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Notation

Set of Natural Numbers.
Ring of Integers.
Field of Rational numbers.

Field of Real numbers.

QOO NZ

: Field of Complex numbers.
DVR : Discrete Valuation Ring.
PID : Principal Ideal Domain.

UFD : Unique Factorization Domain.

For a commutative ring R, a prime ideal p of R and an R-algebra A, the

following notation will be used:

R* : Group of units of R.

R :  Polynomial ring in n variables over R.

Spec(R) : The set of all prime ideals of R.

ht(p) :  Height of p.

k(p) . Residue field R,/pR,.

A, S~1A where S = R\p; also identified with A ®g R,.

For integral domains R C A,

tr.deg,(A) : Transcendence degree of the field of fractions of A over that of R.
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Chapter 1

Introduction

Aim
Throughout this thesis k& will always denote a field. The main aims of this

thesis are the following:

(a) To study “Generalised Asanuma varieties” and deduce Epimorphism re-
sults for a certain family of linear hyperplanes over fields of arbitrary charac-

teristic.

(b) To determine isomorphism classes and automorphisms of Generalised
Asanuma varieties and use the classification to demonstrate an infinite family
of pairwise non-isomorphic varieties which are counter examples to the Zariski
Cancellation Problem (ZCP) in higher dimensions (> 3) and in positive char-

acteristic.

(¢) To study Generalised Danielewski varieties in higher dimensions and in
arbitrary characteristic and use the results to determine some invariants
(Derksen and Makar-Limanov invariants) of some subfamilies of Generalised
Asanuma varieties and to demonstrate a new infinite family of counterexam-

ples to the General Cancellation Problem in arbitrary characteristic.

In Chapter 3 we discuss (a) under the heading “Triviality of a family
of linear hyperplanes” and in Chapter 4 we discuss (b) under the title “An
infinite family of higher dimensional counterexamples to ZCP”. In Chapter
5, entitled “Generalised Danielewski varieties and invariants of generalised
Asanuma varieties”, we will study Danielewski varieties in a more general
set up and thereby provide a new family of counterexamples to the General

Cancellation Problem.
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An overview of Chapters 3,4,5 and the main results are given below.

Overview
I. Triviality of a family of linear hyperplanes (Chapter 3)

We recall the Epimorphism Problem, one of the fundamental problems in the
area of Affine Algebraic Geometry (cf. [15], [25]):

Question 1. If w = k=1 then is k[X1,..., X,] = k[H]"~1?

The famous Epimorphism Theorem of S.S. Abhyankar and T. Moh ( [2]),
also proved independently by M. Suzuki ( [38]) for £ = C, provides an affir-
mative answer to Question 1 when k is a field of characteristic zero and n = 2.
The Abhyankar-Sathaye Conjecture asserts an affirmative answer to Question
1 when k is of characteristic zero and n > 2; and this remains a formidable
open problem in Affine Algebraic Geometry.

When £k is a field of positive characteristic, explicit counterexamples to
Question 1 had already been demonstrated by B. Segre ( [36]) in 1957 and M.
Nagata ( [31]) in 1971. However, when the hyperplane H is of some specified
form, it is possible to obtain affirmative answers to Question 1 even when k
is of arbitrary characteristic. Thus, the Abhyankar-Sathaye Conjecture could
be extended to fields of arbitrary characteristic for certain special cases of H.

The first (partial) affirmative solution to Question 1 was obtained for the
case n = 3 and H a linear plane, i.e., linear in one of the three variables,
by A. Sathaye ( [35]) in characteristic zero and P. Russell ( [32]) in arbitrary
characteristic. They also proved that if A = k2 and the hyperplane H &
A[Y](= kP) is of the form aY + b, where a,b € A, then the coordinates X, Z
of A can be chosen such that A = k[X, Z] with a € k[X]; that is, linear planes
were shown to be of the form a(X)Y + b(X, Z).

For the case n = 4 and kK = C, S. Kaliman, S. Venereau and M.
Zaidenberg proved the Abhyankar-Sathaye Conjecture for certain linear hyper-
planes in C[X1, X5,Y, Z] of the type a(X1)Y +b(X1, X2, Z) and a(X7, X2)Y +
b(X1, X2, Z) under certain hypotheses ( [26]). A general survey on other par-
tial affirmative answers to the Abhyankar-Sathaye Conjecture has been made
in [15, Section 2].

We consider certain types of linear hyperplanes in higher dimensions which

arose out of investigations on the ZCP in [23]. We present the genesis below.



Consider a ring of the form

k(X1,..., Xm Y, Z,T)

A=
(Xi’l .. .X,;’;{”Y —F(Xl,- . -,XmaZaT)),

r; > 1 for all 4,1 < i< m,

(1.0.1)
where F(0,...,0,Z,T) #0. Set f(Z,T) := F(0,...,0,Z,T). Let x1,...,Tm,y,2,t
denote the images in A of X1,...,X,,,Y, Z, T respectively. We shall call a va-
riety defined by a ring of type (1.0.1) as a “Generalised Asanuma variety”.
In [3], T. Asanuma had constructed three dimensional rings of the above type
as an illustration of non-trivial A2-fibrations (cf. Definition 2.1.2) over a PID
not containing Q. The original ring of Asanuma is obtained from (1.0.1) by
taking m = 1, k a field of positive characteristic p and F = ZP° + T + T*P,
where e, s are positive integers such that p® { sp and sp t p°. Now suppose
F = f(Z,T), where f is a line in k[Z,T], i.e., k[(Zf’)T] = kU, For each inte-
ger m > 1, N. Gupta established the following two properties of the integral
domain A under the above hypothesis ( [23, Theorem 3.7]):

(a) Al — flm+3]
(b) If A = k™2 then k[Z,T] = k[f].

Earlier, she had investigated the ring A for m = 1 and had shown that
the condition (b) holds (i.e., A = k¥l implies k[Z, T] = k[f][!)) even without
the hypothesis that f(Z,T) is a line in k[Z,T]. In fact, she had proved the
following general result [22, Theorem 3.11]:

Theorem A. Let k be a field and A’ = %, where r > 1. Let x be

the image of X in A'. If G .= X"Y —F(X,Z,T) and f(Z,T) := F(0,Z,T) #

0, then the following statements are equivalent:
(i) k[X,Y,Z,T] = k[X,G]1.
(i) k[X,Y,Z,T] = k[G]¥.
(iil) A’ = k[z]2,
(iv) A" = kBl
(v) k[Z,T) = k[f]0.

Note that the equivalence of (ii) and (iv) above establishes a special case

of the Abhyankar-Sathaye Conjecture for linear hyperplanes in k4.
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In view of the importance of Theorem A, A. K. Dutta had asked whether
similar results as Theorem A hold over Generalised Asanuma varieties when
m > 1, in particular:

Question 2. For m > 1, is the condition k[Z, T = k[f][" both necessary and
sufficient for the ring A (as in (1.0.1)) to be kl™+2 ?

Example 3.2.2 in Chapter 3 shows that when m > 2, the condition that
f is a coordinate in k[Z,T] is not sufficient for A to be k[™+2 in general.

However, we will show that Question 2 indeed has an affirmative answer when
F is of the form

F(X1,....,.Xm, Z,T) = f(Z,T) + (X1 Xn)g(X1, ..., Xpm, Z,T).

In fact, we prove the following generalisation of Theorem A (Chapter 3, The-
orem 3.2.1):

Theorem Al. Let k be a field and

k[X1,..., XY, Z,T)
(XTI XY — F(X1,..., X, 2,T))

A= r; > 1 foralli,1 <7< m.

Let F(X1,...,Xmn, Z2,T) = f(Z,T)+ (X1 - Xm)9(X1,...,Xm, Z,T) be such
that f(Z,T) #0. LetG = X{* - - X]mY—F(X1,...,Xm, Z,T) and x1, ..., Tm
denote the images in A of X1,...,X,, respectively. Then the following state-

ments are equivalent:
(i) k[X1,..., XY, Z,T] = k[X1,..., Xm, G|
(i) k[X1,...,Xm, Y, Z,T] = k[G]m+2],
(iil) A = K[z, ..., zm)P.
(iv) A = k2,
(v) k[Z,T] = k[f(Z, 7).

We actually prove the equivalence of each of the above statements with nine
other technical statements (Theorems 3.2.1, 3.2.6), involving stable isomor-
phisms, affine fibrations and two invariants — the Derksen invariant and the
Makar-Limanov invariant (cf. Definition 2.1.6) of A. Theorem 3.2.1 provides
a connection between the Epimorphism Problem, Zariski Cancellation Prob-

lem and Affine Fibration Problem in higher dimensions. We also establish



a generalisation of Theorem Al over any commutative Noetherian domain R
such that either R is seminormal or Q C R (Theorem 3.2.10).

The equivalence of (v) with any of the remaining statements in Theorem
A1 shows that a certain property of the polynomial G in m + 3 variables (the
property of being a coordinate) is determined entirely by a property of the
polynomial f in two variables, i.e., a question on a polynomial in m+3 variables
reduces to a question on a polynomial in 2 variables. The equivalence of (iv)
and (v) answers Question 2 for the particular structure of F'; the equivalence
of (ii) and (iv) gives an affirmative answer to Question 1 (Abhyankar-Sathaye
Conjecture) for n > 4 and for a hypersurface of the form G. This result may
be considered as a partial generalisation of the theorem on Linear Planes due
to A. Sathaye ( [35]) and P. Russell ( [32, 2.3]), mentioned earlier.

II. An infinite family of higher dimensional counterexamples to ZCP
(Chapter 4)

Our results in Chapter 4 are inspired by the Zariski Cancellation Problem

(ZCP) for affine spaces which investigates the following.

Question 2. Let B be an n-dimensional affine k-domain such that Bl =
k"1 Does this imply B = k[ ?

The answer to Question 2 is affirmative for n < 2 over any field (cf. [1],
[30], [17], [34], [7]). For n > 3, the problem is open over fields of character-
istic zero. However, over fields of positive characteristic, Gupta has shown a
certain subfamily of Generalised Asanuma varieties to be counterexample to
this problem (cf. [21], [23]). Furthermore, in [22], Gupta has given an infinite
family of pairwise non-isomorphic three dimensional varieties which are coun-
terexamples to ZCP in positive characteristic. This motivates us to investigate
the isomorphism classes of generalised Asanuma varieties of higher dimensions
(= 3).

In this chapter, we first see the following result (Theorem 4.1.1).

Theorem A2. Let (r1,...,7m),(51,...,8m) € ZZy,and F,G € k[Xy,..., Xm, Z,T),
where f(Z,T) := F(0,...,0,2,T) ¢ k and g(Z,T) := G(0,...,0,2,T) ¢ k.

Suppose ¢ : A — A’ is an isomorphism, where

K[X1,..., X, Y, Z,T]

A=A )=
(Tla s Tmys ) (Xiﬁ ---X;{"Y—F(Xl,...,Xm,Z,T))
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and

kX1, ., X, Y, Z,T)
(Xfl .. anmY — G(Xl, . ,Xm,Z,T))‘

A= A(s1,...,8m,G) =

Let x1,...,2m,y, 2z, tand 2},... 2.,y 2/, t’ denote the images of X1,..., X, Y, Z, T
in A and A’ respectively. Let E = k[z1,...,2,] and E' = k[2),...,2},]. Sup-
pose B := DK(A) = k[z1,...,2m, 2, t] and B’ := DK(A') = k[z,...,a},, 2/, t].

Then

(i) ¢ restricts to isomorphisms from B to B’ and from E to E'.

(ii) For each ,1 <1 < m, there exists j, 1 < j < m, such that ¢(z;) = Az}

for some A\; € k* and r; = s;. In particular, (r1,...,7m) = (51,...,5m)
upto a permutation of {1,...,m}.
(iii) ¢ (x) - zpr, Fx1, ..., Tm, 2, 1)) = () - (2],)°™, G(2), ..., 2], 2/, 1))

(iv) There exists o € Auty(k[Z,T]) such that a(g) = Af for some A € k*.

Using Theorem A2, we characterise the automorphisms of a certain subfamily
of Generalised Asanuma varieties (Theorem 4.1.2). Further as a consequence
to Theorem A2, we establish the following (Theorem 4.2.1).

Theorem A3. Let (ri,...,mm),(s1,...,8m) € Z%y, and f,g € k[Z,T] be
non-trivial lines. Then A(ry,...,rm, f) = A(si,...,Sm,g) if and only if
(riy...,rm) = (81,...,8m) upto a permutation of {1,...,m} and there ex-
ists o € Autg(k[Z,T]) such that a(g) = uf, for some p € k*.

The above theorem immediately yields the following result (Corollary 4.2.3).

Corollary A4. Let k be a field of positive characteristic. For each n > 3,
there exists an infinite family of pairwise non-isomorphic rings C' of dimension
n, which are counter examples to the Zariski Cancellation Problem in positive
characteristic, i.e., which satisfy that ClYl = k"1 but € #£ k.

ITII. Generalised Danielewski varieties and invariants of generalised

Asanuma varieties (Chapter 5)

The results in Chapter 5 have their genesis in the General Cancellation Prob-

lem in Affine Algebraic Geometry which asks the following (cf. [16]):

Question 3. Let D and E be two affine domains over a field k& such that
DWW =, B Does this imply D 2%, E?



The answer to Question 3 is affirmative for one dimensional affine domains
(cf. [1]). However, there are counterexamples in dimensions greater than or
equal to two. In [11], Danielewski constructed a family of two dimensional pair-
wise non-isomorphic smooth complex varieties which are counterexamples to
the Cancellation Problem. In [10], A. J. Crachiola extended Danielewski’s ex-
amples over arbitrary characteristic. In [13], A. Dubouloz constructed higher
dimensional (> 3) analogues of the Danielewski varieties, which are coun-
terexamples to this problem. More precisely, for r := (rq,...,7y) € Z2y and
F € k™1 he studied the affine varieties, defined by the following integral

domains when k = C:

E[Ty,...., T, U, V]
(T{l ...T%mU—F(Tl,..-,TmaV))’

B, :=B(r1,...,rm, F) =
where F(T1,...,T,V) is monic in V and d := degy F' > 1. We note that
setting P(V) := F(0,...,0,V), we have d = degy, P = degy F' = d(> 1).
We call these varieties as “Generalised Danielewski varieties”. In the above

setting, Dubouloz proved ( [13], Corollary 1.1, Corollary 1.2):

Theorem B. Suppose F' = ngl(V —oi(Th,...,Ty)), where o;’s are of the

form
oi(Ty, ..., T) =ai+T1 - T fi(Th, ..., T), f; €CM foralli, 1<i<d,

and a; € C are such that a; # a; for ¢ # j. Then the following statements
hold:

(i) Suppose that either of the following conditions hold:
(a) r € Z7) and s € Zy \ ZT4
(b) 7,5 € Z7, are such that the sets {ry,...,7,} and {s1,...,s,} are
distinct.
Then B, %, B;.

(ii) BE] = BE] for any r,s € Z7,.

We exhibit a larger class of varieties in higher dimensions (> 2) over fields
of arbitrary characteristic which are counter examples to the General Can-
cellation Problem. These varieties accommodate the counterexamples due to
Dubouloz over C. More precisely, we establish the following (Chapter 5, The-
orems 5.2.1 and 5.2.3):
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Theorem B1. Let F, F' € k[T4,..., T, V] be such that
F=a+aV+- -+ ad_ﬂ/d_l + Vd, and

F'=ay+2aV 4+ (d — V)ag_ V&2 4 dvit

for some a; € k[T1,...,Tin], 0 < i < d— 1. Then the following statements
hold:

(i) Suppose that either of the following conditions hold:
(a) r € Z7) and s € Z7, \ ZT4
(b) r,s € Z are such that r = (r1,...,7n) and s = (s1,...,5y,) are
not permutation of each other.
Then B, % Bs.

(i) BE] =g BE] for any r,s € ZZ, whenever (F,F') = k[T1,...,Tp,V].

As a consequence we prove the following result (Corollary 5.2.4).

Corollary B2. Let k be any field. For each n > 2, there exists an infinite
family of pairwise non-isomorphic rings of dimension n, which are counterex-

amples to the Cancellation Problem.

In the rest of Chapter 5 (see 5.3) we will focus on some invariants of
Generalised Asanuma varieties. As we have seen in I, special cases of these
varieties have played crucial roles in solutions to central problems on affine
spaces and the Makar-Limanov and Derksen invariants of these varieties were
the key tools in some of the results. The case m = 1 accommodates the
famous Russell-Koras threefold z?y + x + 22 + t3 = 0 over k = C which
arose in the context of the Linearisation Problem for CPl and which is now a
potential candidate for a counterexample to ZCP for the affine three space in
characteristic zero (see [25] for details).

Recall that for the affine domain A as in (1.0.1), when k is a field of
positive characteristic, and F' = f(Z,T) is a nontrivial line in k[Z, T], Gupta
had shown ( [21, Corollary 3.9], [23, Corollary 3.8]) that for each m > 1, the
corresponding ring A is a counterexample to the ZCP in dimension (m + 2),
ie., Al = g[m+3] but A % klm+2 A crucial step in the proof was a result
on the Derksen invariant quoted as Proposition 3.1.5 in Chapter 3. Here we

address the following converse of Proposition 3.1.5:

Question 4. Let A be as in (1.0.1). Suppose that there exists a system of



coordinates {Z1,T1} of k[Z,T] such that f(Z,T) = ao(Z1) + a1(Z1)T1. Is the

Derksen invariant of A equal to A7

We shall apply Theorem Bl to give an affirmative answer to the above
question when F' is of a certain form (Proposition 5.3.2). We also give a

complete description of the Derksen and Makar-Limanov invariants for

K[X1, ..., Xm, Y, Z,T]
(X[ - XprY — f(Z,T))

A=

when k£ is an infinite field and A is a regular domain (Corollary 5.3.3).
In the next chapter, we recall some definitions, well-known results, and ba-
sic properties of exponential maps and some K-theoretic aspects of Noetherian

rings which will be used in the subsequent chapters.
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Chapter 2

Preliminaries

Throughout this thesis all rings and algebras will be assumed to be commu-
tative with unity. The letter k will always denote a field. For any ring R, R[™
denotes a polynomial ring in n variables over R. For some p € Spec(R) and
an R-algebra B, B, denotes the ring S™!'B where S = R\ p and x(p) denotes
the field piR’;. Capital letters like X,Y, Z,T,U,V, X1, ..., X,, etc. will denote

indeterminates over the respective ground rings or fields.

2.1 Definitions and well known results

We first recall a few definitions.

Definition 2.1.1. A polynomial h € k[X,Y] is said to be a line in k[X,Y]

if k[é’)y] = kM. Purthermore, if k[X,Y] # k[h)Y, then h is said to be a

non-trivial line in k[X,Y].

Definition 2.1.2. A finitely generated flat R-algebra B is said to be an A™-
fibration over R if B ®g k(p) = k(p)" for every prime ideal p of R.

Definition 2.1.3. A polynomial h € R[X,Y] is said to be a residual coordi-
nate, if for every p € Spec(R),

R[X,Y]®p k(p) = (R[h] @& £(p)".

Definition 2.1.4. An integral domain R with field of fractions K is called a
seminormal domain if for any a € K, the conditions a®,a® € R imply that
a € R.

11
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Definition 2.1.5. A k-algebra B is said to be geometrically factorial over k
if for every algebraic field extension L of k, B ®y L is a UFD.

We now define an exponential map on a k-algebra B and two invariants

related to it, namely, the Makar-Limanov invariant and the Derksen invariant.

Definition 2.1.6. Let B be a k-algebra and ¢ : B — B be a k-algebra

homomorphism. For an indeterminate U over B, let ¢y denote the map
¢ : B — B[U]. Then ¢ is said to be an exponential map on B, if the following

conditions are satisfied:
(i) eopy = idp, where €y : B[U] — B is the evaluation map at U = 0.

(il) ¢pvou = du+v, where ¢y : B — B[V] is extended to a k-algebra homo-
morphism ¢y : B[U] — B[U, V], by setting ¢y (U) =U.

The ring of invariants of ¢ is a subring of B defined as follows:
B? :={bc B|¢(b) = b}.

The map ¢ is said to be non-trivial if B® # B.
Let EXP(B) denote the set of all exponential maps on B. The Makar-

Limanov invariant of B is defined to be

ML(B):= () B’
¢cEXP(B)

and the Derksen invariant is a subring of B defined as
DK(B) := k [b € B®| ¢ € EXP(B) and B® S B} .

Next we record some useful results on exponential maps. The following
two lemmas can be found in [29, Chapter I], [9] and [21].

Lemma 2.1.1. Let B be an affine domain over k and ¢ be a non-trivial

exponential map on B. Then the following statements hold:

(i) B? is a factorially closed subring of B, i.e., for any non-zero a,b € B,
if ab € B?, then a,b € B®. In particular, B® is algebraically closed in
B.

(ii) tr.deg, B? = tr.deg, B — 1.
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(iii) For a multiplicatively closed subset S of B®\ {0}, ¢ induces a non-trivial
exponential map S~ ¢ on ST'B such that (S~'B)S™'¢ = §~1(B?).

Lemma 2.1.2. Let k be a field and B = k™. Then DK(B) = B forn > 2
and ML(B) = k.

Next we recall the definition of a rigid k-domain.

Definition 2.1.7. A k-domain D is said to be rigid if there does not exist any

non-trivial exponential map on D.
For convenience, we record below an easy lemma.

Lemma 2.1.3. Let D be a k-domain which is not rigid. Then DK(D[W]) =
DwW].

Proof. Consider the exponential map ¢ : D[W]| — D[W, U] defined by
¢(a) =aforall a € D, and ¢(W) =W + U.

It is easy to see that (D[IW])? = D. Again as D is not rigid, we have a non-
trivial exponential map ¥ on D. We extend ¢ to an exponential map {bv on
D[W] such that 9|p = ¢ and (W) = W. Then W € (D[W])¥. Therefore, it
follows that DK(D[W]) = D[W]. O

Next we define proper and admissible Z-filtration on an affine domain.

Definition 2.1.8. Let k be a field and B an affine k-domain. A collection
{By, |n € Z} of k-linear subspaces of B is said to be a proper Z-filtration if

(i) Bn € Bpy1, for everyn € Z.
(11) B = UnEZ B”
(i) Moz Ba = {0},
(iv) (Bn \ Bn=1)-(Bm \ Bm-1) C Bim+n \ Bmtn—1 for all m,n € Z.

A proper Z-filtration {By}nez of B is said to be admissible if there is a
finite generating set I' of B such that for each n € Z, every element in B, can

be written as a finite sum of monomials from B, N k[T).
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A proper Z-filtration {By,},ecz of B defines an associated graded domain

defined by
By,
gr(B) := @ R
nez n—1

It also defines the natural map p : B — gr(B) such that p(b) = b+ By,_1, if
be B, \ Bn_1.

We now record a result on homogenization of exponential maps due to H.
Derksen, O. Hadas and L. Makar-Limanov [12]. The following version can be
found in [9, Theorem 2.6].

Theorem 2.1.4. Let B be an affine domain over a field k with an admissible
proper Z-filtration and gr(B) be the induced Z-graded domain. Let ¢ be a

non-trivial exponential map on B. Then ¢ induces a non-trivial homogeneous

exponential map ¢ on gr(B) such that p(B?) C gr(B)®.
We quote below a criterion for flatness from [27, (20.G)].

Lemma 2.1.5. Let R — C — D be local homomorphisms of Noetherian local
rings, K the residue field of R and M a finite D module. Suppose C is R-flat.

Then the following statements are equivalent:
(i) M is C-flat.

(ii) M is R-flat and M ®p k is C @p k-flat.

The following is a well known result ( [1]).

Theorem 2.1.6. Let k be a field and R be a normal domain such that k C
R c kI, If tr.degy R =1, then R = k!,

Next we state a version of the Russell-Sathaye criterion [33, Theorem 2.3.1],

as presented in [6, Theorem 2.6].

Theorem 2.1.7. Let R C C be integral domains such that C is a finitely
generated R-algebra. Let S be a multiplicatively closed subset of R\ {0}
generated by some prime elements of R which remain prime in C. Suppose
S—IC = (S_lR)m and, for every prime element p € S, we have pR =pCNR
and % 1s algebraically closed in 1%' Then C = R,

We now recall a result on separable A'-forms over a PID ( [14, Theorem

7).
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Lemma 2.1.8. Let f € k[Z,T] such that L[Z,T] = L[f]lY), for some separable
field extension L of k. Then k[Z,T) = k[f]!".

We quote below a fundamental result on residual coordinates ( [5, Theorem
3.2]).

Theorem 2.1.9. Let R be a commutative Noetherian domain such that either

Q C R or R is seminormal. Then the following statements are equivalent:

(i) h € R[X,Y] is a residual coordinate.

(i) R[X,Y]= R[],

2.2 Basic facts of K-theory

In this section we will consider a Noetherian ring R and note some K-theoretic
aspects of R (cf. [4], [8]). Let .#Z(R) denote the category of finitely generated
R-modules and Z(R) the category of finitely generated projective R-modules.
Let Go(R) and G1(R) respectively denote the Grothendieck group and the
Whitehead group of the category .#(R). Let Ko(R) and K;(R) respectively
denote the Grothendieck group and the Whitehead group of the category Z(R).
For i > 2, the definitions of G;(R) and K;(R) can be found in ( [37], Chapters
4 and 5). The following results can be found in [37, Propositions 5.15 and
5.16, Theorem 5.2].

Lemma 2.2.1. Let t be a regular element of R. Then the inclusion map
j: R < R[t™'] and the natural surjection map 7 : R — % induce the following

long exact sequence of groups:

— s Gi() T Gi(R) —L Gu(RIEY) Go(R[t™']) —— 0

Lemma 2.2.2. Let t be a reqular element of R and ¢ : R — C' be a flat ring
homomorphism such that u = ¢(t). Then we get the following commutative

diagram:

- —— Gi(fE) —— Gi(R) —— Gi(R[t")) —— Gia(ff) — -+

7 P’* J(t‘%)* 7

—— Gi(5) —— Gi(0) — Gi(Cu™)) —— Gia (&) —— -+,

where ¢ induces the vertical maps.
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Lemma 2.2.3. For an indeterminate T over R, the following hold:

(a) For every i > 0, the maps Gi(R) — Gi(R[T]), which are induced by
R — R[T], are isomorphisms.

(b) Let j : R — R[T,T~!] be the inclusion map. Then for every i, i > 1,

the following sequence is split exact.
0 —— Gi(R[T)) — Gi(R[T, T~Y)) —— Gi_1(R) —— 0 .

In particular, for i = 0, j* is an isomorphism and for i > 1,
Gi(R[T, Tﬁl]) = Gz(R[T]) D Gi_1(R) = Gz(R) SV, Gi_l(R).

We end this section with the following remark.

Remark 2.2.4. For a regular ring R, G;(R) = K;(R), for every i > 0. In
particular, G1(k[X]) = K1 (k[X]) = k* and Go(k) = Ko(k) = Z. For Cy, :=
E[X1, .o X, X8 X001, Go(C) = Ko(Cry) = Z (since every finitely
generated projective module over C,, is free) and by repeated application of
Lemma 2.2.3(b), we get that G1(C),) = k* & Z™, for every m > 1.



Chapter 3

Triviality of a family of linear

hyperplanes

The main objective of this chapter is to investigate the Epimorphism Problem
and prove an extended version of Theorem Al which includes fourteen equiv-
alent statements (cf. Theorems 3.2.1 , 3.2.6). We will prove the results in two
parts.

We first prove some preparatory lemmas, propositions and prove eleven equiv-
alent statements in Theorem 3.2.1. The remaining 3 statements will be proved
in Theorem 3.2.6. The results discussed in this chapter can be found in [19]
and [20].

3.1 Properties of Generalised Asanuma varieties

We begin with the following lemma.

Lemma 3.1.1. Let R be an integral domain. Let E := R[Xy,..., X, T],
C=EFE[ZY], g E[Z] and G=X{"---X/mY — X;---X,,g+ Z € C. Then
C = E[G]M,

Proof. Let D = E[G] C C. Let S be the multiplicatively closed subset of
D\ {0}, which is generated by Xi,...,X,,. From the expression of G, it is
clear that S71C' = (S71D)[Z]. Again % = (%)[1] for every i,1 < i < m.
Therefore, by Theorem 2.1.7, we get that C' = DI O

We now fix some notation. Throughout this chapter, A will denote the

17
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coordinate ring of Generalised Asanuma varieties, i.e.,

k(X1,..., Xm, Y, Z,T)

A= ; > 1 for all 7,1 < i< m,
(Xfl“'X:;?my_F(Xla"'aXTruZ’T))’ e erath ! "
(3.1.1)
where f(Z,T) := F(0,...,0,Z,T) # 0. Let G := X{*--- X/mY — F. Note
that A is an integral domain. Recall that z1, ..., xm, ¥y, 2, t denote the images

of X1,...,Xm,Y,Z,T in A. The notation E and B will denote the following
subrings of A:

E =k[x1,...,Xm| and B = k[x1,...,Xm, z, t].
Note that
B =klxy,...,xm, 2t = A BlaT', ...z}
Fix (e1,...,em) € Z™. The ring Blz7",...,z,!] can be given the following
Z-graded structure:
Byt ] = @Bn,
nez
where
B, = @ [z, it - alm,
(i1y0enyim ) EZ™,
e1i1+-+emim=n
Now every b # 0 € B[xl_l, ...,x,1] can be written uniquely as

dp,
b= b,

i=d,
where b; € B, dj,d) are some integers and bg,,bq, # 0. If b € B, then
each b; € B. We call dj;, the degree of b and hence b4, is the highest degree
homogeneous summand of b. For every n € Z, if A, = @,., B, N A, then
{An}nez defines a Z-filtration on A. For every j,1 < j <m, x; € A, \ A, 1.
If d denotes the degree of F(x1,...,Zm,2,t), then y € A;\ A;_1, where | =
d—(rier 4+ rmem).

<n

With respect to the notation as above, we first quote the following two
results [23, Lemmas 3.1, 3.2].

Lemma 3.1.2. The k-linear subspaces {Ay}nez define a proper admissible
Z-filtration on A with the generating set I' = {x1,...,2m,y,2,t}, and the
associated graded ring gr(A) = @,y ﬂ s generated by the image of T in
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gr(A).

Lemma 3.1.3. Let d denote the degree of F(x1,...,Tm,2,t) and Fy denote
the highest degree homogeneous summand of F. Suppose that, for each j,
1<j<m, xzjtFy. Then the associated graded ring gr(A) is isomorphic to

If[Xl,- . -;Xm7Y7Z7T]
(X{l X,};.LmY — Fd(Xl,..-,Xm7Z7T))

as k-algebras.
The following result is proved in [23, Lemma 3.3].
Lemma 3.1.4. k[z1,...,2y,2,t] C DK(A).

The following proposition is stated in [23, Proposition 3.4(i)] under the
hypothesis DK(A) = A. However the proof uses only the consequence that
klz1,...,%m, 2,t] S DK(A). Below we quote the result under this modified
hyopthesis.

Proposition 3.1.5. Suppose that k is infinite and k[xi,...,om,2,t] G
DK(A). Then there exist Zy,Ty € k[Z,T] and ag,a1 € kY such that

]f[Z, T] = k[Zl,Tﬂ and f(Z, T) = ao(Zl) + al(Zl)Tl.

Remark 3.1.6. For m = 1, the hypothesis that k£ is an infinite field in the
above proposition can be dropped (cf. [22, Proposition 3.7]).

The next result shows that if f is a non-trivial line, then DK(A) =

Elxi,...,om, 2 t].

Proposition 3.1.7. Suppose that k[xy,. .., Ty, 2,t] G DK(A) and
k(Z,T)/(f) = kM.

Then k[Z,T] = k[f]1.

Proof. If k is infinite, then the assertion follows from [23, Proposition 3.4(ii)].
Now suppose k is a finite field. Let k be an algebraic closure of k and
A= AQ®y k. Since klz1,...,2m, 2,t] S DK(A), we have klzy,...,&m, 2,1 G
DK(A). If k[Z,T)/(f) = kW, then B[Z,T)/(f) = k. As & is infinite, by
Proposition 3.1.5, there exist 71,71 € k[Z,T] and ag,a; € Y such that
k[Z,T) = k[Z1,T1] and f = ao(Z1) + a1(Z1)Ty. Now since f is a line in
k[Z,T), we have (k[Z, T]/(f))* =% . We now have the following two cases
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Case 1: If a1(Z1) = 0, f = ap(Z1) must be linear in Z; as f is irreducible in
k[Z,T).

Case 2: If a1(Z1) # 0, then gcd(ag( 1),a1(Z1)) = 1 as f is irreducible in

k[Z,T). Hence a1(Zy) € (k[Z ) k.
Therefore, by above two cases k[ .T] = E[f]". Hence by Lemma 2.1.8,
we get that k[Z, T] = k[f]. O

Next we prove a result which describes ML(A) when DK(A) is exactly
equal to B(= k[x1,...,zm, 2,t]).

Proposition 3.1.8. Let A be the affine domain as in (3.1.1). Then the fol-
lowing hold:

(a) Suppose, for every i € {1,...,m}, z; ¢ A*, and F ¢ k[X1,...,Xn)].
Then ML(A) C E(= klz1,...,zn]).

(b) If DK(A) = B, then ML(A) = E.

Proof. (a) Since F ¢ k[Xy,...,Xym], without loss of generality, suppose
degy F' > 0. Consider the map ¢; : A — A[U] defined as follows:

P1(xi) =2 (1<i<m), ¢1(2) =2, ¢1(t) =t +a---a;mU,

and

F(xi,...,om, 2z, t + 2t apmU)

o1(y) =

=y+Uv(zy,...,2m,2tU),

for some v € k[z1,...,Tm,2,t,U]. It is easy to see that ¢; € EXP(A). Now
klx1, ..., &m, 2] C AP C ACklx1, ..., %m, (21 2m) "5, 2, 1.
Since degy F' > 0, and for every i, 1 <i < m, z; ¢ A*, it follows that
ANExy, ., (21 2) Y 2] = K[z, . T, 2]

Therefore, k[x1,...,Tny, 2] is algebraically closed in A. Also tr. degy (k[x1,...,Tm,2]) =
tr. deg,(A®) = m + 1 (cf. Lemma 2.1.1(ii)). Hence A% = k[z1,...,Tm, 2].
Again consider the map ¢2 : A — A[U] defined as follows:

o(zi) =z (1 <i<m), ¢at) =t, ¢pa(z) =2+ a2y U,
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and

F(xi,...,xm,z + o' 2lmU,t)

xgl.--x:ﬁn

da(y) = =y+Uw(zy,...,Tm, 2, t,U),

for some w € k[x1,...,zm, 2, t,U]. It follows that ¢3 € EXP(A). Clearly
klx1,...,zm,t] C A?2 C K[z, ... Ty (21 ) "L 2],

Therefore, ML(A) C A%t N A%2 C k[zy,..., 2] = E.

(b) Suppose DK(A) = B. Note that for every i, 1 < i < m, x; ¢ A",
otherwise ;1 € DK(A). Further, if either degy F = 0 or deg, F' = 0, then
either y € A®! or y € A?? respectively, where ¢1, ¢o € EXP(A) are as defined
in part (a). This contradicts our assumption that DK(A) = B. Therefore,
F ¢ k[X1,...,Xy], and hence by part (a), it is clear that ML(A) C E.

Let ¢ € EXP(A). We show that E C A?. Now tr.deg, A® = m + 1 (cf.
Lemma 2.1.1(ii)) and A® C k[x1,...,%m,2,t]. Suppose {fi,..., fms1} is an
algebraically independent set of elements in A?. We fix some j € {1,...,m}
and let

fi = gi(xl, ey L1, Tty e e e s Ty Z,t) + xjhi(xl, ey T, Z,t) (3.1.2)

for every i € {1,...,m + 1}. We show that the set {g1,...,gm+1} is alge-
braically dependent.

Suppose not. We consider the Z-filtration on A induced by the element
(0,...,0,—1,0,...,0) € Z™, where the j-th entry is —1. If f;; denotes the
highest degree homogeneous summand of f;, then from (3.1.2), we get that
fia = gi- By Theorem 2.1.4, ¢ will induce a non-trivial exponential map
¢; on the associated graded ring A; and {g; | 1 < i < m+ 1} C A?j. By
Lemma 3.1.3,

EX1,...,Xm, Y, Z,T)|

A = . 3.1.3
TUXT XY - F(X, e X210, X, X, Z,T)) ( )

Since {g; | 1 <4 < m+1} is algebraically independent, k[x1,...,Zj—1,Zj41,. .., ZTm, 2, ]
is algebraic over kfg; | 1 <i<m+1]. Asklg; |1 <i<m+1]C A?j and
Afj is algebraically closed, we have k[z1,...,2_1,Zj+1, ..., Tm, 2, t] C A?j.
Therefore, from (3.1.3) we get that z;,y € A;sj , which contradicts that ¢; is
non-trivial. Thus, {g; | 1 < i < m + 1} is algebraically dependent. Hence
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there exists a polynomial P € k™1 such that

P(g1; .. gms1) = 0.

Therefore, from (3.1.2), we get that there exists H € k[z1,...,Zm, 2,t] such
that o;H = P(f1,..., fm+1) € A®. As A? is factorially closed (cf. Lemma
2.1.1(i)), we have z; € A®. Since j is arbitrarily chosen from {1,...,m},
we have E = k[ry,...,7,] C A?. As ¢ € EXP(A) is arbitrary, we have
E C ML(A). Therefore, ML(A) = E. O

Remark 3.1.9. From Proposition 3.1.5, it follows that if k is an infinite field
and there is no system of coordinates {Z1,T1} of k[Z, T] such that f(Z,T) =
ao(Z1) + a1(Z1)T1, then DK(A) = B and hence ML(A) = E.

Remark 3.1.10. In Proposition 3.1.8(a) both the conditions that z; ¢ A*
and F ¢ k[X1,...,X,,] are necessary. If some x; € A*, then z;1 € ML(A)

which shows that ML(A) € k[z1,. .., 2]

kI X,Y, Z,T
M, where F' =1 € k[X]. Note that

A = k[z,271, 2,t] and hence ML(A) = k[z, 27| € k[z].

Now consider the ring A =

We now prove a criterion for a simple birational extension of a UFD to be
a UFD.

Proposition 3.1.11. Let R be a UFD, a,b € R\ {0} and C = % be

™ a;® be a prime factorization of a in R.

an integral domain. Let a := [[" a;
Suppose that for every i,1 < i < m, whenever (a;,b)R is a proper ideal, then

Hj# a;% ¢ (a;,b)R, for any integer s; > 0. Then the following are equivalent.
(i) C is a UFD.
(ii) For each i, 1 <1i < m, either a; is prime in C or a; € C*.

(iii) For each i, 1 <1i < m, either (a;,b)R is a prime ideal of R or (a;,b)R =
R.

Proof. (ii) < (iii) : For every j,1 < j < m, we have

C R\
S ( ) | (3.1.4)
a;C \(a;,b)
Note that a; is either a prime element or a unit in C' according as a]% is either

an integral domain or a zero ring. Hence the equivalence follows from (3.1.4).
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(i) = (ii) : Note that R < C < Rla; ', ...,a;;!]. Suppose a; ¢ C* for some
J,1 < j < m. Since C is a UFD, it is enough to show that a; is irreducible.
Suppose a; = cicp for some ci,c2 € C. If ¢1,c2 € R, then either ¢y € R* or

c2 € R*, as a; is irreducible in R. Therefore, we can assume that at least one

of them is not in R. Suppose ¢; ¢ R. Let ¢; = ilhl — and ¢ = ﬁ, for
QA ayam
some hi,he € R and i4,1ls > 0, 1 < s < m. Therefore, we have
hihy = aj(a™h ... gimtim), (3.1.5)
As ¢1 ¢ R, using (3.1.5), without loss of generality, we can assume that
i
. a
¢ = )\l_,%gislpi,for some \ € k* and s < m, (3.1.6)
i=s+1 %
II a

where p; > 0 for ¢ < s, and p; > 0 for i > s+ 1.
Now when m = 1 or p; = 0 for every i < s, then ¢; € C*, and we are done.
If not, then m > 1 and without loss of generality, we assume that p; > 0.
Therefore, from (3.1.6), we have a* ...a%* € a;C N R = (a;,b) R for every
i > s+ 1. Hence by the given hypothesis, for every i > s + 1, we get that
(a;,b)R = R, i.e., a; € C*. Thus we get

c1 :uHaii (3.1.7)

1<s
for some 1 € C* and hence

a;
pe = =5
Higs )
If Higs al* € a;jR, then ¢y € C* and we are done. If not, then a; € ¢,CNR =

(ai,b)R for every i < s with p; > 0. If for such an a; with ¢ < s and p; > 0,
(a;,b)R is a proper ideal then we get a contradiction by the given hypothesis.
Therefore, for all such a;, (a;,b)R = R and hence by (3.1.7), ¢; € C* and we
are done.

Therefore, we obtain that a; must be an irreducible element in C', hence
prime in C.

(ii) = (i) : Without loss of generality we assume that aj,...,a;—; € C* and

@iy - -,y are primes in C for some i, 1 < i < m. Since Cla;?,...,a;'] =

Cla;t,...,a;'] = Rlay!,...,a;!] is a UFD, by Nagata’s criterion for UFD

7 »'m »'m
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( [28, Theorem 20.2]), we obtain that C' is a UFD. O

As a consequence we obtain the following equivalent conditions for the ring
A to be a UFD.

Proposition 3.1.12. The following statements are equivalent:
(i) A is a UFD.
(ii) For each j,1 < j < m, either x; is prime in A or x; € A*.

(ili) For each j,1 < j<m, Fj = F(X1,...,X;21,0,Xj41,...,Xm, Z,T) is
either an irreducible element in k[X1,...,X;-1,X41,..., Xm, Z,T] or
Fj e k*.

In particular, if F(X1,...,Xm, Z2,T) = f(Z,T)+ (X1--- Xmn)g, for some g €
kE[X1,...,Xm, Z,T], then the following statements are equivalent:

(i) A is a UFD.
(ii") For each j,1 < j < m, either z; is prime in A or z; € A*.
(itt") f(Z,T) is either an irreducible element in k[Z,T] or f(Z,T) € k*.

Proof. Putting R = k[X1,..., X, Z,T], a; = X; for 1 < i < m and b =
F(X1,...,Xm, Z,T) in Proposition 3.1.11, we have A = (g,[}:]b) where a =
Xt Xrm Since f(Z,T) = F(0,...,0,Z,T) # 0, it follows that for every 4,

[z X; ¢ (Xi, F(X1, ..., Xon, Z,T))K[X1, ..., X, Z,T), for j # i, whenever
it is a proper ideal. Therefore, the result follows from Proposition 3.1.11. [

The next result gives a condition for A to be flat over the subring E.

Lemma 3.1.13. Let F(X1,..., X, Z,T) = f(Z,T)+ (X1 Xmm)g, for some
g€ k[Xy,...,Xn, Z,T|. Then A is a flat E-algebra.

Proof. Let q € Spec(A) and p = ¢NE € Spec(E). Note that A[z; !, ..., z'] =

Elzy!, ... a;} 2,t]. Hence A, is a flat E, algebra if z; ¢ p for every 4,1 <

s im

t < m. Now suppose z; € p for some . Consider the following maps:

]C[l‘l](xl) — EP — Aq.
We observe that both E, and A, are flat over k[z;],,) and

A (E/x;E)|Y, Z,T)]

~

A (f(2,1))
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k[Y,Z,T)
(f(Zz,1))
q

flat x%—algebra. Hence it follows that %Aq is flat over

is a flat k-algebra, it follows that a:iiA (z ?JP(/ZZTT)]) Ok IZLE) is a

Since

E,
z; B,

Lemma 2.1.5, we get that A, is flat over E,. Thus, A is locally flat over FE,
and hence A is flat over E. O

and therefore, by

The next result gives some necessary and sufficient conditions for A to be

an affine fibration over E.

Proposition 3.1.14. Let F(X1,..., X, Z,T) = f(Z,T)+ (X1--- Xm)g, for
some g € k[X1,...,Xm, Z,T]. Then the following statements are equivalent:

(i) A is an A%-fibration over E.

A

)
(xl"'wxm)A i

(if)

. o . zT)]
(i) f(Z,T) is a line in k[Z,T), i.e., [7T] =5

k
(£(2.1))

Proof. (i) = (ii) : Since A is an A2-fibration over E, for every p € Spec(E),

E B\ 2
A XRE _F _ <p> .
PEp PEP

Hence for p = (z1,...,zm)E, we get m = k.

we have

(ii) = (iii) : Since

k[Z,T) A ([ k[Z,T) 1}_ "
kH(f(Z’T))%($1,...,xm)A_<(f(ZjT))> = k=,

we obtain that % is a one dimensional normal domain. Hence, f(Z,T)

is a line in k[Z,T] by Theorem 2.1.6.
(iii) = (i) : By Lemma 3.1.13, A is a flat E-algebra. Let p € Spec(E) and
A, denotes the localisation of the ring A with respect to the multiplicatively

closed set E\ p. We now show A is an A%-fibration over E.
Case 1: If x; & p for every i = 1,...,m, then A, = E,[2,t]. Hence,
A E B\ 12
P P P
—F —Agp L = <> . (3.1.8)
pAp rEy pEy

Case 2: Suppose x; € p for some 7,1 < i < m. Since f(Z,T) is a line in
k[Z,T], we have
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A _(B/aE)Y,Z,T] _ ( B >[21

A (f(z,T)) B

Ep

Hence, A ®p r(p) = r(p)?, where k(p) = o
Therefore, by the above two cases, we obtain that A is an A2-fibration over
E. O

The following lemma may be known but in the absence of a ready reference,

we give below a proof.

Lemma 3.1.15. Let E = k[x1,...,2p], u = 1 Ty and R = % Then
Go(R) # 0.

Proof. By Lemma 2.2.1 the inclusion E < E[u~'] induces the exact sequence:

Gi(E) — Gi(E[u™"]) — Go(R) —— Go(E) —— Go(E[u™']) — 0.
(3.1.9)
By Remark 2.2.4 and repeated application of Lemma 2.2.3, we see that the

map
Gi(E) 2 k* —— Gi(Bu ) 2 k*ozZ™

is a split inclusion and hence can not be surjective. Therefore, Go(R) # 0 by
(3.1.9). O

3.2 Main theorems

We now prove an extended version of Theorem Al with 11 equivalent state-

ments.

Theorem 3.2.1. Let F(Xy,..., X0, Z,T) = f(Z,T)+(X1--- Xpn)g, for some
g€ k[Xy,..., X, Z,T|. Then the following statements are equivalent:

(1) k[X1,....Xm Y, Z,T) = k[X1,..., X, G)?.
(i) k[X1,...,Xm,Y, Z,T) = k[G]m+2,
(iil) A = k[z1,...,zm,]12.
(iv) A= klm+2),

(v) k[Z,T) = k[f(Z,T)1.
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(vi) Al = g+m+2) for some 1 > 0 and k[z1, ..., 2m, 2,t] S DK(A).

(vii) A is an A%-fibration over kl[x1, ..., xy] and klzy, ..., am, 2, 1] S DK(A).
(vili) f(Z,T) is a line in k[Z,T] and k[x1, ..., Ty, 2,t] S DK(A).

(ix) f(Z,T) is a line in k[Z,T] and ML(A) = k.

(x) AU = k42 for 1 > 0 and ML(A) = k.

(xi) A is an A%-fibration over k[xy, ..., 2] and ML(A) = k.

Proof. Note that (i) = (ii) = (iv) = (vi), (i) = (iii) = (iv), (iii)) = (vii),
(iii) = (x) and (iii) = (xi) follow trivially.

(vi) = (v) : We first assume that k is algebraically closed. Since
klz1,...,om, 2,t] S DK(A), by Proposition 3.1.5, we may assume that

H(2.T) = ag(Z) + ar (2)T,

Suppose a1(Z) = 0, ie., f(Z,T) = ap(Z). As A is a UFD, by Proposi-
tion 3.1.12, we obtain that ag(Z) is irreducible in k[Z,T] or ao(Z) € k*. If
ap(Z) € k*, then for every i, 1 < i < m, z; € A*. This contradicts the
fact that A* = (Al)* = (km++2y* — * Therefore, ag(Z) is irreducible in
k[Z,T] and hence a linear polynomial as k is algebraically closed. Thus f is a
coordinate of k[Z, T].

Now suppose ai(Z) # 0. We show that a;(Z) € k*. Note that
ged(ap(Z2),a1(Z2)) =1 in k[Z], as f(Z,T) is irreducible in k[Z,T).

b, A< Al | Since E = k)
and Al = k421 by Lemma 2.2.3(a), the inclusions a,+ and S« induce

Consider the inclusions k —%— FE «

isomorphisms

Gi(E), Gi(A) —— G;(All) and Gi(k) —— G;(Al),

Gi(k) Gila Gi(v) Gi(vBa)

)

respectively. Hence we get that § induces an isomorphism G;(E) Gé(m Gi(4),

for every i > 0. Let u = x1-- 7, € E. Note that Alu~!] = E[u™1, 2,1].
Therefore, by Lemma 2.2.3(a), the inclusion E[u~!] < A[u~!] induces isomor-
phisms G;(E[u~]) = G;(A[u™']) for i > 0. By Lemma 3.1.13, the inclusion
map [:FE —— A is a flat map. Therefore, by Lemma 2.2.2, §: F — A
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induces the following commutative diagram for ¢ > 1:

GZ(E) — Gz(E[Uil]) — Gz—l(%) —_— Gz_l(E) E— Gi_l(E[uilb

Giw)k i | F F

Gl(A) — Gl(A[u_l]) — Gz_l(uAA) — Gz_l(A) — Gi_l(A[u_l]).

R

From the above diagram, applying the Five Lemma we obtain that the map

% L %, induced by FE (L A , induces isomorphism of groups

Gi(L) == G2, (3:2.1)

for every i > 0. Let R = .. Now using the structure of f(Z,T) we get an

isomorphism as follows

A = 1
WA R[Y’Z’ mzﬂ :

Further, note that /3 factors through the following maps

Y3 1 ] n~t
By R\Y, Z,——| T AJuA.
] [ a1(Z) /

. 71 72
B.R—>R[Z]—>R[Z,al(2)

Since 3,71,73,n7~ ! induce isomorphisms of G;-groups for i > 0, we obtain that

72 induces an isomorphisms of groups

Gi(RIZ)) 5 G (R [z, ang)D : (3.2.2)

for every ¢ > 0. Since k is algebraically closed, if a1(Z) ¢ k*, then we have
a1(Z) = M [;=1(Z — Xi)"™ where A € k*,\; € k, m; > 1 and \; # \j for i # j.

Now we have

1 1 1
Z =R\|Z .
s e =

Y Z—Ap0
we have the map R[Z] — R;_; is flat. Therefore, applying Lemma 2.2.2, we

Let R, = R [Z 1 ’Z%\i]’ for i > 1 and Ry = R[Z]. For every i > 1,
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get the following commutative diagram for j > 1:

G, (%) —— G;(R[Z)) — G (R [z, ﬁ]) — Gy (%) s

b 1 2

G] (?i_AIZ‘) G](szl) Gj (Ri*l [ZEAZ:|> Gj*l <§L_)\11) e
(3.2.3)
Now by Lemma 2.2.3(b) we get the following split exact sequence for each

j= L

0 —— Gj(R]Z]) —— G; (R [z, ﬁ]) G, (%) — o0

Since the inclusion R[Z] < R;_; induces isomorphism of the rings ( ;{Z)\l) =N (55\11')’

for every i, 1 <4 < m, the maps p;_1’s are isomorphisms for every j > 1. Hence

from (3.2.3), the following exact sequence is also split exact:

0 —— Gj(Ri—1) —— G, (Ri_l {Z%\ZD — G (gi_‘/\li) — 0

Thus the inclusion R;_1 — R; = Ri,l[ﬁ] will induce a group isomorphism
Gj(Ri) = Gj(Ri—1) @ Gj—1(R)

for every j > 1 and 4, 1 < ¢ < n. In particular, for j = 1, inductively we get

that the inclusion R[Z] <2+ R, =R [Z, ﬁ} induces the isomorphism
1 n
G <R {Z, }) = G1(R[Z]) ® (Go(R))" . (3.2.4)
ar(%)

As Go(R) # 0 by Lemma 3.1.15, (3.2.4) contardicts (3.2.2) if n > 0 i.e., if
a1(Z) ¢ k*. Therefore, we have a1(Z) € k*. Hence we obtain that k[Z,T]| =

kLD,

When k is not algebraically closed, consider the ring A = A ®y, k, where k

is an algebraic closure of k. Note that Al — k21, Tm, 2, 1] G
DK(A). Hence by the above argument, we have k[Z, T] = k[f][1.

Case 1: If k is a finite field, then by Lemma 2.1.8, k[Z,T] = k[f]!.

Case 2: Let k be an infinite field. Then by Proposition 3.1.5 we can assume
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that f(Z,T) = ao(Z)+a1(Z)T in k[Z,T). As f is a coordinate in k[Z, T, this
is possible only if either a1(Z) = 0 and ag(Z) is linear in Z or if a1(Z) € k.
Hence in either case

k[Z,T) = k[f]M.

(v) = (i) : Let h € k[Z,T] such that k[Z,T] = k[f, h]. Therefore, without loss
of generality we can assume that f = Zand h = T. Hence G = X' --- XY —
X1+ Xmg — Z, for some g € k[X1,..., X, Z,T]. Now by Lemma 3.1.1, we
get that

kX1, . XY, Z,T) = k[X1,..., X, G, T = k[X1,..., X, G2,

Therefore the equivalence of the first six statements are established.

By Proposition 3.1.7, (viii) = (v). By Proposition 3.1.14, (vii) < (viii)
and (ix) < (xi). Therefore, (viii) = (v) < (iii) = (vii) < (viii).

By Lemma 3.1.4 and Proposition 3.1.8(b), (x) = (vi), (xi) = (vii). We
now see that the following hold:

(ix) & (xi) = (vii) < (iil) = (xi).
(x) = (vi) & (iii) = (x).

Hence equivalence of all the statements are established. O

The following example shows that the answer to Question 2 (as in Intro-
duction) is not affirmative in general, i.e., without the hypothesis that F' is of
the form as in Theorem 3.2.1, the condition k[Z, T] = k[f][" is not sufficient
for A to be k™+2 for m > 2. In particular, it is not sufficient to ensure
kX1, ..., X, Y, Z,T] = k[X1,..., Xm, G]1Z.

Example 3.2.2. Let
k[ X1, X2, Y, Z,T]

(XIX3Y - F)
where F(X1,X2,2,T) = X1Z + X2 + Z. Note that here f(Z,T) =
F(0,0,Z,T) = Z is a coordinate of k[Z,T]|. Also it is easy to see that A
is regular. But as F(X1,0,Z,T) = X1Z + Z is neither irreducible nor a unit,
by Proposition 3.1.12, A is not even a UFD. Therefore, A # k4.

A=

We shall now prove (Theorem 3.2.6) three additional statements which are
equivalent to each of the eleven statements in Theorem 3.2.1. We start with

two technical lemmas which will be used in the proof of Theorem 3.2.6. The
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aim of these lemmas is to show that if DK(A) = A, then we can construct
another affine domain A; of similar structure to A, such that DK(A4;) = 4,
and dim(A4;) < dim(A).

Lemma 3.2.3. Suppose there exists an exponential map ¢ on A such that

A® < klz1,...,Tm, 2, t]. Then there exists an integral domain

E[X1,..., Xm,Y, Z,T)
(X7 XprY — h(Z,T))

A

1

and a non-trivial exponential map &5 on //l\, induced by ¢, such that y € ;4\‘5,
where § denote the image of Y in A. Moreover, if x1,...,Tm € A®, then

Z1,...,Zm € A?, where T1,. .., Ty denote the images of X1,..., Xy in A.

Proof. Since A? ¢ klz1,...,Zm, 2, t], there exists g € A? and g has a monomial
summand of the form g; = - 2imyi 2Pt9 where 7 = (i1, ...,im) € 7%y,
j=1,p>=0,q9 >0 and there exists some is such that is < rs. Without loss of
generality, we assume that iy = ;.

We now consider the proper Z-filtration on A with respect to (—1,0,...,0) €
Zm. Let A be the associated graded ring and ]5(3;1, .eeyTm, 2,t) denote
the highest degree homogeneous summand of F(x1,...,Zm,2,t). Then
ﬁ(xl,...,mm,z,t) = F(0,29,...,Tm, 2,t). Since f(z,t) # 0, we have x; 1 F,

for every 1 < i < m. Therefore, by Lemma 3.1.3, we have

o MXL . X Y, Z,T)
(X XY —F)

For every h € A, let h denote its image in A. By Theorem 2.1.4, ¢ will induce
a non-trivial homogeneous exponential map 5 on A such that g€ A% From
the chosen filtration on A, it is clear that y|g and hence y € A9,

We now consider the Z-filtration on A with respect to (—1, ..., —-1)ez™.
By Theorem 2.1.4, we have a homogeneous non-trivial exponential map &5 on

the associated graded ring A induced by 5 By Lemma 3.1.3,

E[X1,..., Xm, Y, Z,T]

A
(X7' - XY — f(Z,T))

I

since f(Z,T) = F(0,...,0,Z,T) is the highest degree homogeneous summand
of F. For every a € E, let @ denote its image in A. Since y € Z‘b, we have
J € A®. The weights of 77, ..., %m, ¥, 2, are clear from the chosen filtration
on A. O
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Lemma 3.2.4. Suppose m > 1 and k[x1,...,2m, 2,t] G DK(A). Then there

exists an integer | € {1,...,m} and an integral domain A; such that

(X)X, Xim1, Xig1y oo, X, Y, 2, T
(X{' - XoY — f(2,7)) ’

A

where the image y' of Y in A; belongs to DK(A;). In particular, DK(A;) = A;.
Proof. By Lemma 3.2.3, there exists an integral domain

K[X1,..., Xm, Y, Z,T]
(X' XY = f(Z,7))

A

and a non-trivial homogeneous exponential map ngS on A such that for every
i€ {1,...,m}, wt(F) = —1, wt(z) = wt(t) = 0, wt(G) = 11 + - + T'm
and y € A¢’ where 71, ..., Zm, U, 2, denote the images of X1,..., X, Y, Z,T
respectively in A.
Since m > 1, tr. degk(g‘g) > 3. Hence if A% C k[, 7,1], then A% =
2,1]. But then 27" ---Zlmy = f(3,1) € A¢ that means gb is trivial, as A%
is factorlally closed (cf. Lemma 2.1.1(i)). This is a contradiction. Therefore,
there exists h; € A9 \ k[7,2,1], which is homogeneous with respect to the
grading on A. Let

)

W

! —~ —~ o~ Ail —~1 . ~
hi =k (z1,...,Tm,2,t) + E Aojpg @1t T Y 2P
t=(i1,-.,im ) €LY, >0p,q>0

<

such that Az jpq € k and for every j > 0 and 7 = (i1, ..., i) € ZZ, there exists

sj € {1,...,m} such that is;, < rs,. Now we have the following two cases:

Case 1: If I’ ¢ k[Z,1], then it has a monomial summand hy such that ;| ko,

for some [,1 <1 < m.

Case 2: If W € k[2,1], then each of the monomial summands of the form
)\L]pqxl T mGIZPE of hy has degree zero. That means, j(rq 4 -« +ry) =
i1 + -+ + im. Therefore, for every j > 0 and 7 € ZZ)), there exists [; €
{1,...,m},l; # s; such that i, > jry;, as is; < rs;. We choose one of these
l;’s and call it [.

We consider the Z-filtration on A with respect to (0,...,0,1,0,...,0) €
Z™, where the [-th entry is 1. Let A be the associated graded ring of A\, and
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by Lemma 3.1.3,
E[X1,...,Xm,Y,Z,T|

A )
(X714 XorY — f(Z,T))

For every a € fT, let @ denote its image in A. By Theorem 2.1.4, gg induces
a non-trivial exponential map ¢ on the associated graded ring A such that
hy € Z(z). From cases 1 and 2, it is clear that hy is divisible by Z;. Hence we
get that 77 € A, Therefore, by Lemma 2.1.1(iii), ¢ will induce a non-trivial
exponential map ¢; on 4; = A @z k(T1), where

E(X)[ X1, Xim1, X1y -y X, Y, 2, T

A g ™ T
! (X7 XprY — f(Z,7))

Since Af” - A’ Qplzy) k(T1) and ¥ € Zd), the image ¢ of Y in A; is in Af”.
Therefore, by Lemma 3.1.4, we get that DK (A;) = A;. O]

The following lemma is an important step to prove (vi) = (v) of Theo-
rem 3.2.6.

Lemma 3.2.5. Let F(Xq,..., X, Z,T) = f(Z,T)+ (X1--- Xmm)g, for some
g€ k[Xy,...,Xm, Z,T). If A= k™2 then there exists an exponential map
¢ such that klxy,. .., 2, C A® L k[z1,..., 2m, 2, 1.

Proof. By Theorem 3.2.1, k[Z,T] = k[f, f1] = k[f]! for some f, € k[Z, T].
Now for G = X|'--- XY — F, by Lemma 3.1.1 we have

k[Xla"'vXn’HKZaT] :k[Xl7"'aXTrL7Y)fafl] :k[le"'mevaflva]

for some fo € k[X1,..., X\, Y, Z,T]. Hence A = k[x1,...,2m, f1(2,t), fo] =
k[z1,...,zm]!? where f5 denote the image of fo in A. Since k[z1, ..., Tm, 2,t] C
A it follows that fo € A\ k[z1,...,%m, 2,t]. We now consider the exponential
map ¢ : A — A[W] such that

d(x;) = x5, for every i,1 <i<m, o(fi)=fi+W, o(f2) = fo.

Therefore, A? = k[x1,...,Zm, fo] and hence the assertion follows. O

We now add three more equivalent statements to Theorem 3.2.1.

Theorem 3.2.6. Let A be the affine domain as in (3.1.1) and F(X1,...,Xm, Z,T) =
f(Z,T)+ (X1 Xon)g, for some g € k[X1,...,Xm, Z,T]. Then the following

statements are equivalent.
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(i) A is a UFD, k[x1,...,2m,2,t] G DK(A) and <z’:‘A)* = k*, for every
ie{l,...,m}.

(ii) k[Z,T] = k[f]1
(iil) A = K[z, ..., zm)P.
(iv) Ais a UFD, ML(A) = k and (””iif“)* = k* for every i € {1,...,m}.

(v) A is geometrically factorial over k and there exists an exponential map
¢ on A satisfying k[z1,...,zm] C A® € klx1,. .., 2m, 2,1].

(vi) A= klm+2,

Proof. (ii) < (iii) < (vi) follows from Theorem 3.2.1. (iii) = (iv) holds
trivially and (iv) = (i) follows by Proposition 3.1.8(b). Therefore, it is enough
to show (i) = (ii) and (v) < (vi).

(i) = (ii) : We prove this by induction on m. We consider the case for m = 1.
Since k[z1, 2,t] S DK(A), by Remark 3.1.6, without loss of generality we can
assume that f(Z,T) = ao(Z) + a1(Z)T for some ag,a; € kM. Since A4 is a
UFD, either f(Z,T) is irreducible or f(Z,T) € k* (cf. Proposmon 3.1.12). If
f(Z,T) € k*, then z; € A*, which contradicts that ( ) = k*. Therefore,

f(Z,T) is irreducible in k[Z, T]. Note that A o f}ﬁ(/ZZTT)]) If a1(Z) = 0, then

f(Z,T) = ao(Z). Since (xliA>* = (k(:?;(z;]) = k*, ap(Z) must be linear in
Z. Hence k[Z,T) = k[f]M. If a1(Z) # 0, then gcd(ao,al) =1,as f(Z,T) is
. . . « [ A * kY, Z,T)

irreducible. Therefore, since k (x1A> ((f(Z T))> (kz [Y Z, al(Z)D
a1(Z) € k*. Thus, k[Z,T] = k[f].

We now assume m > 1 and the result holds upto m — 1. Since

Elx1,. .., 2m, 2,t] S DK(A), by Lemma 3.2.4, there exists an integral domain

k(XD X1s s Xi1, X4ty -y Xy Y, Z, T
(X7' - XpY = f(2,T)) ’

A =

1

such that DK(4;) = A;. Note that for every i € {1,...,m}, fo
kX1, Xio1,Xig1,00 X, Y, 2T

GZ1) . Now for every 7 # [,

k(Xl)[Xlu e 7X’L—17Xi+17 e 7Xl—17Xl+1) cee )Xm)Y7 Z7T] ~

Ay

A ~Y
A Dkl k(@) = (F(Z,T))

A
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where T; denotes the image of X; in A;. Since (ﬁ) = k*, it follows that

(%ﬁll)* = k(X;)*. Since A is a UFD and z;’s are not unit in A, by Propo-
sition 3.1.12, f(Z,T) is irreducible in k[Z,T]. As DK(A4;) = A;, by Proposi-
tion 3.1.5, there exist ag, a; € k(X;)M such that f(Z,T) = ag(Z1) + a1 (Z1)Tx,
for some Z1,Th € k(X;)[Z,T] such that k(X;)[Z,T] = k(X;)[Z1,T1]. .

We fix some 4,9 # [. Suppose aij(Z;) = 0. Since (;}h =

(%) ~ k(X,)*, and ag(Z1) is irreducible in k(X;)[Z1], it follows
that ag(Z1) is linear in Z;. Therefore, f(Z,T) = aop(Z1) is a coordinate in
k(X))|Z,T).

Suppose a1(Z1) # 0. Since f(Z,T) is irreducible in k(X;)[Z1, T1], it follows
that ged(ap(Z1),a1(Z1)) = 1 and hence

A k(X)[Z0.T
T A (ao(Z1) + a1(Z1)Th)

=~ k(X)) [Zl’al(lZl)] .

Therefore, a1(Z1) € <£flz)* = k(X)".

Hence we have k(X;)[Z, T] = k(X;)[f][!). Therefore, by Lemma 2.1.8, we
have k[Z,T] = k[f]".
(v) = (vi) : By Lemma 3.2.3, ¢ induces a non-trivial exponential map qg on

E[X1, .. X, Y, Z,T)
(X1 XY = f(Z,T))’

such that z7,...,Zm,y € E‘g, where 7,...,Z,,y denote the images of
X1,...,Xm,Y in A, respectively. We now show that k[Z, T] = k[f][!].

Case 1: Let k be an infinite field. Since y € A\‘E, by Lemma 3.1.4 it follows
that DK(E) — A. Hence by Proposition 3.1.5, we can assume that

H(Z,T) = ao(Z) + a(2)T

for some ag,a; € k). Let k be an algebraic closure of the field k. As A is
geometrically factorial f(Z,T) is irreducible in k[Z, T] (cf. Proposition 3.1.12).
If a1(Z) = 0, then ao(Z)(= f(Z,T)) is irreducible in k[Z, T], hence it is
linear in Z. Thus k[Z,T] = k[f]l!.
If a1(Z) # 0, then ged(ap(Z),a1(Z)) = 1. Now ¢ induces a non-trivial
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exponential map on

L[Z,T) L[Z,T)

(n=f(Z2,T)  (n—ao(Z) - ar(2)T)

A

A= A®yz . gk @ T, D)

12

where L = k(X1,...,X,,,Y), p € L\ k, and hence ged(p — ag,a1) = 1 in LI,
Since A is not rigid, a1 € k*, and hence k[Z, T] = k[f]l.

Case 2: Let k be a finite field. Now gg induces a non-trivial exponential map

% on
o~ kX1, X, Y, 2T
A=A o~
Ok XY — [(Z.T))

such that z1,...,Tm,y € Z¢, where Z1,...,%Tm,y denote the images of
X1,..., X, Y in A, respectively. By Case 1, we have k[Z,T] = k[f][Y, and
hence by Lemma 2.1.8, k[Z,T] = k[f]!.

Now from Theorem 2.1.7, it follows that A = k[™+2].
(vi) = (v) : Since A = k[ it is geometrically factorial over k and the rest

follows from Lemma 3.2.5. O

Remark 3.2.7. The above result shows that the condition “A is geometrically
factorial” (i.e., A ® k is a UFD where k is an algebraic closure of k) in [22,
Theorem 3.11(viii)] can be relaxed to “A is a UFD”.

Remark 3.2.8. Note that the proof shows that the condition “A is geomet-
rically factorial over k£” may be replaced by a more specific condition that
“A®y k is a UFD” where k is an algebraic closure of k. However, the follow-
ing example shows that in statement (v) of Theorem 3.2.6, the condition “A

is geometrically factorial” can not be relaxed to “A is a UFD”.

Example 3.2.9. Let
R[XDXZ’}/’Z’T}

A=
(X2X2Y —1— 22)

where x1, 22,9y, z,t denote the images of X1, X5,Y, Z, T respectively in A. Note
that A = C[t] = C!1, where C = (XI%[E—:{ZZ]%

We consider the exponential map ¢ : A — A[W], such that ¢|c = idc and
¢(t) = t + W. Then it follows that A% = C. Therefore, Rz, z2] C A? ¢
R[z1, 22, 2,t], as y € A?.

Now note that here F' = f = 1+ Z2, which is an irreducible polynomial in
R[Z,T] but not irreducible C[Z,T]. Hence by Proposition 3.1.12, A is a UFD

but A @ C is not a UFD. Therefore, A # R[4,
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We now generalise Theorem Al over a larger class of integral domains.
The m = 1 case of the following theorem has been proved in [15, Theorem
4.9].

Theorem 3.2.10. Let R be a Noetherian integral domain such that either Q

is contained in R or R is seminormal. Let

R[Xy,...,Xm,Y,Z,T]
(Xfl--~X71;1mY—F(le--va?Z’T))’

Ap = r; > 1 for alli,1 <7< m,

where F(X1,...,Xm, 2, T) = f(Z,T)+ (X1 Xn)g(X1,...,Xm, Z,T) and
[(Z,T) #0. Let G = X{*--- XimY — F(X1,...,Xm, Z,T) and T1,...,%n
denote the images in Ar of X1, ..., Xm respectively. Then the following state-

ments are equivalent:

(i) R[X1,....Xm, Y, Z,T] = R[X1,..., X, G]Z.
(i) R[X1,...,Xm,Y,Z,T) = R[G]"+2,

(iii) Ap = R[z1,...,Tm].

(iv) Ar = RIm+2,

(v) R[Z,T] = R[f(Z,T)1.

Proof. Note that (i) = (ii) = (iv) and (i) = (iii) = (iv) follow trivially.
Therefore it is enough to show (iv) = (v) and (v) = (i).

(iv) = (v) : Let p € Spec R and k(p) = P%’F. Now A ®p k(p) = k(p)m+2,
Now from (iv) = (v) of Theorem 3.2.1, we have f is a residual coordinate in
R[Z,T). Hence R[Z,T] = R[f]" by Theorem 2.1.9.

(v) = (i) : Let h € R[Z,T] be such that R[Z,T] = R|[f,h]. Therefore,
without loss of generality we can assume that f = Z and h = T. Hence
G=X{"--X"Y - X, X,,g — Z, for some g € R[X1,...,Xm,Z,T]. Now
by Lemma 3.1.1, we get that

RIX1,...,Xm, Y, Z, T = R[X1,..., X, G, TN = R[X\,..., X, G]?.
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Chapter 4

An infinite family of higher

dimensional counterexamples

to ZCP

In this chapter we will first describe the isomorphism classes and automor-
phisms of Generalised Asanuma varieties and use the classification to exhibit
an infinite family of counterexamples to ZCP in positive characteristic. These

results can be found in [19].

4.1 Isomorphism classes and Automorphisms

We first recall the structure of the coordinate rings of these varieties.

kX1, .., Xm, Y, Z,T]

A=
(XTU XY — F(X1,..., X, 2,T))’

ri>1foralli,l <i<m,
(4.1.1)
where F(0,...,0,Z,T) #0. Set f(Z,T) := F(0,...,0,Z,T). Let x1,...,Zm,y, 2t

denote the images in A of X1,..., X, Y, Z, T respectively. The following re-

sult describes some necessary conditions for two such rings to be isomorphic

when DK(A) = k[z1,...,2m, 2, 1]

Theorem 4.1.1. Let (11,...,7m), (51,...,5m) € ZZy, and F,G € k[Xq,..., X, Z,T),
where f(Z,T) := F(0,...,0,2,T) ¢ k and g(Z,T) := G(0,...,0,2,T) ¢ k.

Suppose ¢ : A — A’ is an isomorphism, where

k[X1,..., Xm,Y,2,T)
(X' XiY — F(X1,..., X, Z,T))

A=A(ry,...,tm, F) :=
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and

kX1, ., X, Y, Z,T)
(Xfl .. anmY — G(Xl, . ,Xm,Z,T))‘

A= A(s1,...,8m,G) =

Letxy,...,xm,y, 2, t and 2y, ...,z 2/, t" denote the images of X1, ..., X, Y, Z,T
in A and A’ respectively. Let E = k[z1,...,2Tm| and E' = k[, ..., z,]. Sup-

pose B := DK(A) = k[x1,...,Zm, 2, t] and B' := DK(A") = k[z),...,2),, 2/, t].

Then

(i) ¢ restricts to isomorphisms from B to B’ and from E to E'.

(ii) For eachi,1 <i < m, there exists j, 1 < j < m, such that ¢(z;) = \;

for some \; € k* and r; = sj. In particular, (r1,...,7m) = (S1,...,5m)
upto a permutation of {1,...,m}.
(iii) ¢ (2} - - apm, F(x, ..., Tm, 2, 1)) = ((2)) - (a],)°, G(2h, ..., 2, 2/ 1)

(iv) There exists o € Auty(k[Z,T)) such that a(g) = Af for some X\ € k*.

Proof. (i) Since ¢ : A — A’ is an isomorphism, ¢ restricts to an isomorphism
of the Derksen invariant and the Makar-Limanov invariant. Therefore, ¢(B) =
B’. By Proposition 3.1.8(b), ML(A) = E and ML(A") = E’. Hence ¢(FE) = E'.

We now identify ¢(A) with A and assume that A’ = A, ¢ is identity on A,
B'=Band E' = E.

(ii) We first show that for every i,1 <i < m, x; = Aj:v;-, for some j,1 <j<m

and \; € k*. We now have

, Gy, .., 2 t) €A\ B
L A TR S '
1 m
Since A — k[mfl, ..., wtl 2 1], there exists n > 0 such that
($1 e )ny/ _ (1‘1 o xm)nG(xlla - ,l‘;n, zlvt/) c B.
" (@))%t - - - (@,)°m
Since for every j € {1,...,m}, x; is irreducible in B, and :v; 1 G in B, we have
:z; | (x1---xp)". Since 1, z2,..., Ty, are also irreducibles in B, we have
x; = A, (4.1.2)

for some i € {1,...,m} and \; € k*.
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We now show that r; = s;. Suppose r; > s;. Consider the ideal
a =z, ANB = (z;", F(x1,...,%Tm, 2,1)) B.
Again by (4.1.2),

a; = ()" ANB = ()" A'NB" = ()", ()"~ G(ah, ..., 2}, 2 1)) B' C 2B,
which implies that F(z1,...,2m,2,t) € 23B" = ;B. But this is a contra-
diction. Therefore, r; < s;. By similar arguments, we have s; < r;. Hence

ri =s; and as i € {1,...,m} is arbitrary, the assertion follows.

(iii) We now show that

(]t ey F(x, ... T, 2,1)) B = ((3:'1)51(:1:’ o G, ..l z',t’)) B.

m

From (ii), it is clear that x}'---ajm = p(x))* - (z),)°", for some p € k*.
Since
(2t )ANB = (2] -+ xpm  F(x, ... &, 2,1)) B

m

and
()™ (27,)°) AN B = ((21)™ -+ (a7,)°™, G(a, ..y a7, 25 1)) B,

the result follows.

(iv) Since (z1' - - -z, F(x1, ..., Tm, 2,1)) B = (&) -+« (z),,)°, G(2), ..., 2z, 2/, 1)) B,

m

from (4.1.2), it follows that
g2 t) = Mf(2,t) + H(xq, ..., o, 2, 1), (4.1.3)

for some A € k* and H € (x1,...,2y) B. Let 2/ = hy(x1,...,2m, 2,t) and t/ =
ho(x1,...,Tm,2,t). Then we have k[z,t] = k[h1(0,...,0,z2,t), ha(0,...,0,z2,1t)].
Hence o : k[Z,T] — k[Z,T] defined by a(Z) = hi(0,...,0,Z,T) and
a(T) = ho(0,...,0,Z,T) gives an automorphism of k[Z,T], and from (4.1.3),
it follows that a(g) = Af. O

The next result characterises the automorphisms of A when DK(A) = B =

kElx1,...,Tm,2,t].
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Theorem 4.1.2. Let A be the affine domain as in (4.1.1), where
F(Xla'“aXmaZaT) :f(ZaT)+h(Xl,7Xm’Z,T)a

for some h € (X1,...,Xm)k[X1,...,Xm, Z,T] and f(Z,T) ¢ k. As be-
fore, x1,...,xm,y, z,t denote the images of X1,..., X, Y, Z,T in A. Suppose
DK(A) =B =k[x1,...,xm, 2, t]. If ¢ € Auty(A), then the following hold:

(a) ¢ restricts to an automorphism of E = kl[x1,...,2m| and B =

klxi,...,om,2t].

(b) For each i, 1 <i < m, there exists j, 1 < j < m such that ¢(z;) = \jx;
<i,5 <m) and r; =1;.

where \j € k* (1

(c) o(I) =1, where [ = (x}* - alm F(x1,...,&m, 2,t)) k[x1, ..., Tm, 2, 1].

m

Conversely, if ¢ € Endg(A) satisfies the conditions (a) and (c), then (b)
holds and ¢ € Autg(A).

Proof. By Proposition 3.1.8(b), ML(A) = E = k[z1,...,2y]. Now the state-
ments (a), (b), (c¢) follow from Theorem 4.1.1(i), (ii), (iii) respectively.

We now show the converse part. From (a) and (c), it follows that ¢(B) =
B, $(E) = E and ¢(I) = I. Hence ¢(INE) = INE = (z}' ---2"r) E, and
therefore,

Bt aly) = Nty

for some A € k*. Fix i € {1,...,m}. Since x; and ¢(z;) are irreducibles in E,
¢(x;) = A\jaj, for some \; € k* and j € {1,...,m} and hence r; = r; and (b)
follows.

Since ¢ is an automorphism of B and A C B[(x1 - - - zm) Y], ¢ is an injective
endomorphism of A, by (b). Therefore, it is enough to show that ¢ is surjective.
For this, it is enough to find a preimage of y in A. Since ¢(I) = I, we have

F =o' almu(zy, ..., xm, 2, t) + ¢(F)v(z1,. .., Tm, 2, t), for some u,v € B.
Since y = F(?ﬁl""".iﬁf’t), using (b),
1

O(F)v(zy, ..., Tm,2,t)
Aol - ap)

y=u(T1,...,Tm,2,t) + (4.1.4)

Since ¢(B) = B, there exist u,v € B such that ¢(u) = u and ¢(v) = v. And
hence from (4.1.4), we get that y = ¢(u + Ayv) where u + \yv € A. O
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4.2 ZCP in positive characteristic

We consider the following subfamily of the Generalised Asanuma varieties. Let
(r1,-..,rm) € ZZ; and f(Z,T) be a non-trivial line in k[Z,T]. Let

E[X1, ..., Xm, Y, Z,T]
(X' XY — f)

A(Tl""aTTnaf) =

The following result determines the isomorphism classes among the family of

rings defined above.

Theorem 4.2.1. Let (r1,...,7m),(S1,...,5m) € ZZy, and f,g € k[Z,T]
be non-trivial lines. Then A(ri,...,"m, f) = A(s1,...,8m,9) if and only if
(r1y..oyrm) = (S1,...,8m) upto a permutation of {1,...,m} and there exists
a € Auty(k[Z,T)) such that a(g) = pf, for some p € k*.

Proof. Suppose A(r1,...,"m, f) = A(s1,...,5m,9) and let z1,..., 2y, y,2,t
and

.., x Y, 2t denote the images of X1, ..., X, Y, Z, Tin A(r1,...,"m, f)
and

A(s1,...,8m,g) respectively. As f(Z,T),9(Z,T) are non-trivial lines in
k[Z,T)], by Lemma 3.1.4 and Proposition 3.1.7, we have DK(A(r1,...,7m, f)) =
klz1,...,2xm, 2 t] and DK(A(s1,...,8m,9)) = klz},...,2},, 2/, t']. Hence the

result follows from (ii) and (iv) of Theorem 4.1.1.

The converse is obvious. O

We now recall a result from [23], which shows that varieties in a certain
subfamily of generalised Asanuma varieties are stably isomorphic to a polyno-

mial ring.

Theorem 4.2.2. Let k be a field of any characteristic and A an integral
domain as in (4.1.1). Suppose that

k[X1,. .., Xm, Z,T] CEX X\
(X1 X, F(X1,..., X0, Z,T)) U (X1 X0n)

as k[X1,..., Xy]-algebras. Then Al = k[ X1,... ,Xm][g} = kM3l Moreover,
if ch.k >0 and f(Z,T) is a non-trivial line in k[Z,T] then A # klm+2,

We now show how the results in this chapter yield an infinite family of
pairwise non-isomorphic n dimensional rings which are counterexamples to
ZCP, for each n > 3.
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Corollary 4.2.3. Let k be a field of positive characteristic. For each n > 3,
there exists an infinite family of pairwise non-isomorphic rings C of dimension
n, which are counter examples to the Zariski Cancellation Problem in positive
characteristic, i.e., which satisfy that CM = k1 put ¢ #£ kM.

Proof. Consider the family of rings
Q:={A(r1,...,rm, f) | (r1,...,mm) € 24, f(Z,T)is a non-trivial line in k[Z, T}.

By Theorem 4.2.2, for every C € Q, we have C!l = klm+3] but ¢ % klm+2l,
By Theorem 4.2.1, there exist infinitely many rings C' € 2 which are pairwise

non-isomorphic. Taking n = m + 2, we get the result.
O



Chapter 5

Generalised Danielewski
varieties and invariants of

generalised Asanuma varieties

In this chapter we will prove Theorem B1 (Theorems 5.2.1 and 5.2.3) and apply
it to describe Makar-Limanov and Derksen invariant of a certain subfamily of
Generalised Asanuma varieties. The results discussed in this chapter can be
found in [20].

We begin by proving some preparatory results. Before that we fix some
notation which will be used throughout this chapter. For positive integers
T1,...,Tm and a polynomial F' = F(T},...,T,,V) € km+1 which is monic in
V with degy F' > 1, B(r, F) will denote the ring

kK[Ty,..., T, U, V]

Ble, F)i= By, orm F) = (T TU — F(T4, ..., T, V)

where r := (r1,...,7,) € ZZy. Set P(V) := F(0,...,0,V) and d := degy P =
degy F(> 1). Further, when F is understood from the context, we will use
the notation B, to denote the above ring B(r, F), i.e.,

k[Ty,...,Tm, U, V]
(T ThnU — F(Th, ..., T, V)

B, :=B(r1,...,rm, F) = (5.0.1)

We call the varieties defined by these rings as “Generalised Danielewski vari-

eties”. Let t1,...,tm,u,v denote respectively the images of 11,..., T, U,V
in B, and R denote the subring k[ti, ..., ¢y, v] of B,.
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5.1 Properties of Generalised Danielewski varieties

The aim of this section is to describe the ML(B,.). We first note that

R:=k[t1, ... tm,v](= kM) — B B Jt7Y, . 6] = k[, .. 65 0]

r'm rvm

and F' € R. Fix (eq,...,ey) € Z™. This m-tuple defines a proper Z-filtration
{By}nez on B, as follows:

Set Cn = Deyiysoteyip—n kV]E] - tim. Then the ring k[ti", ..., 5!, v] has
the following Z-graded structure (with wt(t;) = e;, 1 <i < m):
Kttt =D Cn = P ko]t - .- tim.
nez nezZ,e1i1+-+emim=n
For every n € Z, set By, := P, Cn N B;.

Then { By, }nez defines a proper Z-filtration on B, induced by (eq,...,en)
and for every j, 1 <j <m, t; € Be, \ Be; 1.

Let e := deg(F') with respect to the given filtration. Then u € B, \ By_1,
where ¢ = e — (r1e1 + -+ + rmem). Set

A= {(i,j,q) = (i1, y0m, J,q) € LZLgX Lo XLz | is < s for some 5,1 < 5 < m}

Using the relation ¢}' - t/mu = F(t1,...,tm,v), it can be noted that every

element b € B, can be uniquely expressed as

b:g(t1,...,tm,v)+ Z aith?-‘-tir’?ujvq, (5.1.1)
(i.5,9) €A

where b € R(= klty, ..., tm,v]) and Qjjq € k.

Now since the filtration {Bj}necz is induced from the graded structure
of the ring B,[t7*,...,t;!], from the expression (5.1.1) it follows that the
filtration {B),}ncz is admissible with respect to the generating set I' =
{t1,...,tm,u,v} of B, and the associated graded ring gr(B,) = @, % is
generated by the image of I in gr(B;).

The following lemma exhibits the structure of gr(B,).

Lemma 5.1.1. Let F, denote the highest degree homogeneous summand of F'.
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If, for every i, t; t F. in R = k[t1,...,tm,v], then

B k[T1, ..., T, U, V]
I = T U — Fu(Th, . T, V)

I

Proof. Since deg(F) =e, t]*---tImu = F € B, \ Be—1 and hence,

0ty U= F.(ty,...,tm,0) (5.1.2)

in gr(By), where {1, ..., 1, u, v denote the images of t1,. .., tm,u,v in gr(By).
£ (£
.

Since gr(B,) can be identified with a subring of gr(k| Lt v]) =

)
k[tlﬂ, .., 51 v], we have Ty, . . ., Iy, U are algebraically independent in gr(B,

and hence dim gr(B,) = m+1. Ast; { F, in R for every ¢ LaTys SUAY

) (Tfl.~-T,f{"U—Fe(T1,...,Tm,V))
is an integral domain, and its dimension is m + 1. Hence by (5.1.2), we have

the isomorphism:

T(B) k‘l[le"aTTnaU?V}
INPY) = (T U — Fu(Th, - T, V)

1

O]

In [13], Dubouloz showed that for k¥ = C, ML(B,) = C[t1,...,ty], when
r € ZT;. When k is an algebraically closed field of characteristic zero and
F € k[V], a similar result appears in [18, Lemma 6.2]. We extend this result
over any field (of any characteristic) and arbitrary F. First we recall the

following lemma ( [22], Lemma 3.5).

Lemma 5.1.2. Let r1 > 1 and q € k[V] be such that degy, q > 1. Then there
is no non-trivial exponential map ¢ on B(ri,q) = k[T1,U,V]/(T{*U — ¢q(V))
such that u € B(r1,q)?, where u denotes the image of U in B(r1,q).

We now establish a generalisation of the above lemma.

Lemma 5.1.3. Let r € Z%, and P(V) € k[V] with degy, P > 1. Then there
is no non-trivial exponential map ¢ on B(r, P), such that u € B(r, P)?.
Proof. Let

k[Ty,..., Ty, U V]
(T T U = P(V))

B:=B(r,P) =

We will prove the result by induction on m. For m = 1, the result holds by
Lemma, 5.1.2. Therefore we assume that m > 2. Suppose the assertion holds

upto m — 1.
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If possible, suppose there exists a non-trivial exponential map ¢ on B
such that v € B?. By Theorem 2.1.4, with respect to the filtration induced
by (—1,...,—1) € Z™ on B, we get a non-trivial exponential map ¢ on the
associated graded ring B, which is isomorphic to B itself (cf. Lemma 5.1.1),
and u € §¢, where @ denotes the image of w in B. Therefore, we can assume
that B is a graded ring and ¢ is a homogeneous exponential map on B, such

that v € B? and the weights of the generators of B are as follows:
wt(t;) = —1, for every i,1 <i < m, wt(u) =11+ -+ + rm, wt(v) = 0.

We first show that B® ¢ k[u,v]. Suppose, if possible, B® C k[u,v](C B).
Then m = 2 and tr. deg), B® = 2 and hence B? = k[u,v] (cf. Lemma 2.1.1(i)).
But then, it follows that t1,t2 € B?, as t]'th>u = P(v) € B® (Lemma 2.1.1(i)).
This contradicts the fact that ¢ is non-trivial. Hence B® ¢ k[u, v].
Therefore, there exists g € B?\ k[u, v], which is homogeneous with respect

to the grading on B and

g=0g(t1,. .., tm,v) + Z Qjq - timudn,
(&,4,9)EA

where § € k™ and a;, € k. Now the following two cases can occur. We

choose a suitable index [,1 <1 < m as follows:

Case 1: If g ¢ k[v], then it has a monomial summand g such that ¢; | g2, for
some [ € {1,...,m}.

Case 2: If g € k[v], then there exist at least one nonzero summand of g of the
form o j4 t’f - timydyd and each such summand has weight zero. We fix such
a summand. Since its weight is zero, we have j(r1 + -+ +7p) =i1+ -+ +im.
Also there exists some s € {1,...,m} such that i < rs. Hence there exists
some [ € {1,...,m},l # s such that 7; > jr;.

Now if we consider the filtration on B, induced by (0,...,0,1,0,...,0) €
7™, where the [-th entry is 1, then ¢ will induce a non-trivial exponential map

gg on the associated graded ring (cf. Lemma 5.1.1)

_ KTy, ... T, U, V]
(I7" - Ty U — P(V))

For every b € B, let b denote its image in B. Note that u,g € Be. Further,
one can see from Cases 1 and 2 that #; | §. Hence f; € B? (cf. Lemma 2.1.1(i),
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Theorem 2.1.4). Therefore, by Lemma 2.1.1(iii), ¢ will induce a non-trivial

exponential map QNS on

k‘l(j—‘l)[Th . 1—‘l 177—2+17"'7Tm7U3V]

(T{l . -TTZ 1Tl7;lrJil . 'TrTanU _ P(V)) .

B = B @y k(h) =

Since u € §¢, we have u € §$, where u is the image of @ in B. But this

contradicts the induction hypothesis. Hence the result follows. ]
The next result describes the Makar-Limanov invariant of the ring B, .
Theorem 5.1.4. Let B, be the ring as in (5.0.1). Then the following hold:
(a) Ifr € Z7y, then ML(B;) = k[t1,... ty].

(b) If r € ZZy \ 2, then ML(B;) C k[t1,...,tn], and for 1 = (1,...,1),
ML(B,) = k.

Proof. (a) We first show that for any non-trivial exponential map ¢ on By,
Bg’ C k[t1,...,tm). Suppose, if possible, there exists a non-trivial expo-
nential map ¢ on B, such that BY ¢ k[t1,...,tm]. Therefore, there exists
g e Bg \ k[t1,...,tm]. Further, suppose that g ¢ k[t1,...,tn,v]. Then, g can

be uniquely expressed as

g:gl(tl,.. Z O[qutll- .t;‘.rr{bujvq,
(4,9,9) €A

where g1 € k™1 and o j, € k*.

Let us choose a summand a; j t'! - - - timu/v? of g, where iy < 74 for some
5,1 < s < m. We now consider the proper Z-filtration on B,, induced by
(0,...,0,—1,0,...,0) € Z™, where the s-th entry is —1. Then 1) induces a non-

trivial exponential map 1) on the associated graded ring B,. By Lemma 5.1.1,

B o E[Ty,..., T, U, V]
ot TyrU - F(Th, - Ts-1,0, Tsg1y oo o, T, V)

For every b € By, let b denote the image of b in B With respect to the chosen
filtration it is clear that w | g and since g € B (Theorem 2.1.4), uw E‘p
Further with respect to the Z-filtration induced by (—1,...,—-1) € ZZ; on

B,, v induces a non-trivial exponential map v’ on the associated graded ring
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Bl.. By Lemma 5.1.1,

k[Ty,..., T, U, V]
(Tt LU = P(V))

u € (Bé)w/. But this
contradicts Lemma 5.1.3. Therefore, we have g € k[t1,...,tm,v] = R.

Let u/ denote the image of U in B{: Since uw € B

ﬁ?

Now note that B, «— C := k[tf!, ... tt1 v]. Set D, := k[tF', ... tEl]o"

YV m )

for all n > 0. The ring k[tfl, ..., tEL 0] can be given the following Z-graded

ybm

structure:

Kt o) = @ Du = PRI 15 o™

n=0 n=0

This induces a proper Z-filtration {(By)p}nez on B, such that (B,), =
(Bicn Dn) N By. Set

A= {(i,j) = (i1, .., 0m,J) € ZZy X Lo | is < 15 for some 5,1 < s <m
(5.1.3)
Using the relation t}' ---t/mu = F(t1,...,tm,v), one can see that every ele-

ment b € B, can be uniquely expressed as

b= bultr, . tm)0" + > bi(w) - timad, (5.1.4)
nz0 (4,5)EM

such that b;;(v) € k[v] \ {0}.

Now since the filtration {(By)n}tnez on B, is induced from the graded
structure of the ring C, from the expression (5.1.4), it follows that the fil-
tration {(By)n}nez is admissible with respect to the generating set I' =
{t1,...,tm,u,v} of B, and the associated graded ring

is generated by the image of I' in E. For any b € B,, let b denote its image
in E. Note that t; " -ty " = 0% in E, where P(V) = F(0,...,0,V) and
d = degy F = degy P(V)(> 1).

As E can be identified with a subring of the graded domain gr(C) =
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k:[tid, ..., tEL v], we have tq,..., 1y, 0 are algebraically independent in F and
k[TY,.... Ty, UV]

(Tt ThmU-Vd)

m + 1, we have the following isomorphism

hence dim £ = m+1. Since is an integral domain of dimension

ETy,...,Tn,UYV]
(T7t - TynU — V)’

1

E (5.1.5)

Now by Theorem 2.1.4, we have ¢ induces a non-trivial exponential map 1Z
on E such that g € EY. Now from the grading on F it is clear that v | g
and hence 7 € E¥. But then from (5.1.5) it follows that ty,...,tm, 0 € BY
(¢f. Lemma 2.1.1(i)) and hence v is a trivial exponential map, which is a
contradiction.

Therefore we obtain that for every non-trivial exponential map ¢ on B,
B? Cklt1,...,tn]. Since Bf is algebraically closed in B, and tr. deg), B = m
(cf. Lemma 2.1.1(ii)), we have Bf = k[t1,...,tm]. Therefore ML(B,) =
Elti, ... tm].

(b) Let r = (r1,...,7m) € ZZy \ ZZ,. Suppose r; = 1 for some j,1 < j < m.
Note that

k[Ty, ..., T, U, V]

B, = S .
T TP TR T T U — F(Th, . T, V)
—1 —1 —1 — +1 +1 +1
Let Ej := Bplty .ttt and Gy o= kI, 5t

Suppose that

F:T’J'Fj(Tla"'vaaV)+F(Tlv"'7%*1)071}+1>"'7Tm7v)'

Now for Fo(t ; )
L G\l e ey lm, U
= UtV (5.1.6)
1 j—1 41 m
we have
ot F(tl,...,tj,l,O,th,...,tm,v)_0
jUj — 4 tTj—ltTj-H #rm -
(RS A AR 7

and E; = Cj[tj,u;,v]. We consider the exponential map ¢; : E; — E;[W]
such that

d)j|cj = idc]., gbj(uj) = Uy, gi)j(v) =0+ UjW and
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F(tl,...,t‘_l,o,t‘+1,...,t ,U+U‘W) . ;
¢j (tj) = = : 7"];1] Tir1 Trnm ’ =t + Z o W*,
AR A AR T —

where «o; € Ej, for each i,1 < i < r. Now since ¢j(u;) = uj, using (5.1.6), it
follows that

gbj (u) = u+

r Tj—1,T54+1 T
tll...tj t7 tnrbn

Fi(ti,...,t; T WL tm, W) — Fi(t1,...,tm, ®
it i+ i m; 0+ uiW) — F(ty m V) :u—i—Zﬂle,
j—1 i+t =1

where 3; € Ej for every [,1 <1 < s.

Let pj :=t1---tj—1tj41-- -t and n be the smallest positive integer such
that p?uj,p?ai,pz?ﬂl € B, for every ¢,1 <7 < r and every [,1 <[ < s. Since
¢j(p;j) = pj, ¢; induces an exponential map ¢; : B, — B,[W] such that

gg](tz) = t;, for every i,1 < i < m and i # j,
T
&i(t;) =t + > a(piWw),
i=1
b;(v) = v+ u;piW and

Gi(u) =u+Y_ Biphw).
=1

Since t1,...,tj—1,tj41,. .. tm,uj € E;bj, it is clear that u; € Efj, where
Uj o= Ayt Tty = A It — (b, ).

Therefore, from the definition of (j;;, it follows that u; € Bg) 7, and hence
Dj = k’[tl, ce ,tj_l,lTj,tj+1, cee ,tm] g ij

Further, since tr. deg;, D; = tr. degy, BY and Dj is algebraically closed in BY,
we have BY = D;.

Again consider the following map ¢ : B, — B,[W] such that
P(t;) = t; for every 4,1 <i<m, ¢(v)=v+t]'---t;mW

and

F(ty,...,t T W
¢(U): (17 ) Whv"’ 1 m ):U+Wa(t1,...,tm,U,W),

s T
tll...tnzbn
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where a € k™2, Tt is easy to see that ¢ € EXP(B,) and k[ty,...,tm] C BY.
As k[tq,...,tp] is algebraically closed in B,, we have Bg = k[t1,...,tm).

Since ng = klti,...,tj—1, F(tl""’tj’l’?J’_tj“"”’tm’v),tj+1, ..., ty] for every j,
1 < j<m, and F is monic in v, we have

ML(B,) C B (| BY =klt; | rj #1] C kltr, ..., tm).
{j1r=1}

In particular, for r = 1 we have k C ML(B;) C B(f Nicj<m ij = k. Hence
the result follows. 0

Remark 5.1.5. From Theorem 5.1.4, it is clear that when r € ZT and
s € 22y \ 7, then B, % B, as ML(B;) # ML(B;).

5.2 A family of counterexamples to the Cancella-

tion Problem in arbitrary characteristic

In this section we will prove a certain subfamily (€;) of the generalised
Danielewski varieties to provide counterexamples to the Cancellation Prob-
lem in arbitrary characteristic.

The following theorem classifies the generalised Danielewski varieties B,

upto isomorphism when r € Z7,.

Theorem 5.2.1. Let (r1,...,7m),(51,...,5m) € ZZ, and F,G € k[T, ..., T\, V]
be monic polynomials in V' each of degree more than 1, such that P(V) =

F(0,...,0,V) and Q(V) = G(0,...,0,V). Suppose

E[Ty,..., T U, V]

B::B m7F = T T
(7'17 ) T ) (Tll ...TmmU—F(Tl,-.-,TmaV))

and
ETy,...,Tmn,UV]

(7' Ty U — G(Th, ..., T, V)
IfB(Tla-..ar’l’th) = B(Sla"'7sm7G) then

B :=B(s1,...,5m,G) =

(i) (r1y--yrm) = (81, -+, Sm) upto a permutation of {1,...,m}.

(ii) There exists a € Autp(k[V]) such that a(Q) = AP, for some A\ € k*.
Thus degy, P = degy, Q.
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(iii) There exists a permutation o of {1,...,m}, A,..., Am, B,y € k*, f €
k[Ty,..., Ty and o € k[Th, ..., Ty, V] such that

GAo()To(1)s - s Aom) Lo(m), YV + f(T1, ..., Tin)) =
T{l"-T&ma(Tl,...,Tm,V) + BF(Th, ..., T, V).

Furthermore, the conditions (i) and (iii) are sufficient for B(ry,...,rm, F)

to be isomorphic to B(s1,...,Sm,G).

Proof. (i) Let t1,...,tm,u,vandt},... ¢,  u' v denote the images of Ty, ..., T),, U,V

in B and B’ respectively. Let p : B — B’ be an isomorphism. Identifying p(B)
by B, we assume that B’ = B. By Theorem 5.1.4(a), we have

ML(B) = k[t1,...,tm] = k[t}, ..., t,].

Therefore,
B @ity tm] (1, tm) = B Qe o1 k(th, . t),
and hence
k(ty, ... tm)[v] = k(ty, ..., o )V = k(t1, ..., tm)[V']. (5.2.1)

Note that R := k[t1,...,tm,v] — B — k[tfl, ..., L 9], We now show that
v' € R. Suppose v' € B\ R. Then

V=gt b)Y by (o) Bt (5.2.2)
(ig)€As

: : : F(t1,....tm,
where A; is as in (5.1.3), g € R and b; ;(v) € k[v] \ {0}. Since u = W
and deg, P(v) > 1, from (5.2.2), it is clear that deg, v" > 1, when considered as
an element in k(t1,...,t,)[v]. But this contradicts (5.2.1). Therefore, v’ € R.
Now using the symmetry in (5.2.1), we obtain that
R=Flt1,... tm,v] =K[t,... .t ] (5.2.3)

> Ymo

Also from (5.2.1) and (5.2.3), it is clear that

v =qv+ ft, . tm), (5.2.4)
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for some v € k* and f € k™. Now

G, o)
! _ 1 »Ymo
R CITERCATT

Since B < k[ti!,... ! ], there exists n > 0 such that

sy Ym

(b tm)" Gt ) _
(1)1 -+ (t7,) '

(t1- )" =

Since for every i € {1,...,m}, t is irreducible in R and t, { G, we have

ti | (t1...tm). Asty,..., ty are also irreducibles in R, we have
t; = \jt;, (5.2.5)

for some j € {1,...,m} and A\; € k*. We now show that s; = r;. Suppose

s; > r;. Consider the ideal
a; ;= ()" BNR= ()%, G}, ..., t,,0)).

Again

a; =t7BNR= (tji,tji‘”F(tl, .. ,tm,v)> ,
which implies that G(t},...,t],,v") € t;R. But this is a contradiction. There-
fore, s; < rj.

Again by similar arguments as above, we get that s; > r;. Therefore,
we have s; = r;. Hence it follows that (ri,...,7n) = (s1,...,5m) upto a

permutation.

(ii) Since by (5.2.5) (t1--+tm)B N R=(ty---t,,) B N R, we have
(t1-tm, F)R=(t,---1,,,G) R.
Therefore, it follows that
Q) =AP(v) + Qi(t1,. .., tm,v), (5.2.6)

for some A € k* and Q1 € (t1,...,tn)R. Therefore using (5.2.4), one can see
that o : k[V] — k[V] defined by a(V) =~V + f(0,...,0) is an automorphism
of k[V], and from (5.2.6) it follows that a(Q) = AP.

(iii) From (i) we get a permutation o of {1,...,m} such t; = Ay ity
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(cf. (5.2.5)) and s; = 1y for every i, 1 < i < m. Hence t'---tjm =
A(t))sr - (t),)°™ for some X € k*. Now

- timBNAR= ()% - (t,)°"BNR
Le., ((f1 -t F(ty, ... tm,v)) R=((t)" - (8,)°", G(t], ..., t1,,0")) R

Therefore,

Gty ..t V) =t trmalty, .oy b, v) + Ft1, .oy b, 0) Bt - ooy i,y 0)

m+1] guch that no monomial summand of § is divisible by

for some a, 8 € kl
tt -+ t7m. Since both F' and G are monic in v, by (ii) deg, F' = deg, G, and
hence it follows that g € k*. Therefore, the desired assertion follows.

We now prove the converse. We define p : k[TY,...,T,,U, V] — B as

follows:

p(T;) = )‘a(i)ta(i)v Isism

p(V) :7’U+f(t17"'atm)
p(U) = X" u+ A"ta(ty, ... tm,v),

where A =[], )\i"(i). Note that p is surjective, and

1=

p(Iit - TymU — G(Th, ..., T, V) = A (H t?@) (A 'Bu+ Aty ... b, v))
i=1

— G()‘U(l)ta(l) e )\U(m)ta(m),’yv + f(ty,...

Now using (5.2.5) and (iii) it follows that

p(TF - T5mU — G(Ty, ..., T, V) = 7 -7 (Bu+ alty, . . ., tm, )
— (1 tyra(ty, .ty 0) + BE (0, .
=0.

Therefore, p induces a surjective map p : B’ — B, where B, B’ both are affine

domains whose dimensions are equal. Hence p is an isomorphism. O
We now record an elementary lemma.

Lemma 5.2.2. Let E, D be integral domains such that E C D. Suppose there

vtm))-

Sy tm, )
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exists a(# 0) € E such that E[a™!] = D[a™ '] and aDNE = aE. Then E = D.

The next theorem exhibits a certain sub-family of generalised Danielewski

varieties which are stably isomorphic.

Theorem 5.2.3. Let (r1,...,7m), (51, ,8m) € ZZy. If (F, Fy) = k[T1,..., Ty, V],
then
B(ry, .. .,rm,F)[l] = B(si, ... ,sm,F)[l].

Proof. Let B(r1,...,Tm, F) be such that r; > 1 for some j € {1,...,m}.

Without loss of generality we assume r; > 1. We now show that
B(ri —1,rg,... ,Tm,F)[l] = B(ry,... ,7“m,F)[1]7

and therefore for any pair (r1,...,7m),(s1,...,5m) € ZZ;, we get the result
inductively.

Let E = B(r1,...,rm, F)[w] = B(r1,...,7m, F). Consider the exponen-
tial map ¢ : E — E[T] = E as follows:

o(t;) = t;, for all i,1 < i < m,
pv) =v+ty' - T,
Fty, ...ty v+ T

o(u) = - - =u+Ta(ty,... tm,v,T),
£t
d(w) =w—4tT,
where « € kl™+2l. Now for
vp =0T Ty, (5.2.7)

we have v; € E®. Again,

F(ty, .. tmv) = F(ty, .o tm,v + 771 tm)
= F(ty, .. tm,v) + 0t (wFy (t1, .t v) + bty),

for some b € k[t1,...,tm,v,w]. Therefore, as F(ti,...,tm,v) = t}*---t7mu,
we have

F(ty, ... tm,v) =t grmeyy (5.2.8)
where

Ul :t1u+wFV(t1,...,tm,U) + bty. (5.2.9)
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Since t1,...,tm,v1 € E?, by (5.2.8), u; € E? (cf. Lemma 2.1.1(i)). Now since
(F,Fy) =k[T1,...,Tp, V], there exist g1, go € k™1 such that

F(tl,...,tm,v)gl<t1,.. . ,tm,’l)) +FV(t1)' "7tmuv)92(t17"‘ 7tm7v) = 1
(5.2.10)
Note that ga(t1,-..,tm,v1) — g2(t1, ..., tm,v) € t1E. Therefore,

w—u1g2(ti, ..., tm,v1) = w — ga(t1, .., tm, v1) (1w + WFy (t1, . .., b, v) + bty)
=w(l —Fy(tr,...,tm,v)g2(t1,...,tm,v1)) + 10
=w(l—Fy(tr,-. tm,v)g2(t1, ..., tm,v)) + 10
=wF(t1, ..., tm,0)g1(t1, ..., tm,v) +t10
=wtt - trugi(t, ...t v) + 110

= tlﬁ)/7

where 0,6 € E and @ = wut!' "' t'mgy(t1, ... tm,v) + 6 € E. Therefore,
we have
~ w—u1ga(t1, ... tm, 1)

@ = €E. (5.2.11)
ty

Note that ¢(@w) = @ — T and hence, by Lemma 2.1.1(ii), F = E?®[@] = (E¢)!.
Let C :=k[t1,...,tm,v1,u1]. Clearly C C E?®. By (5.2.8), tr.deg, C =m + 1
and hence dim C' = m + 1. We show that

~ B ~ k[T4,... T U,V
(a) C = B(Tl 17 TQ - 7Tm7 F) - (Tfl_lT;QT;;{nU—F(Tl,,Tm,V))v
(b) C = E°.

(a) Consider the surjection v : k[T},...,T,,,V,U] — C such that
(1) =t; for all i,1 < i <m, (V) =1, Y(U) = u.

From (5.2.8) it is clear that (77"~ '13%---T/mU — F(Ty,..., T, V)) C ker .

Therefore, v induces a surjection

EK[Ty,..., T, U, V]

Y:B(r—1,re,....1rm, F) = — C.
v:Blr—1r " )(ﬂfﬁﬁmﬂWU—Hﬂ,wﬂmm)
Since B(ry — 1,7r9,...,7y, F') is an integral domain and dim C' = m + 1, we

have v is an isomorphism.
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(b) We note that

B[t = k[, . tm, u, v, w)]
= k[t?l, ooy tmyur, v, w] by (5.2.7) and (5.2.9)
= k[t ..t ur, v, @] by (5.2.11)
= C[t; "[a)]
= E”[t; ')[a]

Since C' C FE?, it follows that C[t;'] = E?[t;']. Therefore, to show that
C = E?, by Lemma 5.2.2, it is enough to show that ¢t;E® N C = #;C. Since
t1ENE® =, E?, it is therefore enough to show that t;ENC = t,C, i.e., the
kernel of the map 7 : C — E/tE is t;C. For every b € E, let b denote its
image in E/t;E, and for every ¢ € C, let ¢ denote its image in C/t;C. We
note that by (5.2.8) and (a),

e o~ K. T, v] W
C/tlc—k[tQ,...,tm,vl,ul]_ <(F(O,T2,,Tm,V))) . (5212)
Also,
[Ty, ..., T, UV, W] k[Ts, ..., Tm, V] .
E/tE = — UW]|=kl,... .1 .
/t (F(0, Ty, ..., T, V) <(F(O,T2,...,Tm,V)) U, W] =klts, ., b, 0,0, 0]

(5.2.13)
Now by (5.2.7), we have w(vy) = v as r; > 1 and by (5.2.9), w(u1) =
wFy(t1, ..., tm,v). By (5.2.10), Fy(t1,...,tm,v) is a unit in F/t; F and hence

k[T, ..., T, V] >[”
)]

W(C):k@w'ﬂﬂ’@’ﬁ]g ((F(O Ty, T,V

Therefore, from (5.2.12) it follows that 7 induces an isomorphism between
C/t1C and w(C). Hence kernel of 7 is equal to t1C.
Thus, from (a) and (b) we have

B(ri,...,tm, F)[w] = FE = (E¢)[1] =B(r1 —1,ro,... ,rm,F)[l].

O]

As a consequence we have an infinite family of examples of varieties in

arbitrary characteristic which are stably isomorphic but not isomorphic (c.f
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Question 3).

Corollary 5.2.4. For each n > 2, there exists an infinite family of pairwise
non-isomorphic rings of dimension n in the class of Generalised Danielewski
varieties over any field k of arbitrary characteristic, which are counterezamples

to the General Cancellation Problem.

Proof. Consider the family of rings

Q1 :={B(r,F) |r:=(r1,...,rm) € ZZ,,F € k[T1,..., Ty, V] is monic in V
and (F, Fy) =k[T1,..., T, V]}.

For any pair r = (r1,...,7m),s = (s1,...,5n,) € ZZ, by Theorem 5.2.3,
B(r, F)1 = B(s, F)[. Further, by Theorem 5.1.4(b) and Theorem 5.2.1, we
get an infinite sub-family of Q which contains pairwise non-isomorphic rings.

Hence taking n = m + 1 we get the result. O

5.3 Invariants of Generalised Asanuma varieties

In this section we will see some applications of Theorem 5.2.3. We recall the

coordinate ring of Generalised Asanuma varieties as follows:

k[X1,..., Xm, Y, Z,T)

A=
0 XY — F(X1,.., X Z.T)

, ri>1foralli,1 <i<m,
(5.3.1)
where f(Z,T) := F(0,...,0,Z,T) # 0 and G := X{*--- X;mY — F. Let
T1,...,Tm,Y, 2, t denote the images of X1,...,X,,,Y, Z, T in A, respectively.
We now deduce the structure of DK(A) and ML(A) for the special form

of F' given below:
F(X1,....,.Xm, Z2,T)=f(Z,T)+ (X1--- Xn)g, (5.3.2)

for some g € k[X1,...,Xm, Z,T].

Proposition 5.3.1. Let A be the affine domain as in (5.3.1) with F' as in
(5.3.2). Then the following hold:

(a) Iff(Z,T) € k*, then DK(A) = A and ML(A) = k[z1, ..., zm, 2y, .. 2}

(b) If f(Z,T) ¢ k*, DK(A) # k[x1,...,Zm, 2, t] and A is geometrically facto-
rial , then ML(A) C k[x1,...,xm]. Moreover, if m =1 then ML(A) = k.

].
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Proof. (a) If f(Z,T) € k*, then A = k[xl,...,xm,:cl_l, .o,y 2 t]. There-
fore,

DK(A) = A and ML(A) = k[z1,...,Zm, 274,20,

rrm

(b) Since f(Z,T) ¢ k*, for every i, 1 < i < m, x; ¢ A*. Therefore, by Proposi-
tion 3.1.8(a), ML(A) C k[z1,...,%m]. Since DK(A) # k[z1,...,Tm, z,t], there
exists a non-trivial exponential map ¢ on A such that A® ¢ klz1, ..., Tm, 2, ).
Suppose, if possible, ML(A) = k[z1,...,2m]. Then, k[z1,...,2,] C A® ¢
k[x1,...,Zm, 2 t]. But then, by Theorem 3.2.6, A = kl™*2] which is contra-
diction as ML(klm+2]) = k.

Therefore, ML(A) C k[z1,...,zy], and since ML(A) is algebraically closed
in A (cf. Lemma 2.1.1(i)), for m = 1, ML(A) = k. O

We now answer Question 4 (see Chapter 1) for some special form of F'.

Proposition 5.3.2. Let C := k[X1,..., X,] and A be the affine domain as
in (5.3.1) where

F(Xla"'vavsz) ZGO(Z)+GI(Z)T+ﬁ(X17aXmaz)

and F € (X1,...,Xn)C|Z]. Then DK(A) = A and ML(A) = k when any one
of following holds:

(i) 1(2) £0.
(ii) a1(Z) =0, F is a monic polynomial in Z and (F,Fz) = C|Z].

Proof. (i) It is clear that for every i € {1,...,m}, z; ¢ A*. Let Q € kl™*2 be
such that

Q(x1, ..., Tm,Y,2) =] - 2y —ﬁ(ml,...,xm,z) —ap(2).

Note that Q(x1,...,2m,y,2) —ai1(z)t = 0. As a;(Z) # 0, for every j €
{1,...,m}, we now define the following maps ¢; : A — A[U] by

¢](‘T1) =5 for i? I1<i< mai 7& j7 d)j(xj) = .CE]'+CL1(Z)U, ¢](y) =Y, ¢](z) =z,
and

e T ; Uxiyq,...
¢](t) — Q(mla 7‘,E] 171/',] +GIEZ§ ,LE]+1, 7xm7yaz) — t—'I—U'UJ(.',El, ,l’m,y, Z,U),
ai\z
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for some v; € k[z1,...,Tm,y,2,U]. It is easy to see that ¢; € EXP(A), for
every j. Since y € A%, by Lemma 3.1.4, we have DK(A) = A.

Let C; = klz1,...,2j—1,Zj41,---,Tm,Y,2]. Then C; C A% C A As
C; is algebraically closed in A and tr.deg, C; = tr.deg; A% = m + 1 (cf.
Lemma 2.1.1(ii)), we have A% = C;. By Proposition 3.1.8(a), ML(A) C
klxi,...,zm]. Since j is arbitrarily chosen from {1,...,m}, we get that
ML(A) C k[21, -+, Zm] Ni<jem A% = k. Thus ML(A) = k.
(ii) As a1(Z) =0, A = B(r1,. .., 7m, F). Now by Theorem 5.2.3 we have A =
B(1,...,1, /). Since by Theorem 5.1.4, ML(B(1,...,1,F)) = k, ML(A) =
k. As B(1,...,1,F) is not rigid, by Lemma 2.1.3, DK(A) = A. O

As a consequence, we give the complete description of DK(A) and ML(A)

when A (as in (5.3.1)) is a regular domain over an infinite field and F =
f(Z,T).

Corollary 5.3.3. Let A be a regular domain defined by

K[X1, ..., Xm, Y, Z,T]

A= .
(X1'- XY = f(Z,7))

Then the following hold:
(a) If f(Z,T) is coordinate in k[Z,T], then DK(A) = A and ML(A) = k.

(b) If there exists a system of coordinates {Z1,T1} of k[Z,T] such that
f(Z,T) =ao(Z1) + a1(Z1)T1, then DK(A) = A and ML(A) = k.

(¢) If k is an infinite field and if f(Z,T) can not be expressed in the
form described in part (b) above, then DK(A) = k[z1,...,Tm,2,t] and
ML(A) = k[z1, ..., zp].

Proof. (a) As k[Z,T] = k[f]], A = kl™*2 Therefore, DK(A) = A and
ML(A) = k.

(b) If a1(Z1) # 0, then the assertion follows from Proposition 5.3.2(i).
If a1(Z1) = 0, then f(Z,T) = ao(Z1). As A is regular we have
ged(ag, (ag)z,) = 1. Hence the result follows from Proposition 5.3.2(ii).

(c) A special case of Remark 3.1.9. O
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