INDIAN . STATISTICAL INSTITUTE @
B.STAT, (HONS.) I YEAR: 1996~97
| SEMESTRAL~I EXAMINATION
. CALCULUS-I

Dates26.11,96 Maximum Marks:100 ~ Time: 3 Hours
Note:Each question carries ten marks, You may

- answer as many as. you cah., /But the maximum
‘yow.can: sgore 15 100. ‘

1, (a) Define supremuni of a’ set of real numbers. Show . that supremum
of a set.is uniquely determlned whenever if exists. [E

(b) Determlne the supremum: for the follow1ng sets, whenever they
exist, Justify your answer. '

N |
rn

: . Tt o n
(i}{’i_:o<x££§,-(ii) {er:-xgo, x2<2}. (ill) {—-El' ng%}.‘
N ! 5] 3
2, (a)Define accpmulatidh boint of a éet of real numbers, Suppase
o0

“(an)" ‘is a Sequence of reals and X is an accumulation point
n—l

of the range {an : nzl}. Show that there exists a subsequence

(=4 .
of (a,) converging to x. . oo ' (=
n_l : :
o
(b} Fingd a convergent subsequ :nce of the sequence (an) .
© n=1
whers. s =(-1) (1—-1-)._, o f:
3. Dlscuss the convergence of the- follow1ng serles
o SLate explic1tly the results: that you use..
.o e o ' ) n+1 L
(a) = L (1) 3 (-1) R [e
n=2 n(log n)? n=1" y o

(b) Use Taylor s theorem to prove
e = .E ’ . | : - ) ' {5]
n=0 nI ) ._ ' L

4.(a) Let £ : R—>R b e continuous at'a ¢ R. Show that for every
) o - - -
sequence (x_ )  converging to a, the sequence (£(x_))
. n-l . e ‘ IR “n n=1
conveigeghge f(a)i : e o [S]

(b) Let £,g ¢ R — ® be;eontinuous,functions,ushow*that the
set D = (xs]} ::f}x);g(x)§nis~a’EISEeé”Sét.: ‘,_ ‘. . {s]



5.

.7.

l1o.(a) Let f:R~>R be a function and xeR.

11.

lkﬁmeuMﬁxmcmmnmnyofafmmuonfs—ém,scm

(a) state 1ntermediate value property of contlnuous functlons of;

reals,

IORN . o .
(b) Use this property to proVe the - following
" If n 1s a p051t1ve 1nteger and a>o, then there ex1sts exactlh
. one positive real b such that b ~a. o

'Prove -tl

the function £:(2.5, 3)—>TR’ deflned by f(x) —%7 is unlformly

- continuous, :_" |

Let £: (a, b)——>Il be an lncreaSlng functlon. Prove that the set

e

" D= {re(a b): £ is discontinuous_at x} is countable. {

Prove that every compact subset of R is bounded. Show that the

set 8 = (O, l] is not compact by producing an open cover which
does not admit any finite subcover,: , |

iet £f:R —>R be a contlnuous function such that f(x+y) f(x)f(y

for all x,ye R . Prove that elther £(x)= O for all xeR or, there

exists a>0 such that £(x)=a® for all xeR. - |

Assume that there

exists a constant A and a real valued function E défined on
a nelghbourhood of 0, E{(0)=0 and E is contlnuous at O such
that for every h in that. nelghbourhood we have

£(x+h)=£(x) +hA+hE(h). Prove that f is differentiable &t x
and £ind £'(x). , B [

L

(b) Discuss the differentiability of the following function:

£(x) = x°Sin i “x 40
= 0 X=0
Is it aC -functlon'P Justlfy your answer - [

(a) state Rolle s Theorem S
. Let f£: f“’5]~—>rz be contlnuous, £ ex;st on {a,b) and

f(a) = £(b) = o. Show. that for every real-x’ there exists
c'e (a,b) such that £'(c) = A £(c). A [
() Prove that if f£:[a, b]—-> R is contlnuous and £ (x) exists

and £ (x}fo for all xe(a,b), then f is one to one. K

12. (a

12.(a) Prove that |sin x - sin y| < [x-y].

(b) consider the function £{(x)={x]. Does there exist a function
g such that g'(x)=£(x) for all X. Justify your answer.

i

[s]

[s]
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INDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.) I Year ; 199697
SEMESTRAL ~ T EXAMINATION
Probability Theory and its Applications I
28.11.,1996 Maximum Marks: 100 Time: * hours

Note: Answer FIVE questions.

It is known that on the average, one person cut of 10,000
has a certain rare disease. A test for this disease isg -
known to make a correct diagnosis with probability 9% °‘/.

What is the probability that someone who has been tested

positive by this test, has the disease ?

Suppose every packet of detergent TIDE contains a coupon
bearing one of the letters of the word TIDE. A customer
who has all the letters get a free packet. Each letter
has the same thance of appearing in a packet. Find the
probability that if you buy 8 packets, you will get at
least one free packet.

(10+10) = [20] .
Consider Polya's urn scheme with the specifications:
Initially- the urn has r red ball‘s’ and b black balls;
after every draw, the ball is replaced and ¢ balls of the
colour drawn are added to the urn. Let Xn = 1 if the ball
drawn at the nth trial is red and O otherwise.

Find the joint distribution of (X, , Xl&) .

a1 a? az R
Let X have the distribution ( .

D4 Po Px ee--
—a1 —.a2 -—az .o . )
P 1Y
and suppose X and Y are independent. Show that

' P{(X+Y = t) =P(X+Y = ~1)

and Y the distribution ( p
. z * 0 A .

N

for all t.
(12+8) = [20]

Let X, Y be independent random variables each having the
distribution
' 0 1 2 e

(p ap qu )

Find the distribution of X /N\NY = min(X, Y).

contdeee.s 2.’/"

oy

(b)

(c)

ha(a)

(p)

6.(a)

(b)

e~

-2 -

i

Find a function f in the problem (a) such that £(X) has
the same distribution as XA Y.

Does (b) mean that X ¥ = £(X) ? Give reasons for your

answer.
(10+6+L) = [20]

let X be a nonnegative integer valued random variable
whose probability generating function @X(t) is finite
for all t and let ~ > O. Prove that

@)

Y
N

t

P(X ¢n) <

for 0 ¢ t gt

Let Xq, +eeees X e non-negative independent identically
di stributed random variables. Find

- X
E( T('1"+ +,Xk) '

{12+8) = [20]

A random sample of size n is drawn from N tickets marked
1, evese No Let X be the sum of the numbers sampled. Find
E(X) and Var{X) when

(i) sampling is done with replacement
(i1) sampling is done without replacement. [901
Let X and Y be two random variables such that for some .
real number a

if t<a
if t2> a.

P(X = %) ¢ P(Y = 1)
P(X=1t) 2P(Y = 1)

Assuming that E(X) and E(Y) exist, prove that
| E(X) > E(Y).

Let X,] g oo Xn be independent non-negative random variables.
Prove that

n a
P(Xy *+ +ee + X >a) <1 = .“f’()ﬁ <§).
i=

(12+8) = [20]

A i, e ——
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INDIAN STATTSTICAL INSTITUTE
B.Stat. (Hons.) I Year: 1996 - 97
SEMESTRAL - I EXAMINATION
Statistical Methods I

25.11.,1996 Maximum Marks: 100 Time: * hours

Note: Attempt ALL questions. Scores allocated
to each question are given in parantheses

‘The table béibw represents the frequency distribution’of

saluries (pé% month) of 'computer specialists' in the ‘
present day job market:

g s —

Number of

“Class Intervals

{(to0s) specialists
55 — 64 | =

65 - Th 21

75 ~ 84 78

85 - 9 182

95 ~ 104 =05
105 = 114 ' 209
115 - 124 ' 81

195 - 134 21

1%5 - 144 , 5

— - vt - . ———

Compute the median for the data by direct computation and

also from the ogive (less than type) and compare the results.

Also obtain the Inter Quartile Range from the ogive.
Explain whether you prefer mean to median &s a measure of
central tendency in this case and give reasons.

The Computer Society claims that the coefficient of varia-

tion for this type of data cannot exceed 5% . Is the claim

correct ? Verify. ' .
[(6+6+4+2) +(10)] = [28]

For classification of data by attributes, explain the terms
(1) ultimate class frequencies and (ii) p0sifiﬂe class
frequencies. Explain with an illustration why it is never
necessary to enumerate more than the ultimate frequencies.

!

contd..... 2/~

INDIAN STATISTICAL IKSTITUTE
B.STAT. (HONS, ) I..YEAR: 1996-97 .
i - SEMESTRAL~I EXAMINA'I‘IQN
. ) - VECTOR AND MATRICES*-I
Date:2,12,96 Maximum Marks loo <T1me:3% Hours
Note:, There are 9 questions carryihg 119 marks.
} The maximum you can score is 100, Marks
.allotted to each questlon are shown in
' brackets.

‘1, Let}f'be the real vector space of all real-valued functions

. defined on the . real line R. ‘Determine whether each of the follo-.
w1ng subsets of~Vrls dependent or 1ndependent. Compute  thexdimen-—
sion of the. subSpace spanned by each set: - S

(i) {COS x, sin x} (ii) {1 Cos 2x, s.lnzx} . [4&-4:8)

2. If £ sgﬂ (<E ) -Dual of xn(@), the set of all nxn ;:omplex
.matrices, such that f(AB) £(BA) for all a, Bqﬂ (€), show that

£(A)=ctr(a) for some ced? where tr(A):trace of A. v [12}

3. Let T: n@-—->né3 be a llnear transformation whose matrix. relatlve

~ to the standard bases { l,ezj and { l'eZ‘eQ}*is

2
. A= 1
. B

Let new bases be ﬁgixngﬁxhx deflned by {ql_e 2e2, o, =e, +e2} and

: B
{Bi—e +e2, 32~e2+e3, 33-e1+e3} in, I@ and Ifg respectlvely.;

-Compute the matrlx which represents T relative g o) the latter

bases. : : - , : - faa)
4. Phow that ' o - ) o R _ o
2 n-=2. _n |
, e T e T
e .
; 2 .  _.n=2 .n
1 a, Byredeedy a,
: 4 ‘, I ‘l T
'S L4 . : v _ .
. . b _ : _(a1+a2+...fan)-niaj—ai)
‘ . \ i 1gi<j<n B
S I | a ai.....agf? ag , '

‘5. Let A be an mxn real matrix, Prove that rank (A A)—rank (a),

Give an’ example of a matrix A with complex entries such that
rank (A A)<rank (A), What can you say if A "is replaced by

(X) ‘where X is’ the complex conJugate of A and why? [6+8+6=20]
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‘ BSTAT-1 : 1996-97
COMPUTATIONAL TECHNIQUES & PROGRAMMING — I
SEMESTRAL~-] EXAMINATION

' i; Date 4 December 1996

Answer as many questions as you can.
Mazium you can score is 100

" 1. Write short notes on
{i) Subprogram

(ii) Debugger
,(ii) File Organizations and Access Methods

2. () Describe, briefly, different parts of a digiﬁal computer. . B

(b) Calculate the number of 80-column input records that can be stored on a
magnetic tape of 3600 feet length assuming :

i. one record per block, 1600 characters per inch density, and % inch inter-
record gaps.

v

ii. Twenty-five records per blouit, 3200 character p.er inch and % inch in-
terblock gaps.

[6+6=12 ]
3. " (a) Write VAX DCL commands to create a text module library named TEXTLIB

and add to it two modules named MODULE1 and MODULE2, which are

given in the files 'TEST1.FOR' and "TEST2.PAS respectively. Then replace
MODULE1 by the content of the file 'TEST2.FOR/

(b) Explain clearly what you have to do to access the modules in an object
module library called ‘'OBJECT.OLB' from your VAX FORTRAN program.

[8+5=13]

Describe the algorithm you are using,.

(i) —99.625 (i) 128.0 (i) —107 »(iy) 0.1

Show how these numbers are stored internally in VAX/VMS system. Assume that .

the integer numbers are stored in two bytes and real numbers are stored in

four
bytes. , :

[104+5+10=25 ]

Given an integer number N, write a FORTRAN Function subprogram to find the -
_sum of its digits. ‘

(15 1

provided EX exists.

(7epeE) - f20]

Time 3 hrs.

[5+5+10=20]

Convert the following decimal numbers to their binary forms, using binary arirhmetié. '

6. Consider the following VAX FORTRAN statements

2)
DIMENSION A(10), B(3,3), C(2.3,
EQUIVALENCE (A(10), B(3,3)), (A(10), C(2,3,2))
N -~ 3 p— U
[ =" T STATUS='OLD’)
PEN (UNIT=1FILE="TESTBLDATL, = ,
(O)PEN ((UNIT=2,FILE=’TESTBI.OUT STATUS="NEW')
READ (1,111) C :
WRITE (2,222) ((B(LJ), I=13), 1=1,3)
111 FORMAT (< N + 1 > F2.0)
222 FORMAT (1X, <N > F6.1)
END

The ﬁle "TESTBLDAT' contains the following records (from first column énwards) ﬁz
Record 1: 1b2b3b4b5b6b7b4859’e10b

Record 2 : 11b12b13b14b15b16b17b

Record 3 : 2b2b3b3b4b4b5b5b '

Record 4 : 21b22b23b24b25b26b27b

i indicate
- Show the allignment of the three arrays. What will be the content (indica

i VAX.:
the columns) of the file /PESTBL.OUT when the above program is run on |
machine ? [5“-_10:15]’

isation.
7. The following information is available on each employee of an organis

(a) Employee D
ame and add .
((t:)) II\;ZI;:r:zjn:c/lUr:;& to which the employee is cm%ently attached
@ D(?;e ‘t?frth (ii) joining (iii) increment (iv) last promotion |
“ salar}ét:):(m;:;lg } (ii) City Compensetory Allowance
((1121) Beeﬁness Allowance (iv) House Rent Allowance

i i ing information from
Administration of the organisation would like know the following info! ?
time to time
slovee | 3
e Information about an cruployee
o List of all employees in a department /unit i
o Desiguation wise list of cmployees . ’ i
| i i id you !
i these information. How wou 1
ceribe 7 table data structure to store ' ' e
D(Mtl " ﬁ)i S:; that employer would be able to access the information efficientiy %
create a e s v . | ‘ \)
s N |
and effectively 7 e
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Probablllty Theory and its Applications I

Date: 30.12.96 Maximum Marks: 100 Tlme' 3 hours

Note: Answer ALL questions.

1.€{a) A car is parked among N cars in a -row, not at either end.

On his return the owner finds that exactly r of the N placesl

are still occupied. What is the probability that both the
neighbouring places are empty ?

(b) In the random placement of r balls in n cells find the
probability that all the cells are occupied. _
- (10+10) = [20
2.(a) A ccuntoss:.ng experiment continues until one run of r heads
is-obtained: Let p be the probability for the coin to fall
heads and 9 = 1 -p. - Show that, if P, is the probebili+ty for
the experiment to conclude in n or fewer tosses, then
. - . r .
Ppet =Py * (1 = py ;)P q

for ail n>r.

(b) Give an example +to show that the Joint distribution ef two
. random v[ariables X and Y is not determined by the distribu-
tion of X and the distribution of Y.

("1 2+8) = [20]

3.(a) Prove that for a random variable X, E}’ emsts ir E(Xh) exist

(v) Show that if X and Y are random Var'lebles such that ¥ar X
"and Var Y exist - then -

teov (X,Y)1 < AfVar X, Var Y,

(c) Show that if X is a non-negatlve 1nteger valued randam
Vquable then

provided EX exists. , v '
' (7¥H6) - {90]

4.(a) Show that if. X and Y haVe Poisson dlstrlbutlon with paran
A and M- respectively and are 1ndependent then the r.v. }
has a Poisson distrlbutlon. '

v

(b) Show that the result in (a) may not hold if X and Y are n
- independent.

(c¢) Prove that if X has Poisson distribution with parameter A

then
P(X>2N) ¢ -:: _.
(8+448) = [
5.(a) Define the conditional expectation E(X!Y). Prove that

E(E(XIY)) =

(b) If X and Y are independent having the common geometric
di s‘tributi on,

0 A 2 3 4
p) 3 ’

P ap Q' p Qap

. find the conditional distribution of X given X+Y = n.
(8+12) = [:
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INDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.) I Year : 1996~ 97
BACK-—PAPER SEMESTRAL T EXAMINATION

‘ Statlstlcal Methods T

31Z12J9€'L MaX1mum Marks- 100 o Time: 3 houre 1
Notef Attempt ALL questlons. Scotes allocated
. , to each questlon are glven in parentheses

Ihe table :given below represents the frequency dlstrlbutlon
of intelligence quotients of school chlldren from 5 to 14

_3.years of .age;

(a) Fi

, (b)

2.(a)

'_than type ‘for the (reletave)frequency dlstribution.

Class—llmlts

Number of children

55,- 66 Sy
- 84 ' 78
= S e 182
=104 o w365
= 1e 209
T -
B L I
. o= b4 ":., S SO

Find "the median by direct computation and check this value
by drawing the ogive (less than type) and the Ogive (more -

Also
obtaln the inter—quartlle range from the Oglve (less than).

.A psychometriclan clalms that the coefflclent of'varlatlon

_for this type of data cammot exceed 5 A..
.oorrect ?

Is. 'thls Clalm

Explain.

[<a+6+a> + <1 0] = [a24

Let (X) denote the number of’1nd1V1duals possessing attri-
. bute X, In a populatlon of N 1ndivlduals, 1f~%§l A

,. N ‘are’ a, 2a’ and 3a re~pect1vcly wnlle L__Z i——l and XZ

are all eQual to B, show that thc value of neither « nor B
Can exceed 1/& ' o

(b)

illegal property while bribery in contracts was the main N

3.(a)

(b)

(c)

L.(a)

™

eheoa s

qforelon exchange -as well as brlbery..

A newspaper. repor ted that "of the 998 cases dealt with by

high court, M5 1nvolved foreign exchange, 526 related to
e

Only 4% cases involved both foreign

exchange and illegal prOperty while 148 cases related to

In 87 cases all the

Examine if the report is COrn(a

ground in 471 cases.

three causes were cited" .

(10+10) = [
What do you understand”byﬁ'Kurtosis" and"Skewness" o
With “he usual notation, prove that B? > B4 +;1. When do

the equallty occur ?

e e

A student has calculated the following quantltles for N="
obserVatlonS' T

: 3 ;..' " L# = ;
TXK; = -114, zx- 1030, Xy = -1590, Ix; = 1ok, LG

Explain with reasons if these are possible.

[6+ (10+2) +8] = [

A class teacher wishes to consider the "best two' class ¥
‘scores out of three held during a semester, for computing
the final grade. He decides to take those two test score
for.wnicn.Pij, the correlation coefficient between the it
and jth test scores is the largest. Explain with an illw
tratlon 1f this is a good procedure. ' '

ta

The rallways planned to minimize the ‘dlscomfort' for-

passengers of chair car. They defined 1di scomfort' as the
average ‘deviation of knee helghts and helght of -the chair

In a survey of 420 adult passengers, it war found that the
average knee’ hen ght was 45 cm. and the rallw'wys then order
chairs to be made with a height of 45 cm. for the next baly, (
of chair cars. Comment on the decision of the railways wi

relevant theory.-

An institute plans to conduct a survey in South Calcutta t-

- find’ ‘out the average, household expenditure, during the 3 d:

of puaa.' If you are hired as a statistical consultant,
4expla1n thé various steps you would take in conducting thi
survey, briefly outllnlng the -schedule you would use for
data collection. -

€1o+1 0+10) = [3




INDIAN STATISTICAL INSTITU&E
B.STAT, (HONS.) I YEAR .: 1996-97
SEMESTRALwI BACKPAPER: EXAMINATION

CALCULUS-I
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Note: Each questlon carrles "10 marks,. You may

answer as many as y
ou can, But the maxi~
. mum you can score is 100,

‘a) State the least upv°r bound axiem for the set of real numbers,

De

duce that every non-empty set of reals that is bounded below

has a greatest lower bound. ' [ ]
: 5

b) D - :
(b) fetermlne the greatest lower bound "and. the least'upper bound
or the follow1ng sets, whenever they exlst. Justlfy your answ

(l)ier \/’< x.gn\er t x < 225
(11) 5 = (==, o]U%-—-——+ Limnsd. s8]
. o A
(a) Define accumulatlon p01nt of a set of real numbers. Suppose thg
sequence (a ¥ converges to 1 and the range ga. : n > lS of
. _ n’

N n=1
the sequence is an’ inf CURL
inite set.- Show that 1 is an lat
point of5 &, ¥ n> > fg - e uéafa
. e : 5
(b) Prove that if the ~sequence (a Y®  converges to” 1, then the

n_l

sequen . *° . - ‘
quence ([a_[) -conve;ges-tov[ll. Is the converse true ?

(a) Let fu
ta) f Iz—e>nz be contlnueue at ae]R. show that- for every

. Sequence (x )
M h=1

: c‘on-v.e;:gi,ng tQ 2. the SGCI_U ence, ( £ (x Tt

converges to f(a) o e i t
| | L , o 5]
(b) Let. f(x)
Use ' L L ‘
pant (a) to.show that £ is not continuous at x = O. [Sj

pP. bt

8. (a) Determlne whlch of the follnw1ng sets 3re c

5: State intermediate-velue‘propefﬁy of continuous functions of
..-prove .that if £:{0,1]=>{0, l] is continuous then there exists

c ¢ [0.,1] such that f(c) c.
6, Let £:. S--éIR be continuous and S C: ]R be compact Prove

unlformly contlnuous “on S

 Prove that the function £(X) = X = [x], x € R is perlodlc an

determine its period. Determine”
y of f at those poiﬁts

the p01nts where £ is discont

and tne nature nf d1503nt1nu1t
ompact Justify

]
answer. ' .
{i) Q (the set of rationals) (11) 21 2,3,¢..,..g

(iii)} mos O<x<lls . (1v) i-— ; n>lBUiO§. i
‘{b) Let £:5-»>R be contlnuous and's ¢R be compact. Prove that

" there exibts reals A,B such that AL f£(x) < B for all x € S

9, (a) suppose £,g: :R—~—>R are continuous functions. Show that th
functions max (£,g) and min (f,g) are also contlnuous.
&l

(b) Prove that the function f(x) =) . x if x is rationmal
' -x if x is iiretional

1s contlnuous only at x=0.
1

 T§T if |x|>c

asb 1f |x|<e.

10.(a) Let E(x) =

Determine the values of a and b (ln ‘terms of cﬂ such that

£1{c) exists.
(p) If oka<bk and x> |, then prove that
P e i
a -
m? prove that if £:[a;p]—> R is con
) >0 for all X € (a b), then £ is

11,{ajState7Mean'Vaiue'Theore
and £'{x) exists and £'{x
strlctly increasing function.

{(b) Use Mean value Theorem® to deduce the fﬂllowingfineqmality

n~n-1{X9y) < K-y < nk’r (n=-y) 1if O’y < Ke. n>1.

12, Determine the 1ntervals of convexltv concav1tv and the point
Hence give a rough sket

. inflection for the fynction f(x)—e .
of the graph of the function.

that -1~ 1297



are executed with each of the data given below. Each data indicated is from 1%
" column onward, columns after the last character shown are blanks.

(i) »ISI (ii) John® F.» Kennedy
. L
: (i) HOLD (iv) DIGITA -
INDIAIESSFZ?TIISTICAfgglgS;ITUTE If the FORMAT with number 111 is changed to A8, what will be the content of
TAT—1 -97 ‘ . :
COMPUTATIONAL TECHNIQUES & PROGRAMMING — I WORD and the corresponding output ?

SEMESTRAL-I EXAMINATON [ 16 ]
(Bacw PATeR) 5. Given two positive integers N and M, write a FORTRAN Function subprogam to

" find their Highest Common Factor.
3.0, 1'397 - Maximum Marks 100 _ Time 3 hrs.

15 ]

. 6. A book in a library is identified by its catalogue number and its accession number.
Aer o many questions os you can Accession number is unique for each book that is if there are more than one copy
| of a book in the library, catalogue number in each copy of the same b'ook wdl'be
same but the accession number will be different. The library wants the information
(b) Describe, in brief, two external storage ( mass storage) devices. Describe the _ computerised so that it can
different types of files, which can be stored on them.

(a) How would yéu classify computers ?

(a) list all books by a an author,

[ 846+6=20 ] (b) list all books added to the library during a given period,

What are the differences between (c) list all books on a subject,

| ist ¢ S ecial topjc
(a) a compiler and an interpreter (d) list all books on sp P}

. STy : blem. Justify -
(b) a function subprogram and a subroutine subprogram Describe the necessary information you need to solve the above pro fy

] ' i your requirements. Describe how would you store the above information so that
(c) a flmctlog subprogram and a statement function, and it can be used efficiently and effectively. Also, define a data structure to represent
(9) fow chart and slgorichan the information you need. ‘
[ 12 ] | (10+5+5+5=25]
, e
3. (a) Find a binary number which approximate 7 to within 1073, ,

(b) Convert the following octal numbers to their decimal equivalent
(i) (.614)g (i) (7.776)s (iii) (777)s

Show how these numbers are stored internally in VAX/VMS system. Assume

that integer numbers are stored in 2 bytes and real numbers are stored in 4
bytes.

‘ . [6+9=15]
4. Consider the following VAX FORTRAN statements '

CHARACTER * 6 WORD
READ (1,111) WORD
111 FORMAT( A4)
WRITE (2,222) WORD
222 FORMAT( 5X, A7) _ : 9
What will the be content of WORD ? Describe exactly, indicating column
numbers, the content of disk file FOR002.DAT when the following statements

P.r.0.
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3. (a) Define
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Noter The paper carries of total 110 marks.
You can answer as many as'you can, but
Mthe maximum you can score is lOO

.(a) Define a convex function. .

= e

_(b)suppose f: [a,b]—-# R 1s an increasing function and

x " . .
; £(t) dt exists for all x € [a,b]. Prove that the function
a.

x ;
F defined by F(x) = J £(t) dt, x £ [a,b] is convex. [3+7=1
. a

2.(a) Let g : [a,b] — R be continuous and f: [a,b]—R be
continuously differentiable function and £'(x) > 0 for all.
x ¢ [a,b]. Then show that

b . c b. . : i
I £{xX)g(x)ax = £(a) Jf g{x)dx + £(b) ! g(x) dx holds
a . 2 . . (o .

for some c € [a,b].

[F) .
(b) Use part a) to deduce: If ¢ iscontinuous and non-zero

sn {a,b] and if there exists m > O such that (t) >m
for all tim[a,b], then

| 7 sin p(t) at | < = .

1045=15"
a m [‘ .

[O,l]§——> IR as follows:

£(x) = - 1f x is rational
Clex lf x is 1rratlon=l
Determine whether £. is Rlemann—lntegrable or not.

(b) Let A be-a dense subset of [0, i]mand £:[0,1]—> Rbe an
1ntegrable function in the Rlemann sense such that f(x)~o

l
for all'x £ A. Prove that o £(x)dx=0. . [10+5=15]
| ‘ © P-
' 4.(a) Determine the range of p for which —ZTIE—dx is
‘ convergent. ‘ . 1
(b) Evaluate R §i§-5-dx =~g [1O+5=15]
PR o -
s 1 . .
' 5.(a) Prove that {(a) = J x® “e Xax converges if and only if a » g
o .
co —t2 L
(b) Evaluate [ e = dt. [10+5=15)
o .

p.t.o.

double limit of the double seequence

E ’ C—I‘gent.

‘ i ' exactly once.
taining each rational number 1D [0,1] ex 1y
con
for each positive integer n,

i€ x is irrational

£ (x) = (0O ]
n o if x=ry, 1> 7
i if x=ry, 1 &0

f p i t 18 19} Fi

that is not Riemann—integ:able. . ) o%
: i uence
by an example that there may exist 2 seq
show by T
" ing a pointWJSe 1imit func

rentlablc functlonshav

. x ‘ l\

on [6.,2m-8]. |
: wer series
, (a) Find the radius of convergence of the PO

9. la i ce o

-----

%
i
b
+
u‘x
1
b
+

i tinuous and
. l] —x R is con o
(p) suppose £ [0: .

.

11n=0,1;2, P L

'0{1].v it

is zero identically on {

1
I f(x)xn dx = e} for a

(o]
prove that £
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Noter‘The paper carries ofltptal 110 marks.
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1.(a) Define a convex funbtion.”f

(b)sSuppose £f: [a,b]~—$ R is an increasing function and

x .
J £(t) dt exists for all x e [a,b]. Prove that the function
a .

X
F defined by F(x) = /s £(t) dt, x € [a,b] is convex. [3+7=

2.(a) Let g ¢ (a,b] — R be continuous and £: [a,b]— R be
continuously differentiable function and £°(x) > 0 for all
x € [a,b]. Then show that

b . c b. . i
I f(xX)gx)ax = £(a) 7 g{x)adx + £(b) ! g(x) dx holds
a : - .a o c

for some ¢ £ [a,b].

(X .
{p) Use part a) to deduce: If ¢¢ iscontinuous and non-zero

sn {a,b) and if there exists m > O such that (t) > m
for all tim [a,b], then
b .

| 7 sin p(t) at | <
a v

=P

. | [10+5=1
3.{(a) Define f : [O,l];——> R as follows:

£(x) = -x? if x is rational
‘ 1-x if x is irrational
Determine whethgf £, is Riemannéinéégrable 6r not,
g (b) Let A be a dense subset of [O,i]wand £:[0,1]—> Rbe an

integrable function in the Riemann sense such that £(x)=0

‘ 1
; for all'x £ A, ‘
i ' Prove that é £(x)dx=0.

[10+5=15]
: o p-1
;4.(3) Determine the range of p for which / ~§T:;—dx is
o convergent. B '
* (b) Evaluate Coomosinx 40 =.; [10+5=15]
- O -
[
I
' 5.(a) Prove that [(a) = J x® “e Xdx converges if and only if a > C
5 .
co —-t2 o
(b) Evaluate ! e dt. [10+S='15]
O -

p.t.0.

i » i S i_i)

double limit of the double seequence

L, L
(-1 =+ q_)..

£(p,q) =
1
i ¢ ez ig convergent.
series - %
(b) Show that the double Z m'+n4 . T it

[« -]

| bhe a sequen
7.(a) Let (rn)

- .

ce of rational numbers in [0,1]

i exa once, De
containihg each rational umber 1in [0,1] exacﬁly

for each positive integer n,

. *\"-“v-llgﬂmvatu‘swﬂs"' re

£ (x) = if x 1s irrational
n

i

) i
0 Af X=Cy. i>n %
1 if x=Try. i<n.
tion%
i ise on |ao,1] to a func -
Show that (fn) converges pointwis (o, v %
that is not Riemann-integrable.

: i equence (£ )
(p) show by an example that there may exist & seque n

i i 1imit func
aifferentiable functionghaving & pointwise i

but the segque ce ma nOt haUe a ol]ltwlse lJ.”li
o inx
<7 Y e 5 —— COIerIgeS Ll!llfOI
8 Let O<6 ’ pro e that tne seril S ,

n=1

on [5,2ﬂ-6]. |
power seriles

= of the
9. (a) Pind the radius of convergence of t

2 x4 5
1 x-—x +—'-'—X 4 gaase e
- - + —=
37 T2 54

(b) suppose f: [o,1] — R 1s continuous an@{f

= 011121 es oo e s O

1
i) £(x)x" ax = O for alln

o

prove that £ is zero identically on [O{l].

RN
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A t( AR "'il-.'rv_} o o
i Note' “Answer. &1.' the questmns.'. L

it

tem

(a) What do you understand by the term "Intra Class Correlation
CoefficiEnt""D ) Obtain"the 'bO’(Jn(’IS for p e

(b) A random sample oi‘ n units is divided into k categories
, such that the :.th category has nl units. Assuming the multi
'mbmial probability ‘model, derive E(ni)’ V(ni) and
Corr.(ni s N ) i* j. How do you compare the observed and
expeoted i‘requencies L o
(c) In order to see the Hale qup comet, a coxppany planned to
mqnui'sc turethe iolloyfing standsrd types .?f ‘bi,n_o‘c‘ulars:

Stype . r A B ¥ C b S
distance between the o
eye-pieces in mm. .~ Pk .58 62 66 .. 70

R
\

From extens:.ve optimetric data, it was found that the dLS’tT‘i
bution:of inter-pupillary distance NER R da) of adults was
Normally distributed with mean 64. 90 mm, .and- g d..3.81 mm
Assuming that persons having i.p.d. differing by not more
than 2 mm. from the distance between the ‘eye~-pieces have no
difficulty in using the binoculars, find how may of each typ

of these' should: be' manufactured by the company in a lct of
4600’ and why 7 ‘ :

l.{‘ T

4‘

[(5+3) g (3+3+2+2) + (1 2)] = [30]

2. (a) Derive the ex‘pressmn“

- "02.1

%31
"/(1

Where the symbols h&"e their usual meaning- s

‘32 -1 C st : ;‘ o

03 .12

| (b) At‘ter a state gOVeI'nment has taken over a milk dairy, there i
has' heen a controversy that the per—capita consumption of |

. |
e ORI I A E
' contd...‘.. 2/~

milk (Y) has fallén down while -the government claimed t¥
the retail price of milk X1 depended on the cost of proc
ssing of milk (X?) and cost 'of ‘agricultural products (X
- The statlstician-in—charge ‘has collected data on all the
variables (measured from their means) for a period of

40 months. The follpwing table gives sums:of squares ar
products of the deviations of these variables ﬁ‘om theiz
B T %
Y 1360.54  -352.55°  -536.48 938.86
5 158149 850.33 -« , - 1235.76
X, 7 2534.80 730.78
) w ’ [o)
X ' ?.626.99

g -

(i) Calculate the multiple correlation coefficient of 1
the: other variasbles and 4_.?:“

(11) the partial correlation coefficient between the va:t‘
ables X, and X, el iminating the effect of Y and X..‘

(iii) Comment on the calculations. -
' [(12)+(11+17‘+2)] = [14:

s,

3a(a) Draw a simple. random sample of size 5 from the Cauchy dis t
. bution with density- o . o I

.f(-x.)=l-——741f.,- -°°( x { », i1
i1
(v) The follow_ing definition was given by a student: "A randOI
 variable Y = log X is said to have a 1ognormal disitributif

o if X has a Normal distribution L r

COrrect the de:finition pointing out the fallacies and wri
down the density function. By writing the moment generat]
fanction or otherw:Lse obtain the me en and variance of thi
distribution. - L '

Point out a situatien where the lognormal distribution is
(c) Ssuppose that Xhasa Unii”crm distribution in the in
Derive the distribution of ¥ =-2logX. Based on ar
sample of size n, say £, Xz’ eony xh, write dow
* of the distribution of Z = g Y explaining clearly all
4 1

results you have used.
, [(5)+(2+3+a+5+1)+.(8)] =
sbees ,

n

| B
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Note: Attempt all the questioné. - ‘
fine s line | ‘ | ?
g ie) g function of degree K. Without using formula, constm
spline interpolating to the following date.

'line end conditions, given f£'(0)=0, £ (3)=15
=0, - = .

i

Use clanped

£ o ?
x . .
efine degree of precisi c, 1 19 [3+17=20}

y of precision of tlo:; °F @ quadrature formula, Show that the:
Lagranglan m point guadrature fc>rmula1

t exceed 2m-1, Der
- lve
£ the form a quadrature formula {determine A, B,c,c:

: ";

;£
] (x)ax 2 a f(—o:) + B £(0) + c £(ax)

Which is exact fO ‘ ‘
What is the degre: ‘Zil Polynomials of as high degree as possible. |
efine ond pPrecision of the formula derived? [2+3+13+2—-2f
e order of conv . . =4,
iteration formula x erger(lce of an iterative scheme show that the - 4
n+1~9 XZ) where g(x)= x(x +3a)/(3x +a), con b

, -

verges cubi
Cally to a, prOVlded that % A

o | o is sufficiently close

a, What i1s the as , ‘
YIPtotic error constant for the above itera-

tion? Calculate 1
/ 7 usin
upto four pl 9 the above iteration, Giv 1 d
places of decimalg e result correct
) 347+10=20
Derive Euler-Maclaurin surumation c [ + ]
ormula,

Evaluate S =
. 5 +

1 5=+
00 '_101, 10’72 F eeccoes 9

upto 10 places of decimals
[ B, =1, Bj=~ 1 L |
LU By =y By== 50 By= g » By= - i ] )
. Sho e [12+8=2 O]
w that Gauss~Seidel iteration £o 1

r so v;mg AX = b,

‘A is strictly diagonally: domina ‘. converges if
n

Determine whethe
r Gauss—
£ollcwin s-S@idel iteration will
g system. If the Methog converge for the
Converges,

to three places of decimals, find the solution corrCCt

-x?, +X3=2

—xl + XZ - X, ==l
- +
*2 2x3 = 0

W

[10+10=20] -

P

'-n
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Note: Answer any FIVE questions-

3

%’I .(a) Let X be a non-negative T
Show that there exisgts an increasing sequence of :
andom varigbles s, converging to . ,

andom variable on & probability

space -
non-negative simple ¥

he)

(b) Let X be a random varisble on the probability space (L, 0,7

show that X‘A‘ (B)e @ for all Borel subsets B of TR«
“(e+6) = (121

‘5 1) Show that for a en-negative random variable %,

ex = 1 (A-P(X<a)da
-0

(v) Let m(t) be the noment generating function of & non-negative

random variable X. prove that n is a continuous func tion

on [0, ). | | (6+6) = [12]

3.(a) Let X and Y be, independent random variables having the

commen exponential distribution with parameter 1. Prove

that X+Y and X -Y are not independent.

(b) Let X and ¥ be as in part (a) and U = max (X ,Y) and
Vv = min (X ,Y). Prove that V and U-V are mdppendent. :

(6+6) = [12]

3

l+ (a) Let X have the normal distribution having meann M and
- $(X)
variance 1. Find the expectation of ¥ = ..---»-—-- where §
& \X)
and ¢ are, regpectively, the distribtution function and the
density functicn of X.
(b) Let X, Xy, %g De independent naving the common distribution
(6+6) = [12]

pet.os



5. - I
(a) Let Y4, Y5, ..... be independent and identically distributed

randpm variables each having the exponential distribution
with palgameiser 1. let Z be a random variable, independent
of the { Yij ‘and distributed uniformly on [T, ™+1], T > 0.
Let N be the random variable defined by '

Yot eee F YL 2K Y + onnee + Yo,

N+1° .

Find the distribution of N. !

(b) Let X have the uniform distribution on [0,1]. Find a func-
tion f on [0,1] such that Y # £(X) has the distribution
function Ce N '

ot

F(t) if £< 0

| SR ] P

(1+t)if 0g t < 1 '

N

1if 4‘,<_.A ..
(7+5) = [12]

oo
.

6. Y be s -
(a) Let X and Y be independent random variables having the

Cauchy density % 1'2.
1+x

Find the digtribution of XY.

(b) Prove that, if 1< p <« and

~
=

1, then

Lol RS

P

q
ab< & 4+ B
=D

for all a, b > 0.

i

(7+5) = [12]

sbee:

§ L.

Date:

1;(a)

7.54199

Date:

Show 4k

. are ort

(b)

(o)

Show‘tl
inmer ¢

»ﬂ,ﬂ}(a)'Show 4hat two vectors

Prove 1
space ¢
for al.

BN 4

Show tl..

nal ma

Find t

" symmet:

An nx:

if the

Prove

tic ma
Prove
PRRY

. 2
. are orthogonal if and only if Wx=+ylb

(b)

()

ba

INDIAN STATISTICAL INSTITUTE
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SEMESTRAL~II EXAMINATION

Vectors and Matrices II

7.5.1997 Maximum Marks: 60 Time: 3. hours .

Notes There are 8 questions carrying a
total of 75 marks. Maximum one can
score is 60.

x and vy in a real innerprcduct space

Wl ? + nyn 2.
Show that the abbve'sfatement‘bécomes false on a complex
inner product space-. - s :
inner product

Pr;o've_:that\_two \-recv_jco‘rs.»,x and vy in a complex
| N2 = naxh?+ipyll?

sﬁace:aré'orthogonal'if and only if Hax+ BY

for all pairs of scalars @ and B.
(2+4+6). = [12]

e o Jo o}
Show that thé matrix | 0 O 7 ig not similar to a diago-
0 0 0
nal matrix. [6]
Find the eigen values and a diagonalizing matrix P for the
vsymmetric matrix » ‘ ‘ ‘ '
/1 0 =2 \
A = 0 0 0 i S
V-2 .0 & / . 5]

«ai.» isrballéd a stochastic matrix

mn nxn real matrix A& =
if th§~following_conditicns are satisfied:“
. " . - B

T a, =1

=1

Prove thét the product of two stochastic matrices is a stochas~
Do such matrices form a group under multiplication?

for eﬁCh j =/‘ ,2, caeg e

ALl

t%c matrix.
prove that every eigen value of a stochastic matrix satisfies

Al <1,
- (2+2+4) = [8]

p-t-o-




5. Represent the following‘quadrafic form by a real symmetric
matrix, and by reducing it to the diagonal form determine the

Tank and the signature of the quadratic form

2

alxy, x5, x;) = 16x9 x5 - X5 .

(2+8+2) =

6. Suppose A is a normal operator on a finite~dimensional complex

inner product space (i.e., AA¥ = £¥ ). '

Prove that a necessary and sufficient condition that X be an

eigen vector of A 1s that it be an eigen vector of A

if Ax = A, then A x = Ax).
(A=) x.
7. (i)

and a-d are eigen values of the matrix

a b

/ b oa
c

c

2 m O 0
(s o TR o TR o 7

(ii) Wnat is the fourth eigen value ?
’(iii) Find general condltlons on the numbers a, b, ¢, d which are
suff1c1ent for A to be diagonable.
(5+3+2) = [10]
8. lLetB =
«bij» be any nxn real, symmetric, positive definite
matrix. Show t i j ' |
0 | hat (i) bjj >0 for each j =1, 2, ... n
fte(B)\"
(i1) det(B) £ (___)) .
= n
(2+6) = [6]
k
sbee:

(i.e.,

(Hint: Show that I {A=~ AT)xIl =

(el

Without expanding a 4x 4 determinant show that a-b, a~c

Date=27.6;w

1.(a) Suppo:

[12]

(b)

. INDIAN STATISTICAL INSTITUTE
B,STAT. (HONS.) I YEAR:1996-97
SEMESTRAL~II. BACKPAPER EXAMINATIEN -

STATISTICAL METHODS-II ‘

succe: .

obtaiﬁte'27 6.97 ‘Maximum Marks:100 Time: 3 Hours
derive Note: Answer all questions

In an . : - ,

- ape ,(a) Suppose that Y is the number of trials required to get r
raper

successes in a situation. Writedown the distribution of Y and

'pass’: .. . .
he s obtain its moment generating function, Hence or otherwlse
e SC : { )
derive the mean and variance of Y.
.ordin

2.(a)

(b)

[ ——

A

S e T T -

15 pe: (b) In an examination, a student fails and is allowed to take back
paper examinations if he scores less than 400, gets an. ordinary

and ti
(11) “ pass if the score 1s between 400 and 500 and gets honours if
Deriv he scores 500 or more In one year, the percentage of fallures,

.ordinary pass and pass with honours were respectlvely 23, 62 and
- 15 percent. ynder a suitable model for the scores f£ind the mean
and the variance of the scores of (i) all ‘the candidates and

(ii) candidates pas51ng with honours. (3+642+4 )+ (7+11)=33

. N
where, (a) Derive the expression

Ah an :
=P

0
Y=gy X Po3.12 - 03.1 0.1 3.1
‘ f1-p2 ) (1.0%, 1)
subje AR +¥32.1
_corte ‘where the symbols have their usual meaning.

: ] . . ™ i
< (D) An anthropologist has predicted the index Y by the relation

o1 Y=31X1+32X2+B3X3 where'xl,Xé,x3 are three measurements on 86
subjects (The measurements are taken around the means..). The
correred suns of squares and products matrix is calculated ast

Y X ) X
He 41 - 0.12692 0.03030 0. 04410 0. 03629 °
of ¥ . 0.01875 0. 00848 0. 00684
coef: 0.02904 0.00878
Xy. ! 0. 02886

He is now inferested in the (i) multiple correlation coefficient
of Y on the other variables and (ii) the partial correlation
coefficient between x3 and x2, eliminating the effect of ¥ and
X;. Obtain these\va}ues. (12)+(13+17) (42)

P. L. 0.

e el L L



3.(a) (i) Find the (cumulative) distribution function for the
caucby distribution with density

) .

. 1
f(X)="' “‘—"z'a"‘”(‘)(<°°-
T 14X

(ii) Draw a random sample of size 5 from the above,

- (b) State clearly what yoﬁ understand by the 'memory-less
property ' of the exponential distribution and establish
the result giving the practical interpretation.

(c) Let X have a U (9ﬂll distribution. Based on a random sample

of size 2, consider'% Y = -(log Xy +by X, Y. Derive the
distribution of Y, explaining clearly all the results you
have used. .. (4+2)+(3+6+1)+(9)=(25)
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