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A SIMPLE METHOD FOR FITTING THE REGRESSION
CURVES DERIVABLE FROM A SECOND DEGREE
DIFFERENCE EQUATION

By C. G. KHATRI
Indian Slalistical Inatilule

SUAISMARY. Tho solutions of the sosond degroo difforonoo equation Faya—w;FeutesYs
= agta;7+... 4 aext whoro v, @y, ay, a;, ..., & aro constants, dopond on tho roota of tho quadratia equation
y—uy+ey = 0. As for oxamplo, if the roots aro roal and distinct, thon tho rogrossion equation is given
by ¥y = adfizt..+555+0,p[ 48,0, Thus, tbo fitting of thowo typos of ngmon ourvos dopoads on
tho cetimatos of v, and w;.  Hore, & simplo mothod basod on 1 poly is for tho
outimation of w; and w,, and consoquontly for p, and p,.

1. INTRODUOTION
Let us consider o second degreo difference equation given by
Yop— 01 Yoty ¥, = aptaztapd+t...faxzt v (D)
where w;, Wy, @ &;,..., @x are real numbers and the valucsof zaregiven for 2=1, 2,...,n.
The solution of (1) will depend on tho roots of the quadratio equation in y

YP—wyte, =0 . (2)
If the roots of (2} are real and diffcrent, say, p, and p,, thon o solution of (1) ia given by
Y, = at-fixt-fad . 4Pt +801+ 80} - (3)

where @, f;, ..., fi, py and py are functions of w,, Gy, &g &y, «-.s & and &; and &, are
constants of integration. If the roots of (2) are real and equal, say, p, then a
solution of (1) is given by

Yo = at Bt B+ HAt ot re) S
and if the roots of (2) are pl bers, then a solution of (1) is givon by
Y: = at-f+pyrt+... 4 fxt-+p(y; cos vy ein g 7) e (8)

where p = wlft and s = cos~Yw,/2p).

For fitting tho data on force of mortality, Khatri and Shah (1959) considered
the difference equation (1) whon & = 0 and 1, and tho fitting of tho corresponding curves
(3), (4), and (6) was done by the extension of tho internal least squares method given
by Hartloy (1048). Whon p, = 0 (or wq = 0) in (3) (or (1)), mothod based on lincar
functions of observations was given by Patterson (1956) for k = 0, Shak (1001) for
k = 1 and Chopra (1866) for any k. In this note, we oxtond their mothod to the threo
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situationa given in (3), (4) and (5). This method mnkes uso of the differenco equation
(1) and tho estimates of the paramcters w, and w, are bused on quadratio functions of
the obscrvations via similar linear functions occutring in Chopra’s method (1965).
It may bo noted that when w; and w, of (1) (i.0. p, and pg of (3), p of (4), p and g of
(5)) are known (or estimated), then other parameters of (3) or (4) or (5) can bo
obtained by least squarcs method.  1lenco tho problem is restrictod to tho estimation
of w; and w,.
2. A SINILK METHOD

Let the n obsorvations on Y, bo denoted by y,, y,, ..., y,, when the respective
values of z are 1, 2, ...,n. Let us assumo that they are uncorrelated and have equal
variance, o1, when x is fixed,  Morcover, assume that tho expocted values of y, satisfy
the difference equation given in (1).

Aa dono by Chopra (1965), let us chooso s, fty, ..., 1.3 depending on z such
that s, § = 1, 2, ..., n—3, aro the cocflicionts of E;4, (orthogonal polynomial of degreo
k+1) corresponding to (n—3). Then, it is fairly obvious that

n-3
Y =0 for j=0,1,2,..,k e (8)
=1
Further, let ua define
a-3
Ty= 2 pgyppuy for §=1,2,34. e (7
=1

Then, with the help of (6) and (1), it is easy to verify that
ET,—oTyto,Ty) =0 and E(T,—o,Ty+o,T,) =0 o (8)

Hence, our approximate cstimates &, and &, will be given by the aolution of the
equations

Ty =Tyo,—&,Ty and T,=d, T,—é,T, . (9)
or &, and a, are given by
- T,7,—T,T N 3-7.T, .
0, = —;'EL—T,;‘: and &, = T%—‘TfT: if T3 % TyT,. e {0)
By usual mothod, the asymptotic variance-covariance matrix of &, and d, is given by
] —a, ag € G -G —0
% z 3 ( ) ( ) ( ) v (10)
(az—axn,) —a; ay e € a, @
n-8
where @, = % ¥, for i=1,23,
=1

na n-q ns
& = (1+wl+ol) ’x’ #—20(1+w,) ls‘ HKiper 2 0y ‘l_'l/‘ll‘lu

n-g L] »-g e
e =—(1 +”|)"’1'§1I‘!+(1 +“=+‘~'§+“|)‘_zl gt —(1 +‘°n)“’|’£1’il‘lu+ ‘"n’:xl'll‘lu-
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Now, for determining tho types of tho curvo, let us consider tho quadratic
cquation in y :
(TE—T, T ) —(Ty Ty =TTy HT}—TTy) = 0. - (11)
The oquation (11) will have in gencral two roota.
2.1. Let theroots of (11) be real and uncqual, say, y, and y,. Then, we fit the
regression curvo given by (3) and tako tho estimates 5, and 3, as y, and y, respectively,

In this caso, the asymptotic variances and convariance of 3, and 5, are given by
]
V) = rpe 148, —2pse,),
(A1) Fos Tl (X +p2)e1—2p42,)

b= T fye,—
Viey) Tt [(1+phies—2p15]

and cov (By, fy) =m [(1+p:05)e,—(py+-pres] - (12)

n-3
where fy = 8  spf~', i = 1,2 and ¢, and ¢, aro tho samo as defined in (10) after
J=1

replacing &, and w, by (p,+p,) and p,p, respectively.
2.2. Let the roots of (11) be complex. Then, wo fit tho regression curve

givon by (5) and take the estimates p and i as

p = &lf* and ji = cos—? (&,/25). we (13)

The asymptotic variance-covarianco matrix of /i and j is given by

o a, —ag ) & C:) a, —a,) s
ez —asm) ( —ay as (‘: ¢ ( —a ay -

whero ¢, and ¢, are tho samo as defined in (10) after replacing w, and wy by 2p cos s
and p? respectively,
a1 = Pi{y1 o8 (i) 47, sin (§ )by +{—7) sin (i) 474 cos (ix))by]
and 43 = p71{y, sin () — s c03 (j)}by+ {71 €08 (G} + 7y sin ()ba)]
for §=0,1,2 and j = 1, 2, with

n-3 -2
b =‘2 pip*t coa(jn) and by = :Zl/t,p’" sin (jp).
-1 -

2.3. Let tho roots of (11) be equal. In practice, the two roots will not be
exactly cqual. Henco if the two real roots are nearly equal (i.e. ratio of tho two roots
ia nearly 0.99 or 1.01) or if the two roots aro complex having tho imaginary part zero
compared to the real part, wo shall fit the regression curvo given by (4) and sball take

tho estimato 5 08 &,/2. Tho asymptotic varianco of 5 ean bo obtained from (10).
In this cnso, wo can slightly improve tho estimato  given above in the
following way :

o n=2,

Lot us chooso 9, 74, ..., 74-3 dopending on z such that vy, $ = 1,2,

aro tho cooflicionts of E;,, corrcaponding to (n—2). Furthor, let & !):‘ Msea
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for§=1,2,3. Thon aa in tho goneral caso, the catimate of p will bo a solution of the
quadratio equation in z given by

42820z, = 0, e (15)
Note that in practice thero will bo two solutions of (15). Wo expect that tho solutions
will be real provided tho solutiona of (11) aro nearly equal. We shall chooso tho solu-

tion z of (15) as the estimato of p, which is near to &,/2. The asymptotic varianco of
the estimato of p obtained in this way is

AT & W0 fo= (Tt 1) - (19)

and'e, ia the samo aa that defined in (10) after replacing s's, &, and w, by 7¢'s, 20 cosp
and p* respectively.
3. AN ILLUSTRATION
Lot ua consider the curve given by
y = 3+(0.5)'(1+2).
Then, the data for the abovo curvo are givon by

z 0 1 2 3 4 5 (]
Yy 4.00 4.00 3.75 3.60 3.31 3.19 3.11

and wo have 7', = —1.75, T, = —2.32, Ty = —1.87 and T, = —1.29. The equa-
tion (11) beecomos

2.1000y%—2.0809y4-0.5141 = 0.
Tho two solutions are (2.1739/4.2108, 1.0879/4.2198). The ratio of the two roota is
nearly 1,01, Henco, wo fit tho regression (4). Tho estimate of p can bo taken as
2.0800/4.2198 = 0.493.

Now, for the improvement on this valuo of 5, we bave f, = —1.88, {, = —2.06
and ¢, = —1.59 and this gives the cquation (15) as

1.88:9—4.12:4 1.69 = 0.

The two solutions of z are 0.50 and 1.7. Tho solution near to .493 is 0.50, Honce
tho improved estimate of p is 0.50 which is the exact valuo of the data.
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