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Notations & Abbreviations

2miz

e r

cb < a < Cb for some absolute constants ¢, C', not de-
pending on a, b

flz)/g(z) = 1, a8 . — o0

3 some absolute constant ¢ > 0 such that |A| < ¢B
3 some ¢(f) > 0 depending on f such that |A| < ¢(f)B
set of all positive integers

set of all non-negative integers

set of all integers

set of all complex numbers

the upper half plane

set of all non-negative real numbers

arbitrary small positive real number

the characteristic function of the set S

ring of p-adic integers

field of p-adic numbers

p%l for any prime p
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Chapter 1

Introduction

1.1 (eneral correlation problem

A problem which arises in a variety of contexts is the cancellations in sums of the form
S=> a(n)b(n), (1.1)
n=1
where a = {a(n)}, and b = {b(n)} are arithmetic sequences of special interest. This type of

problem is also known as the general correlation problem.

For most of the problems we can assume the following three assumptions (these are standard
also) :

A. Finite support : The sequences are supported in some dyadic range [N,2N], i.e.,
a(n) = b(n) =0 for all n ¢ [N,2N].

B. The Ramanujan bound : Though for the sequences the “pointwise Ramanujan
bound”, i.e., a(n), b(n) < n° may not be available to us, so we assume the “Ramanujan

2
bound on average” at least in the L?-sense, i.e., we consider E ‘a(n)’ <, Nt
N<n<2N

C. Non-trivial cancellations : At least one of Za(n) and Zb(n) is small, i.e., of size
n=1 n=1

O(N'=9) for some § > 0.

Then from the first and second assumptions, indexed by A and B respectively, one can note
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that by the Cauchy-Schwarz inequality, we have,

o) ) 1/2 ) 1/2
|S<N>]=1Za<n>b<n>\s< > \am))) (Z \bm)\) <. N

N<n<2N

Then the correlation is given by:

7 2 = [ 3t [ o 00] = 50

n n=1

Il
—

Definition 1.1.1. We say that the sequences a = {a(n)}, and b = {b(n)} are independent
if there exists some § > 0, such that,

Z:‘ila(n) b(n) < N9, (1.2)

1.2 Examples :

For several problems of arithmetic interest, these correlation problems occur naturally. Let
us discuss some of them here :

e Subconvexity problems : To break the convexity bound (coming from the Phragmen-

Lindelof principle of complex analysis) of certain L-functions, we need to consider
certain correlation problems as in the following examples.

At first we take a(n) = x(n)W (%) where x is a primitive Dirichlet character modulo
q and b(n) = n"V (%) where ¢ > 2, for n € [N,2N]. Here W, V are finitely supported
nice functions, which will be discussed later. Suppose we take N = /qt. Note that the
pointwise bounds a(n), b(n) < 1 hold trivially. Also Z b(n) < N'7? follows from
N<n<2N
cancellations of exponential sums (Weyl differencing). In this case Z a(n) < N'7°
N<n<2N

can also be established, following Burgess [11]. The correlation (1.2) in this case is
related to the subconvexity problem of L(3 + it, x).



(ii) Now we take a(n) = x(n), b(n) = Af(n) where x is a primitive Dirichlet character
modulo ¢ and Af(n)’s are normalized Fourier coefficients for a holomorphic cusp or
Hecke-Maass cusp form f for the full modular group SL(2,Z). Here we take N = g.
Then as discussed in the previous example, we have cancellations for the sequence
{a(n)} and also for {b(n)} (see [18]). The correlation (1.2) in this case will be discussed
in our next two chapters, where we show that it is related to the subconvexity of
L +it, f®X).

e Dirichlet’s divisor problem and its cuspidal analogue : Let dy be the usual divisor
function. In 1849 (see [47]), using the hyperbola method, Dirichlet established that

D(N):= > dy(n) = Nlog N + N(2y — 1) + A(N),

n<N

where 7 is the Euler-Mascheroni constant and A(N) = O(v/N) is the error term. The
Dirichlet divisor problem is about improving this error term by finding the smallest
value 0 for which A(N) = O(N?*¢). Hardy (see [47]) showed that inf 6 > 1.

In general, for di(n), which counts the number of ways that n can be written as a
product of exactly k numbers, the error term (see [32]) is related to

Z dp(n)e (/{;(nx)%) for N ~ =y

n~N

For the above problem, it is natural to define ((N z)Y "‘)k = 21 as the “conductor”.
Then note that the length of the sum /N is smaller than the square root of the conductor.
If we take a Hecke-Maass or holomorphic cusp form then our interest lies in estimating
the following sum with the sharp cut :

Z)\(n)

n<x

We expect that it is bounded by O (xi“), which is conjectured, though the known

bound is 237 (see [18]). To improve the known bound O (33%“), one needs to study

Z An)elav/nz)  for N ~ z'/3.

n~N



2
For the above problem we define (\/ N x) = N* as the “conductor” naturally. One

notes that this is the cuspidal analogue of the above problem with £ = 2. Note that
the length of the sum N is less than the square root of the conductor.

Critical Zeros of Symmetric Square L-functions : To prove the existence of critical
zeros of the symmetric square L-functions (analogue of Hardy’s theorem, see [55]), one
has to show strong cancellation in the following sum, namely

Z A(n?) e(an®?) < N0 for some § > 0.
n~N

For the above problem we define (N? 3)3 = N? as the “conductor”. Here one can note
that the length of the sum N is less than the square root of the conductor.

Higher rank exponential sums : For the GL(2) forms we know that

Z A(n) e(na) < Nzte
n~N
The problem for linear twists of GL(3) forms is to estimate the following sums :
Z A(n, 1) e(na),

n~N

with smooth weight. One conjecture is that the above sum is bounded by O (N 1/ 2+5).
But the best known bound is O (N%“), due to Miller (see [46]).

If we consider a GL(d) automorphic form 7 then we are interested in estimating non-
trivially

Z Ae(n, 1, .. 1) e (anﬁ) :

n~N

This problem is completely open for d > 4, even for =1 (Linear twist). For d = 2
one can see [27].



e Shifted convolution sums : Usually, these types of sums arise in the study of subcon-
vexity problems using the moment method and also are some natural examples of this
type of problem. A GL(2) x GL(2) shifted convolution sum problem is to estimate
non-trivially the following sum :

> Ap(n) Ag(n + h),

n~N

where f, g are GL(2) cuspidal automorphic forms with Af(n), Ay(n) are their respective
normalized Fourier coefficients and h > 0. Here we must mention the additive divisor
problem (see [16], [48]), which asks for asymptotics of the following sum (with power
saving error term) :

> " dy(n) dy(n + h),

n<N

where dy is the usual divisor function, as N — oc.

1.3 Long smooth sums vs Short smooth sums

In our examples, we defined “conductor” for many cases, whereas the notion of “conductor”
occurs naturally in the case of automorphic L-functions which can be found in [36]. If the
length of a smooth sum is greater than the square root of the conductor then we will call
that sum to be a “long smooth sum” for which non-trivial cancellation exists due to the
respective functional equation. But if the length of the sum is less than the square root of
the conductor then we will call the sum “short smooth sum” for which, getting non-trivial
cancellation is not easy and becomes one of the centres of attraction in analytic number
theory.

Now consider a smooth sum

S(N) = f: a(n) W (%) : (1.3)

n=1

where W is a nice function supported on [1,3] and taking value 1 on [1,2]. Also let the

5



corresponding Dirichlet series of the sequence a = {a(n)} be

Lu(s) =Y “f;f),

which we assume to satisfy the standard properties of an L-function as given in Chapter 5
of [35] (i.e., these L-functions are in Selberg class) with conductor @(a). Then by the Mellin
inversion formula, (1.3) can be written as

S(N) = %/() NE T (s) (i a(”)> ds = —— [ NTW(s)Lu(s)ds, o >1.

ns 211 J o)

Suppose that the above L-function has polynomial growth, i.e.,

La(S)) <

La(o)] @+ 1)+,

for some A > 0. Then by shifting the contour to the line R(s) = o (< 1 and = 3 for our
case) and using the properties of W (s), we have,

S(N) < N?

La(0)| < N7 Q(a)’,

This gives a non-trivial cancellation, i.e., S(N) < N, if and only if,

N°Q(a)"™ < N ,i.e., N > Q(a)"",
where p = £, We will call this “the range of cancellations” of S(N). Then we will
follow some terminologies :

Trivial range : If the range of cancellations of S(N) is N > Q(a)'/**¢, i.e., = 1, then
we call this range of cancellations of S(/N) to be the “Trivial range”. This corresponds to
the trivial or the convexity bound of the corresponding L-function.

Burgess range : If the range of cancellations of S(V) is N > (Q(a))i_l%%, Le,p=3—1%,
then we call this range of cancellations of S(N) to be the “Burgess range”, as it corresponds

to the Burgess strength bound of the L-function.

Weyl range : If the range of cancellations of S(N) is N > (Q(a))%_%ﬁs, e, p=1-3,

then we call this range of cancellations of S(IV) to be the “Weyl range”, as it corresponds

6



to the Weyl strength bound of the L-function.

1_

Sub-Weyl range : If the range of cancellations of S(N) is N > (Q(a))? 9% for some
11

0 >0, ie, p = 73— 3 — 0, then we call this range of cancellations of S(NN) to be the
“Sub-Weyl range”.

Lindelof range : If the range of cancellations of S(N) is N > (Q(a)), i.e., p = 0, then
we call this range of cancellations of S(IV) to be the “Lindel6f range”. Still now, this is a
conjecture.

Now we will illustrate three examples in the next three following sections.

1.4 Short smooth sums related to Dirichlet characters

Let x be a primitive Dirichlet character modulo p" for » > 1. Then for this case, one can
note that the convexity bound recovers the conclusion of the Polya-Vinogradov inequality.
Hence subconvexity corresponds to cancellation in shorter sums.

Burgess (see [11]) proved that L(1/2,x) <. p**6*¢ which yields a non-trivial bound if
and only if N > p*/®+t¢. His method used the Riemann Hypothesis for curves over finite fields.
However, 3/16, the Burgess exponent is larger than the exponent 1/6 established by Weyl.
However, Burgess’s method yields a non-trivial bound for S, (N) for any N > pY/4+€ if p is
cube-free (especially for primes). This does not come through the passage to L-functions
as we have sketched above. But this basic idea applies to the scenarios as well, invoking
higher-rank harmonics.

The Burgess-type subconvex bound is known only for some limited special cases. A Weyl
quality bound for quadratic characters of the odd conductor was achieved by Conrey and
Iwaniec (see [13]) using the techniques from automorphic forms and Deligne’s solution of the
Weil conjectures for varieties over finite fields. [4] and [25] considered the cases when the
conductor ¢ of y runs over prime powers or otherwise has some special factorizations. For
any Dirichlet L-function having a cube-free conductor, recently Petrow and Young (see [54])
proved a Weyl type subconvex bound where they also got subconvex bound having the same
strength for certain L-functions of self-dual GL(2) automorphic forms which arise as twists
of forms of smaller conductor. One can also see the recent work of Nelson (see [53]). The
exponent 3/16 curiously often occurs in various problems; see [2], [6], [8], [12], [19], [63], [64]
as examples. Also, related work on the Burgess-type bounds can be found in the paper of
Munshi (see [51]). These we will discuss in our next section.

Recently, Milicévié (see [45]) got a sub-Weyl subconvex bound when ¢ = p™ with n large
by developing the p-adic exponent pair method.



1.5 Short smooth sums related to Hecke-cusp forms

1.5.1 A brief history

Let us take a holomorphic or Hecke-Maass cusp form, f for SL(2,Z) having normalized
Fourier coefficients Af(n) and a primitive Dirichlet character x of conductor p”, with r > 1.
Now consider the smooth sum

o

SialN) = - ) M) W () (1.4)

n=1

where W is a smooth bump function supported on [1,2] and satisfies W) (x) < 1.

One can use information (bounds for L(1/2, f® x)) about L-values L(1/2, f ® x) to show
cancellations in the sum Sy, (NN). Indeed, by the Mellin inversion formula, we have that

1 ~
Syx(N) = %/()NSW(s)L(s,f@)X) ds, o>1,

where L(s, f ® x) is given by

L(S,fXX):ZW> for R(s) > 1.

Now shifting the contour to R(s) = 1/2-line and estimating trivially, as done in the Section
1.3, we get that

sf,X(N)<<N1/2/ IL(1/2 +it, f ® x)|dt +O (N™*),

[t|<Ne

for any A > 0.

Now we fix the form f. Then the analytic conductor of L(1/2+it, f ® x) becomes p*"t2.
Then the convexity bound L(1/2 + it, f x x) < p"/?*t'/? would imply that

vaX(N) <<f N1/2 p’/’/QNa’

8



which is non-trivial if N > p"*e.

By the Burgess exponent (see [7], [8], [12], [19], [51]) we have

1
L(g: [ @x) <ge pPEte.

Hence we have the Burgess range
Six(N) <5 VNp%+8 < N < N > p%/4+e,

For r > 1, sufficiently large, currently Weyl bound is known for L(1/2, f ® x) which is
L(1/2, f@x) < p'/3*, due to Mili¢evi¢ and Blomer [10]; Munshi and Singh [52]. This would
then imply that

Six(N) < N2 pr/3eNe,

which is non-trivial if N > p?/3+¢,

Currently we do not know how to obtain sub-Weyl bounds for L(1/2, f®x), i.e., L(1/2+
it, f ®x) < (p?r)3 " for some n > 0 which would give non-trivial bounds for S £ x (V)

whenever N > (pr)g’%*g. It is needless to mention that Lindelof hypothesis would give
non-trivial bounds for L(1/2, f @ x) if N > p™.

Let K(n) be a trace function modulo prime p. In [19], Fouvry, Kowalski and Michel
showed that

n

S ) KW ( N) < NY23/8Ne,

This is the Burgess type bound which gives non-trivial bounds for the above sums if
N > p?/**<. For general trace functions K (n) the bound of Fouvry, Kowalski, and Michel
[19] is the best-known result.

1.5.2 Qur result on the Weyl-type cancellations range for » =1

Let us take two holomorphic cusp forms g and f with weights k4, k¢ respectively or two
Hecke-Maass cusp forms corresponding to the Laplacian eigenvalues }L + 1/3, vy > 1 and

9



}l—l— VJ%, vy > 1, respectively, for SL(2,Z), and x be a primitive Dirichlet character of modulus
p", where p is an odd prime and r > 1.

Still, the Weyl type bound is unknown. Without going into the theory of the L-function,
directly analysing the twisted GL(2) short character sums in [20] we achieved the Weyl type
range :

Theorem 1.5.1. Let f, x be as above with r = 1. Then for any e > 0 and 0 < 0 < % we
have

Sty(N) < pe NP6 (pN)E 4 NP0 (pN)F,

which becomes non-trivial if p5Tete < N < p, where a = 22,

Remark 1.5.2. Note that the Theorem 1.5.1 improves the range of cancellation from N >
p*/4*¢ (Burgess range) to N > p?/3+¢ (Weyl range).

1.5.3 Our result on the sub-Weyl type range for r > 1

Similarly to the previous one, we do not have the sub-Weyl type bound for the twisted
GL(2) L-function. But directly analysing the twisted GL(2) short character sums in [22]
with Mallesham, we got that

Theorem 1.5.3. Let f, x be as above with r > 1 and p be an odd prime such that p > 5.
Then we have

Sf,X<N) <<f Ng p% Nsa

where the implied constant depends on f only, provided p*"/?0ts < N < p*/>,

Remark 1.5.4. Our result is a counterpart result to that of Holowinsky, Munshi, and Qi
[27] where they showed a sub-Weyl type range for cancellations in an analytic twist of A¢(n).

10



1.6 Rankin-Selberg L-functions

1.6.1 A brief history

Let us take two holomorphic cusp forms f and g having weights &y and k, respectively
or Hecke-Maass cusp forms corresponding to the Laplace eigenvalues 1/4 + VJ% and 1/4 + 1/?
respectively for SL(2, Z), having normalized Fourier coefficients A¢(n) and \;(n) respectively.
Then the Rankin-Selberg L-function corresponding to f and g is

L(s,f®g) =((25) ) M R(s) > 1. (1.5)

Note that the last series can be continued analytically to all over C, except when g = f (in
which case, the above L-series has a simple pole at s = 1 ). It is also known that the above
Rankin-Selberg L-function is an example of a degree four automorphic L-function (see [57]).

If the weight k, of a holomorphic cusp form g gets fixed and the weight %k of a holomorphic
cusp form f varies then in [58], Sarnak got the following subconvexity bound in the weight
aspect

L(1/2,f ® g) <ge by 70 (1.6)

Further, the above exponent in (1.6) was improved to 2/3 + ¢ in [42] using similar ideas.

In the t-aspect, using the representation theoretic approach Michel and Venkatesh [44]
proved subconvexity bounds whereas using a similar method, recently Blomer, Jana and
Nelson [9] got the Weyl type subconvexity bound

L1/24it, f @ g) <jge (14 [t])2/3

In this context, one can see [1] also.

For the level aspect subconvex bound one can see [23], [40], [43], [44] when the level of
g gets fixed and the level of f varies. If we vary the levels P, and Py of the forms g and
f, respectively, simultaneously, then Holowinsky and Munshi [28] settled the subconvexity
problem in a certain range using the amplified second-moment method and got that for some

d(n) >0:

L(1/2,9 ® [) <pge (PyPy) /200,

11



when (P, Pr) =1 and Py ~ P} where 0 < n < 2/21. Assuming that the form has a smaller
level being holomorphic, Ye [65] extended this result for all 7. For both holomorphic and
Maass forms, Raju generalised Ye’s result in his thesis [56] using the delta method approach
and got a better exponent.

For us, we have considered the case of GL(1) twists of Rankin-Selberg L-functions. If y
is a primitive Dirichlet character of modulus p, then the L-function associated with f® g® x
is given by

L(S,g ® f ® X) _ L(QS, X2> Z X(n))‘gig))‘f(n)’

n=1

for R(s) > 1, which can be analytically extended to C and also satisfies a functional equation
relating s and 1 — s (see [35]). In this context the convexity bound is

1
L(g, f ® g ® X) <<f,g,a p1+67

for any € > 0 which can be obtained by using the approximate functional equation and the
Phragmen-Lindelof principle.

Sun considered the same type of problem in [59] when the character has modulus p*
where £ > 12 and then fixing the modulus p, she varied it over x (which is known as depth
aspect). Using [3, Proposition 3.1.], one can see that g ® x € My(p?, x?) and then one can
relate this problem with the problems that have been considered in [40], [43] (where in both
of them they assumed that at least one of the forms to be holomorphic) and also in [23]
(where they got the bound to be 1 — ﬁ) though main purpose of our article is to address
the problem as a GL(2) x GL(2) x GL(1) problem using delta method and getting a better

result.

This problem is different from the problem considered in the thesis of Raju (see [56])
where he considered the problem when both f, g have trivial nebentypus but for us, using
3, Proposition 3.1.], we can say that g ® x € My (p?, x?). Eventually, we followed the path
chosen in [56].

1.6.2 Our result on the GL(1) twists of Rankin-Selberg L-functions

In [21], we got the following

12



Theorem 1.6.1. Let f, g be as given above and let x be a primitive Dirichlet character of
modulus p, an odd prime. Then we have

1
L(§7 f ®g & X) <<f,g,5 p%+£a

for any e > 0.

Application 1.6.2. As an application of the Theorem 1.6.1, we improve the bounds ob-
tained in [40] for the problem of distinguishing modular forms based on their first Fourier
coefficients.

Corollary 1.6.3. Let us consider a Hecke cusp form f for SL(2,7Z), as given in the Theorem
1.6.1. Then there exists a constant C' = C(f, ) such that for any primitive cuspidal newform
g for SL(2,Z) and for any primitive Dirichlet character x(n) having modulus N(> 3), an
odd natural number, there ezists n < C N3¢ with (n, N) =1, such that

Ap(n) # Ag(n)x(n).

Proof. The proof is identical to the proof of [40, Corollary 1.3]. Use the Theorem 1.6.1 in
the place of [40, Theorem 1.1], in the proof. ]

1.7 Preliminary lemmas

Let us record some lemmas in this section that we have used in the proofs of our results.

1.7.1 Automorphic form for GL(2)

First let us see some basic results on automorphic forms for SL(2,7Z) (for more details see
[33], [35])-

13



Holomorphic cusp forms :

Let f be a holomorphic Hecke cusp form for SL(2,Z), the full modular group, having weight
k¢ and normalized Fourier coefficients Af(n)’s, i.e., Af(1) = 1 so that it has a Fourier expan-
sion at oo which is given by

Z)\f n* V2% (nz), ze€H.

Then the corresponding Hecke L-function is given by

=[La=X@p+p)", Rs)>1,

p

which has an analytic continuation to the whole complex plane C, proved by Hecke, satisfying
the following functional equation

A(87 f) = €<f)A(]. - 877)7

where f is the dual form of f and £(f) is the root number. So we have the following complete
L-function :

A(S’f):iP(s+(1+kf)/2)F(s+(kf—1)/2> L(s. f).

s 2 2

Now for the holomorphic cusp form f let us recall the Voronoi summation formula.

Lemma 1.7.1. For a,q € Z with (a,q) = 1 and a compactly supported, smooth function on
(0,00), say u, we have

gw)e (%) ) = 25 e (=22 ot

where da = 1 mod ¢ and




Proof. See [17, P. 792]. See [40, Theorem A.4] also for the general level. O

Remark 1.7.2. From the work of Deligne (see [14]) and Deligne-Serre (see [15]) (the latter
is for k = 1), the Petersson-Ramanujan conjecture for the holomorphic cusp forms is now
well-known:

[Ar(n)] < d(n) <,

where d(n) denotes the divisor function.

Maass cusp forms :

Let us take a Hecke-Maass cusp form f for SL(2,7Z), the full modular group, corresponding
to the Laplacian eigenvalue § + v and normalized Fourier coefficients Af(n)’s, i.e., Ay(1) = 1
so that the Fourier series expansion of f at oo becomes

F(2) =V Y A(n) Ko, (2n(nly)e(na),

n#0

where K, (y) is the Bessel function of third kind. Then we have the following associated
L-function :

n

= A
s, =3 2 R =1,
n=1
which can be extended as an entire function, satisfying the following functional equation :

A(Sa f) = E(f)‘/\(l - Sa?)a

where f is the dual form of f, (f) is the root number of f with |e(f)| = 1. Then we have
the following complete L-function :




where ¢ = 1 if f is odd and € = 0 if f is even. Let us now state the following lemma
concerning the Rankin-Selberg bound for the Fourier coefficients.

Lemma 1.7.3. We have

> )| <yt

1<n<zx

where C(f) = k7 if f is holomorphic and C(f) =1+ v} if f is a Maass form.
Proof. See [34, Lemma 1]. O

Remark 1.7.4. Here we note that the Ramanujan-Petersson conjecture predicts that

[Ar(n)| < d(n),

where d(n) is the divisor function. Now if we assume Hy : A;(n) <. d(n)n’ where d is the
divisor function, as a bound towards the Petersson-Ramanujan conjecture for Maass forms
then towards this, the current record is given by 6 = 614, by the work of Kim and Sarnak
[39], [41].

Now we recall the Voronoi summation formula for Maass cusp forms.

Lemma 1.7.5. For a,q € Z with (a,q) = 1 and a compactly supported, smooth function on
(0,00), say u, we have

> an 2 (n dn n

Soastme (%) utn) =g 305 2 (32 ) e (),

n=1 q + n=1 n q q
where we have ad = 1 mod ¢ and

(512
) = 2o () 5(=s) (0 (=) £ (=s) ds.

472
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where

P ) L G A G L G ),

—s+iv —s5—iv ! B —s+ive+1 —s—ivp+1)
r(=)r (=3) (=) o (=)

Here ey = £1 depending on whether f is odd or even.

Proof. For details, see [40, Theorem A.4]. O

1.7.2 Bessel function

Now let us recall some expressions of Bessel functions of the first kind. For an integer k > 2,
let us consider a Bessel function J;_; of first kind of order k£ — 1 which is given by

Jes(a) = /”e<—xsin7+(l€—1)7) "

T or o 2

If the order k is fixed then we have the following expression :

Lemma 1.7.6. We have

Jk,1(27'('&3> = 6(—$) kal(l’) + €($> kal(l’),

where the smooth function Wy_1 satisfies
i ) 1
? W (x) <k NG

whenever 7 > 0 and x > 1.

Proof. See [29, Section 4.5]. O
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1.7.3 The Mellin transform

The Mellin transform (see [60]) is closely connected to the theory of the Dirichlet series and
is often used in number theory. It is an integral transform of a function F' : R — R (wherever
it exists) given by

for s € C (wherever it exists).
Also, we can define the inverse Mellin transform (if it exists) by

z+1Ioo M

xs

M) (z) = F(x) = / ds,

—Joo
where z € R.

For example, one can see that, the gamma function I'(z) (Re(z) > 0) is the Mellin transform
of F(z) =e " for x € RY.

1.7.4 Stationary phase method

We will also utilize a result related to estimating the exponential integrals of the form:

3:/ G(z)e(F(x))dx, (1.7)

where F' and G are real valued smooth functions on the interval [a,b]. Let us recall the
following lemma on exponential integrals.

Lemma 1.7.7. Let F' and G be real valued twice differentiable functions and let F” > r >0
or F" < —r < 0, throughout the interval |a,b]. Let G(x)/F'(x) be monotonic and also let
|G(z)] < A. Then we have

Q
IN

<2

Proof. See [61, Lemma 4.5, P. 72] O
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1.7.5 Kloosterman Sum

Let a,b, m be natural numbers. Then we define a Kloosterman sum which is a particular
kind of exponential sum, given by the following :

S(a, b; m) = Z em(ax + bT),
0<z<m-—1
(z,m)=1

where T denotes the inverse of z modulo m. The most famous estimate is due to Weil (see
[33]) and states that :

S(a, b:m)| < 7(m) v/ged(a, b, m) V.

For more information, one can see [33], [35].

1.7.6 Shifted convolution sum

Let N,k 11,15, h € N; My, Msy, Py, P, be real numbers greater than 1. Let y; be a character
(not necessarily primitive) to modulus N, and let

f(z) = 3 atm)ym® 2 e(mz) € S (N, xa).

m=1

be a primitive cusp form (i.e., an eigenfunction for all the Hecke operators, arithmetically
normalized by a(1) = 1) of weight k& and character x; for the congruence subgroup I'o(V).
Now consider the shifted convolution sum :

Dy(l, b, h) == > a(m) a(ma)g(m, ma),

lymq—laoma=h

where g be a smooth function, supported on [My, 2M;] x [My, 2Ms] such that Hg(ij) ) <
(P,/M,)" (Py/M,)’ for all i, j > 0. Then we have (see [5, Theorem 1.3], [6, Theorem 1.3])

Dy (l1; Iz, h) <eppove (WM + Iy My)'/2H0%e
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for 6 as in the Remark 1.7.4, uniformly in [y, I3, h and also note that here the dependence
on P, P, N, and k is polynomial.

1.7.7 p-Adic exponent pair method

In this section, we will discuss the p-adic exponent pair method which is the p-adic analogue
of the analytic exponent pair method, developed by Milicévi¢ (see [45]). Using these ready-
to-use observations, we can estimate short exponential sums with p-adic analytic phase. Here
we will give a short description, for more theory see [45]. To start with, let us discuss some
notations.Let b(t) = > p-, bit* be a power series with coefficients by, € Z,. Now for any given
A € Ry, let us consider :

1o(Z,) := {b(t) : by € Z,(k > 0), lim |by, = 0},

Io[M(Z,) == {b(t) € Is(Z,,) : ord,(by) > [kX] (k € Ny)}.

For z € QF, let «(z) = max(ord,(z~'),0) and //(z) = max(ord,(z),0), so we have ord,(z) =

J(x) — u(x).

Definition 1.7.8. . Let u,x € N where 1+ //(2) < k, w € Z, X € p,N, y € Q7 and also let
V=1V(y), e =uy), W weZy If f € QIy(Z,) satisfies the following condition :

f'(t) = p"w' (1 + pwt) ™ + ¥y + p"Tg(t),

where g € Ip[A|(Z,) and for some vy € Z,, then we say that f belongs to the class
F(w,y, k, A\, u,w,w’). We say that f belongs to class F'(w,y, k, A, u) if for some o', w € Z,
we have f € F(w,y, k, A\, u,w,w').

Let us consider the set of prime numbers, P and for any sets X, Y, and any family of
subsets X, C X (p € P), let J(X,;Y) be the set of all functions g : QF x| | cp ({p} x X,) —
Y such that, for every y € QF, there is a finite subset Py(y) C P and a function gq :
(P\Py(y)) x X — Y such that g(y,p,x) = go(p, x) for every p € P\Py(y) and every = € X,,.

In particular, we consider J(Y) := J(0;Y) for the set of functions g(y,p) : Q" x P =Y
with the above properties, and J; (V) := J (N, x p,N; Y) (with X = RT and N) = //(2) +N)
for the set of such functions g(y, p, k, A) : QT X |_|pep ({p} x N, x ppN) —Y.
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Definition 1.7.9. Let us consider the set of all quintuples, Q given by

q= (k,f,’l“, 57 (TLO?UON’{O?)‘O))a (18)

where ,k € R, 0 < k < % <l < 1,8 e Rf, re Ji(R), up,ng € J1(N), o € J(N),
Ao € JRT), and k + /(y) < no(y,p, K, A). Then we say that a quintuple ¢ € Q as given
in (1.8) to be a p-adic exponent datum if, for each y € Q*, p € P, w € Z, k € N with
k>141(2), A € pN, u,n € N satisfying

RO(y:IJ) S R, )‘O(yap) S Aa w +n0(y7p7 R, >‘> S n, U[)(y,p,li, )‘) S u,

and for every f € F(w,y,k,\,u), M € Z, and 0 < B < p"~ =" we have the following
estimate

n—w—r—1'\ ¥
Z e (f](;:b)) <<pr (p IE ) BZ <1ngnwnﬂ>5’

M<m<M+B

where r = r(y, p, k, A), and the implied constant depends only on the datum g.

Definition 1.7.10. We call a pair m = (k, ¢), of non-negative numbers a p-adic exponent
pair if ¢ = (k, £, 7,6, (no, uo, ko, o)) is a p-adic exponent datum for some r € J;(R), § € R,
Ng, Uy € Jl(N), Ko € J(N), /\0 € J(Ra_)

Then we observe that (0,1) is an exponent pair.

Theorem 1.7.11. If (k, ) is a p-adic exponent pair, then so are

k k+0+1 1 1
Ak, 0) = (2(k+1)’ 2(k—|—1)> and B(k,0) = (6—5,/{—1—5).

Proof. For the proof see [45]. O

So using these A-process and B-process, we can generate an exponent pair A3B(0,1) =
113

(%, E) whenever p > 5.
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1.8 An approach towards the correlation problems

Here we will discuss mainly the “Delta symbol approach” towards these correlation problems.
This works as a separation of variables.

Here we follow the following steps :

e At first we consider the space B of all functions : (N,2N] — C where N € Z (we
can also take N € R and we can proceed similarly). Then this is a vector space of
dimension N with natural Hermitian inner product <, >.

e Then note that a = {a(n)}, b= {b(n)} € Band S =< a,b >.

e Suppose {{1,(n)} : v € B} be an orthonormal basis of the space B. Then ((¢),(n))) is
an N x N orthonormal matrix so that we have

ZTﬁy(n)Ev(m) =: §(n,m) = {1 ifn=m,

e 0 otherwise .
Here ¢ is the Kronecker delta symbol.

e The last equation helps us to write

S=<a,b>=) <a,y><yb>. (1.9)

vEB
e The circle method / delta method gives a way to come up with such basis functions.

e Individual pieces in (1.9) can be “evaluated” using summation formulae (Poisson,
Voronoi etc.) so we will get a sum having dual coefficients. For example

<a,y >= Y a(n)d,(n) = Y a*(n)yi(n),
and

<bhy >= > b(m),(m) = Y bl (m)pi(m).

m~M m~Mt
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e So we arrived at

S=3 > ain) Y b(m)pi(m).

vEB n~N* m~MT

e Now applying the Cauchy-Schwarz inequality to get rid of one of the sequences using
the bound on average in L2-sense we have

) 1/2
S<<W{ S Y vimpwlim) } .

n~N* vEB m~MT

e Finally opening the absolute value square, we mainly need to estimate the sum

Do 2D sy (n) Y b m)l(m)b ()l (m), (1.10)

n~N* vv'€B m,m/~M*t

using some properties or using some summation formula for the sum

> Uiy (n).

n~N*

e After estimating the above sum, we get some pattern and use that to estimate the
sum (1.10), so that we can apply summation formulae or the cancellation properties
of “short sums” (for example, see [5], [6]). Then we look at what else can be done.

1.9 A short discussion on the Circle method

In the classical circle method, we try to show that these basis vectors, discussed above,
1,(n)’s can be taken as the trigonometric functions. The classical form is based on trigono-
metric functions or harmonics of the circle group. For the higher rank group, we use har-
monics of that higher rank group and try to get different expressions for the delta symbol
d(m,n). Though sometimes it may be good to look also at the classical continuous circle
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method (see [62]) where the notion of major and minor arc is used. In the delta method, we
usually focus on major arcs and try to approximate the results.

The skeleton of the GL(1) delta symbol formula is :

() (s

a mod q

1
Ve

where the * on the sum denotes that the sum is taken over a satisfying the condition (a, q) = 1
and ¢ is to be chosen appropriately.

Here we basically take v = (a,¢) (index) and the basis vectors ¢,(n)’s as

b (n) = Pag(n) = \/Lﬁe (%) :

so that we have
Z Vo(n)p(m) = 6(n, m).

The circle method was first introduced by Hardy and Ramanujan in their celebrated paper
(see [24]) on the partition function. Over the years there have been many forms of circle
methods given by many eminent mathematicians (see [25], [33, Chapter 20], [49] etc.) though
for our need we will discuss only two of them - Jutila’s circle method (see [37], [38]) and DFI
delta method (see [26], [33, Chapter 20]).

1.10 Jutila’s Circle method

Let us consider the delta function ¢ : Z — {0, 1} which is defined as

if
d(n) = 0 ?n#(),
1 ifn=1.

As discussed in the previous sections, we need a nice Fourier expansion of §(n) or at least a
nice approximation of §(n) in some L? norm (for us p = 2). For any S C R, let us consider
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s to be the respective indicator function or the characteristic function given by Ig(z) = 1
for € S and 0 otherwise. Note that

d(n) = /Rﬂ[gﬁl](x)e(nac) dz. (1.11)

Then ® C [@,2Q)], for any collection of positive integers defined as the set of moduli, where
Q > 1 and J, a positive real number, satisfying Q72 < § < Q7 !, let us define the following
function

- 1 "
Lo 5() ::%_LZ ) Ta 5,45 ()

qe® dmod g

where ]I[d 5,444 is the indicator function of the interval [— 6,4 ¢+ 0] Here L=} 4 0(q)
(then we have L < Q?) and we will choose @ in such a way that L= Q*=.

Then this becomes an approximation of I 1) in the following sense:

Lemma 1.10.1. We have

Q2+a

To.1) () — Lo () < SIE

J

where I is the indicator function of [0, 1].

Proof. This becomes a consequence of the Parseval’s identity from Fourier analysis. For the
proof one can see [37], [49]. O

1.11 DFI delta method

First let us mention an expression for d(n) which is due to Duke, Friedlander and Iwaniec
(see [26], [33, Chapter 20]). Let L > 1 be a large real number. Then for n € Z N [-2L,2L],
we have

Z > ( )/ (q,ﬁ)e(g—g)dx, (1.12)

1<q<Q a mod g
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where Q = 2L'/? and e(z) = €2™# and * on the previous sum denotes that the sum is taken
over a with the restricted condition that (a,q) = 1. In the above formula, the function g is
not given explicitly (though one can if one wishes to). The properties of g (for proof, see
[1, Lemma 2.1] and [30, Lemma 15]) that we need in our analysis are given below. For any
A > 1, we have

> et pte) < somin {4 21

3. g(g,v) < ||~
" / (lg(a, )] + l9(a, )Pz <. Q. (1.13)

Then from the third property given above, the effective range of the z-integral in (1.12)
becomes [—Q°, Q¢]. From the above observations, we have :

Lemma 1.11.1. Let us take a large parameter L > 1 and o as above. Then, for any
€ [—2L,2L] with Q = 2L'?, we have the following expression

Z >« ( )/ <Q) 9(a x)e(%)dx+O(L‘2023)7

1<q<Q amodq

where W (z) is a smooth non-negative bump function supported in [—2,2], satisfying W (zx) =
1 when x € [—1,1] and WU)(z) <; 1, for j > 0 and the function g satisfies (1.11).

Proof. For the details see [1, Lemma 2.1], [30, Lemma 15] and [35, Chapter 20]. O
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Chapter 2

Weyl-type bounds for twisted GL(2)
short character sums

In this chapter we will analyse the sum Sy, (N), given by (1.4), using a version of J-method,
without going into L-functions. Our method improves the range of cancellation from N >
p*/4*e (Burgess range) to N > p?/3*¢ (Weyl range). Here let us state our result (see [20])
again:

Theorem 2.0.1. Let f be any Hecke-Maass cusp form for SL(2,7Z) and x be a primitive
Dirichlet character modulo p, an odd prime. Then for any e >0 and 0 < 6 < % we have

Stn(N) <pe N¥/AO2RYE(pN)E 4 N (pN)F,

which becomes non-trivial if p5Tote < N < p, where a = 22

Though this result is implicit in the work of Munshi (see [50]), we are doing it here explicitly.
Actually in that work (see [50]) he aims to get a subconvexity bound for L(1/2 + it, f ® x)
but here we aim to get a range for N to have a non-trivial bound or more precisely getting
cancellation in our twisted GL(2) short character sum. Here we are using the same strategy
and ideas developed in the work of Munshi (see [50]). We will only present the case of
holomorphic cusp forms for SL(2,Z) as for the Maass forms one can see Munshi’s work (see
[50]) which carried out the Maass form case in detail. The case for Maass forms is similar
as we only need the Ramanujan bound in the L2-sense.

Remark 2.0.2. Here we are considering p to be a prime number for simplicity but also one
can do for p when p is not a prime (one has to deal with the coprimality issues carefully)
using the same method.
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2.1 Sketch of the proof

We will describe our method briefly by taking a holomorphic primitive cusp form f, for
SL(2,Z). Here we are using the method of Munshi (see [50]). At first, we consider the sum

S:= As(n)x(n),

n~N

for N > p%+5, where A¢(n)’s are the normalized Fourier coefficients of f and p is the conductor
of x. Here in the sketch, we will suppress the weight function for notational simplicity. Then
we can write the above sum as

B ) BN

n,m~N

where 9,, ., is the Kronecker -symbol. To get an inbuilt bilinear structure that comes from
the circle method - which was found by Jutila (see [37], [38]), we use a flexible version of
the circle method though it comes with a satisfactory error term, as long as we allow the
moduli of the circle method to be slightly larger than v N (see the Section 2.2). Up to an
admissible error, we see that S is given by

S = 30 S xm(n) [ Hale(n = m)ada,

n,m~N

where I(a) := 3T D ged ZZ( mod g) Laza(@), Lasq is the indicator function of the interval [% —
0, g +46], Q := NV?*¢ d is fixed later in a suitable way and L =< Q27 (see the Section 1.10).

Trivial bound at this stage yields N?*¢ and we need to establish the bound N'=¢ for
some 6 > 0, i.e., roughly speaking we need to save N. Observe that by our choice of @),
there is no analytic oscillation in the weight function e((n — m)a). Hence their weights can
be dropped in our sketch. At first using the GL(2) Voronoi summation formula on the n
sum we get that

> e (%) x5 5 astme (727)).

n~N

where ¢ is of size Q = N'/?*? The left-hand side is trivially bounded by N, whereas the
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right-hand side is trivially bounded by (). Hence we have “saved”

Initial length — Initial length — N N

Final length ~ /Conductor 6 VN

Now applying the Poisson summation formula to the m sum we arrive at

> xlme () = 25D R @ ozt

q
meN i<

where I,=,5 mod 4 1S the indicator function for a = mp mod ¢ on Z. Comparing the trivial

bounds for the two sides we observe that we have “saved” —.
VQ

From the @ mod ¢-sum, which will be a Kloosterman sum, we will “save” /Q.

With this, the above sum is roughly reduced to

N? mn
S~ g 2 3 Mlxmae (-2

q€q> n~N20 mNpNe
N

«“ 9 1/2—6 N _ N3/2-6 : : « 9 N _
So far we have “saved” N1/2-¢ x 70 X V0O = N Hence our job is to “save” —5— =
N

—N;//f,g in the above sum.

Next we choose () = (Q1()> and take the set of moduli & to be a product of two sets
of primes so that (as discussed in the Subsection 1.10.1 and the Section 2.4) ¢ = ¢1¢o in
a certain unique way with ¢; < @ and ¢ < Q9 (see the Section 2.4). Then applying the
Cauchy-Schwarz inequality we arrive at

2

2 2 ‘ Yo > Alx(ge)e (_m”p>

@~Q1 ., pN?  n~oN20 ga~Q2 D2
VN

Now we open the absolute value square and apply the Poisson summation formula to
the m-sum (after appropriate smoothing). Here the diagonal is of length Q2 N?’ and so the
contribution of the zero frequency is given by < pN*’. Hence the diagonal contribution is
satisfactory if




Also, the contribution of the off-diagonal is given by < pN%’. Note that this is satisfactory
if

pN/2 p
N3/4\/@ > N1-20

= Qy < N2,

So we have a choice for Q)5 if

% < N1/2-30 = p< N3/2-36

Hence as long as N > p*/3*¢ for some € > 0 then the above method yields a non-trivial
bound for S.

Notation

In this section, by ‘<’ we mean the implied constant will depend on ¢, f only, whenever it
occurs and the notation ‘X <Y’ will mean that Yp== < X < Yp°.

2.2 Setting-up the circle method :

Now we apply the circle method to the following smooth sum directly

Sia(N) = Y Armx(mhs ()

neEL

where the function hy is smooth, supported in [1,2] with hgj )(:c) < 1. Now we will approx-
imate the above sum Sy, () using Jutila’s circle method (see [37], [38] ) by the following
sum :

500 =1 X TS astmntme () Fam),

q€® a mod q m,ne”Z q

where we denote e, () = €27#/9, and

F(z,y) =M <%) ha <%) 2—15 /i e(a(n —m))da.
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Here we consider another smooth function hy having compact support in (0, 00), with he(z) =
1 for  whenever comes from the support of h;. Also we choose § = N~! so that we have

o't
Dixdiy F(z,y) < N

Then we have the following lemma :

Lemma 2.2.1. Let & C [Q,2Q)], with

L=> ¢(q)> Q™

qed

and 6 = % > JZ)—? Then we must have

Proof. For the proof of this lemma, one can see the proof of [50, Lemma 3]. n

We will choose the size of the moduli in the Section 2.4. We shall pick the set of the moduli
to be @ = N*/*t_ Hence the error term getting from the previous lemma is O(N*~7+¢) for
some 6 > 0. Now we will estimate the sum S(N).

2.3 Estimation of S(INV)

2.3.1 Application of the summation formulae

At first, we assume that each element of the set ® is coprime to p, the modulus of the
character y. Let us define

Z S Sl ) T(a,q,2,%), (2.1)

qe® a mod ¢q
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where

S 0.0:0.) 1= S Ast (1) ¢ (22 e,

neL

and

T(a,q,2,x) = »_ x(m) ( )h2<N> e(—am),

meZ

with |z| < 0. Then from (1.11) of the Section 1.10 we have

- (25)1/jS (V) dz

Let us first study the n-sum using the Voronoi summation formula 1.7.1.

S(a,q,z, f) = ZAf ( ) (%)e(nx).

Then we have the following lemma:

Lemma 2.3.1. We have

N3/4 Ae(n an
S(aaquaf) = q1/2 Z 7];1(/4)6 <—?> Il(n’1-7q) _'_O(N72021)’

2
\n|<<%

where q € [Q,2Q)], coprime with p and Zy(n, x,q) is given by

L) = [ hatye (Noy 22Ny w (1) g

where W is a smooth nice function.
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Proof. Applying the Voronoi summation formula 1.7.1 to the n-sum of the equation (2.2),
then we have

3 As(n) ()(nxm() fo ( )

neL nEZ

x /IR Iy (%) e(xy) Jer <47T\q/@) dy,

where Ji_1 is the Bessel function. By changing y — Ny and using the decomposition 1.7.6,

W (z)
/T

W)
\/E e( )’

Jp1(x) = e(zr) +

where W (x) is a nice function, the right-hand side integration becomes

4 4w/ N
N3/4q1/2/h1(y)e (ny + gx/Nny> W (WTny> dy.
R

By repeated integral by parts we see that this integral is negligibly small if |n| > %
Hence the Lemma 2.3.1 follows. m

Remark 2.3.2. Note that xr < T\ﬁq’ otherwise 7 (n, x, q) is negligibly small.

Now let us consider the m-sum of (2.1) given by

(000 = 3 xmle (=) b () et-om) (2.4)

meZ
for which we have the following lemma:

Lemma 2.3.3. We have

NT. _
T(a’7Q7w7X) = TX Z Y(m)X(q)IQ(maxaq) + O<N 2021)a (25)
Im|< B2

mp=a mod q
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where

mNy

Tu(m,.0) 1= [ ha(p)el-Ney)e (—7) dy.

Proof. To the m-sum in the equation (2.4), we apply the Poisson summation formula to get
that

Tl =20 X Tmra) ¥ x(@e (-2 e(22),

meZ £ mod q q pq

where

Ly, .0) = [ ha(y)el—Ney)e <_mp_]qu) dy.

Here note that this integral is negligibly small if |m| > %N e

So we have

T(a.q,2,x) = gq Y. Limaza) Y x(Be (—%) e (2—5) + O(N—2%21),

|m|<<%Ne 5 mod pq

As we know (p,q) = 1, so that we can write 8 as = (1qq + [2pp, where (31, By runs
through a complete set of residue classes congruent to p, g respectively. Then substituting
these in the place of § we have

Nt _
T(a,qo,x) =—= Y X(m)x(q)T(m,z,q) + O(N->").
p Q
|m|< BE
mp=a mod q
This completes the proof. O

From (2.3) and (2.5) we get:
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Proposition 2.3.4. We have

. N7/4 mn
Sz(N) = /pL qzé: 1/2 Z Z n1/4 ( pq )Il(nan?(mm(ﬁ

In|< 92 Im|< 52 (2.6)
(m,q)=1

+ ()(]\7—2021)7

where Ty (n, x,q), Ia(m, x,q) are given by (2.3), (2.5) respectively.

2.4 Further estimation

2.4.1 Application of the Cauchy-Schwarz and Poisson summation
formulae

Le & = ®;®, be the set of moduli, where ®; consists of primes in the dyadic segment
[Qi,2Q;], coprime to p, for i € {1,2} and Q@2 = Q = N'/?*9_ Also, we consider Q; and Qs
whose optimal sizes will be chosen later so that the collections ®; and ®5 become disjoint.
Now consider M, := ’%,Na = %2 Here we note that, as 0 < 6 < 1/10 so that we have
()2 > Ny and also we have Q1 > N,.

Now applying the Cauchy-Schwarz inequality to the equation (2.6), we arrive at

5 N7/4\/_
S,(N) < NN >

1 edPy

2\ 1/2

X Z Z X1/2 Z 1(/4)11(71 r,1q2)La(m, x, q1q0)e ( ZZ:) (2.7)

|m|< My |q2€P2 42 |n|< No

N7/4\/_

\/_L\/_ Z Q No q1, Q2, )1/2

1€d
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where Q(Ny, ¢1, @2, ) is defined as

2

Ar(n mn
ST M 5 MO gmn g (-22)] L e8)
1/2 nl/4 142

Im|<Mo |gee®s 92 |nj<Ny

(m,q)=1

Now we apply the Poisson summation formula to the m-sum with the modulus ¢;¢2¢) in
the equation (2.8). To this end, we first split the sum over m into dyadic blocks m ~ M,
M; < My and then open the absolute value square in the equation (2.8), to get the following,

/! Ar(n)A (0 _—
Q(NanbQZax): Z M Z Lﬂ/(ZL)Il(”a%QIlCIQ)Il(”’»%%qg)A,

/\1/2 /
2 nn
e, (2B

where

, mp(ghn —n' o
Z Z w (M1> ( p(QQ 7 CD)) 12(m71’7Q1Q2)Iz(m,x,q1q2),

My < Mo meZ. 01929

and W’'(z) is a non-negative smooth function supported on [2/3,3] with W'(z) = 1 for
z € [1,2] and W (x) < 1.

Now applying the Poisson summation formula to the m-sum it transforms into

My
/ Z S(p(qén - nIQ2>7 m; QIQ2QQ)I<m7 z, 41,492, q;),
1929 ~=,

where

mM
Z(m,z,q, g2, Gb) ;:/ W' (y) Lo(Myy, x, 1q2) To(Myy, ©, q1¢5) e (—q . ;,y) dy.
R 14249

Here note that the integral Z is negligibly small if |m| > QIQQ N¢ = Q2?N5.
Let Ry = qﬁ? So we get

- N4 M,

Se(N) = —ZrmE 3 QMo 0, Q)+ O(N ), (29)

q1€d,
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where

ety I g e Wb) Inl il <N

x Ii(n, @, qug2) T (0, ¢, 1¢3) Z S(p(gan — n'ge), m; q1G205)Z(m, @, q1, Go, G )-
|m|< Ry

Lemma 2.4.1. We have

Q(No, q1, Q2, ) < (MoNy”> + N> Q2/Q1) (Np)~. (2.10)

The proof of this lemma is given below. The first term of the right-hand side of (2.10) is
coming from m = 0 and the second term is coming from other m’s, i.e., for the terms with
m # 0. For the proof, at first, we consider the zero frequency case, i.e., when m = 0.
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The zero frequency

The zero frequency m = 0 has to be treated differently. Let %y denote the contribution of
the zero frequency to S,(N), i.e.,

Ml q2Q2 )‘f (n))‘f (n/) ’ / . /
Z Z (@205) 3/2 Z Ws(p(%n — '), 05 1¢245)
Mi<Mo Q27QQ€(I) In|,|n|' < No

X Il (n7 x, q1q2) Il (TL/, T, qug) I(Oa x,q1,492, qg)

M1 x(g205) Ar(n)As(n)
Z Z (424} )3/2 Z (nn')1/4

M1 <My q2, QQG(I) |n|7|n|/<<N0

/n _ n/
X Z dﬂ’ (M) Il(na1’7QIQ2)Il(n’avalQé)I(Oax;%?(haqg)

d|(q19295,p(g5n—n'q2))

M1 qmz Ap(n)As(n)
oy My el sy s
Mi<My 1 gy gbe®s dlq19245 ||, |n’|[<No
ghn—n'g2=0 mod d

X Il (TL, T, C]1Q2) Il (nlv z, qug) I(Oa x,q1,42, qg)
(2.11)

Lemma 2.4.2. We have
S < MoNy*(Np)©. (2.12)

Proof. For m = 0 we have six cases according to the divisors of ¢;¢2¢5 and note that @ =

Q1Qo-

Case 1

Let d = ¢1g2¢5. Then note that size of d for this case is Q1Q3. But size of ghn —n'qy is Q2 N.
So in this case

gn—n'ga =0mod d < ¢ = ¢ and n=n/,
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as size of n is smaller than size of (). Hence we have, using the well-known pointwise
Ramanujan bound, given in the Remark 1.7.3,

Yo < sup MiN?,
M1 < Mo

as there are atmost log M, (< p®) many M;’s. Hence we have
S < MoNy/2.

Case 2

Let d = 1. Then we get that, as done in the previous case,

M. N3/2 MaN3/2
Yo <K sup O 200
My < Mo Q Q

But as Ny < @ for this case, we must have,

Yo < MoNy"?,
Case 3
Let d = q,. For this case, we have,

M. N3/2 M N2
Yo K sup L0 < 0"

M<M, Q2 Q-

But as Ny < @), for this case again we have,

Do < MoN,?.
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Case 4

Now consider d = ¢,. For this case we have,

M. N3 MN32
Yo K sup L0 < 0"

M<M, @1 Q1

But as Ny < Q7 for this case, we must have,

Do < MoN,">.

For the case d = ¢}, we have to proceed similarly and we will get the same bound.

Case 5

Now take d = q1q2. But as size of ¢hn — n'qy is 2Ny which is less than the size of d, i.e.,
(Q1Q)> so for this case we have

gan—n'ga =0mod d < ¢ =¢, and n=n'.

Hence we have

M. N2 MN2
Y9 <K sup Ll il

M1 <My QQ QQ

But then again we have, for this case,

Yo < MoNy"?,

For d = ¢4} if we proceed similarly then we will get the same bound.

Case 6

For the last case we have d = ¢3. This case will be similar to the previous case. By
considering the size of d for this case again we can say that

gn—n'ga=0modd < ¢ =¢, and n=n'.
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So for this case, we have

M. N2 MNY2
2p K sup B0 20
m<My @1 (1

Hence we have, for this case,
Yo < MoNy"?,
This completes the proof of the Lemma 2.4.2. O]

Non-zero frequency

Now we will consider the non-zero frequency case, i.e., when m # 0. In this case, we will
need the following basic lemma:

Lemma 2.4.3. For any x,y € R with x,y > 1 and ¢ € N, we have,

> > (a.b,c) =O(ay).

1<a<z 1<b<ly
Proof. We have

YD (@b > D> (ab)

1<a<z 1<b<ly 1<a<z 1<b<ly

< Z Zl Zl gzg.%:O(xy).

1<d< min{z,y} dla dla d=1
1<a<lz 1<b<y
This completes the proof of this lemma. O
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Now the contribution of the non-zero frequency to S,(N) is given by the following:

M Ae(n)A e (n/ -
Lo = Z — Z Chq:f/z > L){/(z;)l—l(nvxvQIQ2)II(HI7$7CI1Q§)

i
vian U g e, (B S (n
(2.13)

XY S(p(ghn —n'ge), m; 1g205)T(m, x, g1, g2, G5).
1<|m|<R1

By the Weil’s bound for Kloosterman sums and estimating the integral trivially, we arrive
at

Z S(p(gen — 1'qa), m; 1q245)L(m, 7, q1, G2, 45)
1<|m|< Ry

< Q21 Z (p(gon — n'g2), m; 16245 )1/2
1<|m|< Ry
Then by the previous lemma 2.4.3, we have,
> (plghn —n'g2), m; qr1gagh) > < RITE
1<|m|< Ry
Hence we get that
Z S(p(gyn — n'g), m; q1g245) Z(m, 2, 1, 42, ¢5) < RiTQan/ Q1. (2.14)
|m| < R1

Now putting values of R; we get that, using the well-known pointwise Ramanujan bound,
given in the Remark 1.7.3,

1
Y0 < (Np)© sup —><—><Ng'/2 QQQXQQ\/Q

M1 < Mo Ql Q

as there are atmost log My (< pf) many M;’s. So we have,

Y0 < N2 Q2/Q1(Np)*.
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This completes the proof of the Lemma 2.4.1.

2.5 Final estimation

From the equations (2.9) and (2.10) we get the following

& N7/ My 1/2 3/2 1/2 e
Sa(N) < fL\/—q%l(MN/JrN/QQ\/Q_) (Np)

(2.15)

N74/Q, M,
< 1My <M&/2N1/4+N3/4Q Q1/4>( Np)e.

NG

Now the optimal choice of (), is obtained by equating the two terms of the equation (2.10)

and using the relations Q,Qs = Q@ = NV Ny = & and M, = &2, so that we have
N1+29

This satisfies our requirement that £ < Qy < N'/273. Now putting this value of @; in the
equation (2.15), we have

5. (V) <& N30/ 0N

Therefore we arrive at

St (N) < (Np) (N¥4H072pH/0 4 N1=0) (2.17)

— loep_ o4 that

with 0 < # < 1/10. We choose 6 = % Slog N

N3/AH0/2p1/6 _ 16 (2.18)

Our 6 will satisfy the condition 0 < 6 < & if p**+tote < N < p where o = {22 which is
fine.

This completes the proof of the Theorem 2.0.1.
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Chapter 3

Sub-Weyl type range for twisted GL(2)
short sums

First let us state our second result 1.5.3 here again :

Theorem 3.0.1. (see [22]) Let p be an odd prime such that p > 5. Then we have

Sf>X<N) <<f N% p% NE’

where the implied constant depends on f only, and provided p'*"/?°+s < N < p*'/5.

Remark 3.0.2. We need condition p > 5 on the prime p to apply the p-adic exponent pair
(1/30, 13/15), as one can see in [45, P. 871] that this p-adic exponent pair is only valid

when p > 5. By applying other exponent pairs one can get a good range but here our main
concern is to get the sub-Weyl range for V.

Remark 3.0.3. Here for simplicity, we are considering f to be a holomorphic Hecke eigen-
form for SL(2,Z). We can get the same kind of bounds for Sy, x(N) even if we consider
Fourier coefficients Ay(n) of Hecke-Maass cusp form f as we only require Ramanujan bound
for the coefficients in L?-sense.

3.1 Sketch of the proof

We take the path of the delta method to bound the sum Sy, (n). Our approach is inspired
by the approach of Munshi and Singh [52]. At first, we separate the oscillations A¢(n)
and x(n) using the delta symbol. While separating these oscillations we introduce extra
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additive harmonics in the sum which serve as conductor lowering in the delta method. Our
next step is to dualize these sums. To do that we apply the Voronoi summation (see the
Lemma 1.7.1) and the Poisson summation formulae accordingly. Now we remove the Fourier
coefficients appearing in the dualized sum by applying the Cauchy-Schwarz inequality. In
the resulting expression, we open the absolute square and again we employ the Poisson
summation formula.

To proceed further, we treat the cases of zero frequency and non-zero frequencies sepa-
rately. In the zero frequency, we can not do much better than evaluating trivially. But in
the non-zero frequencies, we observe that we have a sum of the form

with R < p"/N and a “nice” phase function f. The main step in our proof is to get some
cancellations in the above sum which we achieve by appealing to the p-adic exponent pair
(1/15,13/15). The novelty of this paper is the application of p-adic exponent pair to get
better bounds. Note that this p-adic exponent pair has been developed by Milicevié¢ in [45].
For a brief introduction to this, one can see the Subsection 1.7.7.

Notations

We write p® || m to denote that p* | m and p*™' { m. Also by A < B, we mean that
|A| < C|B| for some absolute constant C' > 0, depending on f, e only.

3.2 An application of the circle method

Separating the oscillations A¢(n) and x(n) in the sum S, (NN) by using the delta symbol
“0”, as given in the Section 1.11, we have

Sea3) = 30 S Mt o (Y w () v (2,
ptl(n—m)

with the condition that p* < N and ¢ < r. Now by writing the expression for §, with the
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choice @ = y/N/pt, in the above sum we arrive at

g *
Sfx Qp/ Z Z Z Sf(N;CL,b,q,x)SX(N;a,b’q,x)dx’ (3.1)

1<q<Q a mod ¢ b mod p*
where
= (a+ bq)n) ( na ) n
S¢(N;a,b,q,x) = A ne( e Wil—), 3.2
i )= Mlme (0 o) (%) (3:2)
and
= a+bqg)m —max m
S (N;a,b,q,x) x(m ( —)e(—)v — . 3.3
3 mz_l plq e <N) (33)

Now in the following section, we dualize these sums by applying summation formulae.

3.3 Application of summation formulae

3.3.1 Applying the Poisson summation formula

We shall apply the Poisson summation formula to the sum over m in the equation (3.3) so
that we have :

Lemma 3.3.1.
Sy(Nja,b,q, ) Z C(a,b,q,m (x,q,m)+O(N_2022),
meZ
|m|<Mo

with My := ’LNQNE, where




and

= [ (5): (23

Proof. We split the m-sum in (3.3) into congruence classes modulo p"q. Indeed, we write
m = [+ cp"q with S mod p"q, and ¢ € Z to get

sanean 5 (R () (5

B mod p"q ceZ

D () [ (25 ()

B mod p”q meZ

where the second equality follows by applying the Poisson summation formula. We now
make the change of variable (5 + yp"q)/N = z to obtain the value of S,(N;a,b,q,x) to be

2l S e (2 2O [ v () () o

B mod p”q

N
= Z C(a,b,q,m)z(%%m)a

MmEZ

where C(a, b, q,m), Z(z,q,m) are given by

Clabgm= 3 x(Be (—wﬁiﬂ),

and




We see, by repeated integration by parts, that

Nz \’ [ g\’
7 S
wam < (1+505) (F)

for any j > 0. Thus, Z(x, g, m) is negligibly small unless

P'Q
N°©.
N

|m| < My =

Since the character sum C(a, b, ¢, m) involves prime power moduli we can easily evaluate
this sum. The following subsection is devoted to these calculations.

3.3.2 Evaluation of the character sum

We have the following lemma.

Lemma 3.3.2. Let ¢ = p"'¢ with (p,q') =1 (i.e., p || q¢). Then we have

C(a,b,q,m) =

q x(d') X (%W) 7 if a=mp—f mod ¢, and p" || m,
0 otherwise,

where T, denotes the Gauss sum.

Proof. Since ¢ = p™ ¢ with (p,q') = 1, the character sum C(a, b, q, m) is given by

3 x(ﬁ)e(_<a+bq)5+ mp3 )

C+11 A r4+r1 A/
Py P pririg
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By writing 8 = a1 ¢'q’ + ap p" 1 p 1 with a; mod p™*"t and a, mod ¢/ in the above sum
we see that the above character sum changes to

> xla)e <_(“ +bg)aud N ma@)

(+r1 T4T1
a1 mod p"t71 p p

(a4 b\ T~ 5
< e( (a4 bg)agp™+mip | mazp )

q q

a2 mod ¢’

Again, considering oy = (1p" + P2, where (35 is modulo p” and £; modulo p™, the above
sum becomes

2, X 2)6(_(Hbq)pr_%a+mw) > e(‘(a+bq>ﬂ@f“ +mﬁ@)

74171 T+T1 71 1
B2 mod p" p p B1 mod p"1 p P

+

_ b rripr—L T
y Z e( (a + bg)op™tmip maep )
q q

as mod ¢’

We execute sums over 5, and «s to transform the above sum to

q ]I(m—apT*eE 0 mod p1) ]I(m—ap"*[E 0 mod ¢’) Z X(ﬁ2)€

T+71
B2 mod p” p

< (m — (a+ bQ)pr_e) 52?) .

Since N < p”, we have the inequality p™* < ¢ < Q = /N/pt < pr=9/2 < pr=¢. Thus,
min{r;,r — £} = r;. Hence the congruence m — ap"~* = 0 mod p™* is same as p™* | m.

Note that, since y is a primitive character modulo p”, the sum over [y is Gauss sum
which vanishes unless

(m — (a+bg)p*

o ’p> =1 < (m/p",p) =1,
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as ry < r — £. In this case, we have

(m—(a+0bq)p"") Boq’\ ,_ (m—(a+bg)p "
2 X(B)e ( s ) = x(¢)x < o )

B2 mod p”

S e(?)

B2 mod p”

Note that the last sum over 35 is the Gauss sum which completes the proof of the lemma.
[

After applying the Poisson summation formula, the sum Sy, (N) becomes

log Q

10gp
9" x)
SpalN —Q / P Z Z

r1=0 1<q’<Q/pTl a1 mod p"1 b mod p*
=1

()N - rtm S
X L Yo x(m = (a+bg)p ) Iz, p g pm)

m/ <K Mo/p"1
(m/,p)=1

(S ()« () w () ontr-s.

for any real A > 0, where a mod ¢ is determined in terms of a; mod p™ and m'. Indeed we

have a = m/p?" pr—t1 + a,¢'q’ mod p™ ¢’ and also ¢ = p™'q’ where pr—4+1 is the multiplica-

tive inverse of p" = modulo ¢’; ¢’ is the multiplicative inverse of ¢’ modulo p".

We now split the above expression for Sy, (/) as follows

SﬁX(N) = Sf,x<N§ T = 0) + Sf,x(N§ ry 2> 1)-

Here note that v > 1 implies (a + bg,p’q) = 1 which allows us to apply the Voronoi
summation formula directly. But, if 7 = 0, then a 4 bg may not be coprime to p’. Therefore
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we can not directly apply the Voronoi summation formula. So we need to work with these
two situations separately. Note that except for very small modifications, these two cases can
be dealt with similarly.

The rest of this chapter only focuses on the estimation of Sy, (N;r; = 0). Similar approach
towards the sum Sy, (N;r; > 1) gives even better estimates.

. g
SuVin=0) =g [ 30 440 5

1<q<Q b mod p*
(g,p)=
N
x { DXDN S~ 2 (a4 b)) T(a, ¢, m) (3.4
p m< Mg
(m,p):l

= (a+ bq)n) ( n ) n
X Ar(n)e e w (—) dx,
{; 7 ( 'q e N
where a = m p"—f mod ¢. Note that from this congruence relation, it follows that (m,q) = 1.

3.3.3 Application of the Voronoi summation formula

Now we appeal to an application of the Voronoi summation formula to the n-sum in (3.4).
Recall from (3.2) that S¢(N;a, b, ¢, x) is same as this n-sum. An application of the Voronoi
summation formula leads to the following lemma.

Lemma 3.3.3. Let (a + bg,p*) = p“ for some 0 < ¢, < {. Then we have

2mik N3/4 Ar(n ((a+bq)/p")n
Sy(N;a,b,q,7) = 541/21/22 Z nl/4 (_ —

0—01
e’e{t} 1<n<kK Ny p q

Xj(€/7 Qa x) n)?

where

N Vn
j(e’,q,x,n):/Wl,s'(y)e(%> (€2z tg ) L
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and Ny = p*~2 N=.

Proof. An application of Voronoi summation formula (see the Lemma 1.7.1) transforms the
sum S¢(N;a,b,q,x) into

+bq)/p")n Y Ty 4\ /yn
phg elq ZM ( ‘ Py > /RW<N> ’ (quQ> S (peg) w

where k is the weight of the holomorphic Hecke eigenform f and Jx_i(x) is the Bessel
function. We make a change of variables y/N + z in the above integration and use the
expression for the Bessel function (see the Subsection 1.7.6)

Jk_l(l’) = — Z Wk75/(ZL‘) eis’z’

where 7 W,gja), () <, ; 1 for z > 1, for Bessel function to get

N3/Ap(t=t)/241/2 / (xNy) (5 2\/—)
Wiee| 7+ Y,

nl/a (¢
ot P'a@ 'q

where W o (y) = W(y)Wy.o (4”; ’le\;y) satisfying ijfQ,(y) <Ly 1 and ¢ € {£1}. Using
integration by parts repeatedly, we can see that the above integral becomes negligibly small
unless

1 <n< Ny=p'~2 Ne.

Thus the lemma follows.

Note that we have the following identities

<<“ +ba)/ pﬁ) _ap"pthipth + ((a + bg) /p")aq

p@*glq pzfglq

_ (la+bg)/p)q | mp'p*—t)
- pl—t + q )
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In the second equality, we have used the fact that a = mp'—¢ mod ¢. The following
proposition is obtained by using this identity and by rearranging all the terms.

Proposition 3.3.4. We have
T N7k
SﬁX(N;rl:O): X 7”+31 Z Zpgl/QTE ﬁl, )
e'e{x} £1=0

where

, A
T 0Ny = f1/4 > X3/2 > Y

1<n<kNg 1<q<Q m<<Mo B mod p?—41
(¢:p)=1 (m,p)=1

— r_ B(jn mp'p 2=ty -
XX (m - 5]7 £+61) € <_pggl - q J<€/7 Q7n7m)7

a+bqg = PBp" and €' € {£1}. The symbol T on the B-sum means that ((a + bq)/p",p) = 1
and

J( q,n,m) = /g(q,x) J( q,z,n)L(q, z,m)dx.
R

3.3.4 Bounds for the integrals J(¢, ¢, n,m)

In this subsection, we give bounds for the integrals J(¢’, ¢, n, m), where ¢’ € {£1}, which
are useful when we will deal with small ¢ (note that the phase functions, appeared in
J(¢’, q,n,m), oscillate when ¢ is small).

Lemma 3.3.5. We have

/
pHqQ NE

J(e
( 7Q7n7m)<< N
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Proof. Recall that J(¢, ¢,n,m) is given by

J(', q,n,m) :/g(q,x) J(E q,2,n)L(q,z,m)dx.
R

The function g(g, =) is negligible unless |z| < N¢. Therefore we have

Ny g'2y/nNy
J(e, ,n,m:/ T /Wa/ e( )e(
(e',q ) e 9(q; ) o (y) a0 Py

—Nzxz —Nmz
X Viz)e e dzdydz + O (N2022)
/R U(ﬂq@) <p’”q> Y ( )

Now we consider the z integral. By repeated application of integration by parts, we see that
the z integral is negligible unless

(3.5)

Nz Nm

p'qQ
a0 "
pqQ  pq

Ne.
N

m
<K N = ‘erpr_g‘ <
We know, by properties of the function ¢(gq, x), see the Section 1.11, that

g9(qg,z) =140 (N_QOQQ) ,

if ¢ < Q' or|z] < N°. We can assume that ¢ < Q'~° otherwise the statement of the
Lemma 3.3.5 follows trivially from the bound g(g,z) < N°¢ if Q' < ¢ < Q. Therefore we
divide z-integral into two parts and write

3(6,7Qanam) = / |z|<N—¢ +/ N—e<|z|<N*® g(an)//{yu Z} d[L‘dde
RJR

< P[]\ng N¢E

Q
T+ pT—e



where {y, z} is the remaining integrand in the variables y, z of (3.5).

In the first integral, we can replace g(g,x) by 1 up to a negligible error term. We treat
everything else trivially in the first xz-integral to get this integral to be

¢
p qQNs‘

<<N

In the second z-integral, we have the condition that N—¢ < |z| < N¢. In this case, we
consider y-integral in (3.5). In this integral we make a change of variable y — %%, and then
the resulting expression of this integral is given by

/R 2y Win(?) e (f(4)) dy.

where the phase function is as follows

) aNy?  €2vnNy
y) = -
e phyq

The stationary point 3y of f(y) is given by

yo = €'v/nQp™ JzV'N.
Hence we have

20N
PlaQ’

f(”)(?/o) =

Thus we get the following second derivative bound

YA
< /P99 e
| FU (10)] N

Therefore, using the Lemma 1.7.7, this y-integral is at most

pqQ
N

< N°©.
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Thus, the second z-integral is at most

PaQ | .
< N N / N—e<|z|<N¢ |g(q7$)‘d$

<P qQNs

er mQ

4
<IN [ lgla. 0P as
N R

¢
pHq@
I ne
<N

Here we have used the L?*-bound for the function g(q, ) from the Section 1.11. O

3.4 Cauchy-Schwarz and Poisson summation formulae

An application of the Cauchy-Schwarz inequality on the n-sum in 7'(¢’, ¢1, N) along with the
Ramanujan bound for the Fourier coefficients As(n) gives that

T(¢', 0, N) < NJ/* 02, (3.6)

where

o-Ym(g) T Y ¥

1<q < m<<MO B mod pt—“
(9,

p)= (m,p)=

- . Ban  mp'pX@hin _ 2
XX (m - ﬁp Z—Ml) € (_pgél - q J(E/7 q,n, m) )

where W5 is smooth bump function supported on [1,2]. After opening the absolute square
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and interchanging sums we arrive at

X (q192) i
0=> > P D) DIED DD
1<q1,42<Q 4 m1,m2<Mo By mod p*~¢1 Bz mod pt—t1
(q192,p)=1 (mima,p)=1

XX (ml - 51PT_Z+Z1) X (mz - ﬂzpr_“el) T<m17 ma, q1, Ga, b1, bz);

where

Brain — B2 @en
T<m1,m27Q1>CI2,b1,bz ZWQ (NO) ( : lpg_gl2 2

ne”Z

mip p*"n mepp*-tin
X e —
Al a2

) 3 qrn,m)I(E g2 m,ma).

Now we split the sum over n into congruence classes modulo p'~“¢1¢>. Indeed for any o

modulo p*~%¢1qs we write n = o + kp*qiqo with k € Z. Then by applying the Poisson
summation on the k£ variable, we arrive at the expression

e 61Q1Q2 P haqige

Z Z . ((EQIQIQQ — E%%Ch) Oé)

n€Z o mod p*~f1qiqe

(PTPQ(““pf’“mqu — PP tp g + ”) “

xXe j1 naq’iami)g/ 9
Phqige ( )
where
~ nNyy
Jl(”?Qiaml7 /W2 5 q17N0y7m1) (6/7q2a N0y7m2) € (_m) dY7
142

for T'(my, ma, q1, G2, b1, b2). Again by repeated integration by parts, we get, J1(n, ¢;, m;, €’) is
negligibly small unless



Therefore after executing the sum over «, the value of T'(my, ma, q1, ¢2, b1, be) is given by

NO Z jl(naQiamhg/)a

£—0q
<Q1<12P NE€
Inj<ae2r

L(condition)

up to a negligible error term and L(condition) denotes the following condition :

Biaiqiaz — Boeqigz + p'p* T p gy — p p200p Mg + 0 = 0 mod p' 1 gigs -
The above congruence relation shows that

B1g2 — Paqi +n = 0mod p—h,

and

P g — P e + 0 = 0 mod qi¢e.

After changing the variables (a1 + bi1q1)/p" — a1 and (ap + baga) /P — am, we see that ©
is given by

© = No Z XS/;hgiz ZZ Z Z Z

1<q1,g2<Q 4 m1,m2<Mo a3 mod p*=f1 ag mod p~—*1 |n|<q1q2pz—‘51 Ne¢
— N

(q192,p)=1 (mima,p)=1 0

a1q2—azq1+n =0 mod p*~41 (37)

p" g —p 1 mag1+n =0 mod q1q2

T—E+E1)

x X (m1 — aap X (ma — aop”™ ) 31 (n, ¢, my, ).

To estimate © we deal with two separate cases depending on the value of n. We treat the
zero frequency (n = 0) and the non-zero frequencies (n # 0) in the following subsections.
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3.4.1 Zero frequency n = 0:

We write O, for the contribution of the zero frequency to ©. In the following lemma, we
give estimates for ©,q,.

Lemma 3.4.1. We have

T+%e73£1

N3/2 N7,

®Z€T0 <<

provided that N > p—(¢=4),

Proof. For n = 0, the congruence conditions in (3.7) reduces to

l—1

Q1qs — apq; = 0 mod p~ ', and

migz — Mg = 0 mod q1¢s.

From the second congruence we infer that ¢; | ¢z and ¢ | ¢; which implies that ¢; = ¢ = ¢,
and we also have that ¢ | m; —my. Then from the first congruence we immediately conclude
that &y = as mod p*~“. Therefore O, is given by

NoZX 2> xtmm) 3T

1<q<@Q mi1,me<Mo a1 mod pf—f1
(g,p)=1 glmi—ma

(m1ma,p)=1
xx (11— Oélmlprf(bel)) x (1- (1177_?229“(641)) Ji(n, q,my, ).

For my # mas, we evaluate the character sum over a;. To this end note that we have

Ap2’r‘ 2[ le_A2p 551) )

(14 zp =0y =¢ <
p'f’
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for some integers A; and Ay which are coprime to p, as our choice of ¢ satisfies the condition
r —{ > r/3 which is same as ¢ < 2r/3 (see [45, Lemma 13]). Thus, the a; sum is given by

Yoo <—Y10‘2 il YQO‘) , (3.8)

r
amod pt—1 p

where

i = At ) (2 ) and
Yo = Aop™ 1) (g — 1) .

Note that this character sum is the same as

A=) (m2 — md)a? + Ay(my — me)a
> o

o mod pt—%1

A=+ (m2 —m2)a? + Ay(my — me)a
- Z € ptha-l .

o mod pt—t1-1

We will proceed with the first term only as treatment for the second term will be similar and it
will be dominated by the first sum. To estimate the first sum, let us write a = a;+p"~ ¢ 3,
where oy is modulo p"~“=%) and B is modulo p**~*)=". As we can take ¢ < &, the first
term in (3.9) becomes

S (A et =
e p(Z—Zl)

a1 mod p"— (£—21)

(3.10)

I S )

B1 mod p2(Z—£1)—r

From the above, as g.c.d(As, p) = 1 we can see that the second sum will be
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pQ(Z—Kl)—r]I

mi1=mso mod 11)2(2*21)*r .

Now let 7y — My = Cpy.my P27, Putting this in the first sum of (3.10), it reduces to

A2 Cm m (03] r—(f—
Z e <W> =p ¢ zl)HmlzmQ o pr—(t—E1)-

a1 mod p’"*(e’el)

Hence (3.10) reduces to

(—01
p Hm1£m2 mod Le.m (p2¢—21) =7 pr—(£=£1))-

By substituting the bound for the character sum over « from the above and the bound for
the integral

20 .22
~ PrQ
J1<n7Q7mi7€/) < N2 NE’

in ©,.,, we see that

vy 1 p2£q2Q2
®zero < NO {p ! Z 3 Z Z Tﬂmlzmg mod l.c.m (pQ(Z_el)_r,p’“—(f—el))

1<q<@Q m1,ma<K My
(g,p)=1 qlmi—mo

(mima,p)=1

N Z ZZ p2Zq2Q2}

1<q<Q m1,ma<K Mo

p)=1
(a,p)= glmi—ms

(mima,p)=1

T+%—3f1 p
N3/2 N°+ N5/2

D 2r+3£—20,
< N*

pr+ 521 —301

< N3/2

N*,

where in the second inequality the first term corresponds to the contribution of m; = mo,
and the second one corresponds to the contribution of m; # ms, and in the last inequality
we have used the assumption that N > p"~¢~)_ This concludes the proof of the lemma. O
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Let Ty(e’, 41, N) and Sy, (N; 71 = 0, O,er0) denote the contribution of © e, to T'(€’, (1, N)
and Sy, (N;r; = 0) respectively. Then we have that

r430—441
p 2

To(c‘,,gl,N) < W

N°,

and consequently, we have that

Squ(N; rn = 07 @zero) < \/pr2 N€7
provided N > p"~*. We record this as the following proposition.

Proposition 3.4.2. We have

vaX<N; r = 07 @zero) < \/Npe/Z NE)

provided N > p"~.

3.4.2 Non-zero frequency n # 0 :

Assume that n # 0 and also (n,pg1q2) = 1 otherwise we can take the ged out and then
proceed with a similar approach and we can see that the resulting term will be dominated
by the following case. In this case we have determined that ay mod p* and write mq, my in
terms of ¢q, g2 and n modulo ¢y, ¢o, respectively using the congruences. Indeed, we have

ay = qi(@1g2 +n) mod p~,

and

_ r—(£—£1)

my = —ﬁp r—(£—£1)

g2 mod q;, mo = np ¢ mod ¢s.
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r—(L—£71)

By writing m; = —np ¢ + g1 and my = Ap" gy + roqe, we see that

X (q192)
®non—zer0 - NO Z 3/2 3/2
1<q1,02<Q N1
(q192,p)=1

X Z ZZ C(ri,7m2,q1,q2,m) J1(n, qs, mi, €7),

0<|n |<7‘11‘12” Ne IrI<BN®

|T2|§p Ne

where C(r1,72, q1, g2, n) is given by

Z* Y (_ﬁprf(ffﬁ)qQ + g — apr(ffel))

a mod p(¢—¢1)

X X (ﬁpr‘“‘mql +79q2 — 1 (ga + n)p’”‘“‘“)> :

3.4.3 Evaluation of the sum over «

The a sum is given by

C(rlv 2,41, 42, n) = Z X (T1q1 + (—a — ﬁqz)pr_(f—fl))

a mod p(¢—£1)

X X (7’2(]2 + <—Q1(54Q2 +n)+ ﬁfh) prf(gle)> .

Note that

_A1p2’r‘ 2(0—£y) Z _A2p (e— 51) )

(14 zp =0y =¢ <
p'f’
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for some integers A;’s which are coprime to p, as our choice of ¢ satisfies the condition
r — ¢ > r/3 which is same as ¢ < 2r/3. Thus, the character sum C(ry, 72, g1, g2, n) is same as

A (FIq1 G2 + TG 1) + (— AR Erigs + AzﬁQfSQ_%Q%)PT_(Z_Zl)>

X(riq1) x(r2q2) e ( P

{—0
p 1

. Aiqr — 245072 @2 qep” 1)) o
v Z . (( 1T1q1 2NT1q14q2p )
a mod pt—t1

aga+n#0 mod pt—41

< e <— (A1T2Q2Q1 + 2A2ﬁf§q_§q%p’"*(e*el)) (ags + n))
(—0y
p

x (_A"fq%p’"‘”lw + Asrigiaip " (Ggs + ”)2>
€ .
(—01
p

The above a sum reduces to

* (Aiarqr — 2A:0°F G qop™ ")) @
Z € Pl

a mod pf—h

a+1#0mod pt—@

y (— (AsmaGaqn + 2A:0° T3 g5 q3p ) (o + 1))
e

0

p

y (—Agﬁ%%qur—(‘—fl)o‘ﬂ + A2 P23 (a + 1)2>
€ .
{—10
p

We assume that (¢ — ¢1) is an even positive integer to make the exposition simpler and
to keep the ideas clear. The odd case also can be treated similarly. We now evaluate the
above sum by splitting the a variable. We write

a=a;+ ap™M? with (#0, # —1) mod p/2 o, mod plt—)/2,
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Thus the o sum can be written as

—_— —
v 6<X1a1+X2(a1+1)+X3a12+X4(a1+1)>
pfffl

a1 mod p(t—£1)/2

a14+1% 0 mod p¢—£1)/2

—2
(Xl O_é% +X2 (Oél + 1) > (6]

X Z . A

oo mod p(e_‘zl)/2

—_— —
— plt=t1)/2 Z* e <X1 ay + Xy (g + 1) + Xz a* + Xy (o + 1) > ,

(—L
p 1

a1 mod p(é—*1)/2
a1+1% 0 mod p¢—41)/2

X1 d%+X2 (a1+1)2 =0 mod p(¢—€1)/2
where

X, = Aynrqq — 2A.0°F g gap” (=t

Xy = — (Ayiragaqy + 2450 2q2¢2p ) |
X3 = —An*rigip T,

X4 = Asn?ragaqip™ .

Note that X; = A;aFq; mod p“~)/2 and Xy, = —AAT2¢2q1 mod p=—/2 asr — (0 —1,) >
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(¢ — ¢1)/2. Thus this « term inside the above sum is given by

(Ay g — 2AR2R2 g2 g2p () ((7‘2f1)1/2 (1) — 1)

(—01)/2
Vite Pt

p

(AinTagq + 2A:0°F3 g3 qdp™ ) (1 + (7”2771)1/2 (1q2) — 1)

xel|— o
25222 2 r—((—f1) _N1/2 0 2
— Ao g 450" ! ((7”27"1) (132) — 1)
X e >
¢ 1/2 2
Asn*ragigap ) <1 + (1) " (1q2) — 1)
X e :

(—0
p 1

if 77y = O mod pt~4)/2 otherwise the o sum becomes zero. Note that ry7 is square

modulo pz 472 if and only if ro7; is square modulo p. Any m modulo p be such that
rof1 = m?mod p can be uniquely extended to modulo pt~%)/2 with the property that
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rof1 = m? mod pl=4)/2 by Hensel’s lemma.

Therefore, we have

C(r1,7r2,q1,q2,n) = pl-f/2 Ly =0modp  X(r1q1) Xx(r2¢2)

A (T1qh g2 + T2 G Q1)> e ((—AQTLQCI%T%C]% + A2n27«gq§q%)pr(4&)>

K 4y pE—Zl

Alnﬁﬂh — 24,12 qu 5 pr_(ﬁ_zl)) ((T2fl>1/2 (1q2) — 1>

pf—fl

(—0
p 1

—(t—t1) = \1/2 = 2
— Ay’ qrgzp N <(W1) (1q2) — 1)
pé—fl

2
Agrin®@gapr— 4 (1 + (T2f1)1/2 (1G2) — 1)
Pt

( (A1aTaGaq + 2A:0°F3q5¢3p (1) <1 + (rom)? (01G) — 1)

3.4.4 The sum over r

We now consider the ry sum which is given by

A(naqi7T1aN7 6,) = Z X(TQ)G <g<i2)) jl(nathlar%gl)a

pf 01
2| <B

roT1 =0 mod p
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where

2

g(”/’z) :Alﬁq_QQIfQ + A2ﬁ2q2q%pr_(£—f1)f2

2
+ (Avrigr — 240° T g gop" ) (rom) 2
— (A + 24530 (1 (rar) )
= Aaratp’ = (o = 2rar) V%) — APty (rir — 2(ram))
By taking dyadic sub-division we see that this sum is at most

A(”;Qi,T17N7 5/) < N© sup |T(R>|,

pT
R<EL

where

r
T(R) = Z x(ra) e <gg_z)) Ji(n, qi, 1,72, €).
R<ro<2R p

ro71 =0 mod p
Remark 3.4.3. Note that we have

N 20 .22
N p™ @ Ne
pr N2

o _ ,
a_T_QJl(n7Qi7T17r27€) <

so we can ignore the integral J;(n,q;,r1,72,€") using partial summation, while estimating

T(R).
In the following lemma, we give an estimate for T'(R).

Lemma 3.4.4. We have

T(R) < p14/15p7"/30 R1/5N8.
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Proof. Let k be a large positive integer but fixed. Then we have that

-y X% e

1<m<pr R<ro<2R

ro =71 m? mod p~

where f(t) = aglog, (1 + prym?t) + p"~“g(rym? + tp*). Note that

F1(t) = pagrym? (1+ pirym2) "+ p = h(t),

where h(t) = p* ¢ (rym? + p*t). Our phase function f is in the class F(k, 1, %, A\, u) for
arbitrarily large positive A and positive integer u but fixed, from the Section 1.7.7, so that
we can apply p-adic exponent pair (1/30,13/15), when p # 2,3, to the above inner sum to
get

r—2K

1/30
T(R) <, (p 7 ) R3/15 e

<, p® RYPN®,
where the absolute constant depends on prime p. This concludes the lemma. O

As a consequence of the above lemma we have

A(”?Qiarlan 5/) < pl%r N_5/6NE- (311)
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The following lemma gives an estimate for O, ero-

Lemma 3.4.5. We have

2871 3¢
pis g
(—‘)non—zero << N4/3 N .

Proof. Observe that

3¢
7‘+€— Tl

@non—zero << p Sup ‘A(n7 Qz; rl? N7 8’)’ NE'

VN 3i<Q
-
Ir|<Br

£—0q
O<|7’L‘§ 111‘12150

By substituting the bound for A(n,g;,r, N,&’) from the equation (3.11) in the above in-
equality we get

287 3¢
p1s 3 8
@non—zero << N4/3 N .

]

Let To(¢’, 01, N) and Sp\(N;r1 = 0, Ononsero) denote the contribution of ©yongero t0
T(e',t1,N) and Sy, (N;7r = 0) respectively. Then we have

14r/15, 3254
p p 4 e
Tu(e', 6, N) < — s
and consequently, we have
137/30 \J7/12
p €
Sf7X<N; ry =0, Gnon-zero) < p€/4 N*.

Therefore we have the following proposition.
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Proposition 3.4.6. We have

13/30 \J7/12

Sf»X(N; ry = 0, @non-zem) < pT N

3.5 Conclusion

In this section, we complete the proof of our main Theorem 3.0.1. Since the zero frequency
and the non-zero frequency cases together give Sy, (N;r = 0), we have

Sf,X(N; ry = 0) = Sf,x(N§ rn = 07 @zero) + Sf,X(N;Tl - 07 @non-zero)-

From the Propositions 3.4.2 and 3.4.6, we infer that

137"/30N7/12
p €
Siy(N;rp =0) < (vaZ/Q-f- T) N*,

provided max{p*,p" ¢} < N and ¢ < 2r/3. By equating two terms in parenthesis we get the
value of ¢ which is given by

26r 1
I L N
{45+90gp ]

Note that this choice of ¢ satisfies above conditions and ¢ < 2r/3 provided that N >
p3/20 and N < p*/® respectively. Therefore we conclude that

Sf»X<N)<<Ng p%N€7

provided p'¥7/20t¢ «_ N < p*/5 and absolute value may depend on the prime p. This
concludes the proof of the Theorem 3.0.1.
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Chapter 4

Subconvexity for GL(1) twists of
Rankin-Selberg L-functions

Let f and g be two Hecke-Maass or holomorphic primitive cusp forms for SL(2,Z) and x be
a primitive Dirichlet character of modulus p, an odd prime. In this chapter, we will prove a
subconvex bound for L(s, f ® g ® x). Let us state our result (see [21]) here again :

Theorem 4.0.1. Let f and g be two holomorphic or Hecke-Maass primitive cusp forms for
SL(2,Z) and let x be a primitive Dirichlet character of modulus p, an odd prime. Then we
have

1
L(5. f ®9®X) gy pTe,

for any £ > 0.

Remark 4.0.2. The main ingredient of this chapter is to use Jutila’s circle method to reduce
the original problem to a GL(2) x GL(2) shifted convolution sum problem and then appeal
to some available bounds for those shifted sums. An anonymous referee has pointed out that
a similar method was used in Raju’s PhD thesis (see [56]) in the case when n — n® and the
method can be generalised for Dirichlet characters.

Remark 4.0.3. If we assume the Remark 1.7.4 then we would have

1
L(§7 f R X) <<f,g,a p%—o—%%—s‘

However, for our case, we only need that 6 < %, which is consistent with the current record
for 6 as discussed in the Remark 1.7.4.
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Notation

In this chapter, by A < B we mean that |A| < C|B] for some absolute constant C' > 0,
depending on f, e only and the notation ‘X <Y’ will mean that Yp== < X < Yp°.

4.1 Sketch of the proof

At first, we use the approximate functional equation to truncate the sum and then we use
dyadic subdivision to arrive at (see [23, equation 3.8])

1 S(N
L(§,f®g®x) <. Sup ISW)I

+0 (p™), 4.1
N My (p=") (4.1)

for arbitrary large A > 0, where

S(N) =D Ap(n)Ag(n)x(n).

n~N

Here in the sketch, we will consider the case when N = p?, at the boundary and also
suppress the weight function for notational simplicity and we are using the method of Munshi
(see [50]) to get the following sum

S = Z Z Ap(n)Ag(m)x(m) 8y m,

n,mn~p?

where 9,, ,, denotes the Kronecker J-symbol. Here to get an inbuilt bilinear structure in the
circle method itself, we need to use a more flexible version of the circle method - the one
investigated by Jutila (see [37], [38]). This version comes with a satisfactory error term, as
we will find out, as long as we allow the moduli to be slightly larger than v/N. Upto an
admissible error, we see that S is given by

S =" Ap(n)Ag(m)x(m) / I(a)e((n — m)a)da,

n,m~N R

where I(a) := L Doged u( mod g Lajq(@) and Iy is the indicator function of the interval
[g — 0, ‘El +6], Q := NY?* and L =< Q*=.

Trivial bound at this stage yields N?>*¢ and we need to establish the bound N'=¢ for
some 6 > 0, i.e., roughly speaking we need to save N+ something. Observe that by our
choice of @), there is no analytic oscillation in the weight function e((n — m)«). Hence these
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weights can be dropped in our sketch. At first using the GL(2) Voronoi summation formula
on the n sum we get that

S () =3 v (52).

n~N

where ¢ is of size Q ~ v/ Np"/?. The left-hand side is trivially bounded by N, whereas the
right-hand side is trivially bounded by ). Hence we have “saved” g

Again applying the GL(2) Voronoi summation formula 1.7.1 on the m sum we will save
]%. Also as the a mod ¢ sum will be a Ramanujan sum we will “save” () in the a-sum. Up
to this step, our total savings becomes

N N N? N

Q" pQ T pQ  pr?

so we have already reached the boundary and any savings will work. After this, we used the
Cauchy-Schwarz inequality and then we opened the absolute value squares after that, we
used the shifted convolution sum result done in [6] and also analysed a short twisted GL(2)
character sum where the length of the sum is greater than the size of the conductor. Hence
we got our savings, giving our subconvexity result 4.0.1.

4.2 Setting-up the circle method :

Let us apply the circle method directly to the smooth sum

SrandN) = 3 Ay (m)x(mh ()

ne”L

where the function h is smooth, supported in [1,2] with hV)(z) <; 1. Now we will approx-
imate the above sum Sy, (N) using Jutila’s circle method (see [37], [38]) by the following
sum :

=1 X T e () Fnm),

qe® amodq n,meZ
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where

F(z,y) =h <%) h* (%) %/_Z e(a(n —m))da.

Here we consider another smooth function h* having compact support in (0, 00), with he(z) =
1 whenever x comes from the support of h. Also choosing § = N~! we have

ot
81x89yF(x’y) <<iaj W

Then we have the following lemma :

Lemma 4.2.1. Let ® C [1,Q)], with

L=Y ¢(g)> Q"

qed®

and 6 > % So we arrive at

Sax(N) = S(N) + Oy (N 5@_;> : (4.2)

Proof. Consider

Ga) = 32 > A mximn () (5 e (eln —m))

nmezZ

One can see that Sy, (N) = fol G(z)dz and S(N) = fol I 5(2)G(z)dz. Hence

Sran ()-8 < [

1—]~Iq>,5(3:)H Z Aﬂn)e(:cn)h(%) H Z Ag(m)x(m)e(xm)h* <%) ‘dx.
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Here we have used the point-wise bound given by " )\f(n)e(xn)h<%> < e N2t for
the middle sum. Using the Cauchy-Schwarz inequality we get

59309 38 [ -foto ][ | S sttotome () 0]

For the last sum, we open the absolute value square and execute the integral. So we are
left with the diagonal only, which has size N. For the other sum, we use the Lemma 1.10.1.
It follows that

QQ

Sf,g,x(N) - 5’(]\/)) Lfe N 5L2

As for subconvexity, we need to save N with something more, i.e., we must have §L? >
Q*p", ie., % > 0> g—z, i.e., Q> VNp"?. Here we choose Q = v Np"?*¢ and prime to p.

Hence the error term in the Lemma 4.2.1 is bounded by O ( - /2>

4.3 Estimation of S(N)

Here we will estimate S(N).

4.3.1 Application of the Voronoi and Poisson summation formulae

At first, we assume that each member of ® is coprime to p, the modulus of the character y.
Now let us consider

Z Z (a,q,z, f)T(a,q, z,g), (4.3)

q€<I’ a mod q

where

S(a,q,x, f): ZAf n)eq(an) )h(%),
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and

= m
: A —zm)R* (-) .
T(a,q,z,9) mz_l g (—am)e(—xm) N
Hence from the Section 1.10 we have
_ 1 [9 .
S(N) = ~ / 3, (N)dz (4.4)
20 J_s
Lemma 4.3.1. We have
N3/ Ar(n) an _
S(CL q,7, f) (]T Z 51/4 € (_?) Il(naxa(J) +O(N 2023)7 (45)
1<n<No
where Ny := % and Iy (n, x, q) is given by

L) = [ w)e (Noy+ 22w ) w, (L) g,

where Wy is a smooth nice function.

Proof. Applying the Voronoi summation formula 1.7.1 to the n-sum of the equation (4.3),
we have

N () e () = v (-7)
xéh(%)e(xy)kal <47r\q/@)d,

where J;, 1 is the Bessel function. By changing y — Ny and using the decomposition 1.7.6,

ka_l(flf) =




where Wy (z) is a nice smooth function, the right-hand side integral becomes

4 4/ N
N3/4q1/2/ h(y)e (N:L’y + %x/Nny) Wy (WTny) dy.
R

. . . . . . . 2 €
By repeated integral by parts we see that this integral is negligibly small if |n| > % =: Njy.
Hence the lemma follows. O

Lemma 4.3.2. We have

N3/4 * = A(m) [em
T(a7Q7I) - X<_B) £ € (_) I2(qam7'r)
x \/p_q B mzod P 1§m2<<M0 mt/t pq (4 6)

4 O(N—2023>7

where ¢ = ap + 5(.17 (C7PQ) = 17 MO = %’ and

o 4 An\/N
Ly(g,m,z) = / h*(y)e (ny + Nmy) W, (W—my) dy. (4.7)
0 pq pq

Proof. At first, let us expand x(m) in terms of additive characters so that we have

xm) == 3= x@e (20,

Xﬁmodp

where 75 is the Gauss sum associated to . Hence the m-sum in (4.3) transforms into

T:=T(a,q,x,q)

(4.8)



Now let us consider ¢ = ap— ¢ so that (¢, pg) = 1. Now applying the Voronoi summation
formula 1.7.1 to the sum Sy with the modulus pg and g(m) = e(—max)h* (%), we arrive at

1 * > cm
T SR S () utm). (19)

where

u(m) = /0 s (2) e (—yx) Ji, 1 (4“/@ ) dy. (4.10)

N Pq

Now by changing the variables y — Ny and using the decomposition 1.7.6,

S
S

(4.11)

Here note that by abuse of notation we are using the same notation for the weight
functions (the weight function A* appearing above is different from the one we started with,
which satisfies h*7)(z) <, & and also supp(h*) C [1/2,5/2]). Now using integration by
parts repeatedly, we have

IQ(Q, m, Q?) <<J 1.

Hence the integral I5(q, m,x) is notably small if

(pq)?

m >
N

= M().

Now plugging in the expression (4.11) of u(m) into (4.9), we get our lemma.
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Hence we have

Lemma 4.3.3.

G N3/2 Ag( Ao(m
Sx(NV) = Z > f1/4 Ti(n,z,q) Y 51(1/4>Iz(q,m,x)c, (4.12)

qeq) 1<n<<N0 1<m< My

where the character sum C is given by

> W ( P4 ) ‘ <_%n) (413

a mod q S mod p

4.3.2 Evaluation of the character sum

Now let us further simplify the character sum so that we get

Lemma 4.3.4.

C=mxmx@) Y du(3) i o) =1 (4.14)
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Proof. Here (q,p) = 1. So we have

o= 5 5o () ()

amod g S modp

S mod p a mod ¢
I e _IY N gy [P
S () () e ()

4.4 Further estimation

In this section, first, we apply the Cauchy-Schwarz inequality to the n-sum in (4.15) to get
rid of one GL(2) Fourier coefficients A¢(n), given below:

S Ng/zzx S d

dlq

3 Amlm) (4.15)

X(?ﬂ)Il (n7 xz, q)IQ<Q7 m, .T)
1/4

1<n<Ng (nm) /
1§m<<M0

m=p?*n mod d
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4.4.1 The Cauchy-Schwarz inequality

At first we choose the set of moduli ® = ®;P3P,, where ®; consists of primes ¢;’s in the
dyadic segment [Q;,20Q);] (and coprime to p) for ¢ = 1, 3,4 with ¢ = ¢1¢3q4, and Q1Q3Q4 =

= V/Np"? with Q}° < Q3 <« QL1™°. Also, we choose Q1,Qs, Q4 (whose optimal sizes
Wlll be determined later) in such a way that the collections @4, &3, &, are disjoint. Also let
m = p*n + dr so size of r becomes M°+p2" < % and call go = g3q4 with Q2 = @Q3Q4 and
q2 € Oy = P3Py so (4.15) reduces to

Ar(n)Ag(pPn + dr)
(n(p?n + dr))V/4

DI SLID IR

q€<I> d“hqz L<recip d tsn<hNo

x Iy (n, x,q)Iz(q, p*n + dr, x)

(4.16)
X
Z Z d Y x(dr) Y ()P +dr))
qe{) d‘q1q2 1<r< ]WO 1<n<K Ny
x Il(n7$7Q>IQ(Q7p2n + dT', ‘]")
(n(p?n + dr))V/4
Now we have several cases.
Case (4.4.1). Let d = q. For this case we have
N 3/2 qx(q
.= Z p Z Xar) D (Ar(n)Ag(p*n+qr))
qQEfz]Q 1S7'<<% 1<n< Ny
(B, q)Zs(q, p*n + qr, x)
(n(p*n + qr))/4
(4.17)

NP2 Ar(n
~ T 2 e 3 x<r>< > 7;}32)

R 1<n<No

Zl (n7 x, q1q2>I2(Q7p2n + q142T, ZZ')
(P?n + qigor) /4 '

X ( > X(a) A (p*n + qigor)

1edy
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Now applying the Cauchy-Schwarz inequality to (4.17), as the integrals Z;, Z, do not oscillate,
we get that

1/2

=

N3/ [Ar(n)?
ol x oy br

q2€D2 1<r <<]\é0 1<n< Ny

1/2
_ (g, p°n + qigor, x) |2
AT Tt g B 0 )
(p*n + q1qa1)
q2€d2 1§7.<<% 1€P1
< Q2 X — X N,
Ly/p Q

1/2

ZZ(QJpZn + q142T, ZU) 2
AT T T | wtwntrn s Bt

q2€P2 1<rg J\szo 1<nkNg q1€P1

1/2
< NP (Mo x NJ/2)  x 12
L\/ﬁ Ql 0 q

where for the bound in the second step, we have used the partial summation formula and
the Ramanujan bound on average and

IQ(q7p2n + q1q27, iL') 2
D IID DD Dl D ok (I WP G e

q2€d2 1<r <<Aéo 1<nk Ny q1€P1

At first let us club the variables gor +— 7, we have

IQ(Q7P2R+CI17”>$) 2
Sq = Z Z ‘Z A (P*n + i) (P21 + qur)i/4

Qa<r< ]g;) 1<n<«No q1€P;

83



Now opening the absolute value square we have

IZ(Q; an + Qar, LE’)
Sq = Z Z Z 4P n+Q1 7) (p2n+q17”)1/4

Q2<r< Ic\g/[? 1<n<K Ny q1€P1

To(q,p?n + ¢ir, ) (4.19)

X Ao (P*n + ¢ir)
2 Y+ )

q e

= Sq,diag + Sq,0f f

where S, 4iqq is the diagonal part when ¢ = ¢} and S, .y is the off-diagonal when ¢, # ¢;.

For the diagonal case, i.e., for ¢; = ¢}, we have

2

o(p*n + Q1T> Ty(q, p*n + qur, @)
Saws X Y YL 7 (4.20)
Q2<rk ]go 1<n< Ny q1€91 (p nt Q17”) /
- 1
Now changing the variables ¢, — r, this reduces to,
.(p*n + 7") M,
q diag < Z Z m < NO X v / = N M1/2 (421)

1<n<Ng Q<r< My 0

by the Ramanujan bound on average and the fact that the maximum size of p?n = maximum
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size of ¢y = M.

For the off-diagonal case, i.e., for ¢; # ¢/, (4.19) becomes

Saorr < Y > Y xlg)X(a)

1<n<No q1€P1 ¢ €]

Tr(q,p*n + qir, ) Lr(q, p?n + ¢ir, x)
(p*n + qr)V4(pPn + qjr) /4

XY APt @) A (pPn + gir)

Mo
Q2§7"<<Q71

< D2 D

1<n<No q1€21 ¢ €]

(4.22)

T(q,p°n + qir, ) Lo(q, p>n + ¢ir, x)
(p*n + qr)V4(pPn + qpr) /4

X ) Z (P14 qur) Ay (pPn + ¢i7)
Q2§T<<27{f

Now using the partial summation formula to eliminate the non-oscillating weight function,
as

0 0
a—ylz(q,p2n + qy,z) <; 1 and a—ylz(q,pzn + qy, 1) <5 1,

Our problem boils down to an estimate

DI ﬁ‘ D At ar)A@n+q¢r)|. (4.23)

1<neNo 11601 ¢l €0’ Qe<r<gy?

Indeed define u := p*n + qir, v := p’n + ¢|r, we see that ¢ju — qv = (¢} — q1)p*n.
Conversely, given u, v satisfying the equation u := p*n + ¢, v := p*n + ¢}r, we can obtain
r in the following manner:

a1 | ¢(u—p°n) = q |u—p°n = there exists r such that u — p*n = qr.
Also, this gives

¢irq1 = v — p*n = ¢r = v — p*n.
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Using the above idea, we can relate the inner sum of the equation (4.23) to a shifted
convolution sum given by

Y3 M@ @W (%) 1% (%) . (4.24)
M <u,pKL2M
qiu—qrv=(g}—q1)p*n

where W,V are nice smooth functions supported on [1/2,3], taking value 1 on [1,2] and
Wi(z) <; &, Vi(y) <5 & and Q + p’n < M < My + p*n.

Now using [11, Theorem 1.3], estimating the shifted convolution sum (4.24), we have

DD AW (ﬂ) 4 (1) < (M + q M)Y*0 < Q)T M2+0 - (4.25)

M
M<u,pK2M

diu—qv=(q}—q1)p*n

where 6 is given in [39], Kim-Sarnak exponent (for holomorphic cusp forms, § = 0).

So (4.22) reduces to

1/246
Saors < No x QF x Q*7" M

(4.26)
< NoQy (@1 My)’.
Then from (4.18), (4.19), (4.21) and (4.26), we have
N3/2 [ M, 2 1/2
‘Eq <L (Q_f x N01/2> X (NOMOl/Q + NoQ?/Q(@Mo)G)
N3/2 M, 1/2 1/2
<Iz (Q—O x N01/2> x (Noagy”?) (4.27)
1
1+3
< \/N X pT/Z’
@
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which happens if, putting M, = p**,

NOQ?/Q(QlMO)H < NoMol/2

(4.28)
= Q< pstiTE),
Case (4.4.2). Let d = ¢ (or g3 or q4). For this case we have
N3/2 aX(q®)
LI e
qqgﬁlz 1<T<<Q
IlanIz(q,p n+aqr, :U)) 2
x Ar(R)Ag(p*n + qi7)
1<nz<<:No < n(p*n + qr))H/4 ( ! )
1/2
N3/2
Syl v b
q26¢'2 1< < gD 1<n< Ny
1/2
— Il (na z, q1q2)IQ(Qap2n + air, [E) 2
AT T ISt anRls s b
q2€P2 1<T<<% q1€P1 p N
- 1
(4.29)

Now applying the Cauchy-Schwarz inequality to (4.29), as the integrals Z;, Z, do not oscillate,

87



we get that

1/2
N3/2 QQ
’qu < Lp Q2 Z Z 1/2
2 1<T<<1510 1<n< Ny
- 1
1/2
Ty(q. p>n+ qir, x) |2
e XX | X s an BB
iy 1< | o ca (p*n+ qir)
1§7.<<Q10 n<Ng q1€dPy
N3/2 (Mo N1/2>1/2 (4.30)
0
\/_
1/2

_ (g, p*n+ qir, ) |2
A, (p? : :
[ T T |5 v,

137«%? 1<nkK Ny q1€P1

1/2
<<Ng/2 %XNI/2 x G1/2
L/p \ Q: 0 n

where for the bound in the second step, we have used the partial summation formula and
the Ramanujan bound on average and

_ To(q,p*n + qur, ) |2
2 2\Y, )
Z Z ‘ Z X(q1)Ag(p"n + ) (P2 + qr)i/A |

1§r<<%? 1<nk< Ny q1€®1

Now opening the absolute value square we have

To(q,p°n + qi7, x)
-2 2 2 M) (p*n + qr)t/4
1§7"<<]g§) 1<n<No q1 €21

(4.31)

IQ((],}?QH + qgn [L’)
X Z pn—i—ql ) 2 Io\1/4
et (P*n +qir)
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For the diagonal case, i.e., for ¢; = ¢}, this reduces to

2

pn+qlr‘ )Iqunﬂm )

Spiag = D, DD

1<r< IgO 1<n<KNo q1€9,

Pn + )12 (432)

Now clubbing the variables q;,7 and then changing the variables ¢;7 + p*n — r, we have,

‘ 2

M,
Sql,diag < Z Z < N() X 132 = N()Mol/2, (433)
1§TL<<N0 Q1S7‘<<M0 0

by the Ramanujan bound on average.

For the off-diagonal case, i.e., for ¢; # ¢}, (4.31) becomes

Saorr < Y > > Xld)x(@

1<n<No 1 €91 ¢} €P]

Io(q,p*n + qur, ©)To(q, p*n + ¢ir, x)
(P*n + qur) /4 (pPn + gr)t*

ST NP+ @) (PP + dir)

1<rey®
(4.34)
<D
1<n<No 1 €91 ¢} €P]
Lo(q. p°n + qur, 2)To(g, p*n + i, )
2 2 / 2\4, ) ) 1"
x ‘ Z A+ ar) g+ ) (P*n + qur) 4 (p*n + qyr) '/
1<r<< Q
Then in a similar fashion as done in Case (4.4.1), we have
Savort < No@Y*(Q1 M)’ (4.35)
So from (4.31), (4.33), (4.35) we have
S < (NoMy”? + NoQI*(Q1Mo)") < Noy”, (4.36)
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by Case (4.4.1).

By similar arguments as done in Case (4.4.1), we have from (4.30) and (4.36),

N3/2 M, 1/2>1/2 12 1/2
n e o (22 N (N M, )
’ q1 L\/]_7 (Ql 0 0
(4.37)
1+ﬂ
< VN x TR

1

Case (4.4.3). Let d = ¢ with g2 = g3q4 (or g3q1 or ¢1q4). Replacing g1 by ¢, in the previous
case, we have

Z quq > x(gr)

qqgﬁn 1<r <<M0
Lnquz(qanrqzr:v) 2 4.38
X Z ( n(p?n + gor))V/4 (Ar()Ag(p°n + gor)) (4.38)

1<n< Ny

1/2
N3/2 MO N1/2 / S1/2
\/— 0 q2 >

where

_ To(q,p*n + qor, ) |2
2 2\4Y, )
Z Z ‘ Z X(q2)Ag(p™n + qor) (p2n + qor) /4

1§,,.<<%l§ 1§TL<<N() q2€®2

Opening the absolute value square we have,

T(q,p*n + qor, )
-2 2 2 M) (p*n + qor)t/4
1§r<<gg 1<n<Np g2€P2

(4.39)

I2(q7p2n + 957”7 ZE)
X 2 @MW+ (p*n + gyr)V/t

QQ Eq)l
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As done in the previous case, for the diagonal case, i.e., for go = ¢, we have,

Mo
Spaing < Y, D, /2 < No x —75 = NoMy, (4.40)
1<n< Ny Q2<r< My MO

Now for the off-diagonal case, i.e., for go # ¢, we have,

St € Y Y Y w2 en D

2n + gor)t/4
1<n< Ny 1<rk AQ/IS qg2€q(£§4 (p ’ )
Zy(q,p*n + q57, @)
" Z J(P°n + ) 2 Lr)1/4
> (p?n + gsr)
1/2
p n 4+ QQT)
<
PIPIPIE

1Sn<No 41€24 gh€@, 1 <r M0

1/2
— 12(97272” + q3q4T, I’) 2
X XX X | X Xt man = 7
1<n< Ny ¢l cd! M, (p n—+ Q3Q4r)
<N No ghed), q1€P, 1§7"<<62Q q3€®P3
(4.41)
Now changing the variables u := p?n + ¢,r for the first term and clubbing the variables
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v := qur for the second term we have, we arrive at

1/2

‘2
qu,Off < Z Z Z 1/2

1<n< Ny q1€P4 Q2<u My

1/2

(4.42)

_ Tr(q, p*n + qsv, ) |2
2 2\Y4, )
x Z Z Z ‘ Z X(q3)/\9(p n+ gsv) (p?n + qsv)1/4

1§n<<N0 qée(ﬁé Q4§U<<%I§ ng(I)3

1/2
<N0Q4 1/2) X (qu,of2)1/2

where for the last inequality we have used the Ramanujan bound on average and the partial
summation formula and

Ig(q,p2n+QS'Uax) 2
q2’0f2 Z Z Z ‘ Z Q3 p n""]ﬁﬂ’) (p2n+Q3U)1/4

1<n<No g,€d, Q4<U<<QO q3€®3

Opening the absolute value square we have

Sporr=Q2 Y Y > > X(@)x(g8)Ae(p™n + gs0) A (pPn + gv)

1<n< Ny Qu<vk ]gg q3€P3 Q3€<I>/

(4.43)

To(q, p’n + q3v, 2) Io(q, p°n + dhv, )
(p*n + qzv)¥/*  (p*n+ qho)t/*

Now for the diagonal case ¢} = g3, using the partial summation formula and the Ramanujan
bound on average and also clubbing the variables u := p?n + gzv, we have,

2 1
/\g(u)’ w2

Sq2,0f2d = QQ Z Z

1<n<No g, <ukg MO

(4.44)

< No@o M2,
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For the off-diagonal case ¢ # ¢3, we have,

Samoroa =Q2 Y > > > X(@h)x(a3) A (071 + g5v) Ag(pPn + gho)

1<n<Nog Q4§v<%§ q3€P3 gL e

I2(q,p2n + q3v, ZL’) IQ(q’an + Qév7 ZL‘)
(P*n+qgzu)V/* (PP + qyu) /4

<Q > > Y ) Yo AP ago) A (970 + dyo)

1<n<No q3€P3 ¢, €D, P} Q4<v<<%
= 3

To(q, p*n + qzv, z) Ir(q, p*n + q4v, ) ‘
(p*n 4 qzv)V/t (pPn+ gv)'/

Estimating in the similar manner as done in Case (4.4.1), (4.45) reduces to

ng, of2od < N0Q2Q§/2(Q3MO)9'

So from (4.43), (4.44) and (4.46) we have

Sga, 02 K (N0Q2Mol/2 + NonQg/Q(Q3M0)9> < N0Q2M3/2,~
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(4.46)

(4.47)



where we will take Q3 < p3 T3~ 300112,

Then from (4.38), (4.40), (4.42) and (4.47), we have

5.

N3/2 M. 1/2 1/2 12 1/2
< () (e ()™ (v?) )
2

N3/2 M, 1/2 1/2
et ) s fusor

N32  MYN,
< L X - 1/4
VP

pH
< VN x =
3
(4.48)
Case (4.4.4). Let d = 1. For this case we have
N3/2
S D VR
qE<I> 1<r<My—p3n
IlnquQ(qpn—l—rx)) )
X Ar(n)Ag(p°n + 1)
1<n2<<:N ( n(p n+7n))1/4 ( f 9 )
(4.49)

N3/ Y( (L n,m, q))
=7=2 > Aln
Lyp & nl/4

1<n< Ny

XY Alr+pPn)x(r+pPn) (IQ(q’pzn L x)> :

2 1/4
n T
1<r<Mq—p?n (p T )

Now by the Cauchy-Schwarz inequality and partial summation formula and changing vari-
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ables 7 + p*n +— r, (4.49) reduces to

1/2
N3/2 2
s s (S X b )
qed 1<n<<N0

(5 2 e Srenn (3)

qe® 1<n<k Ny reZ

(4.50)

N3/2 1 y 1/2 QN 1/2 .
<7 (@ x N 2) y (Wg x ]ZAng(r)W (E) \

N3/2 3 T
M |
< Ly/p Ml/4 ’Z (MO) ’

reZ

where W is a nice function supported on [%, 3] and equals to 1 on [1,2]. Here we have used
the Ramanujan bound on average.

Now consider the twisted GL(2) short character sum of the right-hand side of (4.50). For
this case note that conductor= p? < My = p?™. Also applying the Mellin inversion formula,

1 ~
> () (T ) =5 | MW(s)L(s, f @ x)ds + O(My "),
M, 270 J ()
reZ
for any A > 0.

As the Mellin transform W(s) decays rapidly on the vertical line, so shifting the contour
to the negative side (i.e., o < 0), and noting that L(s, f ® x) < (p2)2~7, we have,

s () () v

As 0 < n < 1, so shifting the contour ¢ — —oo, we have

S MW () <ot (@51

reZ
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Using (4.51), (4.50) reduces to

N32 N4 1
Y € o X 2 xS N —. 4.52
1<<L\/]_?XM01/4XP<<\/_])H—Z (4.52)
4.5 Final estimation
Now from (4.16), (4.27), (4.37), (4.48) and (4.52) we have
. 13 143 143 1+3 1+ 1+
SN < VN x (Em+ B+ B+ B+ e+ B
o o (O Q4 (O %
(4.53)
1430
p 1 p
+ 17 T T +pn/2>'
For the best possible estimate let us take
p1+g p1+%’7
12 — A1/
1 3

= Q3 =Q3p",

with @3 = Q4. So this with Q)7 < Q3 < Q4 and Q = Q1Q3Q)4 gives

Q™" < p't3

= < P%_%-

We take ) = p%_%’ which is compatiable with the condition (4.28) for all n > 0 for
0 < 6 < £ (for now we know that 6 = -, see [39]). Also, we have from Q1Q3Qs = Q = pits

64"
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2,20
515 .

we have Q3 = Q4 = p

So that (4.53) reduces to

S.(N) < VN (p%+1§’6’ + i) . (4.54)

p77/2

For optimal choice of 1, equating these we get n = % Putting this in the previous equation
we have

S,(N) < VNp&+e, (4.55)

Hence (4.55) along with (4.1) gives the Theorem 4.0.1.
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