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Chapter 1

Introduction

V. Jones’ pathbreaking results on the index for subfactors gave rise to the modern theory
of subfactors [J83]. S. Popa proved that amenable finite index subfactors of II; factors are
completely classified by their standard invariant [P94], which are axiomatized in general by
standard A-lattices [P95] or planar algebras [J21]. This has led to remarkable progress in
the classification of finite index hyperfinite subfactors, by transforming a large part of this
fundamentally analytic problem to the (essentially) algebraic problem of classifying abstract
standard invariants [JMS14, AMP15].

In the finite depth setting, A. Ocneanu introduced and established the theory of biuni-
tary connections on finite 4-partite graphs as an essential tool for constructing hyperfinite
subfactors, which he called paragroups [O88]. The paragroups can also be used to construct
infinite depth hyperfinite subfactors from finite graphs (see [P97, S90]). While the other ap-
proaches to standard invariants are now more common, the theory of biunitary connections
remain an important ingredient in the construction and classification of hyperfinite subfac-
tors [EK98, JMS14]. Many features of subfactor theory now have a clear higher-categorical
interpretation [M03, B97, CPJP22, JMS14], and while there is some work investigating
biunitary connections from a categorical viewpoint [C20], the general theory of biunitary
connections and particularly their role in hyperfinite subfactor construction has remained
mysterious from the categorical viewpoint.

We shed some light on this problem by showing that graphs and bi-unitary connections
can be viewed naturally as part of a larger W* 2-category UC" (see Section 3.2). We then
build a 2-functor to the 2-category of tracial von Neumann algebras, which puts the hyper-
finite subfactor construction from biunitary connections into a larger categorical context.
The O-cells (or objects) of the 2-category UC" are Bratteli diagrams equipped with tracial
weighting data. These generalize the Bratteli diagrams arising from taking the tower of
relative commutants of a finite index subfactor. 1-cells in our 2-category are unitary connec-
tions between Bratteli diagrams which are compatible with the tracial data. These naturally
generalize Ocneanu’s biunitary connections from subfactor theory to our Bratteli diagram
setting. Finally, the 2-cells of our category are built as certain fixed points under a ucp
(unital completely positive) map, strongly resembling a noncommutative Poisson boundary
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as in [104, NY17].

We prove the existence of a W*-2-functor PB : UC"™ — vINAlg which is fully faithful at
the level of 2-cells. The von Neumann algebras in the image of PB are always hyperfinite by
construction. To see how the usual subfactor theory construction fits into this story, from a
4-partite graph and a biunitary connection, we build a pair of tracial Bratteli diagrams by
repeatedly reflecting the “vertical” bipartite graphs, and taking the Markov trace as data.
The horizontal graphs and the biunitary connection assemble into a 1-morphism in UC"
from this pair of tracial Bratteli diagrams. By carefully choosing the initial vertex data, we
can build a unital inclusion of hyperfinite von Neumann algebras from this data, which we
will see is just a special case of our construction Section 4.1. One way of looking at our
result is that we are generalizing connections to be 1-morphisms between graphs that can be
composed. Our main result is that a “compositional” version of the subfactor construction
holds, and many of the results from the subfactor setting are true for bimodules as well.
For example, it is well known that the relative commutants of the subfactor constructed as
above can be computed as the “flat part” of the initial biunitary connection. We prove a
generalization of this in Theorem 3.4.6.

To motivate our definitions in UC™, we first consider a purely algebraic category UC
consisting of Bratteli diagrams (without tracial data), unitary connections between them,
and natural intertwiners between connections which we call flat sequences in Section 3.1.
This 2-category is essentially equivalent to the 2-category studied in [CPJ22] in the context
of fusion category actions on AF-C*-algebras, with only minor differences at the level of
0-cells and 2-cells only. As in [CPJ22], from a 0-cell we define an AF-algebra'. We see that
the 1-morphisms in UC are precisely the data we need to define inductive limit bimodules
between the AF-algebras built from the O-cells; the 2-cells in UC are precisely the inter-
twiners between the resulting bimodules. Then picking a tracial state on the AF-algebras,
we ask which 1-cell bimodules extend to the corresponding von Neumann completion, and if
they do, what are the morphisms between them? This consideration leads us precisely to our
definitions of 1-cell and 2-cell in UC™, which answers this question and proves the existence
of the W*-2-functor PB : UC" — vNAlg. We explore several examples, including the
relationship between our work and classical subfactor constructions. We also discuss various
examples arising out of directed graphs and vertex models and investigate the relationship
between our work with that of M. Izumi [104].

The second part of my thesis is about @)-systems in UC. The standard invariant of a
finite index subfactor of a II; factor was first defined as a A-lattice [P95]. In [MO3], a @-
system which is a unitary version of a Frobenius algebra object in a C*-tensor category or
C*-2-category, is exhibited as an alternative axiomatization of the standard invariant of a
finite index subfactor [O88, P95, J21]. This further fostered classification of small index
subfactors [JMS14, AMP15] . Q-systems were first introduced in [L94], to characterize

lwe are slightly abusing terminology: by AF-algebra we mean inductive limit of finite dimensional C*-

algebras in the category of *-algebras, so we do not complete in norm



canonical endomorphism associated to a finite index subfactor of a Type III factor.

The study of Q-systems in the context of C*-tensor categories or C*-2-categories is an
active area of research. Given any rigid, semisimple, C*-tensor category C with simple tensor
unit 1, an indecomposable Q-system @ € C (Endg_¢ (@) ~ C) and a fully-faithful unitary
tensor functor H : C — Bim(V) for some II; factor N, we can apply realization procedure
[JP19, JP20] to construct a II; factor M containing N as a generalized crossed product
N xpg Q. Also, every irreducible finite index extension of N is of this form.

Recently [CPJP22] introduced the notion of Q-system completion for C* /W*-2-categories
which is another version of a higher idempotent completion for C*/W*-2-categories in com-
parison with 2-categories of separable monads [DR18] and condensation monads in [GJF19].
Given a C*/W*-2-category C, its @Q-system completion is the 2-category QSys(C) of Q-
systems, bimodules and intertwiners in C . There is a canonical inclusion *-2-functor
te : C — QSys(C) which is always an equivalence on all hom categories. C is said to
be Q-system complete if 1o is a *-equivalence of *-2-categories. In this thesis, we explore
Q-system completeness in the context of pre-C*-2-categories. We call a pre-C*-2-category C
to be Q-system complete if every Q-system in C ‘splits’.

We prove Q-system completeness of UC. The task of proving this, comprises of the
following parts:

(i) Building a new suitable O-cell in UC. We achieve this by applying the realization of
the given Q-system as in Section 3.1 and using ideas from [CPJP22].

(ii) Constructing a dualizable 1-cell (X,, W,) in UC having a unitarily separable dual in
UC. We use subfactor theoretic ideas [B97, EK98, P89, P94] to build our appropriate
1-cell in UC.

(iii) Setting up natural isomorphisms 7*)’s between XX and functors apearing in the

given Q-system, so that 7*)’s intertwine the algebra maps and satisfy exchange rela-
tions eventually for all k.



Chapter 2

Preliminaries

We recall basic results and definitions pertaining to finite, C*-semisimple categories, 2-
categories and (Q-systems which are the essential building blocks of this thesis . Most of the
results discussed in this chapter can be found in [CPJP22, DGGJ22, EGNO, M03, JY21, NT].
All categories considered in this thesis are essentially small, that is, its class of objects as
well as its isomorphism classes of objects form a set.

2.1 C*-semisimple categories
Definition 2.1.1. A category C is called a C*-category if:

(i) each morphism space C (U,V) is a Banach space for all objects U , V such that the
map

C(V,W)xC(UV)>(S5T)— SoT ecC(UW)
is bilinear and satisfies ||S o T|| < ||S||||T]].

(ii) there exists a ‘zero’ object in C such that all morphisms from or to it, is zero.

(iii) there exists a contravariant, conjugate-linear involutive functor x : C — C satisfying
the following properties:

(a) it fixes every object, that is, U* = U for any object U € C.

(b) ||T* o T|| = ||T o T*|| = ||T|? for every T € C (U, V). Thus,in particular, End (/)
is a C*-algebra for every U € C.

(¢) T* o T is a positive element in the C*-algebra End (U), for every T' € C (U, V).
An easy example is the category of Hilbert spaces Hilb.

Subobjects and direct sums. In a C*-category C, Y € Ob(C) is said to be a subobject
of X € Ob(C) if there is an isometry u € C (Y, X), that is, u* o u = 1y. Observe that if u is
an isometry then w o u* is a projection in End(X). Sometimes, Y will be referred to as the
subobject corresponding to the projection u o u*.
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Given objects X1, -+, X, € Ob(C), their direct sum is defined as the object Z € Ob(C)

alongwith isometries u; : X; — Z for each ¢« = 1,---n, such that Zuz ou; = 1z and

=1

uiu; = 0; j1x,. Usually, Z is denoted by @ X;.

i=1
Definition 2.1.2. A C*-category C is called semisimple if:
(i) all morphism spaces are finite-dimensional.
(ii) all finite direct sums exist.
(iii) subobject with respect to any projection in any endomorphism space exists.

Definition 2.1.3. Let C be a C*-category. An object X € C is called simple if every suboject
is unitarily equivalent to X.

For an object X € Ob(C), suppose End(X) is given to have dimension 1. It is straight-
forward to see that X is simple. The converse is known as Schur’s lemma and it holds
for C*-semisimple categories. Moreover, observe that in a C*-semisimple category, every
object is a direct sum of simple objects. For two objects X,Y € Ob(C), we say that Y
has multiplicity m in X if m is the maximum number of isometries from Y to X such that
their corresponding projections in End(X) are orthogonal; if Y is simple, then observe that
m = dimc(C(Y, X)).

Definition 2.1.4. A C*-semisimple category C is said to be finite if there are finitely many
isomorphism classes of simple objects.

The category of finite-dimensional Hilbert spaces Hilbsq, the category of finite-dimensional
(as a vector space) right-A-correspondences R 4 for a given finite-dimensional C*-algebra A,
are some of the examples of finite, C*-semisimple categories.

Definition 2.1.5. A functor I : C — D between C*-semisimple categories, is called x-linear
if the map F : C(X,Y) — D(F(X),F(Y)) is a linear map and F(f)* = F(f*) for every
X,Y € Ob(C) and for every f € C(X,Y).

As an example, consider the functor F' = C(s,e) : C — Hilbsy, where C is a C*-
semisimple category and s is a simple object in C. Then, F' is a *-linear functor.

2.2 2-categories
In this thesis by a 2-category we will mean a weak 2-category or a bicategory.

Definition 2.2.1. A bicategory is a tuple (B, 1, ¢, a,l,r) consisting of the following data

Objects : B is equipped with a class Ob(B) = By, whose elements are called objects or 0-cells
in B . If X € By, we also write X € B.

11



Hom categories : For each pair of objects X,Y € B, B is equipped with a category B(X,Y), called a
hom category.

1. Its objects are called 1-cells in B. The collection of all the 1-cells in B is denoted
by Bl.

2. Its morphisms are called 2-cells in B. The collection of all the 2-cells in B is
denoted by Bs.

3. Composition and identity morphisms in the category B(X,Y) are called vertical
composition and identity 2-cells, respectively.

4. An isomorphism in B(X,Y") is called an invertible 2-cell, and its inverse is called
a vertical inverse.

5. For a 1-cell f , its identity 2-cell is denoted by 1;

Identity 1-Cells : For each object X € B, there is a distinguished 1-cell 1x € B(X, X), called the
identity 1-cell of X.

Horizontal Composition: For each triple of objects X, Y, Z € B, X : B(Y,Z) x B(X,Y) = B(X,Z) is
a functor, called the horizontal composition.

Associator: For objects W, XY, Z € B, an associator natural isomorphism

B(Y, Z) x B(X,Y) x B(W, X) (e5e) 1 s B(X,Z) x B(W,X)
Id x (eXe) :a> oXle
B(Y, Z) x BOW,Y) - s B(W, Z)

This means that, for all P € B(Y,Z),Q € B(X,Y), R € B(W, X), we have an isomorphism
apor: PX(QXR) — (PX Q)X R which is natural in all three variables.

Unitor: For each pair of objects X,Y € B and for every A € B(X,Y’) we have

Iy KA XY A8 AR,

are natural isomorphisms called left unitor and right unitor respectively.

Triangle axiom: For objects V, W, X € B and for every f € B(V,W), g € B(W, X), the diagram in

B(V, X),
(gR1y) K f Wl g (1w K f)
gX f

12



1s commutative.

Pentagon axiom: For objects V, W, XY € B and for every f € B(V,W),g € BW,X),h €
B(X,Y), k € B(Y, Z) the diagram in B(V, Z),

(kB h) K (g & f)

Qkh,g,f Ak h,gh
(kXh)XRg)X f kX (AR (gX f))
lakvh,gmf 1k&ah,g,f)I\

(kX (hRg)) X f Thhod » kX (WX g) K f)

is commutative.
Remark 2.2.2. The horizontal composition X (in Definition 2.2.1) is a functor means:

(i) it preserves identity 2-cells, that is, 1, X 1y = 1,z in B(X,Z)(g X f,g X f), for
feB(X,Y), g B(Y,Z2).

(ii) it preserves vertical composition, that is, (5'6)X(d/«) = (F/Ka/)(fRa) in B(X, Z)(gf, 9" f")
for 1-cells f, f', f" € B(X,Y),q9,¢,¢" € B(Y,Z) and 2-cells o« : f — [, o : f' —
f'"B:g—=4g,0:9—4g"

An example of a 2-category is the 2-category of Categories whose 0-cells are categories,
1-cells are functors and 2-cells are natural transformations.

Pictorial notations related to 2-categories. Suppose C is a 2-category and a,b € Cy

be two O-cells. A I-cell from a > b is denoted by »X,. Pictorially, a 1-cell will be denoted

by a red strand and a 2-cell will be denoted by a box with strings with passing through

it. Suppose we have two 1-cells X,Y € Ci(a,b) and f € Co(X,Y) be a 2-cell. Then we
Y

will denote f as . We write tensor product X of 1-cells from right to left .Y % X, for

X
X € Ci(a,b) and Y € Cy(b, c). We refer the reader to [HV19], for a detailed study of graphical
calculus. Pictorially, Remark 2.2.2 says that, for X,Y € Cy(a,b) and X;,Y; € Ci(b, )

Y; Y Y Y Y
@n@é
Xy X Xu X Xi

All 2-categories C in this thesis are small, that is, each hom category is a essentially small
category and Cj is a set.

Y

for f € CQ(X, Y), qg < CQ(Xl,}/i)
X

13



2.3 Trace on natural transformations

2.3.1 Categorical trace

Let M be a semisimple C*-category and V' be a maximal set of mutually non-isomorphic
simple objects in M. For all v € V, x € Ob(M), consider the inner product (-,-),, on
M(v,z) defined by 7*¢ = (0, 7T),. 1,. An orthonormal basis for such spaces is basically a
maximal orthogonal family of isometries in M(v, ).

Convention. If a statement is independent of the choice of orthonormal basis for M (v, z),

then we denote it by ONB(v, z). For instance, 1, = > >, oo’
veV 0cONB(v,x)

Given a map p: V — (0,00) (referred as a weight function on M), consider the linear
functional

End(z) 3 « & Z Z o (ao,0),, €C.

veV ccONB(v,z)

Clearly, Tr, is a faithful, positive functional. Moreover, Tr = (Trx)x@b( M) is a ‘categorical’
trace, namely it satisfies Tr,(af5) = Tr,(Ba) for all @ € M(y,z), B € M(z,y). We refer Tr
as the categorical trace associated to the weight function .

2.3.2 Graphs and functors

Let I' = (V4, E) (also denoted by V_ L) V) be a bipartite graph with vertex sets Vi and
edge sets E,, ,_ for (vy,v_) € Vi x V_, such that the set of edges attached to any vertex
is non-empty and finite. Consider the semisimple C*-category My whose objects consists
of finitely supported Vi -graded finite dimensional Hilbert spaces. Note that I' induces the
following pair of faithful functors

Fy

M_> (H,.) — < ® H, ®£2(Ev+,v)) e My
vy VL

v_eV_ eV

My > (Hv+)v+eV+ 'i (U+€€BV+HU+ ® 62(Ev+,v)> e M-
v_€eV_

where the action of each of the functors on a morphism is obtained by distributing it over
the direct sum and tensor product keeping the edge vectors (in ¢*(E,, , )’s) fixed. One
can easily show that such Fl is s-linear, bi-faithful (that is, both itself and it adjoint are
faithful), and F; and F_ are adjoints of each other. Conversely, every adjoint pair of *-linear
faithful functors Fy : Mz — M between semisimple C*-categories M, gives rise to such
a bipartite graph by setting the vertex set V. as a maximal set of mutually non-isomorphic
simple objects in M4 , and edge set E,, ,_ as a choice of orthonormal basis in M (v, Fv_)
with respect to (-, )y, p, o (defined in Section 2.3.1).

For Fy, M., Vy as before, we will try to characterize the set of solutions to conjugate
equations implementing the duality of F.. At this point, it will be useful for us to introduce
some pictorial notation for morphisms and natural transformations which are quite standard
in articles appearing in category theory.

14



Pictorial notation
D
(i) A morphism f: C' — D will be denoted by , and composition of two morphisms
i
will be represented by two vertically stacked labelled boxes.

(ii) Let C and D be two categories and F,G : C — D be two functors. Then a natural
G
transformation n : ' — G will be denoted by . For an object x in C, the

morphism 7, : F'z — Gz will be denoted by

(iii) For a *-linear functor F' : C — D between two semisimple C*-categories categories, we
will denote a solution to conjugate equation by

p= F\_ ' idp— FF' and p'= F\_JF:idc— FF

pr = Fmp/:FF’—HdD and [p]" = FmF3F,F—>idC

where F’ : D — C is an adjoint functor of F.

We will extend the above dictionary (between things appearing in the category world
and pictures) in an obvious way. For instance, composition of morphisms and natural trans-
formations will be pictorially represented by stacking the boxes vertically whereas tensor
product (resp., composition) of objects (resp., functors) by parallel vertical strings. For sim-
plicity, sometimes we will not label all of the strings (with any object or functor) emanating
from a box (labelled with a morphism or a natural transformation) when it can be read off
from the context. We urge the reader to get used to the various picture moves which are
induced by relations satisfied by operations, such as, composition, tensor product, etc. be-
tween objects, morphisms, functors and natural transformations. In fact, the main purpose
of using this graphical calculus is because of the ease of working with these moves instead of
long equations.

Fact 2.3.1. If p* : idy, — FyF= is a solution to the conjugate equation for Fy, then for
each (vy,v_) € Vi x V_, there exists an orthonormal basis E,, ,  of My (vy, Fyv_) and a
‘weight” function ky, . E,, ., — (0,00) and satisfying the following:

(py)" F-(07%) py. = Ooer bu,w_(0) 1,_ forall o,7€E, vy € V4. (2.1)

+,U—

Conversely, to every such family of orthonormal bases and weight functions, one can asso-
ciate a solution to the conjugate equations implementing the duality of Fy satisfying Equa-
tion (2.1).(cf. [C20, Proposition 4.3.2]).

15



The above easily follows from the spectral decomposition of the faithful positive func-
tional [(p;)* F_(e) p;] : End(Fyv_) — End(v_) = C1,_. Thus, from the adjoint
pair of x-linear faithful functors, we not only get a bipartite graph, the solution to the

conjugate equations puts a positive scalar weight on each edge. Further, the set £, ,, =

_1
{ (Kopo_(0)) 2 [Fo0*] p,_ : o€ EUH,?} turns out to be an orthonormal basis of M _(v_, F_vy)
1
and satisfies an equation analogous to Equation (2.1) with weight function x,_,, = )
Koy v

The solution p* will be called ‘tracial’ if the weight function is constant on edges for
every fixed pair of vertices. Indeed, for tracial solution p*, Equation (2.1) becomes

(p;)* F_ (07 py. = Kuow (0,T)v, mo 1, forall o7 Mi(vy, Fro_) (22)
(p;;)* Fy (o 1% p;j: = Koy (O.T)o_ v, Lo, forall o,7 € M_(v_, F_vy) '

and the map [(p;)* F_(e) p, ] is tracial and so is [(ijr)* F, (o) p;;]. We also get a
conjugate linear unitaries

Vi,V

Mi(vy, Frol) 30 V5 Ry, [F-0"] p, € M_(v_,F_vy) ,

v

Jv_,v «
M_(v_,Fv)d0 =" Ry, [Fy o Py, € My (vy, Froo) .

The two ‘loops’ are given by:

(p5) 0 pd = > New Bowy ¢ Lo € End(idy, ), (2.3)
v_€eV_ -

(pa) ops = ST Nepwo Byl p Lo € End(idn_ ), (2.4)
v+EVE v_eV_

where N, , = dim¢ (M4 (vy, Froo)) = dimg (M_(v_, F_v;)) (that is, the number of
edges between v, and v_ in the bipartite graph). (Note that a natural linear transformation
between *-linear functors from one semisimple C*-category to another, is captured fully by
its components corresponding to the simple objects.)

Bi-faithfulness of functors. We now state a result concerning bi-faithfulness of functors
which is known to experts. Nevertheless, we give a proof.

Lemma 2.3.2. Let C and D be C*-semisimple categories and F : C — D be a x-linear
functor with adjoint (F, p,ﬁ). The following are equivalent:

(1) F is bi-faithful.

2) p*p and p*p are invertible elements in the C*-algebras End(Idp) and End(Id¢) respec-
pp pp
tively.
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Proof. (1) = (2): Suppose F : C — D and F : D — C are both faithful. Since D has only
finitely many isomorphism classes simple objects, to prove that p*p is invertible it is enough
to show that, for every simple object ¢ in D, the scalar in p;p; = M\1; is positive. Clearly,
At > 0. If Ay = 0 then this will imply that p, = 0, hence F(1;,) = 0, a contradiction to
faithfulness of F'. Thus, p*p is invertible. Similarly, one can prove that p*p is also invertible.

(2) = (1) : Suppose p*p and p*p are invertible. For f € C(x,y), suppose F(f) = 0.

Y

Then, F QF = 0. By invertibility of p*p we get that f = 0. Thus, F is faithful. In
x

a similar way, we can prove that F is also faithful. ]

2.3.3 Trace on natural transformations

In this thesis, we will be working with the 2-category of weighted semisimple C*-categories,
denoted by WSSC*Cat, whose 0-cells are finite semisimple C*-categories along with a weight
function on it (that is, a positive real valued map from the isomorphism classes of simple
objects, as considered in Section 2.3.1), 1-cells are x-linear bi-faithful functors and 2-cells
are natural linear transformations. Further, for the duality of the adjoint pair of 1-cells

+
(M_, 1) = (M4, ut), we will consider tracial solution p* : idy, — FLF: to the
B It
ey,

V-

(vy,v_) € Vi x V_; we refer such a solution to be commensurate with the weight functions
(on the simple objects) (E’,Eﬂ. Using the categorical trace Tr associated to the weight
function /_;i, one may obtain the relation:

for

conjugate equations associated to the constant weight on edges given by s, ., =

Tr, ((pF)" Fi(a)pf) = Trp.(m(c) for all z € ob(My), o € End(Fy(z)). (2.5)

We will now exhibit a similar categorial trace on the endomorphism space of every 1-cell
between two ‘finite’ 0-cells (that is, there is finitely many isomorphism classes of simple
objects in the semisimple C*-category of the O-cell); further, this trace will be compatible
with the tracial solution commensurate with the weight function in the 0-cells.

Proposition 2.3.3. Let (M,p), (N,v), (Q,m) be finite 0-cells in WSSC*Cat, and A :
M = N, ¥ N — Q be x-linear bi-faithful functors. Suppose Vg, Vi, Vo are mazimal sets
of mutually non-isomorphic simple objects in M, N, Q respectively.

(a) The map

End(A) 37 L Z po Try, (n,) €C

ueVm

s a positive faithful trace.
We will refer Tr* as the ‘trace on End(A) commensurate with (Hv y) g
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(b) If (idM A AN, idy A AK) (resp., (z’dN é) XY, ddg g Ei)) is a solution to con-
jugate equations for the duality of A (resp., X)) commensurate with (u,v) (resp., (v,x)),
then

Trt (B3 (n) Ba) = Tr*4(n) = ™ (£ (p°) nx X (p)) for n € End(TA) .

Proof. (a) To each @ € End(Az) for x € Ob(M), we associate the natural transforma-

tion [a] == | > > A(ro*) aA(oT") . In terms of this association, we
u€Var 0€ONB(u,z)
T7EONB(u,y) yEOb(M)

may express End(A) as a direct sum of full matrix algebras indexed by Vi x V), and a
system of matrix units of the summand corresponding to (u,v) € Vi X V) is given by
{[o7*] : 0,7 € ONB(v, Au)}. Note that Tr* ([07*]) = 85—y jtu v, which is positive and inde-
pendent of the choice of o and 7.

(b) From the definition, the left side turns out to be > gy Try, (81, (1) Baw) which

ueVym

is equal to (applying Equation (2.5)) > py Trgy, () = Tr=*(n).
uEVpm
Pictorially the right side can be expressed as

g G

1
1
us _ us
= g v, Try,, = E f, Trss, [77 U
e e 2y
veVN vEVN T
o€ONB(u,Av) T7€ONB(v,Au) D

= Y w1 D) =T

ueVp
vEVN
0c€ONB(v,Au)

]

Remark 2.3.4. The trace in Proposition 2.3.3 (a), is ‘categorical’, that is, A M = N
is another functor with the same PF vectors as that of A, then Tr™ (yn) = Tr* () for

n € NT(A,A), v € NT(A, A).
2.4 Q-system completion

Definition 2.4.1. A pre-C*-2-category is a 2-category such that the hom-1-categories sat-
isfies all the conditions of a C*-category except that the 2-cell spaces need not be complete
with repsect to the given norm.

Let C be a pre-C*-2-category.

18



Definition 2.4.2. A Q-system in C is a 1-cell ,Q; € Ci(b, b) along with multiplication map
m € Co(Q X, Q,Q) and unit map i € Cy(1,, @), as mentioned in section 1, satisfying the
following properties:

m (associativity)

(unitality)

Q1)

(Q2)

(Q3)

(Q4) ¢ = (Separability)

Definition 2.4.3. [CPJP22] Given a Q-system (Q,m, i), we define

(Frobenius condition)

gm

dQ = I € End¢ (1b)+

o If dg is invertible, we call ) non-degenerate or an extension of 1.
o If d is an idempotent, we call ) a summand of 1,.

We recall some facts about @Q-systems in C*-tensor categories already mentioned in
[CPJP22, Z07].

Q Q
Q
Fact 2.4.4. (F1) Q is a self-dual 1-cell with evg = \(51/ and coevg = 0 AQ

(F2) Using (F1) and [Z07, Lemma 1.16] we have the following inequalitites:

4 s <l
Q Q
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(F3) By [Z07, Corollary 1.19] either dg is invertible, or zero is an isolated point in Spec(dg).
Define , f: Spec(dg) — C by

=0

By abuse of notation, set dél = f(dg). By continuous functional calculus, set sq =
deél. Then we have the following :

(a)

@ -

o

)
T <ldl

Definition 2.4.5. Suppose C is a pre-C*-2-category and , X, € Ci(a,b). A unitarily separable
left dual for , X, is a dual (aXb, evy, coevx) such that evyoevy =idy, (cf. [CPJP22, Example
3.9)).

Given a unitarily separable left dual for , X, € Ci(a,b), ;X X X, € C1(b,b) is a Q-system
with multiplication map m = idx X evx W id and unit map 7 := coevy.

Given a Q-system @) € Cy(b,b), if it is of the above form then we say that the Q-system
Q@ ‘splits’.

Definition 2.4.6. A pre-C*-2-category C is said to be Q-system complete if every Q-system
in C ‘splits’, that is, given a Q-system () € Cy(b, b) there is an object ¢ € Cy and a dualizable
1-cell X € Cy(c, b) which admits a unitary separable dual (7, evy, coevX) such that (Q,m, 1)
is isomorphic to , X % X, as Q-systems.

Remark 2.4.7. In [CPJP22], Q-system completion has been treated in the context of
C*/W*-2-categories. It has been proved that Definition 2.4.6 is equivalent to their defi-
nition of Q-system completeness (see [CPJP22, Theorem 3.36]) of C*/W*-2-categories.
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Chapter 3

Unitary connections on Bratteli
diagrams

3.1 Unitary connections and right correspondences

Bratteli diagrams are incredibly useful tools for studying inductive limits of semisimple al-
gebras (also called locally semisimple algebras). In this section we introduce a combinatorial
2-category whose objects are Bratteli diagrams and 1-cells are generalizations of Ocneanu’s
connections. Our perspective is that our 1-cells can naturally be viewed as “Bratteli diagrams
for bimodules” between locally semisimple algebras. Thus as we describe our 2-category UC,
we will explain its relationship to algebras and bimodules. As a consequence, we build a
fully faithful 2-functor UC into the 2-category of algebras, bimodules, and intertwiners.

3.1.1 The 0-cells

. : . . r r r
These are sequences consisting of finite bipartite graphs Vj R VAR VAL N /A

(where V;’s are the vertex sets) such that none of the vertices is isolated. As described in the
Section 2.3.2, given such a data, we will often work with the corresponding *-linear, bi-faithful
functor 'y, : My_1 — My (where My is a semisimple C*-category whose isomorphism
classes of the simple objects are indexed by the vertex set V}). We will denote such a 0-cell

I . .
by {Mk_l LN /\/lk} or sometimes simply I',.
k>1

Given such a 0-cell, we fix an object mg = @ v € ob(M,). Consider the sequence
veVY

of finite dimensional C*-algebras {A; = End(I'y ---T'1ymg)},5, (assuming Ay = End(my))
along with the unital *-algebra inclusions given by A,_; 3 a < I'ya € Aj. Indeed, the
Bratteli diagram of Aj_; inside Ay is given by the graph I'y. To the O-cell I'y, we associate
the x-algebra A, = kL>JOAk.
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3.1.2 The 1-cells

Definition 3.1.1. A 1-cell from the 0-cell {Mk;—l &> /\/lk} to the 0-cell {Nk—l ﬂ Nk}

k>1
consists of a sequence of *-linear bi-faithful functors {Ay : My — N} r>o and natural uni-
taries Wy, : AgAg_1 — AgI'y for k> 1. Such a 1-cell will be denoted by (A, W,) or simply
by A, and W, will be referred as a unitary connection associated to A,. Denote the set of

1-cells from T’y to Ay by UC; (T, A,).

We will abuse the notation A to denote the functor Ay : M — N, as well as its
associated adjacency matrix (Vi x Vi, ), and the same will be done for I'y’s and A,’s. From
the context, it will be clear whether we are using it as a functor or a matrix. Pictorially, the

k>1

A\ T,
natural unitary W) appearing in the 1-cell will be represented by A >\ and W} by
k

Ay
Ak\/Ak—l
AT,

To each such 1-cell (A, W,), we will associate an A.-By right correspondence where

A
ng and B’s are related to {Nkl . Nk} exactly the way my and A,’s are related to
k>1

{Mk_l % /\/lk} respectively. For k& > 0, set Hy, = N (A -+ Aing, AgTy - - Tymyg).
k>1
We have an obvious Ag-Bj-bimodule structure on Hy in the following way:

AkakakB(a,f,ﬁ)r—>Ak(a)o§oﬂ € H, (31)

Again, there is a Bj-valued inner product on Hj given by

Hk X Hk S (S,C) <lij>8k <£, §>Bk = g* Of - Bk (32)

Next, observe that Hj, sits inside Hy,; via the map

H,>¢ 'Ik—+l> [(Wk-i-l)rk...rlmo} © [Ak-l-lg] =

Lemma 3.1.2. The inclusions Hy < Hj11, Ay — A1, By < Byy1 and the corresponding
actions are compatible in the obvious sense.

Proof. Naturality of W implies

AeraTrine o [(Wiia)p,or,mg © Dkrié] © Agafs
— [(Wk‘i‘l)l—‘kml—‘lmo} o Apy1 (Agao&of3)
for all £ € Hy, a € Ay, B € By. O
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Set Hy = kL>JOHk which clearly becomes an A..-By right correspondence. Further, we

will exhibit a Pimsner-Popa (PP) basis of the right-B,-module H,, with respect to the
B.-valued inner product.

Lemma 3.1.3. There exists a finite subset . of Hy such that Z 000" = 1pym,; Moreover,

e
any such . is a PP-basis for the right Bs-module H.

Proof. Since ng contains every simple object of Ny as a subobject, therefore expressing the

identity of End(Agmg) as a sum of minimal projections, we have a resolution of identity

1agm, factoring through ng, that is, there exists a subset .7 of N (ng, Agmg) = Hy satisfying:
(i) o*o is a minimal projection of End(ng), and

(i) Y 00" = lagm, -

ceS
Condition (ii) and the definition of B,-valued inner product directly imply that .7 is
indeed a PP-basis for the right B,-module H,. O

3.1.3 The 2-cells

Let A, and 2, be two 1-cells from the 0-cell {Mk_l % Mk} 0 {Nk_l ﬂ Nk}
k>1 k>1

The natural way to define a 2-cell will be considering a sequence of natural linear transfor-
mations from Ay to € which are compatible with the natural unitaries W} and W for
k > 1. We define such compatibility in the following way.

Definition 3.1.4. A pair (n,x) € NT( Ak, Qr) X NT(Ags1, Q1) is said to satisfy ezchange

/%) /
relation if the condition A holds.
E+1
Ay

Remark 3.1.5. The exchange relation pair is unique separately in each variable, that is,
if (n, k1) and (1, k) (resp., (1, k) and (12, k)) both satisfy exchange relation, then s, = ko
(resp., m1 = 12); this is because the connections are unitary and the functors I'y and Ay are
bi-faithful.

We only require that the 2-cells satisfy this exchange relation eventually. To make this
precise, we let

Ex(A., )

denote the space of sequences {n*) € NT (Ay, Q) }r>0 such that there exists an N such that
(Mk, Me+1) satifies the exchange relation for all £ > N. Consider the subspace

Exo(Ae, 26) := {{mk}r>0 € Ex(Ae,Q) : m =0 forall k>N forsome N € N}
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Definition 3.1.6. Let A,, Q2 € UC; (I's, A,). We define the space of 2-cells

_ Ex(A., Q)

UCQ (A., Q,) = EXO(A 9 )

For notational convenience, instead of denoting a 2-cell by an equivalence class of se-
quences, we simply use a sequence in the class and truncate upto a level after which the
exchange relation holds for every consecutive pair, namely, {n(k)}k> v EUC, (A, Q) where
(MK, Mk+1) satifies the exchange relation for all £ > N. -

Ifn = {n(k)}sz € UCy(A,, Q) and k = {“(k)}kzL € UC, (9, =,), then define the

‘vertical’ composition of 2-cells by - 1 = { (k™ o n*)) It is easy to check that

}k>max K,L}"
k-n € UCy (A, =Z,) is well defined and the composition is assécia%cive.

‘Given two 0-cells I’y and A,, we have obtained a category whose object space consists
of 1-cells A,, and morphisms are given by 2-cells. We call this the category of unitary
connections from I'y to A, and denote by UC, a,.

Following with the structure in the previous subsections, we will see that 2-cells uniquely
define bimodule intertwiners between the bimodules associated to the 1-cells. We will borrow
the notations Hy, H,, .7, etc. (arising out of A,) from previous subsections, and for those

arising out of 2, we will use the notation Gy, G, 7, etc. and we will also work with the

pictures as before. For each k > 0, we define Ny (AT ---Timg , Qs ---Timg) 3 v »g
¢, € L(Hw,Gx) (the space of adjointable operators with respect to the By-valued inner
product) in the following way

Qi1

o, L
HOODH].C_HBCVP—W) Ak—i—l << || o GGk+lCGOO (34)
( a )
T Tng
for [ > 0. It is easy to check that @, is well-defined and adjointable. We list a few basic
properties of ® in the following lemma.

Lemma 3.1.7. For all k > 0 and v € Ny (AT ---Timg , QL' ---Timg), the following
conditions hold

(1) Pyr = (P4)7,

(ZZ) q)w(Hl) C Gy foralll >k,

(iti) the map v — .|, is one-to-one, and

() ., € L, (Ho,Go).

Proof. The only nontrivial part is to prove (iii). This easily follows from the equality v =

. In fact, we have deduced a stronger statement, namely, 7 is nonzero

Akﬁl—J\ %0

if and only if ®,[, is nonzero. O]
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Lemma 3.1.8. For each k > 0, the space Ny (AyTy---Timg , Qg ---T1img) gets an Ay-
Agp-bimodule structure via

(1,7, 9) € Apg X Ni (AyTg - -Tymg , Qg+ -Timg) X Ay,

!

Qkozl oyo AkOéQ € Nk (Aka oo F1m0 , rik cee Flmo)

and the space NT(Ag, Q) of natural linear transformations is isomorphic to the space of
Ag-central vectors in Ny, (AgTx - Timo , QL+ -Timg) via 7 — nr,.ryme -

Proof. The map
v €N (AT - -Timg , Q- --Timy)

!

> [dime (Mg, Tk Timo))] ™" Y Q(07") 0y 0 Ay(r0") e NT(Ag, Q%)
vEVM,, c€ONB(v,z)

T7€ONB(v,['---T'1mg) 2€0b(My,)

when restricted to the Aj-central vectors, turns out to be the inverse of the map in the

statement of the lemma (since mg contains every simple as a subobject and I';’s are bi-
faithful). O

Lemma 3.1.9. The pair (n,x) € NT(Ag, Q) X NT(Agy1, Qer1) satisfies exchange relation
if and only if Py,

Proof. The ‘only if’ part direct follows from the definitions.

For the ‘if’ part, let *n and k. denote the left and the right sides of the exchange rela-
tion equation. Applying Lemma 3.1.7 (iii) on the equation in our hypothesis, we deduce
(Xn)rkmrlmo = (“X)Fk~~-F1mo' Now, by bi-faithfulness, I'y, - - - I'ymy contains all the simples of

~Tymg — T ALy q-Timg

M. as subobjects, and thereby *n = k. O
Theorem 3.1.10. Starting from a 2-cell {n(k) eNT <Ak’Qk)}k>K’ we have an intertwiner
D 1 € 4. Lp..(Hy,Gy) which is independent of k > K.

Pg---T'1mg

Conversely, for every T € 4 Lp. (Ho,Go) (= the space of As-Boo-linear adjointable
operator) and for all k > Ky = min{l : THy C G;}, there exists unique n'*) € NT (A, Q)
such that T' = @n(k) . Further, (n(k), 77(’““)) satisfies exchange relation for all k > K.

T T1mg
Proof. The forward direction trivially follows from Lemma 3.1.9 and the A,.-B,-linearity is
obvious. For the converse, set

st Flmo, rik s Flmg) for k Z KT
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where T'o is treated as an element of Gy and . (C Hy) is a PP-basis for the right B.,-module
H,. Using the right B..-valued inner product, the PP-basis and right Bj-linearity of T', one
can easily conclude T¢ = ®., & for all £ € Hy; moreover, this equation uniquely determines
(x by Lemma 3.1.7 (iii). Further, the left side of the equation is Ag-linear; then so is the

right side. Again by Lemma 3.1.7 (iii), (4 becomes Ag-central. Applying Lemma 3.1.8, we

(%)

get a unique n®) € NT(Ay, Q) satisfying ¢, = 771“]2--~F1m0- The rest of the proof is straight

forward. O

Remark 3.1.11. If Cp_ 4., denotes the category of A.-B. right correspondences where
A, and By, are the unital filtration of finite dimesnional C*-algebras associated to the 0-cells
I’y and A, respectively, then combining Theorem 3.1.10, Definition 3.1.6 and the definition
of the vertical composition of 2-cells, we have a fully faithful *-linear functor from

Up, A, : UCp, A, — CB_ AL,

3.1.4 The horizontal structure

This is the final step of constructing a *-linear 2-category of unitary connections, de-
noted by UC whose 0-, 1- and 2-cells are already defined in Sections 3.1.1, 3.1.2 and 3.1.3
respectively. For O-cells 'y, A,, 2o, we will define a bifunctor

X : UCA.,E. X UCF.,A. — UCF.,E.

in such a way that it corresponds to the reverse relative tensor product of the associated
right correspondences. For €, € UC; (A,, %,) and A, € UC; (T, A,), define

" \
A
1Tk
Qe XA, = {Qk Ak}kzo , / . (35)
\ Ek-/leAk_l )

k>1

Proposition 3.1.12. The bimodule Ur, s, (e X A,) is isomorphic to the relative tensor
product of the right correspondences Y, a, (Ae) and ¥a, s, ().

Proof. We first consider the following notations:

r
{Mk_l—k>./\/lk} ~ "'CAkZEDd(Fk”'Flmg)C"'C UAk:AOO
E>1 k20

{Nk_lﬂ./\/k} ~ "'CBk:EHd(Ak'“Aﬂ’Lo)C"'C UBk:BOO

k1 k>0
>
{le it Qk}
k>1

ANg ~ -+ C Hy, :Nk(AkAmo,AkaFlmg) C--- Ckgon:Hoo

~s "'CCk:End(zk“'Elqo)C“'Ckgookzcoo
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QQW"'CGk:Qk(zk"'Elq07QkAk"'A1n0) Cee Ckgon:Goo
Q.&A.W“' CFk: Q(ZkElqO,QkAkaFlmo) C . CkgoFk:FOO

Consider the linear map

Hy®Gr3ER(¢— W(§)o( =

It follows directly from the definition that the above map is Ag-Cj-linear and compatible
with the inclusions Hy — Hy,q1, Gy — G and Fj, — Fj.1; as a result, it extends to a
Aso-Coo-linear map f : Hyo ® Goo —> F. Consider the C-valued sesquilinear form on
H, ® G4 defined by

(Hoo ® Goo) X (Hoo ® Goo) 2 (1@ (15 §2® (o) — <<§17§2>Bm C17C2>Coo € Cx

which after applying f, clearly goes to the desired one on the right correspondence G.
Moreover, kernel of f matches exactly with the null space of the form (using non-degeneracy
of the C-valued inner product on F,). Thus f factors through the relative tensor product
and induces an injective A.-linear map.

Finally, we need to show that it is surjective as well. For this, consider the PP-basis .
(resp., 7) sitting inside Hy (resp., Gy) for the right B..- (resp., Cx- ) module H, (resp.,

Gs) considered in Lemma 3.1.3. Note that > > Qg(c) o7 07" 0Qy(0*) = lgyagm,- Lhus
ceYS €T
by Lemma 3.1.3, {Q(0) o T}(W)eyxg turns out to be a PP-basis for the right C',-module

F. O
We next proceed towards defining X at the level of 2-cells.

Definition 3.1.13. For Q) € UC, (A,,X,) and A} € UC, (T, A,) where i = 1,2, and
2-cells n = {n(k)}k>K € UCy (AL A2) and k = {H(k)}k>L € UC,; (0,.92), define kX n €
UG, (QLRAL | Q2K A2) by -

Q7 A}
(58n), = 0 (1¥) ol = w0 0h (1) = () (49)
Q; A

for k > max{K, L}. (It is easy to check that every pair of consecutive terms in s X7 satisfies
the exchange relation, which is a requirement for being a 2-cell.)

The compatibility of the vertical and horizontal compositions - and X between 2-cells
follows easily from the pictures.

Proposition 3.1.14. Continuing with the above set up, ¥r, s, (@&Q) corresponds to the
operator Ur, A, (7]) ® Y, s, (k) via the isomorphism of bimodules in Proposition 5.1.12.
g
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Proof. Let H:_,G'_ and F denote the A,-Boo-, Boo-Coo- and A,.-Cyo-right correspondences
Up, A (AL), Ua, s, () and Ur, 5, (2L KAL) for i = 1,2 respectively.

Set T := Ur, a.(n) € a Lp (HL,H:) and S = \IJA. s (k) € B Lo (GL,G%). Suppose
X denote the intertwiner in 4_Le_ (FL, F2) induced by T 8 S under the isomorphism in

Proposition 3.1.12. For k > max{K, L} and £ € H}, ¢ € Gk, applying X on the element
corresponding to the basic tensor £ ® ( (via Proposition 3.1.12), we get
B

oo

X () 0 ¢) = <(I)n<’“) (f)) o [‘I’ *) (C)} —

Tp--T1mg

We summarize the above finding in the following theroem.

Theorem 3.1.15. VU s a x-linear, fully faithful, tensor-reversing 2-functor from the 2-
category of unitary connections UC = {UCr, a, : I's, A4 are 0-cells} to the 2-category of
right correspondence over pairs of AFD pre-C*-algebras.

Remark 3.1.16. The x-algebras A.,, B, associated to O-cells I',, A, can be completed
using their unique C*-norm, and obtain the C*-algebras A, B respectively. Then, the A-B
right correspondence associated to the 1-cell A, will be the completion H of the space H,

with respect to the norm |||« == 1/[[(£, &) 5l|- The PP-basis . for the right B.,-module

H, continue to be so for the right B-module H. As a result, H as a B-module becomes
isomorphic to ¢ [(Cy ® B] where the right B-action on the latter module is the diagonal one

and ¢ is the projection Z Es 0y ® (02,01) 5 in the C*-algebra My » @ B. The left
01,0267

A-action on H will translate into a *-homomorphism Il : A — ¢ [M.y«» ® B]|q giving rise
to an A-action on ¢ [Cy ® B]. Now, at the level of 2-cells from the 1-cell A, to €2, the
obvious candidates that come up are the adjointable A-B intertwiners; these are in one-to-
one correspondence with elements in s[Mgzy 5 ® B] ¢ which intertwines II(a) and II(a) for
a € A (where 7, s,ﬁ are related to the 1-cell 2, in the same way as ., ¢, Il are related
to A, respectively). However, there is no apparent interpretation of such 2-cells in terms
of natural transformations between A,’s and €2;’s compatible with the W)’s as shown in
Theorem 3.1.10.

Remark 3.1.17. From the definition of UC, (A, €, we observe that two 2-cells {n*) }k>N,

{T(k }k>L € UC; (A, Q,) are equal if and only if n*) = 7(*) eventually. So, two 1-cells A, and
Q. are isomorphic in UC if there is a sequence of natural transformations Uy, : A, — € which
satisfies exchange relation from some level [ and which implements isomorphism between A,
and () eventually.
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3.2 The tracial case

Locally semisimple algebras equipped with a tracial state, extend to finite von Neumann
algebras. Hyperfinite subfactor reconstruction works by passing from the algebraic category
described in the previous section to von Neumann algebras, and showing that for special
cases arising in finite index subfactor theory, it is fully faithful. A natural question is to
figure out what happens in our more general setting.

To make this question precise, we consider modifications of the 2-category UC at every
level. At the level of 0O-cells, we will be considering Bratteli diagrams with extra tracial
data, and make necessary adjustments to the 1- and 2-cells in order to “preserve” this extra
structure. Our particular choice of adjustments admittedly appears ad hoc, but it is the
condition that was required to make our functor work in the forthcoming proofs. This new
modified 2-category will be denoted by UC™. In this section, we will only start laying out
the definition of the main ingredients of UC™. At the end of next section, we will prove all
the necessary conditions to turn it into an honest 2-category.

r

e 0O-cells. The O-cells are given by pairs (F., H.) where I' is a 0-cell {./\/l E—1 —k M k}

k>0
in UC, and p* denotes weight vectors Hk = (,uff)veka with positive entries satis-
fying > p® = 1 and (I}) % = p*=' all & > 1 (where we use the same symbol

”UGVMO - -

for the functor and its adjacency matrix). In other words (recasting in terms of
semisimple categories and functors), the data of a 0O-cell in UC"™ is a sequence of
weighted finitely semisimple C*-categories {(Mk, ,l_Lk)} >0 along with a sequence of
s-linear, bi-faithful functors I'y : My_1 — M such that the tracial solution (say
(pk didy, = T Iy o s idag,, = T Fk) where I', is adjoint to I'y) to the conjugate
equations commensurate with the weight functions (Ek_l, Hk) satisfies

(Pi)e o (Ph)e =1 (3.6)

which is equivalent to the matrix equation (I';)' p* = p*~! (via Equation (2.3)). The

purpose of the equation Y. u® = 1 is to normalize scaling. For simplicity, we will
UEVMO

denote the O-cell of UC™ by TI,.

o 1-cells. A l-cellin UC" from the 0-cell {(Mk_l, pE) Ly, (M, H’“)}
k>0
is given by a 1-cell A, in UC; (T'y, A,) such that there exists ¢, M > 0 satisfying the

boundedness condition:

epy < [A V], < My forall k>0, veVy, . (3.7)

e Tensor of 1-cells. For 0-cells I'y, A,, Xo, we will define a map

X : UCY (A,,2,) x UCY (T, A,) — UCH (T, Z)
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exactly the same as that for UC; given by Equation (3.5); however, we have to check
whether Equation (3.7) is satisfied by Q, X A,, where Q, € UCY(A,,%,) and A, €
UC}(T,, A,). Suppose we have,

eut < [N, vM, < MpF and ovf < [ 7¥], < NuF for each k> 0,u € Viy,,v € V.
Applying A} on the second set of inequalities, we get edu® < [A} Q) 7*], < MNuF for
each k > 0,u € V). Thus, Equation (3.7) is satisfied for Q4 X A,.

2-cells. Consider two 1-cells A,,Q, € UCY ((F., H.) , (A, y')). The 2-cells in UCs (A, 2,),
that is, the sequences eventually satisfying the exchange relation at every level, do not

use the extra data of ;* and v*. We introduce the following tool which will generalize

the exchange relation.

Definition 3.2.1. The loop operator from A, to §2e is the sequence of linear maps
{Sk : NT(Ak, Qk) — NT(Akfl, Qkfl)}kzl defined by

A%le
Q
S, i

I'; S NT(Ak_l,Qk_l) .

where the cap and the cup come from tracial solution to the conjugate equation for the
duality of Ay : Ny_1 — N}, commensurate with (ykil,gk). (Such pictorial operators
did appear in the literature, more specifically in planar algebras, cf. [J21, Theorem
2.11.8]).

We will encounter equations and inequalities involving multiple loop operators all of
which might not have the same source 1-cell or the same target 1-cell in UCY; for
notational convenience, we will simply use S,, and from the context, it will be clear
what the source and the targets are.

Remark 3.2.2. The loop operator satisfies the following properties which are easy to
derive:

(i) Sk is unital when A, = €, (which follows from Equation (3.6)),
(ii) Skn™ = (Skn)*,

(iii) Sgn* o Skn < Sk(n*n) in the C*-algebra NT(Ax_1, Ax_1) and the loop operator is
a contraction.

Definition 3.2.3. A sequence n = {n(k) € NT (Ag, Qk)}k>0 will be referred as:

(a) quasi-flat sequence from A, to Q if it satisfies Sp1n* 1) = n*) for all k > 0,

(b) flat sequence from Ao to €, if it is quasi-flat and there exists K € N such that
(n™, n*™+1D) satisfies the exchange relation (Definition 3.1.4) for every k > K.
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Remark 3.2.4. There is a one-to-one correspondence between flat sequences from A,

to €, , and the 2-cells in UC; (A,, £2,). Note that the exchange relation

unitarity of the connection and Equation (3.6) yield the equation Sy, n®*+h = n*),
Thus every 2-cell {77(’“)} i € UG (Ao, ) extends to a unique quasi-flat sequence

from A, to Q, by setting n®) = Sy, --- S '™ for k < K. Further, a flat sequence
is bounded in C*-norm.

Definition 3.2.5. A 2-cell in UCY (A,, $2,) is given by a bounded (in C*-norm) quasi-
flat sequence (abbreviated as ‘BQFS’) from A, to 2.

e Horizontal and vertical compositions of 2-cells.

Definition 3.2.6. (a) The vertical composition of the 2-cells k € UCY (£,,Z,) and
n € UCY (A,,€Q,) is defined as

) = NG T (k) o (kD) A=
(ﬁ Q) : {(ﬁ Q) : 115?0 Sk+1 -+ Skt (/{ on )}kZO € UCy (A, Z,) .
(b) Let AL € UCY(T,, A,) and Q2 € UCY'(A,,X,)) for i = 1,2. Then, the horizontal
composition (or the tensor product) of the 2-cells n = {n(k)}k>0 € UCY (AL, A?) and

K= {m(k)}k>0 € UCY (QL,92) is given by

KX = {(@ X Q) *) lligloskﬂ S (QZH (n(k+l)) o /{E\kfl)) } c Ucy (Qz XAL QX Af) :

ki /) k>0

Remark 3.2.7. At this point, several questions remain unanswered, namely, (a) well-
definedness - why the limits in Definition 3.2.6 exists and even if they all exist, why the
sequences built by these limit will yield a 2-cell in UC", (b) why the two compositions are
associative and compatible with each other, etc. One way to settle this issue is by viewing the
loop operator S as a UCP operator and express the compositions as a certain Chois-Effros
product (along the lines of Tzumi’s Poisson boundary approach in [104]). However, we will
not take this route. Instead, in Section 3.3, we will make UC" sit inside the 2-category of
von Neumann algebras, bimodules and intertwiners in a fully faithful way, and then use it
to answer the questions towards the end in Corollary 3.3.14. The reason for this nonlinear
approach of defining UC", is that it looks compact and becomes easy for future references.

Remark 3.2.8. In the passage from UC to UC"Y, we are imposing restriction at the level
of 1-cells but the 2-cell spaces have been generalized. So, on the nose, neither we have a
forgetful functor nor one turns out as a subcategory of the other. However, we do have a
subcategory of UCY™ which we call its flat part and denote by UCH where everything is
the same as that of UC' at the level of 0- and 1-cells but the 2-cells in UC™ are only flat
sequences (and not all BQFS). Indeed compositions of the 2-cells in UCH correspond to
exactly to those in UC; this easily follows from Remark 3.2.4.
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3.3 A concrete realization of UCY

The goal of this section is to complete the unfinished work of turning UC" into a 2-category
along with building fully faithful 2-functor PB : UC" — vNAlg where vINAlg is the 2-
category of von Neumann algebras, bimodules and intertwiners. Our starting point will be
the pre-C* algebras and right correspondences produced from 0- and 1-cells in UC" viewed
as those in UC as descibed in Section 3.1, and then take their appropriate completions. At
this point, it might seem it is enough to build the functor starting from the flat part UCH®:
however, in that case, the functor may not be fully faithful at the level of 2-cells (which are
only flat sequences). In this section, we will be analyzing “the kernel” of the 2-functor from
UCH: as a consequence, we justify the need of generalizing the 2-cells in UC™ to those in
ucC™.

3.3.1 PB on 0O-cells

Given a 0-cell (F., H.) in UC", we consider mg, Ag’s and their inclusions as in the
non-tracial case Section 3.1. Using the categorical trace Tr = (Try)gcon(m,) associated to
the weight vector ¥, we define Tra, = Trr,.ryme @ Ar — C which turns out to be a
faithful tracial state which by Equation (2.5), turns out to be compatible with the inclusion.
Thus, we have a faithful tracial state Tr,__ on the x-algebra A.,,. Note that the action of an
element of A, on the GNS Hilbert L?(A., Trs_) is bounded. Let A denote the type I1;
von Neumann algebra obtained by taking the WOT closure of A, acting on L?*(Ay, Tra_).

Definition 3.3.1. We define PB (T, p*) := A = AL C L(L*(A, Tr(Ax)).

3.3.2 PB on 1l-cells

Let A, € UCY ((F”E.) ,(A.,Z')). Consider the A,-By right correspondence H,, as-
sociated to the 1-cell A, treated as a 1-cell in UC. Let H be the completion of H,, with
respect to the scalar inner product (€,() = Trp_ ((g,QBW) for £, € Hy. A, Bs being
locally semisimple x-algebras, must have the action of their elements on H,, bounded, and
hence extend to action on H.

To obtain a right B-action on H, we work with the Pimsner-Popa basis . for the right-
Bo.-module H,, with respect to the B.-valued inner product obtained in Lemma 3.1.3.
Observe that the map

H>DH,>¢— Z o®(§0)p €4q [62 () L? (BOO,TrBOO)} = K (say)
ey

extends to an isometric isomorphism preserving the right B.-action where ¢ is the projection

Z E,; ® (1,0) Bo. Clearly, the B, action on K extends to a normal action of B and

o, 7€
hence, the same holds for the Hilbert space H.
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In order to extend the A-action on H (which is clearly bounded) to a normal action of A,
we first analyse the commutant of B in L(H). For k > 0, define Cj := End(AxTy - - - T'1ymy).
The *-homomorphism Cy 3 v — ®,[, =y oe € L(Hy) is faithful by Lemma 3.1.7, and
hence an isometry. Thus, ®, extends to the whole of H as a bounded operator commuting
with the right action of B, (and thereby B). Consider the unital x-algebra inclusion

Apgp1ss ... 'mg
Ci 37— (Widp,ryme © Dtery © (Wi pime = [ € Cht -

Ak—i—l e mg

Note that @, is compatible with the above inclusion. Indeed, C 3 7y »g ¢, € L(H)
becomes a unital faithful x-algebra homomorphism where C,, := kL>JOC’k.

Proposition 3.3.2. Lp(H) ={®,: 7€ C}" .

Proof. Consider the projection p, € L(H) such that Range(py) = Hy. Since Ag-Hy- By, = Hy,
therefore pp must be Ag-Bj-linear. .
o

Let T € Lp(H). Set ¢ = > o € Cy where . (C Hy) is a PP-basis

A/cfl—J\ EmO

of the right B-module H as constructed in Lemma 3.1.3. Since T (resp. pi) is right B-
(resp. By-) linear, one may deduce the relation pyTpy = ®¢, pr. Clearly, pr converges to

idg in SOT as k goes to oo, and {®¢, k>0 is a norm bounded subset of £L(H). Hence,
soT

Te{d, :velCys} ={0,:7€C.}" O
Remark 3.3.3. Using Equation (3.6), we may represent the projection pj in the following
way
110
Pk '
HDHkJrlel—) ] ceH.CH
Eno

where the local maxima and minima are given by the natural transformation appearing in
the tracial solution to conjugate equation for the duality of the functors A;’s associated to
the positive weights v*~! and v’ on the vertices (that is, the simple objects of N;_; and ;).
Clearly, py is Ag-By-linear.

A
Consider the unital *-algebra inclusion A; > « 5 Aga € C . Again, this inclusion is
compatible with Cj, < Cjy1 and Ay < Agiq; thus, A sits as a unital x-subalgebra inside
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Cw. Observe that if v € C} comes from Ay, that is, v = Aga for some o € Ay, then @,
matches exactly with the action of o on H,,. Now, the functional

T = [dp(H)| " Y (e0,0): Ly(H) = C

ces

is a faithful normal tracial state where . is a PP-basis for the module Hg and dg(H) =

S |lo||?; however, its restriction on A, may not match with that of Try_.
oes

Proposition 3.3.4. The above inclusion of A inside C, extends to a normal inclusion of
A inside Lg(H), and thereby H becomes a ‘von Neumann’ A-B-bimodule.

Proof. By construction, A is the von Neumann algebra obtained from the GNS of A, with
respect to Try_. Let A” denote the double commutant of A, sitting inside £(H) via the

inclusions Ay, 2 « lh Aea € Oy and Cy g L(H). It is enough to produce a central
positive invertible element 7' in A”_ satisfying Tt (®p,o T) = Tra_ () for a € A, (that is,
Tra.. extends to a faithful normal trace on AZ). To justify this, let Tray = Tt’ (e Tp)|
which is clearly a normal faithful tracial state on A” . Thus, A” is isomorphic as a von
Neumann algebra to its image under GNS representation on L2 (Ago, Trn ) Now, the map

L? (A, Tra) 3 « N D)., € L2 (Ago, TrAgo) extends to a unitary preserving the left A..-
action. Since Tr' (o Tp) is WOT-continuous, by double commutant theorem, uAu* turns out
to be isomorphic as a von Neumann algebra to A7 .

k
Consider the natural transformation % = [ —/> 1, € End(id ). Set Ty ==
[A% Zk]v UGVM]C
D €Al and = > (ec,0) =dg(H) Tr'".
Ak (9%‘“1“1"10) e

Assertion: (CIDAk(.) Tk) = Try, for all £ > 0.
Proof of the assertion. Let a € Ag. Then, 1 (@Ak(a) Tk) = > <(I)Ak (a ok ) a,a>

o€ T T1mo

= T, <<‘I’Ak(a o )0,a>Bk> =) Tra,.am

ceS

=)

Using the property of the categorical trace, the equation in Lemma 3.1.3 satisfied by the set
& and the natural unitaries (namely, the crossings), we may rewrite the last expression as

1 1
PR |m0 . .. |m0
k — k
TrAka~~~F1m0 Ak = Trrk...rlmo
—Tmg

:mO
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by Equation (2.5) where the red cap and cup correspond to tracial solution to conjugate
equation for the duality of the functor A; with respect to weight vectors u* and v* on the
vertex sets Vi, and V), respectively. Now, it is a matter of routine verification that the red
loop appearing above is indeed the inverse of #* in the algebra End(idys, ). Cancelling the
two, we get Try, ().

Equation (3.7) implies that C*-norm of 6* is uniformly bounded by ¢! for k& > 0, and
thereby {7}},~, is norm-bounded sequence in A7, C L(H). By compactness, there exists
a subsequence {T}, }, which converges in WOT to Ty € A2 (say). Clearly, ¢(®,, (o) Tp) =
Try («) for all @ € Aw. Observe that T), commutes with ®,,, for all @ € Ay, k > 0; this
implies Ty must be central in A”_. Again, T} is a positive element in A”_ satisfying T}, > M~!
(using Equation (3.7)); thus, the subsequential WOT-limit 7 (hence, positive) also satisfies
the same, and thereby, becomes invertible. O

Definition 3.3.5. Define

UCY ((T, ), (As,*)) 2 Ae = PB(A,) = 4Hp € vNalg, (PB(A.,v*),PB (T., 1)) -

3.3.3 PB on 2-cells

Let A,,Q, € UCY ((F.,ﬁ') , (A.,y')) and PB (F.,ﬁ') = A, PB(A,,v*) = B. We will
borrow the notations Hy, H, py, .-, etc. (arising out of A,) from previous subsections, and
for those arising out of 2,, we will use Gy, G, qi, 7, etc. respectively, and we will also work
with the pictures as before. For v € Ny (AyTx---Timg , k- -Timyg), we will consider
the unique bounded extension of ®., € L (Hw, Gs) (defined in Equation (3.4)) and denote
it with the same symbol ®, € Lp (H,G).

Proposition 3.3.6. (a) g1 o, rymg Ph—1 = P(Spr, | xymg Ph—1 Jor alln € NT(Ag, Q)
and k > 0.
(b) If n = {n(k)}kzo € UCY (A., Q) (that is, a BQFES from A, to Q.), then it gives rise

to a unique bounded operator T' € sLp (H,G) satisfying

g T pr =P x pr forall k>0. (3.8)
an'“Fl‘"LO
Proof. Part (a) directly follows from Remark 3.3.3.
For (b), set Ty = @n(k> for each k > 0; it is easy to see that T}, € 4, Lp(H,G) and
Tg---T1mo

| Tk|| = Hn(k) H For all v € Hy, using part (a) followed by quasi-flat condition of 5, we have

Ty = (I)(Sk+l n(k+1)) Y= (I)ﬁ(k) vy="Tkv .

ry-Timg Ig---T'1mg

In other words, g Tx11pr = Tk pr- Applying this iteratively, we get qx Tpripr = Tk pr =
qr Ty py for all k,1 > 0. This again implies

|Tosm v = Tyl* = 1 Tosmn A I” = 1T7|* for all k <1,y € Hy . (3.9)
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Now, fix v € Hy. Equation (3.9) tell us that the sequence {[|7; v||},5, must be increasing;

also, it is bounded by [sup,,> ||7™™||] ||| and hence convergent. Letting ! tend towards oo
in Equation (3.9), we find that {7} },, converges pointwise on Hy, (because of completeness

of G). Since Hy is dense in H and {7}},., is norm-bounded by sup; [n™®)]|, we may
conclude that {7} },., converges in SOT to some T' € L(H, G).
To prove Equation (3.8), consider g, T py, = SOT-llim G Thvipe = @ T pr = (Pn(k) Dk-
— 00 Tg--T'1mg

Since the right side of condition (b) is Ay-By-linear, so is the other side namely, ¢, T'pg. Since
{@Tpr} > converges in SOT to T, therefore, T must be Ay-By-linear, and therby As-Boo-
linear, and finally A-B-linear.

If T} is any other operator satisfying Equation (3.8), then ¢ (T — T71) pr = 0. Now, py
and ¢ increase to idy and idg respectively. This forces 7" and T} to be identical. O

Definition 3.3.7. For n = {n®} _ € UCY (A,,Q,), define

PB (1) := SOT- lim @ € 4Ly (H,G) = vNAlg, (PB(A,),PB (L)) .

Proposition 3.3.8. For every T € ALp(H,G) and k > 0, there exists unique ™ €
NT(Ag, Q) such that ¢ T pr = (Dn(k) pr (which is the same as Equation (3.8)).
I

kTimo

Proof. We will use a modified version of a trick which we have already seen twice before,

namely, in the proofs of Lemma 3.1.7 and Theorem 3.1.10. Set (; = Z
ces

Akﬁ Emo

Ny (AT - - Tymg, Qg - - - Tymyg).  With similar reasoning as before, one can easily con-
clude g, T'pr, = P, pr; moreover, this equation uniquely determines (; by Lemma 3.1.7
(iii). Further, the left side of the equation is Aj-linear; then so is the right side. Again
by Lemma 3.1.7 (iii), {, becomes an Aj-central vector of Ny (AyT - T1mo, Qely - - - Tymg).

Applying Lemma 3.1.8, we get a unique ®) € NT(Ag, Q) satisfying ¢, = n(k) This

Tg--Timg*

completes the proof. n

Theorem 3.3.9. The following is an isomorphism

UCE (Av,20) 51 28 PB () € vNAlg, (PB(A) , PB (L)) .

(This will eventually imply that the 2-functor PB is fully faithful.)

Proof. Suppose PB (Q) = 0. Then, by Equation (3.8), we have ® «) = 0 which (by

T'p--T1mg
k Hk

(k)

L. = 0. Now, Lemma 3.1.8 ensures that n(k) must be zero
k 1Mo

Lemma 3.1.7 (iii)) implies 7
for all k.
For surjectivity, pick T' € 4Lp(H,G). We only need to show that the unique sequence

{n(k) € NT(Ak,Qk)}k>O associated to T obtained in Proposition 3.3.8, is quasi-flat and
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bounded in C*-norm. Note that for all v € Hy = Ni(Ay - Aing, Ay - - Timyg), we apply
Equation (3.8) twice and obtain

P w v =Tk v = @hn Tper v = @@y P Y = P ) gl

.- Tymg nl"k+1»~l"1m0 T)--T1mg

where the last equality follows from Proposition 3.3.6 (a). By Lemma 3.1.7 (iii), we must

(k) _ k+1
have anu-Flmo - [S 77( - )]Fk~--F1mo
kJrl).

n* = S For boundedness, we apply the norm on both sides of Equation (3.8);
note that the map in Lemma 3.1.7 (iii) is actually an isometry (with respect to the C*-

which via the isomorphism in Lemma 3.1.8, implies

= Hn(k) || where the last equality holds

-T1mg

norms) which yeilds the inequality ||T'|| > Hné’?

because I'y - - - I'ymg contains every simple of M, as a subobject. O

3.3.4 PB preserves tensor product of 1-cells and compostions of
2-cells

Our goal here is clear from the title of this section. In addition, we will answer the
questions in Remark 3.2.7. Note that vertical composition of 2-cells in UC" is denoted by -
, while that in vINAlg, is denoted by o .

Proposition 3.3.10. Forn = {n(k)}k>0 € UCY (A., Q) and k = {n(k)}k>0 € UCY (9, Z,),

(a) the sequence {Sys1 -+ Spr (kT 0 77("“+l))}l>0 converges (in NT(Ay,Zg)) for every
k>0, and B
(b) PB(s-1) =PB (k) oPB(n).

Proof. We continue using the previous notations and let us denote the Hilbert spaces and the
projection corresponding to =, by Fj, F' and si; the intertwiners corresponding to 1 and s will
be denoted by X € 4Lp(H,G) and Y € 4L3(G, F) respectively. Set Z :=Y X € 4Lp(H, F)
whose corresponding BQFS will be {¢(k)}k>0.

For fixed k£ > 0, using Proposition 3.3.8 and Proposition 3.3.6 (a), we obtain
P pr = s;Y Xpp = SOT- lim .Y g1 X py
Ip-T1mg l—o0

=SOT- lim 5@, ¢+0 ) pr = SOT- lim Dy p1Si s (mEH o)) Pk

TpigTimg  MpygTimg l—o0 Iy--T1mg

Since Ny, (AT - - - T'1mg, 21T - - - T'1myg) is finite dimensional, by the isometry in Lemma 3.1.7(iii),
we may conclude that [Syi1 -+ Spy (KFH) 0 nlEtD)] converges as | approaches oo

which again implies convergence of { Sk« S (k) o kD) }150 via Lemma 3.1.8. [

I'y---I'1mo

Remark 3.3.11. Proposition 3.3.10 (a) immediately implies that the limits appearing in
Definition 3.2.6 (a) exists and the sequence is indeed a BQF'S. Further, by Proposition 3.3.10
(b) and Theorem 3.3.9, we get associativity of vertical composition of 2-cells in UC".
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Next, we deal with tensor product of 1-cells. We will show that PB preserves it in the
reverse order. Note that the tensor product of 1-cells and horizontal composition of 2-cells
in UC" is denoted by X, while that in vINAlg (namely, the Connes fusion), will be denoted
by ®.

Proposition 3.3.12. For 0-cells Ty, A,, Y, in UCY, and Q, € UCY(A,,3,) and A, €
UCYT (T, A,), the bimodule PB (s X A,) is isomorphic to the Connes fusion PB(As) @
PB ().

Proof. We borrow the notations in Proposition 3.1.12 where we have already obtained an
Aoo-Cxo-linear isomorphism from the relative tensor product of the dense subspace of PB(A,)
and PB (€,) to that of PB(Qe X A,). Moreover, this isomorphism preserves the right Cu-
valued inner product; composing with Tro_, it preserves the scalar inner product as well,
and hence extends to a A-C-linear unitary. m

Let us denote this unitary implementing the isomorphism in Proposition 3.3.12 by Ug, a, :
PB(Ae) @PB (2e) —> PB (e K A,). We next proceed towards the horizontal composition
of 2-cells.

Proposition 3.3.13. Let Ai € UC}(T,,A,) and Q2 € UCY(A,,X,)) fori = 1,2, and
n={n®} _, € UCY (AL A2) and s = {x®} _ € UCY (Q,02). Then,
(a) for each k > 0, the sequence {Skﬂ e Shy (Qzﬂ (n™*D) o /<L(k1+l)> }z>o converges in

Ak+l

NT (AL, QFAZ) where S is the loop operator from QL K AL to Q2 ) A2, and indeed the
sequence kX 1 = {(@ X Q)(k) = lli}rgoSkﬂ oo Sk (Q%H (n(kﬂ)) o /QX“}:))} s a BQFS
from QLRAL to Q2 X A2, =

() PB (6™ n) = Unz az [PB (1) @ PB (£)] Uy oy

Proof. Continuing with the notations used in Proposition 3.1.12, we set 4Hb := PB(AL),
pGL =PB(Q), aFL =PB(QL KAL) for i = 1,2.

Set T := PB(n) € aLp(H', H?) and T" := PB(k) € gLc(G',G?). Suppose X denote the
intertwiner in :;EC(F 1 F?) induced by T %) T’ under the isomorphism in Proposition 3.3.12.
We need to prove that kX7 is the unique BQFS which gets mapped to X under the functor
PB. For & € Hj, (; € C_r’}g, 1 = 1,2, k > 0, applying Proposition 3.3.8 and using the
isomorphism of bimodules in Proposition 3.3.12 (in fact, Proposition 3.1.12), we get

I= <(I)(n®n)<k) (&) o) , Q&) o C2> = (X (&) oG) , (&) 0 G)pm

2
Fk

= <<T§17§2>B Tlgl ) C2>G2 .
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We will now express (T, &) 5 as a limit. Consider the sequence

..o )
3

HCe,

\ 7 1>0

(

I
-~

&
d/\
=
<

EmO eByy,CB

-
I

N

Observe that (b0, b") 2, eventually becomes ((T€1,&2) 5 U, 0") ) as | grows bigger for
b, V" € By. Since {b;};>0 is bounded, it converges ultraweakly to (7€, &2) 5. Thus,

1= i (T0G) . Gl = fin (B, (150 )

T X1490

2
Gk+l

g )
- zlgglo Trop, i
b j]

G

k41

=lim ( QO o , Q2 o
l—00 < {Skﬂ.‘.skﬂ <Q£+l(n(k+l))oH5\k1+l)>:| ( k(gl) Cl) k(f?) C2>
Ty-Timg F?
Since NT (A, ;A7) has finite dimension and sits injectively in L(F, F}?) via ®q|p, the
limit in part (a) indeed converges. The rest is already taken care by the construction. [

Corollary 3.3.14. UC" is a 2-category.

Proof. Proposition 3.3.13 (a) implies that the limit in Definition 3.2.6 (b) exists, and thereby,
the corresponding sequence turns out to be a BQFS. Next, we need to establish the com-
patibility of horizontal and vertical compositions of 2-cells in UC™. For a l-cell A,, it is
easy to detect that the identity 2-cell 15, € UCY (A,, A,) is given by the sequence {14, },~,-
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By the proof of Proposition 3.3.6, observe that PB(1,,) = idpg(,). Given composable 1-
cells AL AZ, QL Q2 and 2-cells n € UCY (AL AZ) , £ € UCY(QL, Q2) as considered in the
hypothesis of Proposition 3.3.13, we have

PB (£81n) = Ugz sz [PB (1) © PB ()] Ug a1 (by Proposition 3.3.13 (b))

= Ungz | (PB (1) @ idpa(ag) ) © (idps(ay) @ PB®) | Uiy

= Unzaz [(PB (1) @ PB (1az)) | Usy g Uozas [(PB (1ay) © PB ()] Ugy 3
= PB(lg; Xn) o PB(kX 1,;) (using Proposition 3.3.13 (b) again)
=PB((1g: Xn)- (,X1,)) (by Proposition 3.3.10 (b))

Applying Theorem 3.3.9, we get kK K n = (193 Xn) - (kK 1A1), and similarly, kK Xn =
(5B 15z) - (Loy K 7). B B B
Finally, (a) the unit object corresponding to each 0-cell in UC" is induced by the iden-
tity functor and trivial unitary connection at each level, and (b) the associativity and unit
constraints are both trivial, that is, strictness is built-in. This concludes the corollary. [

3.4 Flatness

We have seen that a BQFS depends solely on the loop operator. In order to understand
when a BQF'S turns out to be flat, analyzing the loop operator becomes crucial. We take on
this job next.

Let A, and €, be two 1-cells from the O-cell 'y to A, in UCY™. We will work with
the adjoints of the functors I'y’s, Ax’s, A.’s, and solution to conjugate equations commen-
surate with the given weight functions associated to the objects in WSSC*Cat (defined in
Section 2.3.3).

Proposition 3.4.1. (a) If the spaces NT (Ag, Q) and NT (Ag_1,Qk_1) are equipped with
the inner product induced by the categorical traces Tr™ and Tr™+—1 (as defined in Propo-
sition 2.3.3(a) ) respectively, then the adjoint of the loop operator Sy : NT (Ag, Q) —
NT (Ag_1, Q1) is given by

(b) For n € NT (Ag,Q), the pair (Sgn,n) satisfy the exchange relation (as in Defini-
Q
tion 3.1.4) if and only if S;Sin = FkQFL where '}, is an adjoint of Ty and the
k
loop s the natural transformation from idng, to idag, coming from the solution to the con-
jugate equation commensurate with (ﬁk’l,ﬁk). (cf. [J21, Theorem 2.11.8])
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Proof. (a) Using Proposition 2.3.3 multiple times, the inner product (Syn, ) turns out to be

= Tyte-1fe- 16 TrAels 'j = Ty 'jj (n, SpK)

where 7 € NT (Ag, Q) and k € NT (Ag_1, Q1)
(b) The ‘only if’ part easily follows from the pictorial relations.
if part: Consider the maps

S
T (Ak, Qk) 20 Ii) @ e NT (Ak‘Ak—la Aka_l)
-

NT (Akfl, Qkfl) 2T ii} eNT (AkAkfl, Aka,1>

and the subspace @ of NT (AgAg_1, A1) generated by the ranges of f and g. Let n
satisfy the hypothesis. We need to establish the equation f(n) = g (Skn). It is enough to
show that (f(n),x) = (g (Skn),x) for all x € @ where the inner product is induced by
TrlsAe—1

For 0 € NT (Ag,Q), we get (from the ‘categorical trace’ property) (f(n), f(o)) =
Tr"* ([o*n]r,) which by Proposition 2.3.3(b) becomes

A

T r( | =T (07 SiSi(n) = T (Si (%) Si(m)
Ay

where the last equality follows from part (a). Applying Proposition 2.3.3(b) and categor-
ical trace property again on the the last expression, we get Tr™ %1 ([f(0)]* ¢ (Sk(n))) =

{9 (Sk(n)), ().
For 7 € NT (Ag_1,Q2%_1), we use Proposition 2.3.3(b) and deduce

(), g(r)) = TeM ([g(D]" f(m) = Te™* (7 Su(n)) -
which by Equation (3.6) along with Proposition 2.3.3(b) turns out to be (g (Sx(n)),g(7)). O

Remark 3.4.2. Similar to Proposition 3.4.1, one can prove that for k € NT (Ag_1, Qk_1),

—1
<li , SEE O [ T, I/, } ) satisfy exchange relation if and only if

-1
Sk<S,’§/§®{Fk F;€:| )Zli

where ® stands for tensor product of natural transformations.
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Remark 3.4.3. If the 0-cell (F., E.) satisfy an extra condition that Fk@% is trivial
(that is, Fkﬂk” =d Hk for some dj, > 0) eventually for all k, then a BQFS {n(k)}kzo is flat

if and only if (¥) is an eigenvector of S; S, with respect to the eigenvalue dj, eventually for
all k.

3.4.1 Periodic case

In this section, we focus on a particular case where the 0- and the 1-cells are periodic
in nature, and investigate whether the 2-cells are flat. To do that, we need a fact in linear
algebra which could very well be standard; we give a proof nevertheless.

Definition 3.4.4. For X € M,(C), a sequence {g(k)}k>0 in C" is called X-harmonic if
Xz®+tD) = 2®) for all £ > 0.

Proposition 3.4.5. If spectral radius of X € M, (C) is at most 1, then the space of bounded
X-harmonic sequences are spanned by elements of the form {/\_kg}k>0 where \ 1s an eigen-

value of X and a is a corresponding eigenvector such that |A| = 1.

Proof. Let X = TYT~! where Y is in Jordan canonical form. Note that { g(’“) }k> o 18 bounded

Y-harmonic if and only if {Tg(k)} Lo 18 bounded X-harmonic. Suppose {ps: 1 < s <t} be

projections in M, such that I, = 2 ps, and for each s, p,Y = Y'p, has exactly one nonzero
1<s<t

Jordan block corresponding an eigen value, say, As. As a result, any bounded Y-harmonic

sequence {y k)} Sphts into the sum of { Ds Y k)} which is bounded Y-harmonic as well as

(ps Y')-harmonic. So it becomes essential to find bounded harmonic sequences for a Jordan
block.

A1 0 -+ 00
OoAx1 .- 00
Suppose J = 0 0 >\ 0 0 = A, + N where |A] < 1. If A = 0, then the
000 -+ X1
000 -+ 0 A

L 4 mXm
only J-harmonic sequence would be the zero sequence. So, let us assume A # 0. Any nonzero
J-harmonic sequence is of the form {J -k x} k>0 for some nonzero vector x € C™; however,

it may not always be bounded as k varies. Now, J =% = A\~ E'S Z (Hf_l) AN for k > 1.

Fix nonzero z € C™. Set t = max{l: 2; # 0} and C' = max{|xl| 1 <1< m}. Hence

t—1
kK+1—1
[‘]_kz]l - )\—kZ( +l ) <_>‘_1)l$l+1 :
1=0

Since 0 < |A| <1 and (Hf*l) increase as [ increases, we have the following inequality if t > 1

_ _ kE+t—2 (- kE+t—-3 —(t—
[77"2],| = W ’“K L )w ] - ( Y )|A| ' ”Ct} .
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If t > 1, then

- —9
[J7],| > A EHD (’:”2 3) [% 2] — [ACt| = o0 as k— o0 .

Thus, in order to have a bounded .J-harmonic sequence, x must be in the unique one-
dimensional eigen space of J, that is, Ce;. On the other hand, if |A\| < 1 and t = 1,
then

[[J7*z],| = A" |21| = oo as k — o0

So, a nonzero bounded J-harmonic sequence exists only when |A\| = 1, and then it is a scalar
multiple of {)\*kgl}po.

Getting back to the matrix Y (which is in Jordan canonical form) and applying the above
result, we may conclude that all bounded Y-harmonic sequences are linear combination of
sequences of the form

—k

1]
where A is an eigenvalue with absolute value 1 and y is a corresponding eigenvector. By
similarity, the same result holds for X too. O

We are now ready to prove the main theorem in this section which is a generalized version
of Ocneanu’s compactness (see [EK98])

Theorem 3.4.6. Let (A.,W,A) and (Q.,W,Q) be two 1-cells from the 0-cell (F”H.) to

(Ao, v*) in UC™ such that there exists a ‘period’ K € N and a ‘Perron-Frobenius (PF)
value” d > 0 satisfying:

i) the periodic condition: T'y’s, Ay’s, Ap’s, Qi’s, W2A’s and W’s repeat with a periodicity
k k
K eventually for all k,

(ii) the PF condition:

eventually for all k.
Then, all BQFS from (A.,WA) to (Q.,W,Q) are flat.

Proof. Choose a level L € N large enough after which the ingredients in (i) keep repeating
with periodicity K, and the equations in (ii) hold. Set

M= Mp=Mpink

N =N, = NL+nK

I'=Trir Ty =Triminx - Toinkxyr: M— M

A=A A1 = Apyyk - Apgng 1 N — N

AI:AL:AL+nKIM — N
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QI:QL:QL+nKIM—>N

S
and also denoted by

WA =

A A

>

W = and also denoted by

A
H — HL =" HL+nK
= Z =d" v L+nK
for any n > 0. Now condition (ii) and Equation (3.6) imply the following relations:

Tp=dpu=T"p and Av=dv=Av

Consider the loop operators given by

> %

S=d A ()0 and 5 :=d" Al() I'| :NT(A,Q) — NT(A,Q)

A A
A
A AF

where we use tracial solution to the conjugate equation for I' € End (M) (resp., A €
End (NV)) commensurate with the weight function p on M (resp., v on N) for both source
and target, and the crossings are given by WA, WA" W W,

Observe that S = Spy1--- Stk = Spqnk+1 Si4msk for all n > 0. To see this,
note that an Sy in composition [Sr41 -+ Spyk] is defined using tracial solution to conjugate
equation for A, commensurate with v*~! and v*. So, for the composition [Sp41- - Spakl,
we are effectively using tracial solution to the conjugate equation for Ay g ---Apy1 =
A commensurate with the v* = v and v**% = d=! v; let us denote this solution by

/
(idN WY\ , idyr LN A). The solution to the conjugate equation for A commen-

surate with v for both source and target, is given by (d’% 0, dz o ) Only dz P is used while

defining S. Replacing the cap and the cup by [d% p']* and dz 0, we get the desired equation.
We next prove a one-to-one correspondence between bounded S-harmonic sequnces and
BQFS’s. Let {n(k)}k>0 be a BQFS. Clearly, {n(L+”K)}n€N becomes and S-harmonic se-

quence. Equip NT (A, Q) with the inner product induced by the trace Tr? commensurate
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with (,u,y). Finite dimensionality of NT (A, €2) implies that boundedness of a subset in
C*-norm is equivalent to that of the 2-norm.

Conversely, let {x,}, .y be a bounded S-harmonic sequence. Set n*) = Sii1 - Stk (Fn)
for any n such that L + nK > k. Indeed n®) is well-defined and by construction {n(k)} >0
is quasi-flat. Again by finite dimensionality of NT (A, ), {x,}, oy is bounded in C*-norm,
and by Remark 3.2.2(iii), 7*)’s become uniformly bounded as well.

In order to apply Proposition 3.4.5 on S, it is enough to show that operator norm
of S (acting on the finite dimensional Hilbert space NT (A,€)) is at most 1. Note that

ANA
A'MA
Equation (2.2) multiple times, we have

A/
A
1Sk|* = Tr ((Sk)* Sk) < d'Ted | A r | = .
A
A

Thus, by Proposition 3.4.5, every bounded S-harmonic sequence turns out to be a linear
combination of sequences of the form {A\™"x} ., where |A\| = 1 and & is an eigenvector of
S with respect to the eigenvalue A\. We will call such sequences elementary. We will also
borrow the notion of flatness for sequences in NT (A, Q) from previous the section when every
consecutive pair satisfy the exchange relation with respect to I', A, A, Q, W and W*. Since
flat sequences form a vector space, we may conclude every bounded S-harmonic sequence
will be flat if all elementary ones are so. Consider the above elementary S-harmonic sequence
given by A and k. It is enough to show

-1 is a projection in End (A’A) and hence less than 1a/a. Using this and applying

AL Q) Q
@] - a®
A A A

Note that both sides of the above equation belongs to the space NT (AA, AQ2). We equip this
space with inner product induced by Tr** commensurate with (u, y). Consider the subspace
A(NT (A, Q)) € NT(AA, AQ). Tt is routine to check that the orthogonal projection onto
this subspace is given by

‘Q
E=d"' AL () :NT(AAAQ) — A(NT(A,9Q))

A
Now,
A0 AN Q)
E ] = A (Sk) = AMAk and ] = ”AA”Hg :
AFTA ACA

2
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So, the above equation must hold.
From correspondence between bounded S-harmonic sequences and BQFS’s and the flat-
ness of the former, we may conculde that in a BQFS {n(k) } 00 tWO terms which are K steps

apart, must satisfy exchange relation starting from level L (namely, n&), n(E+E) p(L+2K) =,
Now, we have the freedom of choosing higher L’s; as a result, we obtain exchange relation
of any two terms which are K steps apart after level L. To establish exchange relation
for consecutive terms, pick a k > L and recall the maps f and g defined in the proof of
Proposition 3.4.1(b). By quasi-flat property, we get

which (by Equation (3.6), unitarity of the connection and the K-step exchange relation)
turns out to be g (n*~1). Hence, (n*~1, n®) satisfies the exchange relation. This ends the
proof. O
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Chapter 4

Examples

4.1 Subfactors

Subfactors, more specifically, their standard invariants constitute the initial source of
examples generalizing which we arrived at our objects of interest, namely, UC and UC".
Basically, we associate a 1-cell in UC™ to the subfactor which captures all the information
of the associated planar algebra.

Let ¢« Xp be an extremal bifinite bimodule over Il factors C, D. For any bifinite
bimodule 4Yp, let (4Yp) denote the category of bifinite A-B-bimodules which are direct
sum of irreducibles appearing in 4Yz. Set M = Hilbsq (the category of finite dimesnional
Hilbert spaces), and for k£ > 0, let

ok ok
Mot = (Y@ X)D and Moy o == (Y@ X)D ®X
D ¢ D D c D

and functors I'y : Myp_1 — My be defined by

r _
ob(M,) 5 C —L pL?(D)p € ob(M1), Topyo = e %) X‘ and Dypy3 = @ %) X’

Mopy1 Magy2

. The sequence I'y will serve as the source 0-cell in UC. For the target 0-cell in UC, define

Ngk = (X X X) and N2k+1 = (X &® X) ® X
c D c c D ¢ b

and AQ}H—? =0 7
D

and

A2k+1 = oe® X
C

Noyg Nogy1

. Next, consider the 1-cell A, in UC given by

ob(Mo) 3 C % _12(C)e € ob(Ap) and Ay = X op

My,

47



where the unitary connection for the squares

XX RX
D C
NQk*l A N2k A N2k+1
2k 2k+1

X%.TAQk—l Agi | XB® A%HTX%.

Tap okt
Mop_1 ——= Mo, —= M
2k—1 X 2k .%X 2k+1
D

is induced by the associativity constraint of the bimodules.

In order to turn the UC-0-cells I'y and A, into UC™ ones, we work with the statistical
dimension (same as the square root of the index) of an extremal bimodule 4Yg, denoted by
d(Y). Set § = d(X). Let Vi, and V), denote maximal sets of mutually non-isomorphic
family of irreducible bimodules in M, and N, respectively.

Now we define the weight functions Ek and v* on V), and V), respectively as follows:

pd =1, pt =5 DAY, vE=6%d(Z) for Y € Vi, Z €V,

Since the dimension function is a linear homomorphism with respect to direct sum and
Connes fusion of bimodules, we get that u* and v* satisfy Equation (3.6). For the same
reason, the boundedness condition Equation (3.7) holds with the inequalities replaced by
equality where both the bounds are 1.

4.1.1 Planar algebraic view of the associated bimodule

Let A == PB(l's) and B = PB(A,) be the AFD von Neumann algebras and H =
PB(A,) be the A-B-bimodule where 'y, A, and A, and 0-cells and 1-cells in UC" associ-
ated to the extremal bifinite bimodule ¢ Xp. Denote the planar algebra associated to ¢ Xp
by P = {Pyii},>, Where the vector spaces are given by

P = End (X ® X ®--- k tensor components)
D C

and

P_, = End (7 ® X ®--- k tensor components)
c D

. Immediately from the definitions, we get the following.

(a) Ak+1 = P,k and Bk = P+k = Hk

(b) Both the inclusions By < Bjyq and Hy — Hjyq are the same as Py <= Py(pi1),
and Ay, — Ay is same as P_(,_1) = P_, induced by the action of inclusion tangle by a
string on the right.

(c) Action of By on Hy is given by right mutiplication of Py on itself whereas that of

Ay on Hj, is given by the left multiplation of the left inclusion P_;_) g P induced the
action of inclusion tangle by a string on the left.

(d) The trace on Ay and By, turns out to be the normalized picture trace on P_(;_1) and
P, respectively.
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Remark 4.1.1. Let Py, be the union kL>J0Pik of the filtered unital algebras, and P, be

the von Neumann algebra generated by it acting on the GNS with respect to the canoni-
cal normalized picture trace tr. Finally, the bimodule 4Hp turns out to be the same as
p L*(Pioo, try) p, where the P_-action on left extends from treating P as a left-module
over the subalgebra LI(P_,,). As a result, the BQFS’s from A, to A, are given by inter-
twiners in p Lp, (L? (Py,try)) = [LI(P.)] N Py via Theorem 3.3.9 and by Remark 3.2.4,
the flat sequences correspond to elements in [LI(P_y)]" N Py oo

4.1.2 Loop operators and Izumi’s Markov operator

We provide a description of loop operators {S; : End(A;) — End(Aj_1)},~, in terms of
maps between intertwiner spaces. We continue to employ the graphical calculus pertaining
to bimodules and intertwiners as well. Let us analyze the odd ones first. For Y € V), and
n € End(Agki1),

3%
! v
[52k+177]y = > EY = Z Z [@
\ ! Y1€Vay, ;| @€ONB(Y, Tag41Y) NY,

The last expression is in terms of the functors I'),’s; A,,’s and A,,’s; to express it purely using
bimodules and intertwiners, we prove the following relation.

Lemma 4.1.2. For Z, Z € ob(Nai) , 7 € Nopy1(Dogi1 721, Dojy172) we have

\ 2o Zy| X
@) - ]
7 AP

where the cap and the cup on the right (resp. left) side come from balanced spherical solution

(resp. solution) to the conjugate equations for the duality of X (resp. Agxi1 commensurate
with (22k+2722k)).

Proof. Without loss of generality, we may assume Z; = Zy = Z (say) is irreducible and

Am@z ARD. S
. ()

Y where Y € Vi, ... So, the right side of the equation in the

7= Y=
Aggyr 'z

Z) X
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statement becomes

5 2)! 1z = Fus @) 1z = S (ad) 1z

where the first equality follows from traciality of spherical solutions. The last term by
Equation (2.2), is same as the left side. O

Coming back to the loop operators, we apply the lemma on the blue box below and

obtain

/.
Y
T
[52k+177]y = Z [@ =0 Z -y
ViV, \\}/1 Yi€Vamy,
a€ONB(Y1, 25 41Y) Y «€ONB (Yl, Y(?X)
L

Y
X 7
_ d(¥1) ¢
YIGVMk }/1
BEONB(Y, Y1®X},) X (5
Y
where Xy, is X or X according as k is even or odd.
av)\E |
Proof. In Equation (4.1), substituting /3 := ( % )> X (which yeilds an orthonor-
1 Y

mal basis of Mopiy (Y, V) ® X | as « varies over ONB (Yl, Y ® X) ), we get the desired
D C

equation for the odd case. The proof of the even case is exactly similar.
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We now recall the Markov operator (that is, a UCP map) associated to an extremal finite
index subactor / bifinite bimodule defined by Izumi in [[04]. Consider the finite dimensional

C*-algebra Dy == End (Ay) & & ¢Lp <X®Y> or @& cLc <X®Y) according as
Y D D

€Vmy, YGVMk
k is even or odd. Define the von Neumann algebra D = @ Djy. Then, Izumi’s Markov
k>0

operator P : D — D is defined as

P
Ds3n= (n(k))kzo — PQ = (Sk+1n(k+1))k20 €D.

By [104, Lemma 3.2], the space of P-harmonic elements H* (D, P) (that is, the fixed points of
P) is precisely the space of bounded quasi-flat sequences corresponding to our loop operators

{Sk}kZO'

4.1.3 Temperley-Lieb - T'Ls for 6 > 2

Continuing with the same set up, let us further assume X is symmetrically self-dual and
tensor-generates the Temperley-Lieb category for a generic modulus § > 2. This example had
already been investigated extensively, in particular, by Izumi in [I104] in our context. Here,
we address the question whether every UC-endormorphism of A, extends to a UC"-one.

Proposition 4.1.4. The 1-cell in UC™ corresponding to the TL-bimodule X possesses a
BQFS to itself which is not flat.

Proof. In [104], Izumi showed that H*(D, P) (and hence Endyce(A,)) is 2 dimesional. So, it
is enough to show that Endyc (A,) is the one-dimensional space generated by the identity in
it. Again, by Remark 4.1.1 and Remark 3.2.4, this boils down to showing that [LI (Px)]'N Px
is 1-dimensional where P = {F;},-, denotes the unshaded planar algebra associated to the
symmetrically self-dual bimodule X.

Let € [LI(P-w)])' N Pioo. Then there exists some k& > 0 such that x € [LI (P_)]' N Py,
equivalently

for all y € P4y and [ >0 . (4.2)

o

Using Equation (4.2) we get x = §=* =5 l € P, where the thick line

denotes k many parallel strings. Since P; is one-dimesnional, x must be a scalar multiple of
identity. O
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4.2 Directed graphs

We will discuss an example arising out of directed gaphs (where we allow multiple edges
from one vertex to the other). Further, we assume the directed graphs are ‘strongly con-
nected’, that is, for v, w in the vertex set, there exists a path from v to w. As a result,
the corresponding adjacency matrices are irreducible and thereby, each possesses a Perron-
Frobenius (PF) eigenvalue and PF eigenvectors. In terms of category and functor, it is
equivalent to consider a finite semisimple category M and a x-linear functor I' € End (M)
such that for simple v, w € ob(M), there exists k € N satisfying M (v,*w) # {0}. From

such a I', we build the 0-cell {./\/lk_l % ./\/lk} in UC" where M, = M and I', =T
k>1

for all k, and the weight Ek on My is given by d*kﬁ where d is the PF eigenvalue of the

adjacency matrix of I and p is PF eigenvector whose sum of the coordinates is 1.

Consider the 1-cell A, in UC" (T, T) by setting Ay =TI for k£ > 0, with unitary connec-
tion W* := 1. Note that the loop operator S, : End (A;) — End (A;_;) is independent of k
because (although the weight on M, varies as k varies) our solution to conjugate equation for
the duality of I'y : My_; — My is independent ; let us rename it as S : End (I') — End (T').

More explicity, Sn = d~*

jugate equation for I' commensurate with (ﬁ, H)' Clearly, the range of S is contained in
{£O1r: £ € End(idp)}. Then an S-harmonic sequence {&, (D Ir};s, is completely cap-
tured by a sequence {& },~, in the finite dimensional abelian C*-algebra End (id ) satisfying

I for all n € End (I') where we use tracial solution to con-

d-! F’F = &, for all kK > 1. The operator X = d~! F’@F : End (idy) —

End (idpyq) is UCP and {¢}, is X-harmonic. Using the categorical trace on natural trans-
formations, the operator X has norm at most 1 and so is the spectral radius. Applying
Proposition 3.4.5, the bounded X-harmonic sequences are linear span of elementary ones,
namely, {c_k 19 } >0 Where £ is an eigenvector of X for the eigenvalue ¢ such that le| = 1.
However, it is unclear whether such an elementary X-harmonic sequence contribute towards
a flat sequence from A, to A,; a necessary condition for this is clpr ()& = dEO1p. A
straight forward deduction from this condition will tell us that flat sequences are simple
scalar multiples of the identity.

In the above example, if we would have started with a finite connected undirected graph
I', then by Theorem 3.4.6, all BQFS from A, to A, would have been flat.

4.2.1 Vertex models

Let M be the category of finite dimensional Hilbert spaces, and T’ := idy ® £2(X) €
End (M), A ==idy ® £2(Y) € End (M) be two functors where X,Y are some nonempty fi-
nite sets. Consider the 0-cell I’y in UC" defined by M}, :== M and I';, = T for all k£ where the
weight of C in My, is | X| ", For a 1-cell in UC™ (T,,T,), we consider {A = A}, with the
unitary connections W* := id, ® UF where U : (2(X) ® (2(Y) — £2(X) ® £2(Y) is a unitary
and F : 2(Y) @ (*(X) — (*(X) ® (*(Y) is canonical flip map. Note that End (A) = My (C)
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and the loop operators are independent of k; let us denote it by S : My (C) — My (C). One
can deduce the following two formula,

. -1 TTT2Y2 T2yl * o -1 1Y 1y’
(Sn)y,y’ - ‘X’ Z ley 77?/2:91 ley’ and (S n)y,y’ - ’X| U:):ng 77y2y1 Ux2y1
z1,22€X r1,22€X
y1,Y2€Y y1,Y2€Y

for all n € My (C) and y,y’ € Y. By Theorem 3.4.6, every BQFS from A, to A, becomes
flat.
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Chapter 5

Q-system completeness of UC

5.1 Q-system in UC

In this section, given a Q-system in UC for a 0-cell, we explore certain structural properties
of the associated bimodules that will further enable us to construct new 0-cells and a new
dualizable 1-cell in the next section, that will implement Q-system completion of UC.

Let (T'y, M,) be a 0-cell in UC and (Q,, W&, m,, i.) be a Q-system in UC,((T'y, M,), (T's, M,)).
Graphically, each natural transformation my, i, and ng-l will be represented by the follow-
ing respective diagrams:

o o /rm

mk} = s /Lk = Qk and WkQ+1 = \V/k? Z O

Dit

Pictorially, exchange relation of m;’s and 4;’s with respect to W, will be denoted as
follows:

N
S
al’ld Q;/Qq\“ — QIH»I FkJr]
Q¥

eventually for all &.

Remark 5.1.1. From Remark 3.1.17, we observe that for our @Q-system (Qs, m,,1%,) in UC
the natural transformations my and i, satisfy (Q1)-(Q4) as in Definition 2.4.2 eventually
for all k£ . For the rest of the thesis, we fix a natural number [ such that m, and 7 satisfy
(Q1)-(Q4) and the exchange relations for k > 1 .

Consider the filtration of finite dimensional C*-algebras { Ay = End(T - - - Flmo)}k21 as-
sociated to the 0-cell I'y where my is direct sum of a maximal set of mutually non-isomorphic
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simple objects in My. Let {Hj = My(Ts---Timo, QeI - - - T1mg)} >, be the right corre-
spondence associated to Q.. By construction (3.1 and 3.2) , Hy, is a right Aj-A; correspon-
dence. Thus, one may view Hj, as a 1-cell in the 2-category C*Alg of right correspondence
bimodules over pairs of C*-algebras. We will further establish that each Hj, is a Q-system
in C*Alg(Ayg, Ay) for k > 1. In order to do this, we will use the following identification.

Remark 5.1.2. Let {Y; := My(Ty---Tymg, QL) - - - T'1myg) },~, denote the right correspon-
dence associated to the 1-cell Q, X @, in UC. The proof of [DGGJ22, Proposition 3.12] tells

Iy |
‘ T \ mo

Via the above identification, the multiplication 2-cell m, and the unit 2-cell s in UC
corresponds to the maps my, : Hy, IE‘E H; — Hy and i, : Ay — Hy respectively at the level of
k

us that the map EXIn — is an isomorphism between Hy, ,E;E Hj and Y} as
k

right Ag-Ay correspondence.

bimodules; more explicitly

Tl Tyl
- Fk le

Proposition 5.1.3. For each k > 1, my, and i are adjointable maps and hence 2-cells in
C*Alg. Moreover, (Hg, my,ix) becomes a Q-system in C*Alg(Ay, Ay) for each k > 1 .

|
oy |1 g

Proof. Using the identification in Remark 5.1.2, the adjoint of my, is given by [ : ]

QJ e

and that of 7, is given by [ ¢ ] . Now using 7, and 7, and their adjoints, and the

properties (Q1-Q4) of m, and i, mentioned at in preliminaries , associativity, unitality,

frobenius property and separability of (H ks ﬁlk,;:k> easily follows. n

We now explore certain structural properties of Hj.
We prove the following proposition using ideas from [CPJP22].
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Proposition 5.1.4. For each k > 1, the space Hy, is a unital C*-algebra with multiplication,
adjoint and unit given by

T Iy I
I

§-n=my ({Wn)

respectively for £, m € Hy,.

Proof. Indeed, £ = €. Again

(€I-£2>T =

where the second equality follows from associativity and the third comes from Frobenius and
unitality conditions. Also,

Hence, Hj, becomes a unital *-algebra.
To prove that Hj, is a C*-algebra, we show that it is isomorphic to a *-subalgebra of a
finite dimensional C*-algebra. Define

S, =< x¢€ EHd(Qka s Flmo)

sitting inside the finite dimensional C*-algebra End(Qy[y---T'ymg). Clearly S is closed
under multiplication, as well as *-closed (using Frobenius property and unitality). Define

¢§k) : Hy — S, and gbék) : Sy — Hj, as follows:

Now, it is routine to check using the axioms of Q)-systems that ¢§’“) and qbék) are unital,

*_homomorphisms. Also, §’“) and gzﬁék) are mutually inverse to each other, hence they are
isomorphisms. O
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déi (where dg, = Q’CI ) is a finite index, faithful conditional expectation
... [1mo

satisfying Ex (n' - §) = [déi] [(57 77>Ak] (where (-, -) o, is the right Ag-valued inner product
I [mo

on Hy, as defined in Equation (3.2)) for each k > 1 .

Proof. We make use of the *-algebra isomorphisms ¢y, ¢» between Hj, and Sj, and find that

(k) ~ < 'myg
¢y 9 @b € S;, which is
.« :mo

the map i Ay — Hy corresponds to Ay 2 a = —— b Qra = Q4
indeed an inclusion since (), is a bi-faithful functor. Now, @)y is symmetrically self-dual with

the solution to conjugate equation given by \I/ . Thus, we have a conditional expectation

given by
/ “ .. imo T imo
Skal’ii ( x ) = ( x J € A,
e :mo L e :mo

where the equality follows from the definition of Si and separability axiom. This conditional
expectation is automatically faithful and translates into Fj (defined in the statement) via

the *-isomorphism ¢\". Now, for z € S, we have

of Fact 2.4.4 and the definition of S;. We rewrite the last term as

ldo, || @k (E'(x)). Hence, the conditional expectation E’, and thereby Ej has finite index.
[

Next, we will test the compatibility of the countable family of finite dimensional C*-

I
algebras {Hk‘}kzo and the inclusions Hj, Lae Hy for k> 0 (as described in 3.3).
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Lemma 5.1.6. The inclusion Hy, & Hy.y is a x-algebra homomorphism eventually for all
k. Further, the unital filtration { Ay}, of finite dimensional C*-algebras (as described 77?)

sits inside Hy, = LkJHk. via the inclusions Zk : A, — Hj, eventually for all k. In particular,

the above conditions commence when (my, mgi1) and (ix,ixy1) start satisfying the exchange
relation.

Proof. This easily follows from the exchange relation of my and iy, and the definitions of my,
and 7. O

Remark 5.1.7. We can obtain .}, C Hy such that > o0* = 1g,r,..1ym, using Lemma 3.1.3
cES

and 3.3 .

Remark 5.1.8. We will denote the object my by dashed lines and any other object by
dotted lines in (ii) of the pictorial notations mentioned at the beginning of Section 2.3.2.

5.2 Splitting of (Q., M., %)

In this section we will first construct a suitable O-cell in UC using results from the previous
section. Then move on to construct a dualizable 1-cell X, from I'y to the newly constructed
0-cell. Subsequently we build a unitary from X, X X, to Q. which intertwine the algebra
maps as well as satisfy exchange relations eventually.

Notation: Thoughout this section, given a finite dimensional C*-algebra A, we will use
the notation R4 for the category of finite-dimensional (as a complex vector space) right
A-correspondences. Note that R4 is a finite, semisimple C*-category.

5.2.1 New 0-cells in UC

Let [ € N be as in Remark 5.1.1

For each k& > 0, consider the C*-algebra inclusions Ay % Cr = End(Qrly - - -T'1myg)
AT

and Cy 2 v —> [ € Cyy1. Note that Qr (Ag) C Sk C Cy, for all k£ > [. Consider the

1
filtration of C*-algebras { By}, defined as follows:

o k>
"Tlsne,  ifo<k<i—1

where the inclusion By < By is given by I for k > [, set inclusions for 0 < k <[ — 2 and
: Sl N Ol—l — H, (where qb(zl) : S[ — Hj is

SiNCi_y
the isomorphism defined in Proposition 5.1.4).

the remaining inclusion B;_; < Bj is gbg)
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Define Agyq = o EE Biy1 : R, — Rp,,, for k > 0. Each Ay is a bi-faithful functor
k

(which follows from the unital inclusion By < By of finite dimensional C*-algebra for
k > 0). Thus, we have a 0-cell (A,,Rp,) € UCj .

Similarly, using the unital filtration {Ay},-, (resp., {Ck};5,) of finite dimensional C*-

algebras, we define another 0O-cell ¥, (resp. ¥,) defined by ) == e A& A+ Ra,_, = Ra,
k—1
(resp., Uy == OO@ Cy : Re,, =& Rey,) for k > 1.
k—1

5.2.2 Construction of dualizable 1-cell from (I, M,) to (A,, Rp,)

Our strategy is to build two dualizable 1-cells (F,, W[) : Ty — . and (As, W2) : 5, —
A, and define (X,, W,) to be their composition in UC as depicted in Equation (3.5), and
thereby obtaining our desired dualizable 1-cell X, : I'y — A, in UC. We first prove the
following easy fact.

Proposition 5.2.1. Given a finite semisimple C*-category M and an object m which con-
tains every simple object as a sub-object, the functor F' = M(m,e) : M — R4 is an
equivalence where A = End(m) and R4 is the category of right A-correspondences.

Proof. For © € ob(M), F(z) becomes a right A-correspondence with the A-action and A-
valued inner product defined in the following way

F(z) x A>3 (u,a) —>ua € F(z) and (u,v) =0v"u .

For f € M(z,y), F(f)(u) = fu € F(y) for each u € F(x). Indeed, F-action on any
morphism of M is adjointable (F(f)* = F(f*)) and A-linear. Clearly, each F is a faithful
functor.
Let T € Ra(F(x), F(y)). Since every simple appears as a sub-object in m, we can find
a finite subset ., C F(z) such that Z uu* =1,. Define f = Z T(u)u* € M(z,y). For
UES uESy,
v € F(x),we have,

T(w)=T <Z uu*v)

UE.Sy

= Z T(u)u*v (since T is right A-linear)

= F(f)(v) (since F(f) = f o — and by definition of f)

Thus, F' is full.

Now, we show that F' is essentially surjective. Since F' is fully faithful by Schur’s lemma,
we have, F'(z) is simple if x is simple. We show that for simple H € R4 there is a simple
x in M such that F(z)4 ~ Ha. Choose, £ € H \ {0} such that (£,£)4 # 0. By spectral
decomposition of (£, &) 4 , there is a minimal projection p in A such that (£,&)4p € Cp\ {0}.
Now ,since p is minimal, ({p,&p)a = p(§,&)ap € Cp \ {0}. Without loss of generality, we
assume &p = £ Now, H being irreducible, we have, H = £A. Now, by semi-simplicity of
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M there is a simple z € M and an isometry « : x — m such that p = aa®. Observe that,
a* € F(z) and F(z) = o*A. Define T": F(z), = Ha as T'(o*a) = £a for all a € A. Clearly,
T’ is well-defined, right-A linear and onto. Thus, 7" is an isomorphism. Hence, F' is an
equivalence. O

Construction of (F,, W) € UC, (T,,%,)

For each k > 0, setting m = ['y---T'ymg in Proposition 5.2.1, we obtain the functor
Fr = Mg(Ty - -Tymg, ®) : My — R4, which is an equivalence.

Proposition 5.2.2. Suppose C is a C*-2-category. Let X € Ci(a,b) be dualizable with dual
X € Cyi(b,a) such that each component in the solution (R, R) to the conjugate equations for

(X, 7) are invertible. Then, there exists another solution (R’,§/> to the conjugate equations
for (X ,7) such that R and R are unitaries.

Proof. Without loss of generality, we may assume that C is strict. Since R and R* are
invertible, so R*R is also invertible. Let [ == R*R € End(1,). Define R == Rol 2 ¢
Ca(1,, X W X). Clearly, R is invertible and R*R' = id;, which further implies R'R* =
1x W 1+%. In terms of graphical calculus, the last equality can be expressed as the following
identity using the conjugate equations satisfied by (R, R)

|].@
X X ‘

12

Now, define R = (1 Iz X 1x)R. Tt is easy to verify that (R’,}_%/) satisfy the conjugate
equations for (X ,7). Equation (5.1) ensures that Risa unitary. ]

Remark 5.2.3. Fj being an equivalence is a part of an adjoint equivalence [JY21], so we
may obtain an adjoint F'y of F}, and evaluation and coevaulation implementing the duality
which are both natural unitaries. Thus, for each k > 0, bi-faithfulness of Fj, is immediate.

Before we describe the unitary connections for F}’s, we digress a bit to prove some results
which will be useful in the construction.

Suppose N is a C*-semisimple category. For x,y € Ob(N) , consider the morphism
space N (z,y) and consider the C*-algebra A = End(z). Then, NV (z,y) becomes a right-A
correspondence with A-valued inner product, (u,v)4 = u*v.

We proceed with the following lemma.

Lemma 5.2.4. Suppose M and N are finite, C*-semisimple categories. Let T'y : M — N

and Ty : N — N be bi-faithful, *-linear functors. Then the map T : N'(T'ymg, x) - d? )
1! 1Mo

60



N (Tymg, ToTymg) — N (Tymg, Tax) given by uRwv SN

15 a unitary as a right-

End(T'ymy)-linear map.

Proof. Let A = End(I'ymy). Clearly, T" is middle A-linear. Now,

<T(U1 X Ul), T(Ug X UQ))A =

FQ x
from [L95]. Now, let y € N(['ymg, Taz). Then, =

F] ‘ mo

equality follows from the fact that, we can find such a set . C End F2F1m0 because of bi-

faithfulness of I'y, I'y and my contains all irreducibles of M. Now, T Z g L#
acey

y. Hence, T is surjective. So, T' is an unitary.

Corollary 5.2.5. The maps TF : Fy(z) jlﬂ Apiia,,, — Mp(Craalh - Timo, D) 4,
k

Pipa

. Tk L .
gwen by ulX o — are unitaries and they are natural in z, for each x € M,

:mo
T, T,
and k > 0.

Proof. Clearly, T% are right-Ay; linear. Unitarity of 7% follows from Lemma 5.2.4. Nat-
urality of T* follows from the definition of F}, acting on morphism spaces as in Proposi-
tion 5.2.1. n

We now define the unitary connections for {F}},-, as W,fjrl =TF Y1 Fe = Fo D

as defined in Corollary 5.2.5, for each £ > 0 . Pictorially we denote, for each £ > 0, F}, by I
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B EX Ty, Y\ JFr—1
and F'y by [ and for each k > 1, W} by Zk/ Fo, and (Wk ) by F \F . Hence,
we have a 1-cell (F., WF) € UC, (T, %,).

For each k > 1, define

W,f = k and Wk = \\ o
Fk Fk 1 Zk’

Since the evaluation and coevaluation are chosen (in Remark 5.2.3) to be unitaries, therefore
Wf’s are also so. We claim that F, is a dualizable 1-cell in UC with dual <F.,Wf). For
this, we verify that solutions to conjugate equations (as in Remark 5.2.3) satisfy exchange
relations for k > 0, which is equivalent to the equations by which W/’s and WkF’s become

unitaries.

Remark 5.2.6. Observe that by Proposition 5.2.1, we have an adjoint equivalence G :
M}, — R, using the fact that Q' - - - I'ymg contains every simple of M), as a subobject

Gri1
Mk—i—l —_— R0k+1

for each £ > 0. Further, the square ka T%Ckﬂ commutes up to a natural

Mk T Rck
unitary, say W,Srl, which can be proven exactly the same was done for Fj’s, and thereby
yeilding a dualizable 1-cell (G,, W) in UC from I', to V.
Picking a dual G, € UC; (¥,,T,) of G., we set (R,, WfF) = F,KG, € UC; (¥,,%,).
That is, Ry = F,Gy, : Re, = Ra, for £ > 0 which along with the unitary connections are
compatible with the Y¥,’s and W,’s.

Construction of (A,, W) € UC, (,,A,) and its dual

Observe that in Section 5.2.1, for each £ > 0, we have unital inclusions A, — B, of
C*-algebras; in particular, for &£ > [, this is given in Lemma 5.1.5. As a result, the functor
A, = o ? By : R4, — Rp, turns out to bi-faithful for each &£ > 0. Next, we need to define

k

the unitary connection for A,. We acheive this using the following easy fact.
Fact 5.2.7. Suppose A, B,C,D are finite dimensional C*-algebras such that we have a

C —— D
square of unital inclusions ] ] . This induces a square of categories and func-
A—— B
.%D
RC —— Rp
tors -@CT T-%D. Corresponding to this last square, there exists a unitary natural

Ra —gp* Ro
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transformation between the functors e % B % D and e %l C % D.

For 0 < k <[ —1, the unitaries W,?H may be obtained by applying Fact 5.2.7 to the

Akt
RAk+1 5 RBk+1

squares EkHT TA'CH .
Ra

We now explicitly describe the unitaries W : ApAp_; — Ay for each k > [+ 1 . For
V€ Ob (Ra,_,), define (W), : V' W Hyy X Hyy, =V X Ay K Hyp, as follows :
k—1 k—1 k

k-1

k Ag } RBk

(W),
VAiEil H_ Hiﬁil H, > inEil & Hiﬁil o —> inEil 1a, %&-52 for each g€V .
It is easy to see that each (Wk{‘)v is a unitary and natural in V', and (W,ﬁ‘); is given as
follows:
V X A X H, > @aﬁg(m*‘/ X 1 X & & foreach geV
A kAk k qA b qu_l Hk,lAkl 2 q .

k—1 k—1

Thus, we get a 1-cell (A,,W,) : ¥4 — A, in UC .

We now define (K.,W?) € UC; (A,, X,) so that it becomes dual to (A,, W,) in UC.

For 0 < k <1l—1, define Ay, .= R o (o § C’k> : Rp, = Ra, where Ry : Re, — Ra, is the
k

equivalence given in Remark 5.2.6.
For k > [, define Ay == o ? Hy : Ru, — Ra,. Here the right action of A, on Hj, is given
k

by the inclusion Ay < Hy (as in Lemma 5.1.5) and the multiplication in C*-algebra Hy;
however, the right Ag-valued inner product is the one defined in 3.2 (and not the one coming
from conditional expectation).

Remark 5.2.8. Although the functors A; may not be adjoint to Ay for 0 < k <[ —1, we
will need these functors to define an adjoint of (A., W,A) in UC .

Our next job is to define the unitary connections {W?} for A,. This will be divide
k>1

into three different ranges for k, namely {1,...,1 — 1}, {I} and {{ 4+ 1,1+ 2,...}; the choice
of the natural unitaries in the first two ranges could be arbitrary.

. . ==A . .
Case 0 < k < [—2: For the unitary connection W, _;, we look at the following horizontally
stacked squares of functors.
o X Ck+1

Bk+1 Rk+1
RBk+1 — R0k+1 — RAIH—l

Ak+1T T'%C’“"'l TZ}H—l .

RBk .EC’“} RCk Ry 5 RAk
k
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Both the squares are commutative up to natural unitaries; the left one follows from Fact 5.2.7

. A . . L.
and the right comes from Remark 5.2.6. W, is defined as the appropriate composition of
above two natural unitaries.

Case k = [: To define the natural unitary WlA ¥ Ajly — Ay Ay, it is enough to check

.@Hl
Hy
RHZ e — RAl
A
whether the square ¢® Bi|x, = |*4¥ A commutes up to a natural isomor-
Xl*l

’R’Szﬂczq — RAzA

Ri_1ole X C;_

phism; let us call this square S. Consider the horizontal pair of squares,

X ()
s, . R, .
RSZ 7 RC; 7 RAl
.Slﬁ%l—lslT T\yl Tzl referred as S; ; the first square of S;
_— —_—
RS[OCZ_1 e X C_, Rcl—l Ri_1 RAl—l
5iNC_y

commutes by Fact 5.2.7 and the second follows from Remark 5.2.6. Note that the bottom
and the right sides of S matches with that of S;.
We next claim that the top side of S; is naturally isomorphic to e ? S Rs, = Ra,. To
l

G
Rcl <—l Ml

see this, consider the square -gczl lpl referred as Sy. For # € Ob (M), the map

RSZ 6'1?51 RAl
1

g 1Cz € GZ<CL’) g C

is Sj-linear and natural in z. To show that the map is surjective, pick a basic tensor ¢ ? 1o, €
!

Gi(x) %} Cy; note that it can be expressed as the image of E (oo ,l? ¢§” (O‘T) where .7 is as
1 1
0ES]
in Remark 5.1.7 and ¢§” : Hy — S; is the isomorphism mentioned in Proposition 5.1.4. This
concludes natural commutativity of So. Now, the adjoint of the functors e ? Ci:Re, — R,
l

and e ? Si: Ra, — R, (appearing in the square S) are given by e ? C;:Rs, = R¢, and
l !
° ? A; : Rg, — Ra, respectively; this can be achieved by solving the conjugate equations
l

using the set .#; again and the conditional expectations. Thus, dualizing the square S,
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we get Fj o <o ? SlAl) ~ G o <0§ Clcl)- Now, using the fact that F; is an adjoint
l !

equivalence and using R, = F;G;, we get R; o (o ? Cie, | = (o ? SlAl)- Using this natural
l i

isomorphism and natural commutativity of the square S;, we obtain natural commutativity
o[X.S;
5

Rsl > RAZ

of ¢ % 15{ TZZ . Finally, using the isomorphism gbg) 2SS — H; (asin

o : . —A
Proposition 5.1.4), we get our desired natural commutativity of S. Set W, to be a natural
unitary implementing commutativity of S.

Case k > [: To define Wﬁ 41, we will need the solutions to conjugate equations for Ay and
Ay, for each k > [. We will use the following pictorial notations:

A, = and Ay = for each £ >0

Definition 5.2.9.
(i) : IdRch — A\ is the natural transformation defined as:

'V = VX H,X Hyis given by g — > ¢ X o Xol where V € Ry, and
4 Hy Ay ey Hre Ax

Y. 1s as in Remark 5.1.7.

(ii) s A A — Idg,, is the natural transformation defined as :

” :V%HkEHk%Vis given by q}%&%{glﬂq.({lfg) where V € Ry, .

(iii) cIdg 4 = Ay is the natural transformation defined as :

. :V%V%Hk%.f{k 1sglvenbyql—>q% 1Hk§€1Hk where V' € R4, .

(iv) s AN — Idg 4, 1s the natural transformation defined as :
VX H, X H, =V is given by ¢ K & K & — q.(€, )4, where V € Ry,
Vv Ag Hy, Ag Hy,
Lemma 5.2.10. (i) , , , satisfy conjugate equations for Ay, Ay

for each k> 1 .

(ii) Also, < >* = and < )* =



(iii) = ididz,,
Proof. (i) We have, for every V € Ry,, g € V and £ € Hy,

(v39) -

(4R ER 1y, Ky, ) = gRe

v v
Therefore, we get _ . We have, for every V € Ry,, ¢ € V and £ € Hy,
_ T — T T T T
(em¢) = (X ameRoRat) = Y alocha Bol = YR (0. a0
%4 oES) oES oES)
=q§6
The last equality follows from Equation (3.2). Therefore, we get . The other
equations can be proved similarly.
(ii) The proof is similar to that of (i).
(iii) It follows easily from Definition 5.2.9(i) and Definition 5.2.9(ii). O
I VANpOI AVANDRLV . A A

Pictorially, we denote W}* by Ak/ Apy (W,ﬁ‘)* by Ay \Zk , Wi by Ek/ _

AN * Se\ A
and <W£) by 0 \\Ak ' for each k > 1. We have already defined all W/’s in page 63,
k k

and WQ for 1 < k <[ in the above two cases. Now, for k > [, we define

Agiq Ykt1

A A /Ak+1 K ——A \* Ekﬂ\ Ay )
Wi = " /S = and (Wk+1> = _ \ =
Yl VA At VAgia

Ykt
which turn out to be natural unitaries by the following remark.

k+1

Remark 5.2.11. Foreach k >l and V € Ry,, ¢ €V, { € Hi, a € App1, 1, ¢ € Hyyq the
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element <W£ +1> <q X & X a) can be expressed as
\% Hy = Ag

A1 AV}

(ogena)- epema @ i, 8 Tn)

Ekﬂ Ek+1

Apta

_ V@xg&h{k Ba R 1Hk+1>:q.§§€aH|kZL ly,.,

Hi11

and (W;;l)* (q Xn X C) can be expressed as

Ek+1 EIc+1
) Xn X = ) X o X f & X
( (q " Hy 1 C) ( ( Z 4 Hy, g Apg “ Hk+1 C)
Vv V. \o€
Ak+1 A/C-I—l
Yt

= (Zq&axum X of-n X g)
+1

Hiyq
oES) +

= aBoR (o),

It is a straightforward verification that each <Wk +1) is a unitary and natural in V.
v

Thus, we have defined a 1-cell (K.,Wf) in UC from A, to X,. We need to prove that
(K., Wf) is dual to (A., W,A) . In order to define the solution to conjugate equation (which

is in fact a pair of 2-cells in UC), we have the liberty to ignore finitely many terms and define
them eventually (by Remark 3.1.17). By Lemma 5.2.10, we see that there are solutions to
conjugate equations for Ay and Ay, for each k > [ . So, we are only left with showing exchange
relations of solutions eventually.

We now verify that and satisfy exchange relations for k > 1 .

Remark 5.2.12. The solutions to conjugate equations for A; and Agy; (as in Defini-
tion 5.2.9) satisfy exchange relation eventually for all k¥ with respect to W2 and W:\ . This
directly follows from the fact WA’s and Wﬁ’s are unitaries. Nevertheless, we still furnish a
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proof below. Note that

Ek:+]

and

Hence, (A., W,A) : Yo — A, is a dualizable 1-cell in UC with dual <K., Wf) as described
above.

We are now in a position to describe our desired dualizable 1-cell (X,, W,) which will

split (Qe, M, 1s) as Q-system.
A

F, T}
[ € UC, (T., Ad) .

.
Define (X,, W,) = A, X F, = {Aka}kZO 3
Ap A1 Fr

3 ) k>1
L XX Tk AR\ J Xk
Pictorially, we denote X} by I , Xk byl , Wi by Ak/ X, and W} by X, \Fk
Ay Iy
. v 1
Define W), = Xk\<vék = K and (Wk)* = Ek\ K-t =
Fk/ X1 \ Xk \Ak Af
Iy

Thus, we arrive at our desired 1-cell (X,o, W,) € UC; (I, A,). We list some of the properties
of (X,,W,) .

Lemma 5.2.13.
(i) (Xe, Ws) is a dualizable 1-cell in UC .

(i1) (Xe, Ws) has a unitarily separable dual in UC .
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Proof. (i) (X.,W,) being a composition of two dualizable 1-cells (Ao, W2) and (F,, W[)
concludes the result.

(ii) This is immediate from Remark 3.1.17 and (iii) of Lemma 5.2.10.

5.2.3 Isomorphism of ()-systems

In this subsection, we build an isomorhpism between X, X X, and Q,. We construct
unitaries ’y(’“) : XpXi — Qp for each k > [ which intertwines the mutliplication and unit
maps. In the next subsection, we verify the exchange relation of v*) for each k > [, thus
implementing isomorphism of the aforementioned -systems in UC.

For k > [ and for each © € Ob(My,), define a map B . A ALF () = F.Qp(z) as follows

Fk(l')JquHk%HkAk 9%&51&52’#

It is easy to see that, each 63(;k) is an isometry. Since, 4, Hy, 5] H}, 4, is unitarily isomorhpic
k

to a, Hy 4, and by application of Lemma 5.2.4 we see that ApALFy(7) and FpQp(z) has same
dimension (as a vector space). Hence surjectiveness will follow. Thus, each Bg(;k) is a unitary.
Also, it easily follows that each @Ek) is a natural in x. Thus, we get a unitary natural
transformation 8% : AyApFl, — FiQy

Qr

(k) —
Define v*) = : XX, — Q. We show that v*® is an isomorphism of

Fy

Q-systems X, X, and Qy, for k > [. Each 4® is a unitary because each %) is so and each
F}, is an adjoint equivalence (see Remark 5.2.3). We need to show that v*) intertwines the

for k > [. This is what we prove next.

Proposition 5.2.14. For k> 1, v* : X, X}, — Q. is an isomorphism of Q-systems.
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N

Proof. Tt easily follows that, [7““)][7(’“)] = [w) Jifan donly if = g®

TIT IAl

-ﬁ(k)
Now the map, c Fp(x) X H X H, X Hy K H, — FpQp(x) given as follows:
Ag Hy Ag Hy,

g(k)

B [(51 +&a) - (&3 54)]

<u®§1®§2®§3®§4> =

for every u € Fi(z) and &, &,,&3,&4 € Hy, . 1t is straightforward to show that

(“ HOEeREGE 54) " (@ @6 &) " (@8 & &)
= T

for every u € Fi(z) and &1, &2, &3,&4 € Hy . The last equality follows because of associativity
of Hj, as shown in Proposition 5.1.4. Thus, ¥*) intertwines the multiplication maps for each

k> 1

(k)
k g
Also, it is easy to see that = J if and only if = . Now, the map
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(k)
i D Fi(r) — FpQu(7)

x) is given as follows :

Bk) (u): B (Zuggx(ﬂ): = (u) for every wu € Fi(z)

oES

where ., C Hj, is as given in Remark 5.1.7 . Thus, v*) intertwines the unit maps for each
k > 1 . This concludes the proposition. O

5.2.4 Exchange relation of v*)’s

To achieve isomorphism in UC, we still have to show that v*)’s satisfy exchange rela-
tion for & > [. This will establish ‘splitting’ of (Qe,ms,%s) € UC;(I's,Is) by (Xe, Ws) €
UC, (T, A,).

Remark 5.2.15. In order to show that v*)’s will satisfy exchange relation for k > [, it is
enough to show that 3%*)’s also does so because solutions to conjugate equations for Fj’s
and F},’s satisfy exchange relations for each k > [. So instead of showing exchange relation
of v*)’s we will show that 3*)’s satisfy exchange relation for k > [ .

We now proceed to show that S*)’

s satisfy exchange relation for k > [ .
Proposition 5.2.16. For k > 1, *)’s satisfy exchange relation.

Proof. For x € Ob(M},) the map,

Q1 5(k+1

= D F(x )% Hj, & Hj, X’ Api1 = Fien1Qr Dt ()

Y1 x, M Fi \ x
1

is given as follows:

7
F (u§51§£2§a): (u;%al-fzga}[gllw)

Z1c+1 AIH»I
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Qun J—

k1

A Y :

F0+1) Qe L &6
((&-&)a ) C

(ugzllclAkH%(51-62)(1}]%11&“) = el mo - <l img
Tepr T Iy Tepr Ty Iy
-
Y1

for every u € Fy(z),&1,& € Hy,a € Apy1 . Also, it will easily follow from the definition of
B3%)’s that for every u € Fy(z), &1, & € Hy, o € Agyy we have,

T

Qi1 / -

Frv1 Qe e

~~
[k
(vBEHERa)=
2/H—l Kk Aka
Thus, 5*)’s satisfy exchange relation for k > [ . O]

From Remark 3.1.17, Proposition 5.2.14, Remark 5.2.15 and Proposition 5.2.16 we get
the following theorem.

_ K1
X1 /Fk+
Theorem 5.2.17. (Q,, W,) is isomorphic to {kak}k>0’ 4/\ as
- Pt

k>1
Q-systems in UC.
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Chapter 6

Concluding remarks

In this chapter, we discuss some questions arising out of this thesis for further research.

(i) Which bimodules between hyperfinite von Neumann algebras can be realized by the
construction described in Section 3.2 7 This is profoundly related to the question about

possible values of the index for irreducible hyperfinite subfactors and the work of S.
Popa [P21].

(ii) In Section 3.2, we have considered tracial states on Bratteli digrams. A natural question
is, how is the story modified if we pick arbitrary states instead of tracial ones ?

(iii) Bi-faithfulness of functors plays a major role in achieving most of our results. If we
drop the bi-faithfulness condition of 0O-cells and 1-cells in UC, then will the modified
category be still Q-system complete ?

(iv) Is UC" Q-system complete ?

(v) Is there any relation between finite-depth Q-systems in UC"™ and 4-partite graphs and
biunitary connections ?
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