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Indian Statistical Institute
Semester 2 (2002-2003)
B. Stat 1st Year
Semestral Exam
Probability Theory 2

Date and Time: 9.5.03, 10:30-1:30 Total Points 75
The maximum you can score is 70. Answers must be justified with
clear and precise arguments. Each question must be answered on a
separate page and more than one answers to a question will not be
accepted. If there are more than one answers to a question, only the
first answer will be examined. ‘
1. (X ¥) is a continuous bivariate random variable with density

flay) = fl+ay(® —yD)]if o] <Lyl <L,
= 0 otherwise

5 + 5 = 10 pts.
{(a) Find the marginals of X and Y.
(b) What is their covariance?
#2. (a) On a straight line of length a two points are taken independently
following uniform distribution. Find the probability that the distance between

the points is greater than b (b < a). .
(b) If X and Y are independent with densities ae™** and Be=3% (z > 0),
respectively find the deunsity of X 4+ Y in closed form. 10 + 5 = 15 pts.

3. If X and Y are independent with X ~ N(0,1) and ¥ ~ ; fiud ie
density of
X

VY/n
in closed form. ‘ 10 pts.

4. (a) If X,Y are i.i.d. unif(0, 1) find the probability density function of
the random variable '

X
X+Y ‘
(b) Find the expectation of —,—%—}— 10 + 5 = 15 pts.
5. Recall that a bivariate normal density with zero means, unit variances,
and correlation coefficient pis

1
2ny/1 = p?

Let ¢; and ¢ be two bivariate normal densities with zero means, unit variances
but different correlations coefficients py; and py. Consider the bivariate density
f=3%(¢1+¢2). 10 + 5 = 15 pts.

2 2
¢~ (7 -2y y)
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(a) Find the marginals of f. Find the correlation coefficient corresponding -

to the density f.
(b) Show that f is not a bivariate normal density®
6. (a) If X; and X, are identically distributed then show that for any t

P(1Xy - Xa| > t) < 2P(1Xy] > 1/2).

(b) Let X be a random variable and denote EX* = pu;,i = 1,2, 3,4, all finite.

Show that the determinant

1w po
b1 p2 ops
U2 (3 g

> 0.

(Hint: Consider the quadratic form in a,b,c, obtained from E(a + bX +cX 32)
5 4+ 5 = 10 pts.
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Note:There are 7 questions carrying 80 marks.
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1.(a) Let V be a finite-dimensional vector space over the field C and Ais a linear operator
onV into V.
(i) Show that Ahas an eigen value.

(i) Assume that z; is an eigen vector of A belonging to the eigen value A; and
i # Ajfori#j,1<4,j<r Provethat {z;,1 <4 <r}isalinearly indep-
endent set.

=7

(b) Consider the vector space R over the field R. Construct an operator 4 : R* — K”
such that A does not possess any characteristic roof.

o

Let z,y be vectors in a finite-dimentional complex inner-product space V. Prove :
(i) z and yare orthogonal if and only if || az + By ||> = |lax|® + ||Byl|” for all pairs
of scalars a and 3.
@) flz + y I + lle =yl = 2(l=]® + lylF*) -
[5+2=T]

Apply Gram — Schmidt orthogonalization process to obtain an orthonormal
basis from the basis  { (1,0,1), (1,-1,0), (1,1,1) } for R®.

tad

[10]
4. Find the eigen values and corresponding eigen vectors of the matrix
0 0 2
0 2 0
2 0 3
[15]
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5. Let V bea ﬁnite-dhnen§iona1 complex inner-product space. Let J : V — V be an
onto(not assumed to be linear) map that satisfies J> = I and ( Jz, Jy) = (y,z)
forall z,y €V.

(a) Give an example of such a map on the unitary space C2.
(b) Prove that (i) (Jz,y) = (Jy, z),

@ Jz+y)=Jzr+Jy and ;z,ycV
(i) J(az) = aJzr aeC.
245=717]
6.(a) Let A = ((a;;)) be a matrix of size n such that
0<a; <1for 1<4,j <n and iazjzlforlgign.

. . . j:l
Show that (i) 1 is an eigen value of A and (ii) [A\] < 1 for each eigen value A of A.

(b) L5et T:R> — Rs be a linear transformation. Prove that there exists a subspace M of
R” such that dim(M) =1 and M is invariant under 7.( Hint: 5 is an odd number).

[(2+4)+4=10]

7.(a) Using only the elementary row operationsfind A~!and solve Az = b where
1 1 2

A is the non-singular matrix and b7 = (2104

N = =o
- O

2
0 2
2 0

(b) Find the value of the determinant of the matrix

1+ a as ce an
a l+a --- an,
ay a; o 1+a,
[12 4+ 4 = 16]
_STOP_

INDIAN STATISTICAL INSTITUTE
B. Stat. I Year (2002-2003), Analysis - II
Semestral Examination

Time: 3 hrs: Max. Marks 60: Date: 02-05-2003.

Note: Answer ANY FOUR questions. Each question carries 15 marks.

x<
H (1 + a,) converges if. and only if Z a, is convergent.

n=1 n=1

(1) If {gn(x)} is a sequence of real-valued functions on a set .\
x

1. (a) Ifa, >0forn =12 show that the infinite product
xX0

such that Z lgy ()] converges uniformly on X' then show

n=1

v
that the infinite product H (14 g,(7)) converges uniformly
n=1
on \\.
x .,‘,.‘2
(¢) Show that the infinite product H(l — — ) converges uni-
n
. n=)
formly on any compact subset of K.

[6+6+3=15]
xX .
(a) Show that the series Z 2"(1 — 1) converges pointwise but
n=90 ~
not uniformly on [0. 1]. whereas the series S (=11~ 1)
n=0

converges uniformly on [0. 1.

<
(b) Show that / e™ " cos(2ay) da is uniformly convergent on
Jo

G

(—~c.o<). If Fly) = / e cos(2xy) dz. show that F(y)
0

is differentiable on (—oc,oc) and that F'(y) = —2yF(y).
Hence, find the value of F(y). (You may use the result

/Oo e dz = —\/j)
0 2

(a) If a > 0, prove that

[

P.T.O.



4.

3.

(b) If f(x) is continuous on [~1, 1], prove that

f(a:) dz =7 - f(0).

lim

h—0J-1 h? 4+ 22

h

(c) If f(z) is Riemann integrable on [0, A} for every A > 0 and
if f(z) = 1 as £ — oo, show that

lim ¢

t—0+4

(™)

=)

/

(a) Assuming that —?

7, find a function whose Fourier Series is Z

113

e f(x) dz =

0

n=1

X1
(b) Use (a) to evaluate Z 5

o<

[5+5+5=15]

osné—:@? for -7 < 8 <

1) sin né.

(c) Find the Fourier Seﬁes of the function f(#) defined on (—1. 1]

by

Fo) =

peribd 2.

cosf, 0<6<L1
—cosfh, -1<B8<0
and extended to the whole of IR as a periodic function of

[6+4+5=15]

(a) Let f(r) be Riemann integrable on [a.b]. Then. show that

for each 3

lim

b

f(t)sin(at + 8) dt =

G- Jg

0.

(b) Suppose that f(z) is Riemann integrable on [a + €,b] for

5
each ¢ > 0, and that the improper integral / |f(z)ldx is

convergent. Show that, for each 3

lim

b

- f(t)sin(at + 8) dt =

—=oc Jo+

(c) Use (a) to show that

)

> ginr
—dx~

T
5"

0.

[6+445=15]

INDIAN STATISTICAL INSTITUTE
Second Semestral Examination : 2002-03
B.Stat.(Hons.) I Year
Statistical Methods I1

Date : 25.04.2003 Maximum Marks : 100 Duration : 3 Hours
Answer Question No.5 and ANY THREE questions from the rest . Marks allotted to each

question are given within the parentheses . Standard notations and symbols are used .

1. (a) Express a partial correlation coefficient of a lower order in terms of partial
correlation coefficients of higher order .
(b) Show that

b12,34“.p S, S

n34.p  Sap S234.p
(15 +10) = [25]
2. (a) Show that the multiple correlation coefficient 7,,; , is the maximum total

correlation that may hold between x, and a linear function of x, , x; ,...,x,, .

®)Ifr, =r(1=23,...p)and r; =r (ij=23,..,p,i#]j), then what is sy !

(15 +10)=[25]

3. (a) Starting from the Pearsonian differential equation derive the p.d.f. of the
Pearsonian Type I curve . Discuss in details how you would estimate the unknown
parameters of the distribution based on a given frequency distribution for which the

Pearsonian Type I curve is appropriate . Also indicate how you would fit such a
probability distribution to the given data .

I
(b) Show that , for the Pearsonian family of distributions ,

mean —mode _ \[E(ﬂz +3)
sd. 2058,-64,~9)

(15 +10) =[25]

4. Give an algorithm to simulate observations from each of the following probability
distributions having the pd.f s:

(a) fx)= Constant.( g— px/a , —as<x<w, p>0

2

(b) f(x)= Constant. (1~xj , —a<x<a ,m>0.
a

~|

P.T.O. (15+10 ) = [25]



5. The following is the frequency distribution of right-hand grip for 345 European males :

Right-hand grip Frequency
(inlb.)
29.5-39.5 1
39.5-49.5 2
49.5-59.5 12
59.5-69.5 52
69.5 - 79.5 799
79.5 - 89.5 101
89.5-99.5 55
99.5-109.5 . 17
109.5-119.5 5
119.5-129.5 1
Total ' 345

Fit a normal probability curve to the above data and test for goodness of fit .
(20 + 5 ) =[25]

Indian Statistical Institute
Semester 2 (2002-2003)
B. Stat 1st Year
Mid-semestral Exam
Probability Theory 2

Friday 28.2.2003, 10:30-1:30 " Total Points 5 x 6 = 30
Answers must be justified with clear and precise arguments.

I.MSuppose X is a nonnegative continuous random variable with finite
first moment. Show that lim;_,» z(1 — F(z)) =0.
If X is a nonnegative continuous random variable such that both E.Y
and E(1/X) exist then show that E(1/X) > 1/(EX).
< Two random variables X and Y are said to be independent if for any
two subsets of the real line 4 and B we have P(Y € 1and Y € B) = P(X ¢
AYP(Y € B).
MSuppose X and Y™ are independent and both ['(0,1). Show that £E}Y -
Y] <1/2. (Hint: use an inequality involving [\ = Y[ [X — 1/2{.{}Y — 1/2])
{b))Suppose X is N(0,1). Show that sign(.\') and |.\'| are independent.
. (&7 A nonnegative random variable 1 is said to have a lognormal distri-
bution if log}” has a N{u.0?) distribution. Find the density of such a }".
\,((b"ﬂ\ random number @ is chosen from the U (=% /2.7 /2) distribution. What
is the density of the following random variable

X =tan®?

4. If X ~ N(u.1) show that

has expection 1/u.

v 5. A random variable Y™ has the following disuribution function:

0 r<0
F(z) = l1—e™f 0<z<?
1 r>2

{a) Describe how vou can get such a random variable with the above df using
an exponential random variable \" with parameter 1.
{b) Find the expectation of }". ‘



INDIAN STATISTICAL INSTITUTE
Mid-semester Examination : (2002-2003)
B-Stat(Hons) I year, Second Semester
Computational Techniques and Programming - 11

Date : 26.02.2003 Maximum marks : 50 Duration : 2 hours

Note: Answer all the questions.

(a) Define the operators E, §, p, V, 1 and 0.
(b) Prove the following equations.
L (B2 - 10 - Li%= 1

ii. EV? — 36 — p = 0.

(c) For a polynomial f, show that Ef = <ZV"> f [3+4+5=12]
k=0

. Let £(-2) = -50, £(-1) = 6, £(0) = 10, f(1) = 10, £(2) = 30, £(3) = 190.

Find approximate values of f'(-2) and f'(3) by stating clearly the formulas

you are going to use. [4+4=8]

. Write the flow chart for finding the determinant of any n x n real matrix.
[10]
L

. Describe the difference between a macro and a function. Implement the
swapping of two values in a C program using a macro and a function.
[242+2=06]

(a) Write a C code to find the size(in bits) of an unsigned integer without
using the sizeof operator. '

(b) Explain recursion in C programming language using a program for
calculating n!. [3+3=6]

I3

. Choose the correct answer. 8]

(i) If the type of the function is omitted then the default type of the
function is .............
(a) void (b) int (c) char (d) none
(i) Let i =5 and sfi++] = 'A’.
(a) s[5]is A (b) s[6] is A (c)s[7]is A (d) None of the above
(P.T.0)




(iii) The communication between the functions takes place by the passed
arguments and values returned by the functions, and through exter-
nal variables.

(a) True (b) False

(iv) The source code of a function can be split into multiple files.
(a) True (b) False

(v) {int x, *ip; x = 5; ip = &x; *ip++;} then the value of x is:
(a) 6 (b) 5 (c) Syntax error (d) None of the above
(vi) #define p(x) (x * x)
main(){int y = 4, z; 2 = p(y+1); }
The value of z is:
(a) 25 (b) 9 (c) 16 (d) None of the above
(vii) {int a =2, b=4,¢c=6;if(a=23b=5ifla=0) c=1
printf(“%d,%d\n” ,b,c);} |
The output is:
(a)4,6 (b)5,1 (c)4,1 (d)56
(viii) printf(“ %d\n”,printf(“\nHello, World"));
The output is:
(a) Hello, World (b) Syntax Error (c) Hello, World 13
(d) Hello, World 14

Date : 24.2.03 Maximum Marks : 80

(i)

(iif)

INDIAN STATISTICAL INSTITUTE
Mid-Semestral Examination — 2002-2003
B. StatI Year
Vectors and Matrices 11

Duration : 2% hours

Answer all questions. The maximum you can score is §0.

4 O
Let C= ( ) be a real matrix of order n with 4, a square matrix of order », /, the

identity matrix of order s(z n- r) and O standing for submatrices with all entries zero.

Consider f:M (r, R)—> Rdefined by f (A) = det(C ) where C is as above. Show that
satisfies all the three defining properties of the determinant and, hence, deduce that

det(C) = det(4).
, 1, O :
Similarly derive that det(D)= det(B ) where D = (Or B) is a real matrix of order n

with 7, , the identity matrix of order r and B a submatrix of order S(: n- r).

4 0 A O\1, O . .
Show that = where A is a square matrix of order », B 1s a
O B O I.\O B

square matrix of order 5. Deduce that

A O
de{o B] — det(4)det(B)
[12+8+10=30]

Find the determinant of the matrix of order n

a b b ... b
b a b ... b
b b a ... b
A= with a#b
b b b ... a

from the first principles.
(20}

Contd....(2)



2

Compute the determinant of |

1 1 1-x

Can you genralize this result ?

Solve the system of linear equations

2x+y =0
3y + z =1

X +4z =2
by applying the elementary row operations.

%%k

[8+12=20]

(30]

II;IDIAN STATISTICAL INSTITUTE
Mid-semester Examination : 2002-2003
B.Stat. (Hons.) I Year
Statistical Methods II
Date :20. 02.2003 Maximum Marks : 100 Duration : 3 Hours

Answer all questions . Marks allotted to each question are given within the parentheses .
Standard notations and symbols are used .

1. (a) Two variables & and 7 are made up of the sum of a number of terms as follows :

n a .
£ = in +Zui
'1—'ll t—;
7= %+ 2V,
i=l Jj=l

where the variables x, u and v are all referred to their means , have unit standard
deviations and are uncorrelated .

Show that

n

T T aneb)

(b) Using these results , show that if

‘ 6
X= Zx,. yA=x, B=x,+x,, C=x, +x, +x,
i=1

and the x's are subject to the above conditions , then the multiple regression
equation of X on A, B and C is given by

X =0.4082.4 + 0.5774.—5— + O.7071.£— .

J6 V2 V3

(c) Calculate ry 5. and r,. ,, and interpret the results .
(10+10+5)=[25]

2. (a) Show that for the trivariate distribution ,

1- "1?23 = (1—"12)(1"’”1;2)

P.T.O.



(b) Deduce that ()  nm2n, » () Au=r+nri if 1r,=0

(i 1- ry =4 2X0220)
(1+p)

(iv) If r,,, =0, show that x, is uncorrelated with any of the other variables .

(5+5x4)=[25]

b

provided all the coefficients of zero order are equal to p .

3. Inthe course of an expexjiment , 15 mosquitoes were put in each of 120 jars and were
next subjected to a dose of D.D.T. . After 4 hours the number alive in each jar was
counted and the following frequency distribution was obtained :

No. of mosquitoes alive  ~ Frequency
(No. of jars )

2
12
14
22
28
17
13
10
2

00 ~1 O\ b — O

Fit a suitable prqb'ability distribution to the above data assuming that each mosquito has a
common probability of survival . Also test for goodness of fit .

(15+10)=[25]

4. (a) Simulate 20 observations from an exponential distribution having p.d.f.

f(x, 8)=8exp(-x8) for 0<x<w .
You may take #=0.2 .

yi=px +¢
where given x;'s , &,'s are assumed to be independently normally distributed as
N(0, o’xf). Youmaytake # =3, c=5andg=2.
(') Use your sample observations to get an unbiased estimate of 4 .

(10+10+5)=[25]

INDIAN STATISTICAL INSTITUTE
B. Stat. I Year (2002-2003), Analysis - II
Mid-Semestral Examination

Time: 3 hrs: Max. Marks 30: Date: 17-02-2003.

Note: Each question carries 8 marks. You may answer all the questions.
But the maximum you can score is 30.

1. (a) Let f(z) be a real-valued continuous function defined on

(b)

()
(d)

[1,00). When do you say that [ f(z)dz is convergent?
Let f(z) be a real-valued continuous function defined on
[1,00). For each n = 1,2,--+, let a, = Ji flz)dz. I
[ f(z)dx is convergent, then show that lim,_,o Gn €xists
and is equal to [{* f(z)dx.

Give an example to show that the converse of (b) need not
be true.

If f(r) is a continuous function on [1, oc) which is decreasing
to 0, then show that [ f(zx)dz converges if, and only if the
sequence {a,} (defined in (b)) converges.

For what values of s, does / i

, m converge?. Justify

your answer.

Let (1) = (71(t), 72(t)), t € [0, 1] be a curve in IR? defined on
[0,1]. If 4 (t) and v,(t) are continuous on [0, 1], show that

1
is rectifiable and its length A(y) = / \M’l(t))2 + (75(t))?dt.
0

Prove that the curve

[ 2?sin(3) if 0<2 <1
=10 if z=0.

is rectifiable, whereas the curve

B rsin(z) if 0<r<l
Zlo0 if »=0.

is not rectifiable.



3. Defin i
€ a sequence of functions {fa} on [0, 1] inductively as follows

fo(z) =1 forall z e 0,1

Fn(2) = \Jafo i (z)  for z€[0,1, n=119...

(a) Show that for ea ‘
o ch z, {fa(z)} is a d ;
Wha‘t 1S hmnﬂoo fn («'C) for each z € {O, lfcreasn'lg seduence.

(b) Show that the ge
: ue -
formly on [0, 1), quence of functions {, (z)} converges uni-

4. (a) ShOW that the Series E =1
n=
(b) ShO“‘ that th i
series E J i
[ | ), e : Tl.‘2 —g‘—l. Con"erges unlformly on

(c) If f(z) = yoo0 25 2 € (1,00)
on (1,c0). What is Si(z)?

. :
n= Converges uniformly op

show that fis differentiable

Hz) =32 a,2n v € e
' n=0 @nZ". Show that imit Jj
. °°1t w00 at the limit lim, _,,_ f(z) exists,
(b) If each ¢ >0, if Yoo e x)=73
n , n=0 On diverges and j
) n= n ) lf
exists for |z| < 1, then show that limz_,l_j;‘((:c)) =00

(¢) If each a, >0, if =
2 0,if f(z) = 2n%0 GnT" exists for each z, (z| < 1

and if lim,_,, F(z) exi :
- exists and is e
22720 @n converges to 4 qual to A, then show that

oo
n=0 anx"

Indian Statistical Institute
Semester 1 (2002-2003)
B. Stat 1st Year
Semestral Exam
Probability Theory 1

Thursday 19.12.2002, 10:30-1:30 Total Points 7 x 11 = 77
The maximum you can score is 70. Answers must be justified with

clear and precise arguments.

. Suppose N,n,N > n, are positive integers. Construct a random experi-
ment and use ‘total probability is 1’ to prove the formula

N—~n)(N—n—1)+ (N-n)(N~-n~1)---1 N

N-n (
i/‘“zv-fr NoDv=2 T NIDN=D mxln o n

\A./Suppose n is a positive integer and py,-- -, px are all the distinct prime
divisors of n. Using the principle of inclusion and exclusion prove that the

number of integers less than n and prime to it is
1

nllk_ (1~ =),
(1=2-)

3. (a) Seven balls are distributed randomly into seven cells. Given that ex-
actly two cells are empty find the (conditional) probability of a triple occupancy

of some cells.
\»(45 A bag contains n balls, of which an unknown number K are white and

n — K are black and P(K = 1) = 1/(n + 1),7 = 0(1)n. Two balls are drawn
with replacement and found to be white. Find the probability that the next
ball drawn will be black given the above information. (An expression in closed

form is required.)

\/44& coin is tossed (m + n) times, m > n. Find the probability of at least
m consecutive heads in closed form.

\/{ A player tosses a coin and is to score 1 for every head and 2 for every
tail that turns up. He is to play on until his score reaches or passes n. If p,
is the chance of attaining exactly n find p,. (An expression in closed form is

required.)
~ The product of two independent one digit numbers ¢ and 5 uniformly

distributed on {0,1,---,9} can be written as £ X = 10, +¢;,0 < ¢; < 9. Find
the probability distribution of ¢{; and (3. Are they independent?

1 P.T.0



‘4 n distinguishable particles are arranged randomly into N distinguishable
cells. Unaffected by the other particles any particle can fall in any fixed cell with
probability 1/N. Let X denote the number of empty cells. Find E(X),V(X)
and find the limits of these as n — oo, (n/N) - a.

INDIAN STATISTICAL INSTITUTE
First Semestral Examination : (2002-2003)
B-Stat(Hons) I year
Computational Techniques and Programming - I

Date: (6. /2. 02 Maximum marks : 100 Duration : 195 minutes
Note: This paper carries 112 marks. Answer as much as you can.’

1.(a) State the conditions for the method of iteration to be applicable for solving
an equation z = f(z).

(b) Apply the method of iteration to solve for z, correct up to 3 places after
the decimal, in the following equation

z® = 222 + 4+ 2, where z is known to be positive, by justifying your choice
of the starting point of the method. [3+15=18]

2. (a) Define the k** divided difference of a function f with respect to o, z1, ..., Tk.
(b) Show that, for any permutation of zg, z1, ..., Tk, the kth divided difference
of f remains unchanged. ) [2+8]

3. Write short notes on any two errors occurring in numerical techniques. [10]

4. Apply Newton’s forward interpolation formula to approximate the value of
£(-1.7) if £(-2)=66, f(-1)=25, £(0)=20, {(1)=21 and f(2)=46. 8]

5. Show that the central difference operator  satisfies the following property
62m+1f($k + %) = h2m+1 (2m + 1)!f[$k—m’ Tk—m+1s 03 Thy ooy Thtm xk-f—m—!-l}’

where z; € R Vi, x; — ;.1 = h > 0 Vi, { is a continuous function and
flyo, v1, -, yr] denote the rt* divided difference of f relative to yo, y1, ..., ¥r- [10]

6. Derive the 3™ order Newton Cotes formula of numerical integration.  [10]

7. Determine the values of the indicated substrings given below. Assume that
ALPHA has the value ’"ABCDEFGHIJ1234567890° with length 20.

(a) ALPHA(1:1) (b) ALPHA(3:5)

(c) ALPHA(11:) (d) ALPHA(:) 4]

(P.T.O)



8. Write FORTRAN programs to solve the following problems.
(a) Read any two matrices A and B. Compute C as the product of A and B
Print the results using proper format. Please make the necessary assumptions,

. . hd
(b) Write a function subprogram to compute n!, where n is a positive integer.
Then use it to compute the sum given below

n=k

1
E ' —1)ntl
n:l( ) n' ,

where the value of k is to be read in the main program.

(c) Compute the roots of the equation, az? + bz + ¢ = 0, for any given real
values of a,b and c.

(d) Read an input string and convert every numeric character in it to a blank.
[5+5+8+5=23]

9. Convert the following decimal numbers to the corresponding binary and
hexadecimal numbers. B
(a) 123 (b) 0.325 (c) 12.25 [6]

10. Perform the following arithmetic operation in binary, using signed 2’s
complement method.

- 8.75 + 2.25 + 6.50 (8]
11. Prove the Boolean relation given below with the help of truth table.
AB+C)=AB+ AC [5]
X

INDIAN STATISTICAL INSTITUT
First Semestral Examination:(2002-2003)
B.Stat(Hons)-I Year
Vector & Matrices I
Maximum Marks: 100

Note:There are S questions carrying 120 marks.
You may answer any.Maximum you can score is 100.

Date: 13.12.2002 Duration: 32 hrs.

1.(7/{ Let V and W be vector spaces, each of dimension n, over the field Candlet T : V' — W bea
linear transformation.Prove that T is an isomorphism if and only if {Tv;,1 < i < n}is a basis
for W for any basis {v;,1 <i<n}ef V.

MLet T : R? — R? be given by T'(z,y) = (ax + by, cx + dy) where a, b, c, d are fixed real
numbers. Show that T is a linear isomorphism iff ad — bc # 0. Write explicitly 71
when it exists. What are the matrices of T and T~! (whenever the latter exists) with respect to
the standard basis for R?over R ?

/é) Let M (n,R) be the vector space over R of all real matrices of order n(n > 2).Let
W = {A € M(n,R): trace(A) = 0}.Find dim (W) without finding a basis for . State
precisely the result on linear functionals you would like to employ to obtain the above result.
[7+16+7=30]

Z.y{Consider the subspace M = {(x1,z2, *3,z4) € R*: 2y + z, + 3 + 4 = 0} of R%.Can
you find a linear transformation 7' : R? — R%such that R(T) = M ?

) LetT : V — V be alinear transformation such that R(T") = ker(T),the kernel of T. What
can you say about T"°( = T'o T') ? Construct such a map T : R? — R2.

[6+10=16]
3.(aY Suppose that V' is a finite-dimensional vector space over R with basis {z,---, £, }. Suppose
that a,, a9, - -, a, are pairwise distinct reals. If Ais a linear transformation on V into V such
that Ax; = ajz;,j= 1,2, .-+, n, and if Bis alinear transformation on V into V' such that B

commutes with A(i.e., BA = AB), then show that there exist reals 34, 3,, - - -, 8, such that
ij = ,Bjxj,j = 1, 2, e, T

) Prove that if B is a linear transformation on a finite-dimensional vector space V over R
into itself, and if B commutes with every linear transformation on V into V, then there
exists a real number 8 such that Bz = Bz forall = in V,

/(o)/F or which values of « is the following matrix invertible ?
la O
a l a
0 a1l

(d)Let V be a vector space over a field 7. Suppose U and W are subspaces of V such that each z
in V has a unique representation £ = u + w where u € U and w € W. Show that U and W
are complements to each other,

[8+8+6+4=26]
(P.T.O)



4.(a) Show that the vectors z; = (1,1 1), z3=(1,1, —1)and z3 = (1, —1.1) form ]
d s 4y ¥ gy , , a b

R? over the field R. If {f1, fz, f3} is the dualbasis,and if z = (0,1,0), 21 nd asis for
<z, fi>,<z,f2> and <z, f3>.

(b) Suppose that 1 < m < n and that fy, fa,---, fm are linear functionals on an
n — dimensional vector space V over R. Under what conditions on the scalars

@y, @z, -, @ is it true that there exists a vector = in V such that < z, f;

for j=1,2..--m? =%

(c) Let P stand for the vector space over R of all polynomials with real coefficients. If

{ao0, @1, @z, ---} is an arbitrary sequence of real numbers, and if p(t) = Zn:a,,-ti
. i=0
of P ,define A(p) = ,za"ai° Prove that ) is an element of the dual space P’

1=

is an element

and that every
element of P’ can be obtained in this manner by a suitable choice of the o's .
[6+6+10=22]

5.(a) Let T; : R? — R2 be the linear transformation defined by:
To(z,y) = (z cosh — y sinb, z sind +ycosb),0<6 < 2nx.
Let X = {(1: 0),(0,1)}, ¥ = {(1,1), (1, — 2)} be two bases of RZ over R .
Find the matrix representstions [Ty; X ,[Ty;Y ] and [Te; X,Y].

(b) Let Abe the linear transformation on P, defined by (Ap)(t) = p(t + 1), and let
{P0,P1, " Pn-1} be the basis of P, defined by pi(t) =t/,§=0,1,---,n — 1. Find

the matrix of A with respect to this basis. | He i
of degree atmast m -3 [Here P, denotes the set of all real polynomials

[(6+6+6)+8=26]

STATISTICAL METHODS 1
B-Stat I, First Semester 2002-2003
Semestral Examination

Date: 09.12.2002 Maximum marks: 100 Duration: 3 hours.

1. (a) Prove the following results:
(i) The measure of kurtosis 3; is always greater than 1 for any variable.

(ii) The absolute difference between the mean and the median of any variable never exceeds
the standard deviation of the variable.

(iii) Gini’s mean difference cannot be greater than v/2 times the standard deviation of the
variable.
(b) Construct any artificial data set involving 2 x 2 tables which demonstrates Simpson’s

paradox. How can this apparent paradox be explained? [(44+6+4)+6=20 points]

2. Consider the joint distribution of several attributes, each at 2 levels (present and absent).
Let the capital letters A, B, C, ..., denote the presence of the attributes, and the Greek
letters a, 3, v, ...denote their absence.

(a) Show that for n such attributes, the total number of class frequencies (including those
of order 0,1, ...,n) is 3". [Note: The class frequency of a particular class is the number of
items assigned to that class, and except for the total frequency (denoted by n), the other
class frequencies are denoted by putting the corresponding symboles within “( )” brackets.
Thus (AB%) represents the frequency of the class where A and B are present, but C is
absent. n represents the class frequency of order 0; (A), (B), ..., (a) (8), ..., represents
class frequencies of order 1, (AB), ...represents class frequencies of order 2, etc.]

(b) For n = 3, show that
(AB) — (ABC) £ (4) - (AC).

(c) 100 children took three examinations. 40 passed the first, 39 passed the second, and 48
passed the third. 10 passed all three, 21 failed all three. 9 passed the first two and failed
the third, 19 failed the first two and passed the third.

Find how many passed at least two examinations. Show that for the question asked certain

of the given frequencies are not necessary. Which are they? [6+6+8 = 20 points]

3. Let (z1,%1),-..,(Zn,yn) represent n bivariate observations. We are interested in the
regression of y on .

(a) Derive the least squares estimates of a and b, the intercept and the slope parameter of
the regression line of y on z.

(b) Show that Var(Y) = r?sZ, where r is the correlation coefficient between z and y,
s2 = Var(y), and Y is the predicted value of y based on the fitted regression line in (a).

P.T.0



(c) Show that Cou(Y,e) =0, where e is the residual (error) in prediction.
(d) Using part (c) or otherwise, show that Var(e) = r*(1 — s})
2).

(e) Show that Cov(y,Y) = |r|. [6+4+34-34+4 = 20 points

4é (a) ;et thelzre be k groups of data on z and y, with means #; and ;, variances s3; anc
s?.. and correlations r; in the i-th | = e

. ; group (1 =1,2,...,k). Show that t

e ; ) he correlation for the

Yh ariSmisy + 25 1 (% — F) (5 — §)
ko2 k RN
[ i1 Mz + L 1 (3 — "”)2] [ E st + T (T - 37)2] v ;
where # and § are the grand i i '
oup, g means of « and y and n; is the number of pairs in the i-th
(b) Two judges rank 10 competitors in a certain art competition. Following are the ranks;

given by them. Measure the association between the judges using Spearman’s rp an
i

r=

Competitor
1 23 45 6 7 8 9 10

Ranks given by
Judge A 5 1 4 2 7 3 6 8 10 9

Ranks given by
Judge B 10 561 2 3 47 6 8 9

K )
endall’s 7, and comment on the strength of the association. [10+10=20 points

5 A i :

i~ :;::rket res:archfcompany is comparing two different TV programs, A and B. Lev
proportion of viewers who favour progra. : .

interested in testing the hypothesis, pee over program . “The company is 1

Hy:p=0.5, against
H,:p#5. _ ;

A random sample of 25 viewers
are selected. Let X be th i
program A. Let z be the observed value of X. " the number among them who favour

2) Whi . o Co
(a) ch of the following rejection regions is most appropriate in this context and why? -

VR1=[:t:::c§7orw_>_18], Ry=[z:2<8], Ry=[z:22>17]
(b) What is the probability distributi s i

y distribution of X when Hj is true? Usi i

the test for the rejection region you chose in part (a) o truct Tiing (his find the feve of
¢) Find t .
(c) Find the power of the test at p = 0.3 for the rejection region you chose in part (a)

d) Usi -
iazou:;gpﬁgafjted region what would your decision be if 6 of the 25 people queried
- [64+54-5+5=20 points]

INDIAN STAT ISTICAL INSTITUTE
B. Stat. I Year (2002-2003), Analysis - 1
First Semestral Examination
Time: 3 hrs: Max. Marks 60: Date: 5-12-2002.

Note: This paper carries 70 marks. You may answer all the questions. But

the maximum you can SCOre is 60.

1. (a) Let {as} be a sequence of real numbers such that a, > 0 for all n

and limp 00 “fT:l — | exists. Show that limn oo o/a, exists and is

equal to [.

(b) Use (a) to show that
=e.

lim :
n—oo (,n!);
[6+4=10]

ned on IR. Suppose there exists

9. Let f be a real valued function defi
| < ajz —y| for all z,y € R. Let

@,0 < a < 1, such that |f(z) — f(y)
2o € IR and define the sequence {zn} by:

z1 = f(zo)

Tn4+l = f(xn)an: 172737""
R. If y = im0 Zny show

Show that {x,} is a Cauchy sequence in
one point y € IR such that

that f(y) = y. Show also that there is only

fly) =1y
[10].

3. (a) A real-valued function f defined on an interval (g, b) is said to be

a convex function if
fOz+ (1= Ay <Af(@)+ (1 - N f(y)

whenever z,y € (a,b) and 0 < A < 1. If f is convex on (a,b) and if
a<x<y<z<b,showthat

fly) - f@) o fl2) = f(@) _ f(2) =)

y—z z2—X - z—Y

(b) If f is convex on (a,b), show that [ is continuous on (a,b). Show
also that if ¢ is an increasing convex function defined on the range

of f, then ¢(f(z)) is also convex on (a,b).

1
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(c) If f is continuous on (a,b) such that

f(z)+ fly)

: INDIAN STATISTICAL INSTITUTE

for all z,y € (a,b), prove that f is convex on (a, b).

rT+y

155

) <

(d) Suppose f is differentiable on (a,b). Prove that f is convex on (a, ) First Semestral Examination : (2002-2003)
if, and only if f' is monotonically increasing on (a, b). Now suppose
f is twice differentiable on (a,b). Prove that f is convex on (a, b) B.Stat lst Year

if, and only if /" >0 for all z € (a, b).

Remedial English

[4+7+7+7=25]

Date : .2, /2.02 Maximum Marks: 100 Duration : 3 Hrs.
(a) Suppose f has a continuous derivative f' on an interval I. Suppose
that the compact interval {a, b] is contained in I. Let ¢ > 0. Show Section A — 60 Marks.
that there is 6 > 0 such that whenever z,y € [a,b],0 < |z - y| < 4, Writing _Skill
then we have
lf (y) = f(z) — (@) <e. Q.1. Write a Composition on any one of the following topics.

y—zx
(b) Suppose f and g are continuous on [a, b] and differentiable on (a, b).
Show that there is £ € (a, ) such that

a) A friendship in your life you Cherish and your reason for doing so.
b) Is God dead ?
c) Make an impartial assessment of the statement :

(f(b) = f(a))g'(§) = (g(b) — g(a)) f'(€). “Money is Happiness “

: . 2. VWrite a lctter on any one of the following topics :
(c) Assume that the functions f(z) and g(x) are continuous on [0, 1], Q ATy _one & fop @

and differentiable on (0,1). Also assume that f(0) = 0,g (0)=0 a) Imagine you want to register your claim for a Scooter. Write a letter to the 1
and f'(z) and ¢'(z) are positive for z € (0,1). Prove that if %% is agent asking for information about the procedure for registration.
an increasing function of z, then 5% is also an increasing function
of z. b)  Write aletter to the editor of a well-known newspaper about the nuisance of
hawkers in crowded streets.
[7+4+6=17]

Q.3. Write a paragraph on any one of the following topics: @

(a) If f is a bounded real valued function which is Riemann integrable
on the compact interval [a,b], then show that the function |f] is
also Riemann integrable on [a, b].

a) “The surest way to remain poor is to be an honest man”.
b) “Man is the marker of his own destiny”.

(b) Give a function f which is not Riemann integrable on [0,1], but | f|
1s Riemann integrable.

[5+3=8]

Contd.pg.no.2...



a)

©)
d)

e)

State the different meanings in each of the following pair of words: §x

Beneficial ; Beneficient.

Artist ; Artisan
Errant ; Arrant.

Section B — 20 Marks.

Grammar

Idiomatic Comparisons: 5x1

Robin’s old servant is as blind as a
Kiran is as cheerful as a
The new class teacher’s voice is as loud as

He left the office with a mind as heavy as
Raju’s father’s decision is as firm as

¢) Antipathy ; Apathy.
d) Elemental ; Elementary.

O,

One word Substitution: 10x1/2 @

Not definitely or clearly expressed
Incapable of being reached.
An assembly of worshippers

Give tit for tat

Incapable of being overcome

Incapable of being put into practice.

A word or a practice no longer in use.
The science of Reasoning.

An absolute government

Belonging to all parts of the world.

Fill in the blanks with suitable collective nouns: 5x1

> > > >

of Mountains
of Wolves
of Goods.
of Geese.
of Musicians.

Contd.pg.no.3.....

Section - C - 20 Marks.

Literature

Attempt any One : 1x10 =

How does advertising damage Nature, Art, Language and Youth ? _
Discuss after C.E.M. Joad the merits and defects of our Civilization.
Explain the Significance of the title of Tagore’s Poem “Where the Mind is

Without Fear “.

Attempt any one of the following : Sx1= @

How has Shakespeare described the fourth, fifth and sixth stages of a man’s life

in The Seven Ages of Man ?

What problem did Shamnath face with his mother ? How was the problem

solved ?

. Attempt any five of the following: 5 x 1= @

Explain the term “the crescendo of success”.

What are the ‘narrow domestic walls’ that Tagore speaks ofin his poem ?

What is a Cockney dialect ?
What does Shaw mean by ‘Good English” ?
Why was the league of Nations formed ?

What does Shakespeare mean by “Seeking the bubble reputation/even in the

cannon’s mouth” ?

Why does the mother not wear her jewels in the story ‘ The Boss Came to

dinner’ ?

e ok ok o ok ok ok ok ok ok k k k ok ok Rk ok okkkk



Indian Statistical Institute
Semester 1 (2002-2003)
B. Stat 1st Year
Mid-semestral Exam
Probability Theory 1

Friday 4.10.2002, 10:30-1:30 Total Points 6 x 10 = 60
Answers must be justified with clear and precise arguments.

1. (a) A box contains a white balls and b black balls. If the balls are drawn
one by one at random without replacement find the probability that the last
 ball drawn is white.

A (b) In the same set up, for a fixed %, find the probability that the k-th ball
drawn is white.

2. If a six digit number is selected by sampling with replacement from the
numbers 0,1, ---,9 find the probability that the sum of the first three digits will
be equal to the sum of the last three digits.

3. Ten manuscripts are arranged in 30 files (3 files for one manuscript). If
6 files are selected at random find the probability that there won’t be an entire
manuscript among them.

4. A cell contains N chromosomes, between any two of which an int;erchange
of parts may occur. H r interchanges occur (which can happen in (’;’ ) distinct
ways), show that the probability that exactly m chromosomes will be involved

” () () () )

5. (a) Prove that P(S; > 0,--,S2n-1 > 0,55, = 0) = 2fo45.

(b) Prove that the probability that before epoch 2n there occur exactly r
returns to the origin equals the probability that a return takes place at epoch
2n and is preceded by at least r returns. (You can use P(S; # 0,--+,S2, #
0) = P(S2, = 0))

6. The price of a ticket is Rs. 5. In a line for ticket there are 2n persons of
whom n have only Rs. 5 bills and the rest n have only Rs. 10 bills. The ticket
seller has no change to begin with. What is the probability that not a single
customer will be waiting for change?



INDIAN STATISTICAL INSTITUTE
B. Stat. I Year (2002-2003), First Semester
Analysis - [: Mid-Semestral Examination
October 1. 2002.  Time: 3 hrs  Max. Marks 30.

1. Let S be a non-empty subset of IR. and let xy € S. Show that z,
is a limit point of S if, and only if. there is a sequence {z,}3,
such that z, € S for each n =1,2,--- and lim, _, x, = 5. [9]

2. Let a and b be two positive real numbers such that a < b. Define
two sequences {a,} and {b,} by:

ay =a, by =0b.
a; + by

4+ N

5+ b
(13 = V (lQb-_). b3 = @ )2.

[N

and in general.

Ay + bnw]

—
Uy = \(/(In—lbn~1- bn -

for n =2.3.--.. Show:
(a) the sequence {a,} converges.
(b) the sequence {b,} converges.
(c) the two sequences converge to the same real number.
5]

3. (a) Let {a,} and {b,} be two bounded sequences of positive real
numbers. Show that

limsup(a,b,) < (limsupa,).(limsupb,,).

—2C n—2x . n—oc

(b) By giving an example. show that the assertion in (a) need
not be true if we do not assume {a, } and {b,} to be positive.

[5]

P.T.0



4. (a) Show that the series 322, m converges, and find the

sum of the series.
(b) Check the convergence of the following series:
i Yali(k — 2e)-

i, Y00, -t

nltw
(¢c) Find all the values of a,b with a > b > 0 and for which the
series i .
COnverges.

2

5. Let S a, and ¥ b, be two series with a, > 0 and b, > 0 for each
n. Suppose there is a positive integer .V such that

dnl o bt for n > N,

Uy n

and suppose that 3" b, converges. Show that 3 a, also converges.

r2]

INDIAN STATISTICAL INSTITUTE
Mid-semester Examination : (2002-2003)
B-Stat(Hons) I year
Computational Techniques and Programming - I

Date : 2°F.9.02 Maximum marks : 100 Duration : 195 minutes

Note: Answer all the questions.

1. (a) State the conditions under which the method of iteration converges to
the solution of an equation.

(b) Prove that the method of iteration indeed converges to the solution of an
equation under the stated conditions.

(¢) Find an upper bound for the error for the method of iteration.

(d) Find the value of r (correct up to 4 decimal places) using the method of
iteration if vt = r + 8. [3+15+6+8=32]
2. (a)Formulate the problem of finding 5%
Method.

(b) Show that the Newton Raphson method for finding the 5*
deed converges to 207 if the starting point is 10.

root of 20 using Newton Raphson

R root of 20 in-

: . Al . . .
(¢) Find the value of 205 correct upto four decimal places using Newton Raph-
son method with the starting number being 40. [5+3+8=13]

3. (a) Describe the iteration sequence for the method of Regula Falsi for finding
root of an equation.

(b) Use Regula Falsi to find the value of 203 by taking the first two iterates to
be the same as the first two iterates of the question 2.(c). Run the algorithm
for a maximum of 10 iterations. Stop the algorithm if the difference between

- two consecutive iterates is less than 1071, [2+8=10]

4. Convert the following mathematical expressions into valid Fortran codes
without using library functions:

0 -3 (i) 5% () e
(iv) & V) V&S [1+14+2+142=7]

5. Convert the following mathematical expressions into valid Fortran codes:

. : .. at~1 _ .

(i) ebtan®(a) i) 5 (iii) tan~!y/sin?|a| [24+2+2=6)
(P.T.0)




6. Predict the output of the following progran segments.
(a) INTEGER P
P=0
DO 10T =12
DO 10 J = 1,2*]
DO 10 K =1,J
P =P+l
PRINT *1,J,P
10 CONTINUI
STOP
[END

(b) REAL F
Y =2
PRINT * F(F(IF(Y)))
STOP
1END)
REAL FUNCTION F(X)
[ = X
RIETURN
IEND) - [1+3=7]

7. Write FORTRAN programs to solve the following problems.

(a) Merge two onc-dimensional arrays A and B into a new one dimensional
array C, such that even subscripts of C correspond to successive elements of A
and the odd subscripts correspond to successive clements of B. [For example,
if A= (739,13) and B = (5,8,10.2), then C = (5,7,8,3,10,9,2,13).] You can
make the necessary assunptions for writing the program.

(b) Assign the values of a real 10x 10 array A so that cach clement, A(i,j) (where
) =

1Lj=1,...,10) has a value equal to the swin of its indices (e.g. A (6,4 10).
] n=o0 ‘
(¢) Approximate the value of ¢ by the infinite series ¢ = Z (-‘> correct, up
n!

1.=()
Lo six decimal places.

() Write a program which reads in a list of names(last name, first name) and

phone number as a single string, and returns the list in alphabetical order.

[54+34+547=20]
X

INDIAN STATISTICAL INSTITUTE
Midsemester Examination : (2002-2003)
B. Stat 1st Year

Statistical Methods -1

Date: 25. 09. 2002 Maximum marks: 100 Duration: 3 hours.

1. (a) Explain the meaning of the following terms, clearly pointing out the differ-

ences between them: (i) controlled study, (ii) randomized study, (iii) observa-

tional study. Why can causal inference not be drawn from observational studies?

(b) The following are zinc concentrations (in mg/ml) in the blood for two groups
of rats. Group A received a dietary supplement of calcium and group B did not.
Researchers are interested in variations in zinc level as a side effect of dietary

supplementation of calcium.

Group A: 1.31, 1.45, 1.12, 1.16, 1.30, 1.50, 1.20, 1.22, 1.42, 1.14, 1.23, 1.59, 1.10,
1.53, 1.52, 1.17, 1.49, 1.62, 1.29.

Group B: 1.13, 1.71, 1.39, 1.15, 1.33, 1.00, 1.03, 1.68, 1.76, 1.55, 1.34, 1.47, 1.74,
1.74, 1.19, 1.15, 1.20, 1.59, 1.47.

Draw back to back stem and leaf plots, and side by side box plots for the above
data, pointing out the mean, median and the other quartiles. Comment on the

comparative features of the two distributions. (10 + 15 points]

. (a) For a 2 x 2 contingency table with cell frequencies a, b, ¢ and d respectively,

find the coefficient of contingency C and Tschuprow’s coefficient T in terms of

the cell frequencies.

(b) Show that if & is the deviation between the observed and expected (under

independence) frequencies of the AB cell in a 2 x 2 table, then, with usual

notations,

P.T7.0



(AB)* + (af)’ — (aB)’ ~ (A8)" = {(4) — () H(B) — B)} +2N6.

[10 + 5 points]
INDIAN STATISTICAL INSTITUTE

3. The first four moments of a distribution about the value 4 (i.e. 1Y ,(X; — PERIODICAL EXAMINATION(2002-03)
. . . B.Stat(Hons) I Year(2002-03)
4)",r=1,...,4) are —1.5, 17, —30 and 108, respectively. Find the first four raw Vectors & Matrices I
: . Date: 23.09.2002 Full Marks: 100 Time: 23 hrs
and central moments. {10 + 10 points] Note:There are 6 questions carrying 112 marks.
Maximum one can score is 100.

4. In a frequency distribution the classes are of equal width w, the i-th class having !

frequency f; and mid point z; (i =1,2,...,k). Let 1. (a) Can you find a vector space over Q,the set of rational numbers, which is not a vect-

. : N . or space over R ?
. 0N g _ / _ " (b) Let T¥; and 117 be subspaces of a vector space V over the field 7. When is

. . [4+8=12]
Determine the standard deviation s of the variable in terms of w, Fy and F;. [15
oints] 2. (a) Show that the vectors (a.b) and (¢, d) in R? are linearly independent iff ad — bc
P \ is not equal to 0. :
5. To test the ability of auto mechanics to identify simple engine problems an auto-

(b) Let P, denote the vector space of all polynomials with real coefficients of degree
mobile with a single such problem was taken to 40 different car repair facilities. < n(n>1). Show that {z, 3z%. 5 + 2} is a basis of P,.What about

2¢, 2% - 3z.22} in Po? Al that {1. 2 — c. (z — ¢)?, (z — ¢)*},where
Only 4 out of the 40 mechanics correctly identified the problem. - {22, @ S or et }in P27 Also prove that {1.2 — . (z = €)%, (& — ¢)"}h,w
¢ € R.1s a basis for Ps.

[6+(5+5+8)=24]
(a) Construct a test of hypothesis to test whether the true proportion of auto
. . ) 3. Let V be a finite-dimensional vector space over a field. Suppose Wyand W5 are sub-
mechanics who can determine the problem correctly is less than 0.2. Clearl ) p PP ! 2
Probich tofrectly 15 fess than carty spaces of V with dim(Wy) + dim(Ws) > dim(V), then show that W; N W, #

{6} . What can you say if we have dim (W) + dim(WWs) = dim (V) for any choice
and the rejection region. of Wl& Wy ?

define your parameter of interest, the null and the alternative hypothesis,

[6+8=14]
(b) Find the type I error of the test you have constructed in part (a).
4. (a) Let X be anon-empty set and xp € X. Let V = F(X,R) be the vector space of all

(c) Find the power of the test in part (a) when the true proportion of mechanics real-valued functionson X. Let W = {f € V : f(zp) = 0}.Show that W is a sub-

being able to identify the problem is 0.1. space of V. Does there exist a subspace W’ of V which is a complement of W in V'?
(d) On the basis of the above data (4 correct detections in a total of 40), will | (b) Let C'be the vector space of all convergent real sequences and let W be the subspace
_ ' _ . of constant sequences and Cj the subspace of all sequences convergent to 0. Show
your test in part (a) reject the null hypothesis or fail to do so. [104+5+5+5

that Cpand W are each other's complements.
points] [(4+10)+8=22]

P.T.0



- )
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Let V = M(n,R), the vector space of all n X nreal matrices. If A = (:(aij)) ev,
. then define trace (A) =) a;.
=1

Let W ={A €V : trace(A) = 0}. Show that Wisa sufaspac.e of V .Find abasis
for Wand dim(W).
[5+15=20]

Let f be a non-zero linear functional on a vector space V over the scalar field F, and
« be an arbitrary scalar . Does there necessarily exist a vector z in V such that f(z)
=a?lf K(f) ={z eV : f(z) =0}, show that K(f)is a subspace of V and has
a complement W such that dim(W) = 1.

[5 + 15 = 20]

STOP
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