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SUMMARY. It is ompirically woll Lliahod that in largo colloctiona of numbers tho propor-
tions of ontrics with tho mont significont digit A ia logye {A+1)/4. Tho proporty of (e mont significant
digit has boon studiod in the prosont pupor. It hus boen proved that whon random numbors or thoir roci-
procala aro rained to highor and higlor powors, they have log distribution of most significant digit in the
limit. Tho proporly is also demonairatod in the limit by the products of random numbors a4 the number
of torma in the product bocomos highor and highor, Tho proporLy is not, howovor, demonatrutod by highor
roots of tho ranllom numbens or thoir reciprocals in the limit. In fuct thore is a concontration at somo
particular digit. It has boon shown that if X has log distribulion of tho most signi digit, s doos
1/X and CX, 0 boing any tant, under strongor diti

In statistical tables moro cntries start with a smaller most significant digit
(m.8.d.). The smaller is the digit, tho moro is the proportion of entrics starting with it
and the proportion of cntries having m.s.d. A is approximately log(A+1)/4. It
means that one expeets to sco entries having one as tho m.s.d. a little less than seven
times moro frequently than entries having nino as the m.s.d.  This ‘abnormal law’ viz,
the logarithmic law governing tho distribution of m.s.d. hag been found to bo sur-
prisingly accurate on empirical verification with largo volumoe of data. Benford (1938)
studied such a distribution wherever largo volumo of data is present. Attempts have
been made to explore whether tho nature of the entries presented in tho table affects
the distribution of m.s.d. (Furry and Hurtwitz (1845); Goudsmit and Furry (1944)].
Pinkham (1961} justifies the logarithmio law becauso only such a distribution of m.s.d,
is invariant under a chango of seale of tho entrics. Recently, Flehinger (1966) has
studied tho properties of the sct of integera and has found a regular limiting process
which leads to a probability measure on tho sct of integers with initial digit < 4 that
agrees with tho logarithmio law.

In tho present paper a dircct appreach is mado to study tho distribution of
m.a.d. on certain common arithmetic operations like raising to powers or extracting
roots of random numbers. The distribution of m.s.d. was nlso sutdied on the product
of a number of random numbers. Somo of tho simulation results as obtained with
five digit tested random numbers aro given in Tables 1 and 2,

It is shown that the frequencics had a tendency to como closer to tho expected
frequencies under tho logarithmic law as the power or tho number of terms in tho
product was increasing. A theoretical justification was sought. Tho following scctions
describes tho results.
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TABLE 1. DISTRIBUTION OF BIGNIFICANT DIGITS IN POWERS OF RANDOM NUMBERS

powor
digit
) 3 . [ o 1 8

1 6,705 11,628 13,610 14,780 15,310 15,036 15,001 16,300
2 6,800 8,746 0,645 0,141 9,807 10,042 10,302 10,357
3 6,618 7,013 7,830 7.480 7,683 7,802 7,502 7,382
‘4 6,055 0,470 6,255 6.281 0,104 6,030 6,034 5,075
[ 6,683 5,880 5,570 5,203 5,218 5,250 5,004 5,011
6 6607 5.404 4,802 4114 4,048 4,601 430 4,380
1 6,031 4040 4,023 4,207 4,014 1,007 3,000 4,003
8 6,663 4783 “an 3,050 3,087 3,680 3,450 3449
0 6,687 4,580 3817 3,560 3422 3,208 3,219 3,083
total 60,000 80,000 60,000 60,000 60,000 60,000 60,000 60,000

TABLE 2. DISTRIBUTION OF SIGNIFICANT DIGITS

IN PRODUCTS OF § AND 20 RANDOM NUMBERS

no. of Lorma in products

oxpoctod fronuenry

digit undor logarithmio
® 5 20 lm’v
1 15,442 17,134 18,002
2 9,278 10,015 10,565
3 7,208 7,360 7,460
4 6,023 5,807 5,818
5 6,321 4.85¢ 4,751
L] 4,588 3,082 4,007
7 4,103 3,822 3,480
8 4,027 3,207 3,000
9 3,800 2,733 2,45

total 60,000 60,000 40,000

Let X be a continuous random variable having a uniform distribution in the
interval (0, 1) f.e. tho probability density function (p.d.f.) of X is given by

1
J2) = {
0

Let AI(X) bo the most significant digit of X.

if 0<z<1

otherwise.

It is clear that 2{(X) has a discrcto

distribution taking values 1,2, ..., 0 with probabilitica 1/0 when X is uniformly

distributed on (0, 1),
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Theorem 1: If X is a random variable having a uniform distribution in the
tulerval (0, 1) and Y = X® where n is an inleger, then

(i) P,(n) = probability thal the m.s.d. of Y is A
= P (3(Y)= A}
[(A+1)m— Avm)j(101m—1) for n>0

Um
{(d+1)VUm=giim 10 s
[ {(1ovA—T) :' [A(A+l)] i m<o

A=12..,9and m=|n|.

(i) Py(n) 12 @ monolonic function of m for large m,

(iii) lim P(n) = log,o (4-+1)/A.
Lia X ]
Proof: Case I, n> 0: The pd.f. of Y is given by

P .;l._ylln-l 0<y<l1
y) =

] otherwise.
o (A40)/10r 1
So P{M{y) = A} = Pyn) = X ! — ynidy, A=12,..,9,
r=l gfier M

as Y can havo tho significant digit 4 if Y lics in any of the intervals A/107,
A+n0n,r=1,2, ...

Thus,
P = E pmfi = § (om g+ —avm)

= (A4 1)Vn—AVA][IOVA— 1] = [(A+ 1)m— AVm){10¥m —1] ... (1)
sinco m = |n| = » here.
Tho result (1) can also bo derived as follows :

P = E PUANG) & X < (d+1)107] = £ PUANOY < X < (d+1)107)
= [(A41)/n—4V»] 51 1/10v/8 ='[(A+])lhl_Alln]l[lollu_]]_

Tho result (i) will be establishod by proving the following result :
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Result 1: For largo m, I’,(n) is monotonically increasing for A =1 or 2
and decreasing for 4 = 3,4, ..., 0.

Proof :*
Py(n) = ((A4+1)Vm—AVm]j[10Vm—1] = [5—c**)f[e"— 1] = f(z), say,
whero z = lm, A =log{dA+1), s =log.Ad and v=logl0.

df(.t) (z"—l)(/\e“—/le")—(c“—c")ve"

(=1

=f1z) =

For sufficiently small z the numerator of f’(z) can be approximated as

( vet TE )(/\+,\';-,¢_,;*x) W(1+4vx) [(/\—/L)I+ = :c’] +0(2)
= v =)=+ 25 Ay —wr =z — =)=t S5 ) 1Oy
= %ﬂ—) (A pe—v)2340(z%).

Now, v> 0 and (A—z) > 0 and hence f(z) will bo positive or negative according a3
A+ p—~v is positive or negative. It is casily scen that

A(44-1
Atp—v = log, %
and so Adp—v<0 for A=
and Adfp—v>0 for 4 =3,4,..,9

This proves tho result.
To establish {iii) wo apply Hospital’s rulo giving

(A 1)Vm log (A 1) = AV log, A
10Ym log,10

lim Py(n) = lim
m—p o LA

)/Iog,lo =loge AA—H .

= log,( A+l

¢ Wo aro indobtod to Dr. B. Rumnachandran for muggasting thin provf.
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Case 1I, n < 0: The p.d.f. of Y is given by

o) ;l.y—(mnmu I'<y<om
y) =
0 otherwise.

Y can have the m.s.d. 4 if it lics in the interval [A(107), (A4 1)107), r=0,1,2,...

Thus
Pain) = E- I(Anun'l y-imtm gy = -2‘: [—y-m] (4310"
=0 gior ™ -0 A0
_ [ 1ovm (A+1)llm_Allm @
= |avn (A_I_l)l/m] 07/m—1 10/m—_1 [A(A+l)

The monotonicity of P4(n) in this case ean bo established as in the previous case, the
result being for largo m, P4(n) is monotonically decreasing for A = 1, 2 and monotoni-
cally increasing for 4 = 3,4, ..., 9.
T £ hat lin e
0 prove (iii) for this caso it is sufficient to prove that lim [A(A+l) is
unity, which is true,

The probabilitics P4(n) havo been tabulated for certain values of n in the
appendix. For m > 6 the probabilities I4(n) can be scen, from the appendix, to bo
raonotonic,

Result 2: Let ¥ = XVn where X is having a uniform distribution in the inter-
val (0,1). Then

(i) @a{n) = probability that m.s.d. of ¥ is A

(A 1)m— Am
T1om—1 for n> 0
| dam—an
TovT [A(A+l) forn <0

4=12..,90 and m=|n|.

1 for A=9
(i)  lim- gy(n) =
mede 0 for 4=12,..8 n>0

1 for A=1
@iib) lim gafn) = {
me 0 for A=2,93,...,9, n<0.
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Proof: Coso I, n>0: Tho p.d.f. of Y is given by

nyn-t Oyl
T = .
otherwiso,

s tAsnie »
gam)=Z [ myridy =F [A+110— A1)
r=t o r=1

_ dtyr—4an (A4 nym—an
- 10—1 — ~ 10m—1

(A41m—Am .
10m—1 - ,1.'_',“. 1—(l)

lim
m—po
0 if A=1,2,..8

{1 if A=0.

Case II, n < 0: The p.d.f. of Y is given by

my™! if l<y<o
o

] otherwise.

1A+010"

Thereforo Paln) = 3 § my-m-idy
7=0 4(107)

rae 2 1 (dglym—dm 10
= ""(“")'"],):olvm_ 10n—1  An(AF1)™

In this caso,

s pan = | {() ()} oy

{1 it A=1
Lo it A=23,..,0
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Let Xy Xy ...
kaving a uniform distribution over the interval (0, 1).

DISTRIBUTION OF MOST SIGNTFICANT DIGIT IN CERTAIN FUNCTIONS
Theorem 2

Then
0]

, X, be independent random variables, each Xi
the pd.f. of Y = X, X,... X, i3 given by

D g,y 0 1
o) = = Vog. ) <y <
[

otherwise.
(ii) ma{n) = probability that the m.ad. of Y is A

e
= cocfficient of t"~1 in (A—+l:))ll':_l‘4 ! . ﬁ
(i) lim maln) = log,, AL

A—bw

A

Proof: (i} Woderive first the p.d.f. of X,.X,. Let ¥, = X,.X,and Y, = X,.
Tho Jacobian of transformation is

1] = zy, 7,)

Ay Y1)

=L
X
So tho joint density function of ¥, and Y,

X1
T
is

P ) E 0<y,<land y, yy <1
Yn Ys) =

0 otherwise.
Hence the marginal density function of Y, is

21

Sy = v! 7 M=tz 0<y <l
1

Wo shall provo (i) by induction.

Wo havo cstablished (i) when n = 2.
Let tho result be true for X,, X, ..., X,.
random variable.

Let Xy, bo another independent
(==

Let ¥ =X,.X,.. X, ¥,= Y. X, and ¥y=X,,..
Jy = 4 = dos™

0y <1
] otherwise.
Tho joint density function of Y, and Y, is given by
(—1y-t 7! l
(= ( log, y‘,)
Sy ya) =

0<y,<1 and ¥,y <1
Ya

otherwiso,
53



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Series B

Thus, the marginal density function of Y, ia

) — (—1y-t 1t _ - l
o =525 [ toge 1~1oge 1]

—])r-1 —1 1]

Fe{(—1)r1 % (loge y.)'] !
Y

= Y tognr[1- 5 (7 )43 (75 )+t e

= L Gogowyr 1 (-1)

(%,y {logs 1,)"

This complotes the proof of result (i),
{(ii) Tho probability that the m.s.d. of ¥ = X, ..., X, is 4 is given by
(=n-1 e and

{ L
=Dl 2, Alfmr(os.y) y

myn) =

A4/

Ane”

CO £ [o{oossri—("] " )ogan sk -1 a=1t} ]

(=11 .

- 1 1 (~1)n-t 7R’
Z [y{l— i log y+ 5y (log y)‘—--.+——(n_l)I (log y)=* }]Am,

- e
= -1
f‘[ y X cooff, of ¢~ in =%

¥R,y ]Mmllo'

ane
- e'""""'n [Z RSt
= L | cooff. of i*-1in ]
=1 1—¢ Afhor

—_ > ~1 i l = l
_En[ coofl. of 8=t iny—z.  {(A41)'~—41 ')'W]

(A+1)"‘—-A‘-'} g1 ]

= cooff. of {7-1in [{ 17 2 i

(AF1-t—gi-t

= coolf, of {n-1 jn 2T i
B 111 pal o

whero [2] < 1.
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(A4 1y-t— At

=

(ifi) Let o) =

= agta, ttay B+ ta, 0. .
Then 7 4(n) = coofl. of {*~!in lqﬁ—)i-
=dapta,+...+a,,.
Meonco lim m,(n) = ay+a,+...+a+...
LI X

= lim gft).
=1t

By continuity at { = 1, 80 that g{1) = log,(44-1)/4, g{t) is analytic in tho disc [¢] <
|14 (2nifv)| whero v = log,10, so that tho power scries expansion £ a, " js valid in
amQ

the disc. In particular,
g(1) = Za,.

Thus lim m,(4) =log, A:l
n—)w

The results which aro derived above are valid with respect to any base £ though
the particular case of the base being ten has been discussed.

Definition 1 : The most significant digit of a positive valued random variable
X is 8aid to follow a log distribution if

prob {m.a.d. of X A} = P{M(z) < 4} =log,o(A+1) for 4 =1,2,...,9.

For any given value z of X, M(z}i.e. tho m.s.d. of z is uniquoly defined viz. z=10"/(z)
+g(x), r =0, £1, £2, ..., g(z) < 10°8(z) and M(z) = 1,2, ..., 9.

Let M’(z) be defined as a function of X such that for any given X = z,z can
be represcated uniquely as x = 10n.M'(z), r = 0, 1, £2, ..., 1 < A'(x) < 10.

Definition 2: The most significant digit of a positive valued random variable
X is said to follow log distribution strongly, if
prob {M'(z)  y) =logy, 1y <10, we (3)

It can bo seen that tho limiting distribution of tho most significant digit of powers
and products of random numbers is strongly logarithmic.
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Theorem 3 :  If the dislribution of the most aignificant digit of @ random varialle
X s strongly logarithmic so are the distribution of the m.a.d. of 1|X and CX, C > 0.

Proof : Sinco tho m.e.d. of X is strongly logarithmic

prob {(M{x) K y} = log,o ¥y = g prob {1r K X < 107, 1€y <10. ... (4)
Tho most significant digit of 1/X will Le less than y if !yl & X < 107 for somo r.

W cx< m'}

Honce P{M(Xl) < y} = _E- prob { B

= 1—logyo (l—y(')) =logiy.

Similarly
prob (M'(C X) K v} = b prob {10r < CX < y 107}

=% prob {% <X< %; 10}, - {5)
Lot 1 < C < 10, then 1 _<16? =2 <10and 1 < yz' < 100. Honco from (5),

prob (A(CX) < v) = _*'E PO 2 & X < y2' 101 - (6)
Case I: Let ) & yx' < 10, 80 that
PAI(CX) € 1) = .i. P10 2* & X < 1071 yz'}
= l1—logy, z'—1+log y='

=logyy ¥
Casge 11: Lot 10 & yx' < 100, 8o that

mrob (W'Ce) < ) = £ P10tz < X< 107( 45 )}

= _E_ [P(lov-l <X < 1or)+1>{10r <X <(—ziol) .w}]

. yz'
= 1—log,, z'+log,e Jx_o
=log, ¥
Therefore tho prob {3(CX) < y} ia given by log,, ¥ for any 1 < € < 10, and hence
for any 0 > 0, sinco any C* > 0 can Lo oxpressed ag ¢’ = 10mC whero 1 € < 10,
m boing any integer.
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Appendix
TABLE A.l. PROBABILITY OF m.s.d. OF 1~ FOR POSITIVE INTEGER n
m.s.d.
n
1 2 3 4 5 [ 7 8 L]

a) 8] ) ) © ©) (&) {8) ©) o)

1 0.1111 o.111 o.1111 o161t 0.1 o.nu o.nu 0.1111 0.1111

2 0.1018 0.1470 0.1230 0.1092 0.0087 0.0098 0.0845 0.0703 0.0730

3 0.2252 0.1579 0.1257 0.1002 0.0928 0.0830 0.0734 0.0004 0.0044

4 0.2431 0.1630 0.1200 0.1042 0.0896 0.0700 0.0709 0.0840 0.0594

5 0.2542 0.1039 0.1201 0.1030 0.0870 0.0768 0.0083 0.0018 0.0503

L] 0.2018 0.1078 0.1201 0.1021 0.0862 0.0760  0.0605 0.0509 0.0546

7 0.2072 0.1690 0.1200 0.1014 0.0833 0.0738 0.0053 0.0380 0.0333

8 0.2714 0.1700 0.1259 0.1009 0.0845 0.0730 0.064¢ 0.0577

o 0.2746 9.1707 0.1230 0.1004 0.0839 0.0723 0.0036 0.0509 0.0310
10 0.2772 0.1113 0.1258 0.1001 0.0835 0.0718 0.0031 0.0303 0.0510
13 0.2830 0.1730 0.1250 0.0091 0.0820 0.0702 0.0614 0.0348 0.0192
20 0.28%0 0.1738 0.1254 0.0980 0.0813 0.0004 0.0605 0.0337 0.0489
23 0.2014 0.1742 0.1234 0.0982 0.08090 0.0089 0.0800 0.0332 0.0478
30 0.2930 0.1740 0.1253 0.0080 0.0800 0.0086 0.0597 0.0520  0.0473
40 0.2950 0.1740 0.1252 0.0077 0.0803 0.008t 0.0302 0.0324 0.0470
50 0.2082 0.1752 0.1252 0.0970 0.0800 0.0879 0.0300 0.0468
60 0.2070 0.1753 0.1251 0.0975 0.0709 0.0077 0.0388 0.0466
70 0.2076 0.1754 0.1251 0.0974 0.0708 0.0070 0.0387 0.0403
80 0.2980 0.1755 0.1251 0.0973 0.0797 0.0675 0.0386 0.0518 0.0464
90 0.2083 0.1756 0.1251 0.0073 0.0307 0.0073 0.05385 0.0517 ©.0403
100 0.2980 0.1756 0.1250 0.0972 0.0708 0.0974 0.0385 0.0517 0.0463
180 0.2004 0.1758 0.1250 0.0071 0.0705 0.0673 0.0383 0.0313 0.040]
200 0.2098 0.1769 0.1250 0.0071 0.0794 0.0672 0.0582 0.0314 0.0t60
260 0.3001 0.1750 0.1250 0.0u70 0.0794 0.0871 0.0382 0.0514 0.0160
300 0.3002 0.1750 0.1250 ©.0970 0.0703 0.0071 0.0382 0.0313 0.045%
400 0.3004 0.1760 0.1250 0.0070 0.0703 0.0671 0.0581 0.0313 0.0459
500 0.3005 0.1700 0.1250 0.0070 0.0793 0.0070 0.0561 0.0513 0.0439
600 0.3000 0.1760 0.1250 0.0070 0.0703 0.0070 0.0381 0.0312 0.0458
100 0.3007 0.1760 0.1250 0.0070 0.0702 0.0070 0.0581 0.0512 0.0158
800 0.3007 0.1760 0.1250 0.0070 0.0702 0.0030 0.0381 0.0312 0.0438
200 0.3008 0.1700 0.1250 0.0969 9.0792 0.0070 0.0580 0.0512 0.0153
1000 0.3008 0.17060 0.1250 0.0000 0.0702 0.0870 0.0580 0.0512 0.0433
L 0.3010 0.1701 0.1240 0.0900 0.0701 0.0609 0.0380 0.0312 0.0138
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TABLE A2, I'ROBABILITY OF mua.d. OF x* FOR NEGATIVE INTEGER n.

m.aal.
"
1 2 3 4 1 [} ki 8 9
m @ [} (6) © ™ ) (10)
1 0.5350 0.1852 0.0560 0.0370 0.0205 0.0154 0.0123
2 0.4283 0.1808 0.0771 0.0570 0.0443 0.0230
3 0.3830 0.1873 0.0843 0.0044 0.0514 0.0310
4 0.3035 0.0871 0.0081 0.0552 0.0343
1] 0.3508 0.0800 0.0703 0.0573 0.0364
[} 0.3423 0.0000 0.0718 0.0300 0.0370
17 0.33063 0.0018 0.0720 0.00602 0.0380
8 0.38 0.0023 0.0737 0.0010 0.0397
9 0.3284 0.0030 0.0743 0.0010 0.0404
10 0.3258 0.0034 0.0748 0.0622 0.0409
15 0.173 0.0040 0.0703 0.0638 0.042]
20 0.3132 0.0952 0.0770 0.0640 0.
235 0.3108 0.0055 0.0774 0.0050 0.0433
30 0.3001 0.0958 0.0777 0.0053 0.0441
40 0.3071 0.0001 0.0781 0.0057 0.0443
50 0.3050 0.0002 0.9783 0.0060 0.0448
60 0.3051 0.0903 0.0783 0.0601 0.0449
70 0.3045 0.0004 0.0780 0.0603 0.0430
80 0.3041 0.0085 0.0786 0.0063 0.0431
00 0.3037 0.0003 0.0787 0.0604 0.0452
100 0.3033 0.0960 0.0787 0.0063 0.0453
150 0.3020 0.1704 0.1240 0 O'JO'I 0.0789 0.0060¢ 0.0454
200 0.3022 0.1763 0.1249 0.0790 0.0087 0.0433
250 0.3020 0.1703 0.1249 0 0003 0.0790 0.0608 0.0436
300 0.3018 0.1762 0.1249 0.0068 0.0790 0.0008 0.0456
400 0.3010 L1702 0.1249 0.0908 0.0701 0.0068 0.0430
500 0.3016 0.1249 0.0008 0.0701 0.0009 0 0379 0.0457
600 0.3014 0.1249 0.0000 0 0791 0.0609 0.0579 0.0457
500 0.3014 [} 0.0000 0.0701 0.0009 0.0579 0.0457
800 0.301) 0. 0.0089 0.0701 0.0009 0.0579 0.0437
000 0.3013 0. 0.0060 0.0701 0.0069 0.0570 0.0457
1000 0.3013 0. 0.0900 0.0701 0.0660 0.0570 0.0457
0.3010 0. 0.0000 0.0701 0.0509 0.0530 0.4058
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