 1.0.18)

alluded to in the introduction.

Theorem 2.1.14. Suppose ¢ € L'(R™), and ¢ € L'(R"), are radial functions such that

/Rn ¢(z) dz = /R (x) do = 1. (2.1.33)

Further assume that ¢ satisfies the condition (2.1.1).
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If f € L>*(R"), is such that for some xo € R", and L € C,

}l}I&f * th(l‘()) = La

then
tliglof * Yy (z0) = L.

Proof. Using polar coordinates we write

t" /Rn flzg — )0 (i) dx
= t" OOO /Sn_1 f(zg —rw) do(w)ep <7L:> r"Ldr

- o)) 1o

I * du(x0)

where

fo(r) = - flzo —rw)do(w), r >0,

with o being the rotation invariant measure on the unit sphere S"~!. Clearly, f; is a bounded

function on (0, 00). We set

From (2.1.34) we get the relation

f*@i(x0) = fo *(0.00) 96(t), £ >0. (2.1.35)

A similar computation shows that

[ (o) = fo*0,00) 9u(t), >0, (2.1.36)

where

gy(s) = s"p(sh), s> 0.

Since ¢, ¢ are radial and integrable functions on R", it follows that g4 and g, belong to the
space L'((0,00), %).

s
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Moreover, by (2.1.33)

/ooo 0(5) % = /Ooo gols) = = (2.1.37)

s S Wpo1

A simple calculation as in the proof of Theorem 2.1.3, shows that the Fourier transform of g,

on the multiplicative group (0, c0) satisfies

- 00 iy ds 1
3ov) = | gsls)s™ T =

L, #@lal dz 0.

Wn—1

for all y € R, as ¢ satisfies (2.1.1). Using the equations (2.1.35) and (2.1.37), it follows from

the hypothesis that

B fo % 0,00) go(t) = lim ok ¢y(x0) = L = Lewn-194(0).

From Wiener's tauberian theorem (Theorem 2.1.8) and (2.1.37) it follows that

1 fo %(0,00) 9 (t) = Liwn—195(0) = L.

An application of the relation (2.1.36) completes the proof. O

Remark 2.1.15. We will now show that the result of Repnikov and Eidelman (Theorem
1.0.18) can be proved using the last theorem. We choose ¢ = w, and ¢ = m(B(0,1)) " xp(0,1)-
We have already observed in the proof of Corollary 2.1.13 that ¢ satisfies all the conditions

of Theorem 2.1.14. We observe that 1 is a radial and integrable function on R™ with

/nz/)(x) dr = 1.

Hence, to deduce Theorem 1.0.18, it suffices for us to show that ¢ also satisfies (2.1.1). Now,

forally e R

L v@ e d = mBo10)" [

1
= m(B(O,l))_lwn_l/O rtn=t dr
1
n+iy’

(| da
71)

= m(B(0,1)) 'w, 4
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which is nonzero. Now, suppose f € L*(R"), and g € R", L € C. Applying Theorem

2.1.14 twice, it follows that

Jim £ ie0) = fim £ = o) = L

if and only if

. o 1 B
B 0 o0) = B e g T

This proves Theorem 1.0.18.

We show by an example that condition (2.1.1) is necessary for the validity of Theorem

2.1.14 as well.

Example 2.1.16. Suppose ¢ € L'(R"), is a radial function such that
/n ¢(x) do = 1. (2.1.38)
Assume that there exists yy € R, such that
[ o@)leldz =0, (2.1.39)

From (2.1.38), it is clear that y, is nonzero. Consider the function

fl@) = ™, =eR"\{0},
= 1, z=0.

Then f € L>*(R"™). We have that for all ¢ € (0, c0),
Fro @) =t [ fale (T) do=e [ el g e [ ool de

and hence by (2.1.39)
Jim £+ 64(0) = 0.

As in Remark 2.1.15, we again consider the function ¢ = m(B(0,1)) " x5(0.1)-
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Then 1) is nonnegative, radial with ||¢||,1(gn) = 1. We observe that

Frn(0) = m(B(o,n)—lt—”/ (o) dz

B(0,¢)

— m(B(0, 1))-1t—"/

™ dz
B(0,t)
t .
= wuom(B(0,1)) 7" / pivo,n=1 g
0
+iYo
— w,m(B(0,1))7

n+iyo

gm
As v is nonzero, taking t; = elwl, for j € N, we get from the equation above that

540, (0) = wo_1m(B(O, 1>>17f;12;0, jEN.

Since t; — 00, as j — oo, it follows that f % 1,(0) does not converge to any limit as ¢t goes

to infinity. This establishes the necessity of condition (2.1.1).

Since a bounded harmonic function u on R’ is the Poisson integral of a unique boundary
function f € L>°(R") (see [SWT71, Theorem 2.5]), the following result is a simple consequence
of Theorem 2.1.14.

Corollary 2.1.17. Suppose u is a bounded harmonic function on R, with boundary func-

tion f. Then for xq € R", and L € C,
Jim u(zo,y) = L,

if and only if

1
lim 7/ f(z)dz = L.
B(zo,r)

r=s m(B(wo,r))
Proof. We have (see 1.0.2)

u(z,y) = f*Py(x), zeR" ye(0,00).

The function P is radial and positive with ||P|[11gn) = 1 (see 1.0.5).
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We have for any s € R (see [Rud78, Equation (24)]),

S C oL CY
1+ xg_%x”dm:cn 2 2 0.
[+ el ] S CR
This shows that P satisfies (2.1.1). We have already shown in Remark 2.1.15, that the
function m(B(0,1)) ' xp(,1) also satisfies (2.1.1). Applying Theorem 2.1.14 twice, first with
=P and then with ¢ = m(B(0,1)) *xp.1), we get the result. O

Remark 2.1.18. i) If f € LI(R"), for some g € [1,00), then the result is trivially true,

as can be seen by using Holder's inequality. Indeed,

[f# Py(@)] < | fllzaen 1Pyl oy = nay™ 7 [ Fllzagen),

for all (z,y) € R, where ¢ is the conjugate exponent of g. On the other hand, for

anyx € R", r >0

1

— $d$<0nfr_% a(Rn),
m(B(zo, 7)) ~/B(:E0,r)f( Jdz < Cng [ f Il 2o (reny

where ¢, 4, C, , are two positive constants. Thus, L = 0 in both cases.

i) For f € L*(R"), the complex number L can be nonzero, as can be seen by taking f

to be the constant function 1.

2.2 Real hyperbolic spaces

In this section, we will apply Theorem 2.1.3 and Theorem 2.1.14 in the context of real
hyperbolic spaces and prove some analogous results for certain eigenfunctions of the Laplace-
Beltrami operator. We start with a brief review of some basic facts about real hyperbolic

spaces (see [Dav90, Stol6]).

We consider the Poincaré upper half space model of the n-dimensional real hyperbolic
space

H" = {(z,y) |z e R" ',y € (0,00)}, n>2,
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equipped with the standard hyperbolic metric

_da? + dy?

2
ds "

The boundary of H" is identified with R*~!. The Laplace-Beltrami operator for H" is given
by the formula [Dav90, P. 176]

0? 0
Apn =9 [Ap + == | — (n —2)y—.

The expression for the corresponding Poisson kernel P is given by [Stol6, P. 76]

n—1

Y

P (z, = Cpn )
) = T [

(x,y) € H", (2.2.1)

where ¢, is a positive constant so that

1 = 1.
/an P(x,1) dx

We note that if
Cn

—7 e Rnil?
A+ [z

¢(r) =

then for y € (0, 00)
i

by(x) =y~ (y) —Pla,y)

It is known that various classes of harmonic functions on H", are Poisson integral of functions
or measures defined on the boundary R"~! [BSOS03, Sto16]. One such class is the collection
of positive harmonic functions. More precisely, we have the following (see [Stol6, P. 113]):
given any positive harmonic function v on H", there exists a unique positive measure | on

R"~! and a nonnegative constant C' such that

u(z,y) = Cy" ' + Ple—&y)du(§), (z,y)eH"

Rn—1

It turns out that more general eigenfunctions of Ag» can be obtained by considering the

complex power of the Poisson kernel.
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For A € C, the A-Poisson kernel is given by the formula

i\

Paz,y) = (P(x’y)y_m - l( i ]_ (w,y) €H.  (222)

P(0,1) y? + lf?)"

It is known that for A € C, the function P, is an eigenfunctions of Ay~ and satisfies the

following eigenvalue equation (see [ADY96, P. 654, Equation (2.35)]).

n—1
APy = —(N*+ p*)Py, where p= 5
From the explicit expression (2.2.2), we observe that
pHIm(\) 1 n
[Px(z,y)| =y (x,y) € H".

(4> + [J]|?)o+im

Here and hereafter, Im(z) will denote the imaginary part of the complex number z. This shows
that for Im()\) € (0,00), and 1 < p < oo, we have Py(-,y) € LP(R™!), for all y € (0,0).

Moreover, the following formula is known [Kum16, Lemma 2.3].

/Rn_l P( 1) do = SN (2.2.3)

Cn

where c(\) is the Harish-Chandra c-function for H", and is given by

T(2i\(n/2)
T(D0(1/2 + i))

c(A) = 2" Im(\) < 0. (2.2.4)

It is clear from the formula above that the c-function has no pole or zero in {\ € C | Im(}\) <

0}. Therefore, for Im(A) > 0, we can normalize P,, to define
P)\(‘/Ea y) = d)\P)\(fE, y)7 (ZL’7 y) € an (225)
where dy = c,c(—\)71, so that

/Rn_l Py(z,1)dz = 1. (2.2.6)



2.2. Real hyperbolic spaces 43

Using the expression (2.2.2) we have the following important observation

i

Py(z,y) = dy [( v )n_lr_n—l

y? A+ [l?
—(n—1) d)\
n—1 .
(L+ [ly~tal?)™=

TR =N (j 1)

-1, .
nT+Z)\

=Y Y

= yrtid (wA)y(:c), (2.2.7)

where
Mx) = Py(z,1) = d, L . A x:’(”’l)’\g. 2.
) = Pl ) = (), @ = (2] @2

It follows from (2.2.6) that for Im()\) € (0, c0),

/RH D) de = 1. (2.2.9)

Hence, we get from (2.2.7) that for all y € (0, 00),

/ Py(z,y) dz = y**™,
Rnfl

whenever Im(\) € (0,00). Using the fact that c(—ip) = 1, it follows from (2.2.5) that
P, =P. For Im(X\) > 0, we define the \-Poisson transform of a measure ;o on R"!, as the

convolution

Pall(w,y) = [ Pae = €9) du(€), (w,y) € H, (2:2.10)

R7—

whenever the integral converges absolutely.

Lemma 2.2.1. Suppose that i is a measure on R"™! and that Im()\) > 0. If the integral
in (2.2.10) converges absolutely for some (xq,yo) € H", then it converges absolutely for all
(z,y) € H™.

Proof. We fix a point (x1,y;) in H". We observe from (2.2.5) and (2.2.2) that

1

_ p+HIm(X)
|Pa(,y)| = |daly (% + HxH2)p+lm()\)’

(x,y) € H".
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As Py(-,y1) is continuous, it is enough to show that for some large R € (0, c0),

[ 1B = €yl dipl(€) < oo
ligl>r

We observe that for large ||£||

Yo +llwo —&IP w0+ llwoll® + €117 — 2¢wo, &)
vt + o = €I yi + ol + €117 = 2(21,6)
Yo + llwoll* + 1I€1* + 2l zol1<]]

<
vt + llza? + (1€02 = 2fJ2 ][ I€]]
gy lwoll® 4 oleol
_ o TelP T T [
2 fe? _ olal
et e T 20
This shows that
2 2
Jim sup yg+||xo £H2 <.
lel—oo YT + |1 = €]
Similarly, one can prove that
2 2
timinf 0 TH70 = EIE S
leli—oo 7 + [lz1 — €]
Hence,
2 2
Yo+ llwo = €I° (2.2.11)

lel—o0 yi + ||z — &]J2

We obtain from the equation above that

+Im(A +Im(A +Im(A
:<y1>p m(}) . <y8+|’x0_§|’2>p m(): <y1>p m(X)
Yo leli=oe \ % + llz1 — &7 Yo

Thus, there exists some R € (0, 00), such that

Py(z1 =& 1)
Py(zo — &, yo0)

€] —o0

Px(xo — &, y0)

|PA(951 - 'f,yl)
Yo

Y pFHIm(X)
<1+ (1) . forall ||€]| > R.

Hence,

n p+Im(X)
/HOR [Pr(1 = & yn)] dlul(§) < 1+ (y()) /HOR | Px(z0 — & 10)| d]ul (€).
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This completes the proof as the right-hand side of the inequality above is finite by the hy-

pothesis. n

In view of the previous lemma, we say that Py[u] is well-defined in H", whenever the
integral in the right-hand side of (2.2.10) converges absolutely for some (z,y) € H". As P,
is an eigenfunction of Ag. with eigenvalue —(\? + p?), it follows that Py[u], provided it is

well-defined, also satisfies the eigenvalue equation
A Py[p] = —(N* + p*) P11
The relation (2.2.7) implies that Py[u] can be rewritten as

Pl (z, y) = g7+ (u i (W)y) (@), xR, y>0. (2.2.12)

From (2.2.8) and (2.2.4), we note that 1*(z) is positive for all z € R"!, if ) is equal to i3,
for some 5 € (0,00). In this case, Py[u] is a positive eigenfunction, provided it is well-defined,
with eigenvalue (3% — p?), whenever y is a positive measure. In fact, we have the following

characterization of positive eigenfunctions of Agn.

Lemma 2.2.2 ([DR92, Theorem 7.11]). Ifu is a positive eigenfunction of Ayn with eigenvalue
(% — p?, for some 3 € (0,00), then there exists a unique positive measure u (known as the

boundary measure of u) on R"~! and a nonnegative constant C, such that
u(w,y) = CyP*? + Pylu)(x,y), forall (x,y) € H" (2.2.13)

Remark 2.2.3. i) From the characterization of the positive eigenfunctions of Ay given

in [Hel77, Theorem 4.1], it follows that if a positive function u satisfies the equation
Agnu 4+ Au = 0,

in H", then one must have \ € (—oo, p?.

ii) The result of Damek and Ricci [DR92, Theorem 7.11] also characterizes all positive
eigenfunction of Ag. with eigenvalue 3% — p?, where 3 € (—00,0]. But our next

theorem, Theorem 2.2.4, does not apply to these eigenfunctions.
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We are now ready to prove an analogue of the result of Loomis and Rudin (Theorem 1.0.6)

for positive eigenfunctions of Agn.
Theorem 2.2.4. Suppose u is a positive eigenfunction of Ayr, with boundary measure i
and eigenvalue 32 — p?, for some 3 > 0. If there exists vy € R"™!, and L € [0, 00), such that

lim y”~Pu(zo, y) = L, (2.2.14)

y—0

then Dgypp(zo) = L.
Proof. As yi is the boundary measure of u, the expressions (2.2.13) and (2.2.12) imply that

u(z,y) = Cy’ P + =7 (u * (W)y) (z), zeR" y>0

Hence,

¥ u(z,y) = Cy*’ + (u * (W)y) (z), xeR"™ y>0

By the hypothesis (2.2.14) and the fact that 5 € (0, 00), it follows from the equation above

that
tng (44 (67), ) (w0) = lim y” (o, ) = L.

y—0

We recall from (2.2.8) that

iB 1 o n—1
(0 (x):dw(l—i-H:UHQ) , xR
It is clear from the expression above that ¢** is a strictly positive, radial and radially decreasing
function on R"~. Moreover, taking o = p+ 3, and k = 0, in Example 2.1.2, i), we see that
' satisfies the comparison condition (1.0.6). In order to apply Theorem 2.1.3, we need to
show that 1)? satisfies the condition (2.1.1). To do this, we will need the following well-known

formula [Gral4, P.420].

w/2 o)
/ (sin#)*(cos 0)* df =
0
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Now, for any A € C with Im(\) > 0, and s € R we have

1 pP—iA
A is is
dr = d —_— d
/Rn—llb ()]|x||** dz A s (1 ||$||2> ||z||** dx

oo 1 pid 5, n—2
= d,\wn,g/o (1—1—7“2) rr" = dr

/2 1 p—iA )
- d/\wn_g/ ( ) (tan )" 2" (sec §)* df
0

sec?
(using the substitution r = tan 0)
/2 . . .
= dAwn,Q/ (cos §)2P=2A—n=is) (4 g)n—2+is g
0
—2iA—n—is n—1+is
(e (g

2T (p — iN) ’

- d)an—Z

(2.2.16)

where the last equality follows from (2.2.15), as Im(\) € (0,00) . As, the expression on the
right-hand side of (2.2.16) is nonzero, it follows that ¢ satisfies (2.1.1). In view of (2.2.9),
the proof now follows simply by applying Theorem 2.1.3. O]

The last topic we are going to discuss in this chapter is related to the result of Repnikov
and Eidelman (Theorem 1.0.18). It is known that the exact analogue of the result of Repnikov
and Eidelman (Theorem 1.0.18) is false on H" (see [NRS21, Rep02]). However, an analogue

of Corollary 2.1.17 (which we view as a variant of Theorem 1.0.18) can be proved for H".

We define for A\ € C and f a measurable function on R"!, the \-Poisson transform P, f,

by a convolution analogous to (2.2.10)

Pf(ey) = [ P =& d, (ay) €H

whenever the integral converges absolutely. Since the kernel P,(-,y) is integrable for every
y € (0,00), for Im(A\) € (0,00), the A-Poisson transform P, f is well-defined in H", for
f € L>®(R™1). We will now prove an analogue of Corollary 2.1.17 for certain eigenfunctions

of Agn. In order to do this, we will need the following characterization of eigenfunctions of

AHn .

Lemma 2.2.5 ([BSOS03, Theorem 3.6]). Suppose u is an eigenfunction of Ay~ with eigen-
value —(\? + p?), where Im()\) € (0,00). Then u = P\f, for some f € L>°(R"™'), if and
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only if
sg%)y'm(’\)_pHu(.,y)HLoo(Rnfl) < 0. (2.2.17)
v

The function f will be called the boundary function of u. The following result, for A = ip,

can be thought of as an exact analogue of Corollary 2.1.17.

Theorem 2.2.6. Suppose u is an eigenfunction of Ay« with eigenvalue —(\* + p?), where
Im(X\) € (0,00). Further suppose that u satisfies (2.2.17) and f is the boundary function of
u. Then for zy € R*!, and L € C,

lim y~ "Nz, y) = L,

Yy—00

if and only if
1

TlLr?O m(B(xO, ’I")) /B(xo,’r’) f(l‘)dl‘ =L

Proof. Since f is the boundary function of u, we have

u(z,y) = Prf(z) = /

R

P =&y f©)ds, (z,y) e H".

The equation (2.2.7) now implies that

Z/f(erM)U(ﬂUo,y) = (f * (Q/JA)y) (o).

We also have

1

m(B(zo, 1)) /B(W) f(x)dx = f * (m(B(o, 1))*1><B<071>)r (20).

Now, (2.2.16) shows that )* satisfies (2.1.1). Also, from (2.2.8) and (2.2.9), we have
that ¢* is radial and is of integral one. We have already observed in Remark 2.1.15 that
m(B(0,1))  xp(0,1) also obeys (2.1.1). Application of Theorem 2.1.14 twice, first with ¢p=4*
and then with ¢ = m(B(0,1)) *xp(,1) finishes the proof. O

Remark 2.2.7. It is known that the analogue of Theorem 2.2.4 (for 8 = p), is false for
complex hyperbolic spaces (see [Rud08, P.78]). However, it is not known to us, at the

moment, whether the exact analogue of Theorem 2.2.6 holds for complex hyperbolic spaces.



Chapter 3

Parabolic convergence of positive

solutions of the heat equation in R’

In this chapter, we study the parabolic convergence of positive solutions of the heat equation
in the Euclidean upper half-space R"!. We prove that the existence of the parabolic limit of a
positive solution of the heat equation at a point in the boundary is equivalent to the existence
of the strong derivative of the boundary measure of the solution at that point. Moreover,
the parabolic limit and the strong derivative are equal. This extends the result of Gehring

(Theorem 1.0.16) in higher dimensions. The main result of this chapter is Theorem 3.3.2.

3.1 Introduction

We recall that the heat equation in R/t is given by

Au(z,t) = gtu(x,t), (z,t) € RTH,

where A = Y | % is the Laplace operator on R™. The fundamental solution of the heat

equation is the Gauss-Weierstrass kernel or the heat kernel of R", and is given by

ll]]

W(x,t) =w 4(x) = (47rt)_%e_ w . (x,t) € ]Rﬁ“

w(€) = 4m)"2e 1, (eR™

49
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The Gauss-Weierstrass integral of a measure 1 on R”, is given by the convolution

Wikl t) =+ wyile) = [ Wa=y,0) du(y),

n

whenever the integral above converges absolutely for (x,t) € R,

Remark 3.1.1. ([Watl2, Theorem 4.4]). As we have already mentioned, it is known that
if W[|ul](zo,t0) is finite at some point (z¢,ty) € R, then W/[|u|](z,t) is also finite for
all (z,t) € R™ x (0,tp). Moreover, W{u] is a solution of the heat equation in the strip
R™ x (0,tg). In this case, we say that W |[u| is well-defined in R"™ x (0, tp).

For the sake of completeness, we would like to state the following theorem, which describes
the relationship of the boundary behavior of Gauss-Weierstrass integral of a measures on R™
along the normal with the symmetric derivative of the measure. We recall that the symmetric

derivative Dy, /() of a measure defined on R”, at point 2y € R", is given by the limit

_ i M8 (0, 7))
Dsymlu(xo) - 71~—>0 m(B(l’Oa T)) ’

provided the limit exists.

Theorem 3.1.2. Suppose that 1 is a measure on R", with well-defined Gauss-Weierstrass
integral Wp] in R™ x (0,t,), for some ty € (0,00). If zg € R", L € C, then the following

statements holds.

i) If Dsymp(zo) = L, then
lim W g|(zo) = L.

t—0

ii) If, additionally, we assume 11 to be positive, then

lim Wpl(zog) = L

t—0

implies that Dy, 1(x¢) is also equal to L.

The proof of the first part of the theorem above follows from the result of Saeki (Theorem
1.0.5) (see also [Wat77, Theorem 3] for an alternative proof) and the second part has already
been discussed in Chapter 2 (Corollary 2.1.13). It was Gehring [Geh60, Theorem 3], who had
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shown, for n = 1, that the conclusion of the second part of the theorem above does not hold

true for signed measures.

We now focus on the main topic of this chapter, namely the extension of Gehring's result
(Theorem 1.0.16) in higher dimensions. The main tool used in Gehring's proof is Wiener's
Tauberian theorem. But it is not at all clear to us at the moment whether the same approach
can be adapted to prove analogue of Theorem 1.0.16, for n > 1. As we have pointed out
in the introduction of this thesis, correct interpretation of the derivative of the distribution
function of a measures on R, is crucial in order to prove any higher dimensional analogue of
this theorem. It turns out that the strong derivative of a measure is a right candidate for this

purpose.
We recall that a measure o on R™, has strong derivative Du(zg) = L € C, at 25 € R", if

limy 420 £ 75)

=L
r—0  m(rB) ’

holds for every open ball B C R".

Remark 3.1.3.

i) It is clear from the definition above that if Dyu(z) = L, then Dgyppi(zo) = L. How-
ever, the converse is not true and can be seen from the following elementary example.

Consider the measure dy = x[o,1) dm on R. Then

(=) 1 .
pUTTT)) L dm = — [ dm =~ ).
m((—=r,r))  2rJ- Xoa@m =g Jy =3 "€ (0.1)

Thus, Dgymp(0) = 1/2. However, the strong derivative of y at zero does not exist.
To see this, consider an interval of the form I} = (v — ¢, 4+ t), with = € (0,00), and
t € (0,z). Then for all positive number r smaller than 1/(x + t), we see that v/ is a

subset of [0, 1] and hence

plrhy) . m(rh)

= =1.
r—0m(rly) r0 m(rly)
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On the other hand, if we choose I, = (x —t,x+1t), with x € (—00,0), and ¢t € (0, —x),

then for all € (0,00), 715 and [0, 1] are disjoint as r(x + t) is negative. Hence

p(rly)
im =
r—0 m(rly)

It follows that the strong derivative of 1 at zero does not exist.

From an interesting example constructed by Shapiro in [Sha06, Section 3], it can be
seen that there exists an absolutely continuous measure p on R”, n > 1 (which can
also be choosen to be positive), and a point xy € R™, such that zg is not a Lebesgue
point of u but the strong derivative of p exists at x3. More details on these can be

found in Chapter 5.

The following theorem shows that the strong derivative of a measure is a natural general-

ization of the derivative of the distribution function of a measure defined on the real line.

Theorem 3.1.4. Let ;1 be a measure on R, with distribution function F'. Then F is differ-

entiable at xy € R, if and only if the strong derivative of 11 at x exists. In either case,

F'(z0) = Du(xo).

Proof. Suppose that F is differentiable at zy € R, with F'(z¢) = L € C. Then for any

interval of the form [ = (x — s,z + s), where z € R, s € (0,00), we have

Thus,

lim M — lim F(zo+rz+rs)— F(xo+ 1z —rs)
=0 mlrl) o0t 2rs
= lim <F(x0 +r(r+s)) = Flao) y (z + s)
r—0+ T(LE—{—8) 9
_ F(zg+r(x—s)) — F(xo) y (z — 3)>
r(z —s) 2s
- (wa_“@s—s») .,
2s 25

Du(zo) equals L.
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Conversely, suppose that Dyu(xg) equals L, for some L € C. Then for every interval of

the form [ = (x — s, 2 + s), with x € R, s € (0, 00), we have

L = lip MZtrl)
r—0+  m(rl)

lim HF ((xo + 12 — 18,2 + 1T +7T5))

r—0+ 2rs

Y F(zo+rz+rs)— F(xo+ 1z —rs)
= lim :

r—0+ ars

Now, by choosing x = s = 1/2 (a one dimensional specialty), in the equation above, we get

F(zo+71)— F(x0)

L = lim ,
r—0+ r
that is, the right-hand derivative of F' at x( is L. Similarly, by choosing x = —1/2, and
s = 1/2, we get that the left-hand derivative of I at x is also L. O

Our main result (Theorem 3.3.2) can be succinctly stated as follows: for a positive measure
won R™ W/ u| has parabolic limit L € [0,00), at 2y € R", if and only if Du(xg) = L. We
refer to Definition 1.0.15, for the definition of parabolic limit. The proof of this result is based
on the proof of Theorem 1.0.13, due to Ramey and Ullrich. However, two relatively recent
results on the qualitative properties of the solution of heat equation plays an important role in
the proof of the theorem. One of them is an analogue of Montel's theorem valid for solutions
of the heat equation (see Lemma 3.2.7), due to Bar [Barl3]. The other one is a result of
Poon [P0o096] on the unique continuation of the solutions of the heat equation. In the next
section, we state and prove all the preliminary results needed to prove Theorem 3.3.2. The

statement and proof of this theorem is given in the last section.

3.2 Auxilary results

Let M denote the set of all measure 1 on R™, such that the Gauss-Weierstrass integral Wy

is well-defined in R’ In view of the Remark 3.1.1, we have

M = {pvis a measure on R"™ | W{|u|](0,¢) is finite for all ¢ € (0,00)}. (3.2.1)
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As w € LP(R"), for all p € [1,00], it follows from the definition of W |[u] (see 1.0.13) that
LP(R™) C M. For f € LP(R™), p € [1, 00|, we denote

Wi, t) = fruwgla)= [ W —&0f(dm(). R te(0,).

As {w; | t € (0,00)} is an approximate identity, we see that if f € C.(R"), then W f(-,1)

converges to f uniformly as ¢ goes to zero. However, a stronger result is true.

Lemma 3.2.1. If f € C.(R"), then

mWf<7t) - f

t—0 w

g |

uniformly on R™.

Proof. We assume that suppf C B(0, R), for some R € (0,00). Since w is bounded below

on B(0,2R) by a positive number,

o WD) S
=0 w(x) w(x)

9

uniformly for x € B(0,2R). Hence, it suffices to prove that

uniformly for x € B(0,2R)¢. We have

Wit) 1 i} /B(O R)f(g)w <:z:—§> dm(§), = €R" (3.2.2)

w(z) w(z)tz

For z € B(0,2R)¢, and £ € B(0, R), we have
[l
<R< XX
el < r< B8,
and hence it follows from the triangle inequality that

l = &lF = Nzl = NIl > fl=l] = (3.2.3)

EETR
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Since w is radially decreasing, we get from (3.2.2) and (3.2.3) that for x € B(0,2R)*,

IN

W f(,t) 1 wlF=E\ am
’ ’ e JLG] ( v ) dm(¢)
1

ot [ O (M) am(€)
w (5%)

= o I e (324)

IN

Using the expression of w (see (1.0.12)), it follows that for x € B(0,2R)¢, and t € (0,1/4),

v (2%/2) _ % _Hzf(% 1) < -2 BAE1) o nlan 5

2

w(z)t? = R (1 —4t)n

Using the inequality above in (3.2.4), and then taking limit as ¢ goes to zero on both sides of

(3.2.4), we complete the proof. O

Lemma 3.2.2. Ifv € M, and f € C.(R"), then for each fixed t € (0, c0),
[ Wity () = [ Wil(e,0)f () dm(a)

Proof. The result will follow by interchanging integrals using Fubini's theorem. Assuming

suppf C B(0, R), it suffices to show that

/n/ OR) EIW(x =&, ) dm(€) d|v|(z) < oco.
Now,
Lo HOIW G = €.0) () dive)

o _l==¢|
— (4nt) /B o /B on (&) dm(€) dv|(x)
am [ [ O dm(©) divl@

< (4 tif d d
< ) E [ @1 dm(E) dll(a)
_n _@
Hmt) E  on© O] dm(©) dil @)
(using the inequality (3.2.3), in the second integral)
< (amt) 3 (B0, 2R)I| s ey + 43 Fll s WIIVII0, 4).
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The last quantity is finite as v € M. This completes the proof. O

The following notions will be used throughout the chapter.

Definition 3.2.3. i) A sequence of complex-valued functions {u; | j € N}, defined on
R’ is said to converge normally to a function wu if {u;} converges to u uniformly on

all compact subsets of R/,

i) A sequence of complex-valued functions {u; | j € N}, defined on R’ is said to be
locally bounded if given any compact set K C R’:"!, there exists a positive constant

Ck (depending only on K') such that for all j and all z € K,

luj(z)] < Ck.

v) A sequence {y;} of positive measures on R", is said to converge to a positive measure

i on R™, in weak* if

lim [ f() dps(@) = [ f(@) du(a).

j—oo Jmr

for all f e C.(R").
Lemma 3.2.4. Suppose that {;; | j € N} C M, and € M, are positive measures. If
{Ww,]} converges normally to W |, then {y;} converges to p in weak*.

Proof. Let f € C.(R™), with suppf C B(0, R), for some R € (0,00). We need to show that

lim [ f(@) dpy(a) = [ fla) du(a)

J—0o0 JR”

For any ¢ € (0, 00), we write

[ f@) dus(a /R f(@) du(a)

/Rn z, 1)) dp(x +/ W f (2, ) dpj( / W f (2, 1) du(x)
+ Rn<Wf<xat>—f<x>>du<x>- (29
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Given € > 0, by Lemma 3.2.1, we get some ¢, € (0,00), such that for all z € R",

(W f(z,to) — f(2)]

w(x)

<e (3.2.6)

Using Lemma 3.2.2 for t = %y, in the second and third integral on the right-hand side of
(3.2.5), it follows that

[ @) dug(e) = [ f@) due)

< [ @ Wit i)+ [ Wi, to) = Wkl )| (2)] dm()
[ W faito) = f(@)| du(a)
= L(j) + L(j) + Is. (3.2.7)

Applying (3.2.6), we obtain

nG) = [ ) IO ) gy < e [ wla) dig(a) = W0,

w(x) R"

for all 7 € N. By the same argument, we also have
I3 < eW[p)(0,1).

Since {W|u;]} converges to W[u] normally, the sequence {W{x;](0,1)}, in particular, is

bounded. Hence, by setting

€ = sup W(p;](0, 1) + W[u)(0, 1),

jeN

we get that
[1(]) + [3 S 2Ce.

Again using the normal convergence of {W{u;|} to W{ul, we get some j, € N, such that for
all j > jo,
W k5] = WK e Bomy< o) < €

This shows that for all 7 > 7o,

L(j) <€l fllor@ny-
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Hence, for all 7 > 79

| 1@ dui(a) = [ fl@) du()

< e(2C + || fllzrmny)- O

We will also need the following measure theoretic result.

Lemma 3.2.5 ([RU88, Proposition 2.6]). Suppose that {1, | j € N}, p are positive measures
on R", and that {u;} converges to p in weak*. Then for some L € [0,00), = Lm if and

only if {11;(B)} converges to Lm(B) for every open ball B C R".

We shall next prove a result regarding comparison of the Hardy-Littlewood maximal function
and the heat maximal function. This result, perhaps, is well-known to the experts, but since
we could not find any reference of this result in the form in which it will be needed, we include
a proof of it in the following. We recall that for a positive measure p, its Hardy-Littlewood

maximal function My (p) is defined by

p(B(wo,7))

Mp(p)(xo) = sup zo € R™.

r>0 m(B(zo, 7))’

Lemma 3.2.6. If p € M (see (3.2.1)), is a positive measure and o € (0,00), then there

exist positive constants c, and c, such that

caMpr(p)(x0) < sup Wp](zo, ) < sup  Winl(x,t) < caMpur(p)(zo),  (3:2.8)

£>0 (2.t)eP(z0,0)

for all o € R™. The constants c¢,, and c,, are independent of x.
Proof. We recall that
P(xg, ) = {(z,t) € ]RT“I | ||l — x0||2 < at}.

The second inequality follows easily as the set {(zg,%?) | t € (0,00)} is contained in P(zg, )
for any o € (0, 00). The proof of the third inequality can be found in [Sae96, P.137, inequality
(b)]. The proof in [Sae96] proves the case xy = 0. The general case then follows simply by

considering the translated measure 7_, 1. Proof of the first inequality is easy, as for any
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t € (0,00),

2
llzo=¢ll

Wikl(wo, 1) = (4n2)7% [ e du(g)

n

n llzg—¢1I2
> (m i [ e ()
B(z0,2t)

> () E [ duly)

B(z0,2t)
1 n g (B0, 21))
= e m(B(0,1))2"(4m) QW.

Taking supremum over ¢t on both sides we get

cn M (1) (z0) < sup Wpl(zo, 1), (3.2.9)

t>0

where ¢, = e 'm(B(0,1))2"(47) 2. O

As we have mentioned earlier, to prove our main result we will need an analogue of Montel's
theorem for solutions of the heat equation. Using the fact that the heat operator, % — A,
is hypoelliptic on R”™, one can get a following Montel-type result for solutions of the heat

equation from a very general theorem due to Bar.

Lemma 3.2.7 ([Barl3, Theorem 4]). Let {u;} be sequence of solutions of the heat equation
in R" . If {u;} is locally bounded, then it has a subsequence which converges normally to a

solution v of the heat equation in R’

Given a function F on R, and r € (0, 0), we define the nonisotropic dilation F} of F
as follows

F.(x,t) = F(rz,r’t), (x,t) € RT. (3.2.10)

Remark 3.2.8. This notion of nonisotropic dilation is crucial for us primarily because of the
following reasons.

i) If F'is a solution of the heat equation then so is [}, for every r € (0, 00). This follows

easily by standard differentiation rules.

i) (z,t) € P(0,a), if and only if (rx,r?t) € P(0, ), for every r € (0, 0).
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Given v € M, and r € (0,00), we also define the dilate v, of v by
ve(E)=r"v(rE), (3.2.11)

for every Borel set E C R", where rE = {raz | x € E}. We now prove a simple lemma

involving the above notions of dilates.

Lemma 3.2.9. Ifv € M, then for every r € (0, 00),
Wy (z,t) = W) (rz,r*t), for all (x,t) € R
Proof. For a Borel set E C R", it follows from the definition of v, (3.2.11), that

/Rn Xedv, =1 "v(rE) =r" /Rn xre(z) dv(z) =r™" /n XE (i) dv(z).

Hence, for all nonnegative measurable functions f on R"™, we have

- fz)dv.(z) =r7" . f <::> dv(z).

Hence, for all (z,t) € R},

Winl@t) = [ Wiz—g8)du(©)

_ r_"/nW<x—§,t> dv(€)

_lla—r—tg)?

- T_”(47rt)_%/ e dv(§)

n

n _llrz—g)?

= (47rtr2)_5/ne w2 du(€)
= W(ra,r*). O

We end this section with an uniqueness theorem for solutions of the heat equation in R/t
If u is a solution of the heat equation in R’:", then the question of joint real analyticity of u
in (z,t) variable seems to be an involved one. Nevertheless, the following uniqueness result,

due to Poon, holds.
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Lemma 3.2.10 ([Poo96, Theorem 1.2]). Let u be a solution of the heat equation in R\,
If u vanishes of infinite order in space-time at a point (zq,to) € R, then u is identically

ZEro.

Here, vanishing of infinite order in space-time at a point (z¢,ty) € R’", means that there

exists a positive constant C' and an open neighbourhood V' of (xg,ty) such that
[u(@, ) < Cllz — ol + [t — to])",
for all £ € N, and for all (x,t) € V. As an immediate corollary of Poon's result, we have the

following.

Corollary 3.2.11. Let u be a solution of the heat equation in R'/*'. Then u cannot vanish

on a nonempty open set in R’ without being identically zero.

3.3 The main result

We shall first prove a special case of our main result. The proof of the main result will follow

by reducing matters to this special case.

Theorem 3.3.1. Suppose that u is a positive solution of the heat equation in R, and that
L € [0,00). If the boundary measure . (see Theorem 2.1.12) of u is finite, then the following

statements hold.

i) If there exists n € (0,00), such that

lim w(z,t)=1L, (3.3.1)
(2,t)—(0,0)
(z,t)€P(0,n)

then the strong derivative of |1 at the origin is also equal to L.

ii) If the strong derivative of 1 at the origin is equal to L, then u has parabolic limit L at

the origin.
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Proof. We first prove i). We choose an open ball By C R"™, and a sequence of positive

numbers {7;} converging to zero and then consider the quotient

priBo)
Li=——%, jeN 3.3.2
Assuming (3.3.1), we will prove that {L;} is a bounded sequence and every convergent
subsequence of {L;} converges to L. We first choose a positive number s such that By is
contained in B(0,s). Then
p(riB(0,s)) _ p(r;B(O0,s)) m(B(0,s))

L s B~ mB0,) < By = CeMunw)(0) (333)

m(B(0,s))

where (s = mBe)

Since p is the boundary measure for u, we have
u(x,t) = Wg)(z,t), forall (z,t) € RT™.

Thus, (3.3.1) shows that W [u](0,#*) converges to L as t tends to zero, which implies, in

particular, that there exists a positive number ¢ such that

sup W[u](0,#*) < oo.
t<s

Since p is a finite measure we also have that for all ¢ > ¢,

W) (0, ) < (4rt*)"% o O < (4md%) 7% p(R").

Combining the above two inequalities, we obtain

sup W[u](0,#*) < oo.

t>0

Lemma 3.2.6 now implies that My (1)(0) is finite. Boundedness of the sequence {L,}
is now a consequence of the inequality (3.3.3). It remains to prove that every convergent

subsequence of {L,} converges to L. We choose a convergent subsequence of {L;}, for the
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sake of simplicity, again denoted by {L;}. For j € N, we define
uj(x,t) = u(rjz, rit), (z,t) € R

Then by Remark 3.2.8, i), {u;} is a sequence of positive solutions of the heat equation in
Rﬁ“. We claim that {u;} is locally bounded. To prove this claim, we choose any compact set
K C R’}r“. Then there exists a positive number « such that K is contained in the parabolic

region P(0, ). Indeed, we consider the map

|

[§
t Y

(x,t) — (z,t) € RTH.

Clearly, this map is continuous. As K is compact, image of K under this map is bounded and

hence

]2

t

< at, forall (z,t) € K,

for some positive number «.. Using the invariance of P(0, &) under nonisotropic dilation (see

Remark 3.2.8, ii)) and Lemma 3.2.6, it follows that for all j € N

e (z,t) = B u(z,t) = Lo Wipl(z,t) < caMpur(1)(0).
Hence, {u;} is locally bounded. Applying Lemma 3.2.7, we extract a subsequence {u;, } of
{u;} which converges normally to a positive solution v of the heat equation in R We
now show that v is identically equals to L in P(0,7). To show this, we take (zg, ) € P(0,7).
Since {r;,} converges to zero as k goes to infinity and u(z,t) has limit L, as (z,t) tends to

(0,0) within P(0,7), we must have
v(xg, tg) = ’CILIgO wj, (o, t0) = ]}erolo u(rjkxg,r?kto) =L,

as (rjkxo,r?kto) € P(0,7n), for all k € N. Therefore, v is identically equals to L in the open
set P(0,n). It is now immediate from the Corollary 3.2.11 that v is identically equal to L in
R that is,

v=L=W|[Lm]. (3.3.4)
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On the other hand, by Lemma 3.2.9 we have for all (z,t) € R,

Ujk(:E,t) = U(Tjk(E v t) = W[:u](rjkx v t) = W[ILLTjk](x’t)7 (335)

7k 7k

where 11, is the dilate of by r;, according to (3.2.11). It follows from (3.3.4) and (3.3.5)
that {W{u,, |} converges normally to W[Lm|. Therefore, by Lemma 3.2.4, the sequence of
measures {/,, } converges to Lm in weak* and hence by Lemma 3.2.5, {11, (B)} converges
to Lm(B) for every open ball B C R™. In particular,
" — Jim (s Bo) = im A05B0)
LnlBo) = iy ey, (Bo) = Jog, v 75 Bo) = m(Bo) un o By
The equality above, together with (3.3.2), implies that the sequence {L,,} converges to L
and hence, so does {L;}. Thus, every convergent subsequence of the bounded sequence {L;}

converges to L. This implies that {L;} itself converges to L. Since B, and {r;} are arbitrary,

i has strong derivative L at zero. This completes the proof of 7).

Now, we prove ii). We assume that the strong derivative of 1 at zero is equal to L. We
fix a positive number o and a sequence {(z;,t3) | 7 € N} C P(0, ), with (x;,13) converging

0 (0,0). Since Du(0) = L, it follows, in particular, that

Therefore, there exists some positive number ¢ such that

p H(B(0.7)

— < [+ 1.
o<r<6 M(B(0,7))

Finiteness of the measure i implies that for all r > ¢,

u(BO.7) _  p(R")
m(B(0,7)) — m(B(0,1))o™

The above two inequalities together with Lemma 3.2.6 implies that

sup  u(z,t) = sup Wiul(z,t) < caMprp(p)(0) < co.
(z,t)€P(0,a) (z,t)€P(0,cv)
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This shows that {u(xj,ti)} is a bounded sequence. We consider a convergent subsequence
of this sequence, denote it also, for the sake of simplicity, by {u(z;,7)}, such that

2y =T (3.3.6)

lim u(z;,t;

Jj—00

It suffices to prove that L' is equal to L. Using the sequence {t,}, we define
uj(x,t) = u(t;z, t3t), (1) € R

As we have shown in the first part, we can prove that {u;} is a locally bounded sequence
of positive solutions of the heat equation in Riﬂ- Hence, by Lemma 3.2.7, there exists a
subsequence {u;, } of {u;} which converges normally to a positive solution v of the heat
equation in R/, Lemma 2.1.12, therefore, shows that there exists a unique positive measure
v on R™, such that v = W{v]. We now consider, for each k, the dilate 1;, of u by t;,

according to (3.2.11). An application of Lemma 3.2.9 then implies that for each k,
_ 2 4\ _ 24\ _
w; (x,t) =u (tjkx,tjkt) = Wy (tjkx,tjkt> = Win; (2, 1),

for all (z,t) € R, It follows that the sequence of functions {W[u;,]} converges normally to
Wv]. By Lemma 3.2.4, we thus obtain weak* convergence of {;;, } to v. Since Du(0) = L,

we have for any open ball B C R",

. . n . u(t;, B)
Jim g1, (B) = lim 5, 7" pu(t;, B) = lim -2

i 5)"(B) = Lm(B)

Hence, by Lemma 3.2.5, v = Lm. As v = W|v], it follows that
v(z,t) =L, forall (x,t) € R}

This, in turn, implies that {u;, } converges to the constant function L normally in R:*'. On

the other hand, we note that

x; T
u(xjk,t?k) =u (tjkt‘,jk’t?k> = uj, (tjk’ 1) )
Jk Jk
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Since (x;,,t3 ) belongs to the parabolic region P(0, ), for all k € N, it follows that

(fl) € B(0, Va) x {1},

Ik

which is a compact subset of RTI. Therefore,

. 2N\
khl& u(zj,,t5,) = L.

In view of (3.3.6), we conclude that L’ is equal to L. This completes the proof. O

Now, we are in a position to state and prove our main result.

Theorem 3.3.2. Suppose that u is a positive solution of the heat equation in R™ x (0,t),
for some t, € (0, 00|, and that zy € R", L € [0,00). If j1 is the boundary measure of u then

the following statements hold.

i) If there exists n € (0,00), such that

lim  w(z,t) =1L,
(z,t)—(20,0)
(z,t)eP(x0,m)

then the strong derivative of |1 at x is also equal to L.

ii) If the strong derivative of |1 at x is equal to L, then u has parabolic limit L at x.

Proof. As in the proof of Theorem 2.1.3, We consider the translated measure 119 = 7_,, 1 (see
(2.1.10)). Using translation invariance of the Lebesgue measure, it follows from the definition
of strong derivative (Definition 1.0.11) that Dy(0) and Dyu(xg) are equal. Since W{uo] is
given by the convolution of 1 with w, s, as before, we have for all (z,£) € R" x (0,%o) (see

(2.1.11)),

Winol (1) = (Tappt ¥ w ) () = Toag (¥ w ) () = W (2 + 20, 1), (3.3.7)
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We fix an arbitrary positive number a.. As (z,t) € P(0, «), if and only if (zo+x,t) € P(xg, @),

one infers from (3.3.7) that

lim W r,t)= lim W ,t).
(2,6){0.,0) ol (1) (€,)(0,0) (&)
(mvt)ep(ova) ('Evt)ep(1707a)

Hence, it suffices to prove the theorem under the assumption that xq is the origin. We

now show that we can even take p to be a finite measure. Let fi be the restriction of u

on the closed ball B(0,1). If B(&,s) is any given open ball in R, then for all positive
number r smaller than (s + [|£]|) 7, it follows that rB(E, s) is a subset of B(0,1). Indeed, if
x €rB(& s) = B(rg,rs), then

2]l < [l =gl + [Irgll <rs+rllgl <1, forall 7€ (0, (s +[lg]) )

This in turn implies that the quantities Dy (0) and Dfi(0) are equal. We now claim that

li = I [l ) 3.
LU Wipl(z, t) o Wial(x,t) (3.3.8)
(z,t)€P(0,c) (z,t)€P(0,a)

In this regard, we first observe that

t—0 JB(0,1)c
uniformly for x € B(0,1/2).
Indeed, for £ € B(0,1)¢, and z € B(0,1/2), we have (see (3.2.3))

el 1

P >7
o — &l > B >

DO |

We fix t; € (0,ty). Using the inequality above and the expression of W (x,t) (see 1.0.12), it
follows that for all z € B(0,1/2), t € (0,¢,/8),

_n Cllz—g)? _ z—g)?
[ We—gndue) = @y E [ BRI e
B(0,1)¢ B(0,1)¢
<ty Eedh [ o S dp(€)
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= PWu)(0, b))t Fe .

Since W [)(0, ;) is finite, the right-hand side of the last inequality goes to zero as t tends to

zero. Thus, the observation follows. Now, for (z,t) € R™ x (0, o),

Wi, 0) = WA ) + [ W= &1) du(€).

Given any positive number ¢, we get some § € (0, ¢), such that for all ¢ € (0,0), the integral
on the right-hand side of the equation above is smaller than ¢, for all z € B(0,1/2). On the

other hand, if we choose t € (0,1/4«), then it is immediate that
P(0,a) N{(z,t) € R | ¢t € (0,1/4a)} C B(0,1/2) x (0,1/4c).
Hence, for all (z,t) € P(0, ), with ¢ € (0, min{J, 1/4a}), we have
0 < Wipl(z,t) = Wiz, t) <e.

This proves (3.3.8). Therefore, as o € (0, 00) is arbitrary, we may and do suppose that p is a
finite measure. Using this, without loss of generality, we may also assume t; = oo. The proof

now follows from Theorem 3.3.1. OJ

As an immediate consequence of the theorem above we have the following.

Corollary 3.3.3. Suppose u is a positive solution of the heat equation in R™ x (0,t,), for

some tq € (0,00]. If there exists xy € R", and L € [0, 00), such that for some n € (0, 00)

lim  w(z,t) =1L,
(z,t)—(x0,0)
(z,t)E€P(z0,m)
then for every a € (0, c0)
lim  w(x,t) = L.
(z,t)—(x0,0)
(z,t)eP(x0,0x)
Remark 3.3.4. After preparing the final draft of the thesis, we came of the result [BC90,
Theorem 5] from which Theorem 3.3.2 follows as a corollary. However, our method of proof

is completely different from that of [BC90].



Chapter 4

Boundary behavior of positive solutions

of the heat equation on a stratified Lie

group

4.1 Introduction

In this chapter, we are concerned with the parabolic convergence of positive solutions of the
heat equation on a stratified Lie group at a given boundary point. We prove that a necessary
and sufficient condition for the existence of the parabolic limit of a positive solution u at a
point on the boundary is the existence of the strong derivative of the boundary measure of u
at that point. Moreover, the parabolic limit and the strong derivative are equal. Thus, our
main result (Theorem 4.4.2) of this chapter generalizes Theorem 3.3.2. We refer the reader
to Definition 4.2.19 for the relevant definitions. One of the main difficulties in this setting is
that we do not have any explicit expression of the fundamental solution of the heat equation
or the heat kernel. However, we do have Gaussian estimates of the heat kernels (see Theorem
4.2.11) and using these estimates we have been able to prove our results. This makes the
proof of our main theorem (Theorem 4.4.2) and auxiliary results much more involved than
that of their Euclidean counterparts. This chapter is organised as follows: In section 2, we
will collect some basic information about stratified Lie groups and the heat equation on these

groups. The proofs of the result about heat maximal functions, and other relevant lemmas

69
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are given in section 3. The statement and proof of the main theorem (Theorem 4.4.2) is given

in the last section.

From now onwards, we reserve the letters ¢, C, C’ for positive constants whose values
are unimportant and can change at each occurrence, unless otherwise stated. We also use

notation like C); to indicate the dependency on the parameter .

4.2 Preliminaries on stratified Lie groups

Stratified Lie groups (also known as Carnot groups) is a class of connected, simply connected,
nilpotent Lie groups [CGI0]. In this section, we discuss them in somewhat detail. We refer the
reader to two excellent monographs [BLUO7, FS82], for the extensive treatment of stratified
Lie groups and analysis on these groups. Most of the material in this section is gathered from

these two monographs.

A stratified Lie group (G, o) is a connected, simply connected nilpotent Lie group whose

Lie algebra g admits a vector space decomposition
such that
[‘/vl?V]:V;Jrla 1§.7<l7 [‘/17‘/2]:0

Here,

V3, V;] = spang {[X,Y]| X € Vi, € Vj}.
Therefore, Vi generates, g as a Lie algebra. We say that G is of step [ and has dim V;
many generators. The Lie algebra g is equipped with a canonical family of dilations {4, | r €
(0,00)}, which are Lie algebra automorphisms defined by [FS82, P.5]

J=1

l l
Oy (ZXJ) => rX; X;€eV
=1

Since g is nilpotent, the exponential map, exp : g — G, is a diffeomorphism, and hence the

family of dilations {d, | € (0,00)}, defines via the exponential map a one-parameter group
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of automorphisms of G, which we still denote by {4, | » € (0,00)}. We fix once and for all
a bi-invariant measure m on G which is the push forward of the Lebesgue measure on g via
the exponential map. The bi-invariant measure m on G is, in fact, the Lebesgue measure of

the underlying Euclidean space. We denote by
!
Q=) _j(dimVj),

j=1

called the homogeneous dimension of G and by 0 the identity element of G. The importance

of homogeneous dimension stems from the following relation
m (6,(E)) = r9m(E), (4.2.1)
which holds for all measurable sets £ C G, and r € (0,00). Here,

5.(E) = {5,(z) | « € E}.

To define the analogue of parabolic domain (see Definition 1.0.15) in G' x (0, 00), we need
some notion of distance on GG which should interact in a specified manner with the dilations.

The notion of homogeneous norm on stratified Lie groups meets this requirement.

Definition 4.2.1. A homogeneous norm with respect to the family of dilations {d, | r €

(0,00)}, on G is a continuous function d : G — [0, 00), satisfying the following:

i) d is smooth on G\ {0};

=
QU

—~
=9
3

—~
S

~

~—
I

rd(x), forall r e (0,00), = € G;

i) d(z7') =d(z), forall z € G,

iv) d(x) =0, if and only if x = 0.

It is known [FS82, P.8-10] that homogeneous norms always exist on stratified Lie groups

and for any homogeneous norm d on G, there exists a constant C; € [1, 00), depending only

on d, such that the following quasi-triangle inequality holds.

d(zy 0 x9) < Cyld(xy) +d(z2)], x1 € G, x5 €G. (4.2.2)
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Moreover, any two homogeneous norms d; and ds on GG are equivalent in the following sense

(see [BLUO7, P.230]): there exists a positive constant C' such that
C~tdy(z) < dy(x) < Cdy(z), forall z€G.

A homogeneous norm d on (G defines a left invariant quasi-metric on (G, denoted by d, as
follows:

d(xy,75) =d(x  oxy), 11 €G, 15 €G.

In fact, one can easily verify the following from the definition of the homogeneous norm d and

from (4.2.2).

I) d(l’l,l’g) = d(l’g,fﬂl), for all x| € G, To € G.
i) d(zoxy,z0mxe) =d(x1,29), forall z; € G, 29 € G, x €G.
i) Forallz; € G, 25 € G, z € G,
d(zq,x0) < Cyld(xq,x) +d(x, x9)]. (4.2.3)

Remark 4.2.2 ([LD17, Proposition 3.5]). Every homogeneous norm on G induces the Eu-

clidean topology on G.

Remark 4.2.3 ([BLUO7, Proposition 5.15.1]). Let d be a homogeneous norm on G. Then it
is known that for every compact set K C G, there exists a positive constant cx (depending

only on K) such that
(cx) Mz —yll < dy o) <exle—yllt, forall z, y € K, (4.2.4)
where [ is the step of G and || - || is the norm of the underlying Euclidean space g.

For a homogeneous norm d on G, the d-ball centered at x € G, with radius s € (0,00), is

defined as
By(z,s) = {11 € G |d(z,11) < s} = {z; € G| d(z ' oxy) < s} (4.2.5)

It follows that By(x, s) is the left translate by x of the ball B4(0,s) which in turn, is the
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image under ¢, of the ball B4(0,1). This shows, using (4.2.1), that
m (Ba(x,s)) = m (Ba(0, s)) = m (Ba(0, 1)) 59,

for all z € G, s € (0,00). We also observe that if B is a d-ball centered at x € G, with

radius s € (0,00), then
0;(B) = By(6,(x),rs), forall re (0,00).
Remark 4.2.4 ([FS82, Lemma 1.4]). If B is the d-ball By(z,s), then its closure
B={r€G :d(x,7) <s}={r €G:d(x] ' ox) < s}
is compact with respect to the Euclidean topology of G.

We recall the following formula for integration (an analogue of polar coordinate) which can
be used in order to determine the integrability of functions on G ([FS82, Proposition 1.15]):
for all f € LY(G),

/G f(z) dm(z) = /0 /Qf(ér(w))rQ_l do(w) dr, (4.2.6)
where
Q={weG|dw)=1},

and o is a unique positive Radon measure on €2. For a function v defined on GG, we define
for r € (0,00),
Up(z) = r~ @ (6,1(x)), =€QG. (4.2.7)

For a measurable function h on G and a measure p on GG, their convolution y * h(x), at the

point x € (G, is defined by

1% h(z) :/Gh(ﬁ”ow) dp(§),

provided the integral converges absolutely. When du = f dm, we simply denote the convo-

lution above by f  h(z). We refer to [FS82, P.15-18] for basic properties of convolution on
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the group G.

Remark 4.2.5.
i) It follows from (4.2.1) that if ¢» € L'(G), then for all r € (0, 00)
[ (a) dm(x) = [ v() dm(a).
ii) Suppose that ¢ € L'(G), with

meymmwzy

Then {¢, | 7 € (0,00)} is an approximate identity on G [FS82, Proposition 1.20]. In

particular, for f € C.(G), it follows that f x 1, — f, as r — 0, uniformly on G.

We identify g as the Lie algebra of all left G-invariant vector fields on GG and fix once and
for all a basis { X7, Xy, -, Xy, } for Vi, with N; being dim V}, which generates g as a Lie

algebra. The second order differential operator
N1

_ 2

£=3x;
j:

is called a sub-Laplacian on G.

Remark 4.2.6 ([BLU02, Theorem 2.2]). There exists a homogeneous norm d. on G such

that dz(-)2~9 is the fundamental solution of L.
Definition 4.2.7 ([Fol75, P.164]). A differential operator D acting on C2°(G) is said to be
homogeneous of degree A\, where X € C, if for all f € C°(G), and r € (0, 00)

D(foé,) =1XDf)od,.

Remark 4.2.8. It is known that X € g is homogeneous of degree j if and only if X € V,
1 < j <1 (see [Fol75, P.172]). Hence, L is a left invariant second order differential operator

on GG which is homogeneous of degree two.
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The heat operator H associated to the sub-Laplacian L is the differential operator

B
i 4.2,
H="L— (4.2.8)

on G x (0,00).

Remark 4.2.9. Since X1, Xy, -, Xy, generates g as a Lie algebra, by a celebrated theo-
rem of Hormander [Hor67, Theorem 1.1], £ and H are hypoelliptic on G and G x (0, c0)
respectively (see [BLU02]).

Hypoellipticity of H plays an important role in the results we are going to prove. In the
following, we give some examples of stratified Lie groups. We refer the reader to [BLUO7] for

more examples of stratified Lie groups.

Example 4.2.10.

i) A trivial example of a stratified Lie group is the Euclidean space R™. The dilation 4, is

the usual isotropic dilation, that is,
o1, @) = (ray, -+ 1T,).

The homogeneous norm and the homogeneous dimensions are the usual Euclidean norm
and usual Euclidean dimension respectively. The sub-Laplacian is the usual Laplace

operator A = Y% i

i=1 97"

i) The simplest nontrivial example of a stratified Lie group is the Heisenberg group H". As
aset, H" is C" x R. Denoting the points of H" by (z, s), where z = (z1,--- , z,) € C",

s € R, we have the group law given as

1 —
z,8)0 (2,8 ) =|z2+2 s+ +=) Im(z;2
2 7

Jj=1

With the notation z; = x; + y;, the horizontal space V; = R** x {0} is spanned by the

basis
0 1 0 0 1 0

X, = 2 9% v Y -9
7 Oxy 2%igs T ﬁyj+2xj85
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The one dimensional center V2 = {0} x R is generated by the vector field

0
S—%.

The nonzero Lie brackets of the basis elements are given by

The sub-Laplacian
L= (X]+Y7)
j=1

is known as the Kohn Laplacian in the literature. The corresponding homogeneous norm

dz (known as Koranyi norm) on H" is given by (see [BLUO7, Theorem 18.3.1])

N

de(z,s) = <|z|4 + 1632> , (z,8) € H".

More generally, groups of Heisenberg type (also known as H-type groups) forms an
important class of stratified Lie groups [BLUO7, Remark 18.1.7]. We will discuss them

in more detail in the last chapter.

On R*, we consider the following group operation:

<57 Xy, T2, .Tg)(t, Y1, Y2, y3)
2

= (s+t,z +y1,sz+yz+ta:1,x3+y3+t:v2+§$1),

which makes it a Lie group. The Lie algebra has a basis {Y, X1, Xo, X3} with the

following nonzero bracket relation
Y, Xq] = Xo, [V, Xs] = X;.
It follows that R* with this bracket operation is a stratified Lie group of step three with
Vi =span{¥, X1}, Vo =span{Xy}, V5 =span{X;}.

We also observe that V3 is the center of the Lie algebra. We denote this Lie algebra
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by b. The basis elements of b, given above can also be viewed as the following left

invariant vector fields.

0 0 0 0
vy=2 L ynd x,=2% 1<i<s3
8s+x18x2 +x28x3’ - ='=

In this case a sub-Laplacian is given by
L=Y*+X}.

This is a particular case of a Kolmogorov-type group. We refer the reader to [BLUO7,

Section 4.1.4] for more general Kolmogorov-type groups and corresponding sub-Laplacians.

As stated before, in this chapter, we are interested in boundary behavior of positive solutions

of the heat equation on stratified groups:
Hu(z,t) =0, (x,t) € G x(0,00). (4.2.9)

We list down some properties of the fundamental solution of the heat equation (4.2.9) on G.

Theorem 4.2.11. The fundamental solution of H is given by
where I' is a smooth, strictly positive function on G'x (0, 00) satisfying the following properties:

(i) T(x,t +5) = [¢T( ox, )T, 5) dm(§),  (z,1) € G x (0,00), s € (0,00).
(i) T(z,t) =T(z74t), (z,t) € G x (0,00).
(iii) T(6.(x),r*t) = r=9T(z,t), (z,t) € G x (0,00), r € (0,00).
(iv) [2T(z,t)dm(z) =1, te (0,00).

(v) There exists a positive constant cy, depending only on L, such that the following Gaus-

sian estimates hold.

codg(x)?
t

d 2
calt*% exp <— > <I(z,t) < cot ™% exp (— () ) : (4.2.10)

Cot
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for every (x,t) € G x (0, 00).

(vi) Given any nonnegative integers p, q, there exists a positive constant c, , such that for

every iy,--- ,i, € {1,---, N1}, we have
pPT2q d 2
Xy - X, (8)TT (2, 8)] < cpgt™ 5 exp (- ‘3(? ) (4.2.11)
Co
for every (z,t) € G x (0,00), and the basis elements X;,,--- , X; of V.

The proof of (i)-(iv) can be found in [FS82, Proposition 1.68, Corollary 8.2] and the proofs
of (v), (vi) are available in [BLUO2, Theorem 5.1, Theorem 5.2, Theorem 5.3]. Property (v)

plays an important role in our study and we will frequently use it throughout this chapter.

For a measure 1 on GG, we define

Dlul(x.t) = [ T(€™ o1) du(s). (4.2.12)

whenever the integral above converges absolutely for (z,t) € G x (0,00). If the integral
above converges absolutely for all (z,t) € E, where E C G x (0,00), we say that I'[u] is
well-defined in E. We define

v(z) =T(z,1), z€Gq. (4.2.13)

Then by Therorem 4.2.11, (iii), (iv), we have

_Q

(2, t) =t 27(5;{(9:)» (2,1) € G x (0,00);

/Gv(x) dm(x) = 1.

Thus, we can rewrite (4.2.12) as follows:

Dl ) = % 7,2(a). (4214)

provided the convolution above exists.

Remark 4.2.12. For the rest of this chapter, unless mentioned explicitly, we will always write

B(z, s) instead of By, (z, s) to denote a d-ball centered at z € G, with radius s € (0, c0).
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We recall that there exists a constant 7 € [1, 00), depending only on L, such that
dﬁ(ﬂf o) g) <rT [dﬁ(l’) + dﬁ(g)] , T & G, f € G.

Using this we get the following useful inequality, which we will refer to as the reverse triangle
inequality.

de(w, &) > idg(z,f) _dp(zx), 1€G, E€C, G (4.2.15)

Suppose that d is a homogeneous norm on GG. A function ¢ : G — C, will be called d-radial
if
¢(r1) = ¢(x9), whenever d(x1) = d(z2). (4.2.16)

If ¢ is a d-radial function on G, for the sake of simplicity, we shall often interpret ¢ as a

function on [0, c0) as follows:
o(r) = ¢(x), whenever r = d(x).
Also, a function ¢ : G — R, will be called d-radially decreasing if
o(r1) < P(x2), whenever d(x1) > d(xs). (4.2.17)

In this case, we will always assume that ¢ is bounded by ¢(0) € (0, 00).

Remark 4.2.13. Following [BLUO7, P.247], when d = d, a function ¢ : G — R, satisfying
(4.2.16), (4.2.17) will be called £-radial, and L-radially decreasing respectively.

We next prove a simple lemma regarding convolution on G.

Lemma 4.2.14. Suppose that 1 is a measure on GG, and that ¢ : G — (0,00), is a L-radially
decreasing function on G. Then finiteness of || * ¢y, (xo) for some (xg,ty) € G x (0, 00),

implies the finiteness of || x ¢y (x) for all (x,t) € G x (0,t9/T).

t
Proof. We take (z,t) € G x (0,ty/7), and denote the positive number ; Ot by ov. We
o — T

note that a € (1, 00).
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We write

plxoda) = 9 f o€ om) dul©

+t_Q /B(xo ardz(z,20))¢ Qb <5% <€_1 © l’)) d|ILL‘(€)
< 1799(0)|ul (B(wo, atd,(x, 20)))
S S CTCE) R ORCES )

L x710 — dﬁ é?mo Y

and hence, using the reverse triangle inequality (4.2.15), we obtain for such ¢

de(6,2) > ~de(€m0) — del0) > (1 = =) delom).

T ar
This implies that for £ € B (2, ardz(x, x0))",

1

dr (5%(5_1 o x)) = Edﬁ (5_1 o x)
10 2aeen
= tlodﬁ (571 o 360) (as a = T ﬁ)tT)

= dﬁ <(5t1(§_1 Oﬂfo)> .
Using this, and the fact that ¢ is L-radially decreasing in (4.2.18), we get
1l du(z) < ¢96(Q) |l (Bao,arde(e,x0))) + ¢ [ 6 (8,67 ox0) ) dlul(€).

By our hypothesis, integral on the right-hand side is finite and hence |u| * ¢(x) is finite. This

completes the proof. O

Using this lemma and the Gaussian estimates (4.2.10), (4.2.11) we can prove the following.

Corollary 4.2.15. Suppose yu is a measure on G. If T'[u](xg,to) exists for some (xq,tg) €

G % (0,00), then T[] is well-defined in the strip G x (0,ty/(coT)?), where cq is as in (4.2.10).
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Moreover, T'[1u] is a solution of the heat equation in this strip, that is,

Hu(z,t) =0, (z,t) € G x (0,ty/(com)?).

Proof. As T'[u](xo, o) exists, using (4.2.10) we get

/Gexp <—C°d£(’5;01 ”0>2> dlp|(€) < co/Gr(gfl o 20, to) d|u|(€) < 00.  (4.2.19)

Setting t; = to/c2, and
—d£($)2

Co

¢($)=6Xp< ), zeQG,

and then using (4.2.19), we note that |u| * ¢ 4 (x0) is finite. Since ¢ satisfies all the re-
quirements of Lemma 4.2.14, we thus conclude that |u| * ¢ ;4(x) is finite, for all (z,t) €

G x (0,t,/72). It now follows from the Gaussian estimate (4.2.10) that

—dp (67 ox)?
Cgt

[ onnai <ar? fLon ) =l 4t0) <

for all (z,t) € G x (0,t9/(co7T)?). To prove the second part, we differentiate I'[u] in
G x (0,to/(cor)?) along the vector fields Xy, -+, Xy,, 2 and then use the fact that T
is a fundamental solution of H. Differentiation under integral sign is justified because of the

estimate (4.2.11). O

Remark 4.2.16. For an alternative proof of the second part of Corollary 4.2.15, which uses

Harnack inequality, we refer to [BUO5, Lemma 2.5].

It is clear from the Gaussian estimate (4.2.10) and the integration formula in ‘polar co-
ordinate’ (4.2.6) that for each t € (0,00), T'(-,t) € LP(G), for all p € [1,00]. Therefore, if
dp = f dm, for some f € LP(G), 1 < p < oo, then I'[y] is well-defined in G x (0, 00), and
we denote it by I'f. We recall that (see (4.2.13), (4.2.14)), for t € (0, 00)

'VZP('ﬂl)a F[:U’](Wt) =[xy -

Thus, Remark 4.2.5 shows that {7 ; | £ € (0,00)} is an approximate identity on G. Conse-
quently, for f € C.(G),
L) =f*vs— [,
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uniformly on (G, as t goes to zero. However, a stronger result is true.

Lemma 4.2.17. If f € C.(G), then

lim Lf(" t) = /
~

t—0 y

uniformly on G.

Proof. We assume that supp f C B(0, R), for some R € (0,00). Using (4.2.10), we obtain

some positive constant C' such that
v(z) =T (x,1) > ¢y exp (—cod[;(x)Q) >, forall ze B(0,27R).

Hence, it suffices to prove that

D)

=0
=0 y(x) ’

uniformly for x € B(0,27R)°. We observe that

Tf(z,t)] 1 L i
) W@kémmrg (&) d @4
tgw(x) /B(Q,R) Xp ( cot ) | £(§)] dm(&), (4.2.20)

where the last inequality follows from the Gaussian estimate (4.2.10). Now, for x € B(0, 27 R)¢,

and £ € B(0, R), we have
de(x)
21

de(§) < R <

Thus, using (4.2.15), we get that for x € B(0,27R)°, and £ € B(0, R),

dc(a:) _ dﬁ(f) 2 dﬁ(l‘) _ dﬁ(ﬂ:‘) _ dL(I)

T T 2T 2T

de(€71ox) > (4.2.21)

Using this observation in (4.2.20), we obtain for z € B(0,27R)¢,

(e, 1) @ e
() = tQV(I /B(OR p< 4C07'2t>’f(€)|d (&)

)
de(z)?
<Q o) e

t2y(x)

exp
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Hence, it is enough to show that

T 2
. exp _(4111050(7315)
lim 5 =0,
A ERC))
uniformly for z € B(0,27R)°. But
dg(x)?
072 EXP ™ dcor - 1
g? 2 ) ( 2 Qt) = cot H exp (— (2 - Co) dl:(ﬂf)?) ;
2y(x) t2 ¢yt exp(—cods(z)?) 4eyT?t

1
where the inequality follows from the Gaussian estimate (4.2.10). For t € (0, 422> we
cgT

note that ( —¢C
deoT?t 0

from the last inequality that

C T —_= ]- 1
E? Aco t) < cot 3 exp (— <42t — co> 4T2R2) < Ct” ) exp <_t>
t3y(x) CoT “

), is positive. Hence, for such ¢ and for all x € B(0,2R7)¢, we obtain

for some positive constants C' and ¢;. The expression on the right-hand side of the inequality

above goes to zero as t goes to zero. This completes the proof. O]

Let M denote the set of all measures 1 on G such that I'[u] is well-defined in G x (0, o).

In view of Corollary 4.2.15, we have
M = {pis a measure on G | I'[|4]](0, t) exists for all ¢ € (0,00)}.

We note that if |u|(G) is finite, then € M. In particular, every complex measure on G

belongs to M. We have the following observation regarding this class of measures.

Lemma 4.2.18. If v € M, and f € C.(G), then for each fixed t € (0, c0)

/Grf(x,t) dv(z) :/GF[V](x,t)f(x) dm(z).

Proof. The result will follow by interchanging integrals using Fubini's theorem. In order to

apply Fubini's theorem we must prove that for each fixed t € (0, 00),

L DE o nlf(©)] dme) divia) < oo
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We assume that supp f C B(0, R), for some R € (0,00). We fix t € (0,00). Then, using

the Gaussian estimate (4.2.10), we obtain

F= [ o D€ 0w D@ dm(€) div|(x)
< e ® [ [ e (S22 g ante) o

B e de(€ 1 ox)?
S (—) ()] dmi(€) div] )

Cot

d -1 o 2
rat 2 [ e () @ o) dvi)

Cot

_Q
< ot 2 |w|(B(0,27R))| fllri (o)

Q d IQ
tt 2 [ o () 1) e d o),

 deyr2t

where we have used (4.2.21) in the last integral. Another application of the Gaussian estimate

(4.2.10) in the last integral yields

_Q
I < et 2|v|(B(0,27R))|| fll 1 (o)
Q

vagria [ ] TEAGTOL©)] dm(€) div|(x)

_Q o
< at I V(BO27R) @) + 4 @I @ DI 10, 4¢57°0).
As v € M, it follows that [ is finite. This proves the lemma. O

We end this section with some important definitions that will be used in the upcoming

sections as well as in the next chapter.

Definition 4.2.19.

i) For zy € G, and a € (0,00), we define the L-parabolic region P(x¢, ) with vertex at

xo and aperture «, as follows:

P(zg,a) = {(z,t) € G x (0,00) | <d£<$al ox))2 < at}
= {(z,t) € G x (0,00) | (dg(z0,2))* < at}.
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ii) A function u defined on G x (0, ty), for some to € (0, 00|, is said to have parabolic limit
L e C, at 2y € G, if for each o € (0, 00)
lim  w(z,t) = L.

t—0
(z,t)eP(xo0,a)

iii) Given a measure i on G, we say that p has strong derivative L € C, at zq € G, if

(a0 8,(B)) _
M meo o0, (B)

holds for every d.-ball B in G. The strong derivative of p at xg, if it exists, will be
denoted by Dy(zo).

iv) A sequence of functions {u; | j € N} defined on G x (0, 00) is said to converge normally
to a function w if {u;} converges to u uniformly on compact subsets of G' x (0, o)

(equipped with the product topology).

v) A sequence of functions {u; | j € N} defined on G' x (0,00) is said to be locally
bounded if given any compact set K C G x (0,00), there exists a positive constant C'

(depending only on K) such that for all j and for all z € K

luj(7)] < Ck.

vi) A sequence of positive measures {y; | j € N} on G is said to converge to a positive

measure £ on G in weak* if

lim [ 0(y) dus(y) = [ ) duly), forall v e C(G)

Jj—00

4.3 Some auxilary results

We start this section with the following results involving normal convergence and weak*

convergence.

Lemma 4.3.1. Suppose {y; | j € N} C M, and i € M, are positive measures. If {I'[p;]}

converges normally to I'[], then {y;} converges to p in weak*.
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Proof. Let f € C.(G), be such that supp f C B(0, R), for some R € (0,00). We need to

show that

lim [ f(x) dps(2) = [ F@) dp(e

J—00

Given ¢ € (0,00), we write

1@ dui(a) = [ f(@) dute

_ /G(f() Tf(x,t)) du;(z +/fot)duj /Ffﬂftdﬂ()
+ [ (Tf(@.1) = f(z)) du(a) (43.1)

Fixing € > 0, and applying Lemma 4.2.17 we get some t; € (0, 00), such that

T f(x,t0) — f(x)]
v(x)

<e, foral zed. (4.3.2)

Using Lemma 4.2.18 in the second and third integral of (4.3.1), it follows that

[ 1@ dis@) = [ (@) duta)
J @) =it ds(a) + [ Tls] o) = Tl o) 1 ()] d(e)

+ [ IDf(.to) = ()] diu(a)
= L(j)+ L)+ L. (4.3.3)

IN

It follows from (4.3.2) that

T f(x,t0) — f()]
)= / v(x) !

for all j € N. Similarly, we also have that
I3 < el[u](0,1).

Since {I'[;1;]} converges to I'[1«] normally, the sequence {I'[2;](0, 1)}, in particular, is bounded.
Hence, for

C = supT'[p;](0, 1) + T[] (0, 1),

JjEN
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we get that for all j € N,
[1(j) + [3 S 2Ce.

Again using the normal convergence of {I'[i;]} to I'[u], we get some j, € N, such that for
all 7 = jo,

1T 4] — F[M]HLOO(B(QR)x{tU}) <€

This implies that for all j > jo,

L(7) < €l fllzre)-

Hence, it follows from (4.3.3) that

[ @) = [ f(@)dnta)

< e(2C + || fllz1(@));

for all j > j9. This completes the proof. O]

In every second countable, locally compact, Hausdroff space, open sets are o-compact.
By [Rud87, Theorem 2.18], it then follows that any locally finite positive measure on R™ is
regular. Consequently, if i and v are two positive measures on R™ (which, by our assumption,
are locally finite) such that x(B) = v(B), for all Euclidean open ball B in R™, then . = v. We

are now going to prove that the same conclusion can be drawn when open balls are replaced

by d,-balls.

Lemma 4.3.2. Let i1 and v be two positive measures on G. If
u(B) = v(B), (4.3.4)
for every dg-ball B in G, then = v.

Proof. We set
¢ =m(B(0,1))" xB-

Since translation and dilation of a d.-ball is again a d-ball, it follows that for all z € G and
r € (0,00),
o ¢p(x) = vk (). (4.3.5)
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On the other hand, as (G is a second countable, locally compact, Hausdroff space, it follows

from [Rud87, Theorem 2.18] that y, v are regular, and hence it suffices to show that

/Gfdu:/cfdz/, for all f € CL(G).

We take f € C.(G), with suppf C B(0, R), for some R € (0,00). We observe that for

x€G, re(0,0)

frluxo)@ = [ f)lu o)y o 2) dmy)
= [ £w) [ or (€70 7 0 w)) dpl) dm(y)
= [ [ oo o) du(€) dm(y)
(substituting y = y; 0 €', and using the

translation invariance of m)

— [ fulon)énurt o @) dm(yn)
— foron(o), (4.3.6)

where

fu2) = [ fzo€ ) dule). €. (437)

We now claim that is continuous at 0. To prove this claim, we consider a sequence
o
{yr | k € N} in G converging to 0. Since the group operation and d, are continuous, there

exists some positive constant C' such that
de(yr) < O, forall k;
and for each £ € GG, we have
Yo &t = €7 as k— oo
We note that for £ € B(0,7(R+ C))°,

1 1
de(ypo &) > ;dg(é) —d(y) > ;T(R+ C)—C=R, forall k.
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Therefore, as suppf C B(0, R), we can write

Sulyr) = flyk o €71) du(§), keN. (4.3.8)

/B(O,T(R-i-C’))

By continuity of f, for each £ € GG, we have

flywo&71) = f(€71), as k— o0,

and hence applying dominated convergence theorem in (4.3.8), we obtain

fu(yr) —>/

B(0,7(R+C))

= [ FE) du(©) = (), a5 k= 0.

This proves our claim. Let € > 0. Using (4.2.4) we choose some x > 0, such that
[fu(y) = fu(Q)] <e, forall ye B(O,r).

Hence,

|fu * ¢7‘(Q) - fu(Q)

— | [ 500006 dml©) ~ [ £u@)n(6™) dme)

< (B((W/B(O 15(6) = £, ()] dm(©)

< ¢ forall re(0,k).
This, together with (4.3.6) and (4.3.7), implies that
[ (p*¢,)(0) = £.(0 /f as 7 — 0.

Similarly, we can prove that

f*w=*¢.)(0) — f,(0 /f ), asr —0,

where f, is defined according to (4.3.7). Equation (4.3.5) now shows that

L AE du&) = [ fe) av
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This completes the proof. O

We now use this lemma to prove the following generalization of Lemma 3.2.5 which will

be needed in the proof of our main theorem.

Lemma 4.3.3. Suppose that {j; | j > 1}, p are positive measures on G and that {y;}
converges to ji in weak*. Then for some L € [0,00), = Lm if and only if {y;(B)}
converges to Lm(B) for every d.-ball B in G.

Proof. Suppose 1 = Lm. Fix a dg-ball B in G and € > 0. As B is compact with respect to

the Euclidean topology, by regularity of m, there exists an open set V O B, such that
m(V \ B) < e.
Using Uryshon's lemma [Rud87, Theorem 2.12], we choose ¢ € C.(G), such that
0<¢(x)<1, forallz€G; =1 on B; ¢»=0 on V°
Then

/Gwdm:/dem+/V\dem§m(B)+m(V\B)gm(B)—i—e. (4.3.9)

Since 1 is nonnegative and identically equal to 1 on B, and p1; — u in weak*,

limsup p;(B) = limsup | ¢ dp; <limsup [ ¢ dp; = / WU dp.
; B ; G G

Jj—00 Jj—00 Jj—00

Using our assumption, that is, 4 = Lm and (4.3.9) in the above, we get
limsup p;(B) < L/ Y dm < L(m(B) + ¢).
G

Jj—o0

Since € > 0, is arbitrary
lim sup p1;(B) < Lm(B). (4.3.10)

Jj—o0 o

Similarly, by choosing a compact set K C B, with

m(K) > m(B) —e (using Remark 4.2.2)
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and a function g € C.(G) such that
0<g(x)<1, foralzeG; g=1 on K; ¢g=0 on B
we observe that

/ngmZ/Kgdm:m(K)>m(B)—e.

Since 0 < ¢g <1, with supp g C B, and p; — p in weak*,

liminf p1;(B) > liminf/ gdu; = / gdp = L/ gdm > L(m(B) — ¢).
j—o0 j—o0o G Ja G
Since € > 0 is arbitrary
hjrgg)lf,uj(B) > Lm(B).

Combining the inequality above with (4.3.10), we conclude that

lim p,;(B) = Lm(B).

Jj—o0
Conversely, we suppose that
lim p;(B) = Lm(B), (4.3.11)
J—00
for every d,-ball B in G. We need to prove that 4 = Lm. In view of Lemma 4.3.2, it suffices
to show that

w(B) = Lm(B), for every d.-ball B C G.

The proof of this part is similar to that of the previous part. We fix ¢ > 0, and a d -ball
B = B(zg,r). We denote the d-ball centered at xy and radius r + € by B’. Taking Remark

4.2.4 into account and applying Uryshon's lemma we get a function f € C.(G), such that
0<f(x)<1, foralzeG; f=1 onB; f=0 on G\B.
Using our hypothesis, namely p; — p in weak*, and (4.3.11), above implies that
B:/d</d:1'/d~<1' (B) = Lm(B') = L Q
wB)= [ fdu< | fdp=lim | fdp; < lim p;(B') = Lm(B') = Leg(r +¢)

where ¢ = m(B(0,1)).
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Since € > 0 is arbitrary, we have
w(B) < Lm(B(0,1))r% = Lm(B).
Similarly, letting B"” = B(xo,r — €), and choosing a function f; € C.(G), such that
0< fi(z) <1, forallze€G; fi=1 on B"; fi=0 on G\ B;

we obtain

p(B) = [ frdp=lim [ fidp; = timinf [ fydyyg = timinf ;(B")
G IO JE Jj—oo  J B Jj—ro0

Thus, (4.3.11) gives
w(B) > Lm(B") = Lm(B(0,1))(r — €)©.

As € > 0 is arbitrary,

w(B) > Lm(B(0,1))r? = Lm(B).
This completes the proof. O

Remark 4.3.4. It is evident from the proofs that both Lemma 4.3.2 and Lemma 4.3.3 does

not depend on any particular choice of the homogeneous norm.

Next, we shall consider various types of maximal functions on G. For a measurable function
¢ defined on G and a measure i on G, we define the a-nontangential maximal function Mgy,
where a € (0,00), and the radial maximal function Mgy of ;i with respect to ¢ as follows

([FS82, P.62]):

Mgu(z) = sup  |ux¢(&)|, z€G;
(£,£)€G % (0,00)
de(z=loé)<at

Miu(z) = sup |u* ¢i(x)|, =€ G.

te(0,00)

It is obvious that M(gu is pointwise dominated by Mgy for all o € (0,00). In [FS82, Corollary

2.5], it was proved that if ¢ satisfies some polynomial decay, namely

|6(2)] < C(1 + de ()
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for some positive constants C' and A € (Q,00), then Mg is weak type (1,1) and strong
type (p,p), 1 < p < co. Although Folland-Stein proved these mapping properties of Mg for
a = 1, but their proof works for all @ € (0,00). An important special case of this type of
maximal functions is the centered Hardy-Littlewood maximal function, which is obtained by

taking ¢ = xp(0,1) in Mgu. We shall denote it by My (p). In other words,

Mgy () ) = sup AP

_— e d.
b m(B(z,r) "

In the following, we shall prove a lemma regarding pointwise comparison between the centered
Hardy-Littlewood maximal function and other maximal functions introduced above. We then

use it to prove the corresponding result for heat maximal functions.

Lemma 4.3.5. Let ¢ : G — (0,00), be a L-radial, L-radially decreasing (see (4.2.16),
(4.2.17)) and integrable function, and let | be a positive measure on G. Then for each

a € (0,00), there exist positive constants c, s and c, such that
C¢MHL([,L)((L'0) S Mg,u(l‘()) S M:;,u(f]fo) S Ca7¢MHL([1,)(l'0), for all o € G.

Proof. We have already observed that the second inequality is obvious. To prove the left-most

inequality we take ¢ € (0, 00), and note that

peonro) = [ o€ om)du(e)

xo,t)
_ 4+Q (€ o g
= 179 o(6sle om)) du(e)
> 179 o(1) du(€) (as de (0:(6 o mp)) < 1)

pu(B(xo,1))

= SWmBO.D) Tt )

Setting ¢, = ¢(1)m(B(0,1)), and then taking supremum over t € (0, 00), on both sides of

the inequality above we get

coMpur(p)(zo) < Mgu(xo). (4.3.12)

To prove the right-most inequality, we take (£,t) € G x (0, 00), such that

de(xgt o &) < at. (4.3.13)
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Then,
prol® = [ ol o) dula)
= 19 (06 o0) dutw)
-Q
+t ;/{

= I+> I. (4.3.14)
Jj=1

4]
€G220 1at<d, (x~1o€)<2I at} ( b

Since ¢ is bounded by ¢(0), we get the following estimate of I:

I< ¢(Q)t_Q/ du(z) = Co g w(B(§,at))

_— 4.3.15
B(€,at) m(B(xg, at)) ( )

Using (4.3.13), the quasi-triangle inequality gives
de(rgtom) <7 (dﬁ(xal 0&)+de(¢t o x)) < 7(at + at) = 270t,
for all z € B(&, at). Consequently, B(§, at) C B(xg,27at), and hence
u(B(&, at)) < u(B(xo, 2Tat)). (4.3.16)

Similarly,
w(B(€,27at)) < u(B(z, (27 4 1)at)). (4.3.17)

Applying (4.3.16) in (4.3.15), we obtain

w(B(zo, 2Tt))
< Caom B lme at)

< ClsMpr(p) (o). (4.3.18)

Now, for each j € N,

IN

L < t7¢ ¢(2~"a) dp()

{z|20 " tat<d,(z~1of)<2Iat}

< 7992 ) u(B(E, 2 at)). (4.3.19)
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In order to estimate the right-hand side of the inequality above, we use the integration formula

in ‘polar coordinates’ given in (4.2.6) to get

/G é(z) dm(z) = o(S) /0 ()" dr, (4.3.20)

as ¢ is L-radial. But ¢ is L-radially decreasing and nonnegative. Hence,

/OO o(r)yrtdr = i /;ja o(r)r@=t dr

a DYt |
> Z¢ (2a /2 %t
— a—Qigb 2 oy QJQ 9= 1)@)
_ (Qng_ng‘Q i B(2 )20 1R

Equation (4.3.20) and integrability of ¢ now imply that
3" ¢(277a)2U e < o, (4.3.21)
j=1

Applying (4.3.17) in (4.3.19) we obtain

S0 < Y o u(Blao, (2 + 1)ra))

j 1

_ = p(B(xo, (2 + Drat))
_—; ]Zl (2 i 4 1)Qm(3(m (27 + 1)rat))

< (iﬁb (2" a HI)Q) My (i) (o) = ¢ g M (p) (o).

Jj=1

In view of (4.3.21), ¢, , is finite. Applying the inequality above and the inequality (4.3.18) in
(4.3.14), we get that

px Ge(8) < capMur(p)(zo)-

Taking supremum over all (£,t) € G x (0,00), with dz(zo,&) < at, we obtain

Mg (o) < CapMpur(p)(@o). 0



96 Chapter 4. Boundary behavior of positive solutions

Remark 4.3.6. It is evident from the proof of the lemma above that one can replace the
homogeneous norm d, with any other homogeneous norm. More precisely, if ¢ : G — (0, c0),
satisfies (4.2.16), (4.2.17) with respect to any other homogeneous norm d, then the conclusion
of Lemma 4.3.5 is true, where the Hardy-Littlewood maximal function and the a-nontangential

maximal function will now be defined with respect to the d-balls instead of d,-balls.

Lemma 4.3.7. Let u € M, be a positive measure. Then for each o € (0,00), there exists

positive constants ¢ and c,, such that

My (p)(zo) < sup T[pl(zo,t?) < sup  T[p)(x,t) < caMyr(p)(x0), (4.3.22)

te(0,00) (z,t)€P(x0,0)
for all xo € G.
Proof. We fix zp € G, a € (0,00). We recall that (see Definition 4.2.19,i))

P(z0, ) = {(2,t) € G x (0,00) : dg(zy" 0 ) < at}.

The second inequality is obvious as {(z¢, %) | t € (0,00)} is contained in P(x, a). To prove

the left-most inequality, we take

o(z) = 5t exp (—Codﬁ($>2) , xeG.

Clearly, ¢ satisfies the hypothesis of Lemma 4.3.5. By the first part of the Gaussian estimate
(4.2.10), we have

p* ¢p(x) < Tlp](x, %), forall (z,t) € G x (0,00).
Applying left-most inequality in Lemma 4.3.5, we obtain

cMpr(p)(x0) < sup p* ¢y(w0) < iggf[u](xo, t%),

t>0

for some positive constant ¢, independent of ;. On the other hand, we consider

¥(z) = coexp <_ dﬁ(ﬁ) el

Co
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Clearly, v also satisfies the hypothesis of Lemma 4.3.5. Moreover, by the upper Gaussian

estimate (4.2.10), we have
Llpl(z,t) < pxp 4(x), forall (z,t) € G x (0,00). (4.3.23)
But the right-most inequality in Lemma 4.3.5 gives us

sup Ho* @D\/Z(f) < CaMHL(:u) (‘TO))
(&,t)eG%(0,00)

de(xy tof)<Vat

for some positive constant ¢, independent of xy. Hence, using (4.3.23) and the definition of

P(zg, a), we get that

sup  Dlp](&1) < sup  pxth 4(E) < caMur(p)(zo)-

(&:t)€P(zo,a) (£,6)€G % (0,00)
d(wo,6)<Vat
This completes the proof. O

To prove our main result of this chapter we will also need an analogue of Montel's theorem
for solutions of the heat equation (4.2.9). We have already observed that the heat operator
H = % — L is hypoelliptic on G x (0,00) (see Remark 4.2.9). Using this hypoellipticty, we

have the following Montel-type result.

Lemma 4.3.8 ([Barl3, Theorem 4]). Let {u;} be a sequence of solutions of the heat equation
(4.2.9) in G x (0,00). If {u;} is locally bounded then it has a subsequence which converges
normally to a function v, defined on G x (0, 00), which is also a solution of the heat equation

(4.2.9).

We have already mentioned that the positive solutions of the classical heat equation on the
Euclidean upper half space are given by convolution of positive measures with the Euclidean
heat kernel (see Lemma 2.1.12). In case of the heat equations on stratified Lie groups, we

also have similar representation formula.

Lemma 4.3.9 ([BUO5, Lemma 2.3]). Let u be a positive solution of the heat equation Hu = 0

in the strip G x (0,T"), for some T' € (0,00]. Then, there exists a unique positive measure j
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on GG such that

m%w:nﬂ@w:AFQJMWMMQ (z,1) € G x (0,T).

The measure p will be called the boundary measure of u. Bonfiglioli and Uguzzoni proved
the above Lemma under the implicit assumption that 7' € (0,00). But the same proof will
work for the case T' = oco. This type of representation formula has been known as Widder-type

representation fromula in the literature.

Given a function ' on G x (0,00) and 7 € (0,00), we define the parabolic dilation of F

as follows

F.(z,t) = F(5.(x),7*t), (z,t) € G x (0,00). (4.3.24)

Remark 4.3.10. The notion of parabolic dilation is crucial for us primarily because of the

following reasons.

i) If F'is a solution of the heat equation then so is F, for every r € (0,00). Indeed, L is
homogeneous of degree two with respect to the dilations {9, | 7 € (0,00)} (see Remark

4.2.8). This implies that

(g _ gt) F(3,(2),721) = P2(LF) (6, (2), 1) — 0 (5,(2) 1) = 0.

i) (z,t) € P(0, ), if and only if (§,(z),r*t) € P(0, ), for every r € (0, 00).
Given a measure v on GG, and r € (0,00), we also define the dilate v, of v by
v (E) =r v (6,(E)), (4.3.25)

for every Borel set ¥ C GG. The following lemma relates the above notions of dilates.

Lemma 4.3.11. If v € M, then for every r € (0, 00)

v )(w,t) = T[] (6:(x),7t) , forall (x,t) € G x (0,00).
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Proof. For a Borel set E C G, using the definition of v, (4.3.25), it follows that

/GXEdVT:T_QI/ A(E) =1~ /)@ x)dv(x) =1~ /XE dv(z).

Hence, for all nonnegative measurable functions f on GG, we have

| f@ dv(e) =179 [ £ (0,1(2)) dv(e).

It now follows from the relation above that

Oyl t) = [ T 0w ) di(§)
_ —Q/ Jou,t) d(x)
- / 6,1 (€706, (m)),r‘2r2t) dv(x)
_ @ Q/ (€ V0 6.(x),r*t) dv(z)  (using Theorem 4.2.11, (i)
= T[] (6:(x), 2t),

for all (z,t) € G x (0, 00). O

4.4 Main theorem

We shall first prove a special case of our main result. The proof of the main result will follow

by reducing matters to this special case.

Theorem 4.4.1. Suppose that u is a positive solution of the heat equation
Hu(z,t) =0, (z,t) € G x(0,00),

and that L € [0,00). If the boundary measure 11 of w is finite, then the following statements

are equivalent.

(i) w has parabolic limit L at Q.

(ii) p has strong derivative L at (.
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Proof. We first prove that (i) implies (ii). We fix a d.-ball By in G, a sequence of positive

numbers {r; | j € N} converging to zero and then consider the quotient

L. — H (67“]- (BO))

j m» JeN (4.4.1)

Assuming (i), we will prove that {L,} is a bounded sequence and every convergent subsequence
of {L;} converges to L. We first choose a positive number s such that By is contained in
the d.-ball B(0, s). Then, using positivity of i and (4.2.1), we obtain for all j € N that

_ 1 (0,(B@s) _ #(0(BOQ.5)  m(Bs))

TZ T (n(B))  m(0,(Bs)  m(Bo) < CMp(n)(0),  (44.2)

m(B(0, s))

. Since p is the boundary measure for u we have that
m(Bo)

where C =
u(z,t) = Clp|(x,t), forall (z,t) € G x (0,00).

By hypothesis, u(0,t%) converges to L as t tends to zero which implies, in particular, that

there exists a positive number « such that

sup u(0,t*) = sup I'[1](0,#*) < oo.
te(0,k) te(0,k)

Since p is a finite measure, using the Gaussian estimate (4.2.10), we also have

de(x)?
Cot2

L[p](0,%) < cot_Q/GeXp <— > du(z) < cot Cu(G) < cok u(Q),

for all t € [k, 00), and hence

sup T[(0, ) < oo.
te(0,00)

Inequality (4.3.22) now implies that My (1)(0) is finite. Boundedness of the sequence {L,}
is now follows from the inequality (4.4.2). We take a convergent subsequence of {L;} and

denote it also, for the sake of simplicity, by {L,}. For j € N, we define

uj(w,t) = u (6, (x),13t),  (2,1) € G x (0,00).
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Then by Remark 4.3.10, i), {u;} is a sequence of solutions of the heat equation in G x (0, 00).
We claim that {u;} is locally bounded. To prove this claim, we choose a compact set

K C G x (0,00). We consider the map
2
(x,t) — Mﬁ(t@), (x,t) € G x (0,00).

Since d, is continuous on G, this map is also continuous. As K is compact, image of K

under this map is bounded and hence there exists a positive real number « such that
d 2
(E(tx)) <a, forall (z,t) € K.

In other words, K C P(0,«). Using the invariance of P(0, «) under the parabolic dilation
(see Remark 4.3.10, ii)) and (4.3.22), it follows that

sup sup u;(z,t) <  sup  wu(z,t) < coMpr(p)(0) < oo.
JEN (z,t)eK (z,t)€P(0,x)

Hence, {u;} is locally bounded. Lemma 4.3.8 (generalization of Montel's theorem), now
guarantees the existence of a subsequence {u;, } of {u;}, which converges normally to a
positive solution v of the heat equation in G x (0,00). We now show that v is identically
equal to L in G x (0,00). To show this, we take (z,%y) € G x (0,00), and choose a positive
number 7 such that (zg,ty) € P(0,7n). Our hypothesis implies that

lim  w(z,t)=L.

t—0
(z,t)€P(0,n)

Since {rj, } converges to zero as k goes to infinity, the equation above shows that
— 1 ) — 1 2 —
v(xo, to) = khjEO wj, (zo,t0) = klgglou (5% (xo),rjkt0> =1L,

as (0y, (w0),73,t0) € P(0,n), for all k € N. As (x0,t9) € G x (0,00) is arbitrary, it follows

7 Ik

that v is identically equal to L in G x (0,00). On the other hand, by Lemma 4.3.11, we have

uj, (z,t) =u ((5% (x), 7"5—)}) = I'[y] (5’”z‘k (x), r?kt> =T [“’“jk} (x,1), (4.4.3)

for all (z,t) € G x (0,00), where fu, is the dialte of ;1 according to (4.3.25).
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Thus,
I, | = L=T[Lm,

normally as k — oo. Therefore, Lemma 4.3.1 implies that the sequence of measures {Mrjk}
converges to Lm in weak*, and hence by Lemma 4.3.3, {,, (B)} converges to Lm(B) for

every dg-ball B C G. Choosing B = By, it follows that

i

T T —Q _ .

om(Bo) = f i, (Bo) = Jim, 73" (0, (o)) = m(Bo) fimn S
This implies, together with (4.4.1), that the sequence {L,, } converges to L and hence so does
{L;}, as {L,} is convergent. Thus, every convergent subsequence of the bounded sequence
{L;} converges to L. This implies that {L;} itself converges to L. Since B, and {r;} is

arbitrary, i1 has strong derivative L at 0.

Conversely, suppose that the strong derivative of i at 0 is equal to L. We fix a positive
number a and a sequence {(z;,t5)} C P(0,a), such that {t;} converges to zero. Since

Dp(0) equals to L, it follows, in particular, that

lim mBQ,r) = L.
r=0m(B(0,r))
Thus, we get for some k € (0,00), such that
n(B(, 1))
sup ———5 < L+ 1.
re(0.) M(B(0, 7))
Finiteness of the measure ;. implies that
u(BO.1) _  p(G)
m(B(0,7)) = m(B(0,1))s?

for all 7 € [k, 00). The above inequalities, together with (4.3.22), shows that

sup  u(e) =  sup  Tll(a,t) < e (1)(0) < .
(z,t)EP(0,a) (z,t)EP(0,a)

In particular, {u(z;,t7)} is a bounded sequence. We now consider a convergent subsequence
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of this sequence, denote it also, for the sake of simplicity, by {u(xj,tﬁ)} such that

=1L (4.4.4)

lim u(z;,t;

J—00

We will prove that L’ is equal to L. Using the sequence {t;}, we consider
wj(w,t) = u (6, (x),£3t), (z,1) € G x (0,00).

Arguments used in the first part of the proof shows that {u;} is a locally bounded sequence of
positive solutions of the heat equation (4.2.9) in G x (0,00). Hence, by Lemma 4.3.8, there
exists a subsequence {u;, } of {u;} which converges normally to a positive solution v of the
heat equation in G x (0,00). Lemma 4.3.9 now shows that there exists a positive measure
v € M, such that v is equal to I'[v]. We consider the sequence of dilates {/;, } of 1 by {¢;,}
according to (4.3.25). An application of Lemma 4.3.11 then implies that I'[y;,] equals u, .
Thus, the sequence of functions {I'[1;, ]} converges normally to I'[v]. Applying Lemma 4.3.1,
we then conclude that {y;, } converges to v in weak*. Since Du(0) = L, it follows that for
any dg-ball B C G,

lim p;, (B) = lim t;,"u(d;, (B)) = lim #0, (B))
i el )= G B O ) = B o, ()

~—

Hence, by Lemma 4.3.3, v = Lm. As v = I'[v], it follows that
v(xz,t) =L, forall (x,t) € G x(0,00).

This, in turn, implies that {u;, } converges to the constant function L normally in G x (0, 00).
On the other hand, we note that
u(a:jk,tik) =u <5% <5tjk1 (x]k)) ,t?k) = u;, <5tj1€1(xjk), 1) )

2

Since (7;,,t; ) belongs to the parabolic region P(0, ), for all k£ € N, it follows that

(002 (@3 1) € B, Va) {1
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which is a compact subset of G x (0, 00). Therefore,

lim u(mjk,ti) = klg& (1 (5t.1k1 (xj,), 1> =1L,

k—o0

as the convergence is uniform on B(0, ) x {1}. In view of (4.4.4), we can thus conclude that
L’ equals L. So, every convergent subsequence of the original sequence {u(z;, t?)} converges
to L. This shows that the original sequence {u(x;,t3)} converges to L. As the positive

number a and the sequence {(z;,5)} C P(0, @) is arbitrary, u has parabolic limit L at 0. [

The following is the main result of this chapter.

Theorem 4.4.2. Suppose that u is a positive solution of the heat equation
Hu(x,t) =0, (x,t) € G x(0,7T),

for some T' € (0,00], and that zy € G, L € [0,00). If ju is the boundary measure of u then

the following statements are equivalent.

(i) w has parabolic limit L at x.

(ii) p has strong derivative L at xy.
Proof. We consider the translated measure jiy given by
po(E) = p(xo 0 E),
for all Borel subsets 2 C GG, where
roo E={zxgo0 | € E}.

Using translation invariance of m, it follows from the definition of strong derivative (see
Definition 4.2.19, ¢ii)) that Duo(0) and Du(z) are equal. On the other hand, for a Borel
set £ C G,

L Xe(©) dnol€) = mol(B) = (o0 B) = [ Xwoom () dn(€) = [ xp(e5! o €) du(e).
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Hence, for (z,t) € G x (0,T)

Plpal(z,t) = [ T(€™ o,t) dpof€) = [ D5 0 &) 0,) du(§) = Tyl (wo o ).

We fix an arbitrary positive number a.. As (z,t) € P(0, ), if and only if (xzgoz,t) € P(xzg, )

(see the Definition 4.2.19, 7)), one infers from the above that

lim  Tlpl(et) = lm  Tlul(,0).
(z,t)eP(0,2) (§,t)€P(z0,x)

Hence, it suffices to prove the theorem under the assumption that g is the identity element
0. We will now show that we can take y to be a finite measure. Let ji be the restriction of u
on the d-ball B(0,77!). Suppose B(y, s) is any given d -ball. Then for all positive number
7 smaller than (72(s + dz(y))) ", it follows that 6,(B(y, s)) is a subset of B(0,7%). Indeed,

for any § € 6,(B(y,s)) = B(6,(y),7s),
de(0,€) < 7(de(0,6,(y) +de(6,(y), &) < 7(rde(y) +rs) <777,

for all 7 € (0, (2(s + dz(y))) ™). This in turn implies that Dy(0) and Dji(0) are equal. We

now claim that

lm  Tl(rt)= lm (1), (4.4.5)
(z,t)€P(0,a) (z,t)€P(0,x)
In this regard, we first show that
lim Do, t)du(€) =0, (4.4.6)

50 /By

uniformly for z € B(0,1/(272)). For this, we first note that for z € B(0,1/(27?%)), and
¢ € B(0,1/7)¢, we have

dele) < 5g < 5-de(€),

and hence using the reverse triangle inequality (4.2.15), we get

1
—.

de(§) — de(§) _ de(§) >

T 2T 2T 2T

del€ 00) = 2de(€) — delo) 2
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We fix ¢ty € (0,T). Using the Gaussian estimate (4.2.10) and the inequality above, we get

[ T ot du(g)
B(0,7~1)e

Q z))?

< cot‘2 . ( ) dp(€)
B(0,7—1)
(de(671o de(67 o z))

B Cot_g B(oT—l eXp( : €2c0t 2 )eXP <—( £(§2cot 2 > dpi(§)

g (de(6 0 2))”
= eXp( 8007425) B0 eXp( 2t> (&)
< et Fex ( 8007415) .

B(0,7—1)e ( 8007’ t )
_Q 260((15( ))?

< t 2 _—

= exp< 8CQT4t) »/B(O,T_l) o < du&),

for all ¢ € (0,(16¢37%)"'ty). Since i is a positive measure and T'[u](0,%o/2) is finite, the
Gaussian estimate (4.2.10) implies that the integral on the right-hand side in the last inequality
is finite. Hence, letting t goes to zero on the right-hand side in the last inequality, our desired

equation (4.4.6) follows. Now,
Plal(@,t) = TGl O+ [ T o, t) du(@).
B(0,r~1)°

Given any € > 0, using (4.4.6), we get some t; € (0, (16¢27%) "), such that

0 < Tlpl(e, ) = Tl ) = [ T(€ o t) duf¢) < e

B(0,r—1)¢
for all (z,t) € B(0,1/(27%)) x (0,¢1). On the other hand, we observe that
P(0,a) N {(x,t) | t € (0,1/(4at))} C B(0,1/(27%)) x (0,1/(4at?)).
Hence, for all (z,t) € P(0, a), with ¢ € (0, min{t;,1/(4a7?)}), we have
F[N](:E7t) - F[ﬂ](l‘,t) <€

This proves (4.4.5). Therefore, as o € (0, 00) is arbitrary, we may and do suppose that 1 is a
finite measure. Using this, without loss of generality, we may also assume that 7" = co. The

proof now follows from Theorem 4.4.1. O
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Remark 4.4.3. It is not known to us whether a result analogous to Corollary 3.2.11 holds true
for solutions of the heat equation (4.2.9). However, if it turns out to be true that a nonzero
solution of (4.2.9) can not vanish on any open set in G x (0, c0), then one can actually prove
a stronger version of Theorem 4.4.2 in the sense that if there exists some 1 € (0, 00), such
that

lim  wu(z,t) =1L,

t—0
(CC,t)EP(:L‘O 777)

then p has strong derivative L at x(, where u is a positive solution of the heat equation and

4 is the boundary measure of w.






Chapter 5

Differentiability of measures and
admissible convergence on stratified Lie

groups

In this chapter, we generalize a theorem of Victor L. Shapiro [Sha06] concerning nontangential
convergence of the Poisson integral of an LP-function on R™. Following Shapiro we introduce
the notion of o-points of a measure on a stratified Lie group and consider convolution integrals
for a fairly general class of convolution kernels. We show that convolution integrals of a
measure have admissible limits at o-points of the measure. We also investigate the relationship

between o-point and strong derivative. We prove that these two notions are the same in R.

5.1 Introduction

We recall that a point 2y € R", is called a Lebesgue point of a measure 1 on R”, if there

exists L € C, such that
= Il (B(xo, 7))
r—0 m(B(0,r))

= 0. (5.1.1)

In this case, it follows that Dy, pt(zo) is equal to L. The set of all Lebesgue points of a
measure ;. on R™, is called the Lebesgue set of 1 and is denoted by L,, (1) (see 1.0.17, i)). It

is not very hard to see that the Lebesgue set of a measure y includes almost all (with respect

109
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to the Lebesgue measure) points of R™. It is a classical result that if f € LP(R"), 1 < p < oo,
then the Poisson integral Pf of f has nontangential limit f(z,) at each Lebesgue point z,
of f (see [SWT71, Theorem 3.16]). In [Sae96, Theorem 1.5], Saeki generalized this result
for more general class of kernels as well as for measures instead of LP-functions. A natural

question which arises here is the following.

Question: Does there exist zp € R", and f € L"(R"), for some r € [1, 00|, such that z is

not a Lebesgue point of f but the Poisson integral Pf of f has nontangential limit at x(?

As we have already mentioned in the introduction that Shapiro answered this question in
the affirmative by introducing the notion of o-point of a locally integrable function, which we

recall next.

Definition 5.1.1 ([Sha06, P.3182]). A point 2y € R", is called a o-point of a locally integrable

function f on R", if for each ¢ > 0, there exists 4 > 0, such that

/B(m,r) (f(g) - f(l'o)) dm(f’) < G(Hx _ xo” + T)n,

whenever ||z — x| < 6, and r € (0,9).

The set of all o-points of f is called the o-set of f and is denoted by X, (f). As observed
by Shapiro, the Lebesgue set of a locally integrable function f defined on R", is contained
in X,(f) (see [Sha06, P.3182]). It was also shown that the containment is strict for some
particular functions. In fact, Shapiro [Sha06, Section 3] constructed a function f € L?(R?),
p € [1,00], such that 0 € ¥5(f), but it is not a Lebesgue point of f. Our main aim in
this chapter is to obtain variants of the following result of Shapiro for a general convolution

integral of the form ¢[u] of some measure p on stratified Lie groups.

Theorem 5.1.2 ([Sha06, Theorem 1] ). Let f € LP(R™), for somep € [1,00]. Ifxy € 3,,(f),

then Pf has nontangenial limit f(xy) at zo.

Shapiro also proved existence of nontangential limits of Gauss-Weierstrass integral of an
LP-function at o-points of the function [Sha06, Theorem 2]. For R", results of this kind
has already been proved in [EHO06] (a paper which generalizes earlier results in this regard

proved by Brossard-Chevalier [BC90]). The author of [EH06] has dealt with differentiation of
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measures with respect to more general positive measures than the Lebesgue measure of R™.
Perhaps due to this reason, the condition analogous to the comparison condition (1.0.6) used
in [EHO06] turned out to be stronger than what is needed for the Lebesgue measure. We will

explain this difference in Example 5.4.1.

The organization of this chapter is as follows. In the next section, we will define the notion
of Lebesgue point and o-point of a measure on a stratified Lie group and prove a variant
of Theorem 5.1.2. We will also discuss the relationship between the strong derivative and
o-point in section 3. In the last section, we will discuss two examples. Our first example
will show that the set of all Lebesgue points of a measure on the Heisenberg group is strictly
contained in that of all o-points of the measure. The second one will show that the condition
(5.4.1) analogous to the comparison condition (1.0.6) used in [EH06, Theorem 3.4] is much

stronger than what is actually needed for the Lebesgue measure.

5.2 Admissible convergence of convolution integrals

Throughout this chapter, we fix a stratified Lie group G with the homogeneous norm d and

identity element 0. We recall that GG has the following vector space decomposition
g=VieV,e V.

We denote by k, and () the Euclidean and homogeneous dimensions of G respectively. In

other words,

k=Y dmV Q=3 j(dim1).

=1 =1
We denote the Euclidean norm on R¥ (22 g as vector spaces) by || - ||, and the Euclidean open

ball centered at x € G, and radius r € (0,00) by B.(x,r), that is
Be(z,r) ={y € G|y —xf| <r}.

We denote the d-ball (see 4.2.5) centered at x € G, with radius s € (0,00) by By(z,s). We
recall that the Lebesgue measure m of R¥ is the Haar measure of G. Let us start by defining

the notions of Lebesgue point and o-point of a measure on a stratified Lie group.
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Definition 5.2.1. Let 1 be a measure on G and z( € G.

i) The point z is called a Lebesgue point of p if there exists L € C, such that

o 1= Ll (Ba(ao, 1)

N (5.2.1)

As usual, we call the set of all Lebesgue points of y as the Lebesgue set of y, and

denote it by L ().

ii) The point ¢ is called a o-point of p if there exists L € C, such that for each ¢ > 0,

there exists & > 0, satisfying
(1 = Lm)(Ba(w, 7))| < e(d(zg" 0 2) +1)%,

whenever d(x;' o x) < 4, and 7 € (0,5). In this case, we will denote the complex
number L by D,u(xy). The set of all o-points of y is called the o-set of y, and is
denoted by Y (p).

Remark 5.2.2. We remark the following.

i) It is known that m (Lg(1)¢) is zero (see first few lines of the proof of [BUO5, Thorem
2.4]). If zq is a Lebesgue point of p with L as in (5.2.1), then the strong derivative
(see Definition 4.2.19, iii)) of u at z( exists and equals L. Indeed, we take a d-ball
B = By(xz,t) in G. Then

1i(xo © 6,(B)) _L' _ ‘M(Bd(woo&(w) rt) — Lm (Ba(zo © 0,(z), 7 )‘
m(zq 0 0,(B)) (Ba (0, 7))
< | — Lm| (By(zg 0 0,.(x), rt)
- m (Bq(0,1t))
| — Lm| (Ba(zo, Tr(t + d()))
- m (Ba(0, 1))

p = Lm| (Ba(wo, rr(t + d(x))) (Tr(t—l—d(x)))Q
m (Ba(0, 7r(t + d(z)))) rt ’

where 7 is the constant Cj in the triangle inequality (4.2.2). Using (5.2.1), we see that

the right-hand side of the last inequality goes to zero as r goes to zero. As the d-ball

B is arbitrary, Dyu(zg) is equal to L.
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ii) For a measure i on GG, we have the containment

La(p) C Xa ().

Moreover,

Dyp(xg) = Du(zg), for all g € La(u).

To see this, we take zg € Lg(p), and fix € > 0. By the definition of Lebesgue point

(5.2.1), there exists § > 0, such that

1 — Lm|(Ba(zo,7)) < TQm(BEd(O y(Balao: ) = e

whenever r € (0,0), where L = Dy(xq). This implies that

(= Lm)(Ba(x,r)| < |p— Lm|(Ba(z, 7))
| = Lm| (Ba(wo, 7(d(w5" 0 x) + 1))

< e(d(xgl ox)+ T)Q,

IN

whenever r + d(z5"' o 2) < &. This shows that 2y € X¢(u), and that

Dop(xo) = L = Dp(o).

We define a notion analogous to nontangential convergence in the context of stratified Lie

groups as follows:

Definition 5.2.3. A function u defined on G x (0, ), for some to € (0, 0], is said to have

admissible limit L € C, at 2 € G, if for each a € (0, 0),

lim  w(z,t)=1L,
t—0
(z,t)€S(z0,0)

where

S(xo,a) = {(z,t) € S|d(z;'ox) < at}
= {(z,t) € S| d(w,z) < at}. (5.2.2)
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is called the admissible domain with vertex at xy and aperture a.

Given a measure p and a complex-valued function ¢ on G, we define the convolution

integral ¢[u](z,t) by

Slul(a,t) = px o) =9 [ 6(6,(67 o) du(e). (5.2.3)

=

whenever the integral converges absolutely for (x,t) € R’™'. If the integral above converges

absolutely for all (x,t) € E, where E C G x (0,00), we say that ¢[u] is well-defined in E.

Remark 5.2.4. From the proof of Lemma 4.2.14 it is clear that if ;1 is a measure on (G, and
¢ : G — (0,00), is a d-radially decreasing function on G (see (4.2.17)), then finiteness of
|| * ¢, () for some (zo,t0) € G x (0,00), implies that ¢[u] is well-defined in G x (0,ty/7).

Although o-point seems to be a natural generalization of the Lebesgue point, it does not
reflect the inherent notion of admissible convergence. To bring that out, we introduce the
notion of y-point. This will help us to understand the characteristic of the o-point in light of

the theme of this chapter.

Definition 5.2.5. Let ;2 be a measure on G. A point 7y € G, is called a y-point of x if there

exists L € C, such that for every a € (0, 00),

h P(Ba@r)

r—0
(@,7)€8(@0,0) m(By(x, 7))

In this case, we will denote the complex number L by D, u(zo). The set of all x-points of

is called the x-set of 1, and is denoted by X ().

Remark 5.2.6. As

o (XBd(QJ))T(x) = (‘T7T) € (07 00)7

the x-points of j are precisely those points where the convolution integral X p(o1)[p] has

admissible limit.

Lemma 5.2.7. For a measure 11 on G, we have

Ya(p) € Xa(p).
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Moreover,
D, u(zo) = Dyp(xo), whenever xy € X(p).
Proof. Let xg € ¥g(u). We fix € > 0, and g > 1. Then there exists some ¢ > 0, such that

m(B(0,1))e

(200)0 (d(xgt o) + r)?, (5.2.4)

(1 = Do puwo)m)(Ba(z, 7))| <

whenever d(z,' o 2) < §, and r € (0,6).

Now, for any (z,7) € S(x¢, ap), we have

)
)G +3)°
(B, 1))

z-lox)
sag T 2)7

(200)% (1 = Dops(o)m)(Bg(z,7))]
m(Ba(0,1))  (d(xg" o x)+ aer)?
(200)¢ (1 = Dgps(o)m)(By(z,7))]
= m(B4(0,1)) (d(zgtox) +1)@ 7

IN
I

(as (z,r) € S(zg,p))

where the last inequality follows from the fact that oy > 1. Since
d(zgt o x) < apr < 0,

whenever r € (0,0/ayp), it follows from (5.2.4) that

p(Ba(,r))

m(By(z, 7)) — Dopu(zo)| <€,

whenever (z,7) € S(zg,ap), with r € (0,0/ap). As ag > 1, is arbitrary, we have z; is a
Xx-point of x with
Dyji(xo) = Dopi(zo).- 0
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We say that a function ¢ : G — (0, c0), satisfies the comparison condition if

¢r(x)
sup { o(7) |t e (0,1), d(z) > 1} < 00. (5.2.5)

Remark 5.2.8. As in the case of Euclidean spaces (see Example 2.1.2), one can show that

the following functions satisfy the comparison condition (5.2.5).

1 —ed(x)?
€ xT G
(It d@)) g2 +d@)r) ©  TEG

where a > [)/2,00), k € [0,00), and ¢, ( are positive numbers.

The following lemma shows that with the aid of the comparison condition (5.2.5) it is
sufficient to discuss admissible convergence of convolution integrals of measures with finite

total variation.

Lemma 5.2.9. Suppose that ¢ : G — (0,00), is a d-radial, d-radially decreasing, integrable
function. Furthermore, suppose that ¢ satisfies the comparison condition (5.2.5) and that p is
a measure on G, such that |u| * ¢4, (0) is finite for some ty € (0,00). Let fi be the restriction

of i on the d-ball B4(0,ty/7). Then we have the following.
i) For all a € (0,00),
%ii% ok py(x) = %1_%1 % o), (5.2.6)
(z,t)€S(0,a) (z,t)€S(0,a)
provided one of the limits exist.

i) IfQ is a o-point of i, then Q is also a o-point of ji and vice versa. In either case,
Dopi(0) = Dyji(0).
iii) 1fQ is a x-point of u, then ( is also a x-point of fi and vice versa. In either case,

D yu(0) = D ji(0).
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Proof. In view of Remark 5.2.4, without loss of generality we assume that ¢y/7 < 1. We write

fort € (0,t0/7), v € G,

o dulw) = e du(w) + [ b S ox)du(e).  (5.2.7)

Since ¢ is a d-radial, d-radially decreasing function, using integration formula in polar coordi-
nate (4.2.6) we have for any r € (0, c0),

o(x) de = Cq /T; P(s)s9 1 ds > Coo(r) /: s lds = Cbrc%(r).

/{IGGlT/%d(Z)ST} /2

Since ¢ is an integrable function, the integral on the left-hand side converges to zero as r

goes to zero and infinity. Hence, it follows that

lim d(z)%(z) = lim d(x)?¢(x) = 0. (5.2.8)

d(z)—0 d(z)—o0
We denote the integral appearing on the right-hand side of (5.2.7) by I(x,t). We fix a €
(0,00). We observe that for (z,t) € S(0,«), and d(§) > to/T,
to d(§)

1t
< —==, for all O<t<min{ 0 }

d < at <
() <o a27'204 - 27 2" 212y

Using this and the reverse triangle inequality (4.2.15), we get that for d(§) > ¢o/7, and

(x.t) € 5(0,0) N (G x (0,min{}, 514.})).

Therefore, using the fact that ¢ is d-radially decreasing, we obtain for (z,t) € S(0, )N (G X
(0, min{3, Qiga}))'

tto tto\ ~@
(=) = (%)

0\ ¢ .
= (tf) [{§€G|d(§>2?}¢(5i(§ o)) dlulte)
= @)Q /{5 c e » 1oy ¢ U ©) dll(©
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- ()" 0 (1 ©)
(cealde >0y €)%,

X b1 (€) dlpl(€)- (5.2.9)

From (5.2.8) we get that
(d©))? _
iy (5] 0 52 ) =
for each fixed £ € G. On the other hand, by the comparison condition (5.2.5), there exists

some positive constant C' such that

(56)"0 (0t ©) _ 002 (056 002 (50) _,
d(§)?1,(§) ¢ (51 (g)) ¢ (32 (9)

T
0 0

for all d(§) > to/7, t € (0,1/2), as 7 > 1. Since |u| * ¢4,(0) is finite, that is, ¢, €
LY(R™, d|p|), by the dominated convergence theorem, it follows from (5.2.9) that

tt
lim ’I( 'ﬂ’:o. (5.2.10)
t—0
(z,t)€S(0,c)
We note that
ot
lim [ (x,T X 0) = lim  I(z,t)
t—0 tO T2 t—0
(z,1)€S(0,c) (z,t)eS(0,c)

= li (e o) d |
(Ittéggoa[{fEG‘d() to, (&7 0 x) du(E)

B \

2
We have assumed that to/7 € (0,1). Since 7 € [1,00), we thus have T e (1,00). Therefore,

to
’t
(q:, 7;) € S(0,«), whenever (x,t) € S(0,«). Hence, using (5.2.10) in the last equation,
0
we obtain
lim (&t ox)du(€) =0. (5.2.11)

o
(xtte_é(()OOz {£€G|d( ) ;O}

In view of (5.2.7), this proves 7).

We now prove ii). Suppose that 0 is a o-point of x with

Doi(0) = L.
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We fix € > 0. Then it follows from the definition of o-point that there exists d € (0, to/(272)),
such that for d(z) < §, and r € (0, )

|( — Lm)(By(z,7))| < e(d(z) + 1)<, (5.2.12)
On the other hand, for d(z) < 4, and r € (0,6), we have
By(z,7) C B4(0,270) C By(0,t0/7),
as 0 € (0,t0/(27?)). Using the definition of i in (5.2.12), we get that
(e = Lm)(Ba(x, 7)) = |(n — Lm)(Ba(w,7))| < e(d(x) + 7)<,
whenever d(z) < §, and r € (0,0). This shows that the 0 is a o-point of . Moreover,
Doji(0) = L = Dopu(0).

Proof of the converse implication is similar.

To prove iii), we fix « € (0,00). We observe that for (x,r) € S(0,«), and £ € By(x,r)

t

d€) <7 (d(z) +d(z " 08)) <7(r+ar) < ?0

lo :
whenever r € [ 0, ———— |. This shows that

2(a + 1)
p(Ba(z,r)) = i(Ba(, 7)),
t

for all (z,7) € S(0, ), with r € (O, 7'2(040"‘1)>. This proves ii). O

Before proceeding to our next lemma, we recall that [Rud87, P.37], a real-valued function
f on a topological space X is said to be lower semicontinuous if {x € X : f(x) > s} is open

for every real number s.
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Lemma 5.2.10. Assume that ¢ : G — [0,00), is a d-radial, d-radially decreasing, nonzero

integrable function. If ¢ is lower semicontinuous then, for each t € (0, ¢(0)),
B, = {z € G| 6(x) > t}.
is a d-ball centred at O with some finite radius 0(t), which is a measurable function of t.

Proof. We fix t € (0,¢(0)). Since ¢ is integrable, there exists o € G, such that ¢(zg) < t.

For any = € By,

o(z) >t > P(xo).

As ¢ is d-radial and d-radially decreasing, the inequality above implies that d(x) is smaller
than d(z), and hence B, is a bounded set. By the lower semicontinuity of ¢, B, is open. As

0 € By, there exists some s € (0, 00), such that
B€<Q, S) C Bt.

Using Remark 4.2.3, we can find a positive number r, such that

Bd(Q7 TS) - Be(QJ 8) - Bt‘

It now follows that

0(t) = sup{r > 0| B4(0,7) C B;} € (0,0).
We claim that B,4(0, 6(t)) is contained in B;. To prove this claim, we choose = € B,4(0,60(t)).
By the definition of 6(¢), we get some 1 € (d(x),0(t)), such that

U Bd(Qv TO) g Bt'

This proves our claim. We now observe that if y € B; \ {0}, then for all £ € B;(0,d(y)), we

have

o(§) = oly) > t.

Thus,
By(0,d(y)) € By, forall yeB;\{0}. (5.2.13)
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By the definition of 6(t), it follows from (5.2.13) that
d(y) <6(t), forall yeB;\{0}.

Consequently,
By(0,0(t)) € By € By(0,0(t)). (5.2.14)

Suppose that there exists some £ € B, \ B4(0,6(t)). Then by (5.2.14), d(§) is equal to ().
Since ¢ is d-radial, this implies that

B: = Ba(0,0(t)).
Hence, as B; is open, it follows from (5.2.14) that

B: = Ba(0,0(t)). O
As s > t implies that By C B, it follows that 6 is a decreasing function on (0, ¢(0)), and
hence measurable.

Remark 5.2.11. It follows from the proof above that if ¢ is not assumed to be lower semi-
continuous, then B; may turn out to be a closed ball centered at origin. This can be seen

from the following example. We define ¢ : G — (0, 00), by

We are now ready to present the main result of this chapter.

Theorem 5.2.12. Suppose that ¢ : G — (0, 00), satisfies the following conditions:
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1. ¢ is a d-radial, d-radially decreasing, lower semicontinuous function with
/ é(z) dm(z) = 1.
a
2. ¢ satisfies the comparison condition (5.2.5).

Suppose i is a measure on G such that || ¢y, (1) is finite for some z1 € G, and ty € (0, 00).
If zg € Xg(/ub), with
DXM(:EU) = La

then ¢[u] has admissible limit L at x.

Proof. As in the proof of Theorem 4.4.2, we consider the translated measure jy given by

po(E) = p(zg o ),

for all Borel subsets £ C G. Then for all (z,t) € G x (0,ty/7), we have

poxn(a) = [ (& ow)dno(€) = [ v (5" 0€) ™ 0 2) dp(€) = px alwo 0 @)

where 1 is either ¢ or xp,0,1). We fix an arbitrary positive number .. As (z,t) € S(0, ), if

and only if (zg o z,t) € S(x¢, ), We conclude from the equation above that

lm () = lm o (&),

(x7t)€S(Qva) (é?t)es(x(ha)
provided one of the limits exist. Hence, it suffices to prove the theorem under the assumption
that ¢ is the identity element 0. Applying Lemma 5.2.9 i), and iii) we can restrict ;1 on
B4(0,to/T), if necessary, to assume that |u|(G) is finite. Since D,u(0) = L, we have, in

particular, that

i ABa0.1)

M m(Ba(0.r)

Therefore, there exists a positive number rq such that

|1(Ba(0,7))|
m(Bq(0,7))

< L+1, forall re(0,r).
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Using finiteness of |u|, we get that

1l(G)
m(Ba(0,70))’

#(Ba(@ )| _ |1](Bal0, 7))

m(Ba(0,7)) ~ m(Ba0,7)) =

for all r € [rg, c0).

Combining the above inequalities, we obtain

Mygrp(0) = sTl>118 W < 0. (5.2.15)

For each t € (0,¢(0)), by Lemma 5.2.10, B; is a d-ball centered at 0 with radius 6(¢). We
also note that for any (z,r) € G x (0,00), and t € (0, ¢(0)),

{g € G o(0:(e o)) > t} — By(w, r0(1)).

Let {(zx,tx) | k € N} be a sequence in S(0, «) such that {¢;} converges to zero as k goes

to infinity. Without loss of generality, we assume that ¢, € (0,¢y/7), for all k. We have

3>

o) =152 [ 0 (5.6 om)) dute) =12 [ (/f(é’imck)> ds) au(€).

As |p| * ¢¢(x) is finite for all (z,t) € G x (0,to/T), applying Fubini's theorem on the right

hand side of the last equality, we obtain

pronm) = 52 [ n({ecao (et om) > s} ds

- A (Ba t0(s))) ds

9O 11 (By(zk, te0(s)))
= m(B(, 1))/0 m(Bz@Z,t’;Q(S)))

0(s)% ds. (5.2.16)

Since D, ;1(0) = L, it follows from the definition of x-point that for each s € (0,¢(0)), the
integrand in (5.2.16) has limit Lm(B(0,1))0(s)%, as k goes to infinity, because (zy,1;) €
S(0, @), for all k. Moreover, using (5.2.15), the integrand in (5.2.16) is bounded by the
function

s = m(B(0,1))Muru(0)f(s)?, s € (0,(0)).

In order to apply the dominated convergence theorem in (5.2.16), we need to show that this

function is integrable in (0, ¢(0)). For this, it is enough to show that the function s — 6(s)?,
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is integrable in (0, #(0)). Using a well-known formula involving distribution functions [Rud87,

Theorem 8.16], we observe that

#(0)
; m({x e G| o(x) > s}) ds

J
/OdJ(O)

1= [ o) dm(x) =
m(Bs) ds

$(0)
— m(Ba(0,1)) / 8(s)< ds. (5.2.17)
0
Hence, applying the dominated convergence theorem it follows from (5.2.16) that

¢(0)
lm o], 1) = Jim jux 6y, () = L(B(0,1)) [ 0(s)% ds = L.

k—oo

This completes the proof. O

In view of Lemma 5.2.7, we have the following corollary of Theorem 5.2.12, which can be

thought of as an analogue of the result of Shapiro (Theorem 5.1.2) for stratified Lie groups.

Theorem 5.2.13. Suppose that ¢ and p is as in Theorem 5.2.12. If xy € Y¢(p), with
Daﬂ<x0) =1L,
then ¢[u] has admissible limit L at x.

When we specialize to the case of G = R", taking ¢ to be the Poisson kernel or Gauss-
Weierstrass kernel we recover results of Shapiro alluded to in the introduction (see Theorem

5.1.2).

Corollary 5.2.14. Suppose that 1 is a measure on R™, with well-defined Poisson integral
Plu). If xg € ¥, (), with Dyu(xg) = L € C, then both the Poisson integral P|u], and the

Gauss-Weierstrass integral W] has nontangential limit L at x.

Remark 5.2.15. We are not in a position to make any claim regarding parabolic convergence
or admissible convergence of T'[u] at o-points of u because the heat kernel I' (see Theorem
4.2.11, and (4.2.12)) may not be a d-radial function. However, such convergences do hold at

Lebesgue points of p (see Corollary 5.2.20).
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Remark 5.2.16. As in the case of Saeki's result (Theorem 1.0.5), Theorem 5.2.12 also fails in
the absence of the comparison condition (5.2.5). This can be seen by extending the example
given by Saeki [Sae96, Remark 1.6] in the setting of stratified Lie groups. Indeed, suppose
that ¢ : G — (0, 00), satisfies the condition (1) of Theorem 5.2.12 but ¢ does not satisfy the

comparison condition (5.2.5), that is,

Pu(x) — o
sup {¢(x) |t € (0,1), d(z) > 1} = 00.

Then for each k € N, there exists t;, € (0, 1), z € By(0,1)¢, such that

o1, (k) _ ¢ (556(%))
o(xy) t96(zy,)

> k3. (5.2.18)
As ti, € (0,1), d(x) > 1, we have that

d (5%(1;,{)) > d(zy).

Using this, and the fact that ¢ is d-radially decreasing we observe from (5.2.18) that for all k

k3<¢(‘5¢<xk>) o o) 1
tRo(re)  ~ tR(an) 7

This shows that ¢, — 0, as k goes to infinity. Now, we consider the measure 1 on GG given by

o= Zk% Vi

where v,, is the Dirac measure concentrated at x;. We note that

o0 1 o0

peo0) = [ 6O dn©) = Y- o) = 3 g < o

k=1

As x € By(0,1)¢, for each k, 0 is a Lebesgue point of u with Du(0) being equal to zero,

and hence 0 € X¢(). On the other hand, for each k, we have

o ¢ 6i(xj) ) 5i($k)
ol 01) = 62 [ 6 (5,.(©)) d <5>;t§j2¢(xj))> §§¢<xk)>;>k.
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This shows that ¢[u] has no admissible limit at 0.

However, we next show that the comparison condition (5.2.5) in Theorem 5.2.12 can be

dropped by imposing some growth condition on y. More precisely, we have the following.

Theorem 5.2.17. Let ¢ : G — [0,00), be a nonzero, radial, radially decreasing, lower

semicontinuous function with

/G o(x) dm(z) = 1.

Suppose that . is a measure on (G, such that
|1(Ba(0,7))] = O(r9), as r — oo, (5.2.19)

and that 1 ¢y (1) is finite for some (x1,ty) € G x (0,00). If xg € Xa(p), with D, pu(zo)

being equal to L, then ¢[u] has admissible limit L at xy.

Proof. As before, without loss of generality, we assume that o = 0. We will use the same
notation as in the proof of Theorem 5.2.12. From the proof of Theorem 5.2.12, we observe
that it suffices to prove that My p(0) is finite and then the rest of the arguments remain
same. As D, p(0) is L, it follows that Dp(0) is also equal to L, and hence there exists a

positive number 7y such that

|[1(Ba(0, 7))]

< L+1, forall re(0,rg).
m(Ba(0.1)) (0.70)

Using (5.2.19), we get two positive constants M, and Ry such that

|(Ba(0,7))]
— ' < M, f INr > R,.
m(Ba(0,r)) o foraltr=fo

Finally, for all r € (1o, Ro)

1(Ba(0,7)| _ |ul(Ba(0, Ro))
m(Bq(0,r)) ~ m(Ba(0,70))

From the last three inequalities and using the fact that || is locally finite, we conclude that

Mprpu(0) = sup | Ba(0, 7)) < 0. [

r>0 m(Bd<Q7 7’))
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Remark 5.2.18. i) If p is an absolutely continuous measure with LP density, then p
satisfies the growth condition (5.2.19). Indeed, if du = f dm, with f € LP(G),
p € (1,00, then by the Holder's inequality we have

=

\u\(Bd(Q,r))zf |fldm < ||fllzo(a) (m(Ba(0,1)))? e

B4(0,r)
< N fllze@ (m(Ba(0,1)))?

=

TQ,
for all 7 > 1, where p’ is the conjugate exponent of p. If du = f dm, with f € L(G),
then |u|(G) is finite. Hence, in this case the comparison condition (5.2.5) in Theorem

5.2.12 is not necessary.

i) We can drop the assumption that ¢ is lower semicontinuous from Theorem 5.2.12 and
Theorem 5.2.17 if the measure i is absolutely continuous with respect to the Lebesgue

measure m. This follows from the following observation.

p(Bg(z,r)) =1 (Bd(:c,'r’)) , xeG, r>0.

We can also do this in Theorem 5.2.12 if we are concerned about the admissible convergence
at Lebesgue points. The following theorem can be seen as an extension of Saeki's result [Sae96,

Theorem 1.5] mentioned in the introduction for stratified Lie groups.

Theorem 5.2.19. Suppose that ¢ : G — (0,00), is a d-radial, d-radially decreasing, inte-
grable function that satisfies the comparison condition (5.2.5), and that y is a measure on G
such that || * ¢y, (1) is finite for some 1 € G, and ty € (0,00). Then, for each measurable

function ¢ on G, with || < ¢,
/G W(z) dm(z) = 1, (5.2.20)
and each Lebesgue point xy of u, 1[u] has admissible limit Dyu(xq) at x.

Proof. We set L = Dp(xq). As usual, without loss of generality, we assume that 2o = 0. We

fix a € (0,00). Then, by the proof of Lemma 5.2.9 (see (5.2.11)),

E Uile o )| dlul(e)
(@e8(00) /{f eG|d§) > i? ‘ ’
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< lim

0¢§_ d|pl (&) =
ol HE € G d(E) > 2) (o) dipl(©)

Thus, it is enough to prove the assertion of the theorem under the assumption that  is
supported on the d-ball By(0,ty/7). Thus, using the fact that 0 is a Lebesgue point of 1, we
get

| — Lm|(Ba(0,7))

Mpyr(|p— Lml|)(0) = sup (Bl r;) < 00. (5.2.21)

Let {(xk,tx) | K € N} be a sequence in S(0, «v) such that {¢;} converges to zero as k goes to

infinity. Without loss of generality, we assume that t;, € (0,%,/7), for all k. Using (5.2.20),

we can write

Wl t) ~ 2 = | [ 06 om) du(©) ~ L [ by (67" o) dm(€)
/wﬂglouﬂau—Lmu>

< /@k Yo ay) dlp — Lm|(€). (5.2.22)

IA

We observe from the proof of Lemma 5.2.10 that for each ¢t € (0,$(0)), the set {z € G |
¢(x) >t} is either B4(0,60(t)) or By(0,6(t)), for some positive number 6(t). Consequently,
the set {£ € G | ¢,(6 1 ox) > t} is either By(x,70(t)) or By(x,70(t)), for any r > 0.

Proceeding as in the proof of Theorem 5.2.12, we have

[ éule o m) din— Lml(€)

= 1 /0|,u—Lm|<{§EG:¢<6t1k(§_1ox)>>s}> ds
59 [ i~ L (Balro 1)) ds

£ /[)¢(0) | — Lm| (By(0, 7(t0(s) + aty))) ds

- $(O) | — Lm| (Ba(0, 7(tx8(s) + aty)))
= TQm(Bd,(Q, 1))/0 m (Bg(0, 7(t,0(s) + aty)))

IN

IN

(0(s) + a)? ds(5.2.23)

It follows from the definition of Lebesgue point (Definition 5.2.1, i)) that for each s € (0, ¢(0)),
the integrand in (5.2.23) goes to zero as k tends to infinity. Moreover, using (5.2.21), the

integrand is bounded by the function

s = 79m(Ba(0, 1)) My (Jp — Lm)(Q) (0(s) + ), s € (0,6(0)),
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which is integrable as ¢ is integrable (see 5.2.17). In view of (5.2.22), applying dominated

convergence theorem in (5.2.23) we get

Jim ] (zx, te) = L. O

Using the Gaussian estimate (4.2.10) and taking

o(r) = exp (—dﬁ(x)2> , ©e€G,

Co

we obtain the following corollary, which was proved in [BU0O5, Theorem 2.4].

Corollary 5.2.20. Let ;1 be a measure on G such that T'[u](zo,to) exists (see (4.2.12)) for
some (zg,ty) € G x (0,00). Then, the parabolic limit as well as the admissible limit of '[1]

is Du(z) at every x € Lg().

Proof. We fix © € Lg(p), and o € (0, 00). By recalling (see 4.2.14) the fact that I'[u](-, ) =
x5 it directly follows from Theorem 5.2.19 that I'[u] has parabolic limit Dyu(z) at z.

Therefore,

lim  T{ul(€0) = Dpla), (5.2.24)

d(z= o)<V at

On the other hand, we have the following containment.
S(zo, ) NG x (0,1/a) C {(&,t) € G x (0,00) | d(z7 0 &) < Vat, t € (0,1/a)}.

Using this containment together with (5.2.24), we conclude that I'[u] has admissible limit
Du(x) at x. O

5.3 o-point and strong derivative

In this section, we will discuss the relationship between o-point of a measure and the notion
of strong derivative. For a measure ;1 on G we denote the set of all points where the strong

derivative of p exists by Sg(1).
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Lemma 5.3.1. Let ;1 be a measure on G. If xy € G, is a x-point of u with
DXM(:EO) = La

then the strong derivative of u at x( exists and is also equal to L. In particular, X (p) C

Sa ().

Proof. We take a d-ball B = By(xz,s) in G. As zy is a x-point of 1,

lim M(Bd(gar)) _ L,

'S0 o M(Bal&, 7))

(&,r)eS(zo,a)

for all @ € (0,00). We choose oy € (0,00), such that (x,s) € S(0,ap). Then for each

r € (0,00), (xgod.(x),rs) belongs to S(zg, ). Therefore,

lim pi(o © 6,(B)) — lim p(Ba(xo 0 0p(x),75))

GBS m(Bawe oo (z).re))

Since B is an arbitrary d-ball in GG, the strong derivative of 1 at z( exists and is equal to

L. [l

Combining Lemma 5.2.7, Remark 5.2.2 and Lemma 5.3.1, we have the following.

Corollary 5.3.2. Let yu be a measure on G. Then

La(p) € Ya(p) € Xa(p) S Sa(p).

Remark 5.3.3. We will see in the next section that the first containment is strict. However, at
the moment, it is not known to us which of the above set containments are strict. Nevertheless,
it shows that there there exists a positive measure p and zy € G, which is not a Lebesgue

measure but the strong derivative of u at z( exists.

In the case of R, Shapiro mentioned that being a o-point of an absolutely continuous
measure is equivalent to being a point of differentiability of its distribution function. We next

show that this is true for any measure.
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Theorem 5.3.4. Let ;1 be a measure on R, with distribution function F'. Then F is differ-

entiable at xy € R, if and only if x( is a o-point of . In either case,

F/(-To) = D).

Proof. Suppose that F is differentiable at xy € R, with F’'(x¢) = L. We fix ¢ > 0, and then

choose § > 0, such that

F(zo + h) — F(ao)

— L| <€, whenever |h| <. (5.3.1)
For z € R, and r € (0, 00), with |(z — z) + 7| < 6, and |(z — x9) — r| < J, we have
(= Lm) ((z =1,z +7))|

= |F(x+r)—F(x—r)—2rL|
_ ‘F(mo—i—x—xo—i—?")—F(a:o)

X (x—xo+71)—(r—20+7)L

T —2o+T
F —x9g—1)—F
+(z—mo—r)L — (ot —20—1) ($0)X(x_x0_r)
T—Tg—T
F — - F
< lo—zotr (wg+ 2 — 20 +7) (a:o)_L‘
xr—Tog+T
+|z — g — 7| F<x0+x_$0_r>_F(%)—L’
T—Tog—T

< |z —zo+rle+ | —x0 — 7€,

where the last inequality follows from (5.3.1). This implies that

(= Lm)(B(x,7))| < 2€(|x — x| +7),

whenever |x — x¢| < /2, and r < 0/2. Thus, zy is a o-point of p with Dypu(zo) = L.

Conversely, we assume that z is a o-point of p with D,pu(xg) = L, and fix € > 0. Then

there exists 6 > 0, such that

(u—Lm)(z —ryz+71))| < €l — x| +7), (5.3.2)

whenever |z — zo| < §, and r < §.
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Taking = = x¢ + r, where r is a positive number in (5.3.2), we obtain

|u((xo, mog + 2r)) — 2rL| = |F(xo+ 2r) — F(xo) — 2rL)|
_ o, F(xo+2r)—F(x0)_L
2r
< 2re,

whenever r € (0,d). This shows that

F/(xo—i—) = L

Similarly, by taking x = xo — r, with r being positive, in (5.3.2), we get that

F'(xg—) = L.

Hence, F is differentiable at xo with F”(x() being equal to L. O

Combining the theorem above with Corollary 5.3.2 and the result relating strong derivative

of a measure and derivative of its distribution function (Theorem 3.1.4), we have the following.

Corollary 5.3.5. Suppose that i is a measure on R. Then

Ei(p) = Xa(p) = Si(p).
Moreover,
Dyp(x) = Dyp(x) = Du(z), for all x € Xy1(p).

Remark 5.3.6. i) As we have mentioned before, it is not known to us at the moment
whether for a measure 11 on R™, n > 1, there is an equality among the sets ¥, (1),

X, (p) and S, (). It would be surprising if such a result is true in higher dimensions.

A heuristic reasoning behind this is the following observation. Suppose 1 is a measure

on R".

a) If the origin is a o-point of y, then

(4 — Dy (0)m)(B(z,r)) — 0, as (x,r) — (0,0).
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b) If the origin is a x-point of y, then for each a € (0, 0)
(e — Dy (0)m)(B(z,r)) = 0, as (x,r) — (0,0), within S(0, ).
c) The existence of the strong derivative at the origin only ensures
(n = Du(0)m)(B(x,7)) = 0, as (z,r) = (0,0),

along the ray {(rxo,1ty) | 7 € (0,00)}, for every (zq,ty) € R

ii) It is not known whether the condition ¢y € X¢(p), in Theorem 5.2.12 can be replaced
by seemingly weaker condition xy € S (i) (even for a positive measure ). Corollary
5.3.5, in this regard, shows that this is the case when G = R. However, if 2o € S (u),

then the following convergence result for ¢[u] holds true.

Theorem 5.3.7. Let ¢ and i be as in Theorem 5.2.12. If Du(x¢) equals L € C, then for
each (£,n) € G x (0, 00)
lim ¢[pt] (20 © 6, (&), 1) = L.

Proof. As in the proof of Theorem 4.4.2, we can reduce matter to the case xg = 0. Let [
be the restriction of 1 on the ball By(0,ty/7). If By(y,s) is any given d-ball, then for all
r e (0,to72(s+d(y))™Y), 6,(Bqa(y, s)) is contained in By(0, /7). This in turn implies that
Du(0) and Dji(0) are equal. We note that for each fixed (£,71) € G x (0,00), there exists a

positive number « such that

{(6:(&),rm) | r € (0,00)} € 5(0, ).

Thus, in view of Lemma 5.2.9, 7), without loss of generality, we can assume that |u|(G) is
finite. We will use the same notation as in the proof of Theorem 5.2.12. Since Dy(0) is equal
to L, it follows that M (0) is finite (see the argument preceding equation (5.2.15)). We fix
(&,m) € G x (0,00), and choose a sequence {7 | K € N} of positive numbers converging to

zero. Substituting zy = d,,(§), tx = %7, in the equation (5.2.16), we obtain

o) (reé, mem) = m(B(0,1)) /¢<o> 1t (Ba(6r, (§), rxnf(s)))

S Q@ S. L.
o m Balon () rend(s)) 4 (5.33)
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As Du(0) equals L, using the definition of strong derivative, we observe that for each fixed

s € (0,9(0)),

dm m(BO D) 6 (6, renf(3)

Also, the integrand in (5.3.3) is bounded by the function
s = m(Ba(0, 1)) Muru(0)0(s)?, s € (0,6(0)).
We have seen in the proof of Theorem 5.2.12 that this function is integrable in (0, ¢(0)), with
#(0)
m(B(Q,l))/ 8(s)? ds = 1.
0
In view of (5.3.4), we can now apply dominated convergence theorem on the right-hand side

of (5.3.3) to complete the proof. O

Remark 5.3.8. i) As 0 is a Lebesgue point of the measure ;1 constructed in Remark
5.2.16, comparison condition (5.2.5) is also necessary in Theorem 5.2.19 and Theorem
5.3.7. However, with a similar argument as in the proof of the Theorem 5.2.17, we can
also drop the comparison condition (5.2.5) in Theorem 5.2.19 and Theorem 5.3.7, by

imposing the growth condition (5.2.19) on p.

i) When G = R", the theorem above says that if Du(zg) = L, then ¢[u|(x,t) has limit

L as (z,t) — (x0,0), along each ray through (z,0) in R

5.4 Two examples

In this section, we shall discuss two examples regarding Theorem 5.2.12. Our first example
deals with the comparison condition (5.2.5), and second one with the construction of o-point

which is not a Lebesgue point.
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Example 5.4.1. In [EH06, Theorem 3.4], El-Hosseiny have proved a result analogous to

Theorem 5.2.12 for G = R"™, under the following condition, among others, on ¢.

lim sup b(az)

=0, forall a>0. 54.1
0221 ¢(2) (5.4.1)

We now show by an example that there exists ¢ : R™ — (0, 00), such that ¢ satisfies all the

conditions of Theorem 5.2.12 but not (5.4.1). We first note that

1 o0 1
/ sdr =0y | ——— dr < o,
lali=2 [l][™ (log([[])) 2 7 (logr)

where €),,_1 is the surface area of the unit sphere in R". We define

C
Tlosa)? ]l <2
Qb([E) _ 27 (log 2)2?
Cn
etostere 190> 2,
where ¢, is a normalizing constant so that ||¢||,1mny = 1. Clearly, ¢ is radial, radially

decreasing and continuous. Now, for each fixed t € (0,1), we have for a € (0, 1]

¢t(Oé.’L') > ¢t($)
IIing o(x) IIing o(z)
Izl (log || [1)*

z||™ 2]\ 2
[l]|>2 Ht# (log I |I>

t

2
_ Sup( log ||| )
lz>2 \log [|z[| — logt

= 1. (5.4.2)

Similarly, for each fixed ¢ € (0, 1), we have for @ > 1

an’

difaw) 1 ( log |1z )2:1

lzl>2 @) T an Jz)>2 \log ||| 4+ log o — logt

This, together with (5.4.2), shows that ¢ does not satisfies (5.4.1).
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On the other hand,

¢ () ¢ () o)
sup  sup < sup  sup + sup sup
t€(0,1) 1<]|z]|<2 P(x) t€(0,1/2) 1< ||| <2 o(x) te[1/2,1) 1< |z||<2 o(x)
n (] 2 oz
O Ll ()
t€(0,1/2) 1<||zf|<2 %<log %) te

n/21)1<el<e Bz
o)

)
2 x
_ ( log |l ) L9 (3)
= sup sup —F— | 4+ sup sup ¢
te(0,1/2) 1<||z] <2 \ log [|z|| — logt tefizn1<fzl<z A(@)

¢(0)

< 142 5(2)’

where the last inequality follows from the fact that for each ¢ € (0,1/2), —logt is positive,
and ¢ is radially decreasing. Combining this with (5.4.2), we conclude that ¢ satisfies (5.2.5),

and hence ¢ satisfies all the conditions of Theorem 5.2.12.

Example 5.4.2. In this example, we show that there exist absolutely continuous measures
u for which the containment Lg(pn) € Xg(p) is strict. We construct such measures on the
Heisenberg group H'. We recall that H' = R? x R has homogeneous dimension 4 (see

Example 4.2.10, ii)), and the group law
1
(z,y,t) 0 (' ¢/, 1) = (fc iy sty it Sty - rcy’)) :

We consider the following homogeneous norm on H'!:
1
d(z,y,t) = (@ +¢*)°+ )", (z,y.t) € H".

We will use Shapiro’s construction to produce a function f on H'! such that (0,0,0) is a
o-point of f, but (0,0,0) is not a Lebesgue point of f. Shapiro [Sha06, P.3185] began with

constructing an odd function g : R — [—1, 1], satisfying the following.

i) g is continuous everywhere except at 0, with g(0) = 0.

ii) Forall s € (0,1],
s 1
s—l/ 9] dt > . (5.4.3)
0
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Shapiro then considered the definite integral G of g
G(s) = /Osg(t) dt, scR,
and proved that GG has the following properties.
i) G is differentiable everywhere and even. Moreover,
G'(s) = g(s), forall seR. (5.4.4)
ii) For all s with [s] € (0, 1],
|Gis>’ < |s| (5.4.5)

g(x), for d(z,y,t) <10

0, for d(x,y,t) > 10.
It is clear that f € LP(H"), for any p € [1,00]. For r € (0,1), we define
Q(r) ={(z,y,t) € H' | z] <r, |yl <, [t <77}
It is evident that Q(r) C B4((0,0,0),53r). Therefore, we get for r € (0,1)

T74/ X, ,t dxdydt > 7’74/ x, ,Zf drdudt
B4((0,0,0),511) [f(z,,2)] yatr = o) |f(z,y,1)| Yy
= p4 2/ / lg(x)| dedydt
= 4! /T lg(x)| dx

= 87“’1/0 lg(x)| dx

Vv

4
3’

where the last inequality follows from (5.4.3). This shows that (0,0,0) is not a Lebesgue

point of f, as f(0,0,0) = 0. For the second part we need the following version of divergence

theorem.
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Lemma 5.4.3 ([Pfe87, Corollary 7.4]). Let M be an k-dimensional compact oriented manifold,

and let w be a continuous (k — 1)-form on M which is differentiable in M — OM. Then dw is

/dw:/ w.
M oM

We shall apply this version of divergence theorem on the following manifolds.

integrable in M and

By ((x,y,1),7) = {(u,v,5) € H' | d ((z,5,t) " o (u,v,5)) <r}.
We define a function F': H! — R, as follows:
F(z,y,t) = G(z). (5.4.6)
It follows from (5.4.4) that F has a total derivative at each point of H'. Moreover,

OF ,

o (000 = G'(2) = g(a) = f(z.9.0) (5:4.7)
oF

ay (xvyat) - 07

oF

oy (z,y,t) =0,.

whenever d(z,y,t) < 2. We note that

OBy ((x,y,t),r) = {(u,v,s) € H! | Pz (u,v,8) = 0},

where for (u,v,s) € H',

2

Py (U, v, 8) = ((u —z)*+ (v— y)2> + (s —t+ ;(a:v — yu)) —rt

We have
e y.) _ 2 2 1 )
b 1, 0,5) = 4 (= 2)* + (0 = ) (w—2) —y (s =t + 50 = yu)):
e y.1) _ 2 2 1 i
5 (u,v,s) —4((u—:1:) + (v —1y) )(v—y)+x<s—t+2(mv—yu)>,
Ozt

e (u,v,s):2<s—t+;(xv—yu)).
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It is clear that the partial derivatives of h(,,; can not be simultaneously vanishing on

0By ((x,y,t),r). Thus, applying Lemma 5.4.3, we obtain for d(z,y,t) <1, r < 1,

/ div (F,0,0) dm = (F,0,0) - n dS,
Bd((wvyvt)’r) aBd((xfyvt)’T)

where n is the outward unit normal to the surface 0B, ((z,y,t),r) and dS is the surface

measure on 0By ((x,y,t),r). Using (5.4.7), we obtain from the equation above that

/ fla,y,t) dedydt = (F,0,0) - n dS. (5.4.8)
Bd((ivvy:t)v"')

/‘9Bd(($1y7t)7T)

We note that

0By ((x,y,t),r) = (z,y,t) 0 B4 ((0,0,0),7).

We have the following parametrization of 0B, ((0,0,0),7) (see [GS94, P.133]).

9B4((0,0,0),r) = {¥(¢,0) | ¢ € (0,7), 6 € (0,2m)},

where
U(¢,0) = (ry/sin ¢sin 6, ry/sin ¢ cos 0, 72 cos ¢).

Using this we get the following parametrization of 0By ((x,y,t),r).

OB ((z,y,1),1) = {¥@@yn(,0) | ¢ € (0,m), 6 € (0,2m)},

where for ¢ € (0,7), 6 € (0,27)

\Il(l’vyat) (¢7 8)

B : . : 9 o .
= (m+m/smgbsm@,y—i—m/sm¢cos€,t+r cos¢—2\/sm¢(xcose—ysm6)).

Therefore,

OV eyt
0¢

r cos¢ sinf, r cos¢ cos 0, —r? sin ¢ TCOS¢( cosf — ysinf)
_ _ _ ysi :
24/sin ¢ B sin ¢ ’ ' 44/sin ¢ * Y ’

(¢,0)
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and

OV () : — T '
aey (9,0) = <m/sm¢cos 0, —ry/sin ¢sin 6, iy/sm ¢(xsinf 4 y cos 0)) )

To evaluate the right-hand side of (5.4.8), we need only the first coordinate of

8\11(367%,5) 5 a\Ij(ﬂcﬂyﬂf)

1ol 20 (9,)

i j k

— cos ¢ 3 cos ¢ 2 _ rcosé B .
= |3 Sin¢81n9 rs —Sin¢COSH rsin ¢ y Sin¢($0050 ysind)|,

ry/singcosf —ry/sin ¢sinf gv/sin@(xsin @ + y cos 0)

which is equal to
2

r
Vi cosp — 13 sin? ¢ sin.

Using this, together with the definition of F' (see (5.4.6)) in (5.4.8), we obtain from (5.4.8)
that

/ f (@, y, ) dadydt
Bd((xvyvt)vr)
2w T’2 5
= G \/singsin6) [ — —rPsin2 ¢sin6 | de df.
/0 /0 (x + ry/sin ¢ sin )<4ycos¢ r°sinz ¢ sin > 0]
As d(z,y,t) is bigger than |z|, we have
|z +7ry/singsinf| < d(x,y,t) +r.

Hence, by the estimate (5.4.5), we get for all (z,y,t) € H', r > 0, with d(z,y,t)+r € (0,1),

/ f(x,y,t) dwdydt|
Bd((wvyvt)’T)

2T 7 2 [
< /0 /0 |z +r\/siT¢sin9|2 |2ycos¢ _ Bsind bsind| do do
T2
< ot 40 (Tl o)
< 2m(d(w,y,0) +r) (P, y,0) + 1)
= 2wy 1) + 1)
< 2m?r(d(x,y,t) +r)h
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Thus, for a given € > 0, choosing 0 = min{5%, 1}, yields

/ f,y.1) drdydt| < e(d(e,y.1) + )",
Ba((@,y,t),r)

whenever 0 < (d(z,y,t)+7r) < d. This shows that (0,0, 0) is a o-point of f, as f(0,0,0) = 0.
We get our desired measure by taking du = f dm.

Since |f| is bounded by one, we have

Ji=(f +1)XBy0,00),10 =0,

and f; € LP(H'), for any p € [1,00]. One can easily check that (0,0,0) is a o-point of fi,
but (0,0,0) is not a Lebesgue point of f. Setting dv = f; dm, we obtain a positive measure

v such that Ly (v) € X (v).






Chapter 6

Admissible convergence of positive

eigenfunctions on Harmonic N A groups

In this chapter, we extend the result of Ramey and Ullrich (Theorem 1.0.13) alluded to in the
introduction. We show that a positive eigenfunction u of £ with eigenvalue 5% — p?, where
B € (0,00), has admissible limit in the sense of Koranyi, precisely at those boundary points
where the strong derivative of the boundary measure of u exists. Moreover, the admissible

limit and the strong derivative are the same.

6.1 Introduction

We start by recalling the following result regarding boundary behavior of positive eigenfunctions
of the Laplace-Beltrami operator on real hyperbolic spaces. Combining Saeki's result (Theorem
1.0.5) and Theorem 2.2.4, we obtain the following equivalence of boundary behavior of a
positive eigenfunction in H' along the normal at a given boundary point with the existence of

the symmetric derivative of its boundary measure at that point.

Theorem 6.1.1. Let u be a positive eigenfunction of the Laplace-Beltrami operator Ay on
real hyperbolic space H!, | > 2, with eigenvalue 3*> — p?, where 3 € (0,00), and p = (I—1)/2.

Suppose that zo € R'"!, and L € [0, 00). If the boundary measure of u is i, then

Dsym,u(.fl:o) = L,
143
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if and only if
lim o~ u(xo,y) = L.

y—0

We refer the reader to Lemma 2.2.2 and (1.0.1) for the meaning of boundary measure w,

and the definition of the symmetric derivative.

Surprisingly, as shown by Rudin [Rud08, Example 5.4.13], the natural analogue of Theorem

6.1.1 is not true for complex hyperbolic spaces. Rudin considered the ball model
By ={z=(21,2) € C*: |z1* + |=* < 1}
of the 4-dimensional complex hyperbolic space equipped with the standard Riemannian metric
dz = (1 — |z1|* — |2|*) dordyidwadys, 2z =z +iye, k=1,2.

Rudin showed that there is a positive harmonic function u in By with boundary measure u

defined on the boundary
0By = {(¢,n) € C*+ [¢]* + [n|* = 1},

such that the symmetric derivative Dy, p(e1) of 1 at e; = (1,0) € 0By, is equal to 2, but

the limit of u along the normal at e; is equal to 4, that is,
li =4.
lim u(rey)

Here, the symmetric derivative Dy,,,,/(C) of a measure v defined on 0B; at { € 0By, is given
by

= lim M
DeymulC) =l o E )

where

Q) ={n€dB | [1—(¢n)|<r}, 7>0,

and v is the rotation-invariant normalized positive Borel measure on 0Bs.

Therefore, it is reasonable to enquire for different types of boundary behavior of positive

harmonic functions on complex hyperbolic spaces other than the radial behavior mentioned



6.1. Introduction 145

above. It was Koranyi [Kor69b], who first investigated a different type of boundary behavior,
known as the admissible convergence, of harmonic functions on complex hyperbolic spaces.
Complex hyperbolic spaces are prototypical examples of Riemannian symmetric spaces of
noncompact type with real rank one. In [Kor69a], Koranyi extended the notion of admissible
convergence from complex hyperbolic spaces to Riemannian symmetric spaces of noncom-
pact type and proved a Fatou-type theorem regarding admissible convergence of the Poisson
integral of an integrable function almost everywhere on the Furstenberg boundary. For the
definition of admissible convergence we refer the reader to Definition 6.2.8, i). There is an
extensive literature concerning extension and generalization of this result (see for example
[KT81], [Mic73], [Sch85], [Sj684] and references therein). This version of Fatou theorem re-
garding almost everywhere admissible convergence was further extended by Michelson [Mic73]
for eigenfunctions of the Laplace-Beltrami operator on Riemannian symmetric spaces of non-
compact type. However, this body of literature does not seem to contain any result relating
the notion of admissible convergence of positive eigenfunctions of the Laplace-Beltrami op-
erator and differentiation property of boundary measures on Riemannian symmetric spaces of
noncompact type at a given point on the relevant boundary. This motivated us to search for
an analogue of the result of Ramey and Ullrich (Theorem 1.0.13) for positive eigenfunctions
of the Laplace-Beltrami operator on a class of noncompact Riemannian manifolds which in-
cludes all Riemannian symmetric spaces of noncompact type with real rank one (excluding real
hyperbolic spaces), namely, the harmonic N A groups (also known as Damek-Ricci spaces),

by replacing the nontangential convergence with the admissible convergence.

Let us now briefly describe the main result of this chapter. Let u be a positive eigenfunction
of the Laplace-Beltrami operator £ on S, a Harmonic N A group, with eigenvalue 5% — p?,
where 8 € (0,00). Here, N is a group of Heisenberg type, A = (0,00) acts on N as
nonisotropic dilation and S = N A is the semidirect product under the action of dilation. For
unexplained notions and terminologies we refer the reader to Section 2. It is known that S is
a Riemannian manifold with respect to a metric which is left-invariant under the action of S
(see [ADY96]). By a result in [DR92] (see Lemma 6.3.5), u is essentially given by a Poisson
type integral of a positive measure ;1 defined on N. As N is a stratified Lie group, we have
the notion of strong derivative of a measure on N (see Definition 4.2.19, 4i)). With the aid
of these basic notions, the main result (Theorem 6.4.2) of this chapter says that given a point

ng € N, the positive eigenfunction u of the Laplace-Beltrami operator has admissible limit
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L at ngy if and only if the strong derivative of p at ng is equal to L. Though our proof is
modeled on the proof given by Ramey and Ullrich, the main contrast with the Euclidean case
is that the Poisson kernel is not a function of homogeneous norm. Here also, the result of
Bar [Barl3, Theorem 4] on generalization of Montel's theorem plays an important role in the

proof of the main theorem.

This chapter is organised as follows. In section 2, we will discuss some basic information
about Harmonic N A groups, generalized Poisson kernel and Poisson integral on these groups.
In section 3 we prove some results which are crucial for the proof of the main theorem. The

statement and proof of the main theorem (Theorem 6.4.2) is given in the last section.

6.2 Preliminaries on Harmonic N A groups

A harmonic N A group is a solvable Lie group as well as a Harmonic manifold. Their distin-
guished prototypes are the Riemannian symmetric spaces of noncompact type with real rank
one. However, the Riemannian symmetric spaces of noncompact type with real rank one form
a very small subclass in the class of Harmonic N A groups [ADY96, 1.10]. In the following,
we discuss them in detail. Most of these material can be found in [FS82, ADY96, ACDB97].

Let n be a two-step real nilpotent Lie algebra equipped with an inner product (,). Let 3
be the center of n and v its orthogonal complement. We say that n is a H-type algebra if for

every Z € 3, the map Jz : v — v, defined by
(JX,)Y)={(X,Y],Z), X,Ye€n,

satisfies the condition

J; = =121,

where [, is the identity operator on v. A connected and simply connected nilpotent Lie
group N is called a group of Heisenberg type or an H-type group if its Lie algebra is a H-
type algebra. Since n is nilpotent, the exponential map is a diffeomorphism and hence we

can parametrize elements of N = expn by (X, Z7) for X € v, Z € 3. It follows from the
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Baker-Campbell-Hausdorff formula that the group law of N is given by
1
nny = (X, Z)(X1,Z1) = (X + X1, 2+ Z1 + §[X, Xi]),

forn = (X,Z) € N,ny = (X1,Z1) € N. When 3 = R, v = R%, and for s € R,
J, : R* — R? is given by

Js(xay) - <_$y7 827), VS Rl? Yy € Rl>

then we get the Heisenberg group H' which is the prototype of a H-type group. If G is a
connected noncompact rank one semisimple Lie group with finite center, then it follows that
the nilpotent Lie group N which appears in the lwasawa decomposition of G, is a H-type
group. As N is a strtified Lie group, we recall that the Lebesgue measure dXdZ is a Haar
measure on N and we denote it by m. The multiplicative group A = (0,00) acts on the

H-type group N by nonisotropic dilation:
0a(n) = 60,(X,Z) = (VaX,aZ), a€ A, n=(X,Z)€ N. (6.2.1)

A Harmonic N A group S is the semidirect product of a H-type group N and A under the

above action. Thus, the multiplication on S is given by
1
(X, 2,0)(X', Z,) = (X +V/aX', Z + aZ' + S a[X, X') ad')

Then S is a solvable, connected and simply connected Lie group having Lie algebra s = n®3BR

with Lie bracket

1 1
(X, Z,u), (X', 2, )] = (QuX’ - SuwX,uZ — w7+ (X, X)), o) . (6.2.2)

We shall write (n,a) = (X, Z, a) for the element (exp(X + Z),a), a € A, X € v, Z € ;.
We note that for any Z € 3, with || Z|| = 1,

and hence v is even dimensional. We suppose that dimv = 2p, dim3 = k. Then Q = p+Fk is
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the homogeneous dimension of N with respect to {J, | a € A}. We recall that the importance

of homogeneous dimension stems from the following relation
m (6,(E)) = a®m(E), (6.2.3)

which holds for all measurable sets £ C N, and ¢ € A. For convenience, we shall also use
the notation p = (/2. We denote by e the identity element (0,1) of S, where 0, 1 are the
identity elements of N and A respectively. We note that p corresponds to the half-sum of
positive roots when S = G/K, is a rank one symmetric space of noncompact type. The

group S is equipped with the left-invariant Riemannian metric induced by
(X, Z,0),( X", Z" ")) =(X, X"Y+(Z,Z") + 1
on 5. The associated left-invariant Haar measure dx on S is given by
dr = a~ 9 'dXdZda,

where dX, dZ, da are the Lebesgue measures on v, 3, A respectively. We have discussed about
stratified Lie groups in Chapter 4 and H-type groups are a special case of them. However, in
the following, we quickly recollect some of the basic tools for doing analysis on H-type groups
for the sake of completeness. Being a stratified Lie group, N always admits homogeneous
norms with respect to the family of dilations {J, | @ € A}. We refer the reader to Definition
4.2.1 for definition of homogeneous norm. In this chapter, we will work with the following

homogeneous norm [DK16, P.1918]:
d(n) = d(X,Z) = (| X[|' + 16| Z]*)%, n=(X,Z) €N, (6.2.4)

where | X|, ||Z]| are usual Euclidean norms of X € v = R% and Z € 3 = R” respectively.

We recall that there exists a positive constant 7 € [1,00), such that

d(nny) < 7ld(n)+d(ny)], neN, n;€N. (6.2.5)
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As in Chapter 4, we denote by d, the left invariant quasi-metric on N induces by d, that is,
d(ny,ny) = d(n;'ny), ni €N, ny € N.
Then d satisfies the following quasi-triangle inequality.
d(ny,n2) < 7[d(ny,n) +d(n,ny)], forallng, ny, n € N. (6.2.6)

Forn € N and r € (0,00), the d-ball centered at n with radius r will be denoted by B(n, r).

In other words,
B(n,r) ={n; € N|d(n,ny) <7} ={n; € N |dn 'n) <r}.
If B =1B(n,t), for somen € N, t € (0,00), then it follows that
do(B) = B(04(n),at), forall a € A.

We recall the following formula for integration (an analogue of polar coordinate) which can

be used in order to determine the integrability of functions on N: for all g € L*(N),

/N g(n) dm(n)n = /O ” /Q 9(6,(w))r9 " do(w) dr, (6.2.7)

where Q@ = {w € N | d(w) = 1} and o is a unique positive Radon measure on Q. For a

function ¢ defined on N, we define for a € A,

Ya(n) = a %Y (5% (n)) , mnéeN. (6.2.8)

If g is a measurable function on N and p is a measure on N, their convolution p * g(n) is

defined by
pgn) = [ gni'n) dpu(m),
provided the integrals converges. When du = f dm, we simply denote the above convolution
by f*g. If v € L'(N), with
[ (n) dmn) =1,
G
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then {¢, | a € A} forms an approximate identity on N.

We now describe the Laplace-Beltrami operator on S. Let {e; | 1 < i < 2p}, {e, |
2p+1<r <2p+k}, {eg} be an orthonormal basis of s corresponding to the decomposition
s = nd 3@ R. We denote by F; the left-invariant vector field on S determined by ¢,
0 <1< 2p+ k. Damek [Dam87, Theorem 2.1] (see also [DR92, P.234]) showed that the

Laplace-Beltrami operator £ associated to the left-invariant metric (,)g has the form

2p+k

=0

Let 9;, 0., O, be the partial derivatives for the system of coordinates (X;, Z,, a) corresponding

to (e;, e, e9). Applying the definition of vector fields:

d
Elf(Xa Z’ CL) = %f (<X7 Z> CL) exp(tEl)) |t:07
one can show that
Ey = aaa;
a 2p+k
E;, =a0; + = Z ((X,ei],e0)0,, 1 <1i<2p;
2 r=2p+1

E, =a*0,, 2p+1<r<2%+k.

Using these expressions, £ can be written as [DR92, P.234]

L=ad’d+ L, + (1 —Q)ad,, (6.2.9)
where
1 2p+k 2p+k 2p
L,=ala+ - X]*) > 82+a282+a2 SN AX €], e0)0,0;. (6.2.10)
4 r=2p+1 2p+1i=1

The formula for the Poisson kernel P : S x N — (0,00), corresponding to L is given by
[Dam87, Theorem 2.2] (see also [ACDB97, P.409])

P(z,n) = Pi(ni'n), == (ni,a) €8, neN,
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where P is the function on N defined by

P(n) = P(X,Z) = ok g, n=(X,Z)eN, (6.2.11)

2y 2
<(1+ H)ill ) + ||Z||2)
and ¢, is a positive constant so that
/ P(n) dm(n) = 1.
N

Using the notion of dilation of a function (6.2.8) we get that
Cp.k CI,Q

((a+ 122)° 4 ) 202)

Remark 4.2.5 implies that {P, | a € A}, is an approximate identity on N. Expanding the

Pu(n) = Pu(X, Z) = g n=(X,Z)eN, ac A (6212

square involving || X|| and a in the denominator of the right-hand side of (6.2.12), and then
making use of the expression (6.2.4) of d, we obtain the following alternative formula of the

Poisson kernel.

16%c, ; a®
(16a2 + 8a|| X ||? + d(X, 2)*)?

Py(n) = Py(X, Z) = (6.2.13)

forn=(X,Z) €N, a€ A.

Remark 6.2.1. We list down the following properties of the function P, which can be derived
from (6.2.13) and (6.2.7).

i) Py(n)=P,(n7Y), forallne N, acA.

i) For 1 <r <oo, P, € L'(N), forall a€ A.

It turns out that general eigenfunctions of £ can be obtained by considering the complex

power of the Poisson kernel. For A € C, the \-Poisson kernel is defined as

[
ok

- Po(n! 1_
_ l(”ln)] . x=(n,a) €S, neN. (6.214)

P = i | P(0)

P(0)

We note from the expression of the function P given in (6.2.11) that P(0) = ¢, .
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It is well-known that for A € C, the function P,(.,n) is an eigenfunction of £ with
eigenvalue —(\? + p?), for each fixed n € N, [ADY96, P.654], that is, for each n € N

LPA(-,n) = —(N + pH) P, n).
We note from above that P;, = P, which is annihilated by £ and hence
{Plp((gv a)a ) ‘ a € A} = {Pa ‘ a € A}>

is an approximate identity on N. We observe from the expression of P, given in (6.2.13) and
the integration formula in polar form (6.2.7) that if Im(X\) € (0,00), then Py(z,.) € L"(N),

r € [1,00], for each x = (ny,a) € S. Indeed,

[ 1Pl dmin) < G [ (16a2+d(n—11n)z)r<§+'m“>> dm(n)

1
G a1

C Q [ee) tQ—l
= Ch,0( )/0 (1642 +t2)r(§+|m(/\))
< 0. (6.2.15)

= C)\r

)

We also have the following important formula [Kum16, Lemma 2.3],

/NPA(e,n)dm(n) - /N[%F_g dm(n)
_ C(c_:‘), Im(\) € (0, 00), (6.2.16)

where c()\) generalizes Harish-Chandra c-function and is given by

. 2Q—Qi)\r(2i)\>r (2p+2k+1) o . 6017
C()_r(§+z‘A)r(p;1+M)’ m(}) <0. (6.2.17)

From the above formula it follows that the c-function has no pole or zero in {\A € C : Im(\) <

0}. Therefore, using (6.2.16), we can normalize Py, for Im(\) € (0, 00), to define

Pyr(z,n) = CyPr(z,n), z €S, neN, (6.2.18)
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where C) = ¢, c(—=A)"'. For Im(\) € (0,00), the A-Poisson transform of a measure 1 on

N is defined by
Pall(n,a) = [ Pa((n,a),n') du(n), (6.2.19)

whenever the integral converges absolutely for every (n,a) € S. In this case, we say that the
A-Poisson transform Py[u] of p is well-defined. If du = fdm for some f € L"(N), where
r € [1,00], then Py[u] is well-defined and we denote it by P\f. Since for each n € N,
Px(.,n) is an eigenfunction of £ with eigenvalue —(\2 4 p?), it follows that P[] is also
an eigenfunction of £ with the same eigenvalue, provided P,[u] is well-defined. Using the
definition of P, given in (6.2.14) and the relation (6.2.18), we make the following important

observation for Im(\) € (0,00), z = (n1,a) € S and n € N.

Pi(x,n) = C\Pr(x,n)

oA [P(Q)—lpa(n;ln)]%’%

-l oot

— ¥ [P(0) IP( ()] E

= aFtg- (a 1(ny n))

= a%“*qﬁ(nfln), (6.2.20)
where for Im()) € (0, c0),

() = Gy [P P()]

o (n) = a % (§,-1(n)), neN, ae A (6.2.21)

We will need more explicit expression of the function ¢}, Im()\) € (0,00), which can be
obtained from the expression (6.2.13) of the function P,.
)

¢ (n) = cx T n=(X,Z) € N,acA, (6.2.22)
(16a® + 8al| X |2 + d(n)?)2 "

where ¢, = 1677 ¢, c(—\)"'. It is clear from (6.2.20) and the definition of ¢* that if
Im()\) € (0,00), then ¢* € L"(N), for all 7 € [1,00] (as, by (6.2.15), Py(e, ) is s0), and that

/Nq’\(n) dm(n) = 1.
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It thus follow that {¢} | @ € A}, is an approximate identity on N. For a measure ;z on N and

Im(X) € (0,00), we define the convolution integral

Qu[u)(n,a) = p1# g} (n) = a™? /N ¢* (-1 (ny'n)) dpu(na), (6.2.23)

whenever the integral converges absolutely for every (n,a) € S, and say that Q,[u] is well-
defined. If du = fdm for some f € L"(N), where r € [1, 0], then Q,[u] is well-defined and
we denote it by Q,f. From the definition of the A-Poisson integral (6.2.19) and (6.2.20), it

follows that for a measure p with well-defined P, [u], where Im(\) € (0, 00), we have
Pylp](n,a) = a$t*Q,[y(n,a), for all (n,a) € S. (6.2.24)

Remark 6.2.2. P,[u] is a convolution but not with an approximate identity on N. However,
that is the case with Q,[u]. Since {¢) | a € A} is an approximate identity on N, it follows
from (6.2.24) that for f € C.(N), and Im()) € (0, 00),

im PAf(nv CL)

a—0 a%-i-i)\

= lim Qs (n,0) = f(n)
uniformly for n € N.

In this chapter we will be interested only in the case A = if3, for 8 € (0,00). Using the
formula of P, given in (6.2.13) we can explicitly write down the expression of P;s[u| for a

suitable measure p. In this regard, we define the following class of measures on .

Definition 6.2.3. We fix some /5 € (0,00), and denote by Mj the set of all measures . on

N such that P,s(u| (equivalently Q;s(u]) is well-defined.
If 1w € Mg, then using (6.2.22), we have for all n = (X, Z) €e N, a € A

Qislil(n.@) == [ ¢ (8,1(ni*n)) dplna)
05 CLQB

:/ du(X1,Z1),  (6.2.25)
N (1602 + 8a]| X — X4||> + d (X1, Z1) 71 (X, 2))°)

p+5

where

Ccg = 16p+50i5 = 16p+ﬂcp,kc(_i5)_1 > O’
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follows from the expression of the c-function given in (6.2.17). The following elementary

lemma gives a lower bound for the Poisson kernel P,(n), for large values of d(n).

Lemma 6.2.4. If R € [1,00), then for each a € A, there exists a positive constant C,, such

that
1 C,

>
16a? + 8al| X[ + d(n)? = 1642 + 4"

for alln = (X, Z) € B(0,2R)°".

Proof. We take a € A, and consider the quotient

_ 16a® + d(n)? + 8al| X||?
B 1602 + 4 ’

472

T(n) ne N.
Forn = (X,Z) € N, with d(n) > 2R, we have from (6.2.4)

dn)* > | X|* = | X)X > 1,

and hence for || X > 1,

16a* 1 X 4a*
T(n) < 472 1 <4 | — +1 :
(n) <4r (d(n)2 + +8ad(n)2 =4 +1+8a

On the other hand, if || X|| <1, then

16a* | X 4a® 8a
T(n) < 472 1+38 <Ar? | = 41+ — ).
(n) <47 (d(n)2+ e ) ST\ T i

As R € [1,00), combining both the inequalities we get that for all n = (X, Z) € B(0,2R)°
T(n) < 47*(4a® + 1 + 8a). (6.2.26)

The result follows by setting C, = (47%(4a* + 1 + 8a)) L. U

Lemma 6.2.5. Let 3 € (0,00), and let yi be a positive measure on N such that u * ¢'*(0)

is finite for some a € A. Then

/N (16a2 + W) o du(n) < oco.

4712
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Proof. Since the integrand is a continuous function on N, it suffices to show that

2\ —B—p
/ (16&2 + M) du(n) < oo.
B(Q72)c

4712

Using Lemma 6.2.4 and the explicit expression of ¢, for A = i/3 (see 6.2.22)), we obtain

d(n)2 —B—p
28 1 2 d
“ /13(0,2>c< ba”+ 472 ) ()

< Capa® [ (1662 +d(n)* +8all X[?) " du(n)
B(0,2)c

= Chypnxq(0) < oo,
This completes the proof. O
We have observed in Remark 6.2.2 that Q;3f(-,a) — f, as a — 0, uniformly on N,

whenever f € C.(N), and 8 € (0,00). However, a stronger result is true.

Lemma 6.2.6. /f 3 € (0,00) and f € C.(N), then

Qiﬁf('vCL) f

q*f qs

Y

uniformly on N as a — 0.

Proof. We assume that supp f C B(0, R) for some R € (1,00). Since ¢*” is a strictly positive
o is bounded in B(0Q,27R). In view of Remark

continuous function on N, it follows that
6.2.2, it suffices to prove that
Qzﬂf(nv (Z)

=IAT T ,
q"(n)

uniformly for n € B(0,27R), as a goes to zero. From the quasi-triangle inequality (6.2.5)

for d, we have

d
d(ny'n) > dn) _ d(ny), forall ne N, ny €N. (6.2.27)
T

For n € B(0,27R)¢, and ny; € B(0, R), we have
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Hence, for all n € B(0,27R)°, and n; € B(0, R),

d(ny'n) > - = : (6.2.28)

From the expression of Q,sf (see 6.2.25) and the inequality (6.2.28) above, it follows that
forn=(X,Z) € B(0,2TR)¢, a € A,

’Ql,@f(TL?a)’
X., 2
cs a?ﬁ/ |f( 1 1)’ e Xmdzl
@B (16a2 + 8al| X — Xu||2 + d (X1, Z1)"1(X, 2))?)

28 |f(Xq, Zy)]
Cpa A(X.7)2 B+p
B(O.R) (16a2+8a||X X2 + 7( ) )

csa® | LICSILIV 7S
B(0,R) 16&2 (X,Z)2) r

472

IA

IA

dX,dZ,

IN

Using the expression of ¢*# given in (6.2.22) and Lemma 6.2.4 (as 7 > 1) for a = 1, it follows
from the inequality above that for all n = (X, Z) € B(0, 27 R)*,

B+p
|Qigf(n, a)| 29 [ 16 + 8[| X[]* + d(n)?
So = 0 T g g 0 )

472

B+p
16 + 42
26
o (1 o) g ) )

<
6a2 +
B+p
6472
< Cp,r G (d( ) +1> Hf”Ll(N)

< Cra®||fllL v
as d(n)? > 27R. Letting a — 0, in the last inequality, we complete the proof. ]

Recall that for 8 € (0,00), Mg denotes the set of all measures ;1 on N such that Q;5(u]

is well-defined (see the paragraph after Remark 6.2.2). It is clear that L"(N) C Mg, for all
€ [1,00]. We also note that if |u|(V) is finite, then u € Mjp. In particular, every complex
measure ;. on N belongs to Mg. We have the following observation regarding this class of

measures.
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Lemma 6.2.7. Suppose that 5 € (0,00). If v € Mg, and f € C.(N), then for each fixed

a€ A,

[ Qufin.a)dvin) = [ Qislv(n,a)f(n) dmin)

Proof. The result will follow by interchanging integrals using Fubini's theorem. In order to

apply Fubini's theorem we have to show that for each fixed a € A,

//Suppf a n)|f(n1)| dm(ny) djv|(n) < co.

We asuume that supp f C B(0, R), for some R € (1,00). We fix a € A. Then

= [ o @ L7 (0] dm(n) dlv] )
= ¢ aw/ / |f( Xy, Z1)| dm(Xy, Z1) d|v|(X, Z)
B(0.27R) /B(0,R) (16@2 4 8al|X — Xu||2 + d (X1, Z0)- (X, Z))2)p+ﬁ
s 2,8/ / |[(X1, Zy)| dm(Xy, Zy) div|(X, Z)
B(0,2rR)° JB(0,R) (16@2 + 8al| X — X2+ d (X1, Z)~ (X, Z))2)p+/3

2(16a”) 7w |(B(0, 27 R)) || fll v ()
1o a,@/ / |f(Xy, Zy)] dm(Xy, Zy) d|V|(X7Z)
B B(0,2rR)c JB(0,R) (16@2 —i-SCLHX X, ”2 4 2) )BJrP

IN

(using (6.2.28) in the second integral)

IN

cg a*?(16a*) 77 |p|(B(O, 27 R))| fll o2 vy

2\ —B-p
W) dv|(X, 7).

28 1642
e a7 fllpan /13(0,271%)6( @t 472

As v € Mg, we have finiteness of the quantity ||+ ¢?’(0). Lemma 6.2.5 now implies that the

integral on the right-hand side of the inequality above is finite. This completes the proof. [

We end this section with the following important definitions which constitute the heart of

the matter.

Definition 6.2.8.

i) A function u defined on S is said to have admissible limit L € C, at ny € N, if for each
€ (0,00),

lim  wu(n,a) =L,
a—0
(n,a)€lq(no)
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where

To(ng) = {(n,a) €S |dng'n) < aa}
= {(n,a) € S|d(ny,n) < aa}. (6.2.29)
is called the admissible domain with vertex at ny and aperture a.

ii) For a differential operator D on S, a smooth function u on S satisfying Du = 0 is said

to be a D-harmonic function.

For the notion of admissible convergence in the context of Riemannian symmetric spaces

of noncompact type with real rank one we refer the reader to [KP76, P.158].

6.3 Some auxilary results

We start with the following result which relates the weak* convergence of the sequence of
positive measures {y; | j € N} with the normal convergence of the sequence of functions

{Qislu] 7 € N}. This result is analogous to Lemma 4.3.1.

Lemma 6.3.1. Let 5 € (0,00). Suppose that {y; | j € N} C Mg, and ju € Mg, are positive

measures. If {Q,s[;]} converges normally to Q,s[u], then {y;} converges to p in weak*.

Proof. We have to show that if f € C.(N), then

lim [ fn) dysi(n) = [ f(n) du(n).

J—© JN

We assume that f € C.(N), with supp f C B(0, R), for some R € (1,00). For any a € A,

we write

[ £ dusn) = [ () dp(n)
= [ () = Qusf(n.0)) dps(m) + [ Quaf (n, ) dpyy(n) = [ Qinf(m,a) du(n)

+/N Qisf(n,a) — f(n)) du(n). (6.3.1)
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Given a positive number ¢, by Lemma 6.2.6 we get some g € (0,00), such that

\Qi,@f(m ap) — f(n)]
" (n)

<e, forall neN. (6.3.2)

Using Lemma 6.2.7, it follows that

/ Qigf(n,a) du;(n / Qisf(n,a) du(n)
_ /N(Qzﬂ[,uj](n,a)—Qig[,u](n,a))f(n) dm(n).

Applying the relation above for a = aq in (6.3.1) we get that

[ sy duso) = [ 70 dutm)

< f 1) = Qi f o)l dus(n) + [ |Quslis ], a0) = Quslil(m,ao)| L ()| dm{m)

+/ (1) = Qs f (. 00)| dp(n)
= L))+ L(j) + Is. (6.3.3)

In order to estimate I;(j), we use (6.3.2) to get

)= = S ) o) < f (o) i) = Qi)
Similarly, we can prove that
I3 < €Qiplpl(e).

Since {Q;p[n;]} converges to Q;z[u] normally, the sequence {Q;s(u;](e)}, in particular, is

bounded. Hence, setting

C = sup Qislusl(e) + Qislul(e),

we get that for all j € N
L(j)+ I3 <2Ce.

Again using the hypothesis that {Q,s[s;]} converges normally to Q,5[u], we get some jy € N,

such that for all j > jo,

|Qislh;] — Qz’ﬁ[#”hoo(mx{ao}) <€
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This implies that for all j > 7o,
1(5) < €l fllzr vy

Hence, it follows from (6.3.3) that

[ 5 digtn) = [ 0 du()] < €20+ [ ),
for all 5 > j9. This completes the prove. O

We shall next prove a result regarding pointwise comparison between the Hardy-Littlewood
maximal function of a positive measure on N and Poisson maximal functions of the same
measure. We recall that for a positive measure p on N, the Hardy-Littlewood maximal

function My (u) of u is given by

u(B(n, )

Mpyr(p)(n) = sup n € N.

r>0 m(B(n,r))’
The following result is analogous to Lemma 4.3.7 and the proof is also similar.

Lemma 6.3.2. If i € Mg is a positive measure, for some 3 € (0,00), and o € (0, 00), then

there exist positive constants C'z and C, g such that for all ng € N,

CaMpr(p)(no) < sup Qig[p)(no,a) < sup  Qiglul(n, a) < CopMpr(pr)(no).
acA (n,a)€Tla(no)
Proof. We fix an ng = (Xo, Zy) € N, and note that the second inequality follows from the
definition of supremum. To prove the left-most inequality we take a € A. Using the expression

of Q,s[u] given in (6.2.25), note that

Qislul(no, a)
. 1
:CIB(], Q N ; » 5 p+5 dl,L(Xl,Zl)
(16 1 glXo=XIP | d((X.2) 7! (X0 Zo)) >
0 1
>cga du(Xy, 21). (6.3.4)

a

B{no.a) <16 + 8||X0;X||2 + d((XZ)_lQ(Xo,Zo))Q)Hﬁ
For (X, Z) € B(ny, a),

2
a((X, 2" (X0, )" =1%o — X||' +16]Z — Z|]* < a?,
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and hence

1Xo — X|? < a

Consequently, for all (X, Z) € B(ng,a)

(16 L gl¥ox|p d((X,Z>1§Xo,zo>>2>”+B T (16+8+1)es

a

Using this observation in (6.3.4), we get
Quslil(no, @) = Cha~pu(B(ny, a) = C;
Taking supremum over a > 0, on both sides of the inequality above, we get

CsMpr(p)(no) < sup Qiglp)(no, a). (6.3.5)

a>0

To prove the right-most inequality, we define

Cp
n) = , né€N.
o) (16 + d(n)2)"*”
Then, as in the proof of the second part of Lemma 4.3.5 (see Remark 4.3.6), we can show

that
sup ik da(n) < CosMpr(p)(no)- (6.3.6)

(n,a)€N x(0,00)
d(no,n)<oa

But it follows from the expression of ¢?* (for a = 1, see (6.2.22)) that

¢ (n) < ¢(n), forall n € N.

Hence,
sip Qulil(n,a)= s pxg’() < s prdun)  (637)
(n,a)el(no) (n,a)€la(no) (n,a)eN x(0,00)
d(ng,n)<aa
The right-most inequality now follows by combining (6.3.7) and (6.3.6). O

Given 3 € (0,00), we define a second order differential operator £° on S (see [DK16,
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Theorem 3.2]), having the same second order term as the Laplace-Beltrami operator L, by
the formula

L =a?0* 4+ L, + (1 —2B)ad,.
We recall that the Laplace-Beltrami operator L is given by
L=a’0?+Ly+ (1 —Q)ad,.
Thus, when 8 = p = Q/2, we recover L. We note that
LP— L =2(p— B)ad, = 2(p — B)Ey. (6.3.8)

We recall that Ey = a0, is the left-invariant vector field on S corresponding to the basis
element ¢y = (0,0, 1) of 5 and hence L7 is left S-invariant. The following lemma shows that
there is a one to one correspondence between the eigenfunctions of £ with eigenvalue 5% — p?

and LP-harmonic functions (see Definition 6.2.8, ii)).

Lemma 6.3.3. Let § € (0,00), and let u be a smooth function on S. Then wu is an
eigenfunction of L with eigenvalue 32 — p?, if and only if the function (n,a) — a’~Pu(n,a),

is L£P-harmonic.
Proof. If B = p, then there is nothing to prove. So, we assume that 5 # p. We set
F(n,a) = a’u(n,a), (n,a) € S.
Suppose u is an eigenfunction of £ with eigenvalue 32 — p%. We note that
L(a”"F) = Lu = (8> — p*)u = (8> — p*)a* " F.

Since L, does not have any term involving J, (see (6.2.10)), expanding the left-hand side of

the equation above we obtain

(82— pP)a"PF = ((1 = 2p)ada + a*02 + Lo ) (" F)
= (1=2p)a((p = p)a” " F + 0" 0uF)

+a? ((p—B)(p— B~ 1)a"P72F +2(p — B)ar P10, F + a*POLF)
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+a” PL, F
=a* P ((1=20)(p=B) +(p—=B)(p— B~ 1) F
+a* P ((1=2p) +2(p— B)) ad, F + a”~" (a282F + EGF)

= a7 (B2 = p*+ (1 - 2B)ads + a*02 + La) F.

Canceling the term (32 — p?)a? P F from both sides of the equation above shows that F is

LP-harmonic.

Conversely, suppose that F is £%-harmonic. Using the definition of £ and F, we can

write

(aZ(‘?g + Lo+ (11— 26)@@) (a”~Pu) = 0.

Expanding the left-hand side of the equation above as before, we get
(=82 + pP)u+ (1 — Q)ada + a*02 + L) u = 0.
Hence, u is an eigenfunction of £ with eigenvalue 5% — p2. O

From (6.3.8) we see that £? and £ differs by a first order term and hence £ is an elliptic
operator. Thus, applying Bar's result on generalization of Montel's theorem [Barl3, Theorem

4], we get the following result.

Lemma 6.3.4. Let 3 € (0,00), and let {F;} be a sequence of LP-harmonic functions on S. If
{F;} is locally bounded then it has a subsequence which converges normally to a £LP-harmonic

function F'.

We recall that if 8 € (0,00), and u € Mg, is a positive measure then P,s[u] is a positive
eigenfunction of the Laplace-Beltrami operator £ with eigenvalue 3% — p?. Characterization

of such positive eigenfunctions was proved by Damek and Ricci in [DR92, Theorem 7.11].

Lemma 6.3.5. Suppose u is a positive eigenfunction of the Laplace-Beltrami operator L
on the Harmonic N A group S with eigenvalue 3* — p?, for some 3 € (0,00). Then there
exists a unique positive measure . (known as the boundary measure of u) on N and a unique

nonnegative constant C' such that

u(n,a) = Ca’™ + Piglp](n,a), forall (n,a) € S. (6.3.9)
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Remark 6.3.6. The result of Damek and Ricci is valid for all positive eigenfunctions of L,
namely, positive eigenfunctions with eigenvalue 3? — p?, 3 € R. However, the results we are

going to prove, will not apply when 8 € (—o0, 0].
Next, we consider the natural action of the subgroup A on S (see (6.2.1)):
r-(n,a) = (6.(n),ra), re€A (na)es. (6.3.10)

Remark 6.3.7. We note that for each o € (0, 00), the admissible domain I',(0) is invariant

under the above action of A. Indeed, if (n,a) € I',(0), then for every r € (0, 00),

Given a function F' on S and r € (0,00), we define the dilation F, of F' by
F.(n,a) = F(6,(n),ra), (n,a)€S.
Given a measure v on N and r € (0, 00), we recall that the dilate v, of v is defined by
v (E) =1 v (6,.(E)), (6.3.11)

for every Borel set £ C N.

Lemma 6.3.8. Let 3 € (0,00). If F' is an LP-harmonic functions on S then so is F,, for

every r € (0,00).

Proof. Observe that F, is the left translation of F' by (0,7) € S. The proof now follows

trivially as £7 is left S-invariant. O

Lemma 6.3.9. Let 5 € (0,00). Ifv € Mjg, then for each r € (0, 00),

Qis[vr](n,a) = Qis[v](d,(n), ra), forall (n,a) € S.

Proof. As in the proof of Lemma 4.3.11, it follows from the definition of v, (6.3.11),
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we have for all nonnegative measurable functions f on N that

f(n)dvy(n) =172 [ f(8-1(n)) dv(n).
Jx Js

Thus, from the definition of Q;5 (see 6.2.23) we get that for all (n,a) € S,

Quslvil(n,a) = a @ /N ¢ (801 (ny'n)) dvy(n)
— 49 Q/ o ( al(aﬂ(nll)n)) dv(ny)

= ra Q/ ( 15T(n)>)) dV(”l)
— ra _Q/Nq (ra)*l nl_lér(n))) du(nl)
= Qus[v](0,(n),ra). O

6.4 Main theorem

We shall first prove a special case of our main result. The proof of the main result will then

follow by reducing matters to this special case.

Theorem 6.4.1. Suppose that u is a positive eigenfunction of the Laplace-Beltrami operator
L on S with eigenvalue 3* — p?, where 3 € (0,00), and that L € [0,00). If the boundary

measure 1 of u is finite then the following statements hold.
(i) If there exists 6 € (0,00), such that

lim a’Pu(n,a) = L, (6.4.1)
(n,a)el's(0)

then Du(0) = L.

(ii) If Du(Q) = L, then the function
(n,a) — a”Pu(n,a)

has admissible limit L at Q.
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Proof. We first prove (i). We choose a d-ball By C N, a sequence of positive numbers

{r; | 7 € N} converging to zero and consider the quotient

% (6Tj(130))

L[,=_—71" "7/
m (0., (Bo))

i , JeEN. (6!L2)
Assuming (6.4.1), we will prove that {L;} is a bounded sequence and every convergent
subsequence of {L;} converges to L. We first choose a positive number s such that By is

contained in the d-ball B(0, s). Then, exactly as in chapter 4 (see (4.4.2)), we get

m(B(0, s))

b= B

< Mpyr(p). (6.4.3)

J

Thus, to show {L;} is a bounded sequence, it suffices to show that My (1)(0) is finite. Since
f is the boundary measure for u we have from (6.3.9) and the relation between P;5 and Q;3

given in (6.2.24) (putting A = i) that
a’Pu(n,a) = Ca®® + Qislu](n,a), forall (n,a) € S, (6.4.4)

for some nonnegative constant C'. Since we are interested in the limit as a tends to zero, we

may and do assume that C'is zero. Therefore, we can rewrite (6.4.1) as

lim  Qulul(n.a) = L.
(n,a)€ly(0)

This implies, in particular, that
lim Qip[p](0, 0) = L,
and hence there exists a positive number x such that

sup Qisu)(0,a) < oo.

0<a<k

Since p is a finite positive measure, using boundedness of the function ¢**, we also have that

for all a € [k, 00),

Quslil(0,@) = a=@ [ ¢ (8,2 (n)) dpu(m) < C'a? [ dpu(m) < 'k u(N).
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Combining the above two inequalities, we obtain

sup Qs (0, a) < 0.
acA

Lemma 6.3.2 now implies that My (1)(0) is finite. Boundedness of the sequence {L,} is
now a consequence of the inequality (6.4.3). We now choose a convergent subsequence of
{L;} and denote it again, for the sake of simplicity, by {L,}. For each j € N, we define a
function Fj on S by

F;(n,a) =F (6Tj(n),rja) ,  (n,a) €S,

where, as in Lemma 6.3.3,
F(n.a) = a""u(n, a) = Qusu)(n, a), (6.4.5)

where the second equality follows from (6.4.4) as C' has been assumed to be zero. Lemma
6.3.3 now implies that F' is £°-harmonic and hence by Lemma 6.3.8, F} is £°-harmonic for
each j € N. We now claim that {F}} is locally bounded. To prove this claim, we choose
a compact set K C S. Then there exists a positive number « such that K is contained in

[',(0). Indeed, we consider the map

Using continuity of this map and compactness of K, we get some positive number « such

that
d(n)

a

<a, forall (n,a)€ K,
that is, K C I',(0). Using the invariance of I',(0) under the action (6.3.10) (see Remark

6.3.7) and Lemma 6.3.2, we obtain that

sup sup Fj(n,a) = sup F(n,a)= sup Qiglul(n,a) < caMur(p)(0).
j (na)ela( (na)eTa(©) (na)eTa ()

As My (1)(0) is a finite quantity and K C I',(0), this implies that

sup sup Fj(n,a) < oo.
Jj (na)eK
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Hence, {F}} is a locally bounded sequence of £-harmonic functions on S. Applying Lemma
6.3.4 (generalization of Montel's theorem), we extract a subsequence {Fj, } of F; which
converges normally to a £°-harmonic function g on S. We now show that g is identically
equal to L in T'5(0). To show this, we take (ng,ag) € I'5(0). Our hypothesis (6.4.1) and the
defining equation (6.4.5) of F' implies that

lim  F(n,a) = L.

a—0
(n,a)EFg (Q)

Since {r;, } converges to zero as k goes to infinity, and (6, (no),7j,a0) € I's(0), for each
k € N, the equation above shows that

g(n0>a0) = kh—>r£lo ij(nO? ao) = kh_g.loF (6rﬂ'k (no)’rjka0> = L.

So, g is the constant function L on T'y(0). Since £ is elliptic with real analytic coefficients,

it follows that ¢ is real analytic. Therefore, as I'4(0) is open in S,
g(n,a) =L, forall (n,a)€S. (6.4.6)
We now consider the dilate /i, of v according to (6.3.11). By Lemma 6.3.9, we have that

Fj,(n.a) = F (b, (n).1,0) = Quslu] (3, (n).j,0) = Qs [pr, ] (n.0),  (6.47)

for all (n,a) € S. It now follows from (6.4.6) and (6.4.7) that Q;s[u,; | converges normally
to the constant function L, which is same as Q;3[Lm|. Lemma 6.3.1 then implies that the
sequence of positive measures {'”%} converges to the positive measure Lm in weak*. We
then apply Lemma 4.3.3 to conclude that {4, (B)} converges to Lm(B) for every d-ball
B C N. Choosing B = By, it follows that

I

IRRT T - —Q _ .

o (Bo) = f i, (Bo) = fim, 73" (0, (Bn)) = m(Bo) fin S
This implies, together with (6.4.2), that the sequence {L;, } converges to L and hence so does
{L;}, as {L,} is convergent. Thus, every convergent subsequence of the bounded sequence

{L;} converges to L. This implies that {L;} itself converges to L. Since the d-ball By and
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the sequence {r;} are arbitrary, it follows that x has strong derivative L at 0.

We now prove (ii). We suppose that Dy(0) is equal to L. Since the admissible limit of
the function (n,a) — a?” at 0 is zero, we assume, as before, that C is zero in (6.4.4). We

need to prove that the admissible limit of the function
F(n,a) = a’Pu(n,a) = Qis[u](n,a), (n,a) €S,

at 0 is equal to L. We fix a positive number a and a sequence {(n;,a;) | j € N} C I',(0)

such that {a;} converges to zero. Since Dyu(0) is equal to L, it follows, in particular, that

o (B 7))

@)

Therefore, there exists some positive number x such that

(B0

< L+1.
0<r<r m(B(fv r )

Finiteness of the measure ;. implies that

w(B(0,7))
von m(B(0,r))

The above two inequalities together with Lemma 6.3.2 implies that

sup  F(n,a) = sup Qiglul(n,a) < CasMpr(p)(0) < oo.
(n,a)€la(0) (n,a)€la(0)

In particular, {F(n;,a;)} is a bounded sequence. We consider a convergent subsequence of

this sequence, denote it also, for the sake of simplicity, by {F'(n;,a;)} such that

lim F(n;,a;) =L (6.4.8)

Jj—00
It suffices to prove that L’ is equal to L. Using the sequence {a;}, we define for each j € N,
Fij(n,a) = F (5% (n), aja) , (n,a) € 8.

As we have shown in the first part, we can prove that {F}} is a locally bounded sequence of
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LP-harmonic functions on S. Hence, by Lemma 6.3.4, there exists a subsequence {F},} of

{F;} which converges normally to a positive £°-harmonic function g on S. By defining
v(n,a) = a*Pg(n,a), (n,a)cs,

we get from Lemma 6.3.3 that v is a positive eigenfunction of £ with eigenvalue 3% — p.
Hence, by Lemma 6.3.5 and the relation (6.2.24), there exists a unique positive measure v on

N and a nonnegative constant C’ such that
v(n,a) = C'a’*? + a” P Qis[v](n,a), forall (n,a) € S.
This implies that
g(n,a) = C'a®® + Qislv|(n,a), forall (n,a) € S. (6.4.9)
Applying Lemma 6.3.2 once again, we observe that

supsup F;(0, a) = sup F(0, a) = Qig[1(0, a) < caMpr(1)(0) < 0.

acA j acA

This shows that

sup g(0, a) < oo,
acA

an hence we must have C' = 0 in (6.4.9). Considering the dilate y;, of p according to
(6.3.11) by aj,, we see by using Lemma 6.3.9 that for all (n,a) € S

Fj,(n,a) = F (84, (n), aj,a) = Qiglp] (8, (), aj,0) = Qiplu;,)(n, a).

Therefore, in view of (6.4.9), we conclude that Q,z[/;, ] converges to Q;3[v| normally on S.
By Lemma 6.3.1, we thus obtain weak* convergence of {s; } to v. Since Du(0) = L, it
follows that for any d-ball B C N,

lim p;, (B) = lim ajk_Q,u(éajk(B)) = lim

k—o0 k—o0
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Hence by Lemma 4.3.3, v = Lm. As g = Q,3[v], it follows that
g(n,a) =L, forall (n,a)€S.

This, in turn, implies that {F};, } converges to the constant function L normally on S. On the

other hand, we note that

F(njk> ajk) =F <5ajk <5aj‘]€1 (an)> 7ajk) = I, <5af1(njk)> 1) :

Ik

As (n;,,a;,) belongs to the admissible region I',(0), for all £ € N, it follows that

(0,71 (30.1) € B.) x {1},

Tk

which is a compact subset of S. Therefore,

lim F(njk> ajk) = kh—>r£lo ij (5(1].‘]:(”%)7 1) = L7

k—o0
as the convergence is uniform on B(0, &) x {1}. In view of (6.4.8), we can thus conclude that
L' = L. This completes the proof. O
We now state and prove our main result.

Theorem 6.4.2. Suppose that u is a positive eigenfunction of L in S with eigenvalue 3* — p?,
where 3 € (0,00), and that ng € N, L € [0,00). If uu is the boundary measure of u then the

following statements hold.

(i) If there exists 6 € (0,00), such that

lim o’ Pu(n,a) = L,
a—0
(n,a)€lg(no)

then Dyu(ng) = L.

(i) If Du(ng) = L, then the function (n,a) — a’~Pu(n,a) has admissible limit L at n.
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Proof. As in the proof of Theorem 4.4.2, we consider the translated measure (o = 7,1,

where

po(E) = p(noE),

for all Borel subsets £ C N. In the proof of Theorem 4.4.2, we have seen that Dy(0) and
Dyi(ng) are equal. As in the previous theorem, we may and do suppose that C' = 0 in (6.4.4).

Thus, we can rewrite the representation formula (6.4.4) for u as
a"Pu(n,a) = Quslul(n,a) = o ¢, (n.a) € S.
It also follows, as in the proof of Theorem 4.4.2, that
Qislpol(n, @) = (Tuypt) * q7 (n) = g ¢ (non) = Qislul(non, a),

for all (n,a) € S. We fix an arbitrary positive number a. Using the left-invariance of
the quasi-metric d in the definition of admissible domain (see Definition 6.2.8, 7)), we have

(n,a) € T',(0) if and only if (ngn,a) € I'y(ng). Thus, we conclude from the last equation

that
i Quluol(na) = lim  Qulul(n,0).
(n,a)€l«(0) (n,a)€la(no)

Hence, it suffices to prove the theorem under the assumption that ny = 0. We now show that
we can even take y to be finite. Let ji be the restriction of ; on B(0,7-1). Suppose B(n, s)
is any given d-ball in N. Then, for all r € (0, [72(s + d(n))] "), it follows that §,(B(n,s)) is
a subset of B(0,77!). Indeed, if ny € 4,(B(n,s)) = B(d.(n),rs), then we have

d(0,n1) < 71d(0,0,(n)) + d(6,(n),n1)] < 7[rd(n) +rs] <77t

This implies that Dy (0) and Dji(0) are equal. We now claim that

lim  Qull(na) = lm  Qulil(n.a), (6.4.10)
(n,a)€la(0) (n,a)€la(0)

provided one of the limits exist. In order to prove this claim, we first observe that

. iB(,—1 _
(111_r>r(1) A ¢’ (ny n) du(ng) =0, (6.4.11)
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uniformly for n € B(0,1/(272)). To prove this observation, we first note that for n €
B(0,1/(27?%)) and n; € B(0, 771)¢,

dn) < (27%)7t = (2r) 't < (21) ().
Thus, using (6.2.27) and the inequality above, we obtain for n € B(0,1/(27%)) and n; €
B0, 77,

d(ni'n) =d(n"'ny) > id(nl) —d(n) > Ld(m) - dn) _ dlm) (6.4.12)

N
[\
)
[\]
3

Recalling the expression (6.2.22) of ¢?°, we get for n = (X, Z) € B(0,1/(272))

Bnrtn) du(n
Sy 06 i ) duaCm)

28
_ / i 5 dul( X1, Z1)
B(0,7 e (16a% + 8a|| X — X1||? + d (X1, Z1)" (X, 2)))”
1
< cga B/ du(n
B8 B(Q,Tﬁl)c (16a2+d( 1 )2>6+P ( 1)
< ¢ aw/ S (1 )ﬁ+p du(ny)  (using the inequality (6.4.12))
47'2
B
16+ ot \ 7T 1 du(n)
’ oT—1>c 16a2 4 4y (16 + —d<4n12)2)5+p Him
6472 o 1
< 5/ d
= @9 B(0,r1)¢ <d(n1)2 ) (16+ d(ny ))ﬁer pl(na)
< dp(ny).

Cg,r @ 25 /B(Oﬂ-—l)c (164. d(ny)? ) )/3-1—0

Applying Lemma 6.2.5 for a = 1, the integral in the last inequality is finite. Hence, as
B € (0,00), letting a go to zero on the right-hand side of the last inequality, (6.4.11) follows.

Now,

Qislul(n, a) = Qiplfil(n, a) + g’ (n1'n) dp(na).

B(0,771)e
We take a positive number €. By (6.4.11), we get some positive number a; such that for all

(n,a) € B(0,1/(272)) x (0,ay),

0 < Qislp)(n, a) — Qusli)(n, a) = /B - ¢ (ny'n) dp(ny) < e



6.4. Main theorem 175

On the other hand, we note that
Ta(0) N{(n,a) € S| a<1/(2a7%)} C B(0,1/(27%)) x {(n,a) € S| a < 1/(2a77)}.
Hence, for all (n,a) € T',(0) with a < min{ay,1/(2a7?)}, we have

Qislpl(n,a) — Qisli](n,a) < e

This proves (6.4.10). Therefore, as o € (0, 00) is arbitrary, we may and do suppose that p is

a finite measure. The proof now follows from Theorem 6.4.1. O]

As an immediate consequence of Theorem 6.4.2 we have the following.

Corollary 6.4.3. Suppose that u is a positive eigenfunction of L on S with eigenvalue 3 — p?,

where /5 € (0,00), and that ny € N, L € [0,00). If for some 6 € (0, c0),

lim o’ Pu(n,a) = L,
a—0
(n,a)€Tg(no)

then for every a € (0, 00),

lim  a”Pu(n,a) = L.
a—0
(n,a)€Tla(no)

Remark 6.4.4. Since N has been assumed to be noncommutative, the class of harmonic N A
groups don’t contain the real hyperbolic spaces. However, the obvious analogue of Theorem
6.4.2 for real hyperbiloc spaces H' = {(z,y) | z € R}y € (0,00)}, | > 2, also holds true.
We note for H', [ > 2, we have Q =2p =1—1, and

0? 0

L = y2 (ARZI + ay2> — (l — 2)y87y7

with (see (2.2.1))
P(z) =L+ =), zeR"

The proof then follows simply by rewritting the proof of Theorem 6.4.2.
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