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SUMMARY. Let Y bos voctor of random variablea such that E(F)= X @ where B is a voctor
of unkaowa p aul Z bo the is matrix of ¥. A linear function L'Y ja snid to bo bost
linear unbinsed i {HLUEjofm io functicn p'@ with nepect to T il LEL in » minimmum
subjoct to p’=L’X. Tho paper dvals wilh necosnry mnd eufliciont conditicna that, for every cstimable
paranictrio function or fur a givon aubrot, tho BLUE with reepoct to Eis the snmoasthe BLUE with rowpoct
%0 I = I (idoality mutrix} or tho sunio as the BLUE with respoct to E = o (8 given mstrix).

Lot Z Le & matrix of maximum eank such that X'Z=0  Itiashown that when E, ia non-singular,
or mnk (X { Z) menk { X} EoZ), thon & NAS oondition for the equality of BLUE's of all estimable fune-
tiona far E and E, is that T is of tho form

I = XOX'+E,Z T ZEL+Ea

where @, T are arbitrary., The roprosontations of T in othier situnlions whers E; in singulsr have also
boon obtained.

I, STATEMENT OF TJIE 'REVIOUS LEMMA

In a previous paper (Rao, 1967), rcad at the Fifth Berkeley Symposium on
Mathematical Statistics and Probability, 1965, the author proved the following result
in tho least square theory.

Let ¥ be a vector variable with E(Y) = X and covariance matrix Z, whero
X is a known matrix, B is & vector of unknown parameters and the ranks of Z and .X'
may be arbitrary. Tho model is known as Gauss-MarkofT sct up and represented by
(¥, XB, £). We call a parametric function p’p estimable if it is the expectation of
a lincar function of ¥'. A best lincar unbiased estimator (BLUE) with respect to
is defined as L'Y whero L is chosen such that V(L'Y) == L’'E£L is a minimum subject
to the condition E(L'Y) = p'B. A simple least square estimator (SLSE) of p’ is de-
fined to bo the BLUE with respect to £ = I, the identity matrix. Then a necessary
and sufficient (NAS) condition that for each estimable parametric function the BLUE
wilh respect to T ia the same as the SLSE is that L is of the form

E=XOX'+ZIZ'{oY e (1)
where ©, T are arbilrary malrices, g is an arbitrary scalar and Z is a malriz of

mazimum rank such that Z'X = 0.

In my previous paper (Rao, 1867), I gave details of the proof of (1.1) when
Z and X'X are non-singular and mentioned that the same proof holds moro generally
for singular £ and X’X. I omitted tho details in the Iatter case as the extension
waa oxtromoly simplo, and not rolevant to the main theme of the paper.
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In a rocont papoer, Zyskind (1967) thought that thore may bo somo difficulty
in proving tho NAS condition (1.1) in its widest generality when I is singular.  Watson
(1967) writes that, “Rao (1965) remarks that his result is truo for Z eingular and rank
X =r <k Somo skill with gencralized inverses might show tho proof is still valid.”

Tn viow of these remarks and other stat ts it scems 'y to olaborate the earlier
proof. It may be rocalled that the basis of my earlicr proof is tho following : the NAS
condition that a statistio is & mini variance unbinsed estimator is that it has zero

covarianco with statistics whose expoctation is idontically zero (Rao, 1005b, pp. 185,
257), Honco tho proof given covers both the nccessity and sufficicncy of the
condition. Further it is shown that tho carlier proof carrics over to the general case
without any difficulty. No ekill in gencralized inverses scems to bo necessary, although
thore is no harm in using now methods.

Incidentally somo other reaults of interest aro obtained. For instance, a
represontation for Z has been obtained when SLSE and BLUE are the same only for
o subset (subspaco) of estimable parametrio functi Also, y and sufficient
conditions for the BLUE’s with respect to  and I, to be the samo are also given,
in addition to what is already stated in roy carlicr paper.

It may be noted that tho form (1.1) of the covariance matrix arises in a natural
way in tho problem of estimation of growth curves (sce Rao, 1965a). The phenomenon
that for a certain class of covariance matrices, tho BLUE is the samo as that obtained
on the assumption that the variables are uncorrclated and has common variance was
noted in Lomma 3 of Rao (1966a).

2. PROOF OF THE MALN LEMMA
Wae restate the previous lemma as Lemma 1in an equivalent way.

Lemma 1: The following are equivalent NAS conditions that, in the Qauss-
Markoff model (¥, XP, Z), for each estimable parametric function the BLUE with respect
to X is the same as the SLSE.

(i) XTZ=0. o (21
(i) £=XAX+ZAZ. . (29)
(iii) T=XOX+2rz"+o . (2.3)

where Ay, Ay, O, T are arbitrary symmelric matrices, o1 is an arbitrary scelar and Z is
a malriz of mazimum rank such that Z’X = 0,

Corollary :  Let Xy be a matriz whose columns form a basis of J(X) the space
generated by the columns of X and similarly let Z,_, be a basis of S(Z) where y =rank X
and n—r = rank Z. Then the NAS conditions (2.1), (2.2) and (2.3) can also be staled
as follows,

(i) XZZ.,=0 . (22
(ilY =X MX+Z, MZ., . {22y
(iii) E = X,N,X;+Z, N Zi_r+0'1 . (23

where M,, My, Ny, N, are arbilrary symmelric malrices and o3 is an arbilrary scalar.
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Proof : Let N bo o matrix of maximum rank such that N'E = 0, whore N ia
a null matrix iff £ is non-singular. Observe that
E(N'Y)=N'Xp - (24)

and the dispersion matrix of N'Y is null, so that N'Y is a vector of constants say d
and the equation N’.X = d may bo considered aa a restriction on the unknown para-
meters 8. Then a necessary and sufficient condition that a linear function, G'Y,
has constant expoctation independently of tho unknown parameters but subject to
N'XP = dis that .X'G belongs to tho space gencrated by the columns of XN, or X'G
= X'NJ for a suitablo choice of 1. Then G'Y can be written
G'Y =(G'Y-DM'NY}4+MNY
=IY+M'N'Y o (2.5)

where II'Y" has zero expectation independently of the restrictions ie., X'If =0 or
I = Z1 for some B.

Now a SLSE is of the form A’X'Y and converscly for any given 3, A" X'Y is
the SLSE of its expected valuo (see, Rao, 1965b, pp. 181, 182). Let G'Y bo a function
of the type considered in (2.5). Then the NAS condition that A’X'Y is a BLUE s
(sce Rao, 1965b, pp. 185 and 257)

cov(A'X'Y, G'Y) = cov(A’ X' Y, HI'Y)
=A'XZTZB =0. . (2.6)

In (2.6), G'Y is replaced by II'Y since the other part in G’Y is a constant. If (2.6)
is true for all A and B, then

XZZ=0 e (2.7)
which proves the NAS condition (1) of Lemma 1 and which is exactly the condition
obtained in my previous paper in the Fifth Berkeloy Symposium, 1965, (soo Rao, 1967,
P. 364, equation, 66).

The other NAS conditions (2.2) and (2.3) are important in that they provide
interesting representations of £, First we obtain a general representation of . Since
Z is at least semi-positive definite, it can be written in tho form Z = CC’. By defi-
nition the columns of X and Z generate the wholo space and henco there exist
matrices U, and U, such that C = XU,+ZU, giving

I =CC = XU,U;X'+ZUU;Z' + XU, U Z'+ ZU, U X’
= XA X'+ ZAZ' +XAZ'+ ZA X' . (2.8)
with tho obvious notation, where A,, A, are symmetrio matrices.

Substituting in (2.7) tho general expression (2.8) for £ we find

X'XAy 2’Z = 0 &= XA Z' =0 =ZAX’ . (2.9)
which shows that B i3 of the form
T =XAX'+2ZAZ' v (210)
which is the condition (2.2).
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It would be of interest to write Z as the sum of o*f and another matrix which
is easily done by using tho identity

XXX+ Z(Z2°Z)Z =1 . {201)

(aco Rao, 1065b, p. 60). Multiplying (2.11) by an arbitrary scalar ¢%, subtracting from
{2.10) and rearranging the terms we have tho desired form

E=XO0X+ZTZ +o e (212)
where O and I are also symmetric matrices, which is the condition (2.3).

The conditions (2.1)’, (2.2)’ and (2.3)" are trivially equivalent to (2.1), (2.2)
and (2.3).

Nole 1: The method employed in proving the lemma is the samoe as that used
in tho carlier paper. We noto that in the cquation (2.0), G'Y is replaced by II'Y,
which has zero expectation irrespective of whether £ is singular or not, becauso the
other part in G'Y is constant. Zyskind apparently thought thero would be some
difficulty on this account, The main NAS condition (2.7) is deduced in a simplo way
without in any way depending on the knowledge and skill in the use of generalized
inverses.

Note 2: It isshown that BLUE and SLSE aro the same when the covariance
matrix has the structure given in (1.1). We may examino tho expression for the
variance of the estimator of p’s, which can be written as p’{X’X)-X"Y, using a genera-
lized inverse of X’'X.

V(p(X'X)-X'Y) = p(X' X)X ZX[(X'X)-1p
= p' (X' X)X (XX +o ) X[(X'X))p
= pOp+op(X'X)yp

which is independent of I, Tho expression for tho variance reduces to o*p(X'X)p
only when © = 0. Ilowever, it is not possible to estimate the unknowa parameter
o® unless T is known or is zero. The situation is diTerent if an independent estimate
of T is available. In such a case, the problem of inferenco on unknown parameters
8 admits an clegant aolution even if © and T are not zero. I havo considered the
inference problem when © % 0, T =0 in o previous paper (Rao, 1965a). DBut it is
easy to sco that it makes no differcnce whether T is null or not and the entire discussion
of Rao (1965a) when Z = XOX’+02] remains tho same for tho more general structure
(1.1) (sco Rao, 1967).

3. LEQUIVALENCE OF LEMMA 1 WITH OTHER RESULTS
It has been pointed out by tho referco that the author’s result of Lemma 1
which provides o representation of £ unlike tho results of other authors (Kruskal,
1908; Watson, 1067; Zyskind, 1967) could Lo used to derive their results in a simple
way.
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Zyskind {(1067) 1 There exists a subscl of r (= rank X) orthogonal eigen veclors
of T which form a basis of 3((X) the space spanned by the columns of X.

Kruskal (1068) : The NAS condition is EX = XB for some I.

Let £ = A E,+...4-A:Ex bo a spectral representation of I whero A, ..., Ay
are cigen values and E,, ..., Ex, aro tho corresponding cigen subsp Further,

let Ey,, bo the subspace corresponding to the zero cigen value when I is singular.
By choico Ey¢ aro symmotric, idempotent and orthogonal to each other. Further, let

Wi =(X;X)IX,E, i=1,..,k+1 . (31)

where X, is a basisof .#(X). Letusgroup Wy, i=1, ..., k+1into m (as large as pos-
sible) scts S, ..., Sy such that WiW, = 0if IV and 1§ belong to dilerent scts. We
stato Theorem 3 of Watson (1967), without assuming that X'X and Z are of full rank,

For the BLUE and SLSE lo be the same for every estimable paramelric function,
a NAS condition is that the eigen values associaled with ¥y in any given sel are
equal.

Wo shall establish in a simplo way tho equivalence of the various results with
that of Lemma 1.

First, the equivalence of Lemma 1 and Kruskal’s result follows immediately
by choosing the condition X’ Z Z = 0 of Lemma 1 since (X'E)Z = 0 ¢&= EX C «(X)
which is tho samo 28 ZX = X I3 for somo D.

Second, lot us consider the NAS condition (2.2)° of Lemma 1, and the eigen
values «, ..., &r with tho eigen vectors L, ..., L, of X X, M, X, X, with respect to
XX,

X, X MLX X L = ALY XLy
= X\ M X, X, Ly = A X, L =Z X, L . (3.2)
using the expression (2.2) for £. The cquation (3.2) shows that XL, ¢ =1,...,7

aro eigen vectors of T which is Zyskind’s result. It is easy to sce that Zyskind's
result implics X'TZ = 0.

We provo the general version of Watson’s theorem in a simplo way using the
representation {2.2)" of Lemma 1.

E = X;MX\ 4 Zo D2,y
= X,(X,X,)'X,E = X,]M, X, e (3.3)
Writing @ = XAX, X/)-'X, and I{ = X, X, which aro symmetric, (3.3) is same as
GAE+...+ By =1
= A\GE(= NE; =3 M\E,GEy = EJIE;, i=1,...,k+1, e (3.4)
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Noting that W;I¥; = E,GE;, (3.4) yiclds
A=)V I = 0= A= A/ o (3.5)
if 1,154 107 5= 0 which is the same as 1MV, 3¢ 0 since. WIW; = 0. This proves
the nocessity.
To prove sufficicncy, let vs consider the spectral represeatation
E = vFit.tvnFn e (3.6)
corresponding to tho eigen values and spaces associated with S, ..., S, and redefine
W= (X, X)) WX Fq. . (37
Then, wo show that 1,1V, = 0, § # j imply that X;XZ, , = 0. The condition WI¥,
=0=—) F(GF;=0 and
P,GF\+...+F,GF,= QG . (3.8)
or MPGFZ, =0, i=1,..,m Ience N, FZ, ,=0 ¢=1,.,m or
XA Fy+...4+AnFm)Z .y = 0 which is tho condition (2.1) of Lemma 1.

Another version of Watson’s theorem in the gencral caso without assuming
full rank for X’X or Z is given by the refereo, which will be published elsewhere.

4. A VARIATION OF LEMMA 1

We shall investigate the form of Z by demanding that the BLUE is tho same as
the SLSE only for a given subset and not for all estimable parametric functions. We
refer to the oquation (2.5) and write A’ X’ ¥ in the form p’(X'X)-X'Y to obtain

(X' X)>XZTZIB=0 e {40)
whero p’ is an estimablo parametric function, If(4.1) is true for all B and p C A(P)
where I js a given matrix, then

P(X'X)"X'EZ = 0. e (42)
Substituting tho general expression (2.2) for £ and observing that P(X'X)-X'X = P’
{sce Rao, 1966, p. 266)

PAZZ=0=DPANZ =0

or P'A, = 0 if Z is chosen such that Z’'Z is of full rank. Thus we have proved the fol-

lowing lemma. It may bo scen that the use of g-inverso was convenient but could
have been avoided.

Lemma 2: A NAS condition that for any estimable function p'P where
p CA(P) the BLUE arnd the SLSE are the same is that
I = XOX'+ZTZ' +o I+ XA, Z' + ZA X' o (43)
where O, T, o® are arbitrary and A, is such thal "AZ" = 0 or P’Ay =0 when Z is chosen
such that Z'Z is of full rank.
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5. SOME FURTHER RESULTS

In this scction we prove somo results on tho characterization of the covariance
matrix Z such that the BLUE with respect to I is tho eamo as that with £,. Results
under very goneral conditions are contained in Lommas 3 and 4, and under some res-
trictions in Lemma 5.

Lemma 3: A NAS condition that for each estimable paramelric funclion the
BLUE with respect to L is the same as that with I, is that the rows of the matriz
(0 : 0 X)are contained in the space generaled by the rowa of the matriz (EZ : L,Z : X),
or the rows of the malrix (Z,Z : LZ) are conlained in the space generated by the rows of
the matrix (Z’L,Z : Z’EZ).

Proof: Let p'B bo an estimablo parametrio function and L'Y the BLUE
with respect to T, Thon L eatisfies tho equation

ZL-XA=0, X'L=p
where A is a vector of unknowns, Similarly if L'Y is also the BLUE with respect to
Z,, then
ZL—Xp=0, XL=p
where p. is a vector of unknowns. Thus a NAS condition for tho BLUE of p'B to be
common is that the equations
IL=XAEL=Xu, XL=p . (6.1)
in I, A, p are soluble. The NAS condition for the solubility of (5.1} is that for every
set of vectors a,, a,, ay such that
aGEZ+a;Ct X =0, ;X =0, a;X =0
implics a;p = 0, or a3 X = 0 if tho BLUE's are tho samo for every estimable function.
But ;X =0 and a,X = 0= a, = Zb,, a, = Zb, for some vectors b, and b,.
Then the condition for solubility of {5.1) reduces to
BZE4b,ZTg+a X = 0= a;X' =0
which implics that the space generated by the rowa of the matrix (ZZ : Z,Z ! X)
contain the rows of the matrix (0 : 0 : X). The cquivalent result stated in Lemma
3 follows easily.
Lemma 4 : A sufficient condition that for each estimable paramelric function
the BLUE with respect to L is the same as thal with I, is that Z is of the form
Z=XOX'+I,ZIZ'Z +Z,. . (58.2)
Proof : It is easy to verify that the conditions of Lemma 3 aro satisfied if
% is as in (5.2).
Lemma 6: Let any one of the conditions be salisfied.
(i) Z,is of full rank.
(i) The columns of X and Z,Z span the whole space.
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Then a NAS condition that for cach estimable paramelic function the BLUE with respect
to I is the same as that with Z, is that T is of the form

£ = XOX'+Z,ZTZ' T+ X, . (63)

Proof : 1t is clear that under any ono of the conditions (i) and (ii) of Lemma
G, the columns of X and E,Z span the wholo space in which case X can bo written as

I = XOX'4EZLZ Egt Lot XAZ' Eg+ L ZAX". e (54)

Applying the NAS conditions of Lemma 3, wo find that XA2' =0, thus reducing
(5.4) to (5.3).
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