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Chapter 1
INTRODUCTION

This thesis is comprised of three essays in mechanism design. The first essay/chapter inves-
tigates the stability property of trading mechanisms of an internet platform that conducts
trades between buyers and sellers. The second chapter considers the allocation of a single
object among a set of agents whose valuations are interdependent. The third chapter is
about the allocation of multiple units of a good among a set of agents who have private

valuations for one unit of good.

We provide a brief description of each chapter below.

1.1 STABILITY AND DOUBLE AUCTION DESIGN

This chapter is about an internet platform which is trying to conduct trades between buyers
and sellers. Each seller is in possession of a single unit of homogenous good and there are
several buyers each of whom desires a single unit of the good. The utility functions of both
buyers and sellers are quasi-linear with the valuations of buyers and sellers being private

information.

Our contribution is to introduce a novel consideration in the mechanism design prob-
lem for the platform in this model in addition to the standard ones of (interim) incentive-
compatibility and (interim) individual-rationality. Coalitions of buyers and sellers are free
to set up their own trading mechanisms and divide the surplus among themselves. This
threat by the buyers and sellers will impact the optimal expected revenue of the platform. If
the platform tries to extract “too much revenue”, a coalition of buyers and sellers can block

the mechanism offered by the platform and trade with a mechanism of their own choice.



Specifically, we analyze the structure of revenue optimal mechanisms for the platform when

single buyer-seller coalitions can threaten to secede from the platform’s mechanism.

We look for revenue-optimal mechanisms in the class of stable mechanisms. The notion of
stability in private information settings has received a great deal of attention in the literature
beginning with Wilson (1978). Wilson defines an interim core in an incomplete information
setting. Dutta and Vohra (2005) refine the notion of interim core and define the credible
core. They prove the non-emptiness of incentive compatible credible core in an auction
model. Apart from the interim core, there are two other types of cores: the ex-post core
and the ex-ante core, depending on the stage (ex-post or ex-ante) in which the agents form

coalitions.

The notion of stability in private information settings that we use is called single-buyer-
single-seller (SBSS) ex-ante stability. It is based on the notion of ex-ante incentive compatible
core given by Forges et al. (2002a) for an exchange economy setting. It was also used recently
by Bikhchandani (2017) who studies ex-ante stability of matching mechanisms in a model
with one-sided incomplete information and nontransferable utilities. In our model, the agents
form coalitions before their private information is revealed. If a buyer-seller pair receive a
strictly higher expected payoff (before the realization of their privately observed valuations)
via a bilateral trading mechanism, they will block the mechanism proposed by the platform.
A platform’s mechanism is SBSS ex-ante stable if no buyer-seller pair can block it in this

sense.

Our first set of results concerns the SBSS ex-ante stability of several well-known double
auctions. We consider the trade reduction mechanism, its special case the McAfee double
auction and the positive-spread posted-price mechanism. In all cases, we assume that the
values of buyers and sellers are independently and identically distributed with a uniform
distribution over a unit interval. We show by the means of explicit computation that these
mechanisms are not stable for a particular value of number of buyers and sellers. In all
cases, the buyer and seller can block using the posted-price mechanism given by Hagerty
and Rogerson (1985). It is clear from these examples that stability imposes constraints on

mechanism chosen by the platform.

The main result of the chapter concerns the expected revenue-maximizing mechanism
that satisfies interim incentive-compatibility, interim individual-rationality and SBSS ex-
ante stability. Using ideas in Myerson (1981) and Myerson and Satterthwaite (1983) we
identify a revenue optimal mechanism without stability constraints, i.e. a mechanism that
maximizes expected revenue subject to interim incentive-compatibility and interim individual

rationality. We show that this mechanism is not SBSS ex-ante stable. There is therefore,



genuine tension between stability and revenue maximization. Finally, we provide a revenue-

maximizing mechanism that satisfies the stability constraints.

1.2 BUDGET-BALANCED MECHANISMS FOR SINGLE-OBJECT
ALLOCATION PROBLEMS WITH INTERDEPENDENT VALUES

In this chapter we consider the problem of allocating a single object among a set of agents
in an interdependent value setting. Each agent receives a signal about the valuation of the
object. Her valuation depends on the signals received by all other agents. The mechanism
must satisfy the properties of ex-post incentive compatibility, ex-post individual-rationality,

budget-balance and ex-post efficiency.

In our model, the Green-Laffont impossibility continues to hold.” We consider two types
of mechanisms. The first are signal-ranking mechanisms (or s-ranking mechanisms). Agents
report their signals and are ranked according to these reports. The s-ranking allocation
rule assigns a probability for receiving the object to each agent. Transfers for agents are
determined accordingly. The wvaluation-ranking mechanisms or v-ranking mechanisms on
the other hand, assign probabilities for receiving the object based on the ranking of agents’

valuations.

We show that a ranking allocation rule that is strategy-proof and can be implemented
by budget-balanced transfers in the private-value case is also an ex-post incentive compat-
ible (EPIC) and ex-post individually rational (EPIR) s-ranking allocation rule that can be
implemented with budget-balanced (BB) transfers provided the valuation functions satisfy
an additive separability condition. An immediate consequence of this result is that the s-
ranking mechanism where the agents with the highest and second-highest ranking signals
receive the object with probabilities 1 — % and }L respectively (i.e. the Green-Laffont alloca-
tion vector) is EPIC, EPIR and implementable by budget-balanced transfers if the valuation
functions satisfy additive separability condition, single-crossing and symmetry. We show by
means of an example that the result does not hold. We also show that the allocation rule of
the mechanism that maximizes worst-case efficiency ratio given by Long et al. (2017) is the
s-ranking allocation rule which maximizes worst-case efficiency ratio among all EPIC, EPIR
and BB s-ranking mechanisms when valuation functions are of a specific form that satisfies
SAS condition, single-crossing, symmetry. We then provide an example to show that this

mechanism is no longer optimal when the valuation functions are not symmetric.

*See Nath et al. (2015) for further details.



For v-ranking mechanisms, first we show that it is necessary for valuation functions to
satisfy single-crossing for the mechanism to be EPIC. Then we show that a ranking alloca-
tion rule that is strategy-proof and can be implemented by budget-balanced transfers in the
private-value case is also an EPIC and EPIR wv-ranking allocation rule that can be imple-
mented with budget-balanced transfers provided the valuation functions satisfy the additive
separability condition and single-crossing. Under an additional condition of symmetry of
valuation functions, the allocation functions for s-ranking mechanisms and v-ranking mech-
anisms are allocation equivalent. Moreover, the agents have the same payment functions and
get the same utility from allocation equivalent, EPIC, EPIR and BB s-ranking and v-ranking

mechanisms.

Another approach to the impossibility result is to allocate the object only to the agent
with the highest signal but with probability less than one. The object is thrown away or
retained by the seller with the remaining probability. The agent who is allocated the object
makes a payment which is redistributed among all the agents ensuring budget balancedness.
Such mechanisms were called probability-burning mechanisms by Mishra and Sharma (2018)
and studied in private valuation models. We explore the feasibility of such mechanisms in the
interdependent valuation case. For a semi-separable class of valuation functions, we show that
a particular probability-burning mechanism is EPIC, EPIR and BB. For additively separable
and symmetric class of valuation functions, we design another probability-burning mechanism
and show that it is welfare-maximizing in the class of EPIC, EPIR, BB mechanisms that
allocate only to the agents with topmost signal and satisfy an additional property called

equal treatment at equal signals.

1.3 PROBABILITY-BURNING MECHANISMS IN MULTIPLE-GOOD
ALLOCATION PROBLEMS

The final chapter considers the problem of allocating m units of a good among n agents.
Each agent demands a single unit of good the valuation of which is his private information.
The mechanism must have the usual properties viz. incentive-compatibility, individual-
rationality, budget-balance and efficiency. This contrasts with the approach of Dastidar
(2017) who focuses on goals of efficiency and revenue generation for mechanisms that allocate
a scarce good to a set of agents. In our model, due to the Green-Laffont impossibility result
(Green and Laffont (1979)), no mechanism can simultaneously satisfy efficiency, incentive-
compatibility and budget-balance. So, one of the properties must be relaxed in order to find a

mechanism which satisfies two properties and a weakened version of the third. In a multi-unit
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allocation problem, Guo and Conitzer (2014) weaken the budget-balance condition and study
linear redistribution mechanisms. Gujar and Narahari (2008) extend the analysis to the case
of multiple heterogenous goods. In this chapter, we relax the property of efficiency and looks
within the class of incentive-compatible and budget-balanced mechanisms. We follow the

approach given by Mishra and Sharma (2018) called probability-burning mechanisms.

The chapter has two objectives. The first is to extend the mechanism of Mishra and
Sharma (2018) to the multi-good allocation problem. We propose the equal-probability-
burning mechanism which allocates a single unit of good to each of the top m highest-valued
agents with equal probability. The probability is auctioned through a multi-unit Vickrey
auction and the revenue collected is redistributed back to the agents which ensures budget-
balance. Some of the allocation probability is burnt at some valuation profiles for each unit
of good. We then compare the welfare properties of this mechanism with some other mech-
anisms that are budget-balanced, dominant strategy incentive-compatible and individually-
rational. These mechanisms are the multi-unit extension of Green-Laffont mechanism and

the single-unit burning mechanism given by Guo and Conitzer (2014).

We find that the worst-case efficiency ratio of multi-unit Green-Laffont mechanism is
higher than that of equal-probability-burning mechanism. If the number of agents is greater
than the threshold level m + m; + \/ m(m2 —1) + ™, the worst-case efficiency ratio of

the equal-probability-burning mechanism is greater than that of the single-unit burning

mechanism. The expected total welfare of equal-probability-burning mechanism is less than

that of the multi-unit Green-Laffont mechanism but converges to it as n increases.

The second objective is to design probability-burning mechanism with reserve prices.
Goods are allocated only if the valuations of at least m agents are above the reserve price. In
this case each of the m agents with the highest ranked valuations is given a good with equal
probability. The allocation probability depends on the relationship between the reserve price
and the valuations of (m + 1) and (m + 2)" ranked agents. We show that the mechanism

is budget-balanced, individually-rational and dominant strategy incentive-compatible.

Our main goal is to demonstrate that introducing reserve prices may increase the expected
welfare of agents. For this purpose we assume that valuations are uniformly distributed. In
the restricted setting of n = 4 and m = 2, we show that the optimal reserve price is non-zero.
For a single-good model we explicitly compute the optimal reserve price and show that the
expected total welfare with the reserve price is greater than the expected total welfare in the
mechanism of Mishra and Sharma (2018).






Chapter 2

STABILITY AND DOUBLE AUCTION DESIGN

2.1 INTRODUCTION

In recent years, there has been a phenomenal rise in number and size of internet platforms.
Sharing economy companies like Uber and Airbnb are platforms that facilitate the connection
between millions of buyers and sellers everyday. The combined size of these platforms was
1.5 per cent of US gross domestic product. i.e. USD 273 billion in 2015*.

A platform generates revenue by matching buyers and sellers. On one side of the market
are sellers who hold various goods, and on the other side are buyers who wish to purchase
them from the sellers. Both buyers and sellers have valuations for the goods. Since the
platform is unaware of the valuations of buyers and sellers, it must use a “mechanism” in
which agents bid for the various goods. The mechanism then specifies the set of buyers and
sellers who trade with each other and the prices they pay and receive. The platform typically
charges a margin between buyer’s payment and seller’s receipt. Mechanisms are typically
required to satisfy incentive compatibility (truthful elicitation of valuations) and individual
rationality (ensuring voluntary participation). An early example of an analysis of such issues
is Myerson and Satterthwaite (1983). They considered the problem of a platform/broker in
a bilateral trading environment (a single buyer and a seller) which attempts to maximize its

expected revenue.

We consider the design of mechanisms from the perspective of platform in the double
auction setting. There is a single homogenous good, several sellers each in possession of a

single unit of good and several buyers each of whom desires a single unit of the good. The

*See Measuring the digital economy, IMF, 2018



utility functions of both buyers and sellers are quasi-linear with the valuations of buyers and

sellers being private information.

Our contribution is to introduce a novel consideration in the mechanism design prob-
lem for the platform in this model in addition to the standard ones of (interim) incentive-
compatibility and (interim) individual-rationality. Coalitions of buyers and sellers are free
to set up their own trading mechanisms and divide the surplus among themselves. It is clear
that this will impact the optimal expected revenue of the platform. If the platform tries to
extract “too much revenue”, a coalition of buyers and sellers can block the mechanism offered
by the platform and trade with a mechanism of their own choice. We restrict attention to
the case where the blocking coalition consists of a single buyer-seller pair. This assumption
considerably simplifies the analysis. It is also realistic - forming larger blocking coalitions will
involve greater coordination between agents. We analyze the structure of revenue optimal
mechanisms for the platform when single buyer-seller coalitions can threaten to secede from

the platform’s mechanism.

It is clear from the foregoing discussion that we are looking for revenue optimal mech-
anisms in the class of stable mechanisms. The notion of stability in private information
settings has received a great deal of attention in the literature beginning with Wilson (1978).
Wilson defines an interim core in an incomplete information setting. Apart from the interim
core, there are two other types of cores, the ex-post core and the ex-ante core, depending on

the stage (ex-post or ex-ante) in which the agents form coalitions.

Ex-post stability is the most demanding of the three notions. In this case, agents form
coalitions after they have communicated their private information and the outcomes specified
by the mechanism have been implemented. A weaker notion is the interim core where agents
form coalitions after their private information is revealed to them." The weakest notion of
stability is ex-ante stability. Here agents form coalitions before their private information is
revealed. If a buyer-seller pair receive a strictly higher expected payoft (before the realization
of their privately observed valuations) via a bilateral trading mechanism, they will block the
mechanism proposed by the platform. A platform’s mechanism is single-buyer-single-seller
(SBSS) ex-ante stable if no buyer-seller pair can block in this sense. Forges et al. (2002a)

refer to this approach as the one that occurs “behind the veil of ignorance”.

Our first set of results concerns the SBSS ex-ante stability of several well-known double
auctions. We consider the trade reduction mechanism, its special case the McAfee double
auction and the positive-spread posted-price mechanism. In all cases, we assume that buyer

and seller are independently and identically distributed with a uniform distribution over a

TA detailed discussion of interim stability and ex-post stability can be found in Forges et al. (2002b).



unit interval. We show by the means of explicit computation that these mechanisms are not
stable for a particular value of number of buyers and sellers. In all cases, the buyer and
seller can block using the posted-price mechanism given by Hagerty and Rogerson (1985). It
is clear from these examples that stability imposes constraints on mechanism chosen by the

platform.

The main result of the chapter concerns the expected revenue-maximizing mechanism
that satisfies interim incentive-compatibility, interim individual-rationality and SBSS ex-
ante stability. Using ideas in Myerson (1981) and Myerson and Satterthwaite (1983) we
identify a revenue optimal mechanism without stability constraints, i.e. a mechanism that
maximizes expected revenue subject to interim incentive-compatibility and interim individual
rationality. We show that this mechanism is not SBSS ex-ante stable. There is therefore,
genuine tension between stability and revenue maximization. Finally, we provide a revenue-

maximizing mechanism that satisfies the stability constraints.

The unconstrained revenue-maximizing mechanism allocates the goods to the buyers with
highest virtual valuation and sellers with lowest virtual costs till a buyer’s virtual valuation
becomes lower than a seller’s virtual cost. The constrained revenue-maximizing mechanism,
on the other hand allocates on the basis of adjusted virtual valuation. The adjusted virtual
valuation of buyer is higher than its virtual valuation and the adjusted virtual cost of a seller
is lower than its virtual cost. There will be more trades taking place as a result, resulting in

higher ex-ante expected utility of buyers and sellers but the platform will earn less revenue.

The chapter proceeds as follows. In Section 2.2 we give a brief overview of recent work
on stability of mechanisms. We describe the model and define some special mechanisms that
we use throughout the chapter in Section 2.3. In Section 2.4 we discuss the SBSS ex-ante
stability property of all the mechanisms. Section 2.5 starts with generalization of Myerson-
Satterthwaite model of revenue-maximization to a general market. We prove that it is not
generally SBSS ex-ante stable. We then find a mechanism that maximizes the revenue of

platform in class of SBSS ex-ante stable mechanisms. Section 2.6 concludes.

2.2 RELATED LITERATURE

Like in our chapter, Forges (2004) considers the notion of the ex-ante incentive-compatible
core in the context of a two-sided assignment game. The paper demonstrates the non-
emptiness of the core when players have common values. Bikhchandani (2017) applies the
notion of ex-ante stability to a matching model with one-sided incomplete information but

where the utilities are nontransferable. Chen and Hu (2017) do the same in a two-sided
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incomplete information matching model.

In recent work Bochet and Ilkilic (2017) use the notion of bilateral stability (introduced
by Kranton and Minehart (2001)) to show that there generally does not exist a bilaterally
stable mechanism that satisfies strategyproofness, individual rationality and efficiency in a
bipartite network setting. If the network does not have cycles, the Vickrey auction is the
unique mechanism that satisfies all these properties. The notion used in the paper is related
to the ex-post core - the agents form a blocking coalition after the mechanism has already

allocated the goods and the transfers have taken place.

A few papers have considered the interim core. Peivandi and Vohra (2021) use a notion
of interim core called B-blocking to show that there does not exist a stable and interim
incentive-compatible mechanism for a centralized market. The threat of a mechanism to
which a coalition can deviate induces inefficiency in the trading mechanism of the market.
Dutta and Vohra (2005) use a refined notion of interim core called the credible core. They
prove the non-emptiness of incentive compatible credible core in an auction model. The
credible core is a refinement of the concept of interim incentive compatible core i.e. a coalition
can credibly identify an informational event such that the types of agents involved in the

event prefer the new mechanism to the existing one.

2.3 'THE MODEL AND BASIC DEFINITIONS

There are N buyers B = {by, bs, ..., by} and N sellers S = {sy,s2,..., sy} in a market*. Let
K be the grand coalition of the buyers and sellers i.e. K = BUS. A typical buyer and seller
will be denoted by b; and s; respectively. Each seller has a unit of an indivisible good and
all the goods are identical to each other. Each buyer demands at most one unit of the good.
Buyer b; has valuation (type) v; for the good, which is his private information. Similarly,
each seller s; has cost (type) ¢; of supplying the good, which is the private information of the
seller. We assume that v; and ¢; are independent random variables with support [0, 1]. The
distribution function for v;, i € {1,2,..., N} is F, with an associated density function f.

The distribution function for ¢;, j € {1,2,..., N} is G, with an associated density function
g.
A complete type profile denoted by (v,c¢) = (v1,...,vn,C1,...,cn) is a 2N tuple of

valuations of buyers and sellers. The space of type profiles is T = [0, 1]*¥. For every buyer
b; € B,let T\ {b;} = {(v1,...,0i-1,Vi11,-..,UN,C1,...,cN)} L.e. it denotes the set of 2N — 1

iThe number of buyers and sellers being equal makes the analysis tractable.
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types excluding that of buyer b;. Clearly, T'\ {b;} = [0,1]*"~!. Similarly, for every seller
s; €8, T\ {s;} ={(v,...,on,C1,...,¢j—1,Cj41, -..,CcN)} L.e. it denotes the set of 2N — 1
types excluding that of buyer s;.

It will be assumed throughout the chapter that the distributions F' and G satisfy the
reqularity condition.
DEFINITION 2.1 Let ¢(v;) = v; — %v(;)“) and Y(c;) = ¢ + %cj)) for each i and j €
{1,2,...,N}. The distributions F' and G satisfy reqularity if the functions ¢(v;) and ¢(c;)
are non-decreasing in v; and c;, respectively. The functions ¢(v;) and (c;) shall be referred

to as the virtual valuation functions of b; and s; at type v; and c;, respectively.

The regularity conditions are standard conditions in the literature. They considerably
simplify the analysis of the optimal mechanisms. They are weak conditions satisfied by, for

instance, the uniform distribution.

Let coalition A be a non-empty subset of K. A mechanism for A elicits type of each
agent in A and specifies the allocations and transfers of these agents. Formally, a mechanism

M4 = (g%, ¢) is a collection of functions (ghca, i eas theas Gorca)-
gy 4z [0, 14— [0,1]
thtd 0,1 - R
v J
For every type profile (v, c), qé(v, c) is the probability of buyer b; receiving the good and

q;f‘]_(v, c) is the probability of seller s; selling his good. Furthermore, t;i (v,¢) is the payment

made by the buyer b;, while tfj (v, c) is the amount received by seller s;.

A mechanism is required to be feasible i.e. the sum of allocation probabilities of buyers

is equal to the sum of allocation probabilities of sellers. Formally, we require qg‘:(v, c) =
b, €A

> qu (v, ¢) for every (v,c) € [0, 1],

SjeA

Two mechanisms will be of particular interest in the chapter. The first is for the grand
coalition K and is denoted by M = (g,t) (we suppress the superscript). The second is for a
coalition A = {b;, s;}. It is called a bilateral mechanism and denoted by M.

DEFINITION 2.2 The mechanism M? satisfies the no-budget deficit (NBD) condition if

/ <Zté(v, c) — thj (v, c))f(v)g(c)dvdc >0

b;EA
(w,e)elo,aylAl
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If a mechanism satisfies the NBD condition for the grand coalition K, then the platform

can never make negative ex-ante revenue.

The ex-post utilities of a buyer b; and a seller ¢; in mechanism M* are:
Ub’?(v, c) = qg‘l‘_(v, c)v; — tfi(v, c)
A _ A _ A ‘
Usj- (U7 C) - ts]- (U7 C) q‘s‘j (Ua C)CJ

The interim utilities of a buyer b; and a seller s; are:

Gu@) = [ (@ = (0.0 0o de-de

(v_;,c)ET\b;
Use) = [ 0,0 = g 0. 0)ep) f(0)gles)dode
(v,c_j)ET\s]-
Also, the ex-ante expected utilities of a buyer b; and a seller s; are:

Uy, = / (qv; (v, ©)v; — ty, (v, ¢)) f(v)g(c)dvde

(v,c)€T

U= [ (t(0:0) = 0 (0,000 F0)g()dude

(v,c)eT

If a buyer b;’s valuation is v;, g, (v;) is the expected probability of receiving a good and

ty. (v;) is the expected transfer defined as,

4, () = / a0, (0, €) F (0_2)g(c)dv_sde
(v_4,0)ET\b;

ty, (v;) = / ty, (v, ¢) f(v_i)g(c)dv_;dec

(v_;,c)ET\b;

Similarly, g, (¢;) and £, (c;) are defined for the seller ¢;. If its type is ¢;, then,

)= [ ae0swgle e

(’U,Cij)eT\Sj

ts,(c;) = / te; (v, ) f(v)g(c—;)dvde_;

(v,e_j)E€T\s;

Fix a mechanism M. We define the following properties:
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DEFINITION 2.3 A mechanism M = (q¢°,1°) is ex-post efficient if for each (v,c) € T,
q;,(v,c) and qjj(v, c) foralli and j € {1,2,..., N}, it solves the following problem,

N N
max < E 4, Vi— E ds,; Cj)
(ap,;»as; Visj=1,2,....N) - -
=1 j=1
N N
st Y @, =Y a4, <N
i=1 j=1

and 0 < qv,,qs; <1,V i,j € {1,2,...,N}

It is straightforward to characterize the ex-post efficient allocation rules at a type profile
(v,c). Arrange all the buyers in the descending order of their valuations i.e. vy denotes the
i'" highest valuation among all buyers. Similarly, arrange the sellers in ascending order of
their costs i.e. c(;) denotes the seller with 4" lowest cost. Let k be the highest index such
that vy > cy and vgq1) < 41y In an ex-post efficient allocation rule, the & top buyers

trade with the k sellers with lowest costs.

Now we define a few notions of incentive compatibility and individual rationality.

DEFINITION 2.4 A mechanism M = (q,t) is ex-post incentive-compatible if for each
(v,c) €T, b € B and s; € S, the following holds:

@, (v, )v; — ty, (v, €) > qv, (v, v_y, C)v; — ty. (Vi vy, ¢) , Vo € [0,1]

ts;(v,¢) —qs, (v, c)c; >t (v, ¢, c) — qs; (v, ¢, c-)c; , Ve € [0,1]
According to the definition, no agent is better-off by misrepresenting their own type no
matter what types of other players have been realized. This is clearly the same as dominant
strategy incentive-compatibility. A weaker notion of incentive compatibility requires the

agents to be better off in the interim sense.

DEFINITION 2.5 A mechanism M = (q,t) is interim incentive-compatible if for each
b, € B and s; € S the following holds:

Gy, (V)i — t, (Vi) > Gy, (V)i — B, (v7) , Vg, v € [0, 1]

tSj (Cj) - qu' (Cj)cj Z ESj (C;) - GSj (C;‘)cj ) cha C;‘ € [O, 1]

Here, revealing one’s true type yields an interim expected utility that is at least as great

as the one obtained by misrepresentation assuming that all other agents are telling the truth.
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DEFINITION 2.6 A mechanism M = (q,t) is ex-post individually-rational if for each
(v,¢) € T and b; € B and s; € S, the following holds:

Qbi(va C)Ui - tbi (U7 C) >0

ts,(v,¢) = qs;(v,c)c; >0

Individual rationality ensures that agents participate voluntarily in the mechanism. In
the case of ex-post individual rationality, each agent obtains non-negative ex-post utility
irrespective of the type profile. We also define a weaker notion of individual rationality

where each agent is better-off in expectations.

DEFINITION 2.7 A mechanism M = (q,t) is interim individually-rational if for each
(v,e) €T and i and j € {1,2,..., N} the following holds:

abi (vi)vi _Ebi (Ul) Z 0 P Vvi S [0, 1]

ts;(¢j) = q,,(¢j)e; 20, Ve; € [0,1]

2.3.1 Some special mechanisms

We shall now describe some well-known mechanisms from the literature.

We begin with the posted price mechanism. The mechanism specifies a fixed price p. For
the type vector (v, c), let k be the highest index® such that V(ky = P 2 C(k) and v(gqq) < p or
C(k+1) > p. In this case, k goods are transferred from the sellers to the buyers. In particular,
buyers with £ highest valuations receive a good each from sellers with k lowest costs. Each

buyer who receives a good pays p and each seller who transfers a good receives p.

A generalization of the posted price mechanism is the the positive spread posted price
mechanism. The mechanism specifies two prices p; and p, with p; > ps. Let k be the
highest index such that vy > p; and vy < p1. Also, ¢y < p2 and cy1) > p2. Once
again the k-highest valuation buyers (i.e. those above v()) receive an good while k-lowest
cost sellers i.e. with valuations less than ¢y, sell their goods. Each trading buyer pays p;
while each trading seller receives py. Clearly, the positive spread posted price mechanism

reduces to the posted price mechanism when p; = ps.

Recall that in the type vector (v,c), the buyers are ranked in descending order of their types and the
sellers are ranked in ascending order of their types. So, v(;) is the highest valuation among all the buyers.

Also, c(yy is the lowest cost among all the sellers.
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The trade reduction mechanism was introduced in McAfee (1992). Let k be the highest
index such that vy > cq) and v(g41) < cry1). In this case, & — 1 units of goods are traded.
Buyers with the highest k£ — 1 valuations i.e. buyers with valuation greater than or equal
to v(,—_1) receive goods from sellers with lowest k — 1 costs i.e. sellers with costs lower than
or equal to c(_1). The k" ranked buyer and seller do not trade. Each buyer who trades
pays v, i.e. an amount equal to the valuation of k*'-highest buyer, while each seller who
trades receives c() i.e. an amount equal to the cost of kth-lowest seller. The trade reduction
mechanism is similar to the positive spread posted price mechanism in which the prices are

endogenously determined.

The McAfee double auction (McAfee (1992)) computes k which is the highest index such
that vy > ¢y and v(p11) < ¢(r41)- The mechanism specifies price p, where p = U(’““)TJFC(’““)
If p € [cw), v, then k trades take place where trading buyers pay p and trading sellers
receive p. Otherwise, buyers with the top k£ — 1 valuations trade with sellers with the £ — 1

lowest costs. The buyers that receive a good pay v and the sellers that sell their good get
C(k)
It is well known that all the four mechanisms are ex-post incentive compatible and ex-post

individually rational. However, none of them are ex-post efficient.

We also describe a well-known bilateral trading mechanism (for one buyer and one seller)
that we repeatedly use in our analysis. We will refer to this mechanism as the MS mechanism
following Myerson and Satterthwaite (1983). The mechanism is described below.

For all @ > 0 define functions ¢, and v, as follows:

Po(v) = v — a(lg(—i)@» and (2.1)
Yalc) = c+ aj((cc)) (2.2)

For type profile (v,c) of agents, allocations for buyer b and seller s are given by
(g5 (v, ©), g5 (v, ¢)) where,
1, if ¢a(v) = ¢Yalc)

Y(v,c) = 2.3
qy (v, ¢) 0, if du(v) < u(c) (2.3)

L, if ¢a(v) 2 Yalc)
0, if ¢a(v) < Yalc)
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The value of a* is obtained by solving equation given below.

// (q,‘j‘(v, c) <U - 1_—F(U>) — 4¢3 (v, ¢) (c + G<C>>> f(v)g(c)dvde =0 (2.4)

fw) 9(c)

The final allocation probabilities are (¢2 (v,c),q® (v,c))¥. The transfer functions
(" (v,¢), 12" (v,¢)) can be chosen such that the mechanism is interim incentive-compatible

’7s

and interim individually-rational.

Myerson and Satterthwaite (1983) show the existence of such a mechanism. They also
show that it maximises the sum of ex-ante expected utilities of the buyer and the seller
in the class of interim incentive-compatible and interim individually rational mechanisms.
An example of ex-ante efficient mechanism is the Chatterjee-Samuelson mechanism given in
Myerson and Satterthwaite (1983). When both F' and G are uniform, the mechanism at a
particular type profile (v, c) of agents is as follows,

1, fv—c> %

qb(”a C) = QS(U7 C) = .
0, otherwise

(v+c+3), fo—c>

I

ty(v,c) = ts(v,c) =

O wim

otherwise

Y

2.4 STABILITY OF MECHANISMS

Consider the case where there are 2 buyers and 2 sellers. Assume for simplicity that F and
G are uniformly distributed in [0, 1]. Suppose the platform proposes the trade reduction
mechanism. Agents decide before the realisation of their types whether to trade through the
mechanism proposed by the platform or to trade among themselves. If they trade among
themselves, they do so using the posted price mechanism. The ex-ante expected utility! of a
buyer in the trade reduction mechanism is U, = 0.0166 and that of a seller is U, = 0.0166.
On the other hand, the ex-ante expected utilities of the buyer and the seller in the posted
price mechanism** are UF = 0.0625 and U = 0.0625, respectively. Clearly, both buyer and

YGresik and Satterthwaite (1989) generalized the result and found the ex-ante efficient mechanism when
there are multiple buyers and sellers in the market. In section 2.5, we comment on the difference between
the a* corresponding to this mechanism and to the one obtained by solving the constrained optimization
problem within the M® class of mechanisms.

IThe calculations of ex-ante expected utilities of agents are included in the Appendix.

**The calculations can be found once again in the Appendix.
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seller are better-off ex-ante (i.e. before the realisation of types) by trading through the posted
price mechanism. They will, therefore, block the mechanism proposed by the platform. This

motivates the consideration of the requirement of stability for mechanisms.

We follow Holmstrom and Myerson (1983) and Vohra (1999) in defining various notions
of stability. These depend on when the agents decide to form the coalition i.e. before the
realisation of their types (ex-ante), after the realisation of types but agents only being able to

observe their own types (interim), and when agents can observe everyone’s types (ex-post).

Assumption - We assume that all the deviating coalitions consist of only one buyer and
one seller. Unless explicitly mentioned, we will refer to A as the bilateral coalition consisting

of a single buyer b; and a single seller s;.

Let A C K be a coalition. Consider interim incentive compatible mechanisms, M = (g, t)
and M4 = (¢4,t4) for K and A, respectively. Let U,jv‘A and UM be the ex-ante expected
utility of agent k € A in mechanism M# and M, respectively. The mechanism M* ez-ante

dominates mechanism M if
UM > UM VEk e A

DEFINITION 2.8 A mechanism M is Single-buyer-single-seller (SBSS) ex-ante sta-
ble if it is not ex-ante dominated by any interim incentive-compatible mechanism M? for

any coalition A.

If the interim incentive-compatible mechanism M for the grand coalition K is such that
no coalition A of a buyer and a seller can increase the ex-ante expected utility of each agent
by trading among themselves through another interim incentive-compatible mechanism M4,
then the mechanism M is SBSS ex-ante stable. The agents form a coalition ex-ante i.e. before

they receive their private information.

The coalition A has an interim objection to M if there exists an interim incentive-

compatible mechanism M# such that

UM (v;) > UM (v;) Yo; € [0,1],b; € A and
UM (cj) > UM(¢cj) Ve; € 10,1], 5, € A

DEFINITION 2.9 A mechanism M is Single-buyer-single-seller (SBSS) interim sta-

ble if no coalition A has an interim objection to it.

17



In the interim stage, each agent observes only his own type but not that of others.
A coalition can form at this stage and decide to adopt an interim incentive-compatible
mechanism M*. If each agent of each type in A does strictly better using this mechanism
than in the mechanism for the grand coalition under consideration, then A will have an
objection to the grand mechanism. The latter is SBSS interim stable if no agent has an

objection.

The coalition A has an ex-post objection to M at type vector (v, c’) if there exists an

interim incentive compatible mechanism M* and a profile of valuations (v?, Ui\ as Cas Ciey 1) €
T such that

A * k * * k >k
U (v, i) > UI'cM(UAavK\A7CAacK\A) Vke A

DEFINITION 2.10 A mechanism M is Single-buyer-single-seller (SBSS) ex-post sta-

ble if no coalition A has an ex-post objection to it.

In the SBSS ex-post stable case, agents form a coalition after the types of all agents can
be commonly observed. If there does not exists a coalition A and a type profile for each agent
in A which is strictly better-off by trading via an interim incentive compatible mechanism

M4 then the interim incentive compatible mechanism M is SBSS ex-post stable.

We note that SBSS interim stability is stronger than SBSS ex-ante stability.

PROPOSITION 2.1 If an interim incentive-compatible mechanism is SBSS interim stable,
then it is SBSS ex-ante stable.

Proof: Consider a mechanism M that is SBSS interim stable. Therefore, for any coalition

A, and for any interim incentive-compatible mechanism M# we have,

UM (vi) > Ub/:/‘A(vZ-) for every v; € [0, 1]
UM(c;) > U/;/‘A(cj) for every ¢; € [0, 1]

Sj S

For the buyer b;, this implies,

1 1

[ vt e > [ 0w s

0 0

Rewriting, we get Ub/:" > U,{:/‘A. Similarly, Usﬁ/‘ > Us/}/lA. The mechanism M gives at least

as much ex-ante expected utilities to agents that they get from the mechanism M4. Hence,
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the mechanism M is not ex-ante dominated by any interim incentive-compatible mechanism
MA for any coalition A. Thus, the mechanism M is SBSS ex-ante stable.

We check for the stability of mechanisms that we described earlier. We first show that

the trade reduction mechanism and McAfee double auction are not SBSS ex-post stable.

PROPOSITION 2.2 The trade reduction mechanism and the McAfee double auction mecha-

nism are not SBSS ex-post stable.

Proof: Let (v,c¢) = (v1,...,Un,C1,...,cn) be a type profile such that vy > v > ... > vy >
Vg1 > .. S UN, € < Ca < ... < Cp < Cpy1 < ...<cCn, Uk > ¢ and vy < cpy1. In the trade
reduction mechanism buyer k£ and seller k£ do not trade. However this pair can trade at any
price in the open interval (¢, vx) and be strictly better-off. Therefore the trade reduction

mechanism is not SBSS ex-post stable.

Let (v, ¢) be a type profile as in the previous paragraph satisfying the additional restriction
w ¢ [cg,vk]. Once again buyer k and seller & do not trade in the McAfee double
auction. However, this pair can trade at any price in the open interval (cg, vy) and be strictly
better-off. Thus, this pair of buyer and seller have an ex-post objection to the McAfee double

auction mechanism. Clearly, the McAfee double auction is not SBSS ex-post stable. B

Next we consider SBSS ex-ante stability. A bilateral coalition can block by using any
interim incentive-compatible mechanism. A considerable simplification is obtained by apply-
ing the next proposition where it is shown a mechanism is stable if and only if no bilateral

coalition gets lower aggregate utility than the one guaranteed by the MS mechanism.

PROPOSITION 2.3 A mechanism M is SBSS ex-ante stable if and only if, for all bilateral
coalitions A = {b;, s;}, U£A+US/;” > Ug)”s—i—UQf‘S.(Recall that UMS and Us/;”s are the ex-ante

expected utilities of buyer and seller in MS mechanism.)
Proof: Sufficiency. Suppose
Upt + UM > US + US (2.5)

holds all coalitions for all coalitions A = {b;,s;}. We claim that M is stable. Suppose this
is false. Then there exists some coalition A = {b;,s;} and an interim incentive-compatible
mechanism M’ for A such that A blocks M with M’. Therefore Uljz/" > UM and Us/;/‘/ > U;;,A.
Hence,

U+ UM > U+ U (2.6)
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From (2.5) and (2.6),
U+ UL > U+ UMe

But this contradicts the property of MS mechanism that it maximizes the sum of ex-ante

expected utilities of agents.

Necessity. Suppose M is SBSS ex-ante stable. We claim that the inequality Ub/i” +U, 5{;/[ >
Ulf:/ts + Usf;/‘s holds for all coalitions A. Suppose this is false for a coalition A = {b;, s;} i.e.
Ut + UM < UPS + UMS.

If Ulfl_‘/t < Ub/;/’S and U QA <U S/;/‘S , then the mechanism MS blocks the mechanism M. This
contradicts the assumption that M is SBSS ex-ante stable.

Assume without loss of generality therefore that, Ul{;" > Ubfi"ls and US/;AS > US/;_/‘. Let
UMS + U;;’ls — (UM + Us/;/‘) = x > 0. Consider another mechanism M’ = (¢™S t') for
the coalition A. The allocation function is same as that of MS mechanism but the transfer
function is constructed as follows. Let € > 0 be such that € < min{x, U, s/;/ts — U;;/‘} Also, let
A= Usf;’“s — Usj;" — €. The transfer functions are:

ty,(v,c) =" (v,0) + A

MS
ty,(v,c) =" (v,¢) = A

Since the difference in the transfers of the agents in the MS and M’ mechanisms are
independent of type profile (v, ¢), and MS mechanism is interim incentive-compatible, M’ is

also interim incentive-compatible.

The ex-ante expected utilities of agents in mechanism M’ are, Ub/:/‘/ = Ug:”‘s + A and
US/;/‘/(CJ-) = US/;_AS(C]') — A. By construction of A it follows that UQ_/‘ < USJ;/‘/ since UQAS >
Usj;/‘ +¢€, and also Ulﬁ” < Ulﬁ”' since this implies that Ub/:/‘ < Ub/;/ls—l—A = U£48+U$48—U£4—6
which simplifies to € < k. Hence, mechanism M’ ex-ante dominates M, i.e. M is not SBSS

ex-ante stable. This is a contradiction. W

We examine the SBSS ex-ante stability property of the trade reduction mechanism and
the McAfee double auction when both F' and G distributions are uniform on [0, 1]. Figure
2.1 below shows the ex-ante expected utility of an agent in the trade reduction mechanism
and the McAfee double auction for different market sizes. The blue, red and green curves
correspond to McAfee double auction, trade reduction mechanism and MS mechanism, re-
spectively. Note that the model is symmetric, so the ex-ante expected utilities of buyers and

sellers are equal in each of the three mechanisms.
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Figure 2.1: Payoff of agents in McAfee double auction and Trade reduction mechanism

It is evident that the McAfee double auction is SBSS ex-ante stable for all N > 2. For
N < 6, the trade reduction mechanism is not SBSS ex-ante stable!". However, for N > 7, it
does turn out to be SBSS ex-ante stable.

We now look at the positive spread posted price mechanism and then find the revenue-

maximizing mechanism for the platform.

2.5 EXPECTED REVENUE-MAXIMIZING MECHANISM FOR A PLATFORM

Suppose a platform is earning revenue by matching large numbers of buyers and sellers. If it
attempts to extract "too much surplus” from the market, buyers and sellers will presumably
be tempted to reject the service of the platform and set up a trading mechanism by them-
selves. For instance, suppose the platform uses a positive spread posted price mechanism
charging prices p; and py to buyers and sellers respectively. If the distributions F' and G are
uniform on [0, 1], and N = 2, the expected revenue of the platform is:
4(p1 — 1y _ _ p_% 1 _ 2
p1 p2)<2pz(1 p1)” +pi(l = p1)(p2 5 ) + 2192(1 p2)(1 —p1) )

Revenue maximization yields a unique maximum at p; = 0.6847 and py = 0.3152. Com-
putations reveal U, = U,, = 0.023. Clearly, U, + U, = 0.046 < UM® + UM = 0.1406.
Applying Proposition 2.3, the revenue-maximizing positive spread posted price mechanism

is not SBSS ex-ante stable, i.e it is infeasible for the platform.

TThe ex-ante expected utility of an agent in trade reduction mechanism when N = 6 is 0.0687, whereas
in the MS mechanism the agent gets utility of 0.0703.
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There is clearly a tension between stability of a mechanism and the expected revenue that
the platform earns from it. Our goal is to design revenue-maximizing mechanisms, which

also ensure that the agents do not break away from the mechanism offered by the platform.

Before analyzing revenue-maximizing mechanisms with stability constraints, we consider
the benchmark case of revenue-maximizing mechanisms without stability constraints. This
analysis closely follows Myerson and Satterthwaite (1983) who solve the problem for the case

of a single buyer and seller.

2.5.1 The benchmark case: expected revenue-maximization without

stability constraints

We look for a mechanism that maximizes the expected revenue for the platform in the class of
feasible, interim incentive-compatible and interim individually-rational mechanism. Myerson
and Satterthwaite (1983) finds such a mechanism when there is only one buyer and one seller

in the market. We extend their result to the case when there are N buyers and N sellers.

The next proposition characterizes the class of interim incentive-compatible mechanisms.
These results are standard in the literature. However a proof is provided in the Appendix

for convenience.

PROPOSITION 2.4 A mechanism (q,t) is interim incentive-compatible if and only if 1, 2 and
3 hold:

1. g, (v.c) is increasing in v; for alli € {1,2,...,N}.

2. qs;(v,c) is decreasing in c; for all j € {1,2,...,N}.

v

7

3.t (v;) = 1,(0) + viqy, (vi)— [ Gy, (x)da for alli € {1,2,... N}

o ~—

1

ts;(c;) = ts;(1) 4 ¢;q,,(¢;)+ [ G, (v)dx for all j € {1,2,...,N}

€

This proposition is used to prove another proposition which characterizes expected rev-
enue 7y of the platform.

Recall that the virtual valuation functions for b; and s; are ¢(v;) and ¢(c;), respectively.
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PROPOSITION 2.5 For any interim incentive-compatible mechanism (q,t), the expected rev-

enue of the platform is given by,

- :/ N / ( XN: 4o, (0, C) (1) XN: a5, (0.€)0(ey)) F()g(c)dvde

Proof: The revenue of the platform is given by:

N

7o = Eps [ Z ty, (v, ¢)— ZN: ts, (v, c)}

i=1
N
:Z Eyp s [vigy, (v, ¢) — Uy, (v, ¢)] Z Ess[ciqs, (v, ¢) + Us, (v, ¢)]
) .
Substituting the expression for utility functions of agents from proof of Proposition 2.4,
N

Z / ( EN: Vit (0,0)— 3 ¢ (v, ) v)g(c)dvde— EN: Us, (0)

j=1

+ Z/ / qbi(v,c)l}(—}yf(v)g(c)dvdc— Z Us, (1)

N 1 1 F( )
C.
+ Z/ .../qu(v,c) 22 f(v)g(c)dvde
— f(¢))
0 0
Rearranging these terms gives us the expression for the revenue of the platform. Hence,

proved. W

We identify a mechanism, and then show that it is feasible, interim incentive-compatible,
interim individually-rational and maximizes the revenue of the platform in the class of interim

incentive-compatible mechanisms.

Define a mechanism M* = (¢*,t*) as follows. Arrange the virtual reservation values

of the 2N agents (¢(v1), p(va), ..., d(vN), ¥(c1),¥(e2), ..., ¥(cn)) in descending order. Let
Ry, (v, c) and Ry, (v, c) be the ranks of the virtual valuation of b; and s; in the profile (v, c)
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respectively'!. Allocation functions for buyers and sellers are described below.

1 if Rbi(U,C) < N .
q, (v, c) = Vie{l,2,...,N} (2.8)
0 if Ry, (v,¢) >N

—_

if Rs.(v,¢) > N
qs, (v, c) = i ©) Vje{1,2,...,N}
’ if Ry, (v,c) <N

e}

Let B(v,c) and S(v,c) denote the set of buyers and sellers respectively who trade i.e.
B(v,c) = {i | Ry, (v,c) < N}and S(v,c) = {j | Rs,;(v,c) > N}. Also let i* denote the buyer
with lowest ranked virtual valuation among the buyers who are allocated goods and let j*

denote the seller with highest ranked virtual valuation among sellers who sell the good.
Payments for buyers and sellers are now described.

min{o|0 > 0 and ¢(?) > ¥(c;-)} if i € B(v,c)

ty (v,c) =
" 0 itid Bvc)

max{¢|¢ < 1 and ¥(¢) < ¢(v;+)} if j € S(v,c¢)
0 if j ¢ S(v,c)

Observe that M* is feasible as the number of units sold by the seller is equal to the
number of units bought by the buyers.

THEOREM 2.1 Assume F and G satisfy reqularity, i.e. the virtual valuation functions ¢
and 1 are increasing. The mechanism M* mazimizes the expected revenue of platform in

the class of interim incentive-compatible and interim individually-rational mechanisms.

Proof: The platform solves the following optimization problem:

max o
(b, a5 ¥i,5=1,2,....,N)

s.t., Efbi [sz (Uv C)U’L' - tbi (U, C)] >0 (29)

E_,[ts;(v,c) = qs,(v,c)c;] > 0 (2.10)

HLet N = 3. Let the type profile (v, ¢) be such that ¢(v;) = 0.6, ¢(v2) = 0.1, ¢(v3) = 0.9) and 1(c;) = 0.7,
P(e2) = 0.2, ¥(c3) = 0.8. Ranking them in descending order we get (p(vs3), ¥ (c3), ¥(c1), p(v1), ¥ (c2), d(v2)).
Here, Ry, (v,¢) =4, R, (v,¢) =6, Rp,(v,¢) =1, Rg, (v,¢) =3, Ry, (v,¢) =5, Rgy(v,¢) = 2.
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Vi,j € {1,2,...,N} and Vv, ¢; € [0, 1]

Let M = (gq,t) be an interim incentive-compatible mechanism. According to Proposition

2.5, the expected revenue of the platform is given by

o :/ / H(v,c)f(v)g(c)dvde— Z Up, (0)— Z Us,; (1) (2.11)

N N
where H(v,c) =) g, (v, ¢)o(vi)— > qs,(v, ¢)b(c;) and the allocation functions gy, (v, c) and
i=1 j=1

qs,; (v, c) are increasing in v; and c;, respectively. Clearly, mp will be maximized if:

1. H(v,c) is maximized at each value of the type profile (v, c)
2. Up(0) =U, (1) =0forall i and j € {1,2,...,N}

3. inequalities (2.9) and (2.10) are satisfied.

We will show that 1, 2 and 3 are achieved by the mechanism M*.

Fix an arbitrary type profile (v, ¢). Assume without loss of generality, v; > vy > ... > vy
and ¢; < g < ... < ¢n. Since ¢ and 1) are increasing, ¢(v1) > ¢(ve) > ... > ¢(vy) and
¥(er) < Plee) < ... < P(en). It follows from inspection that H(v,c) is maximized by the
allocation rule ¢*(v, ¢) of mechanism M*. For instance, if k£ is the highest index such that
d(vr) > P(cr)) and ¢(vgs1) > P(cky1)), then H (v, c) decreases if buyer k+ 1 and seller &+ 1

trade.

The allocation functions g, (v,c) and g, (v, c) are clearly non-decreasing in v; and c;

respectively.

The mechanism M* is interim incentive-compatible. To see this, pick any buyer b;. If
at any type profile (v, c), ¢(v;) < ¢(vs+), no good is allocated to b;. If the buyer misreports
v} such that ¢(v)) > ¢(vy.), b; is allocated an good. The buyer gets a utility of v; —
gb*l(w(cj/*)) < 0. This is because b; was not allocated the good when he reported the truth
as his virtual valuation was less than ¢(c;-) and 9(c;.) > 9(c;+). So, b; has no incentive to
misreport. Also, b; has no incentive to misreport v; < v;. Similarly, it can be shown that
no seller has any incentive to misreport. So, the mechanism is ex-post incentive compatible,

and hence it is interim incentive-compatible.

To see how 2 is achieved, notice that if there is a buyer b; with valuation v; = 0 his virtual

_L

—F0) which is clearly less than zero. According to M*, b; will be given

reservation is ¢(0) =
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a good only if there exists a seller with a lower virtual valuation. However the lowest possible
virtual valuation of a seller zero. Hence, b; is never allocated a good. Also t,(0,v_;,¢) =0
for all c. Hence, Uy, (0) = 0.

Similarly, a seller s; with valuation ¢; = 1 has virtual reservation (1) = 1 + Tln which
is clearly greater than one. According to M*, s, sells the good only if there exists a buyer
with a higher virtual valuation. However the highest possible virtual valuation of a buyer is
always less than 1. Hence, s; never sells the good. The transfer for s; is t,,(v,1,c_;) = 0.
Hence, U, (1) = 0.

The arguments in the previous two paragraphs show that requirement 2 is satisfied by

M.

By construction, H(v,c) > 0 for all type profiles (v, ¢). Since requirement 2 holds, M*,
satisfies the NBD condition.

Finally we verify interim individual-rationality. We know from Proposition 2.4 that the
interim expected utility of buyer b; with valuation v; is

Vi

Ui (w) = U 0)+ [ o)

0

Similarly, interim expected utility of seller s; with valuation ¢; is,

1

U, (c;) = Us, (1)+ / 7., (v)dy

i

Since U, (0) = Us;(1) = 0 and g;,(v;) and q; (¢;) are non-negative for all v; and ¢;
respectively, Uy, (v;) > 0 and U, (c;) > 0. Hence, mechanism M* satisfies interim individual-
rationality. This proves the result. B

2.5.2 Stability of the revenue-maximizing mechanism M?*

The ex-ante expected utility of a buyer b; and seller s; in M™* are given by the expressions

below:
1 v o)
_N—l N'(N—l)' v, — -1 c Vs N—r—1/q9 u:))"
Us, _g (rD2((N —r — 1)1)? / / (vi = @7 (Y(crr1))) (F (i) (1 - F(v))
¢l 0

(Feran))" (1= Fler) 7 (00) fern)deriady; - (2.12)
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SRR CICT))

U, =Y (T!)QJ(V&(VN_ ;1_“1)!)2 [ ] @) - ) FE@) - Py

r=0

oty 0

(F(e)" (1= F(ep) 7 f(vrsa) f(ej)dejdvrry (2.13)

The sum Uy, + U, is computed for small values of N numerically in the case when F" and

G are uniform (both on [0, 1]) and in the case where F' is uniform and G(c) = ¢* (both on
[0,1]).

It is apparent from the graphs in Figure 2.2 that M* is not SBSS ex-ante stable for the
values of N shown. Thus an explicit stability constraint may be binding in the revenue-

maximization problem for the platform.

Table 2.1 shows the payoff that an agent (buyer or seller) obtains in the three main
mechanisms introduced in the previous sections. The unconstrained revenue-maximizing
mechanism gives less payoff compared to both the trade reduction mechanism and the McAfee
mechanism. The payoff of the trade reduction mechanism rises rapidly whereas the payoff in
the unconstrained revenue-maximizing mechanism converges to 0.03125 and hence the gains
from trade of agents is far lesser. Clearly, as the platform squeezes the agents more, they
get lesser utility. So, they will try to block the mechanism by trading among themselves as

they are guaranteed higher ex-ante payoffs.

Value of N | Trade reduction | McAfee | Unconstrained
2 0.0166 0.0792 0.023
3 0.0357 0.0876 0.0265
4 0.0500 0.0936 0.0244
5 0.0606 0.0979 0.0249
6 0.0687 0.1013 0.0264
7 0.0750 0.1039 0.0279
8 0.0801 0.1060 0.0291
9 0.0842 0.1077 0.0301
10 0.0877 0.1092 0.0308

Table 2.1: Utility of an agent when both F' and G are uniform

We turn to analysis of revenue-optimal mechanism when there are stability constraints

in the next sub-section.
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Figure 2.2: Payoff of agents in unconstrained revenue-maximizing mechanism for different
distributions F' and G
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2.5.3 Revenue-maximizing mechanism with stability constraints

The revenue-optimization for the platform in the presence of stability constraints is as follows:

max o
(b, a5 ¥i,5=1,2,...,N)

s.t., E—bi [qbz (Ua C)Ui - tbi (U7 C)] >0 (214)
E_[ts;(v,c) — g5, (v,c)e;] > 0 (2.15)
Vi, je{l,2,...,N}and V v;,¢; € [0,1]

Up, + Uy, > Up® + UM, Vi, je{l,2,...,N} (2.16)

In addition to constraints (2.14) and (2.15), we now have additional constraints specified
by inequality (2.16). These are extra N? constraints, one for each possible buyer-seller
coalition. The constraints ensure that an arbitrary buyer b;, seller s; pair do not reject the

platform ex-ante and set-up their own trading mechanism.

There are significant difficulties involved in solving the problem above in full generality.
In particular, it is not apparent which of the constraints in (2.16) are binding. In order to
make progress we restrict attention to a class of sub-mechanisms and follow the technique
developed in Gresik and Satterthwaite (1989).

Let op : B — B be a bijection. For every valuation profile v = (vy,v9,...,vy), let
V-1 = (UU;(I), Up=1(2)s - - -5 Uzl N)). In other words, it buyer’s valuation is now the valuation
of buyer o' (i) in the profile v. Similarly, Let o5 : S — S be a bijection. For every cost
profile ¢ = (¢1, ¢a, ..., cn), let Cozt = (0051(1), Cozl(2)r- - ,Co_gl(N)). In other words, j** seller’s

valuation is now the valuation of seller o5'(j) in the profile c.

Let v, be the valuation profile which is obtained by interchanging the valuations v; and

Us(iy In (v, ¢) with rest of the valuations and costs remaining same.

DEFINITION 2.11 An allocation function is symmetric if for all (v,c) and for all permuta-

tions og and og

(i) @, (v,¢) = @, (v,-1,¢), Vi € B
(ii) qs;(v,¢) = gs, ;) (v,¢,21), Vj € S
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The definition of symmetric allocation function is with respect to either buyers or sellers.
While comparing the allocation probability of a buyer like in part (i) of the definition, only
the buyers are permuted. Similarly, in part (ii) of the definition, only the sellers are permuted
upon. This is because, the allocation probability of an agent (whether buyer or seller) does
not depend on the other agent (seller or buyer) to which it is matched i.e. a buyer can receive

a good from any seller and a seller can sell the good to any buyer.

ExaMPLE 2.1 Consider the case where N = 3 i.e. there are 3 buyers and 3 sellers in the
market. Also, let o5(1) =3, 05(2) =1, 05(3) = 2, 05(1) =2, 05(2) = 3 and 05(3) = 1. If
the mechanism is symmetric, this means, for buyer b; and buyer b3, and for any type profile

(v1,v9,v3, ¢), the allocation function

qy, (Ul,Uz,U:a’C) = Qb3(U2>U37U1aC)

Also, notice that if v; = v, € [0, 1], Gy, (v1) = Gy, (v2) i.e. for the same valuation, the interim

allocation probabilities of buyers are equal.

Now, we define a symmetric mechanism.
DEFINITION 2.12 A mechanism M is symmetric if its allocation function is symmetric.

For a symmetric mechanism, the utility of all the buyers is equal and that of all the
sellers is also equal. Hence, all the stability constraints become identical. By suppressing

the indices of buyer and seller, the single constraint can be written as
Uy + U, > UMS + UMS (2.17)

The platform now solves the following revenue-optimization problem:

max/.../N<Qb(v,c)(U—w>—qs(v,c)<c+G(C)))f(v)g(c)dvdc—NUb(O)—NUS(l)

(ap-as) f(v) g(c)
s.t., E_p[gp(v, c)v — tp(v,¢)] >0 (2.18)
E_s[ts(v,c) — gs(v,c)c] >0 (2.19)
Vo, c € [0,1]
Uy + Uy > UMS + UMS (2.20)
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In order to solve the optimization problem, we rely on techniques developed by Myerson
and Satterthwaite (1983) even though their problem is different from ours - they are interested
in finding a mechanism that maximizes the sum of ex-ante expected utilities of a buyer and
seller while we need to find a mechanism that maximizes the revenue of the platform subject

to the stability constraint.
Pick o € [0,1]. We describe below a class of symmetric mechanisms M* = (g%, t*).

The a-virtual valuations for the buyers and sellers are the same as those described for
the MS mechanism (equations (2.1) and (2.2)) i.e.
1— F(v)
fw)
G(e)
g(c)

ba =0V — «

Yo =C+

Fix a valuation profile (v,c). Arrange the a-virtual values of the 2N agents
(Da(V1), Da(V2), - .-y Da(UN), Valcr),Valca),. .., Ya(cy)) in descending order. Let Ry, (v,c)
and R, (v,c) be the ranks of the a-virtual valuations of b; and s; in the profile (v, c) re-
spectively. The allocation functions g (v, c) for buyer b; and ds; (v,c) for seller s; are as

follows:

1 if Ry, (v,c) <N
g (v,¢) = b(0,¢) Vie{1,2,...,N} (2.21)
0 if Ry, (v,¢) >N

1 it Rs,(v,¢) > N
qs.(v,c) = (v 0) Vjie{1,2,...,N}
’ 0 if Ry, (v,e) <N

Let B,(v,c) and S,(v,c) denote the set of buyers and sellers respectively who trade.
Also let i* denote the buyer with lowest ranked virtual valuation among the buyers who are
allocated goods and let j* denote the seller with highest ranked virtual valuation among

sellers who sell the good.

Payments for buyers and sellers are now described.

min{o|0 > 0 and ¢, (0) > Y, (c;«)} if i € By(v,c¢)

ty(v,c) =

h(0:c) 0 if i ¢ Bu(v,c)
masc{dlé < 1 and ¥a(@) < du(ve)} i € Salvrc)

12 (0,¢) =

0 if j ¢ Sal(v,c)
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The mechanism M is a straightforward generalization of mechanism M* described in the
previous section which maximizes the expected revenue of the platform. The only difference
is that the virtual valuations of buyers and sellers are adjusted by a factor of a. For a =
1, the allocation functions (g (v, c), qs; (v,¢)) correspond to the allocation functions of the
unconstrained revenue-maximizing mechanism M~ i.e. (g;,(v,¢), ¢}, (v,c)). For a = 0, they

correspond to the allocation functions of the ex-post efficient mechanism (gj, (v, ¢), g5, (v, c))%.

The a-virtual valuation of buyer b; is decreasing in o and the a-virtual valuation of seller

s; is increasing in a. When « increases, the buyers and sellers lose opportunities for trading.

For the mechanism M®, the stability constraint in (2.17) can be written as,

[ / (qg%v,c)l‘f(—f)(”+q3<v,c>%)f<v>g<c>dvdc

+ Uy(0) + Uy(1) > UM + UMS (2.22)

The left-hand side of inequality (2.22) is the sum of the ex-ante expected utilities of a
buyer and a seller in M mechanism. Notice that U,(0) = U,(1) = 099. Hence the relevant
constraint will reduce to

1— F(v) F(c)

[ . [ (qg‘(v, C)Tv)< + ¢% (v, c)m>f(v)g(c)dvdc > (2.23)

where y = UMS + UMS,

Fix the mechanism M and consider the following function C(«):

C(a) :/ . / (qg"(v, 0)1}(—};)@) + ¢%(v, c)%)f(v)g(c)dvdc — (2.24)

It is clear from inspection of (2.23) that M® is stable if and only if C'(a)) > 0.

If C(1) > 0 the unconstrained revenue-maximizing mechanism M?* satisfies the stability
constraint and the revenue-maximizing mechanism is also the optimal mechanism in the
presence of stability constraints. On the other hand, if C'(1) < 0, the unconstrained revenue-
maximizing mechanism is not stable. In this case, we want an « less than one such that the
stability constraint is satisfied with equality. According to the next Proposition, such an «

can be found.

$8Recall the definition in Section 2.3.
Y9 The proof for this is similar to the one given in the proof of Theorem 2.1 for mechanism M*.
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PROPOSITION 2.6 If C(1) <0, there exists an a* € (0,1) such that C(a*) = 0.

Proof: Suppose C(1) < 0. If C(0) > 0 and the function C' is decreasing and continuous in

«, the result follows by an application of the Intermediate Value Theorem.

According to Myerson and Satterthwaite (1983), the ex-post efficient mechanism (in the
class of interim incentive-compatible, interim individually-rational mechanisms) offered by
the platform to the buyers and sellers requires that the trade be subsidized by the platform.
The amount of subsidy is:

WO+ZU1)+ZUSJ/ /zquavc 1;(1;()>>

- Z qgj (v,¢)(c; + F(Cj))>f(v)g(c)dvdc <0 (2.25)

f(c;)

Rewriting the expression on the left-hand side of (2.25), we get,

/ / f;()v i) + qu (v, ¢) ];éz]'))>f(v)g(c)dvdc

]1/ / / ( il ql()]i(v,c>vi_ il qgj (’U,c)q)f(v)g(c)dvdc (2.26)

The expression on the right-hand side of inequality (2.26) is —t of the expected potential
gains from trade for N buyers and N sellers i.e. the expected gains from trade of a pair of
one buyer and one seller in ex-post efficient mechanism (there are N such pairs). This value
is increasing in N. Specifically, for any N > 2, this expression will be greater than its value
at N =1.

N / ] EN; Gy, (v, c)v Z q(s)j (Uyc)cj>f(v)g(c)dvdc

// v—c Yg(c)dvde (2.27)

The expression on the right-hand side of inequality (2.27) is the expected gains from trade of

one buyer and one seller in ex-post efficient mechanism. We also know that in the one buyer

and one seller case, an ex-post efficient and interim incentive-compatible mechanism gives a
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higher sum of ex-ante expected utilities to the agents than the MS mechanism. Hence,

// (v - c) F)g(c)dvde > ~ (2.28)

From (2.26), (2.27) and (2.28), C'(0) > 0. It remains to show that C'(«) is decreasing in «
and is continuous. The arguments to establish these properties closely follow those in Gresik
and Satterthwaite (1989).

It is easy to see that ¢, (v;) is decreasing in « for each buyer b;. Similarly, ¥, (c;) is increas-
ing in « for each seller s;. Observe that for every profile (v, ¢) and o/ > «, qu/(v, c) < g (v, )
and q?j’ (v,¢) < g5 (v,c). It follows immediately that C(a) is decreasing in . Informally,
an increase in « shrinks the set of profiles where trade takes place, lowering the expected

utilities of both buyers and sellers.

We now demonstrate the continuity of the function C(-). Observe that C(a) can be
rewritten in the manner shown below:

1

oot [ 2 (6) 5 gt =

Clo) = [ @)™

0 0

Now, C(«) is continuous if g (v;) and @7 (¢;) are continuous. Consider the smallest value
of v; for which buyer i’s a-virtual reservation value ranks in the top N,

Ty, (V_i, ¢, ) = min {v;| Ry, (v, c,) > N}

For seller j, 7, (v, c_j, ) is defined analogously. The functions 7, and 7,, are continuous as

the virtual reservation functions are all continuous. Now, gj’ (v;) can be written as,

@y, (vi) :] . 1/ . (v, ¢) f(v_;)g(c)dv_;dc

Ts

Z]---]</NQ(CN)dCN>f(U—i)g(C—N)dU—idC—N

This is continuous as 7,, and all the density functions are continuous. Similarly, @?j(cj) is

also continuous. Hence, C'(«) is continuous.

The Intermediate Value Theorem can now be applied to conclude that there exists
a* € (0,1) such that C(a*) = 0. This completes the proof of the proposition. B
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We claim that a*-adjusted mechanism M@ is indeed the one which maximizes the rev-

enue of the platform in the class of interim incentive-compatible, interim individually-rational
and SBSS ex-ante stable mechanisms.

THEOREM 2.2 M% maximizes the revenue of the platform in the class of interim incentive-

compatible, interim individually-rational and SBSS ex-ante stable mechanisms.

Proof: The Lagrangian for the optimization problem is given below:

s = 5 {a0 (o= L) oo+ 59)

F()g(c)dvde — NU(0) — NU,(1) + )\(Ub YU, - ”y)

[ [ (w0 - 2EEEOY g (cr - 2HE)

fw)g(c)dvde — (N = X)Uy(0) = (N = \Us(1) = Ay

Let H(v,c) = g(v,¢) (v —(1—- %)(1}5)()1;))) —qs(v, ) <c+ (1-— %)Gcc))) The Lagrangian
can be rewritten as:

Q

L(qp, qs, A / / H(v,e)f(v)g(c)dvde — (N — N)Uy(0) — (N — N Us(1) — Ay (2.29)

The Lagrangian will be maximized if the following conditions hold for some A > 0 :

1. H(v,c) is maximized at each value of the type profile (v, c)

2. Uy (0) =U,, (1) =0forall i, j € {1,2,...,N}

We will show that 1 and 2 are achieved by allocation rule ¢* (v, ¢) of the mechanism M*
where o* =1 — £. Thus,

10,0 = (o - o LD )07 S0

= qb(”? c)gba* (U) - QS(U7 C)¢O¢* (C)

As part of our maintained hypothesis, we assume that a* € [0,1]. This ensures that

®o+ (V) and 1, (c) are increasing in v and ¢, respectively.
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We now derive the allocation rule g,(v, ¢) and ¢4(v, ¢) that maximize the Lagrangian in
(2.29). Fix an arbitrary type profile (v,c). Assume without loss of generality, v; > vy >
.2 oyand ¢ < e < ... < cy. Since ¢u and P, are increasing, @ (v1) > P (v2) >

.2 o (vy) and Yos(c1) < Yos(er) < ... < Yos(cy). Tt follows from inspection that
H (v, c) is maximized by the allocation rule ¢* (v, c) of mechanism M® . For instance, if k
is the highest index such that ¢u«(vg) > Yo (cx)) and Gox (Vis1) = Yo (cri1)), then H(v,c)
decreases if buyer k£ + 1 and seller k£ + 1 trade.

As each mechanism in M® class of mechanisms satisfies the conditions Uy, (0) = U, (1) =
0 for all i, € {1,2,..., N}, the mechanism M%" also satisfies these conditions.

These arguments establish that the functions ¢ (v,¢) and ¢® (v, c) will maximize the
Lagrangian in (2.29). Note that the functions are exactly the same as the allocation functions

. *
of mechanism M% .

Finally, Proposition 2.6 establishes that such an o* € (0,1) exists. Clearly, A shall

always be positive. Thus, theorem is proved. W

Before proceeding forward, we briefly highlight how our mechanism M is different from
the a*-mechanism given by Gresik and Satterthwaite (1989). Although they look within the
M¢® class of interim incentive-compatible and interim individually-rational mechanisms just
like in our chapter, their goal is different as there is no trading platform or broker in their
model. They find the ex-ante efficient mechanism for the agents in this class of mechanisms.
Their optimal mechanism is strongly budget-balanced. In our model, the platform accrues

surplus and the optimal mechanism satisfies the NBD condition.

We illustrate the revenue-maximizing mechanism M?" through an example below:

EXAMPLE 2.2 Let both F and GG be uniform distributions.

A
o(vi, \) =v; — (1 — N)(l — ;) ,and

Y(cj, A) =¢+ (1 - N)Cj

The trade takes place when,
1—NA

2-NXx
The deviating mechanism gives the payoff of:

v — ¢ > iz

1 v—1/4

U, :/ / (1 — v)dedv = 0.0703

1/4 0
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Similarly, U, = 0.0703. So, U + Uy = 0.1406. Let N = 2. The constraint is:

/ . / (q,‘jﬁ(v, )(1 = i) + g, (v, c)q)f(v)g(c)dvdc = 0.1406

Solving, we get p = 0.279. Table 2.2 lists different values of 1 as N changes. As NN increases
beyond 3, the value of u keeps decreasing. This p is the wedge between the buyer’s valuation
and the seller’s cost which is the result of both the agents having private information. In the
unconstrained revenue-maximizing mechanism, the size of this wedge was 0.5. The stability
constraints, which guarantee ex-ante utility for the agents, decrease the size of the wedge.
This suggests that more trades are happening. Also, the size of the wedge goes down as the

market size increases making the market more efficient.

Value of N | Value of
2 0.279
0.281
0.2789
0.2758
0.2731
0.2707
0.2688
0.2671
10 0.2660

O |0 ||| Ot | W

Table 2.2: Value of i when both F' and G are uniform

Figure 2.3 shows the revenue of the platform in both the revenue-maximizing mechanisms.
As the market size N increases, the revenue of the platform in the constrained revenue-
maximizing mechanism diverges from the revenue in the unconstrained revenue-maximizing
mechanism. The agents are able to exert a cost on the platform which keeps increasing as
the number of buyers and sellers increase. Figure 2.4 shows the revenue of the platform per

buyer-seller pair for both the unconstrained and the constrained optimization mechanisms.

2.6 (CONCLUSION

This chapter is an attempt to study the stability properties of a trading mechanism offered

by an internet platform to a market with multiple buyers and sellers. The unconstrained
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Figure 2.4: Revenue of platform per buyer-seller pair for two optimization mechanisms
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revenue-maximizing mechanism for the platform is not SBSS ex-ante stable. We then find the
revenue-optimizing mechanism for the platform which is SBSS ex-ante stable. In future, we

would like to study different notions of interim incentive-compatible core in our environment.

2.7 APPENDIX

We calculate ex-ante expected utilities of buyers and sellers in various mechanisms. We
assume the distribution F' and G are uniform. There are 2 buyers and 2 sellers. The set of

players is {by, by, 51, $2}. Let the type profile be (v, vq, ¢1, ¢2).

Trade reduction mechanism

Consider buyer b;. He is allocated a good only when:

1. n > Vg, €1 < Cg, V1 > C1, Uy > C2

2. vy > Vg, Cp < C1, V1 > Co, U2 > (1

In both the cases buyer b; has the higher of the two valuations. In the first case, seller s; has
the lower of the two costs and in the second case, seller s, has the lower of the two costs. If
the valuation of buyer b, is higher than the valuation of buyer by, and the costs of the sellers
are less than the valuation of buyer by, then the good is allocated to buyer b;. Only one
trade takes place in which b, is allocated a good and the seller having the lowest cost sells a

good. The ex-ante expected utility of the buyer b is therefore,

1 vy 1 co 1 vy 1 ¢
Us, ://// (v1 — vg)deydvydeadvg+ //// (v1 — vg)deadvrdeydvy
0 0 vy O 0 0 vy 0

1 v

't 1 1
:// 562(1 — U2)2d02d’U2+ // 501(1 — U2)2d61d712 = @

McAfee double auction
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Allocation probability

Cases Ay, | by | 9sy s,
V1 > Vg, €1 < Cg, V] > €1, Uy > o, p = 0.5 € [co, 13]

v > Vg, €1 < Cg, U] > €1, Uy > o, p= 0.5 ¢ [co, 13]

v2tc2
2

V] > U, ¢ < Cgy U] > €, Vg < Cg, P = € [e1,v1]

= oD
[ S =
oo

Vg > vy, €1 < C2, Vg > €1, U1 > o, p= 0.5 € [co, 1]

Table 2.3: Allocation of goods in McAfee double auction

The cases when b, is allocated a good are listed in Table 2.3. In the first three cases, b;
has the higher of the two valuations i.e. v; > vy and s; has the lower of the two costs i.e.
c1 < co. Buyer by is allocated the good if price p = 0.5 € [cg,v5] and v1 > ¢, v > 3. In
the second case when p = 0.5 ¢ [co, 1], by still gets the good but at price of vy. In the third
case, U1 > ¢1, Vg < ¢ and p = % € [c1,v1]. So, by still gets the good at this price. In the
fourth case, b; is the lower of two valuations and vy > ¢o, v9 > ¢, p = 0.5 € [c2,v1]. He gets
the good at price p = 0.5. As the sellers are ex-ante identical, interchanging the sellers will
yield four more cases equivalent to the ones listed in Table 2.3. The ex-ante expected utility

of by is therefore,

11/2 1 co 1 vy 1 cg

_2//// v +vy = 1) dcldvldCQdU2+2//// vy — vg)deydvydeadve+

1/2 0 vy O 1/21/2 vy 0
1/2 vy 1 cg 1 (vatea)/2
Vg + C
//// 'Ul—?)g dcldvldCde2+2 // / / ('Ul— 2 9 2)dC1d’l}1dU2d02:O.0792
0 0 vy O 0 0 (vg+teg)/2 0

Proof of Proposition 2.4:

Sufficiency. Suppose gy, and gs; are increasing and decreasing, respectively for each ¢ and

j. Consider the following transfer rule

v

b (v) = vt ()~ [ 7, ()



If the buyer b; reports v] > v; his interim utility is Us, (v]) = v;y, (v]) — v}y, (V) + [ G, (x)d.
0

%

The difference in interim utility of b; is Uy, (v;) — Uy, (v)) :f Gy, (x)dx — G, (v])(v; — V)= [
0

0

ol

G, (x)de = — [ Gy, (x)dx + G, (V) (v — v;). As Gy, (v;) is increasing in v;, Gy, (V) > Gy, (v;).
This means Uy, (v;) — U, (v)) > 0. Hence, b; has no incentive to misreport. Similarly, it
can be shown that the buyer has no incentive to report any v, < v;. Also, through similar
arguments it can be shown that no seller has any incentive to misreport. The mechanism is

interim incentive-compatible.

Necessity. Suppose (g,t) is interim incentive-compatible and interim individually-

rational. Let v; and v} be two possible valuations for buyer b;. Then by interim incentive-

compatibility,
Uy (vi) = @y, (v:)vi — o, (v3) > Gy, (v7)vi — T, (v) (2.30)
Us, (v7) = Ty, (01)v; — T, (V) = @, (vi)v; — b, (v3) (2.31)
Adding, we have
(v; = vi)@, (v7) = Us, (v;) = Up, (vi) = (0] — 01)Gy, (v3) (2.32)

If vj > v;, then @, (v;) > G, (v;) follows immediately. This establishes that g, (v,c) is

increasing in v;. By a similar argument, g, (c;) is decreasing in ¢; for all j =1,2,..., N.

Also, dividing all the sides of expression in (2.32) by v, — v;, taking limits and noticing
that the derivative of g, (v;) exists almost everywhere, by the Sandwich Theorem,
dUbi (Ul)

— = Gbi(vi) almost everywhere.

dUz‘

Integrating, we get,

Vi

Un, (05) = Uy, (0)+ / Gy, (2)dz

0

Similarly, for every seller j, st(cj) is decreasing, and,

1

Us,(¢;) = U, (1)+ / qs,(y)dy

i

41



The ex-ante expected utility of a buyer ¢ can be written as,

1

Ui = [ U (w0}

0

:Ubi(O)—i—/ (/qbi(x)dx>f(vi)dvi
Integrating by parts,
Uy, = U, (0) + F(1) / g, (¢)dz — 0— / @, (0) F (v))dv

=Uum+/@mwu—mem

Or,

= U0+ [ oo [ 0.0 5 gt

(2

Similarly, for every seller j,

g9(cj)

U, :Usj(l)—i-/.../qu(v,C)G(Cj)f(v)g(c)dvdc

Hence, proved. B
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Chapter 3

BUDGET-BALANCED MECHANISMS FOR
SINGLE-OBJECT ALLOCATION PROBLEMS
WITH INTERDEPENDENT VALUES

3.1 INTRODUCTION

Consider a family in which a bequest such as a house (which we shall henceforth call an
object) has to be divided among potential heirs or agents. Depending on the will, each agent
can potentially be allocated the whole bequest or a part of it. Each agent has a valuation
for the object which is private information. Agents can also be compensated by transfers i.e.
they can transfer money among each other. There is no outside agency which can provide
subsidies to the participants nor can any surplus accrue which is not redistributed. It is
also desirable to award the bequest to the agent who has the highest valuation for it. This
is clearly a problem in mechanism design. The goal is to identify mechanisms that provide

incentives to reveal their private information truthfully, is budget-balanced and efficient.

Recent literature on this question has studied this question in the private value setting.
According to the well-known Green-Laffont impossibility result (see Green and Laffont (1979)
for details) it is impossible to design a mechanism that meets all three objectives i.e. is
strategy-proof, efficient and budget-balanced. The impossibility result necessitates a second-
best approach. One such approach was formulated by Green and Laffont (1979). An agent,
say 1, is selected with uniform probability. The remaining agents participate in a Vickrey
auction where the agent with highest bid wins the bequest and pays an amount equal to

the second-highest bid. This amount is transferred to agent i. This mechanism is obviously
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budget-balanced. It is also strategy-proof since truth-telling is a dominant strategy for agents
participating in the Vickrey auction while agent i’s private information plays no role. It is
clearly not efficient since agent ¢ could be the agent with highest valuation among all the

agents.

The Green-Laffont idea has been significantly generalized by Long et al. (2017). They
introduce ranking mechanisms where the allocation is decided on the basis of the ranks of
announced valuations. The Green-Laffont mechanism is a particular ranking mechanism in
which the agent with the highest valuation receives the object with probability 1 — % and the
agent with second-highest valuation gets the object with probability % They characterize the
class of strategy-proof and budget-balanced mechanisms and also find the ranking mechanism
that maximizes the worst-case efficiency within this class.

We consider the same problem in an interdependent value setting. Each agent receives
a signal about the valuation of the object. Her valuation depends on the signals received
by all other agents. This is a familiar model in mechanism design and auction theory (see,
for example, Milgrom and Weber (1982) and Dasgupta and Maskin (2000)). The appro-
priate truth-telling notion in a model with interdependent valuations is ex-post incentive
compatibility. According to the requirement, each agent has the incentive to reveal his sig-
nal truthfully assuming that other agents are reporting their signals truthfully. Efficiency in
this context is ex-post efficiency according to which the agent with highest valuation receives
the object. In our model, the Green-Laffont impossibility continues to hold* - see Nath et al.
(2015) for example.

We consider two types of mechanisms. The first are signal-ranking mechanisms (or s-
ranking mechanisms). Agents report their signals and are ranked according to these reports.
The s-ranking allocation rule assigns a probability for receiving the object to each agent.
Transfers for agents are determined accordingly. Valuation-ranking mechanisms or v-ranking
mechanisms on the other hand, assign probabilities for receiving the object based on the

ranking of agents’ valuations.

Consider the class of s-ranking mechanisms. Our first observation is that the naive
Green-Laffont idea no longer works. An agent can no longer be “excluded” since her signal
determines the valuations of all agents. The signal from excluded agent must be elicited
since the valuations of the agents participating in the Vickrey auction depend on it. If the
surplus from the Vickrey auction is transferred to the excluded agent then he will typically

have an incentive to misreport his signal. Details can be found in Section 3.6.1.

*In some special cases like the sequencing problem it might be possible to reconcile the three properties
e.g. Hain and Mitra (2004).
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Nevertheless, we show that a ranking allocation rule that is strategy-proof and can be
implemented by a budget-balanced transfers in the private-value case is also an ex-post incen-
tive compatible (EPIC) and ex-post individually rational (EPIR) s-ranking allocation rule
that can be implemented with budget-balanced (BB) transfers provided the valuation func-
tions satisfy an additive separability condition. An immediate consequence of this result is
that the s-ranking mechanism where the agents with the highest and second-highest ranking
signals receive the object with probabilities 1 — % and % respectively (i.e. the Green-Laffont
allocation vector) is EPIC, EPIR and implementable by budget-balanced transfers if the val-
uation functions satisfy additive separability condition, single-crossing and symmetry. We
show by means of an example that the result does not hold. We also show that the allocation
rule of the mechanism that maximizes worst-case efficiency ratio given by Long et al. (2017)
is the s-ranking allocation rule which maximizes worst-case efficiency ratio among all EPIC,
EPIR and BB s-ranking mechanisms when valuation functions are of a specific form that
satisfies SAS condition, single-crossing and symmetry. We then provide an example to show

that this mechanism is no longer optimal when the valuation functions are not symmetric.

For v-ranking mechanisms, first we show that it is necessary for valuation functions to
satisfy single-crossing for the mechanism to be EPIC. Then we show that a ranking allocation
rule that is strategy-proof and can be implemented by a budget-balanced transfers in the
private-value case is also an EPIC and EPIR v-ranking allocation rule that can be imple-
mented with budget-balanced transfers provided the valuation functions satisfy the additive
separability condition and single-crossing. Under an additional condition of symmetry of
valuation functions, the allocation functions for s-ranking mechanisms and v-ranking mech-
anisms are allocation equivalent. Moreover, the agents have the same payment functions and
get the same utility from allocation equivalent, EPIC, EPIR and BB s-ranking and v-ranking

mechanisms.

Another approach to the impossibility result is to allocate the object only to the agent
with the highest signal but with probability less than one. The object is thrown away or
retained by the seller with the remaining probability. The agent who is allocated the object
makes a payment which is redistributed among all the agents ensuring budget balancedness.
Such mechanisms were called probability-burning mechanisms by Mishra and Sharma (2018)
and studied in private valuation models. We explore the feasibility of such mechanisms in
the interdependent valuation case. For a semi-separable class of valuation functions, we show
that a particular probability-burning mechanism is EPIC, EPIR and budget balanced (BB).
For additively separable and symmetric collection of valuation functions, we design another
probability-burning mechanism and show that it is welfare-maximizing in the class of EPIC,

EPIR, BB mechanisms that allocate only to the agents with topmost signal and satisfy an
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additional property called equal treatment at equal signals.

The literature of mechanism design in interdependent value setting emphasizes the impor-
tance of single-crossing for efficient mechanisms to be EPIC (see d’Aspremont and Gerard-
Varet (1982) and Dasgupta and Maskin (2000) for example). In this chapter, by relaxing
efficiency we identify two mechanisms viz. s-ranking mechanisms and probability-burning
mechanisms that are EPIC, EPIR and BB for valuation functions that satisfy additively

separable or semi-separable condition but not single-crossing.

This chapter proceeds as follows. Section 3.2 provides a literature survey. The model and
basic definitions are introduced in Section 3.3. Section 3.4 discusses the signal-ranking mech-
anisms and Section 3.5 discusses the valuation-ranking mechanisms. Section 3.6 extends the
discussion to welfare properties of these mechanisms and the failure of Green-Laffont mech-

anism. Section 3.7 discusses probability-burning mechanisms. Section 3.8 is the conclusion.

3.2 LITERATURE REVIEW

Many papers have explored the single-object allocation problem with budget-balance in the
private value setting. Long et al. (2017) explores the class of dominant strategy incentive
compatible and BB ranking mechanisms. Their worst-case efficient ranking mechanism co-
incides with the Green-Laffont mechanism for n < 8 and allocates to more than two agents
when n > 8 where n is the number of agents. Long (2019) extends this concept to a multi-
object model. Mishra and Sharma (2018) introduce the probability-burning mechanisms.
They find the Pareto optimal probability-burning mechanism in the class of top-only, BB

and dominant strategy incentive compatible mechanisms.

There is an extensive literature on the property of ex-post incentive compatibility in
interdependent-value models. For an efficient mechanism to be EPIC, the valuation functions
must satisfy the single-crossing condition (for further detailed discussion see d’Aspremont
and Gerard-Varet (1982), Perry and Reny (1999), Dasgupta and Maskin (2000), Jehiel and
Moldovanu (2001) and Bergemann and Morris (2005)). But there are many settings in which
the valuation functions do not satisfy the single-crossing condition - see Eden et al. (2018)

for a discussion.

In the private value setting, Long et al. (2017) give the necessary and sufficient condition
for a mechanism to be budget-balanced. They prove that a monotone allocation rule can be
implemented by a dominant strategy incentive compatible and budget-balanced mechanism

if and only if it satisfies residual balancedness. A similar result was obtained by Yenmez
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(2015) in an interdependent-value matching model.

3.3 THE MODEL

An object has to be allocated among the set of agents N = {1,2,...,n}. Each agent i € N
receives a signal s; which is his private information. The signals are independently and
identically distributed in the unit interval S = [0,1]. A signal profile s € S™ is an n-tuple
s = (81,89,...,8,). Also s_; € S" ! is the signal profile s_; = (s1,89,...,8i_1,Sit1,---,5n)
containing all signals in s except that of agent 7. Since we are investigating an interdependent
values model, we assume that each agent : € N has a valuation function v; : S™ — R,. Thus
1’s valuation of the object depends on the signals received by all agents. In contrast, an
agent’s valuation in a private values model depends only on his own signal and can without

loss of generality be assumed to be the signal itself.

An allocation rule is a map f : S™ — [0,1]" where f;(s) denotes the probability of
allocation of the object to agent ¢ when the signal profile is s. The allocation probabilities
are assumed to satisfy the feasibility condition >’ f;(s) < 1 for every s € S™. The payment

1EN
rule of agent i is p; : S™ — R. A mechanism M is pair (f,p) = (f1, f2y- - fu, P1, D2, - -+, Dn)
and gives utility of v;(s)fi(s) — pi(s) to agent i for all i = 1,2,...,n and s € S™.

The following properties of a mechanism will be relevant for this chapter.

e The mechanism M = (f,p) is ex-post incentive compatible (EPIC) if for every i € N,

every s_; € S"7! and every s;, s, € S, we have
0i(5) fi(Sis 5—i) — pi(si, 5—i) = vi(s) filsy, 5—-5) — pil(s}, 5—3)

Ex-post incentive compatibility ensures that each agent prefers to report his own signal

truthfully if other agents are truthful.

e The mechanism M = (f,p) is ex-post individually rational (EPIR) if for every i € N

and every s € S™, we have

vi(s)fi(s) — pi(s) = 0

This property guarantees that every agent gets a non-negative utility at every signal

profile if all agents report truthfully.

e The mechanism M = (f,p) is budget-balanced (BB) if for every s € S™, we have



The mechanism neither generates a surplus nor runs a deficit at any signal profile.

3.4 SIGNAL-RANKING MECHANISMS

We analyze signal-ranking mechanisms in this section. These mechanisms are adaptations

of the ranking mechanisms in Long et al. (2017).

Fix an arbitrary signal profile s. We partition the set of agents into equivalence classes
depending on the ranks of their signals. In particular s[1] is the set of agents with the highest

signals, s[2] is the set of agents with the second-highest signal and so on. Formally,
s[ll]={i € N|s; > s; Vj € N}

and

[ = i € N\ (U slk)) 12 5 V5 € N\ (U slk])}

Let L be the greatest integer such that s[L] # 0.1 Clearly 1 < L < n. Let |s[k]|,
k € {1,...,L} denote the cardinality of the set s[k], i.e. it is the number of agents whose
signals are ranked k. Note Sr_, |s[k]| = n. Let |[s]| = (s[1]],]s[2]],. .., |s[L]])-

Suppose N = {1,2,3,4,5,6} and s = (0.4,0.9,0.9,0.3,0.9,0.3). Then s[1] = {2,3,5},
s[2] = {1} and s[3] = {4,6}. Also L =3 and |[s]| = (3, 1,2).

Let 7 = (my,ma, ..., m,) be an n-tuple of real numbers such that 1 > m > m > ... > 71, >

0. Let @ = (a,...,ag) be a vector of R strictly positive integers such that S>%  a, = n.

For all r = 1,2,..., R, let A, denote the partial sum oy + as + ... + a,. Finally, let (7(«))

be a R-dimensional vector whose r** component is (7(a)), = % e for r > 2 and
k=A,_1+1

Ay
(m(a))r=1 =Y 7. In other words, the first component of (m(«)) is the sum of the first a4

k=1
terms of 7, the second component is the sum of the next a, terms of 7w and so on.
Let m = (0.45,0.25,0.15,0.1,0.05,0) and o = (2,2,1,1). Then the vector of partial sums
A =(2,4,5,6) and (7(«)) = (0.70,0.25,0.05,0). Thus the first component of (7(«)) is the

sum of the first two terms of 7, the second component is the sum of the next two terms of 7,

the third component is the fifth term of 7 and the fourth component is the sixth term of 7.

We are now ready to define s-ranking allocation rules.

"We suppress the dependence of L on s for notational convenience.

48



DEFINITION 3.1 An allocation rule f is a signal-ranking (s-ranking) allocation rule if there

exists m = (my, Moy ..., Tp) such that 1 > m > me > ... > m, >0 and > m = 1 such that for
iEN

all s and k= 1,..., L we have:

(i) > fi(s) = (x(|[s]]))x, and

i€s[k]

(i1) fi(s) = f;(s) wheneveri,j € s[k].
A mechanism (f,p) is a s-ranking mechanism if f is a s-ranking allocation rule.

We illustrate the idea of an s-ranking mechanism by combining the earlier examples,
ie. N ={1,2,3,4,5,6}, s = (0.4,0.9,0.9,0.3,0.9,0.3) and 7 = (0.45,0.25,0.15,0.1,0.05,0).
Then |[[s]| = (3,1,2) and (7 (|[s]|)) = (0.85,0.1,0.05). The agents with the highest ranking
signals, s[1] = {2,3,5} together “share” the allocation probability 0.85, i.e. each of these
0'3&. The agent with the second-highest signal,
s[2] = {1} gets the object with probability 0.1 while the agents with the third-highest
signal s[3] = {4,6} “share” the allocation probability 0.05, i.e. each receives the object with

probability 0.025.

agents receives the object with probability

The key to our result on s-ranking mechanisms is the particular structure we impose on

valuation functions. We describe this below.

DEFINITION 3.2 The wvaluation functions v; : S™ — Ry, ¢« = 1,...,n satisfy the Strong
Additive Separability (SAS) condition if there exists n+ 1 increasing functions g; : S — Ry,
ie{l,...,n} and h: S — Ry with g;(0) = h(0) =0 for all i € {1,...,n} such that, for all
s€ 8" andi € {1,...,n}, we have vi(s) = gi(si) + >, h(s))-

It is important to note that the h function used to “aggregate the signals of other agents”
is common to all agents. Two examples of valuation functions that are not members of the

SAS class will be provided later in the section.

Our main result for this section is the following:

THEOREM 3.1 Assume agents’ valuation functions satisfy the SAS condition. Assume fur-

ther that the s-ranking allocation Tule m = (w1, 7o, ..., T,) satisfies the equation
n—1
S (T )m=o (3.1)
; J—1
JEN
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Then there exist payment functions p = (p1,D2,...,Pn) Such that the s-ranking mechanism

(m,p) is EPIC, BB and EPIR.

The proof of the Theorem can be found in the Appendix. Here we outline the main
features of the argument. Our first step is to show that there exist payment functions p
such that (m,p)-allocation is EPIC whenever the valuation functions are increasing in own
signals. This is satisfied by the valuation functions in the SAS class since the g; functions are
increasing. Payments for the allocation rule can then be obtained by applying the Revenue
Equivalence formula for an interdependent value model (see Roughgarden and Talgam-Cohen
(2016))

ov;(z,5_;)

pi(s) = vi(s) fi(s) — v;(0,5-;) f:(0,5_;)— / filz,s_;) 0, dv ,Vie N (3.2)

By assuming p;(0,s_;) = 0 for all i« € N, individual rationality is ensured. A condition
ensuring budget-balance can be obtained from the more general condition of Yenmez (2015).
We introduce some notation before stating the result. Denote by R(s) the revenue collected

from the mechanism, i.e.

R(s) =3 pils)

iEN
For any signal profile s, let N = {i € N|s; = 0}. For any signal profile s and any T'C N,
(Or, s_7) denotes the signal profile where the signals of all agents in 7" is 0 and each agent

i ¢ T has signal s;, the i component of s.

THEOREM 3.2 (Yenmez (2015)) An EPIC mechanism M = (f,p) is budget-balanced if
and only if

Y (=DM R(Or, 5 7) =0 (3.3)
TCN
for all signal profiles s. Here R(s) is computed from the payment functions p;(s) given in
Condition 5.2.

Condition 3.3 is called the residual balancedness condition. We show that Condition
3.1 implies that the s-ranking allocation rule is residually balanced, thus implying budget-
balance. Condition 3.1 is similar to the condition derived by Long et al. (2017) for allocation
rules that are strategy-proof, BB and EPIR in the private values case. Also, they give

the unique payment functions for mechanisms that are strategy-proof, budget-balanced and
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satisfy the condition of symmetry. We adapt their payment functions for a mechanism that

is EPIC and BB:

(! (o o
_‘Ng‘TgN;ZJ\;QQTW ( T’S_T) , L1 € IV
pi(3> = Ui(S)fi(S) —Ui(O,s )fZ 0 S_ f fz T, S avz(xs )dx
1 (_1)|T\N£|71 -
- ) -
O F Ty e O R(Orsr) Qg

The next two examples illustrate two s-ranking mechanisms that satisfy all the required

properties.

ExAaMPLE 3.1 Let N = {1,2,3}. Assume that the valuation functions are of the form
vi(s) = gi(si) + > ;4 h(s;) where g; and h are increasing. Consider the s-ranking mechanism

™= (g, é, 0) It clearly satisfies Condition 3.1.

Pick an arbitrary signal profile s. Let sq) > s(2) > s(3), i.e. (i) is the agent with the ith

ranked signal. Payments at s are given by:

590 (52) + 5900 (53) = 59 (3) + 3h(s2)) + Gh(s) , ifi=1
P (8) = 4 39 (53) — 390 (s) + §h(s0)) — §h(5) , fi=2
—390)(52) — gh(s)) — 3h(52)) , ifi=3

It is easy to verify that ) pg(s) = 0. Note that the budget-balance property depends
crucially on the fact that thele%vunction h is the same for all agents. In order to verify ex-post
incentive-compatibility, it has to be verified that no agent can gain by misrepresenting her
signal in a manner that changes the rank of her signal. We only confirm a special case
for agent 1 where so > s3 > s;. Truth-telling by agent 1 gives her the object with zero
probability while she receives a payment of $g2(s3) + £h(s2) + 3h(s3). Suppose 1 announces
sy such that s} > sy > s3. She now receives the object with probability % and has to pay
391(52)+391(53) —392(s3)+3h(s2)+ §h(s3). The net change in payoff from misrepresentation
is 291(s1) — 5(91(s2) + g1(s3)) = 3(91(s1) — (g1(52)) + 3(91(51) — g1 (s3)) < O where the last
inequality follows from the fact that g; is an increasing function. It can be verified that no

misrepresentation is profitable for any agent 1.

EXAMPLE 3.2 Let N = {1,2,3,4} agents. The valuation functions are given by v;(s) =

si+ (gsj) where 3 > 0. Consider the s-ranking mechanism 7 = (3, %, ¢, §) which satisfies
J#i

Condition 3.1.
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Pick an arbitrary signal profile s and let s(1) > s(2) > 5(3) > S(4). Payments at s are given
by:

((%4_%5) s@ + (35 + 1088)5) + 785 ,ifi=1

Puy(s) = 55—455 + (56 + 788) 5 — 585 14 =2
#050) — (5 + 158) s — 1P  ifi=3

—51850) = (15 + 1088) 5 — (55 + %B)s) , ifi=4

It can again be verified that sum of agents’ payments is zero and that no agent can gain by

misrepresentation.

We have seen that the s-ranking mechanism (g, :1,), 0) is EPIC, BB and EPIR provided
that the valuation functions belong to the SAS class. The next two examples show that this

result may not hold if valuation functions do not satisfy the SAS assumption.

EXAMPLE 3.3 Let N = {1,2,3}. The valuation functions are vi(s) = s; + 0.5(s2 + s3),
va(s) = s9 + 0.4(s1 + s3) and vs3(s) = s3 + 0.5(s1 + s2). The valuation functions violate the
SAS assumption since the function used to aggregate the signals of other agents is different

for each agent. Consider the s-ranking mechanism 7 = (3, 5, 0).

Pick an arbitrary signal profile s where s; > so > s3 > 0. Table 3.1 below computes the

value of R(Or, s_r) for various values of T C N.

R(s1,82,83) | 501(52, S2,53) + 301(s3, 52, 83) + 302(s1, 53, 53)
R(0,52,53) | 502(0, s3,53) + 502(0,0, s3) + 3v5(0, 52, 0)
R(s1,0,83) | sv1(s3,0,s3) + 301(0,0, s3) 4 3v3(s1,0,0)
R(s1, 89,0) %vl(s S9,0) + 01(0 52,0)—1—31)2(81,0,0)
R(s1,0,0) | v2(s1,0,0) + gvs(s1,0,0)

R(0,52,0) | v1(0, s2,0) + 3v3(0, 52,0)

R(0,0,s3) | gv1(0,0,53) + $v2(0,0, s3)

R(0,0,0) |0

Table 3.1: Value of R(0r,s_7) for various 7' C N.

Therefore,

Z(—l)'TlR(OT, S_T) = R(Sl, S9, 83) — R(Ol, 8_1) — R(OQ, 8_2) — R(Og, 8_3> + R(Olg, 8_12)

TCN

+ R(013, 5-13) + R(023, S_23) — R(0123, S_123)
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= R(s1,52,83) — R(0, s, 83) — R(51,0,53) — R(s1,52,0) + R(0,0, s3)
+ R(0, 59,0) + R(s1,0,0) — R(0,0,0)

1 1 1 1
= §U1(82, S2,83) + 501(83, S2,53) + §U2(317 S3,53) + 6U2($1’ 0,0)

1 1 1 1
+ 603(31; 0,0) + 801(0, $9,0) + 6”3(0, $2,0) + 6?11(0, 0, s3)

1 1 1 1
+ _U2(07 07 83) - _,UQ<07 53, 83) - _U2<07 07 83) - §U3(07 S2, 0)

6 3 3
<01(50,0,5) — 2010, 0,55) — 7vs(51,0,0) — 5v1(s2,52,0)
3U1 53, U, 83 3U1 , U, 83 3U3 51, Y, 3U1 52, 52,
1 1

- 501(07 52, O) - ng S1, 07 0)

1 1 1
= §<82 + 0.5(82 + 83)) -+ §<83 + 0.5<82 —+ 83)) + §(83 + 0.4(81 -+ 53))

+1(04 )+1(05 )+1(05 )+1(05 )+1(05 )+1(04 )
— (.48 —(U.0S —(U.0S8 —(U.0S —(U.0S8 — (.48
R e e D A I
1 1 1 1 1

— g(Sg + 0.483) — 5(0483) — §<O582) — 5(83 + 0.583) — 5(0553)
1 1 1 1

— 5(0581) — §<82 + 0.582) — 5(0582) — §(0481)

1
= —6(0.181 + 0.183) 7é 0
It follows from Theorem 3.2 that 7 is not BB.

EXAMPLE 3.4 Let N = {1,2,3}. The valuation functions are v,(s) = s1 + s283, v2(s) =

So + s183 and wv3(s) = s3 + s182. Once again the SAS condition is violated. Consider the
2 1
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s1 > s > s3 > 0. Using Table 3.1 above we compute R(0r, s_r) for various values of T'C N.

following allocation probabilities 7 = ( 0). Pick an arbitrary signal profile s such that

Using the particular form of the valuation functions, we obtain:

Z(—l)lT‘R(OT, S,T) = R(Sl, S, 53) — R(Ol, 571) — R(OQ, 8,2) — R(Og, 573> + R(012, 8712>

TCN

+ R(013, 5_13) + R(023, S_23) — R(0123, 5_123)
= R(s1,52,53) — R(0, 89, 83) — R(51,0,53) — R(s1,82,0) + R(0,0, s3)
+ R(Oa S92, O) + R(Sla Oa O) - R(07 Oa O)

1 1 1
= 5(82 + 8283) + 5(83 + 5283) + 5(83 + 8183)

1 1 1

- §(83) - 5(83) - 5(52) = %(25233 + 5183) # 0

Once again, the mechanism is not residually balanced. So, Theorem 3.2 implies that 7 is not
budget-balanced.
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3.5 VALUATION RANKING MECHANISMS

In a valuation ranking or v-ranking mechanism, the allocation probabilities are determined by
the ranks of the valuations of the agents. In other words, agents announce their signals which
are transformed by the designer using the valuation functions. These computed valuations
are then ranked and allocation probabilities determined according to these ranks. We define
v-ranking mechanisms below - the definition is identical to that of s-ranking mechanisms

except that signals are replaced by valuations.

Let v = (vq,v2,...v,) be an n-tuple of valuations. Let v[l] be the set of agents with
the highest valuations, v[2] the set of agents with the second-highest valuation and so on.
Formally,

v[1] = {i € Nlvi(s) = v;(s) Vj € N}

and
olk] = {i € N\ (U o[k]) : vi(s) 2 vy(s) Vi € N\ (U wlk])}

k'=1

Let L be the greatest integer such that v[L] # 0. Clearly 1 < L < n. Let |v[k]],
k € {1,...,L} denote the cardinality of the set v[k], i.e. it is the number of agents whose

signals are ranked k. Note Sr_, [v[k]| = n. Let |[v]| = ([o[1]], |v[2]], ..., [v[L]]).
Let p = (p1, p2, - - -, pn) be an n-tuple of real numbers such that 1 > p; > ps > ... > p, >
0. Let @ = (o, ...,ag) be a vector of R strictly positive integers such that Zle a, = n.
For all r = 1,..., R, let A, denote the partial sum a3 + as + ... + «,. Finally, let (p(«))
A
h

component is (p(a)), = i pr for r > 2 and

k=A,_1+1

be a R-dimensional vector whose r?

A1

(p(@))r=1 =) pr. In other words, the first component of (p(«)) is the sum of the first oy
k=1

terms of p, the second component is the sum of the next a, terms of p and so on.

DEFINITION 3.3 An allocation rule f is a valuation-ranking (v-ranking) allocation rule if
there exists p = (p1,p2,---,Pn) Such that 1 > p1 > ps > ... > p, > 0 and > p; = 1 such

iEN
that for all s and k € {1,..., L} we have:

(1) 2 fils) = (p(|[v][))x, and

i€v(k]

(i1) fi(s) = f;(s) wheneveri,j € v]k].
A mechanism (f,p) is a v-ranking mechanism if f is a v-ranking allocation rule.
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Like an s-ranking mechanism, a valuation ranking mechanism is a n-tuple of non-negative
real numbers adding to one. The efficient allocation rule is an example of v-ranking allo-

cation rule where the allocation probabilities are p = (1,0,0,...,0). We shall say that a
11 1

i.e. there exists i € {1,...,n — 1} such that p; > p;1.

v-mechanism is trivial if p = ( ). A v-mechanism is non-trivial if it is not trivial,

In order to address the question of v-ranking mechanisms that are EPIC , BB and EPIR,

we introduce the following property of valuation functions.

DEFINITION 3.4 The valuation functions v; : [0,1]" — R, i € N satisfy single-crossing if

for everyi,j € N, every s_; € S_; and every s; > s.,

Vi(8iy5-i) — vi(8}, i) > vi(si,5-1) — v (s}, 5-4)

The single-crossing condition is a familiar condition in auction theory with interdependent
values (see Perry and Reny (1999), Dasgupta and Maskin (2000), Jehiel and Moldovanu
(2001) and Bergemann and Morris (2005)). It requires increases in the signal value of agent

1 to affect the valuation of ¢+ more than that of any other agent j.

Our main result in this section is the following:

THEOREM 3.3 (i) If a non-trivial v-ranking mechanism is EPIC, the valuation functions

must satisfy single-crossing.

(7i) Suppose the valuation functions satisfy the SAS condition and single-crossing. Assume

further that the v-ranking allocation rule p = (p1, pa, - .., pn) satisfies the equation

fn—1
Z(—l)’( . )pj = 0. (3.4)
; J—1
JEN
there exist payment functions p = (p1,p2,...,DPn) Such that the v-ranking mechanism
(p,p) is EPIC, BB and EPIR.

The proof of the Theorem is contained in the Appendix. Part (i) is a consequence of
the fact that signal monotonicity is a sufficient condition for monotonicity of the allocation
function (see the proof of Theorem 3.1). If single-crossing is violated, an increase in the signal
of agent ¢ may lead to a greater change in the valuation of agent j than of i, causing a reversal
in the valuation rankings of ¢ and j. This would lead to a failure of EPIC. Part (ii) follows

from a suitable application of Theorem 3.2. We note that SAS valuation functions satisfy
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single-crossing if they satisfy the additional requirement that g;(z’') — g;(x) > h(z') — h(z)
forall 2/ > x and 2/,z € S, i€ {1,2,...,n}.

We illustrate the v-ranking mechanism through an example Consider the setting de-
2
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s. At this signal profile let vpyy(s) > vg(s) > vpg(s), i.e. [i] is the agent with the ¢** ranked

scribed in Example 3.1 of previous section. Let p = (2, 1,0). Pick an arbitrary s1gnal profile

valuation. The corresponding signals are (s, Sjg, s[3). Payments at this profile s are given
by:

s9m)(k12(sp2)) + 59 (R1s(s3))) — 39121 (Kas(sp)) + 5h(spy) + ghlsg) , ifi=1
Piy(s) = § 3901 (k23(sm))) — 59m(R1a(s)) + gh(sm) — 5h(sm) Cifi=2

—g9 (Fr2(s)) — gh(sp)) — 5h(sp) L ifi=3
where,

rij(sp)) = inf{siy € S| gy (sp) — hsp) = g (sp) — hlsy)}

The function x;;(-) (where ¢ < j) is the minimum value of sj; at which the valuation of
agent ranked [i] is equal to the valuation of agent ranked [j]. For valuation functions that
satisfy SAS condition, there exists 5 € S such that

Vi (815 $—11) = vy (S s—i1) = 91 (S1) — 2(Sp1) = g (spy) — hlsp)

Since g;;(0) = g1;7(0) = h(0) = 0 and the functions g; and h are continuous and mono-
tonic, the Intermediate Value Theorem guarantees the existence of 5 € (0, s;) which satis-
fies this equation.

It can be easily verified that ) ppj(s) = 0. As in the s-ranking mechanism case, the

iEN
budget-balance property depends on the function h being the same for all agents. To verify
EPIC, consider agent 1. Pick a signal profile s such that ve(s) > v3(s) > vi(s). Truth-
telling by agent 1 gives her the object with zero probability while she receives a payment of
392(K23(s3))+5h(s2)+5h(s3). Suppose 1 announces s} such that s; > s; and let vy (s, s_1) >
vo(sh,$-1) > w3(s), s_1) at this new signal profile (s, s2, s3). She now receives the object
with probability % and has to pay $g1(r12(s2))+391(r13(53)) — 592(ka3(s3)) +5h(s2) + Fh(s3).
The net change in payoff from misrepresentation is 2g1(s1) — 5(g1(k12(s2)) + g1(k13(s3))) =
%(91(31) — (g1(Kk12(s2))) + %(gl(sl) — g1(k13(83))) < 0 where the last inequality follows from
the fact that g; is an increasing function and k12(s2) > s and k13(s3) > s1. If the valuations
are ranked as va(s},s_1) > vi(s],s-1) > vs(s],s-1) at this new signal profile (s, sq, s3),
then agent 1 is allocated the object with probability 3 and pays égl(/ﬁg(s?))) — 592(Ka3(s3)) +
th(s2)—gh(ss). The net change in payoff from misrepresentation is g (g1 (s1)—g1(k13(s3))) <0
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where the inequality follows because ky3(s3) > s;. It can similarly be verified that no

misrepresentation is profitable for any other agent.

Under certain assumptions on valuation functions an s-ranking allocation rule and a

“corresponding” v-ranking allocation rule are “equivalent”.

DEFINITION 3.5 The valuation functions v; : [0,1]" — R, i € N satisfy symmetry if for
every i € N, for any permutation o : N — N and all signal profiles s = (s1, S2,...,Sn), we

have

V(51,825 -+ 50) = Vo (i) (So(1)s S0(2)s - - - » So(n))

If the valuation functions are symmetric, the valuation of an agent ¢ at signal profile s =

(51,82,...,5,) is equal to the valuation of agent o (i) at signal profile (so(1), S0(2), - - - » So(n))
for any permutation of the agents. For example if the permutation interchanges two agents,
say ¢ and j leaving others unchanged, then symmetry implies v;(s1,..., i, ..., 8;,...,5,) =
V(81,3 SjyevySiyeenySp) and Uk(S1, ..., Siy ey iy Sn) = Uk(S1,.voy Sy evy Siyeney Sn)

for all k #14, 5.

The examples below show that the two conditions viz. single-crossing and symmetry are
independent. In each case N = {1,2,3}.

EXAMPLE 3.5 The valuation functions are vy (s) = s; +0.2(s2+ s3), v2($) = s24+0.2(s1 + s3)

and vs(s) = s3 + 0.2(s1 + s2). Both single-crossing and symmetry are satisfied.

EXAMPLE 3.6 The valuation functions are vy(s) = s; + S253, v2(s) = so + 0.5s1 and v3(s) =

s3. They satisfy single-crossing condition but not satisfy symmetry.

ExXAMPLE 3.7 The valuation functions are vi(s) = s; + 2(s2 + $3), v2(s) = s2 + 2(s1 + S3)

and v3(s) = s3+ 2(s1 + s2). Symmetry is satisfied but not single-crossing.

EXAMPLE 3.8 The valuation functions are vy(s) = s1 + 289 + 3s3, v2(S) = 52+ 351 + bs3 and

v3(s) = s3 + 7s1 + 4s,. Neither single-crossing condition nor symmetry are satisfied.

We say that two allocation rules are allocation equivalent if they result in the same
allocation at every signal profile. Note that both s-ranking and v-ranking allocation rules
are n-tuples of decreasing real numbers adding up to one. Hence an s-ranking allocation rule

can be interpreted as a v-ranking allocation rule and vice-versa.
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PROPOSITION 3.1 Assume that the valuation functions satisfy single-crossing and symme-
try. The s-ranking allocation rule m and the v-ranking allocation rule p are allocation equiv-

alent.
Proposition 3.1 in conjunction with our earlier results leads to the following result.

PROPOSITION 3.2 Assume that the valuation functions satisfy the SAS condition, single-
crossing and symmetry. Assume further that the s-ranking allocation rule m satisfies Condi-
tion 3.1. Let p be a payment function such that the s-ranking mechanism (w,p) is EPIC, BB
and EPIR (Theorem 3.1). Then the v-ranking mechanism (w,p) is EPIC, BB and EPIR.

Moreover the two mechanisms give all agents the same utility at every signal profile.

The proofs of both Propositions are in the Appendix.

3.6 FURTHER REMARKS ON RANKING MECHANISMS

In this section, we show that a natural adaptation of the Green-Laffont mechanism to the
interdependent value setting does not satisfy ex-post incentive-compatibility. We also analyze

s-ranking mechanisms from the perspective of efficiency in a special case.

3.6.1 The Green-Laffont mechanism

Recall that in the private values model, the Green-Laffont mechanism picks an agent uni-
formly at random from the set of agents. The object is allocated using the Vickrey auction
among rest of the agents. The revenue that is generated is given to the agent that was
removed. The mechanism allocates the object to the agents with the highest and second-

highest valuations with probability 1 — % and % respectively, at every valuation profile.

Consider the interdependent values model where valuation functions satisfy the SAS
condition, single-crossing and symmetry, i.e. v;(s) = g(s;) + Y_h(s;) where g and h are
increasing functions and ¢'(z) > h/(z) for all z. In addition, sup;igse the Vickrey auction on
the private values case is replaced by the generalized Vickrey auction (see Krishna (2009)
for a detailed discussion on this mechanism) whose allocation rules and payment functions
(f,p) are as follows:

fi(s) = 1 ifu(s) > max v;(s)

0 ,otherwise
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and

U'L‘(K(S—i>7 S—i) ) if fZ(S) =1
pi(s) = .
0 ) if fz(s) =0
where k(s_;) = inf {s’ € S|v;(s', s_;) > max v;(s',s5_;)}.
i#i

It is well-known that the assumptions on valuation functions ensure that the generalized
Vickrey auction among the “remaining” n — 1 agents, is EPIC*. However, the mechanism as a
whole is not EPIC. In order to see this consider the case where N = {1, 2,3} and the signal
profile s satisfies s; > s9 > s3. In view of our assumption on valuation functions, we have
v1(s) > wva(s) > ws(s). If agent 1 is removed, the relative ranking of the other agents doesn’t
change. The object is allocated to 2 who pays wvs(s1, $3, s3) to agent 1. Similarly, if agent 2
is removed, agent 1 is allocated the object and pays v;(sg, S2, s3) to agent 2. If agent 3 is
removed, agent 1 receives the object and pays vy (ss, s2, s3) to agent 3. The final payments

are as follows:

1

pl(s) = g(“l(s% S2, 53) + U1(837 S9,83) — 02(51, S3, 83))
pa(s) = g(v2(51a s3,53) — v1(83, S2, S3))

1
ps3(s) = —501(327 S9,53)

If agent 3 reports s; where s; > s9 > s4 > s3, he receives a payoff of %Ul(SQ, Sg,5%). This
is higher than the payoff of %01(52, S9, $3) received when he reports his signal truthfully since
h(-) is increasing. Clearly the mechanism is not EPIC. Note however that the s-ranking
mechanism 7 = (1 — %, %, 0,...,0) satisfies Condition 3.1, and can therefore be implemented
by a mechanism that is EPIC, budget balanced and EPIR. Moreover the mechanism is

equivalent to the v-ranking mechanism p = (1 —%,10,...,0).

n'n’

3.6.2 Efficiency comparisons

In this section, we focus on the welfare properties of s-ranking mechanisms. Pick an arbitrary
signal profile s with s(1) > 519y > ... > 5, i.e. s(1) is the highest-ranked signal and s, is
the lowest-ranked signal. Corresponding to this ranking of signals the valuations of agents
are (v(1)(s),v2)(8),---,vm)(s)). The actual ranking of valuations at signal profile s satisfies

vpi(s) > vy(s) > ... > vpy(s) ie. vpy(s) is the highest-ranked valuation and wvp,(s) is

fSee Krishna (2009) where it is shown that single-crossing condition is sufficient for ex-post incentive

compatibility of generalized Vickrey auction
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the lowest-ranked valuation. In general, vj;(s) # v()(s); however if the valuation functions
satisfy single-crossing condition and symmetry vp)(s) = v (s) for all # € {1,2,...,n} and

all signal profiles s.

The maximum possible welfare at any signal profile s is generated when the object is
allocated with probability one to the agent with highest valuation at s i.e. the maximum
welfare is vy (s). The efficiency ratio of a s-ranking mechanism at signal profile s is

> fo(8)ve(s)

e mva)(s) + Tav)(s) +

4 an(n)(s)

vp(s) vy (s) -

This is the ratio of the welfare achieved by the mechanism achieved by s-ranking mecha-
nism and the maximum possible welfare at the signal profile s. Notice that we are assuming
that mechanisms satisfy the BB property so that there is no loss of welfare because money
has to be “thrown away”. The worst-case efficiency ratio p for the s-ranking mechanism is
the lowest possible value of efficiency ratio across all signal profiles, i.e.

> fiy(8)va(s)

iEN

= inf
ses™ U] (S)

Our objective is to find a mechanism that maximizes the value of p in the class of
EPIC, EPIR and BB s-ranking mechanisms. This problem does not appear to be easy when
valuation functions belong to the general SAS class. We show that if we restrict attention to
a symmetric subclass of SAS valuation functions, the optimal s-ranking mechanism coincides
with the optimal ranking mechanism of Long et al. (2017). The latter mechanism maximizes
1 in the class of dominant strategy incentive-compatible and BB ranking mechanisms in the
private-value setting. We also show through examples that the optimal mechanism may be

different when the valuation functions are not symmetric.

The allocation rule of the optimal ranking mechanism of Long et al. (2017), 7* =

(71, -+ Tmy - - -, ) 18 defined as follows:
—1 e
1-— —C(n—;:bm—l)er Jifi=1
* 1 .r -
™, = m ,1fz€{2,3,...,m}
0 , otherwise
where,
) 1—1
m € arg min

2<i<(n-1) even C'(N — 2,4 — 1) 44
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The object is allocated only to the agents with the m highest signals. For n < 8, m = 2.
This corresponds to the Green-Laffont allocation rule in which the object is allocated only

to the agents with the highest and second-highest valuations.

We now state the main result.

THEOREM 3.4 Suppose the valuation functions satisfy SAS condition. In addition, assume
gi(x) = vh(x) for alli € {1,2,...,n} for some v > 1, Then the s-ranking mechanism with
allocation rule ™™ mazimizes the worst-case efficiency ratio among all s-ranking mechanisms
that satisfy EPIC, EPIR and BB.

The proof is in the Appendix. Proposition 3.2 applies since valuation functions satisfy
symmetry and single-crossing. As a result, the problem of finding an optimal s-ranking

mechanism reduces to the problem solved by Long et al. (2017) in the private-value setting.

The next example demonstrates that the s-ranking mechanism 7* may not be optimal if

the valuation functions do not satisfy symmetry.

ExXAMPLE 3.9 Let N = {1,2,3}. The valuation functions are vy (s) = 10081+ 52453, v2(s) =
289+51+53 and v3(s) = 2s3+51+52. The valuation functions satisfy SAS condition and single-
crossing but violate symmetry. Consider an arbitrary s-ranking allocation 7 = (my, o, 73).
Suppose s2 > s; > s3. So the ranking of valuation can either be vi(s) > va(s) > wv3(s)
if 99s; > s9 > s3 or wva(s) > vi(s) > wvs(s) if so > 99s; > s3. The efficiency ratios are

respectively,

mv2(8) + mov1(8) + m3v3(s) and mva(8) + mav1(8) + mav3(s)

v1(s) v2(8)

Combining all the cases, the worst-case efficiency of the mechanism is:

| ; fi(s)vp (s)
M7 hest e ()
, mv3(8) + mava(s) + m3v1(8)
= inf {( vs(s)
(7711)3 ) + mava(s) + myvi(s)
0(s)
< 103(8) + mava(8) + m3v1(8)
vs(s)
<7r1v3 ) + mav1(s) + m3va(s)

vs(s)

83 2> Sp > 81,83 = S9 = 9981)

83 > So > 51,9981 > 53 > Sz)

83 > Sp > 81,53 > 9951 > 82)

83 > 81 > 82,53 > 9951 > 32)
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m03(8) + mov1(8) + m3va($)
vi(s)

m01(8) + mova(8) + m3v3(s)
vi(s)

m1v1(8) 4+ mvs(s) + mava(s)
vi(s)

mV2(8) + maus(s) + mav1($)
va(s)

(
(
(
(
g (71'11]2(8) + mov3(s) 4 m3v1(s)
(
(
(

S3 > 81 2> 52,9981 2> $3 2> S

v

51 > S > 53,9951 > s9 > S3

v

51 2> 83 2 52,9981 2> 83 > S

Vv

S9 > 83 > 51,52 > 83 > 99s;

Y]

Sg > S3 > 51,9981 2> 3 > 83

vi(s)

m102(8) + maus(s) + m3v1(s)
va(s)

mU2(8) + mov1(8) + m3v3(s)
va(s)

mV2(8) + mov1(8) + m3v3(s)
vi(s)

it {1 1 1 99 105 1 106 49 }

275™ 100 T 100™ 303 T 1017 153 B

v

Sg > 83 > 81,82 = 99s1 > 83

Sg 2> 81 2 S3,82 = 9981 >

el
w

89 > 81 > 83,9981 > 59 >

w
w

N’ N N N N N N~

(3.5)

The last equality is obtained by finding the minimum value of each of the terms in the
parentheses according to the respective constraints on sy, so and s3. We also know that from

Condition (3.1), —my + 279 — 3 = 0. So, My = % and 73 = % — 7. By substituting these, we

get the expression in (3.5). Notice that this expression is a function of m; where m; € [%, %]
The maximum value of 4 is the maxima of this function which occurs at m = 22 ~ 0.36

and it is g = 0.35. Also, i+ = 0.05. The mechanism 7 = (0.36,0.33,0.31) has a higher u
than the mechanism 7*. Hence, the mechanism of Long et al. (2017) does not maximize the

worst-case efficiency ratio in the interdependent-value model.

3.7 PROBABILITY-BURNING MECHANISMS

In the s-ranking and v-ranking mechanisms, the object can be allocated to agents which
do not have the highest-ranking signal. In this section, we consider the case when the
object is allocated only to the agent with the highest signal with certain probability and if
the allocation does not take place then either rest of the probability is burnt or the object
is destroyed. Such a mechanism is called a probability-burning mechanism. Mishra and
Sharma (2018) introduced these mechanisms in the private-value setting and studied the
allocation of a single object. We now study these mechanisms in our model of agents having

interdependent valuations.
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We begin this section by defining the probability-burning mechanism. When agents’
valuations satisfy a special condition, we describe a probability-burning mechanism and
show that it is EPIC, EPIR and BB. In a restricted setting with 3 agents we find the
probability-burning mechanism that is welfare-maximizing in the class of EPIC, EPIR and

BB mechanisms which allocate the object only to the agent with the highest signal.

A probability-burning allocation function f satisfies the following properties: for all signal

profiles s,

(i) fi(s)=0foralli e s[k|, k € {2,3,...,L}

(ii) > fi(s) < 1.

iEN

A probability-burning mechanism is a pair (f,p) where f is a probability-burning al-
location function. Note that a probability-burning allocation function assigns object with
positive probability only to the agent who has the highest signal. However, the object may
not be allocated with probability one. It allows for the possibility that at some signal pro-
file s, > fi(s) < 1, i.e. object is wasted or probability is “burnt”. This is a violation of
efﬁcienlcegfv and will occur when probability-burning mechanisms are required to additionally

satisfy incentive-compatibility and budget-balance.

The mechanism we will now describe depends on valuation functions which follow a

special structure.

DEFINITION 3.6 The valuation functions v; : S™ — Ry, i = {1,...,n} satisfy the Addi-
tive Semi-separability (AS) condition if there erists increasing functions g : S™1 — R,
and h : S"™1' — R, which are weakly increasing functions with g(x1,Ta,...,Tp_1) >
h(zy, 29, .. Tn1) Y(21, T2, ..., Tn1) € S™ ! such that, for all s € S™ and i € {1,...,n},
we have v;(s) = g(s—;) + > h(s—;).

J#i

For each valuation function, the g function leaves out the agent’s own signal in its n — 1
arguments and each of the h functions leaves out one of the n — 1 signals of other agents.
Both the ¢ and the h functions are common to all agents. The valuation function v; is the
sum of ¢g function and (n — 1) number of h functions (s; is an argument in each of the h
functions). Hence, each valuation function v; is a function of its own signal s; in general, but
it may happen that for some specific functions g and h the valuation functions of some agents

may not depend on their own signals. The following examples elucidate the AS condition.
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EXAMPLE 3.10 Let N = {1,2,3}. Let g(x,y) = max{z,y} and h(x,y) = x. The valuation

functions are

v1(81, S, 83) = g(S2,83) + h(s1,S2) + h(s1, s3)

= max{ss, s3} + $1 + $1 = max{sy, s3} + 25
va(s1, S2, 83) = g(s1,83) + h(s1, s2) + h(s2, s3) = max{sy, s3} + s1 + $2
v3(s1, S2, 83) = g(s1, $2) + h(s1, s3) + h(s2, s3) = max{sy, s} + s1 + $2

ExaMPLE 3.11 Let N = {1,2,3}. Let g(x,y) = x and h(z,y) = xy. The valuation

functions are vy(s) = sg + $281 + $183, v2(8) = $1 + 182 + S283 and v3(s) = s1 + $183 + S283.

ExamMPLE 3.12 Let N = {1,2,3,4}. Let g(x,y,2) = zy + z and h(z,y,z) = z. The

valuation functions are

v1(81, S2, S3, 84) = g(S2, S3,84) + h(s1, S2, 83) + h(s1, S2, $4) + h(s1, S3,54)
= S983 + S4 + S3 + S4 + S4 = S9S83 + S3 + 354

Vo (81, S2, $3, 84) = g(81, 3, 84) + h(s1, S2, 83) + h(s1, S2, $4) + h(s2, S3,54)
= 5183+ S4 + 83+ 5S4+ S4 = S183 + S3 + 354

vs3(s1, S2, S3,84) = g(S1, S2, 84) + h(s1, S2, 83) + h(s1, 83, S4) + h(s2, S3,54)
= 5189 + S4 + S3 + S4 + S4 = S1S9 + S3 + 354

v4(81, S2, S3, 84) = g(81, S2, 83) + h(s1, S2, S4) + h(s2, 83, 84) + h(s1, S3,54)

= 5189+ S3+ S4 + S4 + S4 = 5159 + S3 + 354

We now describe the mechanism M. Let there be a signal profile s such that s; > s, >

... > 8,. The allocation functions of agents are

1 (n—=1)h(sn,Sn,.--sSn)+h(Sn—1,8n—1,---sSn—1) i .
[s[1]] (g(32,53,...,sn)+h(82,537...,sn)+ > h(52,52,53,..,55-1,5j41,--»5n) ’lf (S 8[1]
(o) =

0 , otherwise

The payment function of each agent is given by the Revenue equivalence formula

ov;(x, s_;
pi(s) = pi(0, 5_5) + vi(s) fi(s)— / fi(x,s_i)%dx (3.6)
o 1
where,
—h(Sn, Sy -+, Sn) ,ifie{1,2,3,...,n—1}
pi(078—i) - .
—h(Sp-1,Sn-1,--+,8n-1) , ifi=mn
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Here, h(sy,Sn,-..,S,) is the value of function h(:) at signal profile (s,,s,,...,s,) and

h(Sp-1,Sn-1,---,8n—1) is the value at the signal profile (s,_1,$,-1,...,8,_1). For the signal
profile s such that s; > sy > ... > s,, the denominator in the expression of f;(s) is the
valuation of agent 1 computed at the signal profile (sg, $2, 83, S4, - .., S,) Where s; = s9 i.e.

the minimum value of s; at which the object is allocated to agent 1. As in the probability-
burning mechanism of Mishra and Sharma (2018), the redistribution amounts of all agents
except the agent with lowest-ranked signal depend only on the value of lowest-ranked signal.
The redistribution amount of agent with lowest-ranked signal depends only on the value of

signal of second-lowest ranked agent.

We illustrate the mechanism MP® by taking specific valuation functions. The allocation

probabilities and payments of agents are computed at different signal profiles.

ExaMPLE 3.13 Let N = {1,2,3}. Let signal profile be such that s3 > s; > s5. The

mechanism MP? is
2h(s2, s9) + h(s1, s1)

g(s1,82) + h(s1,s1) + h(sa, 1)

and fi1(s) = fa(s) = 0. From the definition of AS condition, g(s1,s2) > h(s2,s2) as g is
increasing in all its arguments and g(z,y) > h(z,y) for all (z,y) € S?. Also, h(sy,sz) >
h(sa, s2). So, 2h(sa, s2)+h(s1,s1) < g(s1,S2)+h(s1,s1)+h(s1,s2). The allocation probability
f5(s) is feasible. Agent 3 pays f3(s)vs(s1, Se2,s1) which is

f3(s) =

2h(s2, s2) + h(s1, $1)
g(Sl, 82) -+ h(Sl, 81) —+ h(827 81)

(g(s1,82) + h(s1,81) + h(sa,81)) = 2h(s2, $2) + h(s1,51)

The payments are p3(s) = h(sq, s2) + h(s1,51), pi(s) = —h(sz2, s2) and pa(s) = —h(sy, s1).

Agent 3 pays 2h(s2, s2) + h(s1, s1) and receives a redistribution amount of h(sy, s2). Agent
(

1 receives amount of h(ss, s2) and agent 2 receives h(sy, s1).

ExAaMPLE 3.14 Let N = {1,2,3}. Let g(z,y) = max{z,y} and h(z,y) = x. The
valuation functions are vi(s) = max{sq, s3} + 2s1, va(s) = max{s;,s3} + s; + s2 and
v3(s) = max{sy,s2} + s1 + s2. Let signal profile be such that ss > s3 > s;. The allo-

cation probabilities are
281+ 83
N 383

fa(s)

and fi(s) = f3(s) = 0. The payments are pa(s) = s; + s3, p3(s) = —s1 and pi(s) = —s3.
Agent 2 pays 2s; + s3 and receives a redistribution transfer of s;. Agents 3 and 1 receive

redistribution amounts of s; and sz, respectively.
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EXAMPLE 3.15 Let N = {1,2,3}. Let g(x,y) = x and h(z,y) = zy. The valuation
functions are v1(s) = sg + $281 + 5183, V2(8) = s1 + 152 + S283 and v3(s) = 81 + $183 + S283.
Let the signal profile be such that s; > s > s3. Following 4 cases are possible after resolving

the tie-breaking between agents:

® S| > S9 > S3
The allocation probabilities are
23 + 53

So + 8% + S283

fi(s) =

and f»(s) = f3(s) = 0. The payments are p;(s) = s3+53, p2(s) = —s3 and p3(s) = —s3.
Agent 1 pays 253+ s3 and receives a redistribution amount of s2. Agents 2 and 3 receive

redistribution amount of s3 and s3.

® S| = S9 > S3
The allocation probabilities are

Fls) = uls) = S (2555 )

2\ 59 + 53 + 5283

1
and f3(s) = 0. Agent 1 and 2 each pay 5(23% +s3). Agent 1 and 2 each receive s3 and

agent 3 receives s3.

® S| > S9 = S3
The allocation probabilities are

2s5+55 38
So + 524 5953 289+ 1

fi(s) =

and fo(s) = f3(s) = 0. Agent 1 pays 3s3. Each agent receives an amount of s3.

® 51 = S2 =53
The allocation probabilities are

1/ 2834 s3 L/ 38
fi(s) = fals) = fs(s) = g(W) B 5(232 + 1>

Agents 1, 2 and 3 each pay s3. Also, each agent receives an amount of s2. So, p;(s) =

p2(s) = p3(s) = 0.

In each of these 4 cases, some probability is burnt at all possible signal profiles. Also, the
semi-separability condition on valuation functions plays an important role in maintaining

budget-balance in all the examples.
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Every agent gets non-negative utility in each of these examples, hence the mechanism is
EPIR. It is also EPIC as we illustrate through one of the examples. Consider the valuation

functions as in Example 3.13. Let s; > sy > s3. The allocation probabilities are

2h(ss, s3) + h(sa, s2)
g(s2,83) + h(s2, s2) + h(sa, s3)

fi(s) =

and fo(s) = f3(s) = 0. The payments are p;(s) = h(sq, s2)+h(ss, s3), p2(s) = —h(ss, s3) and
p3(s) = —h(sz2, $2). Suppose agent with signal s3 misreports to s such that s§ > s;3 > so.
His allocation probability is

2h(s2, 82) + h(s1, 81)

f3(s) = g(s1,82) + h(s1,s1) + h(s1, s2)

and fi1(s) = fa(s) = 0. The payments are p3(s) = h(sa, s2) + h(s1,51), pi(s) = —h(s2, s2)
and po(s) = —h(s1,s1). The utility of agent with signal s} is

2h(s2, 82) + h(s1, $1)
g(s1,82) + h(s1,s1) + h(s1,s2)

(g(s1,82) + h(s2,83) + h(s1,83)) — (h(s2, s2) + h(s1,51))

Net gain in utility of the agent is

= ig;?,szil—ksil)(iv;(lil ” (g(s1,82) + h(sa,83) + h(s1,83)) — (h(s2, s2) + h(s1,51)) — h(sa, s2)
B o s o s g(s1,82) + h(s2,s3) + h(s1,s3) — (g(s1,82) + h(s1,s1) + h(s1,52))
= (22, 52) + hls1, 1)) g(s1,892) + h(s1,s1) + h(sy,s9)
(h(sg,s3) — h(s1,s1)) + (h(s1,s3) — h(s1,$2))
g(s1,82) + h(s1,s1) + h(s1,s2)

= (2h(s2, s2) + h(s1,51))

As h is increasing in both the arguments, h(sq, s3) < h(s1,s1) and h(sy, s3) < h(s1,s2). The

expression in the numerator is negative. This means

(h(SQ, 83) — h(Sl, 81)) -+ (h(817 83) — ]’L(Sl, SQ))

<0
g(s1,82) + h(s1,s1) + h(sy,s2)

(2h(s2, s2) + h(s1,51))

So, the agent has no incentive to misreport to sj. Similarly, it can be shown that no other

agent has any incentive to misreport.

The next result shows that the general mechanism M?® also satisfies EPIC, EPIR and
BB.

PROPOSITION 3.3 Mechanism MP® is EPIC, EPIR and BB.

The proof of the proposition is in the Appendix.
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3.7.1 A welfare-maximizing probability-burning mechanism

In this subsection, we describe another probability-burning mechanism and study its welfare
properties. We consider a model of 3 agents i.e. N = {1,2,3}, and the valuation functions

that satisfy SAS condition and symmetry. The valuation functions are v;(s) = g(s;)+>_h(s;)
i
for all i € {1,2,...,n}. Consider the following mechanism M?".

L (2(g(ss) +2h(s3)) +g(s2) +2h(s2)\ ..
fils) = |3[11|< 3(g(s2) + h(s2) + h(s3)) ) Jif i € s1]

0 , otherwise

And the payment function of each agent is given by the Revenue Equivalence formula as
in (3.6) where,

(g(s3) +2h(s3)) , ifi=1,2

pi(ovs—i) = o
(g(s2) + 2h(sy)) , ifi=3

Wl W=

This mechanism is similar to the one described by Mishra and Sharma (2018) and ex-
tends their mechanism to interdependent-value model. The object is auctioned using the
generalized Vickrey auction. The agent with highest ranked signal at a signal profile s re-
ceives the object with probability fi(s) as his valuation is the highest among all the agents.
The agent pays fi(s)((5 + 1)s2 + Bs3). This amount is redistributed to all the agents. The
mechanism is EPIC, BB and EPIR. The following example illustrates this mechanism for a

specific valuation function.

EXAMPLE 3.16 Let g(x) = x and h(y) = PBy. The valuation functions are v;(s) = s; +

B(> s;) where 5 > 0. Let there be a signal profile such that sy > s3 > s;. Following 4 cases
i

are possible after resolving the tie-breaking between agents:

® Sy > S3 > S

The allocation probabilities are

1 2 1+23
fals) = (583 * 581) (G705 550)

and fi(s) = f3(s) = 0. The payments are pa(s) = 5(14+28)(s1+s3), p1(s) = —(1+26)2
and ps(s) = —(1+26)%. Agent 2 pays 3 (1+20)(2s; +s3) and receives a redistribution
amount of (1+23)%. Agents 1 and 3 receive redistribution amount of (1 +23)% and
(14 28)% respectively.
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® So = S| > S3

The allocation probabilities are

fa(s) = fu(s) = §(§,53+§, )((ﬁ+11)+5326+681>

and f3(s) = 0. Agent 2 and 1 each pay 6(1 2/3)(2s1 + s3). Agent 2 and 1 each receive
(1+26)% and agent 3 receives (1 + 20)3

S1
3°
® So > S = S3

The allocation probabilities are

0= (59 5) (Grom ) =

f3(s) = 0. Agent 2 pays (1 + 28)s;. Each agent receives an amount of

and fi(s) =
(1+20)%.

® Sop =851 =53

The allocation probabilities are

1

fa(s) = fi(s) = fa(s) = 3

Agent 1, 2 and 3 each pay (1420)%. Also, each agent receives an amount of (1+23)%.
So, pi(s) = pa2(s) = ps(s) = 0.

We now turn to the welfare properties of the mechanism. The welfare that a budget-

balanced probability-burning mechanism M generates at a signal profile s is

=Y fils)vils) = fa(s)vi(s)

iEN

We compare the total welfare generated by MP? with that of MP* through an example.
Let N = {1,2,3} and let the valuation functions of agents be vy(s) = 2s; + 55 + 53, v2(s) =
25y + 51+ s3 and wvs(s) = 2s3 + s1 + s2. They satisfy the SAS condition with symmetry.
They also satisfy the AS condition®. Consider a signal profile such that s; > sy > s3. The
allocation probabilities are

483 + 282
989 + 333

1653 + 839

Pboy
() 1559 + 9s3

and f1"(s) =

5This can be seen by rewriting valuation functions as v (s) = 2(s2 + s3) + 3(s1 + s2) + 5(s1 + s3) and
similarly for va(-) and vs(-) where g(z,y) = 2(z + y) and h(z,y) = 5 (z +y).
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Taking their difference we get,

1653 +8sy  4s3+ 289 (125% + 103% + 265553)

pbo pb
_ _ _ = >0
1 (s) 1 (s) 1589 +9s3  Bsg+3s3  (5sy + 353)(15s9 + 9s3)

So, fP(s) > fP(s) for all s € S™*. This implies W??(s) > W?(s) for all s € S*. The
mechanism MP* welfare-dominates the mechanism MP?. In fact, we will now show that
MP is welfare-undominated in the class of EPIR, BB, EPIC mechanisms that allocate the
object to agents with topmost signal only and that satisfy an additional property called equal
treatment at equal signals. It can be seen that mechanism AP satisfies ETES as all the

agents who have highest signal are allocated the object with same allocation probability.

We first define this additional property which is based on a similar property given by
Mishra and Sharma (2018) in private-value setting.

DEFINITION 3.7 A mechanism M satisfies equal treatment at equal signals (ETES) if for

every signal profile s in which s; = s; for any i,7 € N the following is true

fi(s) = fi(s) and pi(s) = p;(s)

We now define our notion of welfare-maximization. Let M be the class of EPIC, EPIR,
BB, ETES mechanisms that allocate the object to the agents with the highest signal.

DEFINITION 3.8 A mechanism M is welfare-mazimizing in the class M of mechanisms if
Wi (s) > Wa(s) VselS”

for all M' € M.

A mechanism M is welfare-maximizing if it welfare-dominates all other mechanisms in
the class M. By adapting the arguments in Mishra and Sharma (2018) in their private-value

model to our interdependent-value setting we can prove the following:

THEOREM 3.5 Assume agents’ valuation functions satisfy the SAS condition and symmetry.
The mechanism MP" is welfare-mazimizing in the class of EPIC, EPIR, BB and ETES

mechanisms that allocate the object only to the agents with the highest signal.

Proof: The valuation functions of agents are v;(s) = g(s;) + > _h(s;). Let M = (f,p) be a
i#i
probability-burning mechanism that is EPIC, EPIR, BB and ETES.
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If the signal profile is s = (a,a,a), ETES ensures that the object is allocated to each
agent with probability % Hence, by (3.6), the payment of each agent is

1
pi(s) = pi(0,s;) + gvi(a,a, a), Vi € {1,2,3}

As vi(a,a,a) = vy(a,a,a) = vs(a,a,a), and the mechanism is BB i.e. > p;(s) = 0, we have
iEN

Zpi(O, s_;) = —vi(a,a,a)
iEN
By ETES property, Y41 (07 Sfl) = pZ(Oa 872) = p3<07 3*3) = _%Ul(av a, a)‘

Now, change the signals of second and third agent. Let the signal profile be (a, b, b) where
a > b. The payment of each agent is

pi(s) = p1(0, s-1) + vi(a, b,b) — (vi(a, b,b) — v1(b,b, D))
1 2
= p1(0,b,0) + v1(b,b,b) = —gvl(b, b,b) + v1(b,b,b) = gvl(b, b,b)

p2(3) = pQ(O, 872) = pz(a, 0, b)
p3(s) = p3(0,5-3) = ps(a,b,0)

Following the budget-balance condition, and the fact that ps(a,0,b) = ps(a,b,0) (this follows
from ETES as agent 2 and 3 have same signal b), we get

1
p2(a7 07 b) = p3(a7 b7 0) - _gvl(b7 b? b)

Now consider the signal profile (a, a,b) where a > b. As M satisfies ETES, the object is
allocated to both agent 1 and 2 with equal probability. So fi(s) = fa(s). The payments of

each agent is

p1(s) = p1(0,s-1) + fi(s)vi(a,a,b) = p1(0,a,b) + fi(s)vi(a,a,bd)
pQ(S) p2(07 5—2) + fl (S)UQ(CLa a, b) = p2<a, 07 b) + fQ(S)U2(a7 a, b)

p3(8) = p3(0, 8—3) = ]93(6% a, 0)

As vy(a, a,b) = vs(a, a,b), we have pi(0,a,b) = pa(a,0,b) = —%vl(b, b,b).

Hence, for any EPIC, EPIR, BB and ETES probability-burning mechanism, at the signal
profile (a, b, c) such that a > b > ¢, the following is true:

Zpi((), S_;) = —%(21}1(0, ¢c,c) + vy(b,b,b)) (3.7)

i€EN
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Pbo maximizes welfare of agents. At signal profiles

Now we prove that the mechanism M
(a,a,a) and (a,b,b), the mechanism allocates the object without burning any probability. So,
no mechanism can do better at these signal profiles. Now consider the signal profile (a, a,b).
Let there be a mechanism M’ = (f’, p’) in the class M of mechanisms which generates higher

welfare at this signal profile. So,

pll (S> = pll(o S— 1) + .fl (S)Ul ((I, a, b) = pll (O’ a, b) + f{(s)vl (av a, b)
p/2(8> = p,2(0 S— 2) + fl (S)UQ(av a, b) = plz(a’ 07 b) + fé(s)UQ(aa a, b)
pg(‘S) :p:/}(07573> (CL,CL,O)

From (3.7), >-p}(0,5-;) = —5(2v1(b,b,b) + v1(a, a,a)). Using budget-balance condition and
iEN
substituting the expression of valuation functions, we get,

1(2(g(b) +2h(b)) + g(a) + 2h(a))
2 3(g(a) + h(a) + h(D))

This is same allocation probability as that of mechanism MP*°. Now consider the signal
profile (a, b, ¢) where a > b > ¢. Let f](a,b,c) > f"*°(a,b,c). We have

fils) = fals) =

0
Py(s) = ph(0, 5_) + fi(s /fx%d

Pa(s) = p5(0, s2)
Ps(s) = p5(0, s_3)

Adding these, the expression on right-hand side is,

ST = STH0,5-0) + £i(s / it sy 2021, (33)

iEN i€EN

2 Zpi 07 S—i + f1<S)U1(S) - fl(s)(vl(a7 bv C) - Ul(b7 b’ C))

iEN

_sz 0 S— +f1 )Ul(bvb>c)

iEN

> prb"(o, 5_i) + fP(s)vi(b,b,c) = 0

iEN
The first inequality follows from the the fact that the function f;(s) is increasing in s;. The
last inequality is due to Sp/(0,5_;) = S.pP*°(0,s_;) = —35(2v1(c, ¢, ¢) + v1(D,b,D)) .

i€EN iEN
By budget-balance the expression in (3.8) must be equal to zero. Hence, we get a con-
tradiction. So, f**(s) > fi(s) at signal profile (a,b,c). W

A more general result for an arbitrary number of agents remains an open question.
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3.8 (CONCLUSION

This chapter introduces a new and simple approach of designing EPIC, EPIR and BB mech-
anisms for interdependent valuation model. The s-ranking mechanisms relax ex-post effi-
ciency condition to obtain ex-post incentive compatibility without requiring the valuations
to satisfy single-crossing condition. Also, when the valuations are additively separable, the
s-ranking allocation rule can be implemented with BB transfers. In future, we would like to

characterize the complete set of valuation functions for which a BB mechanism can exist.

We also study probability-burning mechanisms by restricting the class of valuation func-
tions to semi-separable form. If the restrictions are relaxed, the existence of probability-
burning mechanisms needs to be explored. Also, finding whether there exists a welfare-
maximizing probability-burning mechanism for an arbitrary number of agents remains an

open problem.

3.9 APPENDIX

Before proving Theorem 3.1, we first prove the following lemma which provides the sufficient

condition for a s-ranking allocation rule to be ex-post implemented by a payment rule.

LEMMA 3.1 If the valuation functions (vi(s),va(s),...,v,(s)) are increasing in their own

signal, then there exists a payment rule p such that the s-ranking mechanism (m,p) is EPIC.
Proof: We show that the signal-ranking mechanism is EPIC. Consider an arbitrary

signal profile s and without loss of generality let s; > so > ... > s,,. Let the payment of

agent ranked ¢ is:
ov;(x, s_;
pi(s) = vi(s)mi— / fi(x,s_i)%da:
_Z Vj Sl+J7 7T1+J 1= 7Ti+j) (3'9)

If the agent i reports sy > s; such that his rank is i’ < 7, the payment of the agent is

(9 ;
i (S, 5—ir) = vir(sv, 5 /_/fz x,5_ o (a:c o= >dx
84
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== Z Ui/(si/+j, S_i/>(7ri/+j_1 — 7Ti’+j> -+ vy (Si’—lv S—i’)(ﬂ-i—l — 7TZ)

n—1
+ Z Uy(Sj,S_y)(T(j —7Tj+1)

=i+l

Let Au(sy, s;) = vi(s)m; — pi(s) — (vg(s)my — py(si, s—i)) be the difference between utilities
obtained by agent ranked i with signal type s; when he reports the true signal and when he

falsely reports s;;. Hence,

. .
n—i i—i —1

Au(sy, s;) = vi(s)m; — vy () — Z Vi(Sisj, 5—i) (Tirjo1 — Titj)+ Z Vi (Sitggs S—ir ) (Tirjm1 — Tirj)

Jj=1 Jj=1

+ UZ’/(Siul, S_y ) -1 — '/Tz Z Vs SJ> 7Tj+1)

Jj=i+1

= —vi(8)(mr — T+ > vi(Sijo1, 5—) (Fij1 — Tosj)
= (vir(sirj1,5-0) = vilsi,5-0)) (i1 — Tirs) (3.10)
j=1

As the function v;(s;, s_;) is increasing in s;, the expression in (3.10) is positive. Similarly if
sy < 8;, then also Au(sy,s;) > 0. Hence, the mechanism is EPIC. B

Proof of Theorem 3.1:

Let the valuation functions satisfy SAS. Consider a s-ranking allocation 7. From Lemma
3.1, there exists a EPIC payment rule p. We first show that when 7 satisfies the Condition 3.1
then it is residually balanced. Consider a signal profile s such that s; > so > ... > s, > 0.
So, using (3.2) and putting p;(0,s_;) = 0 for all the agents, the revenue that is generated is

S e =% /fzscs_za““ Vi)

iEN ZEN

— Z( 9i(si —i—Zh 83 /fl xr,S_ agl(ggi )dx>

i€EN KED)
=> (> m)h(se)+ Z — i) (91(8541) + g2(s541) + -+ g5(s541))  (3.11)
k=1 1=1,l#k
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Let T C N be such that the last ranked agent n does not belong to the set of agents T'
and |T| = n — m. In the profile (07, s_7), rank of agent n is m. The set T'U n contains

n —m + 1 agents.

Now we can rewrite the condition of residual balancedness as,

> (=D)TROr,sr) = Y (=DTROr,s0)+ Y (—=DTR(0r, s_1)

TCN TCN:neT TCN:ngT
= Z (- (R(UT, s_7) — R(Opugn}, S(Tu{n})))
TCN:ngT

From (3.11), we can compute

n

R(O0r,5-1) = R(Orumy, s—rupap) = (D m)h(sa) + (mpzis = mae) D gilsa)

k=1,k#|N\T| JENN(TU{n})

The residual balancedness condition now becomes

n

Z(—l)mR(OT,s_T): Z (—1)|T|(( Z k) h(sn) + (TnT—1 — TnT)) Z gj(Sn))

TCN TCN:ngT k=1,k#|N\T| FEN\(TU{n})

O e
X <_7T1 4 (nzl)@ — (n;1)773+...+(—1)”(Z:1)%)(:21191'(%))

If 7 satisfies Condition 3.1, the above expression is equal to zero. Hence, the s-ranking
allocation rule satisfies residual balancedness condition. Following Theorem 3.2, there exist

transfers such that s-ranking mechanism is BB and EPIC. B

Proof of Theorem 3.3:

Proof of part (i): Let MY be a wv-ranking mechanism with allocation probabilities
(p1,p2, - - -, pn) and payment rules (p1, pa, - . ., p,) are given by the Revenue Equivalence prin-

ciple as in (3.2).

Consider a signal profile s and let v;(s) > va(s) > ... > v,(s). The payment of agent

ranked 7 is:

ovi(x,s_;)

pi(s) = Ui(s)pi - Uz‘(o7 54)]%(0, S,Z-)— / fl(x’ Sfi)de

:Z Vi(Kiivg(5-i), 5-i)(Pirj—1 — pivg) — vi(0,54) fi(0, 5-3) + pnvi(max{0, rio(s_)}, 5-4)
j=1

5



where,
lﬂli7i+j(8_i) = inf {y c S | ’Ui(y, S_Z') 2 ”UH_]'(Q, S_i)} (312)
and,

Rio(s—;) =inf {y € S | vi(y,s_;) > 0}

If the agent i reports s, > s; such that his rank is & < ¢, the payment of the agent is

Puslos-) = lstos e — 050050 [ s ) Py
0
i—i/—1
= Z Vi (K (S—i), S—ir ) (Pirjm1 — pirsg) + vir(Rinw—1(S—v), S—i)(pi-1 — pi)+
Jfln_l
Z v (K j(s—ir), s—ir)(pj — pir1) — vir(0, s-i7) fi(0, s_ir) + pnvir(max{0, kio(s-i)}, 5-ir)
j=it1

Let Au(si, ;) = vi(8)pi — pi(s) — (vi/(s)pi/ — pir (i, s,i/)) be the difference between utilities
obtained by agent ranked i with signal type s; when he reports the true signal and when he

falsely reports s;;. Hence,

Au(sy, 5;) = vi(s)pi — vir(8) pir— Z Vi(Kiiti(5-i)s S—i) (Pitj—1 = Pivj)
j=1

i—il—1
+ Z Vit (Kir iy (5_ir), S—ir) (Pir 11 — Pirss)
j=1

n—1

+ vp (K1 (s—iv), S—i) (pim1 — pi)+ Z v (K j(s—ir)(pj — pjs1)
j=it+1

i
1—1

= —vi(s)(pr — pi)+ Z Uy (Kir,irjo1(S—r), S—ir)(Pirj—1 — Pir+j)

j=1

i—i!

=3 (v ijr(s-i),s-0) = vilsi,s-0)) (pirj1 — pirs;) (3.13)

j=1
Notice the expression within the first parenthesis of (3.13). Consider any j € {1,2,...,i —
i'}. We prove that ky;4j_1(s—i) > s; for all j. Suppose if this is not true. Then s; >

Kiri+j—1(S—). By the single-crossing condition,

Ui(Si, S—i) - Ui(/fi’,i’ﬂ'—l(s—i', S—i) > Ui’+j—1(3ia S—i) - Ui’+j—1(/€i’,i’+j—1(3—i'> S—i)
Rearranging, we get

Ui(Su S—i) - 'Ui’—i-j—l(sia S—i) > Ui(/{z",z"+j—1(8—i/, S—i) - Ui/+j—1(/€i/,i/+j—1(3—i', S—i)
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The expression on right-hand side is zero. Hence,
vi(8i58-i) — Virj1(8i,5-4) >0

But this is a contradiction because agent ranked i is ranked lower than agent ranked i 4 j — 1
at the type profile s. Hence, kyi4j_1(s—y) > s; for all j. Hence, the expression in (3.13),

.
1—1

Z (Ui'(/fz",z"ﬂ—l(s—i/),S—i') — v (85, —z))(ﬂz e Pz"+j) >0

Similarly if sy < s;, then also Au(sy,s;) > 0. Hence, the mechanism is EPIC.

Proof of part (ii):

Let the valuation functions satisfy SAS and single-crossing. Consider a v-ranking alloca-
tion p. From part (i) of this theorem, there exists a EPIC payment rule p. We first show that
when an v-ranking allocation rule satisfies the Condition 3.4 then it is residually balanced.
Consider a signal profile s such that vy(s) > va(s) > ... > v,(s). So, using (3.2) and putting
pi(0,s_;) = 0 for all the agents, the revenue that is generated is

SDNICEDS /f8 e

- ZEZN((g,(sl) + ;h(s] / filz, s 391(;3818 >d£L‘)
ST b0+ S (05— i) (01 (5151 (5540)) + g2(ngn(5741))
+.o.o+ gj(’fj,j+1(3j+1))) (3.14)

Let T'C N be such that the last ranked agent n does not belong to the set of agents T’
and |T| = n — m. In the profile (Or,s_r), rank of agent n is m. The set T'U n contains

n —m + 1 agents.

The condition of residual balancedness is,

Z(—1)|T|R(OT, S,T) = Z (—1)‘T| (R(OT, S,T) — R(OTu{n}> 3—(Tu{n})))

TCN TCN:ng¢T

From (3.14), we can compute

n

R(0r,s-1) = R(Oromy, s—romp) = (D pe)hlsa) + (o — o)) D, i(Kin(sn))

k=1,k#|N\T| JEN\(TU{n})
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The residual balancedness condition now becomes

n

S (-)MROr,sr) = Y (—1)'T'(( > pe)h(s) + (w1 — pvTy) D gj(’ﬁj,n(sn)))

TCN TCN:ngT k=1,k#|N\T| FJEN\(TU{n})

_ <_p1+ (n;l)pz_ (ngl)p3+...+(—1)"(2:1)pn)h(sn)
—|—<—Pl+ (n;l)m_ (n;1)03

o F (=) (n - 1) pn> ( jZ_: 95(Kjn(s0)))

n—1

If p satisfies Condition 3.4, the above expression is equal to zero. Hence, the v-ranking
allocation rule satisfies residual balancedness condition. Following Theorem 3.2, there exist

transfers such that v-ranking mechanism is BB and EPIC. B

Before proving Propositions 3.1 and 3.2 we prove the following lemma.

LEMMA 3.2 If the valuation functions satisfy single-crossing and symmetry, the following s

true for any two agents i,7 € N, and at every signal profile s:

(1) s; > sj < vi(s) > v,(s), and

(i1) s; = s; < vi(s) = v;(s).
Proof: Let 0;; be the permutation such that o;;(k) = k for all k # 4,5, 0;;(1) = j and
0ij(j) = i. (ii) follows directly from definition of symmetry. For (i), let there be a signal

profile s. Pick any two agents ¢ and j. As v; and v; satisfy single-crossing condition, this

implies that for any s; > s/,
Vi (85, 5-4) — i}, s-4) > (84, 5-4) —v;(s;, 5-4) (3.15)
If s; = s;, and let s; = 61 and s; = 65, then (3.15) can be written as,

Ui(Sl,SQ,...,91,...,92,...,Sn)—Ui(Sl,SQ,...,92,...,82,...,8n) >

’Uj(Sl,SQ,...,91,...,92,...,8n)—Uj(Sl,SQ,...,92,...,92,...,8n) (316)

As the valuation functions satisfy symmetry, the permutation o;; implies that the second

term on both sides of (3.16) are identical

’Ui(Sl,SQ,...,ez,...,92,...,Sn) :Uj(817827...,92,...,92,...,8n>
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Hence, from (3.16),
’Ui(Sl,SQ,...,91,...,02,...,8n) >Uj(817827...701,...,027...,Sn>

This proves (i). B

Proof of Proposition 3.1:

This follows directly from Lemma 3.2. As the ranking of signals and valuations coincides,
the s-ranking allocation rule 7= and v-ranking allocation rule p are the same. The s-ranking

mechanism and v-ranking mechanism are allocation equivalent. H

Proof of Proposition 3.2:

Consider the allocation equivalent s-ranking allocation rule 7 and v-ranking allocation
rule p. Their payments are also equivalent which we now prove. From Theorem 3.3, there
exists a payment rule such that the v-ranking allocation p is EPIC. Let the v-ranking mech-
anism be (p,p). Let signal profile be such that s; > s5 > ... > s,. Agent ranked i makes

payment of

pi(s) = vi(s) fi(s) = vs(0,5-3) fi(0, 5 / s, avzxw

n—i

= _Ui(07 Sfi)fi((), sz')—i‘ Z Ui(/fi,iﬂ‘(s—i), S—i)(/)iﬂel - pi+j) + pnvi(maX{O, /’ii,O(sfi)}a 371‘)

Jj=1

Here, as in (3.12) we have

Riitj(5-:) = nf {y € S [ vi(y, s4) = vig;(y, 5-3)} (3.17)

From Lemma 3.2, v;(y, s—;) = vi+;(y, s—;) only if s; = s,+;. Hence,

) = —ui0,5 )0, 50+ 3 wilsiasr5 ) s r — pieg) + putn(0, 5.
j=1

n—i

= vi(sitgs 5-i)(pivi1 — pivs) (3.18)

j=1

Comparing (3.18) with (3.9), the allocation equivalent EPIC s-ranking mechanism with the

allocation rule 7 has the same payment as the payment of v-ranking mechanism. If the
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allocation rule satisfies Condition 3.1, then from Theorem 3.1, the payment rule can also be
BB. Hence, v-ranking mechanism is also EPIC and BB. B

Proof of Theorem 3.4:

Let there be an arbitrary s-ranking mechanism 7 = (71, m,...,m,). The efficiency ratio

of the mechanism at arbitrary signal profile s is:

mvm(s) + 71'21}[2](8) + ...+ an[n]<8) ot 'U[Q}(S) v[n}(s)
vpy(s) vp (s)

The worst-case efficiency ratio is

= inf (m L wnv["](s))
ses™ vm(s)

If the signal profile is such that s; > s9 > ... > s,, then

) _u(s)
n=m+ 2U1(8>+...+ nvl(s)
vh(sz) + ;h(sy’) Yh(sn) + ;h(sj)
N yn(s1) + S, yh(s1) + S;
7””2( (2] + S >)+“'””( oa) + S >)

The minimum value of each of the n — 1 ratios is

(s1,82,--.,8,) = (1,0,0,...,0). Hence,

1
/J/:7T1—|—;(7Tg+71'3—|—...+71'n):(1——>7T1—|——

The optimization problem is:

1 1
max (1 — —>7T1 + —
(71,7950 ™) ’Y ’Y

s.t. m >0
7Tl—|—7T2+...+7Tn21
- -1
> (1Y (n 1)%‘ =

JEN J =

Tig1 — T <0

and the minima occurs at

1 1

g v

Vie{l,2,...,n}

Vie{1,2,...,n—1}

This optimization problem is equivalent to the optimization problem solved by Long et al.

(2017) to find the optimal worst-case efficient ranking mechanism in the class of dominant
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strategy incentive compatible and BB mechanisms. This is because all the constraints in both
the problems are identical and the objective function above is a monotonic transformation
of objective function of their optimization problem. Hence, 7* also solves our optimization

problem and maximizes the worst-case efficiency ratio. B

Proof of Proposition 3.3:
We first prove that the probability-burning mechanism is BB and EPIR.
Payments of agents are:

p1(s) = —h(Sn, Sny- -, Sn)
( (n— D)h(Sn, Sny -5 8n) + h(Sn—1,Sn—1, -+, Sn-1)
g(s-1) + h(s2,83,...,8,) + D h(52,52,83,...,8-1,5j11,---,5n

5£1,2

n Zh s ) ( (n — 1)h(Sns Sny -+ Sn) + M(Sn—1,Sn—1, - -, Sn—1) )
~3) (5-1) + (52,83, ..., 8n) + D h(S2, 82,83, ..y 8j-1, 841+, Sn)

J#1,2

Zh S_j) — h(s2,83,...,8,) — Zh(SQ,SQ,Sg, ey 81y Sty s Sn))

i#1 #1,2
= —h(Sn, Sn, -+, Sn)+
(n—D)h(Sn, Sny -y 8n) + h(Sn—1,Sn—1, -+, Sn-1)
(g(s_l) + h(s2,83,...,5n) + >, h(s2,52,83,...,5j—1,5j+1,- -+ 5n

J#1,2

h(sa,S3,...,Sn) + Zh(SQ, $9, 83,3 Sj1, Sj+1s-- -, 5n))

J#£1,2
= —h(Sn,Sny--y8n) +(n — D)h(Sny Sny oy Sn) + h(Sn—1, Sn—1y -+, Sn—1)
=(n—2)h(Sn, Sn,---5n) + A(Sn_1,Sn—1,- -+, Sn-1)

pi(8) = —h(Spn, Spy -, 8n) Vi €{2,3,...,n— 1}

pn(s> = _h(snfb Sp—1y- -+, 3n71>

)>(9(3—1)

) (gs)+

Clearly, > p;i(s) = 0. The mechanism is BB.

i€EN

The utility of agents are:

ui(s) = vi(s)fi(s) — pi(s)
- (n—1D)h(Sn, Sny--s8n) + h(Sn_1,80-1,++,Sn_1) )
— <9(8_1) +h(82,83,...,8n) + Z h(82’82783""7Sj—175j+1,-..,8n)>(g( —1)

J#1,2

+ Zh s_j (n—2)h(Sn, Spy- -+, Sn) + h(Sp—1, Sn_1,- - - ,Sn—1))

J#1
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( (n—1)h(Sns Sny - - -y Sn) + h(Sn—1,Sn—1,- -+, Sn—1) >(Zh(s )
g(s-1) + h(s2,83,...,8,) + > h(s2,52,83,...,8-1,5j11,---,5n) -

ot i#1
— h(s2,83,...,8,) — Zh(SQ, $2, 83 ooy Sjo1s Sitly- - - s sn)) + h(Sn, Sny -+ -5 Sn)
i#12
ui(s) = h(sn, Sny .-+, 8n) Vi€ {2,3,...,n—1}
Un(8) = h(Sn—1,Sn—1, -+, Sn-1)

As each valuation function is weakly increasing in its own signal,

Zh(S,]’) — h(SQ, S3,... ,Sn) — Zh(SQ, 59,83, ..., 3]'717 Sj+1, ey Sn) 2 0
J#1 J#£1,2
Hence, ui(s) > 0. If h(-) function is non-negative then w;(s) > 0 for all 7 # 1. Hence, the

mechanism is EPIR.

Suppose, agent ranked n misreports to s/, > s;. His utility if he reports truthfully is

un(8) = h(Sn—1,8n—1,---,Sn_1). The agent’s new utility is
, B (n— 1D)h(Sp—1,Sn—1, -+ Sn-1) + h(Sn—2, Sn—2, - -, Sn—2)
Un(Spyy S—n) = (9(s-n)
g(s—n) + h(Sl, 82y, Sn—l) + Z h’(317 82583,y Sj—1,Sj4+15- - - 7‘91)
i#ln
+ Zh(S_j)) — ((n — Q)h(Sn_l, Sp—1y--- ,Sn_l) + h(Sn_Q, Sn—2y .-, 3n—2))
i#n

Let Au(sy, s;) = vi(s) f;(s)—pi(s)— (vi(s) (s}, s—3) —pi(s}, 5_;)) be the difference between
utilities obtained by agent ranked ¢ with signal type s; when he reports the true signal and

when he falsely reports s;;. Hence,

(n—1)h(Sn, Sny- -, Sn) + h(Sn—1,8n—1, -+ Sn—1)
A i’y 9i) — h -J
U(S S) <g(3_1)+h(82,837...,8n)+ Zh(SQ,SQ,Sg,...,Sj_1,8j+1,...78n)>(2 (S ]>

J#1,2 a#n
- h(Sb 82500 Sn—l) - Zh(sh 52583, Sj—1,Sj4+15- - - 751))
i#1,n
_ < (n—1)h(Sn, Sny- -+, Sn) + h(Sn—1,8n—1, -, Sn_1) )
g(s5-1) + h(sg,53,...,5,) + > h(52,52,83,...,5,-1,5j41,---,5n)
J#1,2
X (h(ShSz, .. -aSn—l) + Zh(51752a33> sy Si—15 85415 - - -,51) - (Zh(s—j))
i#1n #n

As each valuation function is weakly increasing in its own signal, the expression in the bigger
parenthesis on the right side is non-negative. Hence, Au(s;,s;) > 0. Similarly we can

show that any agent ranked higher than agent n has no incentive to misreport. Hence, the
mechanism is EPIC. B
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Chapter 4

PROBABILITY-BURNING MECHANISMS IN
MULTIPLE-GOOD ALLOCATION PROBLEMS

4.1 INTRODUCTION

We consider the problem of allocating m units of a good among n agents. Each agent
demands a single unit of good the valuation of which is his private information. Agents can
give or receive payments but aggregate payments must be zero. There are several instances
in real-life where such a problem arises, for instance, in allocating bequests among various

claimants (see Coombs (2013) for a real-life example).

Other properties that mechanisms are required to satisfy are incentive-compatibility,
individual-rationality and efficiency®. A standard result in mechanism design theory is the
Green-Laffont impossibility result (Green and Laffont (1979)). According to it, no mechanism
can simultaneously satisfy efficiency, incentive-compatibility and budget-balance. So, one of
the properties must be relaxed in order to find a mechanism which satisfies two properties

and a weakened version of the third.

In this chapter, we relax the property of efficiency and look within the class of incentive-
compatible and budget-balanced mechanisms. We follow the approach of Mishra and Sharma
(2018). They consider a single-good allocation problem and their mechanism allocates the
good only to the agent with the highest valuation. Some of the allocation probability is burnt

at some valuation profiles. Such a mechanism is called a probability-burning mechanism.

*This contrasts with the approach of Dastidar (2017) who focuses on goals of efficiency and revenue

generation for mechanisms that allocate a scarce object to a set of agents.
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The chapter has two objectives. The first is to extend the mechanism of Mishra and
Sharma (2018) to the multi-good allocation problem. We propose the equal-probability-
burning mechanism which allocates a single unit of good to each of the top m highest-
valued agents with equal probability. The probability is auctioned through a multi-unit
Vickrey auction and the revenue collected is redistributed back to the agents which ensures
budget-balance. We then compare the welfare properties of this mechanism with some other
mechanisms that are budget-balanced (BB), dominant strategy incentive-compatible (DSIC)
and individually-rational (IR). These mechanisms are the multi-unit extension of Green-

Laffont mechanism and the single-unit burning mechanism given by Guo and Conitzer (2014).

We find that the worst-case efficiency ratio of multi-unit Green-Laffont mechanism is

higher than that of equal-probability-burning mechanism. If the number of agents is greater

than m + %2 + \/ m(m? —1) + mT4 the worst-case efficiency ratio of the equal-probability-
burning mechanism is greater than that of single-unit burning mechanism. The expected
total welfare of equal-probability-burning mechanism is less than that of the multi-unit

Green-Laffont mechanism but converges to it as n increases.

The second objective is to design probability-burning mechanism with reserve prices.
Goods are allocated only if the valuations of at least m agents are above the reserve price. In
this case each of the m agents with the highest ranked valuations is given a good with equal
probability. The allocation probability depends on the relationship between the reserve price
and the valuations of (m + 1) and (m + 2)** ranked agents. We show that the mechanism
is BB, IR and DSIC.

Our main goal is to demonstrate that introducing reserve prices may increase the expected
welfare of agents. For this purpose we assume that valuations are uniformly distributed. In
the restricted setting of n = 4 and m = 2, we show that the optimal reserve price is non-zero.
For a single-good model we explicitly compute the optimal reserve price and show that the
expected total welfare with the reserve price is greater than the expected total welfare in the
mechanism of Mishra and Sharma (2018) (henceforth called the MS mechanism).

This chapter proceeds as follows. Section 4.2 discusses the literature survey. The
model and basic definitions are introduced in Section 4.3. Section 4.4 describes the equal-
probability-burning mechanism for multiple units of good and discusses the welfare proper-
ties. Section 4.5 describes the mechanism when there is a reserve price. Section 4.6 is the

conclusion.
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4.2 RELATED LITERATURE

There are many papers that explore the relaxation of efficiency in the Green-Laffont impos-
sibility result!. The simplest mechanism is the Green-Laffont mechanism which allocates the
good to agent with highest valuation with a probability of 1 — % and to the second-highest
agent with probability =. Long et al. (2017) define a class of ranking mechanisms in which
the good is allocated to agents not having the highest valuation with positive probability.
They find the least inefficient mechanism in the class of BB and DSIC mechanisms which
allocates the good to § agents. Long (2019) extends the result to multi-unit case. Long
(2018) finds the least inefficient mechanism in a class of envy-free, BB and DSIC ranking

mechanisms.

Mishra and Sharma (2018) find the Pareto optimal probability-burning mechanism for a
single good in the class of BB, IR and DSIC mechanisms. As number of agents grow, their
mechanism converges to efficiency and the ex-ante expected welfare converges to that of
Green-Laffont mechanism. Some of the probability is necessarily burnt in their mechanism.
This technique of destroying the good has also been explored by de Clippel et al. (2014). They
propose a deterministic mechanism in which the burning of units of good depends on the
valuation of agents but they optimize in the class of weakly BB, IR and DSIC mechanisms.
Vikram (2021) studies similar problem in an interdependent value setting. He identifies
three types of mechanisms - signal-ranking mechanisms, valuation-ranking mechanisms and
probability-burning mechanisms and gives conditions on valuation functions under which

these mechanisms satisfy incentive-compatibility, individual-rationality and budget-balance.

For multi-unit case, Guo and Conitzer (2014) study two types of linear redistribution
mechanisms for allocating multiple units of good while maintaining strict budget-balance.
One way is to partition the agents and goods into two sets each and allocate the sets of goods
arbitrarily to the sets of agents through separate VCG mechanisms. The revenue generated
by one set of agents is redistributed equally to all the agents in the other set. These are called
partition mechanisms and it turns out that Green-Laffont mechanism is the least inefficient
mechanism in this class. The other type of mechanism is the single-unit burning mechanism.
A unit of good is burnt with some probability and rest of the units of good are allocated to
highest valued agents. Gujar and Narahari (2008) extend their result to the case of multiple

heterogenous goods.

TRefer to Mishra and Sharma (2018) for a detailed literature survey on different ways in which the

Green-Laffont impossibility result can be relaxed.
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4.3 THE MODEL AND BASIC DEFINITIONS

There are m identical units of a good which are to be allocated among n agents. We assume
throughout that n > m + 2*. Let the set of agents be N = {1,2,...,n}. Each agent
demands only one good and has a valuation v; for the good which is his private information.
The valuations are independently and identically distributed in the unit interval V' = [0, 1]
according to the distribution function G and corresponding density function g. A valuation
profile is v = (v1, vy, ...,v,). Denote the agent with i highest valuation in any valuation
profile by v(;). The agents are ranked as vy > vy > ... > v) where v(y) is the highest

valuation and v, is the lowest valuation.

An allocation rule is a map f : V™ — [0,1]" where f;(v) denotes the probability of
allocation of a unit of good to agent i when the valuation profile is v = (vy,va,...,vy).
The allocation probabilities are assumed to satisfy the feasibility condition »_ fi(v) < m

1EN

for every v € V™. The payment rule of agent 7 is p; : V" — R. A mechanism M is pair

(f,p) = (f1, for- o, fnsP1, P25 - - -, ) and gives utility of v;f(v) — p;(v) to agent i for all
1=1,2,...,nand v € V". A mechanism must satisfy the following properties:

e A mechanism M = (f,p) is dominant strategy incentive-compatible (DSIC) if for every
i € N, and every v_; € V"1 and for every v;, v} € V

Uifi(”iyvfi) - pi(”iyvfi) > Uifi(vga U—i) - pi(vga Ufi)

e A mechanism M = (f,p) is individually-rational (IR) if for every i € N, and every
veVn
v fi(v) = pi(v) = 0

e A mechanism M = (f,p) is budget-balanced (BB) if for every v € V"

> pi(v) =0

ieN

We define some welfare measures for mechanisms. The total welfare of a mechanism at

any valuation profile v € V" is

W (v) = Z(%fz(“) —pi(v))

i€N

If n < m, the problem is trivial as each agent is always allocated a unit of good.
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For a budget-balanced mechanism, the total welfare becomes

W (v) = Zvifi(v)

iEN

The best possible welfare that a budget-balanced mechanism can achieve is
W+ (U) = V(1) -+ U(2) -+ U(3) 4+ ...+ U(m)

We define the worst-case efficiency ratio for a budget-balanced mechanism.

DEFINITION 4.1 For a budget-balanced mechanism M = (f,p), the worst-case efficiency
ratio 1s given by
WM
o™ = min )

vev™ W*(U)

This is the minimum ratio of total welfare generated by a mechanism and the best possible

welfare among all valuation profiles.
Another measure of welfare is the expected total welfare.

DEFINITION 4.2 Given a distribution G, for a budget-balanced mechanism M = (f,p), the

expected total welfare is given by
E[WM] :// L / <Zvifi(v)>g(vn)g(vn_1) .. g(vy)dvydvo,_q ... dvy
0 o o iEN

Denote by v[k] the set of agents who have the k' highest valuation at v. Formally,
v[l] ={i e N|v; >v; Vj € N}

At any valuation profile v, the set of agents can be partitioned into disjoint sets
ng(v)

o[1],v[2], ..., v[no(v)] such that U v[k] = N. Here, v[k] is given by,

k=1

olk] = {i € N\ (U olk]): v 2 v; ¥j € N\ (U [k}

Also, ng(v) is the index corresponding to set of agents with lowest valuation at a valuation

profile v. If m units of a good are to be allocated, let the set of goods be partitioned into
ng(v)

My, M2, ..., Mp,(v) sSuch that Y my = m. The set of agents v[k] is allocated m; < |v[k]|
k=1

units of good for all £k =1,2,...,n(v).
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Now consider the special case in which the allocation of all units of good is done as
follows. Pick a valuation profile v € V™. First, for k = 1 the agents in v[1] are allocated
my = |v[1]| units of good. Then for k = 2 agents in v[2] are allocated my = |v[2]| and so
on for each k till k£ = m(v) — 1. The index m(v) corresponds to the set of agents of lowest
valuation i.e. v[m(v)] to which the remaining units of good mg ., are allocated such that
my+ma+ ...+ Mme) =m and m(v) < [v[m(v)]|. The agents in set v[m(v) +1], ..., v[ne(v)]

are never allocated any unit of the good at any valuation profile.

DEFINITION 4.3 An allocation rule f is efficient if at every valuation profile v € V"

(i) the agents in vlk] for each k € {1,2,...,m(v) — 1} are allocated my, = |v[k]| units of
good

(ii) the agents in v[m(v)] are allocated the remaining units of good

(iii) the agents in v]k] for each k € {m(v)+1,...,n0} are never allocated any unit of good,

and the allocation probabilities are such that

Y filw)=m

ieukm:“{)v[k]

A mechanism M = (f,p) is efficient if allocation rule f is efficient.

Efficiency requires all units to be allocated to the top m highest valued agents at any valuation

profile with probability one.

A probability-burning allocation function f satisfies the following properties: for all val-

uation profiles v,

(i) fi(v) =0 for all i € v[k], k € {m(v) +1,...,ne(v)}

(i) >_fi(v) <m.
iEN
A probability-burning mechanism is a pair (f, p) where f is a probability-burning alloca-
tion function. Note that a probability-burning allocation function assigns the units of good
with positive probability only to agents who have the m highest valuations. However, all
units of the goods may not be allocated with probability one. It allows for the possibility
that at some valuation profile v, > fi(v) < m, i.e. units of the good are wasted or prob-
iEN
ability is “burnt”. This is a violation of efficiency and will occur when probability-burning

mechanisms are required to additionally satisfy incentive-compatibility and budget-balance.
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4.4 THE EQUAL-PROBABILITY-BURNING MECHANISM

Our goal in this section is to introduce the equal-probability-burning mechanism and compare
its welfare properties with two other BB, IR and DSIC mechanisms. We begin with an

informal description.

In the equal-probability-burning (EP) mechanism, all units of good are allocated through
a multi-unit Vickrey auction. The probability auctioned for each unit of good is the same
and it depends on the valuations of (m + 1) and (m + 2)"" ranked agents i.e. the agents
immediately after top m valuations. All agents who receive a unit of good pay the same
amount each which is a convex combination of valuations of (m + 1) and (m + 2)™" agents.
As m agents receive one unit each, the total revenue generated is ™ ((n —m—1)V(m2) +(m+
1)U(m+1)). All the revenue is distributed back to the agents and the amount that each agent
receives does not depend on the agent’s own valuation. The structure of EP mechanism is

similar to that of MS mechanism and is its straight-forward extension to the multi-unit case.

When there are ties in valuations of agents, the units of good are allocated in a sequential
manner with the agents having highest valuation being allocated first, the agents having
second-highest valuation being allocated next and so on until all the units have been assigned.

We now provide a detailed description of the mechanism by including the tie-breaking rules:

1. The agents report their valuations vy, vs,...,v,. The set of agents is partitioned into

the sets v[1],v[2],...,v[no] and m(v) is computed.
2. The allocation is done as follows:

(a) Allocate m; = |v[1]| units of good to agents in set v[1] with each agent receiving
(m+1)) + ((m+1))v<m+z>

no Vmyn)

one unit of good with probability (1 —
(b) Repeat this for each k € {2,3,...,m(v) — 1} such that each set of agents v[k]

receives my, = |v[k]| units of good.
(c) Allocate mamy) units of good to agents in the set v[m(v)]. Each agent is allocated

Mm(v) (n—m-=1 , (m+1) Vn+2)
v[m(v)]| ( n + N V(m41) ) :

(d) Agents in the sets v[m(v) + 1],...,v[no(v)] are not allocated anything.

a unit of good with probability |

DY 1) + () v y2) each.

3. Agents who receive a unit of good pay (1 —
4. The surplus is redistributed as follows:

(a) Agents 1 to m + 1 receive Zv(n 42y each.
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(b) Agents m + 2 to n receive v, 11) each.

The allocation functions are:

e (1 — ) o (b sy i e k] for k € {1,2,...,m(v)}

iy () = " o mey
, otherwise
The payment functions are given by:
v(i)
p(%P(v) () L0, v_ @) + /f (z,v_@))d
Here,
— Uty 5 ifi€{1,2,...,m+1}
iy (0,0-@) =

—%U(erl) ,ifi e {m—|—2,...,n}

The following examples illustrate the mechanism. In each case, let N = {1,2,3,4,5} and
m = 2.

EXAMPLE 4.1 Let there be a valuation profile such that v = v3 = vy > v; > vs. Here,
v[l] = {2,3,4}, v[2] = {1} and v[3] = {5} and m(v) = 1. The allocation probabilities
are fo(v) = f3(v) = fi(v) = ( —l—?ﬁi) and fi(v) = fs(v) = 0. Agents 2, 3 and 4 pay

%(% + g“l)v each. Agents 2,3 and 4 receive gvl each and agents 1 and 5 receive

So, pa(v) = p3(v) = pa(v) = F5vs and py(v) = ps(v) = —2vs.

§v4 each.

EXAMPLE 4.2 Let there be a valuation profile such that v, > v5 = v = vy = v3. Here,
v[l] = {2}, v[2] = {1,3,4,5}. So, m; = 1 and m(v) = 2. The allocation probabilities are
falo) = 5435 = 43 = Land fo(0) = file) = fal0) = fao) = 53+ §33) = 3. Agent
2 pays vy and agents 1,3,4 and 5 pay %. All agents receive 51}1 each. So, pa(v) = %vl and
p1(v) = p3(v) = pa(v) = ps(v) = 2307)1

EXAMPLE 4.3 Let there be a valuation profile such that vs > vy > v3 > v4 > vs. Here,
v[l] = {5}, v[2] = {1}, v[3] = {3}, v[4] = {4}, v[5] = {2}. So, m; =1 and m(v) = 2. The
allocation probabilities are f5(v) = fi(v) = 2 + %Z—g and f3(v) = fa(v) = fo(v) = 0. Agents
5 and 1 pay ( +3 ”4)113 each. Agents 5,1 and 3 receive §v4 each and agents 4 and 2 receive

gvs each. So, ps(v) = pi(v) = 5U3 + 51)4, p3(v) = —5U4 and p4(v) = pa(v) = —§U3-
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As is evident from the examples, the mechanism is BB. The mechanism is also IR as each
agent gets non-negative utility. We illustrate that it is DSIC. In the Example 4.3, let agent
4 report v such that v > vs > vy > vz > vo. Agent 4 is allocated the good with probability

% + %:j—f and has to pay %vl + %Ug. The change in his utility is

<2+31)3> <2 +1 ) 2 <2+3v3>( ) <0
—+-=Jy—(zv1+=-v3) —zvz3=(=+=—")(vg—v

5 50/ 0 \5 57 5° 7 \5 5u/ "

Agent 4 has no incentive to report v}. Similarly, it can be shown that no agent has any

incentive to misreport, i.e. the mechanism is DSIC.

The next proposition generalizes this.
PROPOSITION 4.1 The EP mechanism is BB, IR and DSIC.

The proof is in the Appendix.

In the next subsection, we compare EP mechanism with different BB, IR and DSIC

mechanisms found in the literature.

4.4.1 Comparison of welfare properties of mechanisms

We first give a brief description of two mechanisms that are found in the literature of al-
location of goods among agents. The two mechanisms are the multi-unit version of the
Green-Laffont (GL) mechanism and the single-unit burning (SU) mechanism as given by
Guo and Conitzer (2014). Then we compare the welfare properties and worst-case efficiency

properties of equal-probability-burning mechanism with these mechanisms.

Multi-unit Green-Laffont mechanism: There are m units of a good which are to
be allocated to n agents. An agent is picked at random and a multi-unit Vickrey auction is
conducted among rest of the agents. The revenue that is generated is given to the agent that
was picked out. For instance, suppose there are 4 agents and 2 units of a good. Let there
be a valuation profile such that vs > vy > vy > vy. If agent 1 is excluded then agents 3 are
4 are allocated the units of good and they pay v, each which is given to agent 1. Formally,

the allocation and transfer functions are:

1-+ ifie{l,2,...,m}
f(?)L(U): m Jfi=m+1
0 , otherwise
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The payment functions are given by:

(1— 2y, ifie{1,2,...,m}

Py (v) =<0 Cifi=m+ 1
—%U(erl) yifie{m+2,...,n}

EXAMPLE 4.4 Let N = {1,2,3,4} and m = 2. Let there be a valuation profile such that
vg > v1 > vy > vy. Agents 3 and 1 get one unit of good each with allocation probability
fs(v) = fi(v) = 2. Agent 4 gets a unit of good with probability fy(v) = 5. Agent 3 and 1

va ives %
pay % each and agent 2 receives 3

By construction, the mechanism is BB. Also, as the multi-unit Vickrey auction is DSIC
and IR, the GL mechanism is DSIC and IR.

Single-unit burning mechanism: There are m units of a good which are to be allo-
cated to n agents. Out of these m units, m — 1 units of good are allocated by the standard
multi-unit Vickrey auction. With a probability of 2=, the good that is left is allocated and

n—m

with probability of =7

the unit of good is burnt. If the m* good is allocated, all the agents
Pay U(m+1) each and if it is burnt then they pay v,, each. Each agent receives a redistribution
amount of Z=¢ L times the valuation of m* highest agent from among the rest of the n — 1
agents. For 1nstance, let n =5 and m = 3. Let valuation profile be vy > v > v5 > v3 > vs.
Agents 4 and 1 are allocated one unit of good each. The third unit of good is allocated
with probability % to agent 5 and with rest of the probability it is burnt. If the third unit
of good is allocated, then agents 4, 1 and 5 pay v3 each. If the unit of good is destroyed,
then agents 4 and 1 pay vs each. Agent 4, 1 and 5 receive % and agents 3 and 2 receive
5. Formally, suppose the valuations of agents are vy > vy > ... > v,. The allocation and

transfer functions are:

1 Lifie{l,2,...,m—1}
f@)={mt i
0 , otherwise
v
Py () = p(y (0,v-)) + /f T,U_()
Here,
— (=) if i € {1,2,...,m}
n (m+1) >
Py (0,v_»)) = _11 N
—(51)vemy L ifie{m+ 1. n}



EXAMPLE 4.5 Let N = {1,2,3,4,5} and m = 3. Let there be a valuation profile such that
vy > U1 > U5 > U3 > vo. Agents 4 and 1 get one unit of good each with allocation probability
fa(v) = fi(v) = 1. Agent 5 gets a unit of good with probability f3(v) = % The payments
are ps(v) = pi1(v) = 2, ps(v) = 0, p3(v) = p2(v) = —2. Suppose agent 3 reports vy such
that v > vy > v1 > v5 > vy. He gets a unit of good with probability 1 and has to pay
5. His utility is v3 — 5. The change in utility is vy — 3 — 2 = %(03 — v +v3—v;5) <0.
The agent has no incentive to misreport as v4. Similarly, none of the other agents has any
incentive to misreport. The mechanism is DSIC. Also, each agent gets non-negative utility.

So the mechanism is IR. The sum of payments is zero and hence the mechanism is BB.

The Table 4.1 gives the payoff of each agent in the 3 mechanisms when N = {1,2,3,4,5}
and m = 2. Notice that only the GL mechanism allocates the good to agents below top m
valuations. The SU mechanism allocates the units of good unequally. It allocates all the
units of good except one with probability of 1 and with positive probability destroys the last
unit of good. The lowest ranked agent to be allocated the good in GL and SU mechanisms

does not pay or receive any amount.

n=>5m=2 Agents
Mechanisms (1) 2) (3) (4) (5)
EP G+E32 5w+ | G+352 50w+ | (0,—3vw) | (0.—Rv) | (0,—3v)
2
V) 503)
GL (5, 2v») (5. 2v) (3,0) | (0,—2v) | (0,—2ve)
SU (1, fve (,0) (0,—3v) | (0,—3ve) | (0,—jv)

Table 4.1: Allocation probabilities and payments of agents in different mechanisms

Given a valuation profile v, the welfare generated by these 3 mechanisms are:

WEP@) _ ((1 _m+ 1) n (m+ 1)v(m+2)>(v(1) + vy + ..+ V)

n n U(m+1)
1 1 m
WGL<U) = (1 — E)U(l) + ...+ <1 — E)’U(m) + E’U(erl)
(1 1)( +0@) + -+ Vm) + —
= —— (v v e+ Um —V(m
n) VM 2) (m) 5, V1)

m—1
W3 () = (vq) +ve) + - -+ V1)) + (n 1 )U(m)

Suppose n = 4 and m = 2. The welfares of these three mechanisms are

3 1
WGL(U) = Z(U(l) + ’0(2)) + 57)(3)
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1 v
WEP () = (= + =) (v + vi2)

4 4 Vs
1
W5 (v) = vy + 30

If v = (0.9,0.8,0.7,0.1), then W > WEP and if v = (0.9,0.8,0.7,0.7) then WL <
WEFP So, there exists a set of valuation profiles with a positive Lebesgue measure where EP

mechanism generates more welfare than the GL mechanism.

We state the main result of this section.

THEOREM 4.1 1. %L > oFF

2. aff > o5 z’fn>m+m72+\/m(m2—1)+m74.

3. For uniform distribution G, E[W] — E[WFF] = O(%)

Proof: The worst-case efficiency ratios for the three mechanisms are

1
Epzl_m+

a
n
1
OéGL —1—-=
n
oSU — n(m —1)
m(n — 1)

Clearly, the worst-case efficiency ratio of GL mechanism is higher than that of EP mech-
anism for all values of m. The worst-case efficiency ratio of EP mechanism is higher than
that of the SU mechanism if

m+1_  n(im-—1)
- >
n m(n — 1)

1

2 4
orn>m+m7—|—\/m(m2—1)+mz

The expected total welfare of GL mechanism is:
1 1 m
EWGL:E[(1——) (1——) SR, }
(W vt ) Vem) V)
1 m
_ (1 . 5) (Blow] + Elo] + - + Elogn])) + = Elvn)

1 n n—1 n—m-+1 m/n-—m
S by ety ey
n/\n+1 n+1 n n n

—%((2n—m+l)(n—l)+2(n_m)>
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(a) Equal-probability-burning mechanism (b) Green-Laffont mechanism

5 T T T T T T T I I I I I I I 5 T T T T T T T I I I I I I I
— m=2 m=3 — m=2 m=3

4.5 — — 4.5 —
m=4 m=5 m=4 m=5

4 — 4

.27 /
O E sl /

Expected Welfare
M)
o
T
|
Expected Welfare
)
o
T

| | | | | | | | | | | | | | | | | | | | | | | | | | |
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 o 1 2 3 4 5 6 7 8 9 10 11 12 13 14
n n

Figure 4.1: Expected welfare of mechanims for uniform distribution

The expected total welfare of EP mechanism is:

E[WEP] :E[<<1 — (m;— 1)> n (mzl)ZE:jQ(v(l) + v +...+v(m))}

_ (1 _ mTH) (E[va)] + Elvg)] + ... + E[vwm))

T I [ U X P

n V(m+1) V(m+1) V(m+1)
- m@2n—-m+1)(n—m—1 N ((m+1)>(n—m—1)
 2(n+1) n n n—m
~_mn—-—m—1)2n—-m+1)

2n(n —m)

The expected total welfare of SU mechanism is:
m—1
E[WSU] = E[(U(l) + @) + ...+ Van-1) + T U(m))

= Efvw] +Efv] + - + Elom-n] + ——E[ogm)
(2n —m)(m —1)

2(n—1)
Now,
E[WEL] — E[WEF] = ﬁﬂ) <(2n —m ) —1) +2(n — m))
m(n—m—1)2n —m+1)

2n(n —m)
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~ m(m+1)
~ 2n(n —m) (4.1)

Thus, E[WL] > E[WEP] for all values of n and m. As n increases the difference between

the two values decreases. The expression in (4.1) converges to zero at the rate # |

In Figure 4.1, notice that for small values of n, the gap between the ex-ante expected
welfares of the two mechanisms is large irrespective of values of m. Irrespective of the number
of units of goods, the difference between expected total welfare of GL mechanism and the
EP mechanism approaches zero as the number of agents increases. Thus, for large values of
n, both the mechanisms give approximately the same expected total welfare. As illustrated
by Mishra and Sharma (2018) in the single-good case, the comparison between the expected

total welfare of the two mechanisms is difficult for a general distribution of valuations.

4.5 PROBABILITY-BURNING MECHANISMS WITH A RESERVE PRICE

In this section we show that introducing a reserve price in the equal probability burning

mechanism may improve the expected welfare generated by probability-burning mechanisms.

Consider the following variant of the probability-burning mechanism. Fix a reserve price
r. The allocation function allocates a unit of good to the top m agents only when the
valuation of each of them is above r. Even if the valuation of m!" agent falls below the
reserve price, no good is allocated to any agent. The allocation probabilities depend on
the valuations of (m + 1) and (m + 2)! agents. The mechanism differs from the equal-
probability-burning mechanism when the valuation of (m+2)" agent drops below the reserve
price. When the valuation profile is such that v(,,41) = r > v(m42), the allocation probabilities
depend on the reserve price and v(y41), and if v(,41) < 7, the allocation probabilities are

constant values.

We give a formal description of the mechanism which we call the BR mechanism. Recall
m(v) from the previous section. Let m,(v) be the index corresponding to agents with least
valuation such that v; > r for i € v[m,(v)] and v; < r for all i € v[k] where k € {m,(v) +

1,...,n0(v)}.

1. The agents report their valuations vy, vs,...,v,. The set of agents is partitioned into
the sets v[1],v[2], ..., v[no], and m(v) and m,(v) are computed.

2. If m(v) < m,(v), then all the m units are allocated through the top-only allocation rule.
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The allocation probabilities are calculated depending on whether v(,,11) and v, 42y are

higher than r or not and are as follows:

(a) If m(v) < m,(v) and vm+2) € v[k] for some k < m,(v), then for each unit of
good the probability ((1- (m+1)) + (mtl) U(m+2)) where k € {1,2,...,m(v)}

n V(m+1)
is allocated through the multi-unit Vickrey auction with reserve price.

(b) If m(v) < m,(v), Vonsr) € v[j] for some j < m,(v), and V(m42) € v[m,(v) + 1],
then for each unit of good the probability [k” ((1 — (m:”) + (m: 1 o T+1>) where

ke {1,2,...,m(v)} is allocated through the multi-unit Vickrey auction with

reserve price.

(c) If m(v) = m,(v) and v4n41) € v[M(v) + 1], then for each unit of good the prob-
ability 1 — ™ is allocated through the multi-unit Vickrey auction with reserve

price.
3. Agents make the following payment:
(a) Ifm(v) < m,(v) and v(m49) € v[k| for some k < m,(v), then agents in sets i € v[k]

where k € {1,2,...,m(v)} pay an amount of 7, ((1_ (m:l))+ (m+1) U(m+2)>v(m+1)

n V(m+1)

each.

(b) If m(v) < m,(v), Vongry € v[j] for some j < m,(v), and V(my2) € v[m,(v) + 1],
then agents in sets i € v[k] where k € {1,2,...,m(v)} pay an amount of 7 ((1

(m+1)) + (m+1) r

n n U(m+1)

)U(m+1) each.
(c) If m(v) = m,(v) and V41 € v[m(v) + 1], then agents in sets ¢ € v[k] where
ke {1,2,...,m(v)} pay an amount of (1 — 2)r each.

4. The generated revenue is reallocated to the agents as follows:

(a) If m(v) < m,(v) and v(ny2) € v[k] for some k& < m,(v), then each of the top
m + 1 agents receives an amount of v, ) and rest n —m — 1 agents receive an
amount of Zv(,,11) each.

(b) If m(v) < my(v), Vi) € v]j] for some j < m,.(v), and v(,19) € v[m,(v)+1], then
each of the top m + 1 agents receives an amount of 2r and rest of the n —m —1
agents receive an amount of v, 1) each.

(c) If m(v) = m,(v) and v4ni1) € v[M(v) + 1], then the lowest n — m agents receive

an amount %r each.

5. If m(v) > m,(v), no unit of good is allocated to any agent and there is no payment or

reallocation to any agent.
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The allocation functions of BR mechanism are:

\v[k]\ ((1 ) mqjl ZE::?) Jif i e vlk], ke {1,2,...,m(v)}, Vomt1), Vi) =7

f%R(v) _ ‘U[k” ((1—mtl) 4 mil v(mrH)) Jf i ekl ke {1,2,...,m(v)}, Vmi1) = 7 Vngz) < T
‘;7[‘—,5”(1 — %) Jf i evlk], ke {1,2,...,m(v)}, vm) = 7, Vm+1), Umga) < T
0 , otherwise

\

The payment functions are given by:

(i)
PGy (v) = piy (0, v-) + v [ (v) = / iy (@, v-py)d

Here,
(—%U(WH) cifie{1,2,...,m+ 1} and vang1), Vonga) > 7
2 Umy1y 5 if i€ {m+2,...,n} and vy > 7
Py (0:v-@) = "
— My Cifie {1,200 m 4 1}, Vm), Vomg) = T Vnga) < T
| — 27 cifie{m 42,00 Vm) = 7 Vamt1), Vo) < T

The following examples illustrate the mechanism. In each case, let N = {1,2,3,4,5} and
m = 2.

EXAMPLE 4.6 Consider the valuation proﬁle v where vg > vy > v4 > 1r > v; > vs. The
allocation probabilities are f3(v) = fo(v) = 2+ 2L and fy(v) = fi(v) = f5(v) = 0. Agents

5 wvg
3 and 2 pay (% + %ﬁ)m each. Agents 3,2 and 4 receive %r each and agents 1 and 5 receive

2v4 each. So, p3(v) = p2(v) = 2vs + 17, pa(v) = —2r and p1(v) = ps(v) = — 24

ExXAMPLE 4.7 Consider the valuation profile v where vy > v5 > r > v; > vy > v3. The
allocation probabilities are fo(v) = fs(v) = 2 and fi(v) = fi(v) = f3(v) = 0. Agents
2 and 5 pay %7’ each. Agents 1,4 and 3 receive 27 each. So, py(v) = ps(v) = 2r, and

p1(v) = pa(v) = p3(v) = —%r.

ExAMPLE 4.8 Consider the valuation proﬁle v where vs > v > v3 > vy > 1 > vy. The
allocation probabilities are f5(v) = fi(v) = 2 + 2% and f3(v) = fa(v) = fo(v) = 0. Agents

5 w3

§v4 each and agents 4 and 2 receive

gvs each. So, ps(v) = pi(v) = 5U3 + 51)4, p3(v) = —5U4 and p4(v) = pa(v) = —§U3-

5 and 1 pay ( +3 ”4)113 each. Agents 5,1 and 3 receive
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(Clearly, the mechanism is BB and also IR as each agent gets non-negative utility. We
illustrate that it is DSIC as well. In the Example 4.7, let agent 3 report v4 such that
vy > v > vz > 1 > v > vy. Agent 3 is allocated the good with probability % + %i and has
to pay %115 + %r. The change in his utility is

2 3r 2 1 2 3r
G*sa)m—(Gursr) —5r=(Grsg) <
Agent 3 has no incentive to report v}. Similarly, it can be shown that no agent has any

incentive to misreport. The mechanism is DSIC. The next proposition generalizes this.
PROPOSITION 4.2 The BR mechanism is BB, IR and DSIC.

The proof is in the Appendix. The next subsection discusses the welfare properties of

this mechanism.

4.5.1 Welfare properties

In auction theory, the seller’s revenue can be improved by setting a reserve price (see Krishna
(2009) for details). In our setting where budgets are balanced, we show nevertheless that

reserve prices are useful in improving the expected welfare generated by the mechanism.

We first give the formal description of BR mechanism when there is a single good. Sub-

stituting m = 1, the allocation functions are as follows:

1 2 2 V(3) P
|v[1]\((1_ﬁ) +ﬁ%) Jf i € v[l], vy, vE) 27
1 2 2 r o
JER () = e (A=2) + 2550 Lifievl]vg = rve <7
— % Jif i € v[l],v(l) >, V(2), V3) < T
\O , otherwise

The payment functions are given by:

Here,
(—v(—rf) , if i € {1,2} and vy, v >
BR —U(T?) cifie{3,...,n} and v >r
2y (0, 0-) = - ifi e {1,2}, vy, ve > vy <rorifi€{2,3,...,n},vq) > v <7
L0 ,ife=1, and vy > 1,09 <7
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The total welfare generated by this mechanism is

( v .
( ivﬁgi)vu) f vy, V), v 27
WBR(U) .y (( nv(2)>2](1) Af vy, vy = 1 and vy, vy, V) <7
("n )v(l) f vy > and vy, vE), -, Uy < T
0 , otherwise

Before we compare the welfare generated by this mechanism with that of the probability-
burning mechanism of Mishra and Sharma (2018), we describe the MS mechanism in detail.

The allocation rule is as follows:

m((l_z) +Z@) ,if 1 € v[1]

n n 'U(g)

0 , otherwise

The payment functions are given by:

U(4)

pé\g)s(z}) = pf‘gs(oyv,(i)) + V(i / f ;1;' U_ (1

Here,
—Xe e if e {1,2}
—2 ifie{3,...,n}

For a valuation profile v such that v(;) > r and vy < r, the welfare generated by BR

mechanism is greater than that of MS mechanism if

1 2 2v
1-=>(1-2)+2 (4.2)
n n TLU(Q)

or, v(2) > 21)(3)

So, setting a reserve price does improve the total welfare of the agents at some valuation
profiles as the allocation probability is greater in the BR mechanism. Also, note that the

worst-case efficiency ratio of this mechanism is zero i.e. o®f = 0.

We state the main result of this section.

THEOREM 4.2 Assume G to be uniformly distributed. Then,

1. form =2, n =4, r = 0 does not maximize the expected total welfare of BR mechanism
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2. form = 1, n > 3 the reserve price that mazrimizes the expected total welfare of BR

mechanism is r* = %, and

3. form =1 and any n, E[WPE] > E[WMS].

Proof: The expected total welfare when m = 2, n = 4 is:

1 v
E[WER = E KZ + Z_UE4;>(U(1) + v2)) vy, V), V), V) > 7‘] Pr(vay, v@), v@), Vay > 1)
3

HE( 40()) -+ ve)lv ()’”(3)2”“44)<7’}P7’(U(1)uv(2)a“(3)27“
3

N U(4) < 7“)

1
+E (5) 1) +v@)|vay, ve) > T NuE), v < T}Pr( V1), V) > T

Ny, Vay < T)

As G is the uniform distribution, substituting in the above expression and taking deriva-
tive with respect to r, we get
dE[WBE]

3 2
= ~ 6log(r) — 11
= 2r(3r + 8r — 6log(r) )

For r € (0,0.219), M > (0. The expected total welfare increases as the reserve price
increases from zero. Hence, when there is a reserve price the expected total welfare of agents

is higher than when there is no reserve price.

The expected total welfare of BR mechanism when m =1 is

2 2v
E[W5] = E[((l )+ —ﬁﬁ(l)!vu)y V(@) V) = "”} Pr(vay, ve), v 2 7)
n nv(g)
2 2 r
+ E[((l — H) + EU_>U(1)’U(1)’U(2) > r and v(z) < r] Pr(vay, v > r and vy <7)
(2)

1
+E[<1 - —)v(1)|v 1) =702 < 7“] Pr(vay 21,0 <)
n

1 vy vy vg Un

//// / ”' +zz_2>vlg<vn)g<vn1)...g(v1)dvn...dv1

r r r O

1 v1 r v3

//// / (-2 2%)@19(%)9(%_1)...g(vl)dvn...dvl

r r 0 O

+(”n;1)/// / (n))019(02)g(Vn1) . - . g(v1)dvn . .. dvy
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1 vy vy

:///n—'g)'<(1 2)+z@)len_3(vg)g(U3)g(v2)g(vl)d’U3d/U2d/Ul

(n— n n Vg
+//l(nﬁ—'2),<(1_%)+%vg> 1G"72(r)g(v2)g(v1)dvaduy

T T

1

PG / : "G () g (o) oy

n n—1)!

v2

- (n—2 // Gn 2 _Gn S(US)dU:s)mg(vz) (v1)dvadvy

nvy

L . . / (n Tl)!len1(70)90“)(11}1

Taking the derivative with respect to r, we get

%fm] = —(n—Drg(r)G"(r) + (n — 1)%g(r)G"2(r) / v1g(vr)dvy

21]1

—n(n — 1)G"2(r)g(r) / vrg(vn)dvr — (n — 1) / 2 g(ua)gon)dvadvy (4.

As G is the uniform distribution, equating (4.3) with zero at r = r*, we have

1

= D= )T () + 50— D)) = 2log(r) — 1)

n—1

5 (1= D)) = (n+ 1)) =0

Simplifying, we get r* = % = 0.367. The maximum indeed occurs at this point as at

r=rr
d*E[WBR] . e (n—1)
= —(n—1)(n—2)r"3(1 +log(r)) — (n — 1)r"? = — s < 0
The expected total welfare at this reserve price is
-2 1
E[W?F) =

n—1 * (n—1)er1

For n = 3, Figure 4.2 plots the expected total welfare of the agents with respect to
the reserve price. From Mishra and Sharma (2018), the MS mechanism has expected total

welfare of
n—2

n—1

E[WMS] —

102



! l
0 0.2 r04 0.6 0.8 1

Figure 4.2: Expected total welfare of agents for uniform distribution when n=3

Clearly, E[WPE] > E[WM5]. &

For the specific case of n = 4 and m = 2 we show that the expected total welfare of BR
mechanism is strictly greater than when there is no reserve price (at r = 0 the BR mechanism
is same as the EP mechanism). Also, the BR mechanism generates higher expected total
welfare than the MS mechanism and as the value of n increases, the two values converge.
Setting a reserve price r > 0 is beneficial for the mechanism designer. There is no allocation
if there are not at least m agents whose valuations are above the reserve price. This leads
to loss of welfare for the agents. But at some valuation profiles like the example in (4.2),
the BR mechanism allocates the units of good with higher probability as compared to the
MS mechanism. Thus, the BR mechanism generates higher welfare as compared to the MS
mechanism which also offsets the welfare losses incurred by not allocating when the agents

have low valuations.

4.6 (CONCLUSION

In this chapter, we study probability-burning mechanisms for allocation of multiple units of
good. We propose the equal-burning-mechanism and study some of its welfare properties.
It remains to be seen whether the EP mechanism is welfare-undominated in the class of
BB, DSIC and IR mechanisms that allocate only to the topmost agents. Also, whether it
is possible to design a mechanism that allocates unequally to the agents and also generates

higher total welfare compared to the EP mechanism is also an open question.
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Then we propose a probability-burning mechanism when there is a reserve price. We
find that the expected total welfare of such a mechanism for single good is higher than the
expected total welfare of MS mechanism when the valuations are drawn from the uniform
distribution. It remains to be seen whether this result still holds when the valuations are
drawn from a general distribution. It will also be interesting to study how the reserve price

that maximizes the expected total welfare of agents changes as m and n increase.

4.7 APPENDIX

Proof of Proposition 4.1:

Consider a valuation profile v € V" such that vy > v@) > ... > v(,). The payments

made by top m agents are (1 — 2= 4 mtl Zimﬁ;)v(mﬂ) each. So, pa)(v) = ... = pum(v) =
(1 = 2 vmrn) + (7)Vmt2) and Pty (V) = =20ty and pisa) (V) = ... = p)(v) =
—2V(m41). Clearly, the payments are balanced i.e. ) pg)(v) = 0. Each agent gets a non-

iEN
negative utility. So the mechanism is IR.
Pick any agent ¢ from among the lowest n —m — 1 ranked agents. The agent’s utility is
ZUm+1. Let agent ¢ misreport as vj, such that his rank in new valuation profile is i and is

among the top m agents in new valuation profile. The agent’s utility from misreporting is

m—+1 m+17)/m m+1 m+1 U/m m
(1_ n ( +2>>U(i)_ (1_( ), ( ) ( +2>>U(m)+
( (

n n Um—l—l) n n v

The net change in utility is

!

1 1, 1 1) v,
<1_m+ Lm LY +2>>U(i)_(1_(m+ ) (mA D) Yonso
n n U(

—
)
_l’_

3

3

—VU(m+1) — —VY(m+1)
m+1) n n

So, the agent ¢ has no incentive to misreport.

Suppose the (m + 1) ranked agent is picked. Agent’s utility when he reports truthfully
is ™ V(m49). Let him misreport as vj, such that his rank is among the top m agents in new

valuation profile. The agent’s utility from misreporting is

m+1 m—i—lU,m m+1 m+1 U/m
(1_ N ( +2)>v(m+1>—<1—( ), ) Vim+2)
(

m
/ >U<m> + —Um+2)
n n v n n U( n

m+1)
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The net change in utility is

m+1 m+1v,, m+1) (m+1)v
(1-med mt iy, (D ()
n n U(

m-+2 m m
E )>U(m) + —Vm+2) — —V(m+2)
m+1) ( n n

m+1 m+1v
n

So, the agent ranked m + 1 has no incentive to misreport.

Similarly, no other agent has any incentive to misreport. Hence, the EP mechanism is
DSIC. &

Proof of Proposition 4.2:

If v(my2) > 7, the mechanism is same as EP mechanism and we have proved the properties

in Proposition 4.1.

Consider a valuation profile v € V" such that vy > vy > ... > vony1) > 7 > Upnpo) >

... > V(). The payments made by top m agents are (1 — m:[l 4+ mtl_r )v(m+1) each. So,

n Y(m+1)
p)(v) = ... = pemy(v) = ( - mT_H)U(m-H) + (%)7" and pini1)(v) = =57 and P2 (v) =
oo = Pw)(V) = = V(ny1). Clearly, the payments are balanced i.e. Y py)(v) = 0.

iEN

When the valuation profile is such that vy > vy > ... > Vo) > 7 > V1) .- > V),

the payments made by top m agents are (1 — %)r each. So, piy(v) = ... = pu)(v) = (”’m)r

n

and p(n41)(V) = Pim+2)(v) = ... = pey(v) = —2r. Clearly, the payments are balanced i.e.

Zp(i) (v) = 0.

iEN
In both these cases, each agent gets a non-negative utility. So the mechanism is IR.
Consider a valuation profile v € V™. Let v1 > vy > ... > v,. The valuation profile is
partitioned into the sets v[1],v[2], ..., v[ng(v)]. The top-only allocation is such that the units

of good are allocated only to agents in v[1],v[2],...,v[m(v)] if m(v) < m,(v). There are 3

possible cases

L. If m(v) < m,(v) and v(n2) € v]k] for some k < m,(v)
If any agent ¢ misreports to any value v/ > r, the mechanism is same as equal-

probability-burning mechanism which is DSIC.

If any agent ¢ € v[k] where k € {1,2,...,m(v)} misreports as v; < r, he gets a utility
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Um
of % and

2 2 2 2 m m
TGl ST Kl | Gt Lt
n

|v[k] n no v[k]| n o nu n

If any agent i € v[k] where k € {m(v) +1,...,m,(v)} misreports as v, < r, he gets a

'm+1)

utility of which is same as he gets at v;.

2. If m(v) < my(v), Vi) € v[j] where j < m,(v), and V(m42) € v[m, (V) + 1]
If any agent i € v[k] where k € {1,2,...,m(v)} misreports to any value v} < r, he gets

a utility of r and

my, (1_(m+1)+(m+1) T >‘_ my, (1_(m—|—1) (m+1) r
v [K]] " ulE]]

Suppose Vm41) € v[m(v) + 1]. If any agent i € v[k] where £ € {1,2,...,m(v)}

misreports to any value v(,,1) > vj, he gets a utility of 2 and

m m
)v(m+1)—|——r——r <0
n o n

n n Uimt1) n N Uim+1)

1 1 1 1
mk|<1_(m—|— )+(m—|— ) T >Ui_ mk|<1_(m+ )+(m+ ) )v(m+1)+ﬂr—@r<o
) ) n

|v[k] n N Vmi1 |v[k] n N Umit n
If any agent i € v[k] Where ke {m,(v)+1,...,ne(v)} misreports to any value v} > v,,,
he gets a utility of ‘v,[k]‘ (1 - (m+1) + (mﬂ) U(Zz:) v; — \77[1’3]\ (1 — (m;rl) 4 (m+1) ”“;:”)Um—i-

"V and

() o D, )t ) vy,
|v'[K]| n n U, n n U,
+m o <0
—VU(m — —Uim
—Um1) ~ - Vme1)
If any agent i € v[k] where k € {m,(v)+1,...,n(v)} misreports to any value v(,11) >

v; > r then he gets a utility of “v(,,11) and this is same as he gets at v;.

3. lf m(v) = my(v) and v(n11) € v[M(v) + 1]

If any agent i € v[kz] Where ke {mv)+1,...,no(v )} misreports to any value v) > vy,

he gets a utility of /[k” <1 _ (m+1) + (m+1)# ;— \v’[k]\ 1— (m:l) + (m;—l) r >Um +my
and

mj, ( (m+1) (m+1)L> i ( _m+l) (m+1)r > m+_r_@r<0
[o'[K]] n noon/ VK] n noUn n
If any agent ¢ € v[k] where k € {m(v) + 1,...,n(v)} misreports to any value v,, >

v; > 1, he gets a utility of Zr and this is same as the utility he gets at v;.

Hence, the BR mechanism is DSIC. B
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