Essays on Evaluation Aggregation, Strategy-proof
Social Choice, and Myopic-Farsighted Stable
Matching

A DISSERTATION PRESENTED
BY
MADHUPARNA KARMOKAR
TO
THE EconoMic RESEARCH UNIT

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
DocTor OF PHILOSOPHY
IN THE SUBJECT OF
QUANTITATIVE ECONOMICS

INDIAN STATISTICAL INSTITUTE
KorkaTa, WEST BENGAL, INDIA
JUNE 2022



© 2022 - MADHUPARNA KARMOKAR
ALL RIGHTS RESERVED.



Contents

INTRODUCTION 1
ON UPDATE MONOTONE, CONTINUOUS, AND CONSISTENT COLLECTIVE EVALUATION RULES 3
2.1 Introduction . . . . . . . . . e 3
2.2 Themodel . . . . . . . . .. e e 6
2.3 A characterization of the update monotone and continuous collective evaluationrules . . 8
2.4 A characterization of the update monotone and consistent collective evaluationrules . . 10
2.5 Conclusion . . . . . . . e e 13
.1 Proof of Theorem 2.3.5 . . . . . . o o v i e e e e e e e e e 14
2 Proof of Theorem 2.4.5 . . . . . . o o v i i e e e e e e e e e e e e e 16
.3 Topological justification of continuity . . . . . ... ... ... ... .......... 18

A CHARACTERIZATION OF POSSIBILITY DOMAINS UNDER PARETO OPTIMALITY AND GROUP

STRATEGY-PROOFNESS 21
3.1 Introduction . . . . . . ... e 21
3.2 Model . . . . e e 22
3.3 Results . . . . . e e 23
.1 Proof of Theorem 3.3.1 . . . . . v o v v i e e e e e e e e e e e e 25

NECESSARY AND SUFFICIENT CONDITIONS FOR PAIRWISE MAJORITY DECISIONS ON PATH-CONNECTED

DOMAINS 27
4.1 Introduction . . . . . . . . . e 27
4.2 Domains and their properties . . . . . ... ... Lo L o 29
4.3 Choice functions and their properties . . . . . ... ... .. ... L Lo L. 31
4.4 Results . . . . e 34
4.5 Weakening group strategy—proofness to strategy—proofness ................ 39
4.6 Relationtotheliterature . . . . . . . . . . . . . .. .. e 41
.1 Proof of Theorem 4.4.1 . . . . . . . . 0 o i it e e e e e e 43
2 Proof of Theorem 4.4.2 . . . . . . o o 0 o i i e e e e e e e e e 48
.3 Proof of Theorem 4.5.2 . . . . . . o v i v i i e e e e e e e e e 48
.4 Independence of axiomsin Theorem 4.4.1 . . . . . . . ... ... ... ... ... ... 49
STRATEGY-PROOF RANDOM VOTING RULES ON WEAK DOMAINS 52

ii



5.1
5.2
53
5.4
S-S

NIRRT~ VA VORI

-
(o]

11

Introduction . . . . . . .. e e 52

Preliminaries . . . . . . o v v v e e e e e e e e e e e 54
Weak random dictatorialdomains . . . . . . ... .. . 55
Random rules on single-peaked domains . . . . . ... ... ... oo 0L 56
Random rules on single-plateaued domains . . . . . . ... ... .. Lo oL 58
Conclusion . . . . . . . e e e e 71
Proof of Theorem §.3.2 . . . . . v o v v i e e e e e e e e e 72
Proof of Theorem §.4.4 . . . . o . v v i v i e e e e e e e e 73
Proof of Theorem §.5.3 . . . . v v v v i i e e e e e e e e e e 8o
Proof of Theorem §.5.7 . . . . . . o o v i e e e e e e e e e e e e 81
Proof of Theorem §.5.15 . . . . . o v v v it e e e e e e e e e e e e e 83
Proof of Theoerem §.5.16 . . . . . . o . v i v i e e e e e e e e e e 85
Proof of Theorem §.5.18 . . . . . . . . o i v i e e e e e e e e 85
Proof of Theorem §.5.22 . . . . . v v v vt it e e e e e e e e e e e 86
Proof of Theorem §5.5.28 . . . . . . . . o v i e e e e e e e 89
Proofof Corollary 5.5.1 . . . . . . . . . L. e 92
Proof of Theorem §.5.29 . . . . . . v i v i i e e e e e e e e 93

THE STRUCTURE OF (LOCAL) ORDINAL BAYESIAN INCENTIVE COMPATIBLE RANDOM RULES 94

6.1 Introduction . . . . . . . . . . . . e 94
6.2 Preliminaries . . . . . . . . . e e e e 98
6.3 Results on graph-connected domains . . . . .. ... .. o o 0oL 103
6.4 'The case of swap-connecteddomains . . . . .. ... ... ... ... ... ... 106
6.5 Application on the unrestricteddomain . . . . . ... ... ... .o 0 0L 108
6.6  Applications on domains satisfying the betweenness property . . . . . ... ... .. .. 109
6.7 Applications onnon-regulardomains . . . .. ... ... Lo Lo oL 11§
6.8  Applications on multi-dimensional separable domains . . . . . .. ... ... ... 117
6.9 Discussion . . . . . . ... e e e e e e e e e e e e e e e 120
.1 Preliminariesfortheproofs . . . . .. .. ... ... ... L o 122
2 Proofof Proposition 6.3.1 . . . . . . .. ... 123
3 Otherproofs . . . . . . . . . . 123
4 Connection with the related literature . . . . . . . . . .. ... ... ... .. ..... 134
MYOPIC-FARSIGHTED STABILITY IN MANY-TO-ONE MATCHING 137
7.1 Introduction . . . . . . ... e e 137
7.2 Preliminaries . . . . . . . . . . e e e e e e e 139
7.3 Studentsarefarsighted . . . . . ... ... L L o Lo 142
7.4 Collegesarefarsighted . . . . .. ... ... .. .. .. .. .. . o o 0oL 143
7.5  Conclusion . . . . . . . e e e 144
.1 Proof of Proposition 7.3.1 . . . . . . . ... 144
2 Proof of Proposition 7.3.2 . . . . . . . .. e 146
3 Proof of Theorem 7.3.1 . . . . . . o v i v i i e e e e e e e 147
4 Proof of Theorem 7.3.2 . . . . . o v i i i e e e e e e e e e 147

iv



.5 Proof of Proposition 7.4.1

.6 Proof of Theorem 7.4.1
.7 Proof of Theorem 7.4.2

REFERENCES

8 LisT OF PUBLICATION(S)



Author List

The following authors contributed to Chapter 2: Edurne Falc6, Madhuparna Karmokar, Souvik Roy and
Ton Storcken.

The following authors contributed to Chapter 3: Madhuparna Karmokar, Souvik Roy and Ton Storcken.
The following authors contributed to Chapter 4: Madhuparna Karmokar, Souvik Roy and Ton Storcken.
The following authors contributed to Chapter 5: Madhuparna Karmokar and Souvik Roy.

The following authors contributed to Chapter 6: Madhuparna Karmokar and Souvik Roy.
The following authors contributed to Chapter 7: Madhuparna Karmokar and Souvik Roy.

vi



4.2.1
4.3.1
4.3.2

5.5.1
.5.1
.5.2
.5.3
5.4
.10.1

6.2.1

6.8.1
6.8.2

4.1

Listing of figures

Treefor Example4.2.2 . . . . . . .. L 31
Tree for Example 4.3.2and Example 4.3.3 . . . . . ... ... ... ... .. 33
Components of T7% . . . . . . . . e e 34
Single-plateaued preferences for Example s.5.27 . . . . ... ... ... .. oL 70
T (R) <7 (R)andt"(R) < 7H(R). . . . o oot 83
T (R) >7 (R)andtm(R) > 7t (R). . . . oo o 84
T(R) >t (R)and 7" (R) < TT(R). . o o oo o 84
T(R) <t (R)and 7" (R) > 7T (R). . . o o oo 85
A preference profile Ry € D" suchthat Nient(R) # 0 . . . . o o oo oo oo 92
The graph representing the proximity relation that two preferences are close if and only if

they differ by a swap of two consecutive alternatives . . . . . . ... ... ... ... .. 99
Swap-local structure of the domainin Table6.8.1 . . . . . ... ... ... ....... 118
Sep-local structure of the domainin Table6.8.1 . . . . .. ... ... .. ........ 119
The localness structure of the domain D . . « « o o v v v v e e e 134

vii



To FaAMILY AND FRIENDS.

viii



Acknowledgments

I am deeply grateful to my Ph.D. supervisor, Dr. Souvik Roy for his constant support and
encouragement. Without his guidance and advice, this thesis would not have been possible. I would like
to extend my sincere thanks to Professor Arunava Sen, Professor Ton Storcken, and Professor Debasis
Mishra for their mentorship. Finally, I would like to thank my family and friends for their unwavering

support and belief in me.

ix



Introduction

The thesis comprises of six chapters on evaluation aggregation, social choice and matching. A brief
introduction to each of the six chapters is provided below.

In Chapter 2, we consider collective evaluation problems, where individual grades given to candidates
are combined to obtain a collective grade for each of these candidates. In this paper, we prove the
following two results: (i) a collective evaluation rule is update monotone and continuous if and only if it
is a min-max rule, and (ii) a collective evaluation rule is update monotone and consistent if and only if it is
an extreme min-max rule.

Chapters 3,4 and 5 deals with strategic social choice problems where a social planner needs to decide
an outcome for a society from a finite set of feasible outcomes based on the preferences of the agents in
the society. Agents preferences are their private information and agents are strategic meaning that they
manipulate the outcome by misreporting their preferences whenever that is beneficial for them. The
objective of the social planner is to design a rule that no agent can manipulate.

In Chapter 3, we consider domains that satisfy pervasiveness and top-connectedness, and we provide a
necessary and sufficient condition for the existence of non-dictatorial, Pareto optimal, and group
strategy-proof choice rules on those domains.

In Chapter 4, we consider choice functions that are unanimous, anonymous, symmetric, and group



strategy-proof and consider domains that are single-peaked on some tree. We prove the following three
results in this setting. First, there exists a unanimous, anonymous, symmetric, and group strategy-proof
choice function on a path-connected domain if and only if the domain is single-peaked on a tree and the
number of agents is odd. Second, a choice function is unanimous, anonymous, symmetric, and group
strategy-proof on a single-peaked domain on a tree if and only if it is the pairwise majority rule (also
known as the tree-median rule) and the number of agents is odd. Third, there exists a unanimous,
anonymous, symmetric, and strategy-proof choice function on a strongly path-connected domain if and
only if the domain is single-peaked on a tree and the number of agents is odd. As a corollary of these
results, we obtain that there exists no unanimous, anonymous, symmetric, and group strategy-proof
choice function on a path-connected domain if the number of agents is even.

In Chapter 5, we consider weak domains, that is, set of preferences that may admit indifference. We
show that every unanimous and strategy-proof random social choice function on any weak domain
containing all strict preferences is weak random dictatorial. On weak single-peaked domains, we show
that a random social choice function is Pareto optimal and strategy-proof if and only if it is an extreme
probabilistic fixed ballot rule. Next, we consider single-plateaued domains and provide the structure of
unanimous and strategy-proof random social choice functions on these domains.

Chapter 6 considers the problem of designing strategy-proof social choice rules in an incomplete
information framework. More formally, agents have beliefs about the preferences of the other agents and
they tend to manipulate whenever that improves the expected outcome according to their belief. We
explore the structure of locally ordinal Bayesian incentive compatible (LOBIC) random Bayesian rules
(RBRs). We show that under lower contour monotonicity, for almost all prior profiles (with full Lebesgue
measure), a LOBIC RBR is locally dominant strategy incentive compatible (LDSIC). We further show
that for almost all prior profiles, a unanimous and LOBIC RBR on the unrestricted domain is random
dictatorial, and thereby extend the result in [40] for Bayesian rules. Next, we provide a sufficient condition
on a domain so that for almost all prior profiles, unanimous RBRs on it are tops-only. Finally, we provide
a wide range of applications of our results on single-peaked (on arbitrary graphs), hybrid, multiple
single-peaked, single-dipped, single-crossing, multi-dimensional separable domains, and domains under
partitioning. Since OBIC implies LOBIC by definition, all our results hold for OBIC RBRs.

Chapter 7 considers the many-to-one two-sided matching problem. Agents are assumed to be
heterogeneous with respect to their ability to foresee the consequences of a block, and thereby categorized

as myopic and farsighted. We study the structure of stable matchings and stable sets in this setting.



On update monotone, continuous, and consistent

collective evaluation rules

2.1 INTRODUCTION

We consider (collective) evaluation problems where agents grade candidates based on their level of
excellence, and where these individual judgments are to be aggregated to obtain a collective grade for each
of these candidates. In education environments, this is daily practice. Here students are graded for
different subjects and a final overall grade determines the performance of the students compared to each
other. Other examples of these are, for instance, the so-called majority aggregation rules as proposed by
[5] and [6] or the linguistic decision rules described in [38]. The fundamental problem is to find rules
with desirable properties that take all the individual grades as inputs and produce a collective evaluation
as output.

On the one hand, grades may express an evaluation result on a more or less absolute scale. Examples of
such problems include those where agents have to evaluate competitors based on their performances
using a predefined grade scale, like for instance in music contests, teaching environments, or certain sport

disciplines, such as e.g. gymnastics, or figure skating. On the other hand, these grades can be interpreted



as individual quality assessments enabling agents to order a relatively large group of candidates. At job
vacancies, grades or quality expressions may support committee members in ordering larger amounts of
applicants. Decision-making based on qualitative information has a wide range of practical applications
like online auctions, personnel evaluation, and supply chain management. We use linguistic/qualitative
grading scales to allow explicitly for individual interpretations of these. Strictly speaking a grade A+ in
history given by teacher i is not comparable to a grade B— in geography given by teacher j. Linguistic
qualifications like ‘good’ or ‘perfect’ leave this individual interpretation more open than numerical ones as
the latter automatically refer to an absolute scale.

The literature on collective evaluation rules, also known as linguistic decision rules, is very extensive
(see [90],[91],[92],[88] and [86]). [89] proposes linguistic max and min operators. The max (min)
operator chooses the maximum (minimum) grade given by the agents to a candidate. Later, [90]
generalizes these operators as linguistic max-min weighted averaging operators. In a similar spirit, [91]
and [92] propose linguistic median and weighted median operators which choose the median and
weighted median grade for a candidate, respectively.

[45] present a linguistic ordered weighted averaging operator which is based upon convex
combinations of grades ([30]). [12] consider a multi-person multi-criteria decision problem for group
decision making in a linguistic context and provide a human-consistent definition of consensus and a
procedure for its computation.

The use of the Borda count in linguistic decision making problems is introduced by [39]. They provide
two ways of extending the Borda rule to an evaluative framework either by taking into account all agent’s
opinions or by only considering the favorable ones for each candidate when compared with each other. A
comprehensive survey of the literature on linguistic decision rules can be found in [87].

[4] introduce the notion of order functions. They show that an evaluation rule is unanimous,
anonymous, monotonic, and strategy-proof if and only if it is an order function.

Judgment aggregation considers situations where there is a collection of propositions and a set of
judges each having a binary opinion (accept/reject) for each proposition. A judgment aggregation rule
chooses a set of propositions based on the approval/disapproval of the judges. Regularly in judgment
aggregation, propositions may be interrelated, whereas in our model, no such interconnection is
considered amongst the grades assigned by the agents over the candidates. There is, however, a small
branch of judgment aggregation literature, dealing with non-binary opinion, to which our model relates
(see [66], [34], [33] and [32]).

Therefore, in literature several collective evaluation rules are proposed and discussed with respect to
their advantages and disadvantages. Here, we intend to look at the converse of this, that is, we identify

three properties of collective evaluation rules and characterize all rules satisfying those properties. These



three properties are update monotonicity, continuity, and consistency.

The implication of update monotonicity is as follows. Suppose a grade, say ‘very good) is collectively
decided for a candidate. Suppose further that an agent, who previously graded this candidate as ‘average,
now changes his evaluation to ‘good’ while leaving all grades of all other candidates and all other agents
unchanged. In a sense, the evaluation of this agent moves in favor of the outcome ‘very good’ Update
monotonicity says that the collective evaluation of the candidate also in the new situation is ‘very good.
Thus, update monotonicity ensures that the outcome does not change when agents change their
evaluations towards the outcome.

Continuity is a well-known property of an aggregation rule when candidates are elements of a
Euclidean space. Here, we have adopted this idea for the case of finitely many candidates. Continuity
ensures that small changes in grades lead to small changes in the collective evaluation. In other words, it
ensures that the collective evaluation rule is not too sensitive to some grade changes of some agents.

The implication of consistency is as follows. Let ‘very good), ‘good), and ‘average’ be three consecutive
grades. Consider a situation where agents are divided into two groups such that all members of one group
grade a certain candidate as ‘average’ while all other agents grade him/her as ‘good’ Suppose, further, that
all the agents agree on the grade of every other candidate. Now, consider another situation which differs
from the previous case in the following way: the group of agents, who graded the candidate as ‘average’ in
the previous case, now all grade him/her as ‘good’, while the agents in the other group now grade him/her
as ‘very good. In a sense, the judgment of each agent has shifted uniformly in some particular direction for
the candidate. The consistency property says that the collective decision for the candidate in the latter
case shifts equally in the same direction, that is, if it was ‘good’ (‘average’) in the former case, then it will
be ‘very good’ (‘good’) now. Thus, this property ensures some type of consistency in the evaluation rule.

We provide two different characterization results in this paper. In the first one, we show that a collective
evaluation rule is update monotone and continuous if and only if it is a min-max rule. Such a rule is based
on a unique collection of parameters indicating for each candidate, say a, and each subset of agents, say S,
the lowest possible collective grade candidate a can get, when all agents that are not in S give candidate a
the highest possible grade. Let this lowest grade be denoted by B°. Given the grades assigned by the
agents, the outcome for candidate ¢ is now determined as follows. First, for every subset S of agents the
maximum among the grades given to ¢ by the agents in S and this parameter f° is determined. This yields
for each such subsets S a highest grade for a. The min-max rule chooses the minimum of all these highest
grades. In our second result, we show that a collective evaluation rule satisfies update monotonicity and
consistency if and only if it is an extreme min-max or extreme max-min rule. Here the parameters f are
either the highest or lowest possible grade. Well-known collective evaluative operators in the literature

such as min, max, median, etc. are special cases of extreme min-max or extreme max-min operators.



Min-max and max-min rules (for one dimension) arise in the context of strategic social choice on a
single-peaked domain. [63 ] shows that every unanimous and strategy-proof social choice function on a
one dimensional single-peaked domain is a min-max or max-min rule. Our model captures the
single-peaked property by means of the fact that grades are ordered. It is worth noting that our model is a
multi-dimensional setting where each candidate comprises a dimension. However, as it follows from our
results, the combination of update monotonicity and continuity, and the combination of update
monotonicity and consistency, each implies the candidate-wise property. That is, the collective evaluation
of a candidate depends only on the grades assigned to this candidate by the agents. Another important
thing to note is the following. Since every min-max rule is strategy-proof and every collective evaluation
rule satisfying any of the above mentioned combinations of properties is some type of a min-max rule, it
follows that strategy-proofness can be obtained as a by-product of these properties. Thus, our paper

builds up a connection between the theories of collective evaluation problems and social choice.

2.2 THE MODEL

LetA = {a,,...,a,} denote the finite set of m candidates and let N = {1, ..., n} denote the finite set of
n agents. The set of k grades is denoted by G, where these grades are indicated by the numbers 1 up to k.
We emphasize that a higher number corresponds to a higher grade, that is, only ordinal information is
needed here.!

An evaluation u is a function from A to G. It assigns to every candidate a € A a grade u(a). The
interpretation is related to that of ordinal utility functions: the higher the grade of a candidate, the better
is the evaluation of the candidate. We denote by U the set of all evaluations. A profile uy is an element of
U", i.e., an n-tuple of evaluations, where agent i’s evaluation is denoted by u;. For a profile uy € U”, u;
denotes the evaluation of agent i and u;(a) denotes the grade agent i gives to candidate a.

A collective evaluation rule assigns to each profile a (collective) evaluation. More formally, a collective
evaluation rule is a function ¢ : U* — U. The grade of a candidate a € A at evaluation ¢(uy) is denoted

by ¢_(un). As we have discussed in Section 2.1, some commonly known collective evaluation rules in the

"Denoting grades by numbers is no more than a convention. While the ordinal structure of numbers represents betterness
comparisons between grades, the arithmetic structure of numbers (including ratios or differences) carries no information, i.e.,
is insignificant. For instance, the comparison 4 > 2 means that grade 4 is higher than grade 2, but the identity 4/2 = 2 does
not mean that grade 4 is twice as high as grade 2, and the difference comparison 4 — 2 > 2 — 1 does not mean that grade 4 is
more distant to grade 2 than grade 2 to grade 1. Although we do not formally represent non-ordinal information, non-ordinal
propositions about grades need not be regarded as meaningless. Ordinalists would regard non-ordinal propositions such as
‘these grades are more distant from one another than those’ as meaningless. Others would regard them as meaningful properties
which are not captured arithmetically. Ordinalists would regard two evaluations as equivalent if they induce the same weak order
over candidates; for instance, evaluating a certain candidate as ‘good’ and all others as ‘bad’ would be equivalent to evaluating
him as ‘excellent” and all others as ‘good’. The ability to encompass ordinalist and non-ordinalist notions of value counts as an
advantage of our formal framework over the standard relational framework of Arrovian preference aggregation.



literature are min, max and median rules.

In what follows, we discuss some properties of collective evaluation rules.

Definition 2.2.1 A collective evaluation rule ¢ is called anonymous if for all permutations 7 of {1, ..., n}

and all profiles uy, vy € U such that u; = vy foralli € {1,. .., n}, we have ¢ (un) = ¢(vy).

In words, a collective evaluation rule is anonymous if the identities of the agents do not play any role in

the aggregation procedure.

Definition 2.2.2 A collective evaluation rule ¢ is update monotone if for all profiles vy, wy € U" such that
for all candidates a € A and all agentsi € N, either vi(a) < wi(a) < ¢, (vn) or ¢ (vn) < wi(a) < vi(a), we
have ¢(vy) = ¢(wn).

A collective evaluation rule is update monotone if outcomes do not change whenever agents change

their individual grades (judgments) towards the outcomes.

Definition 2.2.3 A collective evaluation rule ¢ is uncompromising if for all profiles vy, wy € U" with the
property that for all candidates a € A and all agentsi € N, v;(a) < ¢_(vy) impliesw;(a) < ¢_(vy) and
¢, (v) < vi(a) implies ¢_(vn) < w;(a), we have ¢p(vy) = ¢(w).

A collective evaluation rule is uncompromising if the aggregated grade does not change whenever
agents do not change their side with respect to the outcome. For instance, suppose that the aggregated
grade of a candidate at a profile is ‘good’ and the judgment of an agent about that candidate at that profile
is ‘bad’ Then, uncompromisingness says that if that agent changes his/her judgment to ‘very bad’ or to

‘average’ or to ‘good), then the aggregated judgment of the candidate will not change.
REMARK 2.2.4 Uncompromisingness implies update monotonicity.>

Definition 2.2.5 A collective evaluation rule ¢ is candidate-wise if for all candidates a and all profiles

v, wy € U" such that v;(a) = w,(a) for all agentsi € N, we have (/)a(vN) = (/)a(wN).

The candidate-wise property says that the outcome grade of a candidate depends only on the individual

grades of the agents about that candidate.

?[16] introduce the notion of update monotonicity in the context of preference aggregation.

*Note that uncompromisingness implies the following weaker property for a collective evaluation rule ¢: for all profiles
vy, wy € U ifforalli € Nandalla € A, wehave wi(a) < vi(a) < ¢_(vn) orw;(a) > vi(a) > ¢_(vn), then ¢(vy) = ¢p(wn).
This implication is a kind of “inverse update monotonicity”: if individuals move away from the outcome, then the outcome stays
the same. In fact, this is the reason why the name “uncompromising” is given to this axiom.



2.3 A CHARACTERIZATION OF THE UPDATE MONOTONE AND CONTINUOUS COLLECTIVE

EVALUATION RULES

In this section, we provide a characterization of the update monotone and continuous collective

evaluation rules. First, we introduce the notion of continuity.

2.3.1  CONTINUITY

Continuity ensures that a ‘small’ change in the individual grades can only lead to a ‘small’ change in the
outcome. Here, by small change we mean that exactly one agent changes his/her (individual) grade for a

particular candidate to exactly one grade above or below.

Definition 2.3.1 The distance between two evaluations u and v is defined as d(u,v) = > _|u(a) — v(a)|. For

two profiles uy, vy € U", we define the distance between them as d(un, vn) = Yo d(ui, vi).

Definition 2.3.2 A collective evaluation rule ¢ : U" — U is said to be continuous if for all profiles
un, vy € U, d(un, vn) = 1implies d(¢(un), d(vy)) < 1

In Appendix .3, we show that our notion of continuity actually boils down to that in standard

mathematics by considering natural topologies on U” and U.

2.3.2 MIN-MAX RULES

Now, we introduce a class of collective evaluation rules called min-max rules. Such a collective evaluation
rule can be described by certain minimax (or equivalently maximin) mechanisms. These rules are well
known in the social choice literature for single-peaked preferences ([63]). Here the structure of
single-peakedness is induced by the underlying natural ordering of the grades. It is well known that the
class ranges from simple rules, like dictatorship or constant rules, to rules which treat all the agents

equally, such as choosing the median grade ([4]).

Definition 2.3.3 For all candidatesa € A, let p, = (B’ )scn be alist of 2N parameters satisfying: (i) p5 € G
for all coalitions S C N, (ii) ﬁg =k ﬁf = 1, and (iii) for any coalition S C T, ﬂaT < ﬁg Then, a collective

evaluation rule ¢ : U* — U'is called a min-max rule with respect to (B, )aca if

¢,(uy) = min{max({B.} U {u(a) : i € S})}.

Clearly, every min-max rule is candidate-wise.



Definition 2.3.4 A min-max rule with respect to parameters p = (ﬂz)ae Ascn is called a generalized median
rule if for all candidatesa € A, B° = B! forall S, T C Nwith |S| = |T].

Note that a min-max rule is anonymous if and only if it is a generalized median rule.

2.3.3 REsULTS

We now present the main result of this section that characterizes all update monotone and continuous

collective evaluation rules.

Theorem 2.3.5 A collective evaluation rule ¢ : U" — U is update monotone and continuous if and only if it is

a min-max rule.

The proof of this theorem is relegated to Appendix .1.

The following corollary is immediate from Theorem 2.3.5.

Corollary 2.3.1 A collective evaluation rule ¢ : U" — U is update monotone, continuous, and anonymous if

and only if it is a generalized median rule.
In what follows, we show that update monotonicity and continuity are independent of each other.

REMARK 2.3.6 (Update monotonicity is independent from continuity) Let N = {1,2} and let
A = {a,b}. Suppose G = {1,2,3} where1 = bad, 2 = average and 3 = good. Consider the collective
evaluation rule, say ¢, given in Table 2.3.1. The rule ¢ assigns the outcome (1,2) at every profile except the ones
where agent 1 announces (1,1), in which case it assigns the outcome (1,1).

It can be verified that ¢ is continuous. We show that it violates update monotonicity. Consider the profiles
~n = ((2,1), (1,1)) and wy = ((1,1), (1,1)). Note that ¢(vy) = (1,2) and ¢_(vn) = w,(a) < v,(a),
v,(b) = w,(b) < ¢, (vn), v.(a) = w,(a) = ¢_(vn), and v,(b) = w,(b) < ¢, (v). Further, note that
¢(wn) = (1,1) # ¢(vn), which is a contradiction to update monotonicity.

<

REMARK 2.3.7 (Continuity is independent from update monotonicity) Let N = {1,2} and let

A = {a,b}. Suppose G = {1,2,3} where1 = bad, 2 = average and 3 = good. Consider the collective
evaluation rule, say ¢, given in Table 2.3.2. According to this rule, agent 1 is the dictator except when he/she
announces (2,1), in which case the outcome is (2, 2). It is straightforward that ¢ is update monotone. We show
that it violates continuity. Consider the profiles vy = ((1,1), (1,1)) and wy = ((2,1), (1,1)). Note that
d(vn, wy) = 1, and ¢(vy) = (1,1), ¢(wn) = (2,2). However, since d(¢(vy), d(wy)) = 2, this violates

continuity.



1 2| (L) | (12) | (13) | (31) | (22) | (33) | (3,1) | (3,2) | (3,3)
(11) | (L) | (L1) | (L) | (11) | (1) | (1,1) | (1) | (1,1) | (1)
(12) | (12) | (12) | (12) | (12) | (12) | (12) | (12) | (1,2) | (1,2)
(13) [ (2) | (12) | (12) | (12) | (12) | (52) | (12) | (52) | (1,2)
(2,1) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
(2,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2,) (1,2) (1,2)
(23) | (12) | (12) | (12) | (12) | (12) | (x2) | (1,2) | (x,2) | (1,2)
(1) | (2) | (12) | (12) | (12) | (12) | (12) | (12) | (3,2) | (1,2)
(32) | (12) | (12) | (12) | (12) | (12) | (x2) | (12) | (x,2) | (1,2)
(33) [ (2) ] (12) | (12) | (12) | (12) | (52) | (12) | (5,2) | (1,2)

Table 2.3.1

2.4 A CHARACTERIZATION OF THE UPDATE MONOTONE AND CONSISTENT COLLECTIVE

EVALUATION RULES

In this section, we introduce the notion of consistency and provide a characterization of the collective

evaluation rules that are update monotone and consistent.

2.4.1 CONSISTENCY
First, we introduce the notion of minimal conflict profiles.

Definition 2.4.1 For a candidate a € A, a grade | with | < k, and a coalition S C N, a profilevy € U isa
minimal conflict profile at (a, I, S) ifv;(a) = I for all agentsi € S,v;(a) = 1+ 1for all agentsj € N — S, and
vi(x) = vi(x) for all agents s, t € N and all candidatesx € A — {a}.

In words, for a minimal conflict profile at (a, I, S), the candidate a € A is assigned the grade [ by all the
agents in S and the grade | 4 1 by all the agents in N — S. Further, all the agents agree on the grade of every
other candidate.

Now, we are ready to define the notion of consistency. It ensures that the individual grades are
aggregated over minimal conflict profiles in a consistent manner. Note that it does not impose any

condition on the outcome at other profiles. Thus, it is a weak consistency requirement.

Definition 2.4.2 A collective evaluation rule ¢ is consistent if for all candidates a € A, all coalitions S C N,
all grades 1,1 with 11" < k, and all profiles vy, wy € U" such that vy is a minimal conflict profile at (a, 1, S)

and wy is a minimal conflict profile at (a, ', S), we have

10



1 2| (1,1) | (1,2) | (1,3) | (2,1) | (2,2) | (2,3) | (3,1) | (3,2) | (3,3)
(1,1) (1,1) | (1,1) | (1,1) | (1,1) | (1,1) | (1,1) | (1,1) | (1,1) | (1,1)
(1,2) (1,2) | (1,2) | (1,2) | (1,2) | (1,2) | (1,2) | (1,2) | (1,2) | (3,2)
(1,3) | (13) | (13) | (1,3) | (1,3) | (1,3) | (1,3) | (1,3) | (1,3) | (1,3)
(2,1) (2,2) (2,2) (2,2) (2,2) (2,2) (2,2) (2,2) (2,2) (2,2)
(2,2) (2.,2) (2,2) (2,2) (2,2) (2,2) (2,2) (2,2.) (2.,2) (2.,2)
(23) | (23) | (23) | (2,3) | (2,3) | (2,3) | (2,3) | (2,3) | (2,3) | (2,3)
(31) | (1) | ) | (31) | 31) | (3,1) | (3,1) | (3,1) | (3,1) | (3,1)
(32) | 32) | (32) | (32) | 32) | (3,2) | (3,2) | (3,2) | (3,2) | (3,2)
(33) | (33) | (33) [ (33) | (3,3) | (3,3) | (3,3) | (3,3) | (3,3) | (3,3)

Table 2.3.2

¢ (vn) = lifand only if ¢ (wy) =1

The implication of consistency is as follows. Consider a candidate a € A and a coalition S C N.
Consider all the profiles that are minimal conflict at a between S and N — S (but at different grades).
Then, consistency says that if a collective evaluation rule selects the lower (higher) grade at any of these

profiles, then it must select the lower (higher) grade at every profile.

2.4.2 EXTREME MIN-MAX RULES

In this section, we introduce a particular type of collective evaluation rules, called the extreme min-max
rules, which we will use in our characterization of the collective evaluation rules that are update
monotone and consistent. Verbally, an extreme min-max rule is a min-max rule where the parameters
always take extreme values, that is, either the lowest possible grade or the highest possible grade. These
rules are introduced in [ 18] in the context of strategic social choice, where it is shown that every efficient
and strategy-proof social choice rule on a single-peaked domain with outside option is an extreme

min-max rule.

Definition 2.4.3 A min-max rule with respect to parameters p = (B°)ea scw is called an extreme min-max
ruleif B> € {1, k} for all candidates a € A and all coalitions S C N.

2.4.3 ORDERED RULES

In this subsection, we introduce one more class of collective evaluation rules called ordered rules.

11



The notion of ordered rules is introduced in [4]. However, in their paper, they call these rules order
functions.

Leta € Abeacandidate and k < n,and let uy € U" be a profile. Call I the k-th ordered grade of a at
uy, if lis such that [{i € N | y;(a) <I}| > kand |[{i € N | u;(a) < I}| < k. Now, we are ready to define

ordered rules.

Definition 2.4.4 Letk = (k,, ..., k,) besuchthatk; < nforalli =1,..., m. Then, k-th ordered rule
¢F : U — Uis defined as follows: for all candidates a; € A and all profiles uy € U", </>’§,.(uN) is the k;-th

ordered grade of a; at uy.

Consider a k-th ordered rule. Foralli = 1,...,m,if

® k; = 1, then it is known as the min operator,

® k; = n, then it is known as the max operator,

eki=n/2+1ifnisevenand k; = (n + 1) /2 if nis odd, then it is known as the median operator.

It is straightforward to see that every ordered rule is an extreme min-max rule.

It can be verified that every extreme min-max rule (and hence every ordered rule) is update monotone,

consistent and uncompromising. Additionally, ordered rules are anonymous.

2.4.4 RESULTS

In this section, we provide a characterization of all collective evaluation rules that are update monotone

and consistent.

Theorem 2.4.5 A collective evaluation rule ¢ : U" — U is update monotone and consistent if and only if it is

an extreme min-max rule.

The proof of this theorem is relegated to Appendix .2.

The following corollary is immediate from Theorem 2.4.5.

Corollary 2.4.1 A collective evaluation rule is ¢ : U" — U is update monotone, consistent, and anonymous if

and only if it is some k-th ordered rule.
In what follows, we show that update monotonicity and consistency are independent of each other.

REMARK 2.4.6 (Update monotonicity is independent from consistency) Let N = {1,2} and let
A = {a,b}. Suppose G = {1,2,3} where1 = bad, > = average and 3 = good. Consider the collective

evaluation rule, say ¢, given in Table 2.4.1. Note that the collective grade for candidate a is dictatorially

12



determined by agent 1 and that for candidate b is almost also solely determined by agent 1 except in six profiles.
Those profiles have the property that agents 1 and 2 maximally differ on the grade for candidate b, while agreeing
on the grade for candidate a. At these profiles, compromising grade 2 is chosen as the collective grade for b.

It can be verified that ¢ is consistent. We show that it violates update monotonicity. Consider the profiles
vy = ((1,1), (1,3)) and wy = ((1,1), (1,2)). Note that ¢(vy) = (1,2) and v,(a) = w,(a) = ¢_(vn),
v,(b) = w,(b) = ¢, (vn), v.(a) = w,(a) = ¢_(vn), and ¢, (vx) = w,(b) < v,(b). Further, note that
¢(wy) = (1,1) # ¢(vw), which is a contradiction to the update monotonicity.

1 2| (1,1) | (1,2) | (1,3) | (21) | (2,2) | (2,3) | (3,1) | (3,2) | (3,3)
(1,1) (1,1) | (1,1) | (1,2) | (1,1) | (1,1) | (1,1) | (1,1) | (1,1) | (3,1)
(1,2) (1,2) (1,2) (1,2) (1)2) (1,2) (1,2) (1,2) (1,2) (1,2)
(1,3) | (12) | (3) [ (1,3) | (1,3) | (1,3) | (1,3) | (1,3) | (1,3) | (1,3)
(2,1) (2,1) | (2,1) | (2,1) | (2,1) | (2,1) | (2,2) | (2,1) | (2,1) | (2,1)
(2,2) (22) | (22) | (22) | (2,2) | (2,2) | (2,2) | (2,2) | (2,2) | (2,2)
(23) | (23) | (23) | (2,3) | (22) | (2,3) | (2,3) | (2,3) | (2,3) | (2,3)
(31) | (1) | (31) | (3,1) | (3,1) | (3,1) | (31) | (31) | (31) | (3,2)
(32) | (32) | (32) | (32) | (32) | (32) | (32) | 32) | 32) | (3,2)
(33) | (33) | (33) | (33) | (3,3) | (3,3) | (3,3) | (3,2) | (3,3) | (3,3)

Table 2.4.1

REMARK 2.4.7 (Consistency is independent from update monotonicity) Let N = {1,2} and let

A = {a, b}. Suppose G = {1, 2, 3}. Consider the collective evaluation rule, say ¢, such that

o((1,1), (1,1)) = (1,1) and $(uyn) = (2, 2) for all profiles uy # ((1,1), (1,1)). It is straightforward that ¢ is
update monotone. We show that it violates consistency. Consider the profiles vy = ((1,2), (1,1)) and

wy = ((1,3), (1,2)). Note that vy is a minimal conflict profile at (b, 1, {2}) and wy is a minimal conflict

profile at (b, 2, {2}). Further, note that ¢, (vn) = 2 and ¢, (wn) = 2, which violates the consistency.

2.5 CONCLUSION

In this paper, we have characterized the collective evaluation rules based on some properties of those.
Theorem 2.3.5 shows that a collective evaluation rule is update monotone and continuous if and only if it
is a min-max rule ([63]), and Theorem 2.4.5 shows that a collective evaluation rule is update monotone

and consistent if and only if it is an extreme min-max rule. In the literature of strategic social choice
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theory, min-max rules appear as the unanimous (tops-only) and strategy-proof social choice functions on
the single-peaked domains, and extreme min-max rules appear as the efficient and strategy-proof social
choice functions on the single-peaked domains with outside option. In our model, the single-peakedness
is inherited by the ordering over the grades. It is worth noting that unanimity (efficiency) and
strategy-proofness can be guaranteed by the combination of update monotonicity and continuity or by
the combination of update monotonicity and consistency. Thus, this paper has established a relation

between the traditional social choice theory and the aggregations of evaluations.

APPENDIX

.1 PROOF OF THEOREM 2.3.§

Proof: (If part) Let ¢ be a min-max rule. It follows from [2] that ¢ is uncompromising. By Remark 2.2.4,
¢ is update monotone. We proceed to show ¢ is continuous. Let uy, vy € U” be two profiles such that
vi(a) = ui(a) + 1and u;(x) = v;(x) forall (j,x) € N X A such that (j, x) # (i, a). It is sufficient to show
that |¢(uy) — ¢(vn)| < 1. First, note that by uncompromisingness, ¢ _(uy) = ¢_(vy) forallx # a. If

¢, (un) # u;(a), then again by uncompromisingness, ¢_(un) = ¢_(vn). So, suppose ¢_(uyn) = ui(a).
Assume for contradiction ¢ (uy) — ¢(vn)| > 2. Assume without loss of generality, ¢_(vy) = ¢, (un) + 2.

However, by using uncompromisingness at vy, this means ¢_ (vn) = ¢, (un), a contradiction. |

(Only-if part) The proof of the only-if part follows from the following lemmas.
Lemma.1.1 Every update monotone and continuous collective evaluation rule ¢ : U" — U is candidate-wise.

Proof: Let ¢ : U" — U be an update monotone and continuous collective evaluation rule. Assume for
contradiction that ¢ is not candidate-wise, that is, there exist profiles uy, vy € U” and a candidatea € A
such that u;(a) = v;(a) forallagentsi € Nand ¢ _(uy) # ¢_(vn). Let
X = {(i,x) € Nx A | u(x) # v;(x)}. If X is empty, then uy = vy, and hence ¢_(un) = ¢_(vn).
Suppose that &’ is not empty. Consider (i, b) € X. Without loss of generality assume that
u;(b) =1 < I' = v;(b). Consider the profile uy, € U" where only agent i changes his/her grade for only
candidate b from [ to | 4 1, and everything else remain same as in uy. More formally, u}, is such that
u,(b) =1+ 1and u]’(x) = u;(x) forall (j,x) € N x A such that (j, x) # (i, b).
Claim 1. ¢ _(un) = ¢_(uy).

Proof of the claim. We distinguish the following two cases.

Case 1: Suppose ¢, (un) 7 ¢, (uy)-
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Note that since from uy to u};, only agent i changes his/her grade for only b from [ to | 4 1, we have
d(uy, uy) = 1. Therefore, by continuity, ¢, (ux) 7 ¢, (uy) implies ¢ _(un) = ¢ _(uy) forallx # b. This, in
particular, implies ¢_(un) = ¢_(uy).

Case 2: Suppose ¢, (un) = ¢, (uy). We distinguish two further sub-cases.

Case 2.1: Suppose ¢, (un) = ¢, (uy) > 1+ 1.

Note that by the construction of uy, this means from uy to u};, only agent i moves his/her grade for the
candidate b towards ¢, (uy) and nothing else changes, that is, u;(x) = u]( (x) forall (j,x) € N X Asuch
that (j,x) # (i,b),and u;(b) < u/(b) < ¢, (un). Therefore, we have by update monotonicity,
¢(un) = ¢(uy), which in particular means ¢_(uy) = ¢_(uy).

Case 2.2: Suppose ¢, (uy) = ¢, (uy) <L

Since uj(x) = u;(x) forall (j,x) € N x Asuch that (j,x) # (i, b) and ¢, (uy) < ui(b) < u;(b), we
have by update monotonicity, ¢(uy) = ¢(uy), which in particular means ¢_(uy) = ¢_(u}). This
completes the proof of the claim.

If u;(b) # vi(b), then consider the profile uy, € U" such thatu]'(b) = I + 2 and ] (x) = u}(x) for all
(j,x) € N x Asuchthat (j,x) # (i, b). By using similar logic as for Claim 1, we can show that
¢ (uy) = ¢_(uy). Continuing in this manner, we construct a profile iy € U" such that ¢_(i,) = ¢_(uy)
and #;(x) # v;(x) ifand onlyif (j, x) € X — {(i, b) }. Next, we take (i', b') € X — {(i,b)}, and use
similar logic to construct a profile iy € U" such that ¢_(#,) = ¢, (un) and #;(x) # v;(x) if and only if
(j,x) € X —{(i,b), (', ') }. Continuing in this manner, we arrive at the profile vy and deduce
¢,(vn) = ¢, (un), which contradicts our initial assumption that ¢_(vy) 7 ¢_(uy). This completes the

proof of Lemma..1.1. |

Lemma.1.2 Every update monotone and continuous collective evaluation rule ¢ : U" — U'is

uncompromising.

Proof: Let ¢ : U" — U be an update monotone and continuous collective evaluation rule. By Lemma .1.1,
¢ is candidate-wise. Therefore, assume that A = {a}. Let a profile uy € U" be such that u;(a) < ¢_(uy).
Take a profile vy € U such that v;(a) < ¢_(uy). It is enough to show ¢_(vy) = ¢ (un) where

u;(a) = vj(a) forallj # i. Ifu;(a) < vi(a) < ¢_(un), then we are done by update monotonicity of ¢.
Suppose vi(a) < u;(a) < ¢_(uy). Suppose further that v;(a) = u;(a) — 1. Since v;(a) < w;(a) < ¢, (un),
by continuity, we have v;(a) < u;(a) < ¢, (vy). By update monotonicity, this means ¢ _(vy) = ¢, (un).
The proof for arbitrary v;(a) < u;(a) follows by repeated application of this argument. [ |

Lemma.1.3 Every uncompromising and candidate-wise collective evaluation rule ¢ : U" — U is a min-max

rule.

The proof of this lemma follows from [2].
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.2 PROOF OF THEOREM 2.4.5

Proof: (If part) Let ¢ : U" — U be an extreme min-max rule. Since ¢ is a min-max rule, by the proof of
the if part of Theorem 2.3.5, it follows that ¢ is update monotone. We show that it is consistent. Consider
a candidate a € A and a coaliton S C N. Forall grades! =1, ..., k — 1, consider a minimal conflict
profile uy; € U such that u/(a) = Iforall agentsi € S, u!(a) = [+ 1forall agents! € N — S, and

ul(x) = u]l(x) for all agents i,j € N and all candidates x € A — {a}. Consider the profile vy € U” where
vi(a) = 1forallagentsi € Sandv;(a) = kforall agentsi € N — S. By the definition of ¢,

¢_(vy) = B € {1, k}. Without loss of generality, let ¢_(vy) = 1. We show that ¢_(u}) = Ifor all
l=1,...,k—1Takel € {1,...,k —1}. Consider the profile vy € U" such that v;,(a) = Ifor all agents
i € Sand v;(b) = v;(b) in all other cases, that is, if j ¢ S orif b # a. Suppose ¢_(vn) > L. By
uncompromisingness, this means ¢_(vy) > I, a contradiction. So, ¢_(vx) < I. Suppose ¢_(vy) < I. By
uncompromisingness, this means ¢_(vy) < I, where 7;(a) = kfor all agents i € N. However, by the
definition of min-max rule, we have ¢(7y) = k, a contradiction. So, ¢(vy) = I. Now, consider the profile
vy € U'suchthat v;(a) = I+ 1forallagentsi € N — Sand 9;(b) = v;(b) for all other cases, that is, if

j € Sorifb # a. By uncompromisingness, ¢_(7y) = I. Note that by the construction of iy, ¥;(a) = u}(a)
for all agents i € N. Therefore by the candidate-wise property of ¢, it follows that ¢ _(uy) = . This

completes the proof of the if part of the theorem.

(Only-if part) The proof of the only-if part follows from the following lemmas. Our first lemma shows

that every update monotone and consistent collective evaluation rule is candidate-wise.
Lemma .2.1 Every update monotone and consistent collective evaluation rule ¢ : U" — U is candidate-wise.

Proof: Let ¢ : U" — U be an update monotone and consistent collective evaluation rule. Consider a
candidate a € A and profiles vy, wy € U" such that v;(a) = w;(a) for all agents i € N. It is sufficient to
prove that ¢_(vy) = ¢_(wy). Without loss of generality, assume for contradiction that ¢_(vy) < ¢_(wy).
Because ¢ is update monotone, we can assume that v;(x) = ¢ _(vy) and w;(x) = ¢ _(wy) for all agents
i € Nandall candidatesx € A — {a}. Let S = {i € N | vj(a) < ¢_(vn)}. Letvy, wy € U" be two
profiles such that

(i) i is a minimal conflict profile at (a, ¢_(vy), S),

(i) wy is a minimal conflict profile at (a, ¢, (wy) — 1, S), and

(iii) vi(x) = vi(x) = ¢ (vn) and wi(x) = w;(x) = ¢_(wy) for all agents i € N and all candidates
x € A—{a}.

Note that v;(a) = ¢_(vy) andw;(a) = ¢_(wy) — 1forallagentsi € Sandv;(a) = ¢, (vy) + 1and
wi(a) = ¢ (wy) forallagents i € N — S. By update monotonicity, ¢ (vx) = ¢_(vy) and
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¢, (Wn) = ¢, (wn). This means a low grade for a is chosen at vy whereas a high grade for a is chosen at wy

contradicting that ¢ is consistent. [ |

Our next Lemma shows that every update monotone and consistent collective evaluation rule is

uncompromising.
Lemma .2.2 Every update monotone and consistent collective evaluation rule ¢ : U — U is uncompromising.

Proof: Let ¢ : U" — U be an update monotone and consistent collective evaluation rule. Consider a
candidate a € A. As ¢ is candidate-wise by Lemma .2.1, it is sufficient to prove that ¢_(vy) = ¢_(wy) for
all profiles vy, wy € U" such that for all agents i € N, v;(a) < ¢_(vy) implies w;(a) < ¢_(vy),
¢,(vy) < vi(a) implies ¢_(vy) < w;(a), and v;(x) = w;(x) for all candidates x € A — {a}. To the
contrary, suppose ¢_(vy) # ¢_(wy). Without loss of generality, assume ¢_(wy) < ¢_(vy). By means of
update monotonicity, we assume that v;(x) = w;(x) = ¢_(vy) for all agents i € N and all candidates
x€A—{a}.LetS={ic N|v(a) < ¢,(vn)}and T = {i € N | vi(a) > ¢ (vn)}. Consider the
following two profiles vy, wy € U” such that

(i) for all agents i € N and all candidates x € A — {a},v;(x) = vi(x) = ¢_(vn) = wi(x),

(i) for all agents i € S, w;(a) = ¢, (wy) andv;(a) = ¢, (vy) — 1,and

(iii) for all agentsi € N — S, wi(a) = ¢_(wn) + 1andvi(a) = ¢_(vn).

Note that vy is a minimal conflict profile at (a, ¢_(vy) — 1, S) and Wy is a minimal conflict profile at
(a, ¢, (wn), S). Update monotonicity implies ¢_(wy) = ¢_(wn) and ¢_(vn) = ¢_(vy). However, as vy

and wy are minimal conflict profiles, this contradicts the consistency of ¢. |

The following Lemma shows that for every update monotone and consistent collective evaluation rule,
the outcome grade of a candidate at a profile is either one of the labels announced by the agents for that

candidate at that profile or one of the highest or the lowest labels for that candidate.

Lemma.2.3 Suppose ¢ : U" — Uis an update monotone and consistent collective evaluation rule. Let

uy € U" be a profile and let a € A be a candidate. Then, (pa(uN) € {ul(a),...,u,(a)} U{1,k}.

Proof: Let ¢ : U" — U be an update monotone and consistent collective evaluation rule. Let uy € U" be
aprofile andlet a € A be a candidate. We show that ¢_(uy) € {u,(a), ..., u,(a)} U {1, k}. To the
contrary, suppose ¢_(uyn) ¢ {u,(a),...,u,(a)} U{1,k}.LetS = {i € N | ui(a) < ¢,(un)}. Because
¢, (un) & {u(a),...,u,(a)},wehave N — S = {i € N | u;(a) > ¢ (un)}. Also,as ¢_(un) ¢ {1,k}, we
have ¢ (uy) +1 € Gand ¢, (uy) —1 € G. Letvy € U" be a minimal conflict profile at (a, ¢ (uy) — 1, S)
and wy be a minimal conflict profile at (a, ¢_(uy), S). By Lemma .2.1, ¢_(vy) and ¢_(wy) are
independent of v;(x) and w;(x) for all agents i € N and all candidatesx € A — {a}. Because ¢ is update

monotone, it follows that ¢_(vy) = ¢, (un) = ¢, (Wn). However, this contradicts that ¢ is consistent. H
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Now, we are ready to complete the proof of Theorem 2.4.5. Let ¢ : U" — U be an update monotone
and consistent collective evaluation rule. By Lemma .2.2 and the if-part of Theorem 2.3.5, this means ¢ is
continuous. Now, by Theorem 2.3.5, we obtain that ¢ is a min-max rule. Suppose (B°),eca scn are the
parameters of ¢. It remains to show that ° € {1, k} forall candidatesa € Aandall S C N. Consider a
candidate a € A and a coalition S C N. Note that by the definition of min-max rule, #° is the outcome of
¢ at a profile where 4;(a) = 1foralli € Sand u;(a) = kforall agentsi € N — S. By Lemma .2.3, the

outcome of ¢ at such a profile is either 1 or k, which completes the proof of the only-if part of the theorem.
[

3 TorPOLOGICAL JUSTIFICATION OF CONTINUITY

A function F from a set A to another set 3 is continuous if the inverse image F*(B) of an open set B in 3
is open in A. Thus, the definition of continuity requires the notion of open sets, that is, the notion of
topologies on both the domain A and the range B of F. Such a topology is standard when .4 and B are
Euclidean spaces. However, in case of finite sets, there is no unified notion of topologies. In what follows,
we define a natural topology on graphs and show that the notion of continuity that arises from this
topology coincides with that in Definition 2.3.2.

LetG4 = (A, € 4) and G = (B, £p) be (undirected) graphs with vertex sets A and 15, respectively.
In our case, these graphs are defined as follows.

The set A is the set of profiles /" and {uy, vy} € £ ifand onlyif there area € Aand i € N such that

(i) u(x) = v;(x) forallj € Nandallx € A such that eitherj # i or a # «, that s, for all
agent-candidate pairs (j, x) such that (j, x) # (i, a), and

(i) w(a) =w(a)+1

Thus, two profiles form an edge if and only if they differ minimally, that is, only one agent differs from one
of them to the other and that too by exactly one grade for one particular candidate.

The set 3 is the set of evaluations U and {u, v} € &g ifand only if there is a € A such that
(i) u(x) =v(x)forallx € Awitha # x,and
(i) u(a) =v(a)+ 1.

Thus, two evaluations form an edge if and only if they differ in a minimal way, that is, by exactly one grade

of one particular candidate.
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Define the topology 7 4 as follows: a subset O of A U & 4is openifx € O N Aand {x,y} € E4 for
somey € Aimply {x,y} € O. This, in particular, means, for instance, that every collection of edges is
open, and every set O with the following property is open: if a vertex is in O, then all its adjacent edges are
also in O. Similarly, define the topology 75 as the collection of subsets O of B U £ 3 such that if
x € ONBand{x,y} € Esforsomey € B, then {x,y} € O.

For a vertex z in A, define its neighborhood N, (z) = {z} U {{z,v} : {z,v} € E4}. So, the
neighborhood of zin G 4 consists of the vertex z and all the edges that are adjacent to z. Similarly, we
define the neighborhood NVg,, (z) forany z € B.

Call a function F from A U & 4 to B U £ an extension of a function F from A to B if F(x) = F(x) for
all x € A. We say that Fis continuous if F(0) € 14 forall O € 5.

Lemma.3.1 Let F from AU E 4 to B U &g be a continuous extension of a function F from A to B. Suppose
{x,y} € €4 Then F({x,y}) € Ny (F(x)).

Proof: Note that Ng,, (F(x)) € 5. So, F"(Ng,(F(x))) € 7.4. But by definition x € F*(Ng,(F(x)))
and therewith Ng , (x) € F'(Ng, (F(x))). As {x,y} € Ng, (x) it follows that F({x,y}) € Ngs(F(x)).
|

Note that an open set O in G 4, i.e., an element of 7 4, consists of a collection of edges in £ 4 and some

neighborhoods Ng , (x) of the vertices x € O.

Lemma.3.2 Let F from AU E 4 to B U & be an extension of a function F from A to B. Further, let
E({x,y}) € Ng,(F(x)) forall {x,y} € E4. Supposez € B. Then, F*(Ng,(z)) isin 7.

Proof: If there is no «x in A such that F(x) = z, then F*(Ng, (z)) is either empty or consist of (only)
some edges in £ 4, and hence is open. So, suppose x in A is such that F(x) = z. It is sufficient to prove
that Ng, (x) C F (0N i (z)). However, this follows by the assumption that F({x, y}) € Ng,(F(x)) for
all {x,y} € E4. [

The above implies the following corollary.

Corollary.3.1 Let F from AU E 4 to B U E be an extension of a function F from A to BB. Then,
(i) F is continuous if and only if F({x,y}) € Ng,(F(x)) for all {x,y} € E4, and
(ii) if F(x) # F(y) and {x,y} € E4, then F({x,y}) = {F(x),F(y)} € &p.

Proof: The proof of (i) follows from Lemmas .3.1 and .3.2. For the proof of (ii), let F(x) # F(y) and
{x,y} € E4.1tis sufficient to prove that F({x,y}) = {F(x), F(y)}. By Lemma 3.1, F({x, y}) is in the
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intersection of Ng, (F(x)) and Mg, (F(y)). Now, the proof follows from the fact that these two

neighborhoods have only {x, y} in common. |

Note that for two distinct profiles uy and vy, we have {uy, vy} € €4 if and only if d(uy, vy) = 1, and
for two distinct evaluations u and v, we have {u, v} € Egifand onlyif d(u, v) = 1. Therefore, it follows
from Corollary .3.1 that a function F : /A — B is continuous with respect to the topology defined above
if and only if d(uy, vy) = 1implies d(F(uy), F(vy)) < 1as required in Definition 2.3.2.

20



A characterization of possibility domains under Pareto

optimality and group strategy-prootness

3.1 INTRODUCTION

We consider domains satisfying two mild conditions, namely pervasiveness and top-connectedness.
Almost all well-known domains in both one-dimension and multiple-dimensions satisfy these conditions.
We provide a necessary and sufficient condition on these domains for the existence of non-dictatorial,
Pareto optimal, and group strategy-proof choice rules. By applying our result, we show that a domain on a
graph admits such rules if and only if the graph has a terminal node. We further show that generalized
circular domains, partially single-peaked domains, a large class of separable domains and lexicographic
domains do not admit non-dictatorial, Pareto optimal, and group strategy-proof choice rules.

A closely related paper is [ 75 ] where the same analysis is done for unanimous and strategy-proof
choice rules. However, they impose some technical condition on the domains (apart from pervasiveness
and top-connectedness). [79] shows that circular domains and [1] and [72] show that a particular type of
partially single-peaked domains do not admit non-dictatorial, unanimous, and strategy-proof choice rules.

Their notions of these domains are quite restrictive. We show that in the presence of unanimity, if one
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strengthens strategy-proofness by group strategy-proofness, then he/she cannot obtain a non-dictatorial
rule on a much generalized class of such domains.

Most striking consequence of our result is that separable or lexicographic multi-dimensional domains
do not admit non-dictatorial, Pareto optimal, and group strategy-proof choice rules—even if the marginals
are restricted, for instance, single-peaked. This is in sharp contrast with the result in [14] where it is
shown that component-wise dictatorial rules (they are not dictatorial) are unanimous and strategy-proof

on these domains.

3.2 MODEL

For any set B, we denote by IL(B) the set of all linear orders (transitive, antisymmetric, and complete
binary relations) on B. An element of IL(B) is called a preference over B.

LetN = {1,...,n} beaset of agents and let A be a set of alternatives, where |A| > 3andn > 2. A
domain (of admissible preferences) D is a subset of L(A). We denote by 7(R) the best (top-ranked)
alternative in R € . For all the domains we consider in this paper, it is assumed that for all x € A there is
R € Dwith 7(R) = «.

A profile p is an N-tuple of individual preferences in D. A profile p is unanimous if p(i) = p(j) for all
i,j € N. Asubset S of N is called a coalition. The restriction of a profile p to a coalition S is denoted by p|s.
For a preference R and two alternatives x and y, we write R = xy - - - to mean x is the best and y is the
second-best alternative in R. To save parentheses we write xy € R instead of (x, y) € R, which has the

usual interpretation that x is (weakly) preferred to y at R.

The notion of inseparable pairs is introduced in [49]. An ordered pair of alternatives (x, y) is called an
inseparable top-pair if for all R € D with 7(R) = x,yz € Rforallz € A\ {x,y}.

A domain D is called pervasive if forall x,y € A,R = xy - - - isin D implies thereis R’ = yx - - - in D.
Two alternatives x and y in A are called directly top-connected, denoted by x <~ y, if thereare R, R € D
suchthat R=xy--- and R’ = yx- - -. A domain D is called top-connected if for every two alternatives x, y
there is a sequence x, = «, ..., x; = y such that x; and x4, are directly top-connected for all
I =1,...,k — 1. The notion of top-connectedness is introduced in [ 3 ].

In this paper, we restrict our attention to the domains that are both pervasive and top-connected.

We now introduce choice rules and a few properties of those. A choice rule is a function ¢ : DN — A. A
choice rule ¢ is said to be unanimous if for all unanimous profiles the rule ¢ selects the (common) best
alternative of the agents at the profile. A choice rule ¢ is Pareto optimal if for all profiles p there is no
alternative x different from ¢ (p) such that x¢(p) € p(i) for all agentsi € N. A choice rule ¢ is called
dictatorial with an agent i as the dictator, if for all profiles p, ¢(p) = 7(p(i)). A choice rule ¢ is
strategy-proof if for all agents i € N and all profiles p and g with p|a 13 = g|n\ (i}, we have either
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o(p) = ¢(q) or ¢(p)¢(q) € p(i). A choice rule ¢ is group strategy-proof if for all coalitions S and all
profiles p and g with p|y\s = q|n\s, we have either ¢(p) = ¢(q) or ¢(p)¢(q) € p(i) for some i € S. Note

that group strategy-proofness and unanimity imply Pareto optimality.

3.3 RESULTS

We now present the main result of this paper and discuss a few applications of it.

Theorem 3.3.1 Let D be a pervasive and top-connected domain. Then there exist non-dictatorial, Pareto

optimal, and group strategy-proof choice rules on D if and only if D has an inseparable top-pair.

3.3.1 DOMAINS ON GRAPHS

Let G = (A, £) be an undirected connected graph over A. A preference R respects G if for all
x,y € A\ 7(R), xlies in every path from 7(R) to y implies xy € R.! A domain I respects a graph G if it
contains all preferences that respect G.

Note that by definition, every domain on a graph is pervasive and top-connected. Furthermore, a
domain on a graph has an inseparable top-pair if and only if the graph has a terminal node.> Therefore, we

have the following corollary of Theorem 3.3.1.

Corollary 3.3.1 Let G be an arbitrary connected graph and let D be the domain with respect to G. Then, there
exists a non-dictatorial, Pareto optimal, and group strategy-proof choice rule on D if and only if G has a terminal

node.

3.3.2  GENERALIZED CIRCULAR DOMAINS

Generalized circular domains are generalization of the circular domains analyzed in [79]. Suppose that
A= {x,...,%,}. AdomainC is called generalized circular if for all x; € A there exist R, R € C such
that R = xpxiy, - - - and R’ = xpx_, - - -, where x,,,, = x, and x, = x,,. Note that the domain with
respect to the graph G = (A, &), where € = {{x,,x,}, ..., {x—., x }, {ar, 2, } }, is the unrestricted
domain. Thus, generalized circular domains are not special cases of domains on graphs. Further note that
by definition, a generalized circular domain C is pervasive and top-connected. Clearly, such a domain

does not have an inseparable top-pair. Thus, we have the following corollary of Theorem 3.3.1.

Corollary 3.3.2 Every Pareto optimal and group strategy-proof choice rule on a generalized circular domain is

dictatorial.

'A path in a graph is a sequence of nodes such that every two consecutive nodes share an edge.
A node is called terminal if its degree is one.

23



It is worth mentioning that the result in [79] does not apply to generalized circular domains. In fact, there

are non-dictatorial, unanimous, and strategy-proof choice rules on these domains.

3.3.3 PARTIALLY SINGLE-PEAKED DOMAINS

[72] and [ 1] consider multiple single-peaked domains and partially single-peaked domains, respectively,
and provide a characterization of the unanimous and strategy-proof choice rules on such domains. Here,
we generalize these domains and provide a necessary and sufficient condition for the existence of
non-dictatorial, Pareto optimal, and group strategy-proof choice rules.

For ease of presentation, we assume that the set of alternatives is the integers { 1,..., m}. A preference
R s single-peaked over an interval [x, x| if for all x, y € A such that at least one of x and y is in [x, X], we
have 7(R) < x < yory < x < 7(R) impliesxy € R.

A domain is partially single-peaked over a collection of intervals [x', %], . . ., [x*, ¥*] if each preference
in it is single-peaked over all those intervals. A domain D is single-peaked if it is partially single-peaked
over the interval [1, m]. A domain is tail-single-peaked if it is partially single-peaked over the intervals of

the form [1, x| and [, m|, where2 < x <X < m — 1.

Corollary 3.3.3 A pervasive and top-connected partially single-peaked domain D admits a non-dictatorial,
Pareto optimal, and group strategy-proof choice rule if and only if it is tail-single-peaked.

Corollary 3.3.3 also holds for a class of single-crossing domains ([78]) since those domains are pervasive

and top-connected.

3.3.4 MULTI-DIMENSIONAL DOMAINS
LetA = [[,cys Al'where M = {1, ... k} is a finite set of components, and for each component ! € M,
the component set A’ contains finitely many elements with |A’] > 2.

A preference R is lexicographic if there exists a (unique) component order R° € IL(M) and a (unique)
marginal preference R € IL(A') for each ! € M such that foralla, b € A, we have
[a'b' € R! forsomel € Mand a' = b’ forall Il € R°| = [ab € R).

A preference R is separable if there exists a (unique) marginal preference R’ for each | € M such that for
alla,b € A,wehave [¢'b' € R'and a™' = b~ for some | € M] = [ab € R].

For a collection of domains D° C IL(M), D* C IL(A'), ..., D* C IL(A*), we denote by S(D*, . .. , D¥)
the set of all separable preferences with marginal preferences in D' X ... x D, and by £(D°, D, ..., D)
the set of all lexicographically separable preferences with component orders in [D° and marginal
preferences in D' x ... x Dk,

We say D° C IL(M) satisfies anti-regularity if for all | € M, there is R® € D° such that /is the

bottom-ranked component in R°.
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Note that if D' is pervasive and top-connected forall | = 1, . . . , k, then S(ID', . . ., D¥) is also pervasive
and top-connected. Further, if D° is anti-regular, then £(ID°, D", . .., D¥) too is pervasive and

top-connected. Verification of these facts is left to the reader.

Corollary 3.3.4 Let D' be pervasive and top-connected for alll = 1, . . . , k. Then, every Pareto optimal and
group strategy-proof choice rule on the separable domain S(D, . . . | D¥) is dictatorial. Furthermore, if D° is

anti-regular, then every Pareto optimal and group strategy-proof choice rule on the lexicographic domain

L(D°, D, .. DF)is dictatorial.

REMARK 3.3.2 Itis worth noting that Corollary 3.3.4 does not hold if we replace Pareto optimality and group
strategy-proofness by unanimity and strategy-proofness. In fact, it is shown in [ 14] that every unanimous and
strategy-proof rule on the maximal lexicographic or the maximal separable domain is component wise
dictatorial. To the contrary, with Pareto optimality and group strategy-proofness, we get dictatorship even when

marginals are restricted, for instance, are single-peaked.

APPENDIX

.1 PROOF OF THEOREM 3.3.1

If part of the proof follows from Example 3.1 of [75]. The proof of the only-if part is also similar to the
proof of the only-if part of Theorem 1 in [75] with the only difference that Lemmas 3 and 5 are to be
modified for our case. We present below these modified lemmas.

The following notations and notions are used in the proofs of Lemmas 1, 2, and 4 in [75] and also in
the proofs below. For a coalition S, we denote by ((R)®, (R")¥\%) a profile p where p(i) = Rforalli € S
and p(i) = R/ foralli € N\ S. We call such a profile (S, N \ S)-unanimous. Additionally, if 7(R) = x and
7(R') = y, then such a profile is said to be xy-(S, N \ S)-unanimous. We say a coalition S is decisive on a
pair of alternatives (x, y) for a choice rule ¢ if ¢(p) = x forallxy — (S, N'\ S)-unanimous profiles p, and
we say that a coalition § is decisive for ¢ if for all R € D with 7(R) = x and all p|x5 € DV'S, we have
¢(R, plnys) = x. We say that a choice rule ¢ is alternative decisive if for all coalitions S either S is decisive

or N \ Sis decisive.

Lemma.1.1 (Modified Lemma 3) Let ¢ : DN — A be a Pareto optimal and strategy-proof choice rule. Let
a «~ band b «~ ¢, where a, b and c are three different alternatives. Let S C N be decisive on all

ab-(S, N \ S)-unanimous profiles. Then S is decisive on all be-(S, N \ S)-unanimous profiles.

Proof: Let ¢ : DN — Abe a Pareto optimal and strategy-proof choice rule. Let a «~ band b «~ ¢, where

a, b and c are three different alternatives. Let S C N be decisive on all ab-(S, N \ S)-unanimous profiles.
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We show that S is decisive on all be-(S, N'\ S)-unanimous profiles. Assume for contradiction that S is not
decisive on all be-(S, N '\ S)-unanimous profiles. Then Lemma 2 of [75] implies N\ S is decisive on all
be-(S, N\ S)-unanimous profiles. Consider R*’ in D and R? in D¢ such that R* = gb - - - and

R? = cb- - . Take aprofile p such that p(i) = R* foralli € Sand p(i) = R® foralli € N\ S. As ¢ is
Pareto optimal, this means ¢(p) € {a, b, c}. Consider a profile g where (i) = R withR* = ba- - - |
foralli € Sand q(i) = p(i) foralli € N\ S. As N'\ Sis decisive on all bc-(S, N \ S)-unanimous profiles,
¢(q) = c. Thismeans ¢(p) ¢ {a, b} as otherwise strategy-proofness will be violated at q via p. Similarly
we have ¢(p) ¢ {b, c} as Sis decisive on all ab-(S, N \ S)-unanimous profiles. So, ¢(p) ¢ {a,b,c},a

clear contradiction. So, S is decisive on all be-(S, N\ S)-unanimous profiles. |

Lemma.1.2 (Modified Lemma s) Let for all finite and non-empty subsets N’ of N every Pareto optimal and
group strategy-proof choice rule ¢’ : D' — A be alternative decisive. Let ¢ : DN — A be a Pareto optimal
and group strategy-proof choice rule. Then ¢ is dictatorial.

Proof: Let N = {1, ..., n} and consider the following sequence of choice functions ¢ up to ¢"* from DV
up to D" to A, respectively, where N* = {1, ..., k} and ¢ is defined as follows. For all k fix the same
linear order R. Forp € DN define *(p) = o(p, RN\Nk). Because ¢ is strategy-proof it follows that ¢F is
strategy-proof for all k € {1, ...,n — 1}. Note that if ¢* is dictatorial with dictator it in {1, ..., k}, then {i; }
is decisive at ¢ at every profile profile ¢ where q(j) = Rforallj € N\ {i.}. Because ¢ is alternative
decisive this yields that ¢ is dictatorial with dictator i;. So, dictatorship of ¢* implies dictatorship of ¢.
Now either N" " is decisive at ¢ or {n} is decisive. In the latter case we have the desired result that ¢ is
dictatorial. In the former case we have ¢" " is unanimous by decisiveness of N" " at ¢. Also ¢ is group
strategy-proof. As group strategy-proofness and unanimity imply Pareto optimality, ¢ is Pareto optimal.
Therefore ¢" " is alternative decisive. So, either N"~* or {n — 1} is decisive at ¢" . In case {n — 1} is
decisive at ¢" ' we have that ¢" " is dictatorial. Hence, ¢ is dictatorial, the desired result. In case N"* is
decisive at ¢" ' we may proceed to ¢"* and prove similarly that either ¢ is dictatorial with dictatorn — 2
or ¢"? is a unanimous and strategy-proof choice rule. This process stops certainly at ¢' as obviously {1}

is decisive at ¢' and therefore ¢ is dictatorial with agent 1 as the dictator. [ |
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Necessary and sufficient conditions for pairwise

majority decisions on path-connected domains

4.1  INTRODUCTION

We consider standard social choice problems where a group of agents have to collectively decide an
alternative from a set of feasible alternatives. A choice function selects an alternative for every collection
of individual preferences.

We impose desirable conditions on choice functions such as unanimity, anonymity, symmetry, and
group strategy-proofness. A choice function is unanimous if, whenever all the individuals have the same
preference, their common top-ranked alternative is chosen. It is called anonymous if it treats all the
individuals equally. Symmetry ensures that if the role of two alternatives (at the top of preferences) are
interchanged at certain type of profiles, the outcome is also interchanged accordingly. A choice function is
called group strategy-proof if no group of agents can be strictly better oft by misrepresenting their
preferences, and is called strategy-proof if no individual can be better off by misrepresenting his/her

preference.
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A preference is called single-peaked on a tree if the alternatives can be arranged on a tree’ so that
preference declines as one moves away from the top-ranked alternative. Such preferences are well-known
in the literature for their usefulness in modelling public good location problems.

We assume a mild structure called path-connectedness (see, [3]) on the domains we consider in this
paper. Theorem 4.4.1 shows that a path-connected domain admits unanimous, anonymous, symmetric,
and group strategy-proof choice functions if and only if it is single-peaked on a tree and the number of
agents is odd. It follows as a corollary of this result that there exists no unanimous, anonymous,
symmetric, and group strategy-proof choice function on a path-connected domain if the number of
agents is even. When the number of agents is odd, Theorem 4.4.2 characterizes all unanimous,
anonymous, symmetric, and group strategy-proof choice functions on single-peaked domains on trees as
the tree-median rule. Finally, we investigate what happens if we replace group strategy-proofness by
strategy-proofness. Theorem 4.5.2 says that if we strengthen the notion of path-connectedness in a
suitable manner, then the conclusion of Theorem 4.4.1 can be achieved with strategy-proofness, that is, a
strongly path-connected domain admits unanimous, anonymous, symmetric, and strategy-proof choice
functions if and only if it is a single-peaked domain on a tree.

An alternative is called the pairwise majority winner at a profile if it beats every other alternative
according to pairwise majority comparison and a choice function is called the pairwise majority rule if it
selects the pairwise majority winner at every preference profile. [27] argued that if such a majority winner
exists at a profile, we should choose it on the basis of “straightforward reasoning” The analysis of the
pairwise majority rule dates back to [10], [27], and [56]. [9] shows that the pairwise majority rule exists
on domains that are single-peaked on a line. Later, [31] generalizes this result by showing that the
pairwise majority rule exists on a domain even if the domain is single-peaked on a tree. [41] consider the
problem of locating a public facility and show that the outcome of the pairwise majority rule on a
single-peaked domain on a tree minimizes the total distance traversed by the users to go to the facility.
They further prove that this property holds for a single-peaked domain only when the underlying graph is
a tree. 63 ] characterizes the pairwise majority rule on domains that are single-peaked on a line. [28]
shows that strategy-proof and tops-only SCFs on a single-peaked domain on a tree can be recursively
decomposed into medians of constant and dictatorial rules.

[81] consider single-peaked domains on tree when preferences are Euclidean with respect to the graph
distance and show that an SCF on such a domain is strategy-proof and unanimous if and only if it is an
extended generalized median voter scheme. [65] introduce a class of generalized single-peaked domains
based on an abstract betweenness property and show that an SCF is strategy-proof on a sufficiently rich

domain of generalized single-peaked preferences if and only if it takes the form of voting by issues. They

'A connected graph is called a tree if it has no cycle.
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also provide a characterization of such domains that admit SCFs satisfying strategy-proofness, unanimity,
neutrality, and non-dictatorship/anonymity. We provide a detailed discussion on the connection of our
paper with these papers in Section 4.6.

[60] considers the problem of preference aggregation with exactly two alternatives and characterizes
the pairwise majority aggregation rule in this setting by means of always decisiveness, equality, symmetry,
and positive responsiveness. Later, [48] and [83] provide necessary and sufficient conditions on a
domain so that the pairwise majority aggregation rule is transitive.

It is worth mentioning that the tree-median rule coincides with the pairwise majority rule on domains
that are single-peaked on a tree.” Thus, the main contributions of our paper can be considered as (i) a
characterization of domains that are single-peaked on trees by means of choice functions satisfying
natural conditions such as unanimity, anonymity, symmetry, and group
strategy-proofness/strategy-proofness, and (ii) a characterization of the pairwise majority rule on these
domains as the only choice function satisfying the above mentioned properties. Thus, in addition to the
existing results where single-peakedness on trees is proved to be sufficient for the existence of the pairwise
majority rule, we show that under some natural conditions, it is also necessary for the same.

Characterizing domains by means of the choice functions that they admit is considered as an important
problem in the literature. [24] characterize single-peaked domains on arbitrary trees by means of
strategy-proof, unanimous, tops-only random social choice functions satisfying a compromise property
and [71] shows that every minimally rich and connected Condorcet domain which contains at least one
pair of completely reversed orders must be single-peaked.

The rest of the paper is organized as follows. Section 4.2 presents the notion of single-peaked domains
on trees and Section 4.3 introduces the notion of the tree-median rule. Main results of the paper are
presented in Section 4.4. Section 4.5 shows how group strategy-proofness can be replaced with
strategy-proofness in our main result. All the proofs, as well as the independence of the axioms used in

our main result, are collected in the Appendix.

4.2 DOMAINS AND THEIR PROPERTIES

Let A denote the set of alternatives and let N = {1, ..., n} denote the set of n agents, where n is at least 2.
We denote by L(A) the set of all linear orders (reflexive, transitive, antisymmetric, and complete binary
relations) on A. An element of L(A) is called a preference. Note that preferences are strict by definition.
An admissible set of agents’ preferences (or a domain) ID is a subset of L(A). A profile is a collection of

preferences, one for each agent. More formally, a profile p is an element of D".

*Despite the fact that the tree-median rule is nothing but the pairwise majority rule, we use the former term as for the special
case when the tree is a line, this rule is called the median rule in the literature.
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For ease of presentation, we do not use braces for singleton sets and use the following notations
throughout the paper. Let R be a preference and let a and b be two alternatives (not necessarily distinct)
in A. To save parentheses, we write ab € R instead of (a,b) € R, which has the usual interpretation that a
is (weakly) preferred to b at R. When a and b are distinct, we write R = - - - ab - - - to mean that a is
ranked just above b at R. In line with this, we write R = ab - - - to mean that a is the top-ranked and b is
the second-ranked alternative at R. Notationslike R=---a---b---,R=a---,andR = - - - ahave
self-explanatory interpretations.

The top-ranked alternative at a preference R is denoted by 7(R). The set of the top-ranked alternatives
of the preferences in a domain D is denoted by 7(ID), that is,

(D) = {a € A: 7(R) = aforsome R € D}. We assume that 7(ID) is a finite set of m alternatives.

Next, we introduce the notion of graphs. An (undirected) graph G = (V(G), E(G)) is a tuple where
V(G) is the set of vertices and E(G) C {{a, b} : a,b € V(G)} is the set of edges. A sequence of vertices
..., «Fis called a path in G if {«', '} € Eforall1 <1< k. Apatha®, ', ..., x"in Gis called a cycle
ifk > 3,4° = &5 and &° # ' forallo <'s < t < k. A graph is called a tree if it has no cycles. For a tree
and two vertices a and b, we denote by 7(a, b) (whenever the tree is clear from the context) the unique
path between a and b.

Two alternatives a and b in A are called top-connected (in D) if there are R, R’ € D suchthatR =ab - - -
and R’ = ba - - -. We use the notation a «~» b to mean that a and b are top-connected. The induced graph
of a domain D is defined as the undirected graph G(ID) = (7(ID), E), where E is the set of edges
consisting of all pairs of top-connected alternatives, thatis, E = {{a, b} C 7(D) : a «~ b}. Two
alternatives a and b are called path-connected if there is a path from a to b in G(ID). A domain D is called
path-connected if every two alternatives in 7(ID) are path-connected (see, [3]).

A subset S of N is called a coalition. The restriction of a profile p to a coalition S is denoted by p|s. For a
coalition S and preferences R and R’ in I, the N-tuple ((R)%, (R')¥\®) denotes the profile p where
p(i) = Rforallagentsiin Sand p(i) = R forall agentsiin N \ S.

We introduce the notion of single-peaked domains on trees. A preference is single-peaked on a tree if it
has the property that as one goes far away along any path from its top-ranked alternative, preference

decreases.

Definition 4.2.1 Let T be a tree with V(T) C A. A domain D is called single-peaked on T if (D) = V(T)
and forallR € Dandalla,b € 1(D),a € n(z(p(i)), b) impliesab € R.

Note that for a domain D that is single-peaked on a tree, there is no restriction on the ordering of the

alternatives outside 7(I)). We present an example of a single-peaked domain on a tree.

30



Example 4.2.2 Let the set of alternatives be A = {a,, a,, a,, a,, a, as, a, }. Consider the tree T in Figure

4.2 with V(T) = {a,, a,, a;, a,, a, }. In Table 4.2.1, we present a single-peaked domain on this tree.

ay

a, a, ag

Figure 4.2.1: Tree for Example 4.2.2

RI Rz R3 R4 Rs R6 R7 RS RQ RlO Rl 1 R12 RI 3 R14 R15 R16
a, a, a, a, a, a, a, as as a, a, a, a, a, ag ag
a, a, a, ds as a, a, a-, a, a, a, dgs ag ag a, (225
dgs a, a, a, a., ag a, a, dgs a., ag a, dgs a, dgs a,
as a, a, a, a, ds ag (225 a, as as as a, ds a, a,
a, as ds as, a, as a, a, a, a, ds a, a, a, as, a,
ag dgs ag ag ag a., a, ag as as, a, as a, ay a., a.,
a, dg as a- ds a, ds a, a, ag a, a, as a, a, as

Table 4.2.1: The single-peaked domain with respect to the tree in Figure 4.2.1

4.3 CHOICE FUNCTIONS AND THEIR PROPERTIES

A choice function ¢ is a mapping from D" to A. A choice function ¢ is unanimous if, whenever all the agents
agree on their preferences, the top-ranked alternative of that common preference is chosen. More
formally, ¢ : D" — A is unanimous if for all profiles p € D" such that p(i) = R for all agentsi € N and
some R € I, we have ¢(p) = 7(R). A choice function ¢ is called anonymous if it is symmetric in its
arguments. In other words, anonymous choice functions disregard the identities of the agents. A choice
function ¢ is strategy-proof if no agent can change its outcome in his/her favor by misreporting his/her
sincere preference. More formally, ¢ : D" — A is strategy-proof if for all agents i € N and all profiles

p,q € D" with p|x\; = g|a;, we have ¢(p)¢(q) € p(i). A choice function ¢ is group strategy-proof if for
all non-empty coalitions S of N'and all profiles p, g € " with p|x\s = gq|ns, we have either ¢(p) = ¢(q)

orp(p)¢(q) € p(i) for somei € S.
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Next, we introduce the notion of symmetry. Symmetry has some resemblance with neutrality, however
they are not the same.® Suppose that the agents are divided into two groups such that all agents in each
group have the same preference. Suppose further that two alternatives a and b appear at the top two
positions in each preference. Symmetry says that if the outcome of such a profile is a and the two groups
interchange their preferences, then the outcome of the new profile will be b. In other words, symmetry
ensures that if the roles of two alternatives are interchanged at certain type of profiles, the outcome is also
interchanged accordingly. Note that symmetry is different from neutrality as it applies to a very specific

class of profiles and only to the top-two ranked alternatives.

Definition 4.3.1 We say that a choice function ¢ satisfies symmetry if forallR =ab--- andR' = ba - - -,
and all subsets S of N, we have

((R)*, (R)NY) = aifand only if ((R)°, (R)M) = b.

4.3.1 TREE-MEDIAN RULE

The tree-median rule is an appropriate extension of the median rule defined in the context of
single-peaked domains on lines. We first provide an verbal description of these rules. Suppose that the
alternatives are named as a,, . . ., a,, and that they are arranged on a line in the following order:

a, < -+ < a,. Note that the median of a subset of alternatives B can be defined as the (unique)
alternative a such that [{b € B: b < a}| < ‘%' and|[{b €B:b>a}| < @. For instance, if

B ={a,,a,, a,,a,,a,}, then a, is the unique alternative that satisfies the condition that
{b€eB:b<a,}| = |{a,a,}] <2s5and|[{b€B:b>a,}| = |{a, a,}| < 2.5 Inother words, the
number of alternatives which lie in any particular ‘direction’ of the median must be less than the half of the
cardinality of the set. Here, two alternatives are said to be in the same direction with respect to an
alternative a if they lie in the same component of the (possibly disconnected) graph that is obtained by
deleting the alternative a from the line. We implement this idea on a tree.

Consider atree T = (V, E). For a vertex a of T, we denote by T~* the graph that is obtained by
deleting the alternative a (and all the edges involving a) from T, thatis, T~* = { V, fE} ,where V = V\a
and {x,y} € Eifand onlyif {x,y} € Eanda ¢ {x, y}. Note that T~ is a disconnected graph unless a is
a terminal node in T.* A component C of T~“ is defined as a maximal set of vertices of T~ “ that are
connected via some path in T~ ?. Below, we provide an example of a tree T, and show the components of

T~ for some vertex a.

3[65] define a notion that is very similar to symmetry and call it neutrality. We use a different term to avoid confusion.
*A node is called terminal if it has degree 1.
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Example 4.3.2 Consider the tree T as given in Figure 4.3.1. Consider the vertex as. The components of T~

are shown in Figure 4.3.2.

Now, we are ready to define the notion of the median with respect to a tree. Let T = (V, E) be a tree.
For a subset V of V, define the median of V (with respect to T) as the unique vertex a € V such that for
each component C of T~%, we have

V]

vnel < —.
2

Whenever the tree T is clear from the context, we denote the median of a set V C V with respect to T by

median (V). The following example explains the idea of the median of a set. It should be clear from this

example that the median of a set may not lie within the set.

Example 4.3.3 Consider the tree T with V(T) = {a,, . .., a, | as given in Figure 4.3.1. Consider the subset
V= {a,,a,,a,,as,a,} of V. We show that the median of?is as. The components C,, C,, C, of T~ are shown
in Figure 4.3.2. Note that in each of these components, the number of elements from Vis less than the half of the
cardinality of V. For instance, the elements of V that are in Component C, are a, and a,. This proves that the
median of Vis ag. We proceed to show that as is the unique vertex that satisfies this property. Note that since

= 2.5, a vertex v cannot be the median if a component in T~ has more than two vertices. Consider the vertex

[SHES

a,. Then, there is a component C = {aq, a,, ag, ay, a,, } in T~ that contains three elements a., as, a, from V.
By using a similar logic, for any vertex v in {a,, a,, a,, a } there is a component in T" containing the vertices
a,, s, a,, for any vertex v in {as, a,, a,, } there is a component in T~" containing the vertices a,, a,, a., and for
a, there is a component in T~ containing the vertices a,, a,, ag, a, from V. Since for each of these vertices, there
is a component having more than two elements from V, none of them satisfies the requirement for being the

median. This shows that ae is the unique median.

a as ag

a3 as ag

a4

az 10

Figure 4.3.1: Tree for Example 4.3.2 and Example 4.3.3
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4 as ag

a3 ag

Figure 4.3.2: Components of T~

Now, we are ready to define the notion of the tree-median rule. It selects the median of the top-ranked

alternatives at every profile.

Definition 4.3.4 A choice function ¢ : D" — A is called the tree-median rule with respect to a tree T with

V(T) = ©(D) ifforallp € D", ¢(p) = median({r(p(i)) : i € N}).

REMARK 4.3.5 An alternative a is called pairwise majority winner at a profile if for all b # a, the number of
agents who prefer a to b at that profile is more than . It is worth noting that the outcome of a median rule at any
profile is the pairwise majority winner (Condorcet winner) at that profile. To see this, suppose that the outcome
of the tree-median rule is a at a profile p. Consider an alternative b other than a. Suppose b belongs to a
component C of T~“. By single-peakedness, every agent, whose top-ranked alternative is not in C, will prefer a to
b. By the definition of the tree-median rule, the number of agents in component C is strictly less than . Therefore,
the number of agents who prefer a to b must be more than *, implying that a beats b by pairwise majority

comparison.

4.4 RESULTS

Our first theorem characterizes the single-peaked domains on trees by means of choice functions that are
unanimous, anonymous, symmetric, and group strategy-proof. It says that these domains are the only

path-connected domains that admit such rules when the number of agents is odd.

Theorem 4.4.1 Let D be a path-connected domain. Then, there exists a unanimous, anonymous, symmetric,

and group strategy-proof choice function ¢ : D" — A if and only if D is single-peaked on a tree and n is odd.

The proof of this theorem is relegated to Appendix.1. In Section 4.4.1, we provide an idea of the proof

of the only-if part of the theorem by considering the case of three alternatives.
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Our next corollary says that if the number of agents is even, then there is no path-connected domain
that admits a unanimous, anonymous, symmetric, and group strategy-proof rule. The intuition of this
result is as follows. Since the number of agents is even, we can divide the agents into two groups N, and
N, having equal size. Consider the profile where agents in N, have the same preference ab - - - and agents
in N, have the same preference ba - - -, for some a, b € A. By unanimity and group strategy-proofness, the
outcome at such a profile must be either a or b. Suppose that the outcome is a. Now, consider the profile
where agents in N, have the same preference ba - - - and agents in N, have the same preference ab - - - . By

symmetry, the outcome at this profile must be b. However, this violates anonymity.

Corollary 4.4.1 Let D be a path-connected domain and let n be even. Then, there is no unanimous,

anonymous, symmetric, and group strategy-proof choice function ¢ : D" — A.

Our next theorem characterizes the unanimous, anonymous, symmetric, and group strategy-proof

rules on a single-peaked domain on a tree as the tree-median rules.

Theorem 4.4.2 Let D be path-connected and single-peaked on a tree T and let n be odd. Then, a choice
function ¢ : D" — A is unanimous, anonymous, symmetric, and group strategy-proof if and only if it is the

tree-median rule with respect to T.

The proof of this theorem is relegated to Appendix .2. In Section 4.4.1, we provide an idea of the proof

of the only-if part by considering the case of three alternatives.

4.4.1 AN ILLUSTRATION OF THE PROOFS OF THEOREM 4.4.1 AND THEOREM 4.4.2

We illustrate the idea of the proof of the only-if parts of Theorem 4.4.1 and Theorem 4.4.2 by considering
the case of three alternatives. Let A = {a, b, c} be the set of three alternatives and let N = {1,...,n} be
the set of agents. Suppose I is a path-connected domain and let ¢ be a unanimous, anonymous,

symmetric, and group strategy-proof choice function from D" to A. We show that
1. nisodd,
2. Dis a set of single-peaked preferences on a tree, and
3. ¢ chooses the median of the top-ranked alternatives at any profile in D".

Because D is path-connected we have, after a possible renaming of the alternatives, one of the following

four cases
(i) D=1L(A)
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(i) D=1L(A) \ {acb}

(iii) D C {abc, bac, bea, cba} implying that I is single-peaked on a (sub)tree T, of the following tree

a(’\/\/‘éb(-'vv‘éc_

(iv) D C {abc, acb, cab, cba} implying that I is single-peaked on a (sub)tree T, of the following tree®

Consider a profile p and a coalition S such that p(i) = xyz foralli € Sand p(i) = yxzforalli € N\ S.
By unanimity and group strategy-proofness, ¢(p) # z, as otherwise the agents in S will manipulate by
reporting their preferences as yxz. By anonymity and group strategy-proofness, the outcome of any
profile p such that p(i) € {xyz, yxz} foralli € Nand |{i : p(i) = xyz}| > |S] is x. By symmetry, this
means cp(f)) = yfor anyproﬁlefo such thatf)(i) € {xyz,yxz} foralli € Nand |{i : p(i) = yxz}| > [S].
Therefore, it must be that |S| > %, as otherwise we can have a profile g such that both [{i : q(i) = xyz}|
and |{i : q(i) = yxz}| are greater than or equal to |S| and in view of the earlier observations, nothing can
be defined as an outcome at g. Using similar logic, no outcome can be defined at a profile g such that
{i: q(i) = xyz}| = |{i : q(i) = yxz}|. This proves (1), that is, n is odd. This is formally proved in
Lemma.1.2 (see Appendix.1).

Now, we proceed to prove (2). Consider a coalition S with [S| > . We show that for any profile g such
that q(i) = q(j) foralli,j € Sand q(i) = q(j) foralli,j € N\ S, the outcome is the top-ranked
alternative of the agents in S. In the following table, we present such profiles where agents’ preferences lie
in the set {zxy, xzy, xyz, yxz}. We also present the outcomes of ¢ at the profiles where it can be obtained

by unanimity and Lemma .1.2.

S N\S Xy XzY XYz YXZ
zxy z oz
xzy x X
xyz x X
yxz y oy

Table 4.4.1: Primary structure of a unanimous, anonymous, symmetric, and group strategy-proof
choice function

*Such a set of preferences is known as a single-dipped domain in the literature.
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We proceed to show that the outcome at any profile in the table will be the top-ranked alternative of the
agents in S. Since the outcome at the profile (xzy, zxy) is x, by group strategy-proofness it must be x at

(xyz, zxy).% In Table 4.4.2 we present the outcomes that can be obtained using similar logic.

S N\S Xy  XZy XYz yXZ
zxy z z
xzy x X  ox X
xyz x X ox X
yxz y oy

Table 4.4.2: Final structure of a unanimous, anonymous, symmetric, and group strategy-proof choice
function

Consider the profile (yxz, xzy). Since the outcome at (xyz, xzy) is «, by group strategy-proofness the
outcome at (yxz, xzy) must be x or y. Similarly, since the outcome at (yxz, xyz) is y, by group
strategy-proofness the outcome at (yxz, xzy) must be y. Moreover, since the outcome at (yxz, xzy) isy
and y is the bottom-ranked alternative for the agents in N \ S, by group strategy-proofness the outcome at
(yxz, zxy) must be y. In Table 4.4.3 we present the outcomes that can be obtained using similar logic.
Since S is arbitrary, Table 4.4.3 implies that the outcome of ¢ will be determined by the majority at any

profile where the agents are partitioned into two groups such that agents in any group have the same

preference.
S N\S zZXy  XZYy XyZ YXZ
zxy z z oz @z
xzy x  ox X X
xyz x  ox X X
yxz y oy oy oy

Table 4.4.3: Additional structure of a unanimous, anonymous, symmetric, and group strategy-proof
choice function

Since n is 0dd, there must be at least 3 agents. Therefore the set of agents can be partitioned into

non-empty sets S,, S,, S; such that |S; U §;| > * forall i # j. Consider the profile v such that v(i) = xyz

SFor ease of presentation, by (xzy, zxy) we denote the profile where the agents in S have the preference xzy and the agents
in N'\ Shave the preference zxy. We continue to use similar notations.
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foralli € S, v(i) = yzxforalli € S,,and v(i) = z&yforalli € S,.7 As[S, U S,| > %, the outcome at the
profile where agents in S, U S, have the preference yzx and the agents in S, have the preference zxy is y.
Hence, by group strategy-proofness ¢(v) # z. Using a similar logic, |S, U S| > * implies ¢(v) # x, and
S, U S;| > * implies ¢(v) # y. So, no outcome can be defined at the profile v, and hence a profile like v
cannot lie in D", Therefore, out of the four cases for ) mentioned at the beginning, only Case (iii) and
Case (iv) are possible. This proves that the domain I is a set of single-peaked preferences with respect to
either the tree T, or the tree T,. This completes the proof of (2).

We complete the sketch of the proof by showing (3). We deal with Case (iii) and Case (iv) separately.
Case (iii): Here, D) is a subset of single-peaked preferences {abc, bac, bca, cba} with respect to the
alphabetical ordera < b < cand G(ID) is a (sub)graph of

a s b e .

Let p be a profile in D". We prove that ¢(p) is the median of the top-ranked alternatives at p. We
distinguish three cases.

Suppose ¢(p) = b. Consider the profile q such that q(i) = beaif p(i) = abc, and q(i) = p(i)
otherwise. By group strategy-proofness, (p(q) = b, as otherwise the agents i having preference bca at g
will (group) manipulate at g by misreporting their preferences as p(i). Next, consider the profile r such
that (i) = beaif q(i) = p(i) = bac,and r(i) = q(i) = cba otherwise. By group strategy-proofness,
¢(r) = b. Since agents have one of the two preferences bca and cba at the profile r, the outcome of ¢ at r
will be the majority vote (winner) between b and c. As this outcome is b, it must be that majority of voters
have the top-ranked alternative as b at the profile r. This implies that a majority of voters have top-ranked
alternatives at p in the set {a, b}. Similarly, we can deduce that a majority of voters have top-ranked
alternatives at p in the set {b, c}. Thus, it follows that at the profile p, there is a majority of voters having
the top-ranked alternative in the set {a, b} and a (possibly different) majority of voters having top-ranked
alternatives in the set {b, c}, and hence, b is the median of the top-ranked alternatives at p.

Suppose ¢(p) = a. Consider the profile v such that v(i) = bacif p(i) # abc,and v(i) = p(i) = abc
otherwise. Since agents have one of the two preferences abc and bac at the profile v, the outcome of ¢ at v
will be the majority vote between a and b. In particular, ¢(v) € {a, b}. Note that except for the
preference abc, alternative b is strictly preferred to a at all other preferences in ID. So, group
strategy-proofness implies that ¢(v) # b, as otherwise the agents i having preference bac at v will
manipulate at p via v(i). So, ¢(v) = a. Since the outcome of ¢ at v will be the majority vote between a and
b, this means that there is a majority of voters having top-ranked alternative as a at p. So, a is the median of

the top-ranked alternatives at p.

”Such a profile is called a Condorcet profile.
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Suppose ¢(p) = c. This case is similar to the latter case where ¢(p) = a.
Case (iv): Here we have 7(ID) = {a, c}. We have already argued that the outcome will be determined by
the majority at profiles where agents are partitioned into two groups with each group having the same
preference. Since (D) = {a, c}, by group strategy-proofness, this implies that the outcome of ¢ will be
the majority vote between a and c at any profile. This in particular means that ¢ chooses the median of the
top-ranked alternatives at any profile.

So, ¢ is the median rule and the only if parts of Theorem 4.4.1 and Theorem 4.4.2 are proved for the

case of three alternatives.

4.5 WEAKENING GROUP STRATEGY-PROOFNESS TO STRATEGY-PROOFNESS

In this section, we show that group strategy-proofness cannot be replaced by strategy-proofness in
Theorem 4.4.1, and consequently, provide a version of Theorem 4.4.1 with strategy-proofness. The

following example shows that Theorem 4.4.1 does not hold under strategy-proofness.

Example 4.5.1 Suppose that the set of alternatives is two-dimensional where each dimension/component has
two elements: o and 1. More formally, the alternatives are A = {o0,1}> = {(0,0), (0,1), (1,0), (1,1) }. Agents’
preferences are such that if a is the top-ranked alternative in a preference and b differs from a in both components,
then b will be the bottom-ranked alternative in that preference.® For instance, if (o, 1) is the top-ranked
alternative in a preference, then (1, o) will be the bottom-ranked alternative in that preference. Therefore, there
will be two preferences with (o, 1) at the top for the two possible relative ordering of the remaining alternatives
(0, 0) and (1,1). The preferences are as follows: (0,1)(0,0)(1,1)(1,0) and (0,1)(1,1)(0, 0), (1, 0). In Table
4.5.1, we present all (eight) preferences satisfying this property. Consider the domain with these preferences.

R | R | R | R | R | R | R | R
(0,0) | (0,1 (1,1
(o, (1
(1,1 (0,1
(1, (o,

Table 4.5.1: Domain for Example 4.5.1
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Suppose that there are three agents. We define an SCF called component-wise majority rule. For each
component, it selects the element in that component that appears as the top-ranked element in that component for

at least two agents. Note that the SCF depends only on the top-ranked alternatives in a profile. For an

8This is a special case of a more general condition known as separability in the literature.
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illustration of the rule, consider a profile with top-ranked alternatives as (1, 0), (0, 1), (1, 0). In the first
component, element 1 appears at least two times as the top-ranked alternative, and hence, it is the outcome in that
component. Similarly, o is the outcome in the second component. The final outcome of the rule is (1, o), which is
obtained by combining the outcomes in each component.

It is shown in [76] (see Theorem 1) that the component-wise majority rule is strategy-proof. Unanimity and
anonymity of the rule follow from the definition. For symmetry, consider a profile p where the agents in a group S,
() # S # N, have the preference R = xy - - - and others have the preferences ' = yx - - - for some x and y in A.
By the definition of the domain, x and y can differ only over one component. So, assume without loss of generality,
x = (0,0) andy = (o, 1), and suppose that the outcome of the component-wise majority rule at this profile is
(0, 0). Since the outcome in the second component is o, by the definition of the component-wise majority rule, it
must be that S contains at least 2 agents. Now, suppose that the agents in S interchange their preference with those
in N'\ S. The outcome in the first component will still be o as it is the top-ranked element of each agent in that
component. Moreover, since S contains at least 2 agents, the outcome in the second component will now become 1,
and hence, the final outcome will be (o, 1). This shows that the component-wise majority rule satisfies symmetry.

Now, we argue that it is not group strategy-proof. Consider the profile of top-ranked alternatives
(0,0), (1,1), (1,0). Suppose that both agents 1 and 2 prefer (0, 1) to (1, 0). Note that this assumption is
compatible with our domain restriction. The outcome of the component-wise majority rule at this profile is (1, o).
However, if agents 1 and 2 together misreport their preferences as one having the top-ranked alternative as (o, 1),
then the outcome of the component-wise majority rule will become (o, 1), which is preferred to (1, o) for both

agents 1 and 2. Therefore, the component-wise majority rule is not group strategy-proof.

In what follows, we show that if we strengthen the notion of path-connectedness, then we can replace
group strategy-proofness by strategy-proofness in Theorem 4.4.1.

Let a and b be two alternatives in 7(ID). We say that a is strongly top-connected to b if there are R* and R?
inDsuchthat ) R* = ab--- andR® = ba- - -, and (ii) forall x, y ¢ {a, b}, xR% if and only if xR"y. The
notion of a strongly path-connected domain is defined in an obvious manner.

Our next theorem says that group strategy-proofness can be replaced by strategy-proofness if we

strengthen path-connectedness by strongly path-connectedness.

Theorem 4.5.2 Let D be a strongly path-connected domain. Then, there exists a unanimous, anonymous,
symmetric, and strategy-proof choice function ¢ : D" — A if and only if D is single-peaked on a tree and n is
odd.

The proof of this theorem is relegated to Appendix .3.
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4.6 RELATION TO THE LITERATURE

In this section, we discuss the connection of our results with some of the closely related papers.

4.6.1 [81]

[81] consider single-peaked domains on graphs (trees as a special case). Preferences are Euclidean with
respect to the graph distance. They show that an SCF is strategy-proof and unanimous if and only if it is an
extended generalized median voter scheme. Although tree median rules are special cases of extended
generalized median voter scheme, our result does not follow from their result because of the following
reasons.

(i) In their model, for each alternative there is exactly one preference with it as the top-ranked
alternative. Thus, SCFs on such a domain become tops-only vacuously. However, in our case, there can be
more than one preference with the same top-ranked alternative, and hence, tops-onlyness is required to
be proved additionally. [84] shows that the maximal single-peaked domain on a line is tops-only, and
recently, [2] generalize this result for arbitrary (that is, not necessary maximal) single-peaked domains on
aline.® [20] provide a sufficient condition on a domain for it to be tops-only. None of these results applies
to a path-connected single-peaked domain on a tree.

(ii) [81] use strategy-proofness whereas we use group strategy-proofness. To the best of our
knowledge, it is not known in the literature whether extended generalized median voter schemes are
group strategy-proof or not on domains that are single-peaked on a tree. [7] provide a sufficient condition
on a domain for the equivalence of group strategy-proofness and strategy-proofness, however, their result

also does not apply to such domains.

4.6.2 [65]

[65] consider a class of single-peaked domains based on an abstract betweenness property. They have
analyzed the structure of strategy-proof and unanimous SCFs on such domains. Furthermore, they
provide a characterization of such domains that admit SCFs satisfying strategy-proof, unanimous, neutral,
and non-dictatorial/anonymity. Two particular results of [65 ] are closely related to our work, which we

explain below.

(i) Corollary s in [65] says that a strategy-proof, unanimous, neutral, and anonymous SCF exists on a
“rich” single-peaked domain if and only if n is odd and the domains is a “median space”. On the

other hand, Theorem 4.4.1 of our paper says thata group strategy—proof, unanimous, anonymous,

°A domain is tops-only if every unanimous and strategy-proof SCF on it is tops-only.
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(i)

and symmetric SCF exists on a path-connected single-peaked domain if and only if n is odd and the
domain is single-peaked on a tree. While neutrality and symmetry are similar in nature, the
assumption of richness and the inclusion of median space make a significant difference between

the two results as we explain below.

Richness: They assume the domains to be rich. In the context of domains that are single-peaked on
a tree, this means the relative ordering of two alternatives that do not lie on the same path from the
peak must be unrestricted. To see how strong this condition is, consider a single-peaked domain on
aline. One implication of richness is that there must be preferences where the extreme left (or
right) alternative is preferred to the “right-neighbor” (or the “left-neighbor”) of the peak. For
instance, if there are 100 alternatives a,, . . . , a,,, with the prior ordering a, < - -+ < a,,,, then
there must be a preference with g, at the top position where the “far away” alternative a,,, is
preferred to the neighboring one a,. This is clearly a strong assumption for practical applications.
Our notion of path-connectedness requires that for every two adjacent alternatives, say a, and a,,
there are two preferences where they swap their positions at the top two ranks, that is, preferences
of the form a,a, - - - and a,a, - - - must be present. Thus, we do not require anything about the

relative ordering of other alternatives.

Median space: A domain is a median space if the notion of median can be defined for any three
alternatives in it, that is, for any three alternatives a, b, ¢, there is an alternative m called the
“median” of a, b, ¢ such that m lies between every pair of alternatives from a, b, c. Apart from
domains that are single-peaked on a tree, there are several other domains that are median space
(see Example 4 in [65]). Thus, domains that are single-peaked on a tree cannot be characterized by
the properties used in [65]) and the use of group strategy-proofness does the job in our paper. As
we have mentioned earlier, it is not yet known if group strategy-proofness and strategy-proofness
are equivalent on domains that are single-peaked on a tree. Thus, (even the “if part” of ) Theorem

4.4.1 of our paper does not follow from Corollary 5 of [65].

Theorem 4 of [65] says that an SCF on a rich median space is strategy-proof, unanimous, and
neutral if and only if it is a particular type of voting by issues rules. Furthermore, if anonymity is
imposed additionally, then these rules become tree median. Since the single-peaked domains on
trees we consider do not satisfy richness, this result does not apply to these domains. Moreover,
even if we additionally impose richness on such domains, since we work with group
strategy-proofness, Theorem 4.4.1 of our paper does not follow from this result. The contribution
of our result on these special class of rich domains is that it implies that strategy-proofness and

group strategy-proofness are equivalent on those under unanimity, anonymity, and
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symmetry/neutrality. Such a result is not known in the literature and we feel it is not

straightforward either.

APPENDIX

.1 PROOF OF THEOREM 4.4.1

We introduce the following terminologies to facilitate the presentation of our proofs. For a coalition S, a
preference R, and a profile g, we denote by ((R)®, g|x\s) the profile p where p(i) = Rforalli € Sand
p(i) = q(i) foralli € N'\ S. We call such a profile S-unanimous. In a similar fashion, a profile of the form
((R)S, (R")N\S) is said to be (S, N\ S)-unanimous. Additionally, if 7(R) = a and 7(R') = b, then sucha
profile is said to be (a, b)-(S, N \ S)-unanimous. Let V be a set of S-unanimous profiles in D" for some
coalition S. Given a choice function ¢, we say that the coalition S is decisive on V (for ¢), if

¢(R®, plxs) = 7(R) forall (R®, p|as) € V. The coalition S is said to be decisive if it is decisive on the set
of all S-unanimous profiles in D". For instance, N is decisive for a unanimous choice function ¢.

We are now ready to present the proof of Theorem 4.4.1.

(If part) Let T be a tree and let D be a single-peaked domain on T. Suppose 1 is odd. Consider the
median rule ¢ : D" — A. By definition, ¢ satisfies unanimity, anonymity, and symmetry. In what follows,
we show that it satisfies group strategy-proofness.

Consider a profile p € D". Suppose ¢(p) = a. Assume for contradiction that some coalition S
manipulates ¢ at the profile p. First note that by the definition of single-peaked domain on T if the
top-ranked alternatives of the agents in S at the profile p are in different components of T™, then there is
no alternative b that is strictly preferred to a by each agentin S. So, since the agents in S manipulate, it
must be that their top-ranked alternatives in p are in some component C of T~“. By the definition of the
median rule, the number of agents who have top-ranked alternatives in C is less than ?. Therefore, no
matter how the agents in S misreport there preferences, the outcome at the misreported profile cannot be
an alternative of C. This, in turn, means that the agents in S will not prefer the outcome at the misreported

profile, a contradiction. This completes the proof of the if part of Theorem 4.4.1.

(Only-if part) We prove the only-if part by means of the following lemmas. For all these lemmas, assume

that D is a path-connected domain.

Lemma.1.1 Let ¢ : D" — A be a unanimous and group strategy-proof choice function and let a coalition S be

decisive on all (S, N\ S)-unanimous profiles. Then S is decisive.
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Proof: In order to prove that S is decisive, let p € D" be an S-unanimous profile such that p(i) = R for all i
in S, where 7(R) = a. For an S-unanimous profile p, define k(p) = [{p(j) : j € N}| as the number of
different preferences in p. We prove the lemma by using induction on k. Note that k > 2 by definition.
Note that the base case where k = 2 follows from the definition of (S, N \ S)-unanimous profiles.
Suppose S is decisive on all S-unanimous profiles p such that k(p) < k, for some k > 2. We show that S is
decisive on all S-unanimous profiles p such that k(p) < k + 1. Consider p € D" such that k(p) = k+ 1
Since k(p) = k + 1, we can partition Nas T,, . . ., Tyy, such that forall | € {1, ...,k -+ 1}, there exists

R’ € D such that p(i) = R foralli € T;. Since p is an S-unanimous profile, assume without loss of
generality S C T,. Assume for contradiction, ¢(p) # a. Suppose ¢(p) = bforsomeb € A\ {a}.
Consider g € D" such that (i) = R'foralli € Tjandalll € {1,...,k} and q(i) = R*foralli € Ty,
Since k(q) = k by construction, we have by our induction hypothesis that ¢(q) = a. By means of group

strategy-proofness for the agents in T}, at p via q|r,,,, we have
ba € R, (1)

Now consider the preference r € D" such that (i) = R'foralli € Tyand alll € {1,...,k — 2,k} and
q(i) = R forall i € Ty. Since k(r) = k by construction, we have by our induction hypothesis that

r) = a. By means of group strategy-proofness for the agents in T} at r via p|r,, we have
y group gy-p g plit,
ab € R*™. (2)

Combining (1) and (2), ¢(p) = a. This completes the proof by induction. [ |

Lemma.1.2 Let ¢ : D" — A be a unanimous, anonymous, symmetric, and group strategy-proof choice
function and let R* = ab - - - and R® = ba - - - be two preferences in ID. Suppose a coalition S is such that
SRS, (RY) = a. Then 8] > 2.

Proof: Assume for contradiction |S| < “. By applying symmetry to ¢((R*)%, (RON\S) = g, we have
p((R")*, (RN) = b. (3)
Since |S| < 2, there exists T C N\ S such that |S| = |T]. We write ¢((R*), (R")M\¥) = g as

p((R)*, (R)T, (R)MCD) = . (4)
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Now, applying anonymity to (4), since |S| = |T],
((R)*, (R)", (R)MED) = a (s)

This, together with (3) implies that agents in N'\ (S U T) manipulates at ((R?)%, (R)N\S) via (R?)N\SUT),

a contradiction. [ |

Lemma.1.3 Let ¢ : D" — A be a unanimous and group strategy-proof choice function and let R* = ab - - -
and RY = ba - - - be two preferences in ID. Suppose a coalition S is such that ¢((R*)®, (R))NS) = a. Then S is
decisive on all (a, b)-(S, N \ S)-unanimous profiles.

Proof: Consider an (a, b)-(S,N \ S)-unanimous profile p € D". Assume for contradiction, ¢(p) # a.
Suppose ¢(p) = «. Consider g € D" such that g(i) = R* foralli € Sand gy s = p|ns. We claim

¢(q) = b. If $(q) = a, then by means of unanimity agents in S manipulates at p via q|s, a contradiction. If
¢(q) ¢ {a,b}, then agents in S manipulates at q via some preference where b is the top-ranked alternative
for all agents in S. So, ¢(q) = b. However, since ¢((R%)S, (R®)N\S) = g, this means agentsin N \ S

manipulates at ((R*), (R")N\S) via g|n\s, a contradiction. [

REMARK .1.1 It follows from Lemma .1.2 and Lemma .1.3 that there is a unanimous, anonymous, symmetric,
and group strategy-proof choice function ¢ : D" — A only if n is odd. This completes the proof of Corollary
4.4.1.

Lemma.1.4 Let ¢ : D" — A be a unanimous, anonymous, symmetric, and group strategy-proof choice

function and let a and b be top-connected alternatives. Then the following two are equivalent.
(i) Sisdecisive on all (a,b)-(S,N \ S)-unanimous profiles.

(ii) |S| > =.

Proof: Consider R* = ab - - - and R® = ba - - - . By group strategy-proofness and unanimity,

o((RY)S, (RM)NS) € {a, b}. If (i) holds, then ¢((R%)S, (R")N'S) = 4, and by Lemma .1.2, |S| > 2.
Suppose (ii) holds. If ¢((R?)S, (R")N\S) = b, then by Lemma 1.2, we have [N\ S| > %,a

contradiction to || > 2. So, ¢((R*), (R®)M\S) = 4. By Lemma .1.2, this implies S is decisive on all

(a,b)-(S,N\ S)-unanimous profiles. |
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Lemma.1.§ Let ¢ : D" — A be a unanimous and group strategy-proof choice function and letx', . . . | x* bea
path in G(ID) such that every three consecutive alternatives in the path are distinct. Suppose a coalition S is
decisive on all (x', x*)-(S, N \ S)-unanimous profiles. Then, S is decisive on all (x*, x*)-(S, N \ S)-unanimous
profiles forall1 < s <t <k

Proof: We prove this by using induction on the value of t — s for (x°, x°)-(S, N \ S)-unanimous profiles.

First, we prove that S is decisive on all (x°, x*)-(S, N'\ S)-unanimous profiles forallo < s < k.
Consider p € D" such that p(i) = «*x* - - - foralli € Sand p(i) = x’%* - - - foralli € N\ S. We show
that ¢(p) = «*. To ease the presentation of the proof, we use the notationR* to denote a preference of the
form x°x’ - - - . By our assumption, ¢((R*)S, (R*)N\S) = ', Consider a profile ((R*)%(R*)N\S) € D". By
group strategy-proofness, ¢((R)®, (R®*)N\S) € {a', &*, x*}. Since ¢((R™)%, (R*)M\S) = &', by using
group strategy-proofness for the agents in N'\ S, ¢((R*)S, (R*)M\S) = «'. Consider a profile of the form
((R*)S, (R®*)N\S), Since ¢((R™)S, (R®*)N\S) = &, by using group strategy-proofness for agents in S,
(RS, (R2)N) € {w', a2} I ((R*)S, (R®)NV) = ', then agents in N \ S manipulates at
(RS, (R*)N\S) via (R*)NS, So, ¢((R*)S, (R*)N\S) = &, By group strategy-proofness,
o((R®)S, (R®)N) = #* and by Lemma .1.3, S is decisive on all (x*, #*)-(S, N'\ S)-unanimous profiles.
Continuing in this manner, it can be shown that S is decisive on all (x*, x**)-(S, N\ S)-unanimous
profiles forall1 < s < k. Suppose S is decisive on all (x*, x*)-(S, N'\ S)-unanimous profiles where
t —s < Iforsome ! < k — 1. We show that S is decisive on all (x*, x)-(S, N'\ S)-unanimous profiles
wheret —s =141.

By our induction hypothesis, ¢((RCT))S (R#)N\S) = x+1, By group strategy-proofness, this means
O((REFD)S (RENS) € Lo a1}, Suppose ¢ (RS (RH)NS) = w1, Then, by group
strategy-proofness ¢ ((RCH))S (REHV)NS) = w51 which contradicts our earlier step where we have
shown that S is decisive on all (x*, x™)-(S, N'\ S)-unanimous profiles forallo < s < k. So,

S((REFD)S (RFNS) = &, By group strategy-proofness, this means ¢((R*), (R™H)N\S) = »* implying
that S is decisive on all («°, x*)-(S, N\ S)-unanimous profiles forallo < s < t < k. This completes the
proof of the lemma. u

Lemma.1.6 Let¢ : D" — A be a unanimous, anonymous, symmetric, and group strategy-proof choice

function and let S be a coalition with |S| > 2. Then S is decisive.

Proof: By Lemma .1.4, S is decisive on all (a, b)-(S, N\ S)-unanimous profiles where a «~> b. By Lemma
.1.5, Sis decisive on all (x, y)-(S, N \ S)-unanimous profiles such that there exists a path in G(ID)
connecting x and y. Since G(I) is connected, this means S is decisive on all (x, y)-(S, N \ S)-unanimous

profiles. Now, by Lemma .1.1, we have that S is decisive on all profiles. |
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The restriction of a preference R € L(A) to aset X C A is defined as
R|x :={xy :xy € Randxy € X X X}.

Lemma.1.7 Let¢ : D" — A be a unanimous, anonymous, symmetric, and group strategy-proof choice
function. Consider a pathx', . . ., x* in G(D) such that x' # « for all i # j. Then, for allR € D, 7(R|x) = «*

implies R|x = «x* " - - - &', where X = {«', ..., &*}.

Proof: Since nis odd, n > 3. Therefore, N can be partitioned into coalitions S, T and U such that |§| = 1,
SUU| > % [TUU| > 2and |SUT| > 2. Letapreference R' € D be such that 7(R') = «'. Define the
choice function y : DT — A such that forallp € DT, y(p) = ¢(p) where p(i) = R* foralli € Uand
p(i) = p(i) foralli € SU T. Since ¢ is group strategy-proof, ¥ is group strategy-proof. Further, since
|SUT| > %, by Lemma 1.6, S U T'is decisive for ¢. This, together with the fact that ¢ is unanimous
implies ¥ is unanimous. Since [S U U| > %, by Lemma .1.6, ¢(p) = &' where p(i) = R' foralli € SUU
and 7(p(i)) = «” foralli € T. This means ¥(p) = x*, where pisa (x*, *)-(S, T)-unanimous profile.
Since v is unanimous and group strategy-proof, by Lemma .1.5, we have forall1 < s < t < kandall

(«*, x")-(S, T)-unanimous profiles g, ¥(q) = «°. Using a similar logic, it follows that T is decisive on all

(«*,x")-(T, S)-unanimous profiles forall1 < s < ¢t < k. Combining all these observations, we have

¢(q) = ammo, (6)

Now, we are ready to complete the proof of the lemma. Assume for contradiction that there exists R € D
such that 7(R|x) = x* and x’x* € R for some r < s. Then, by (6), ¥(p) = x* where p(i) = Rforalli € S
and 7(p(i)) = «° foralli € T. Consider g € D" such that 7(g(i)) = «" foralli € Sand q|r = p|. By (6),
¥(gq) = «’, which means that the agents in S manipulate at p via g5 contradicting the group
strategy-proofness (also, strategy-proofness) of . |

Lemma.1.8 Let ¢ : D" — A be a unanimous, anonymous, symmetric, and group strategy-proof choice

function. Then G(D) must be a tree, D must be single-peaked on G(ID), and n must be odd.

Proof: Assume for contradiction that there exists a cycle &', . . . , &, x* in G(ID) such that &' # &/ for all
i # j. Consider R € D such that 7(R) = «". Since ', x*, . . . , #* is a path in G(ID) such that &' # &/ for all
i # j,by Lemma.1.7, x*x> € R. Again, since ", xF &k x* is a path in G(ID) such that &' # &/ for all

i # j, by Lemma.1.7, x*x> € R. However, this contradicts that R is a preference. So, G(D) is a tree. Now,
by means of Lemma .1.7 it follows that D is single-peaked on G(ID).

Now, we show 7 is odd. Suppose not. Take S| = “. LetR* = ab- - - and R" = ba - - - . By unanimity
and group strategy-proofness, ¢((R*)S, (R?)N\S) € {a, b}. Assume without loss of generality,
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¢((R)S, (R")N\S) = q. Since |S| = %, by anonymity of ¢, this implies ¢((R®)S, (R*)N\S) = 4. On the
other hand, since ¢((R?)S, (R®)M\S) = g, by symmetry ¢((R")S, (R*)N\S) = b, which is a contradiction.
[

.2 PROOF OF THEOREM 4.4.2

Proof: The proof of the if part of the Theorem follows from the same of the if part of Theorem 4.4.1. We
proceed to prove the only-if part.

Assume for contradiction that ¢(p) = x for some p € D" where x is such that there exists a component
Cin T*with [{i € N: 7(p(i)) € C}| > . Let S = {i € N : 7(p(i)) € C}. Since n is 0odd, this means
S| > 2. Consider g € D" such that (i) = p(i) foralli € Sand 7(q(i)) = xforalli € N\ S. By group
strategy-proofness, ¢(q) = x. Lety € Cbe the (unique) vertex in C such that {x, y} is an edge in T.
Consider r € D" such that r(i) = yx - - - foralli € Sand r(i) = q(i) foralli € N \ S. By unanimity and
group strategy-proofness, ¢(r) € {x,y}. If ¢(r) = y, then, because preferences are single-peaked on T,
agents in S manipulates at r via q|s. So, ¢(r) = x. However, since risa (x, y)-(S, N \ S)-unanimous profile

with [S| > %, this contradicts Lemma .1.2. |

.3 PROOF OF THEOREM 4.5.2

The proof of Theorem 4.5.2 follows from following the steps in the proof of Theorem 4.4.1 with the
following modifications.
Proof:[Proof of Lemma .1.5] Let R, R € Dbesuchthat R = x'x*- - - and R' = «’*- - -. Let Sbe a
coalition and consider the profile p such that p(i) = Rforalli € Sand p(i) = R foralli € N\ S. In the
proof of Lemma .1.5, we use the fact that by unanimity and group strategy-proofness, ¢(p) € {x', x*,x*}.
Clearly, this does not follow if we replace group strategy-proofness by strategy-proofness. However, since
we additionally have the fact that the domain is strongly path-connected, this assertion follows. To see
this, assume for contradiction that ¢(p) ¢ {«", x*, 23 }. Consider the preference R such that R = x*x® - - -,
andforalla,b ¢ {x*,x°},ab € Rifand onlyif ab € R. We can move the agentsin N \ S sequentially to R,
and each time, by strategy-proofness we can claim that the outcome will remain the same as ¢(p). Since
o(p) ¢ {«',x*, &°}, this contradicts the assumption of the lemma that S is decisive on all
(x', x*)-(S, N'\ S)-unanimous profiles. This completes the proof of Lemma 1.5 for this case.

In every other place where group strategy-proofness is used, we can change the preferences of the
agents in the corresponding group one by one (as discussed in the modified proof of Lemma .1.5), and

apply strategy-proofness at each step to obtain the desired conclusion. |
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.4 INDEPENDENCE OF AXIOMS IN THEOREM 4.4.1

In this section, we establish the independence of the conditions that we have used in Theorem 4.4.1
Furthermore, we show how to modify Theorem 4.4.1 if we replace group strategy-proofness by
strategy-proofness.

In what follows, we introduce some special type of choice functions and discuss their properties. We
will use these functions to establish the mentioned independence.

Leta € Abe an alternative and let D~ be a domain such that a ¢ 7(D™*). A choice function
¢* 1 (D™%)" — Ais called constant at a if ¢°(p) = a for all profiles p € (ID~*)". By definition, ¢* violates
unanimity. Since the outcome of ¢* does not depend on the profiles, it satisfies anonymity,
strategy-proofness, and group strategy-proofness. To apply symmetry, we need two preferences in the
domain of the form xy - - - and yx - - - for some x, y € A, and a profile where each agent has one of the two
preferences such that the outcome at that profile is either x or y. Because a never appears at the top
position in any preference in D ™%, a cannot be one of x or y in the aforementioned preferences. Since both
x and y are different from g, by definition the outcome of ¢ cannot be x or y. Thus, symmetry is vacuously
satisfied by ¢°.

A choice function gbf“t : L(A)" — A, wherej € N, is called dictatorial if cpfiCt@) = 1(p(j)) for all
p € L(A)". By definition, qﬁ]‘.i"“ satisfies unanimity, strategy-proofness, group strategy-proofness and
violates anonymity. To see that ¢#

j
agents have a preference P = xy - - - and other agents have the preference P’ = yx - - - . Suppose that

satisfies symmetry, consider a profile where a group S, ) # S # N, of

outcome of (/)J‘.iid

N\ Sinterchange their preferences, then the top-ranked alternative of the dictator will be y, and

at this profile is x. This means some agent in S is the dictator. Therefore, if agents in S and

consequently the outcome will be y, ensuring symmetry.

e (D=*)" — A, where a € A, is called unanimous with disagreement a, if for all

A choice function U
pe LA
¢ (p) = b if t(p(i)) = bforalli € N

= a otherwise.

The rule ¢ satisfies unanimity by definition. Anonymity of ¢ follows from the fact that if agents

interchange their preferences, then a unanimous profile will remain unanimous and a non-unanimous

una

profile will remain non-unanimous, and hence by definition, the outcome of ¢

will not change. Since a

does not appear at the top position in any preference in D™, as we have explained in the case of ¢*,

una

symmetry holds vacuously for ¢"

. To see that ¢“" is manipulable, consider a profile where some

alternative b is the top-ranked alternative of every agent except agent 1 and b is preferred to a for agent 1.

una
a

By definition, the outcome of ¢*** at this profile is a. However, if agent 1 misreports her preference as one

49



una

with b at the top position, then the outcome will become b and agent 1 will be strictly better off. So, ¢ is
not strategy-proof, and hence, it is not group strategy-proof either.

For the next choice function and its (restricted) domain, let the alternatives be numbered as a,, . . . , a,,.
To ease our presentation, whenever we use minimum or maximum of a set of alternatives, we mean it with
respect to the orderinga, < - -+ < 4,,. A domain S is said to be semi single-peaked domain if for all R in
S,7(R) = aimpliesR = ay---a;_, -~ ar_, - -a,- - - a, - - - . Thus, each preference in a semi
single-peaked domain maintains single-peakedness only on the left side of the peak (that is, the top-ranked
alternative), that is, as one moves away from the peak on the left side, preference declines. Note that there
is no restriction on the relative ordering of two alternatives if at least one of them is on the right of the
peak.

A choice function gbl”w : 8" — Ais called lowest peak if for all p € S”,

¢ (p) = min{z(p(i)) : i € N}.

As the name suggests, ¢ selects the minimum peak (with respect to the ordering <) at every profile.

low

Unanimity and anonymity of ¢ follow from the definition. In what follows, we argue that ¢ satisfies

group strategy-proofness (and hence strategy-proofness).

low

Suppose a group of agents S manipulate ¢ at a profile p. Let min(p) be the minimum peak of p. Since
¢(p) = min(p), the (sincere) peak of each agent in S must be strictly on the right of min(p). This in
particular means that the peak of some agent outside S is min(p). Therefore, by the definition of ¢, the
only way the agents in S can change the outcome is to declare a peak which is on the (further) left of
min(p). This will push the outcome to the left of min(p) as well. Since the sincere peaks of the agentsin S
are on the right of min(p) and the changed outcome is on the left of min(p), by the definition of semi
single-peakedness, the changed outcome will become even worse for them. So, no group of agents can

low

manipulate ¢ at any profile.

low

Finally, we explain that ¢"** does not satisfy symmetry. Consider two preferences R = axaiy, - - - and
R' = ai4,a; - - -, and consider a profile p where each agentin a group S, ) # S # N, has the preference R
and each remaining agent has the preference R’. By the definition of ¢, $**(p) = a;. Now, consider the
profile p’ where each agent in S has the preference R’ and each remaining agent has the preference R. In
order to satisfy symmetry, the outcome at this profile must be x;.,, but by the definition of $"**, the
outcome is x;.

In the following table, we present the conditions that are satisfied by each of the above-mentioned
choice functions. Note that this table establishes the independences of the conditions that are used in

Theorem 4.4.1.
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unanimity
anonymity
symmetry

group strategy-proofness

strategy-proofness

$° on (D))"
No
Yes
Yes
Yes
Yes

(P;iict on L(A)n

Yes
No
Yes
Yes
Yes

(Plaw on S"
Yes
Yes
No
Yes
Yes

Table .4.1: Independence of axioms in Theorem 4.4.1

S1

$“"* on (ID—a)n
Yes
Yes
Yes
No
No



Strategy-proof Random Voting Rules on Weak

Domains

5.1 INTRODUCTION

We consider the standard social choice problem where a social planner has to choose an alternative from a
feasible set based on the preferences of the agents in a society. Unanimity, Pareto optimality,
strategy-proofness are considered as desirable properties of a deterministic social choice function
(DSCF). A DSCF is unanimous if, whenever all agents agree on their top-ranked alternative, that
alternative is chosen. It is Pareto efficient if its outcome cannot be improved in way so that no one is worse
off and someone is better off. It is strategy-proof if no agent can benefit by misreporting her preference.

The horizon of social choice theory is expanded by introducing randomness in social choice functions.
A random social choice function (RSCF) selects a probability distribution over the alternatives at every
collection of preferences. The notions of unanimity and Pareto optimality remain the same for RSCFs,
while that of strategy-proofness is formulated by means of stochastic dominance.

Importance of RSCFs over DSCFs is well-established in the literature (see [68], [67] and [37]). The

appeal of RSCFs over DSCFs is that they allow for the introduction of fairness considerations and
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reasonable compromise in the decision-making process, facilitating the resolution of conflicts of interest
(see [64] and [70]).

A preference is strict if it does not admit any indifference. The study of social choice functions when
preferences are strict is quite extensive. In a seminal work, [40] shows that an RSCF on the strict
unrestricted domain is unanimous and strategy-proof if and only if it is random dictatorial. Subsequently,
several other random dictatorial domains are characterized in the literature. For domains with specific
structure, unanimous and strategy-proof RSCFs on the strict single-peaked domain, the strict
single-dipped domain, and strict single-crossing domains are characterized (see, [37], [74] and [68])

To our understanding, the assumption of strict preferences is quite strong for practical purpose.
However, contrary to their strict counterpart, the literature of social choice theory for weak preferences is
rather limited. Our objective of this paper is to explore this area.

We first analyse what happens when weak preferences are added to a random dictatorial domains. We
introduce the notion of weak random dictatorial rules and provide the structure of unanimous and
strategy-proof RSCFs on such domains by means of these rules. We use a result in [ 15 ] to prove our result.
It is worth mentioning that our result generalizes the result of [ 40] for weak preferences. In the context of
cardinal preferences, similar results are proved in [64], [35] and [47].

Next, we analyze what happens when weak preferences are added to the well-known single-peaked
domain. We consider two types of weak domains in this context: one where indifference occurs only at
the top-position, and the other one where it occurs only below the top-position. An important weak
domain of the former type is the single-plateaued domain and that of the latter type is the single-peaked
domain with outside option. We provide the structure of unanimous (or Pareto optimal) and
strategy-proof RSCFs for each of these cases. [8] provide the structure of unanimous and strategy-proof
DSCFs on the single-plateaued domain and [ 18] provide that for the single-peaked domain with outside
option. We generalize these results for RSCFs. Also, we provide closed form presentation of these rules.

In Section 5.2 we introduce the basic model, notations and definitions. In Section 5.3 we investigate
the the structure of unanimous and strategy-proof rules if weak preferences are added to a random
dictatorial domains. We show that if agents have «-single-plateaued preferences, then any RSCF that is
unanimous and strategy-proof is also Pareto-optimal. In Section §.4,we consider weak single-peaked
domains and chracterize the Pareto optimal and strategy-proof RSCFs on them. In Section 5.5 we
consider the case of single-plateaued domains, and show that unlike strict single-peaked domains,
unanimity and strategy-proofness does not guarantee tops-onlyness. We also provide an axiomatic
characterization of strategy-proof RSCFs under unanimity. We introduce the notion of generalized
uncompromisingness which boils down to uncompromisingness when « is equal to 1 and show that an

unanimous RSCF is strategy-proof if and only if it is generalized uncompromising. Finally, in Section 5.6
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we provide the conclusion.

5.2 PRELIMINARIES

Let N = {1,...,n} be aset of at least two agents, who collectively choose an element from a finite set

A = {1,...,m} of atleast two alternatives. For x,y € A such thatx < y, we define the intervals

oyl =1zeAlx<z<y}lxy) = oy \ b (%] = [xy] \ {x}, and (x,) = [x,y] \ {x,y}. For
notational convenience, whenever it is clear from the context, we do not use braces for singleton sets, i.e.,
we denote sets {i} by i.

A (weak) preference R over A is a complete and transitive binary relation (also called a weak order)
defined on A. We denote by P and I the anti-symmetric and the indifference part of R, respectively. That is,
xPy means xRy and not yRx, and xIy means xRy and yRx. We denote by W(A) the set of all preferences
over A. For a preference R € W(A), we denote by 7(R) the set of alternatives that appear at the
top-position of R, thatis, 7(R) = {x € A | xRy forally € A}. For a preference R € W(A) and an
alternative x, the upper contour set U(x, R) of R at x is defined as the set of alternatives that are (weakly)
preferred to x at R, thatis, U(x, R) = {y € A | yRx}. An antisymmetric preference is called strict
preference. We denote a strict preference by P.

We denote a set of admissible preferences of an agent i by D;, and a set of admissible strict preferences
by D, Let Dy = [ Licy D:. An element of Dy is called a preference profile. For ease of presentation, we
refer to sets D; and Dy as domains, and sets 15,- and ﬁN as strict domains. Furthermore, for a domain D;
or Dy, we denote by strict(D;) and strict(Dy) the set of strict preferences in D; and Dy, respectively.

A random social choice function assigns a probability distribution over the alternatives at each

preference profile.
Definition s5.2.1 A random social choice function (RSCF) ¢ on Dy is a mapping ¢ : Dy — AA.

Unanimity says that whenever all the agents in a society have some alternative(s) common in their top

position, those alternatives are chosen with probability 1.

Definition s5.2.2 An RSCF ¢ : Dy — AA is unanimous if for all Ry € Dy such that Nient(R;) # 0, we
have ermieNT(Ri) </)x(RN) =1

We say an alternative x Pareto dominates another alternative y at a preference profile Ry if every agent
weakly prefers x to y and some agent strictly prefers x to y, that is, xR;y for all i € N and xP,y for some
i € N. An alternative is said to be Pareto dominated if some other alternative Pareto dominates it. Pareto

optimality says that a Pareto dominated alternative cannot be selected with positive probability.
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Definition §.2.3 An RSCF ¢ : Dy — AA satisfies Pareto optimality if for all Ry € Dy, we have
¢ (Ry) = oforallx € A such that x is Pareto dominated at Ry.

An RSCF is strategy-proof if no agent can increase the probability of any upper contour set by

misreporting his/her preferences.

Definition §.2.4 AnRSCF ¢ : Dy — AAis called strategy-proof if for alli € N, (R;, Ry\;) € D, R € D,
andx € A
> ¢, (Ri, i) > > ¢, (Ri; Ryyy).-

yEU(x,R;) yEU(x,R)
REMARK 5.2.5 An RSCF is called a deterministic social choice function (DSCF) if it selects a degenerate
probability distribution at every preference profile. More formally, an RSCF ¢ : Dy — AAis called a DSCF if
¢,(Ry) € {o,1} foralla € A and all Ry € Dy. The notions of unanimity, Pareto optimality, and
strategy-proofness for DSCFs are special cases of the corresponding definitions for RSCFs.

5.3 WEAK RANDOM DICTATORIAL DOMAINS

[23] provide a sufficient condition on strict domains so that every unanimous and strategy-proof random
rule on it is random dictatorial. They call such domains random dictatorial domains. In this section, we
investigate what happens to the unanimous and strategy-proof random rules if weak preferences are
allowed to these domains.

First, we introduce the notion of random dictatorial rules on strict domains. An RSCF ¢ : ZSN — AA
is called random dictatorial with coefficients (a,, . . . , a,) € AN if for each profile Py € Dyandalla € A,
¢, (Pn) =D {il<(p,)=a} %~ Thus, for a random dictatorial rule, each agent i has a weight a; which he/she
assigns to his/her top-ranked alternative. A strict domain ﬁN is called random dictatorial if every
unanimous and strategy-proof random rule ¢ : ﬁN — Ais random dictatorial.

A strict preference P is a strict extension of a preference Rif for all a, b € A, aPb implies aPb. Note that
a preference can have multiple strict extensions. For instance, if R = a[bcde, then the following
preferences are strict extensions of R: abcde, abdce, acbde, acdbe, adbce, and adcbe. A domain D satisfies
the strict extension property if it contains all strict extensions of all preferences in it.

It is shown in [40] that the strict unrestricted domain is random dictatorial. Note that every superset of
the unrestricted domain (in particular, the universal domain) satisfies the strict extension property.

In what follows, we introduce the notion of weak random dictatorial rules. These are extensions of
random dictatorial rules for arbitrary domains. Like random dictatorial rules, here to each agent i has a

weight a;, however now, this a; weight is divided amongst the top-ranked alternatives of agent i.
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Definition 5.3.1 AnRSCF ¢ : Dy — AA is weak random dictatorial with coefficients (a,, . . ., a,) € AN if
for each profile Ry € Dy there exists A(i, a) € [o0,1] forall (a,i) € A X N such that

(i) Ma,i) =oifa ¢ 7(R),
(i) >, AMa,i) = a;, and
(iii) >, Ma,i) = ¢_(Ry).

It is worth mentioning that a weak random dictatorial rule ¢ : Dy — AA becomes random dictatorial
if |7(R;)| = 1forall R; € D;. Our next theorem provides the structure of unanimous and strategy-proof

RSCFs on minimally rich domains.

Theorem s.3.2 Let D; satisfy the strict extensions property for all i € N and suppose strict(Dy) is a random
dictatorial domain. If an RSCF ¢ : Dy — AA is unanimous and strategy-proof, then it is weak random

dictatorial.

The proof of this theorem is relegated to Appendix.1.

REMARK 5.3.3 [77] introduces the notion of super dictatorial domains and provides a characterization of
these domains. A domain is super dictatorial if its all supersets (including itself) are dictatorial. One can
similarly define the notion of super random dictatorial domains: a domain is super random dictatorial if all its
supersets are random dictatorial. It follows from Theorem s.3.2 that the unrestricted domain (among others) is

super random dictatorial.

54 RANDOM RULES ON SINGLE-PEAKED DOMAINS

In this section, we consider single-peaked domains and provide a characterization of Pareto optimal and
strategy-proof RSCFs on these domains.
A preference is called single-peaked if there is a unique top-ranked alternative such that preference

weakly declines as one moves away from the top-ranked alternative in any direction.

Definition s5.4.1 A preference R is called single-peaked if it has a unique top-ranked alternative t(R), called
the peak, such that for alla,b € A,b < a < 7(R) or 7(R) < a < b implies aRb. A domain is called
single-peaked if each preference in it is single-peaked.

A single-peaked preference is called strict single-peaked if it does not contain any indifference. A

domain is called strict single-peaked if each preference in it is strict single-peaked.
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Next, we introduce the notion of probabilistic fixed ballot rules. We need the following terminology.
For a preference profile Ry and an alternative x, we denote the set of agents whose peaks are on the right
of x by S(x, Ry), thatis, S(x, Ry) = {i € N | 7(R;) > «}.

Definition §.4.2 An RSCF ¢ : Dy — AA is called a probabilistic fixed ballot rule if for all S C N, there
exists B, € AA satisfying

(i) By(m) =1andBy(1) =1, and
(ii) Bs([x,m]) < B ([x,m])forallS C Tandallx € A

such that for all Ry € Dy and all x € A, we have

‘/’x(RN> = ﬂS(x,RN) [, m] — ﬁS(x—H,RN) [x + 1, m],

where B m+1,m| = o.

m~+1,RN) [

Finally, we introduce the notion of extreme PFBRs. These are special cases of PFBRs where each f,

assigns positive probabilities only to the “extreme” alternatives 1 and m.

Definition 5.4.3 A PFBR with respect to parameters (B)scn is called extreme if Bo(x) > o implies
x € {1, m}.

A single-peaked preference R is called left dichotomous if 7(R) = 1and 2Im. In other words, except
from alternative 1, which is ranked top at R, all other alternatives are indifferent to each other. Similarly, a
preference R’ is called right dichotomous if 7(R") = m and (m — 1)I'1. A single-peaked domain is
minimally rich if it contains all strict single-peaked preferences, the left dichotomous, and the right
dichotomous preference. Our next theorem says that every Pareto optimal and strategy-proof RSCF on
the single-peaked domain is an extreme PFBR. [ 18] considers the single-peaked domain with outside
options and characterizes Pareto optimal and strategy-proof DSCFs on those domain." The single-peaked
domains with outside option are special cases of minimally rich weak single-peaked domains, and hence a
characterization of Pareto optimal and strategy-proof RSCFs on those domains follows as a corollary of

our result.

Theorem §.4.4 Let D; be a minimally rich single-peaked domain for eachi € N. An RSCF ¢ : Dy — AAis
Pareto optimal and strategy-proof if and only if it is an extreme PFBR.

The proof of the theorem is relegated to Appendix .2.

'A preference is single-peaked with outside options if there is a region around the peak such that the preference exhibits
single-peakedness over the alternatives in that region and indifference over the ones outside it.
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5.5 RANDOM RULES ON SINGLE-PLATEAUED DOMAINS

In this section, we introduce the notion of single-plateaued preferences. For these preferences, an interval
of alternatives appear at the top-position, and as one go far from this interval (in any particular direction),
preference declines strictly. Moreover, indifference occurs only at the top-position for such a preference.
Note that single-plateaued preferences are the counter part of weak single-peaked preferences in the sense
that for the former, indifference can occur only at the top, whereas for the latter, it can occur only below
the top.

Throughout this section, we assume that admissible preferences are the same across agents.

Definition s.5.1 A preference R € W(A) is called single-plateaued if there exist x,y € A with x < y such
that

(i) *(R) = [x,y]
(i) forallu,v € A, [u <v <wxory <wv < u] implies vPu, and

(iii) forallu,v & |x,y|, either uPv or vPu.

In what follows, we introduce some particular type of single-plateaued preferences based on the size of

the plateau.

Definition s5.5.2 For1 < x, < x, < m, a single-plateaued preference R € W(A) is called
(k,, &, )-single-plateaued if x, < |T(R)| < «,. A domain is called («,, x, )-single-plateaued domain if it contains

all (x,, x,)-single-plateaued preferences.

For a single-plateaued preference R, we denote by 77 (R) and 7~ (R) the right-end point and the left
end-point of the plateau, respectively. More formally, if 7(R) = [x, ], thent"(R) = yand 7~ (R) = «.

5.5.1 EQUIVALENCE OF UNANIMITY AND PARETO OPTIMALITY UNDER STRATEGY-PROOFNESS

In this section, we introduce the concepts of unanimity and Pareto optimality. Unanimity is a weaker
notion of Pareto optimality, however we show that under strategy-proofness they are equivalent on a
single-plateaued domain. It is worth mentioning that the same result holds on a single-peaked domain
(see [63] and [84]).
From this section onward, we assume that all the agents have the same set of admissible preferences.
Our next theorem says that unanimity and Pareto optimality are equivalent for a strategy-proof RSCF

ona (x,, k,)-single-plateaued domain.
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Theorem s5.5.3 Let1 < x, < x, < mand let D be a (x,, «,)-single-plateaued domain. Suppose
¢ : D" — AAis a strategy-proof RSCE. Then, ¢ is unanimous if and only if it is Pareto optimal.

The proof of the theorem is relegated to Appendix .3.

5.5.2 UNANIMITY AND ALMOST PLATEAU-ONLYNESS

In this section, we analyze the connection between unanimity and a weaker version of plateau-onlyness
called almost plateau-onlyness in the presence of strategy-proofness. An RSCF is called plateau-only if its

outcome depends only on the plateaus at a preference profile.

Definition 5.5.4 An RSCF ¢ : D" — AAis called plateau-only if for any two preference profiles
Ry, Ry € D" 17(R;) = 7(R)) for all i € N implies (Ry) = ¢(RY).

On single-peaked domains, peaks-onlyness and unanimity are equivalent for random rules under
strategy-proofness ([63] and [84]). However, as the following example suggests, the same does not hold
even for deterministic rules on single-plateaued domains when peaks-onlyness is replaced by

plateau-onlyness.

Example 5.5.5 Consider the DSCF, say f, given in Table 5.5.1. It can be verified that ¢ is unanimous and
strategy-proof. However, since T([23]14) = 7([23]41) and f([2314, [123]4) # f([23]41, [123]4), it is not

plateau-only. [
1 2 1234 2134 2314 3214 3421 4321 [12] 34 [23] 14 [23]41 [34] 21 [123]4 [234]1
1234 1 2 2 2 2 2 1 2 2 2 1 2
2134 2 2 2 2 2 2 2 2 2 2 2 2
2314 2 2 2 2 2 2 2 2 2 2 2 2
3214 2 2 2 3 3 3 3 3 3 3 3 3
3421 2 2 2 3 3 3 3 3 3 3 3 3
4321 2 2 2 3 3 4 2 3 3 4 3 4
[12]34 1 2 2 3 3 2 1 2 2 2 2 2
[23]14 2 2 2 3 3 3 2 3 2 3 3 2
23]41 2 2 2 3 3 3 2 2 3 3 2 3
34]21 2 2 2 3 3 4 2 3 3 4 3 3
1234 1 2 2 3 3 3 1 3 2 3 1 3
2341 2 2 2 3 3 4 2 3 2 4 2 3
Table 5.5.1

It is worth noting from Example 5.5.5 that if an agent changes his/her preference maintaining his/her

plateau, then unanimity and strategy-proofness can never rule out the possibility of rearranging the
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probabilities of the alternatives in the plateau. In view of this fact, we weaken the notion of
plateau-onlyness by almost plateau-onlyness. It says that if an agent changes his/her preference
maintaining his/her plateau, then the probability of any alternative that lies outside his/her plateau must
remain the same. In other words, the only change that can happen by this change of preference is that the

probabilities of the alternatives in his/her plateau are rearranged.

Definition 5.5.6 An RSCF ¢ : D" — AA s called almost plateau-only if for any two preference profiles
(Ria RN\i)7 (R{, RN\i) - Dn, T(R,’) = T(Rf) lmplles (Px(Ri7 RN\i) = (Px(R:, RN\i)fOT’ all X gé T(R,').

Theorem 5.5.7 Let1 < x, < x, < mand let D be a (x,, «,)-single-plateaued domain. Let D be a
(k,, k,)-single-plateaued domain and let ¢ : D" — AA be a unanimous and strategy-proof RSCF. Then, ¢ is

almost plateau-only.

The proof of the theorem is relegated to Appendix .4.

5.5.3 A CHARACTERIZATION OF UNANIMOUS AND STRATEGY-PROOF RULES ON ARBITRARY SINGLE-PLATEAUED

DOMAINS

In this section, we provide a characterization of unanimous and strategy-proof RSCFs on arbitrary
single-plateaued domains. We do this by identifying a property called generalized uncompromisingness
of such rules. As the name suggests, this property is a generalization of the uncompromisingness property
that exists in the literature in the context of single-peaked domains.

The notion of generalized uncompromisingness turns out to be relatively simpler for DSCFs. To help
the reader, we first present this notion for DSCFs.

A DSCEF satisfies generalized uncompromisingness if the following happens. Whenever an agent
unilaterally moves his/her plateau in some direction, (i) if both the plateaus lie either strictly on the right
of the outcome or strictly on the left of the outcome of the DSCEF, then the outcome does not change, and
(ii) if the right-end point or the left-end point of the plateau crosses the outcome, then the outcome

moves in the direction to which the plateau has moved.

Definition 5.5.8 An DSCFf: D" — A satisfies generalized uncompromisingness if for all R;, R, € D, and
all Ry\; € D", we have

(1) [(Ry), f(Ry) < min{z™(R;), 7" (R)}] or [max{r"(Ry), 7" (R)) } < f(Ry), f(RY)], and

(i) [7"(R) < f(Ry) < 7" (R))]or [z~ (R)) < f(Ry) < 7 (R))] implies f(Ry) < fIR}; Ravyy)-
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We illustrate the notion of generalized uncompromisingness by means of the following example. It
should be noted that DSCFs satisfying generalized uncompromisingness can be constructed in a relatively

€asy manner.

Example s.5.9 Let the set of alternatives be A = {1,2, 3, 4, 5} and suppose that there are two agents

N = {1,2}. We consider an arbitrary single-plateaued domain D. In Table s.5.2, we present a DSCEF, say f, that
satisfies generalized uncompromisingness. To see that f satisfies part (i) of generalized uncompromisingness,
consider, for instance, the preference profiles (12345, [23]145) and (12345, [45]321). Note that agent 2 changes
his/her plateau from [23] to [45] from the former preference profile to the latter. The outcome at the former
preference profile is 1, which lies strictly on the left of both the plateaus [23] and [45]. As required by (i), the
outcome at the latter preference profile is also 1. To see that f satisfies part (ii) of generalized uncompromisingness,
consider, for instance, the preference profiles ([123)4s, [123]45) and ([123)4s, [45]321). Note that the outcome at
the former preference profile is 2, which lies (weakly) on the right of the former plateau 1 and strictly on the left of
the latter plateau 4. As required by (ii), the outcome moves to its right from 2 to 3. It is worth mentioning that

although the DSCF in this example is chosen to be unanimous, unanimity is not implied by generalized

uncompromisingness. Later, we will make a formal remark to emphasize this fact. O
1 2 | 12345 | [123]45 | [23]145 | [23]4s1 | [234]51 | 32145 | 34521 | [3245]1 | [45]321 | 43215 | 43521 | 54321
123485 1 1 1 1 1 1 1 1 1 3 1 1
[123]4s 1 2 3 3 3 3 3 3 3 3 3
[23]145 1 3 2 2 2 3 3 3 3 3 3 3
[23]4s1 1 3 2 2 2 3 3 3 3 3 3 3
[234]51 1 3 2 2 4 3 3 4 4 4 4 4
32145 1 3 3 3 3 3 3 3 3 3 3 3
34521 1 3 3 3 3 3 3 3 3 3 3 3
[3245]1 1 3 3 3 4 3 3 2 4 4 4 5
[45]321 1 3 3 3 4 3 3 4 4 4 4 5
43215 1 3 3 3 4 3 3 4 4 4 4 4
43521 1 3 3 3 4 3 3 4 4 4 4 4
54321 1 3 3 3 4 3 3 s s 4 4 s
Table 5.5.2

Now, we present the notion of generalized uncompromisingness for RSCFs. It says that whenever an
agent unilaterally moves his/her plateau in some direction, (i) if, for an alternative x, both the plateaus lie
either strictly on the right of it or strictly on the left of it, then the probability of x does not change, and (i)
the probability of an interval [x, m|, where x lies in exactly one of the two plateaus, will weakly increase. In
our formal definition, we present (i) by means of probabilities of sets of the form [, m], one can verify

that it means exactly what we have explained above.
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Definition 5.5.10 AnRSCF ¢ : D" — AA satisfies generalized uncompromisingness if for all R;, R, € D,
allRy\; € D", and allx € A, we have

(i) [x < min{z™(R), 7 (R)}] or [max{7"(R;), 7 (R]) } < x| implies
Pl (Ri; Ryyi) = Plaem) (Ri; Ry\;), and

(i) [7T(R) < x <177 (R)]or [t (R;) < x < 77 (R))] implies Plem] (R, Ryi) > Plem] (Ri, Rai)-

REMARK 5.5.11 Note that as we have mentioned in the introduction of Definition 5.5.8, part (i) of generalized
uncompromisingness implies that for all (R;, RN\i) € D" alli € N,and all R, € D, we have

¢ (R, Rwyi) = ¢, (R}, Ryy;) for all x € A such that either x < {t~ (R;), 7 (R})} or

x > max{z"(R), 7" (R))}.

REMARK §.5.12 It is worth noting that the notion of generalized uncompromisingness coincides with that of
uncompromisingness ([63]) if we assume v+ (R) = 7~ (R) for all R € D, that is, if preferences are
single-peaked.

REMARK 5.5.13 By considering R; and R such that v (R;) = v (R)) and v+ (R;) = 7" (R)), it follows that

generalized uncompromisingness implies almost plateau-onlyness.

We illustrate the notion of generalized uncompromisingness by means of the following example. It is
worth mentioning that, although the RSCF in the following example is chosen to be unanimous, the same

is not implied by generalized uncompromisingness.

Example 5.5.14 Let the set of alternatives, agents, and admissible preferences be the same as in Example 5.5.9.
In Table s.5.3, we present an RSCEF, say ¢, that satisfies generalized uncompromisingness. To see that ¢ satisfies
part (i) of generalized uncompromisingness, consider, for instance, the preference profiles (12345, [123|45) and
(12345, [234]51). Note that agent 2 changes his/her plateau from [123] to [234] from the former preference profile
to the latter. As alternative s lies strictly to the right of both the plateaus [123] and [234),

¢ (12345, [123]45) = ¢ (12345, [234]51) = 0. To see that ¢ satisfies part (ii) of generalized
uncompromisingness, consider, for instance, the preference profiles ([2345]1, [234]51) and ([2345]1, [45]321).
Alternative 3 lies (weakly) to the right of the plateau [234] and strictly to the left of the plateau [45). As required
by (ii), s g ([2345]1, [234]51) < s g ([2345]1, [45]321). It is worth mentioning that although the RSCF in this
example is chosen to be unanimous, unanimity is not implied by generalized uncompromisingness. Later, we will

make a formal remark to emphasize this fact. d
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1 2 12345 [123]4s [23]145 23451 [234]s1 3245 34521 [2345]1 [as]321 43215 4351 54321
345 | (10,0,0,0) (10,0,0.0) | (0307,0,0,0) | (03,07:0,0,0) | (0:3.07:0,0,0) | (0:3:0.3,04.0:0) | (03,03,0.4:0.0) | (03:03:0.4,0,0) | (0:3:0.3.04,0,0) | (03,03 0:4:0,0) | (03.0.3,0.4:0,0) | (0.3,03,0-4,0.0)
[123]45 (1,0,0,0,0) | (0.3.0.4,03,0.0) | (0,0.5.05.0,0) | (0,0:5.0.5.0,0) | (0,0.5,0.5.0.0) (0.0.1,0,0) (0.0,1,0,0) (0,0.6,0.4.0,0) (0,0,1,0,0) (0,0,1,0,0) (0.0,1,0,0) (0,0,1,0,0)
3145 | (03,07,0,0.0) | (0.05,050,0) | (0,0.8,02.0,0) | (0.0.7,03,0,0) | (0,0.6,0.4.0.0) | (0,0,1,0,0) (0.0,1,0,0) (0.0,1,0,0) (0.0,1,0,0) (0,0,1,0,0) (0.0,1,0,0) (0,0,1,0,0)
[23)as1 (0.3,0.7,0,0,0) | (0.0.5,0.5,0,0) | (0,0.7,0.3,0,0) | (0,0.4,0.6,0.0) | (0,0.5,0.5,0,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,1,0.0) (0,0,1,0,0) (0,0,1,0,0)
B34t | (03,07,0.0.0) | (005,05 0,0) | (0,06,0.4:0,0) | (0,0:5,05.0:0) | (0:0203,05,0) | (0,0:1,0,0) (0,01,0,0) | (0:0.4:04:02,0) | (0,0,0,1,0) (0,0,0,1,0) (0,0,0,1,0) (0:0,0,1,0)
2185 | (05,05.040,0) | (0050500 | (@00100) | (00100 | (0r0r1,00) (0:0,1,0,0) (00,1,0,0) (00,1,0,0) (0011,0,0) (00,1,0,0) (0:0,1,0,0) (00,1,0,0)
4521 | (03,03,04,0,0) | (0,0,1,0,0) (0,0,1,00) | (0:0,1,0,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,1,0,0) (0.0,1,0,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,1,0,0)
[3asht | (03,03.040,0) | (0.0.6,040,0) | (0,01,0.0) | (0,0:1,0,0) | (0,0.4:04:02:0) | (0,0,1,0,0) (0,01,0,0) | (0,02,03,03,02) | (0,0,0.05,05) | (0:0,0,1,0) (0.0,0,1,0) (0:0,0,0,1)
lasls21 | (03,03,04,0,0) | (0,0,1,0,0) (0,0,1,0,0) | (0:0,1,0,0) (0,0,0,1,0) (0,0,1,0,0) (0,01,00) | (0,0,0,0505) | (0.0.0,06,04) | (0:0,0:1,0) (0,0,0,1,0) (0,0,0,0,1)
45215 | (03,03,04,0,0) | (0,0,1,0,0) (0,0,1,0,0) | (0:0,1,0,0) (0.0,0,1,0) (0,0,1,0,0) (0.0,1,0,0) (0.0,0,1,0) (0.0,0,1,0) (0,0,0,1,0) (0,0,0,1,0) (0.0,0,1,0)
s51 | (03,05,04,0,0) | (0,0,1,0,0) (0,01,0,0) | (0,0,1,0,0) (0,0,0,1,0) (0,0,1,0,0) (0,0,1,0,0) (0,0,0,1,0) (0,0,0,1,0) (0,0,0,1,0) (0.0,0,1,0) (0,0,0,1,0)
s | (03,05.0400) | (00100 | (00n00) | (eonoo) | (00.010) (0.0,1,0,0) (0:0,1,0,0) (0:0,0,0.1) (0:0,0,0,1) (0:0,0,1,0) (0.0,0,1,0) (0:0,0,0,1)

Table 5.5.3

We are now ready to present the main theorem of this section. It provides a characterization of
unanimous and strategy-proof RSCFs by saying that a unanimous RSCEF is strategy-proof if and only if it

satisfies generalized uncompromisingness.

Theorem s5.5.15 Let1 < x, < x, < mand let D be a (k,, k,)-single-plateaued domain. If ¢ : D" — AA

satisfies generalized uncompromisingness, then it is strategy-proof.
The proof of the theorem is relegated to Appendix .s.

Theorem 5.5.16 Let1 < «, < x, < mand let D be a (k,, «, )-single-plateaued domain. Suppose

¢ : D" — AAis unanimous. Then, ¢ is strategy-proof if and only if it satisfies generalized uncompromisingness.

The proof of the theorem is relegated to Appendix .6.

5.5.4 A FUNCTIONAL FORM CHARACTERIZATION OF THE UNANIMOUS AND STRATEGY-PROOF RULES

FOR THE CASE OF TWO AGENTS

In this section, we consider the case where there are exactly two agents. We provide a complete
characterization of the unanimous and strategy-proof rules in this scenario.

In what follows, we introduce the notion of probabilistic plateau rule when there are two agents. These
rules are based on two parameters f and f8 . Both these parameters represent some probability
distributions over the set of alternatives. For instance, if the set of alternativesis {1, . . ., 5}, then possible
values of B, and B, are (0.1,0.2,0.2,0.3,0.2) and (0.4, 0, 0.1, 0.2, 0.3), respectively. Note that f and 8,
are independent of each other.

Now, we explain how the the outcome of a probabilistic plateau rule ¢ is determined based on the
parameter values 8 and f,. For any preference profile where 7(R,) N 7(R,) # (), define the outcome as an
arbitrary probability distribution over 7(R,) N 7(R,). Consider a preference profile where

7(R,) N 7(R,) = (. Suppose 77(R,) < 77 (R,). Consider an alternative x. Ifx < 77(R,) or 7~ (R,) < «,
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then define ¢ (Ry) = 0.Ifr"(R,) < x < 77 (R,), define ¢_(Ry) = pB,(x). Finally,ifx = 77 (R,), then
¢ (Ry) = B,[1,%],and ifx = 77 (R,), then ¢_(Ry) = B, [x, m]. For the case where 7 (R,) < 77 (R,), we
use the probability distribution given by B in place of §, to determine the outcomes.
For an example of probabilistic plateau rule , consider f, = (0.1,0.2,0.2,0.3,0.2) and
B, = (0.4,0,0.1,0.2,0.3). Let ¢ be a probabilistic plateau rule with respect to (8, ,). In Table 5.5.4 , we

provide the values of ¢ at some preference profiles.

Ry ¢,(Ry) | ¢,(Rv) | ¢,(Rn) | ¢,(Rn) | ¢.(Rn)
([12]34s, 54321) o 0.4 0.1 0.2 0.3
([234]15, [34]521) ) o 0.4 0.6
([34]251, [12]345) ) ) 0.3 0.7
([s43]21, 23451) o 0o 0.3 0.7
(54321, [23]145) 0o o 0.5 0.3 0.2
Table 5.5.4

Below, we provide a formal definition of these rules.

Definition 5.5.17 AnRSCF ¢ : D* — AA s called probabilistic plateau rule with respect to (B, B, ), where
B, € AAforalli € N, if for all Ry € D* and all x € A, we have

(i) 7(R,) Nt(R,) # () implies ¢(Ry) is an arbitrary probability distribution over t(R,) N 7(R,),

(ii)) T7(R,) < 77 (R,) implies Plem (Ry) = B,[x,m] forallt"(R,) < x < 7 (R,) and ¢ _(Ry) = o for
allx ¢ [t7(R,), 7 (R,)], and

(iii) 77 (R,) < 7~ (R,) implies Plem (Ry) = B,[x,m] forallt"(R,) < x < v (R,) and ¢ _(Ry) = o for
allx ¢ [77(R,), 7 (R)].

Now, we present the main result of this section. It characterizes all unanimous and strategy-proof rules

on (x,, x, )-single-plateaued domains for two agents.

Theorem 5.5.18 Let N = {1,2} and1 < x, < x, < m. Suppose D is the («,, x, )-single-plateaued domain.
Then, an RSCF ¢ : D* — AA is unanimous and strategy-proof if and only if it is a probabilistic plateau rule.

The proof of this theorem is relegated to Appendix .7.
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5.5.5 A CLASS OF UNANIMOUS AND STRATEGY-PROOF RULES

In this section, we present a large class of RSCFs that are unanimous and strategy-proof. These RSCFs are
extension of probabilistic plateau rules for arbitrary number of agents. Like probabilistic plateau rules,

these rules too are based on a class of parameters that we call probability ballots.

Definition 5.5.19 A collection (B;)scn, where g € AA for all S C N, is called probability ballots if for all
) CSCTC Nandallx € A we have B[x, m] < B_[x, m].

Now, we introduce the notion of generalized probabilistic ballot rule with parameters k and (B;)scn,
where k € {o,...,m} and (B;)scn is a collection of probability ballots. We use the following notation:
for a preference profile Ry € D", whenever N;en7(R;) = () we denote by I(Ry) the minimal interval I
such that IN 7(R;) # () foralli € N, otherwise we define I(Ry) = Nien7(R;). In other words, when
Nient(R;) = 0, I(Ry) denotes the minimal interval that contains some top-ranked alternative of each

agent.

Definition §.5.20 AnRSCF ¢ : D" — AAis called a generalized probabilistic ballot rule with parameters k
and (Bg)scn, wherek € {o, ..., m} and (Bg)scn is a collection of probability ballots, if for all Ry € D" and
allx € A we have

(i) Plem (Ry) = 1forallx < I (Ry),
(ii) Plem) (Ry) = o, forallx > I'*(Ry), and

(iii)) Nient(R;) = 0 implies that for all I (Ry) < x < I (Ry), P (Rn) = Bglx, m], where S is such
thati € Sifand onlyift—(R;) > x — kand v (R;) > .

Note that one can construct a large class of generalized probabilistic ballot rules by varying the values

of Bs and ks. In what follows, we present an example of generalized probabilistic ballot rule.

Example s.5.21 Let the set of alternatives be A = {1,2, 3, 4, 5} and the set of agents be N = {1,2,3}.
Consider the generalized probabilistic ballot rule with parameters k and (B)scn, wherek = 1and B, =

(1,0, o,o,o),ﬁ{l} = [3{2} = ,8{3} = (0.570.2,0.270.1,0),,8{172} = ,8{1’3} = [3{273} = (0.2,0.4,0.3,0.1,0)
and ,8{1,273} = (0.1,0.3,0.3,0.2, 0.1). In Table 5.5.5, we provide the outcomes of ¢ at some particular
preference profiles. We explain how the outcomes are calculated. Consider the first preference profile

Ry = ([12]345, [23]145, [23]415). Here, I(Ry) = {2}, therefore by Conditions (i) and (ii) of a generalized
probabilistic ballot rule, we have ¢, 4(Ry) =1, ¢, (Ry) =1, Pl (Ry) = Pl (Ry) = ¢,(Ry) = o.
Hence, ¢, (Ry) = 0, ¢,(Ry) =1, ¢,(Ry) = ¢,(Ry) = ¢.(Ry) = o. Consider the second preference profile
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R} = ([12]34s, [45]321, [34]521). Here, Nient(R;) = (0. Hence, I(R%;) = {2, 3, 4}. Therefore by Conditions
(i) and (ii) of a generalized probabilistic ballot rule, we have Prus) (RY) =1, Py (RY) =1, ¢.(Ry) = o. For
ease of presentation, let the use Consider the alternative 3. Since 7 (R,) > 2,7 (R,) > 2,77 (R,) > 3 and
t7(R,) > 3, we have S = {2, 3}. By Condition (iii) of a generalized probabilistic ballot rule,

b (Ry) = Bry 3, 5] = 0.4. Finally, consider the alternative 4. Sincet (R,) > 3,7 (R,) > 3,

t7(R,) > 4 and v (R,) > 4, we have S = {2, 3}. By Condition (iii) of a generalized probabilistic ballot rule,
$p,.5 ([12]345, [45]321, [34]521) = B, ,[4,5] = 0.1 Hence, ¢, ([12]345, [45]321, [34]521) = o,

¢,([12]345, [45]321, [34]521) = 0.6, ¢_([12]345, [45]321, [34]521) = 0.3, ¢, ([12]345, [45]321, [34]521) = 01
and ¢ ([12]34s, [45]321, [34]521) = o. Similarly, one can compute the outcome of ¢ at the other preference
profiles mentioned in the table.

(R, R, Ry) ¢1(R1,R2,R3) ¢2<R1’R2aR3) ¢3(R1,R2,R3) ¢4(R17R2’R3) ¢5(R1,R1,R3>
Ry, = ([12]345, [23]145, [23] 415) 0 1 0 0 0
R, = ([12]345, [45]321, [34]521) 0 0.6 0.3 0.1 0
Ry = ([123]45, [23]451, [234]51) 0 0.7 0.3 0 0
Ry = ([23]145, [234]s1, [45]321) 0 0 0.9 0.1 0
Table 5.5.5

In Section §.5.4, we have introduced the notion of probabilistic plateau rules when there are two agents.
It can be verified that those rules are special cases of generalized probabilistic ballot rules. We present the
rules as probabilistic plateau rules rules as we find that more intuitive and reader friendly when there are
two agents.

We now present the main theorem of this section.

Theorem §.5.22 Let D be a (x,, «, )-single-plateaued domain for some1 < x, < x, < m. Suppose
¢ : D" — AAis a generalized probabilistic ballot rule with parameters k and (B)scn where
k€ {o,...,k —1}and (Bg)scn is a collection of probability ballots. Then, ¢ is unanimous and strategy-proof.

The proof of this theorem is relegated to Appendix .8.

In Section §.5.6, we provide a characterization of unanimous, anonymous, plateau-only, and
strategy-proof rules on a particular class of single-plateaued domains. It will be clear from that result the
there are unanimous and strategy-proof rules other than generalized probabilistic ballot rules on a

single-plateaued domain.
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5.5.6 AFUNCTIONAL FORM CHARACTERIZATION OF ANONYMOUS, PLATEAU-ONLY, AND STRATEGY-PROOF

RULES

In this section, we provide a functional form characterization of anonymous, plateau-only, and
strategy-proof RSCFs on a class of single-plateaued domains. By Theorem s.5.7, every unanimous and
strategy-proof RSCF is almost plateau-only. We strengthen almost plateau-onlyness by plateau-onlyness
in the interest of tractability. We also add anonymity for the same reason. Our characterization requires
too many parameters even with these additional assumptions. Nevertheless, this characterization result
can be extended by dropping anonymity in the same way as median rules are extended to min-max rules
in the context of single-peaked domains ([63]) . To replace plateau-onlyness by almost plateau-onlyness
(which is implied by unanimity and strategy-proofness), one would require many more parameters,
which, we think, will be too technical for its practical use.

In what follows, we present a collection of parameters that we require for the description of our RSCFs.
Letx € {1,...,m}. In our subsequent discussion, this « is going to represent the size of the plateau of a
single-plateaued preference. Given a k, by n we denote a vector (1, n,, . . ., n,_,) such that
o<mn., <---<n, <n, < n Forinstance, ifx« = 3and n = 4, then an example of n would be (3, 3,1).
Let N be the collection of all such vectors. Consider a table of order |[N| X [{2, ..., m}| where the rows
are indexed by the vectors nin N and columns are indexed by the alternativesin {2, ..., m}. See Table
5.5.7, for an example of such a table when x = 3,n = 2,and m = s.

Now, we identify some cells of the table described above for which we will define the values of our
parameters. Letx € {1,...,m}. Call the cell (corresponding to the position) (1, x) feasible for « if
e = nifx < xandn,,_,, = 0if m — k + 1 < x. For instance, if x = 3,n = 3 and m = 10, then the
following are some feasible cells: ((3,3,2),2), ((3,3,1),2), ((3,2,2),3),
((2,2,2),5),((3,1,1),7),((3,2,0),9), ((2,0,0), 10) and the following are some infeasible cells:
((3,1,0),2), ((1,1,1),3),((3,3,3),9), ((2,1,1), 10). We denote by F (k) the set of all feasible cells for «.

We need the following terminologies to present some conditions on our parameters. For a vector n, we
denote by n™ the ‘right-shifted’ value of n, that is, 11; = nj_,if1 < j < x — 1. For instance, if
n=(s,3,2,2,1),thenn™ = (-,5,3,2,2). Here, any number that is weakly bigger than 5 (and weakly

smaller than 1) can appear at the position of the dot. For two vectors n and n/, we write n’ = n @ 1 if there

isl € {o,...,x —1} suchthateither [n) = n, +1,...,m =m+1andn,, =ny,...,n_ =n.,|or
(nl =no,...,my =mandn,, =my, +1,...,m_ = n, +1]. In Table 5.5.6, we present some values

of nand n’ Note that when nis (3, 2, 2, 1, 0), the first, second and third components of 1 are increased by 1,
respectively, and the remaining are left unchanged. When n is (4, 3, 2, 0, 0), then the last and second-last

components of 11 are increased by 1 and the remaining are left unchanged.
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Definition 5.5.23 Letx € {1,...,m}. A collection {f(n, x)(bx)e;(,c)} of numbers in [0, 1] is called plateau

parameters for x if for all n,
() Bln.x) < Blat,x 1), and
(i) Blnx) < (n®1,%).

In Table 5.5.7, we present a collection of plateau parameters for the case whenx = 3,n = 2,and m = 5.

n n

(3,2,2,1,0) | (4,3,3,1,0)

(4,3,2,0,0) | (4,3,2,1,1)

Table 5.5.6

Example §5.5.24 Letn =2,k = 3and A = {1, 2,3, 4, 5}. Here

F33) ={((2,2,0),2
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Let {(B(n,%))(nx) € F(3)} be a collection of plateau parameters as given in Definition s.5.23. Consider
x=3,n=(2,0,0)andn’ = (2,2, 0). By Condition (i) in Definition 5.5.23,
o < B((2,0,0),3) < B((2,2,0),2) < 1. Takex = 4,n = (0,0,0) andn’ = (1,1, 0). By Condition (ii) of
Definition 5.5.23, we must have o < B((0,0,0),4) < B((1,1,0),4) < 1. Now, takex = 4,n = (1,1,0) and
n' = (1,1,1). As fs are plateau parameters, by Condition (ii) of Definition §.5.23,
o < B((1,1,0),4) < B((1,1,1),4) < 1. Table 5.5.7 provides an example of plateau parameters. 0

Definition 5.5.25 Letx € {1,...,m}. A collection of plateau parameters {B(n, x) (ux)cF(x) } is called

unanimous if f(n, x) = 1whenever n, = nand n,_, > o, and p(n, x) = o whenever n, < nandn,_, = o.
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(Momum) | 2] 3 | 4 | s

(0,0,0) 4 | 3
(1,0,0) 5|4
(1,1,0) 45
(1,1,1)

(2,0,0) 6 | 6 | .45
(2)1,0) 55| 35
(2,1,1) .55

(2,2,0) 7 .6 | .5

(2’2)1) 8 7

(2922) |9 .8

Table 5.5.7

(neymym) | 2| 3| 4| s

(0,0,0) o] o
(1,0,0) o] o
(1,1,0) o
(1,1,1)
(2,0,0) 06| .6 | .45
(2,1,0) 55 | 58
(2,1,1) 1
(2,20) |07 | .6 | .5
(2,2,1) 1|1
(2,2,2) 1|1

Table 5.5.8

In Table 5.5.8, we provide a collection of unanimous plateau parameters.

In Example §.5.24, for {B(1, X) (,.+)c7(;) } to be unanimous plateau parameters we must have
ﬁ((zv 2, 1)7 2) = ﬁ((zv 2, 2)7 2) = B((Za L 1)7 3) = ﬁ((zv 2, 1)? 3) = ﬂ((zv 2 2)’ 3) =1and
ﬁ((o7 0, 0)7 4) = .B((17 o, 0)7 4) = ﬁ((17 L 0)7 4) = ‘B((O, 0, 0)7 5) = ﬁ((17 0, 0)? 5) = 0.

In what follows, we present the notion of x-plateaued rules. We need the following terminology for our
presentation. For an alternative x € A, anumber! € {o, ...,k — 1}, and a preference profile Ry € D",
letnf(Ry) = |{i € N | 77 (R;) > x + I}| be the set of agents whose right-end point of the plateau at Ry is
(weakly) on the right of x + 1.

Definition 5.5.26 An RSCF ¢ : D" — AAis called a x-plateaued rule for if there is a collection of plateau

parameters {(B(n, x)) (nx)er(x) } for  such that for all Ry € D", ¢, (R) = B(n, x), where y = nj(Ry)
forallo <1<k —1
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In Example 5.5.27, we present a k-plateaued rule .

Example 5.5.27 Letn =2,k = 3and A = {1,2,3,4,5}. Let ¢ be a 3-plateaued rule with respect to a
collection { (B(1, X)) (wx)cF(5) } as given in Example 5.5.24. Consider the preference profile Ry € D" where
7(R,) = [1,3) and T(R,) = [3,5]. Take x = 5. Note that n’(Ry) = (1, 0, 0). Thus,

¢5(RN) = (s, (1,0,0)) = 0.4. Similarly, n*(Ry) = (1,1,0), B*(Ry) = (2,1,1) and n*(Ry) = (2,2,1)
(refer to Figure 5.5.1). As ¢ is a 3-plateaued rule, (p[“] (Ry) = 0.45, ¢[375] (Ry) = 0.55, <p[275] (Ry) = 0.8 and
¢, (Rv) = 1. Thus ¢ (Ry) = 0.4, ¢, (Ry) = 0.05,¢,(Ry) = 0.1, ¢,(Ry) = 0.25and ¢, (Ry) = 0.2. The
complete rule is given in Table s.5.9. O

7(Ry)

1 2 3 4 s

Figure 5.5.1: Single-plateaued preferences for Example 5.5.27

[1, 3] 2, 4] 3:5]
1, 3] (0.3,0.1,0.2,0.1,0.3) | (0.2,0.25,0.05,0.2,0.3) | (0.2,0.25,0.1,0.05,0.4)
[2,4] | (0.2,0.25,0.05,0.2,0.3) (0.1,0.3,0,0.3,0.3) (0.1,0.2,0.15,0.15,0.4)
3,5] | (0.2,0.25,0.1,0.05,0.4) | (0.1,0.2,0.15,0.15,0.4) | (0.1,0.1,0.3,0.05,0.45)

Table 5.5.9

Now, we are ready to present the main results of this section. For ease of presentation, we call a
(k, k)-singe-plateaued domain a x-single-plateaued domain. Note that if « = 1, then a D domain is the
single-peaked domain. Theorem §5.5.28 characterizes all anonymous, plateau-only, and strategy-proof

RSCFs on a k-single-plateaued domain.

Theorem s5.5.28 Letx € {1,...,m} and D be a k-single-plateaued domain. An RSCF ¢ : D" — AAis
anonymous, plateau-only, and strategy-proof if and only if it is x-plateaued rule .

The proof of the theorem is relegated to Appendix .g.

Corollary 5.5.1 An RSCF is unanimous, anonymous, plateau-only, and strategy-proof if and only if it is a

k-plateaued rule with respect to some unanimous plateau parameters.
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The proof of the corollary is relegated to Appendix.1o0.
Our next theorem says that a x-plateaued rule is strategy-proof (together with being anonymous and
plateau-only) on any single-plateaued domain such that the size of the plateau for any preference in it is at

least «.

Theorem 5.5.29 Letk € {1,...,m} andlet D be a (x, k)-single-plateaued domain for some (arbitrary)
k > k. Suppose ¢ : D" — AAis a x-plateaued rule . Then, ¢ is anonymous, plateau-only, and strategy-proof.

The proof of the theorem is relegated to Appendix.11.

5.6 CONCLUSION

In this paper we study the structure of unanimous (or Pareto optimality) and strategy-proof random
social choice functions when weak preferences are admissible. Theorem s.3.2 shows that a weak random
dictatorial RSCF is unanimous and strategy-proof on a domain satisfying the strict extensions property.
Theorem 5.4.4 of this paper shows that under some minimal richness condition on the weak
single-peaked domain an RSCF is Pareto optimal and strategy-proof if and only if it is an extreme PFBR.
An interesting application of this result is the single-peaked domain with outside options (see [18]).
Theorem Theorem 5.5.3 shows that on a single-plateaued domain under strategy-proofness, unanimity
and Pareto optimality are equivalent for RSCFs. Theorem §.5.7 shows that any unanimous and
strategy-proof RSCF is almost plateau-only.

Next, in Theorems 5.5.15 and 5.5.16, we provide an axiomatic characterization of the unanimous and
strategy-proof RSCFs. We show that an RSCF is unanimous and strategy-proof if and only if it satisfies a
generalized version of uncompromisingness. Uncompromisingness says that as long as the plateau of an
individual stay on one side of an alternative, the probability of that alternative cannot be changed.
Generalized uncompromisingness additionally imposes some restriction on how the probability of an
alternative can change when the plateau of an individual crosses it.

Finally, we proceed to present a functional form presentation of RSCFs. We provide a functional form
characterization of the unanimous and strategy-proof rules on («,, k, )-single-plateaued domains for two
players. We also provide a class of unanimous and strategy-proof RSCFs on (., «, )-single-plateaued
domains for more than two players. In Theorem 5.5.28 we strengthen almost plateau-onlyness by
plateau-onlyness and provide a functional form characterization of the plateau-only, anonymous, and

strategy-proof RSCFs.
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APPENDIX

.1 PROOF OF THEOREM §.3.2

Proof: First, we present a lemma that provides a necessary and sufhicient condition for weak random

dictatorship.

Lemma.1.1 AnRSCF ¢ : Dy — AA is weak random dictatorial with coefficients (a,, . . ., a,) if and only if
forallRy € Dy, and all B C A, we have </)B(RN) < Z{i‘BmT(Ri#@} a;.

Proof: The only if part of the theorem follows from the definition of a weak random dictatorial rule (5.3.1).
We prove the if part using a result from [15].

Consider a profile Ry. Foreachi € N, let A; = 7(R;). Given the collection (A;);cn, we define anm X n
dimensional matrix /3 in the following manner. The rows of 3 are indexed by alternatives and the columns
are indexed by agents. The element 3, ; is zero if a ¢ A,.

Let R be the row vector indexed by the elements of A definedas R, = ¢_(Ry) foralla € A, and Sis the
column vector indexed by the elements of the set N defined as S; = a; foralli € N. Given B3 and the
vectors R, S, we define the class of matrices B(R, S) satisfying the conditions that M € B(R, S) implies
foralla € Aandi € N, (i) M,; > o, (ii) B,; = o implies M,,; = o, and (iii) > |__, M,; = ¢a(RN) and

ZIEN M, ; = a;. Note that the existence of a weak random dictatorial with co-efficients (a,, . . . , a,) is

acA

equivalent to the existence of a matrix M in B(R, S) as M, ; will serve as the value of A(a, i) foralla € A
andi € N.
In [15] (see Theorem 2.1), it shown that given B that is not decomposable?, a matrix B(R, S) exists if

and only if whenever the rows and columns of I3 can be permuted to the form

B, o ()
B, B,
where B, is a non-vacuous o, 1-matrix formed from rows iy, . . . , i, and columns j,, . . ., j, of 5 and B, is
non-vacuous, then
Tty <spt o s (2)

Consider a set of alternatives B C A and the set of agents i € N such that BN A; # (). Recall that by

the restriction on B, we have 3,; = oifa ¢ A;. Therefore, each set of alternatives B partitions the matrix

B, o
>The matrix I3 is decomposable if it can be written as { 01 .

B,
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o

] . So, by Theorem

(through some permutation of rows and columns) 3 in the following way: [ '
2 3

2 0f[15],ry + - + 1y, <5 + -+ + sj, implies that there exists a matrix in B(R, S). The proofis
completed by showing that whenr;, + - - - 4 r;, = s;, + - - - + sj,, then the matrix B is decomposable.®
This follows from the fact that the condition r;, + - - - +r, = s;; + - - - + s;, implies B, ; = o foralla ¢ B
andi € N, and hence the matrix 3, = o. |

In view of Lemma .1.1, it is enough to show that for all Ry € Dy, and all B C A, we have
Oy (Ry) <> (ilBre(R,) 20} % FOT allR; € D; let P, be a strict extension of R; such that forall b € B and
¢ € A\ B, blcimplies bP;c.

Claim .1.1 ¢B(13i,RN\i) > ¢p(Ri, Ryyi)-

Proof: Consider agenti. Let {B,, . .., B} be a partition of B such that forall! € {1,...,k} andall
b,b' € B, bL;t/,and B,P; - - - P;B;. Let] € {1, ..., k}. Consider the sets of alternatives
C; = {a € A| aP,B;} and C; = C; U B,. Note that C; i an upper contour set in both R; and P, and C;is an

upper contour set in P;. Since C; is an upper contour set in both R; and P;, we have by strategy-proofness

<PCI(131',RN\1‘) = (PCI(RiaRN\i)- (3)

Again since C, is an upper contour set in D, we have by strategy-proofness

¢c,(Piy Rvi) > e (Ri, Run)- (4)

Subtracting (3) from (4), we obtain

¢Bl(anN\i) > (PBI(RhRN\i)' (5)

777777777

follows that ¢, (P, Ry\i) > ¢5(Ri; Ryy;). This completes the proof of the claim. |
By applying Claim .1.1 forall i € N, we obtain ¢, (ISN) > ¢, (Ry). [ |

.2 PROOF OF THEOREM §.4.4

Proof: (“If” part) We show that an extreme PFBR is Pareto optimal and strategy-proof. Since an

alternative receives positive probability in an extreme PFBR at a profile if and only if the alternative is

*If the matrix /3 is decomposable, then the problem reduces to a lower dimensional problem.
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top-ranked by at least one agent, it follows that the outcome of an extreme PFBR at any profile cannot be
Pareto dominated, which implies that such a rule is Pareto optimal. Let ¢ be an extreme PFBR. To show
strategy-proofness, let us assume for contradiction that ) | yeU(R) Py (R}, Ryi) > yeU(R) Py (Ri; Rw\i)
for some Ry and R.. Let Py € strict(Dy) and P; € strict(D;) be such that 7(P;) = 7(R;) foralli € N,
7(P;) = 7(R}), and U(x, R;) is an upper contour set of D. By the definition of an extreme PFBR, we have
¢(Py) = ¢(Ry) and ¢(P;, Pai) = ¢(R/, Rw;). This implies 3= ¢, ) €, (Pis Pxii) > 2 cyury $,(Pr)s
which in turn means that the restriction of ¢ on strict(Dy) is manipulable. However, this is a
contradiction since the restriction of ¢ on strict(Dy) is a PFBR which is known to be strategy-proof (see
[37]).

(“Only-if” part) A profile Ry € Dy is called a boundary profile if 7(R;) € {1,m} foralli € N, that s, the
top-ranked alternative of any preference in such a profile lies on the boundary 1 or m of the set of
alternatives. We make extensive use of two particular types of strict single-peaked preferences in our
proofs: a single-peaked preference P is called left (or right) if for allx < 7(P) and ally > 7(P), we have
xPy (or yPx).

Lemma.2.1 Leti € N, P; € strict(D;), and Ry\; € Dy Supposer < 7(P;) < s are such that sP;r. Then,
(i) there exists P; € D; withP; = 7(P;) - - - sr- - - such that ¢ (P;, Rx\i) > ¢.(Pi, Ryy;), and

(ll) ﬁi € D,‘ with 13,' = T(Pi) -+ rs- - such that (Ps(Pi? RN\i) > (PS(I:),', RN\i) 1mplles
¢, (P, Rwyi) < ¢.(Pi, Ryy;) for some k € [r, 7(P;)).

Proof: By the definition of single-peakedness, if sP;aP;r for some a € A, then eithera > sora € (r, 7(P;)).
Consider the strict single-peaked preference P; € strict(D;) such that 7(P;) = =(P;), U(s, P;) = U(s, P,)
and sP,aP;r for some a € Aifand onlyifa € (r, 7(P;)) \ U(s, P;). Existence of such a preference is
guaranteed by minimal richness. By strategy-proofness, ¢ _(P;, Rx\;) = ¢, (P, Ry\i). By the definition of
P, there exists | > osuchthat P, = ---s(r +1)(r4+1—1)--- (r+1)r---. Let i)i be obtained by
swapping the alternatives s and (r + [) at P;. Thus, f’,- =---(r+s(r+1—1)---(r+1)r---. Note that
123,- is strict single-peaked. By straightforward application of strategy-proofness, ¢ (P, Ry\i) > ¢, (1:3,-, Ryi)-
Continuing in this manner, we can arrive at a preference P; such that P, = 7(P;) - - - sr- - - and
¢.(Pi,Ry\;) > ¢.(P;, Ry\;). This completes the proof of part (i) of the lemma.

Let D, be the strict single-peaked preference obtained by swapping s and r at P;. Since
o, (P;, RN\,-) = ¢, (f)i, RN\l—) and we have arrived at the preference 1:),- from P, by a sequence of swaps
between s and some alternatives in the set {r, ..., r + I}, if 0} (1:3, RN\i) < ¢, (P;, RN\,») , then there must
existsomea € {r,...,r+ I} suchthat ¢_(P;, Rw\;) > ¢, (P;, Ryy;). This completes the proof of part (ii)
of the lemma. |
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We prove the “only-if” part of the theorem in two steps. In the first step, we show that every Pareto
optimal and strategy-proof RSCF on the domain strict(Dy) behaves like an extreme PFBR on the set of
boundary profiles. In the next step, we show that the same happens on every profile.

Step 1. Let ¢ be a Pareto optimal and strategy-proof RSCF. We show that ¢ is an extreme PFBR. The
following claim says that only the boundary alternatives 1 and m can get positive probability at boundary

profiles.
Claim .2.1 ¢ _(Ry) = oforallx € {2,...,m — 1} and all boundary profiles Ry € Dy.

Proof of Claim. Assume for contradiction ¢_(Ry) > o forsomex € {2,...,m — 1} and for some
boundary profile Ry € Dy. For each R; € D;, let R; be the dichotomous preference with 7(R;) = 7(R;).
Note that such preferences exist as the domain is minimally rich. By Pareto optimality, ¢_(Ry) = o forall
x € {2,...,m —1}. Forallx € {1,m},let N, be the set of agents i whose top ranked alternative at R; is x,
thatis N, = {i € N | 7(R;) = x}. Take i € N. Consider the profile (R;, Ry\;). By strategy-proofness,
(pl(Ri, RN\,-) = ¢1(§i, RN\,-). Also, by Pareto optimality, gbx(Ri, RN\,-) = oforallx € {2,...,m —1}. This
is because if ¢ (R, Ry\;) > o forsomex € {2,...,m — 1}, then shifting this probability to 1 will be a
Pareto improvement. Thus, ¢(R;, Ry;) = ¢(R;, Ryy;). Applying this logic repeatedly for all agents in N,
we obtain ¢(Ry,, Rvn,) = ¢(Ry,, Ra\w, ). Now, consider i € N,,.. Since 7(R;) = 7(R;) = m, by
strategy-proofness, ¢, (R;, Ry,, Rnwui) = ¢, (R, Ry, Rv\,ui)- This, combined with the fact that

¢(Ry,, Rmn,) = ¢(Ru,, Ry, ), yields

¢, (Ri, Ry, RN\NIUI') =¢, (Ry). (6)
Applying this argument for all agents in N,,, \ {i}, we obtain ¢, (Ry) = ¢, (Ry). Since ¢_(Ry) > o for

some x € {2,...,m — 1}, this implies

¢,(Ry) < ¢,(Ry). (7)

Note that we can arrive at the profile Ry in a symmetrically opposite way: by changing the preferences
of agents in N,, from R, to R, first, and then changing the preferences of agents in N, from R, to R.
Therefore, by using the same argument as for obtaining (6), we can conclude that ¢ (Ry) = ¢,(Ry),
which contradicts (7). 0

To prove that ¢ is an extreme PFBR, it remains to show that ¢ is monotonic over the boundary profiles,
that is, for all Ry, Ry, € Dy with S(m, Ry) C S(m, Ry), wehave ¢,_(Ry) < ¢, (RY). This follows by

straightforward application of strategy-proofness.
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Step 2. Let strict(D;) C D, be the strict single-peaked domain contained in D;. Since ¢ is Pareto optimal
and strategy-proof, it must be a PFBR on strict(Dy). By Step 1, it follows that ¢ is an extreme PFBR. It is
sufficient to show that ¢ is tops-only on Dy. We prove this by using induction on the number of agents in
a preference profile having non-strict preferences. We begin with the base case where there exists exactly

one agent having non-strict preference.

Base case: Let Py € strict(Dy) be a strict single-peaked preference profile and let R; be a non-strict
preference with 7(R;) = 7(P;). We show that ¢(Py) = ¢(R;, Py\;). Assume for contradiction that
¢(Pn) # ¢(R,, PN\,-). Without loss of generality, let s > 7(P;) be such that o, (R;, Pyi) > o, (P;, PN\,-) and
¢,(Ri;, Pyi) < ¢,(P;, Py;) forallt € [2(P)),s).
Case B1. Suppose that there is no agent j such that 7(P;) € (7(P;),s).

Let P; be the right strict single-peaked preference with 7(P;) = 7(R;) = 7(P;). Since
(P, Py\;) € strict(Dy), by only-topsness ¢ t(f’i, Py\;) = oforallt € (7(P;),s). By strategy-proofness
$uisy (Pi i) = by (Ri Pai) and 1 (P, Pani) = ¢, (R, Pr;). Combining all these

observations, it follows that

9,(P, Pyy) = (R, Pyy). (8)
Recall that

¢.(Ri; Prnyi) > ¢(Pi, Pryi).- (9)
By (8) and (9) this implies

¢ (P Pri) > ¢,(Pi, Pyyy)- (10)

Since 7(P;) = 7(P;), we have ¢, (P, Pyi) = ¢S(13,-, Py;), which contradicts (10).
Case B2. Suppose that Case 1 does not hold, that is, there are agents j such that 7(P;) € (7(P;),s).
Considerj € N such that 7(P;) € (7(P;),s) and there does not exist | € N such that

7(P) € (z(P), 7(Py))
Claim .2.2 ¢ (R, P}, Px\(ij3) = ¢.(Ri, Py, P (i) for some Py € strict(D;) with 7(P;) = =(P,).

Proof of Claim .2.2

Case B2.1. Suppose 7(P;)P;s.

Since 7(P;)P;s, there exists IA’j with T(f)j) such that U(s, 13]) = U(s, P;). By strategy-proofness,
9.(Ri, By, Pryip) = ,(Ri, P P giy)-

Case B2.2. Suppose sP;7(P;).

In view of Case 1 it is sufficient to show ¢ (R;, P;, Py (i) = ¢.(Ri, P;, Py (i) for some P; with

7(P;) = ©(P;) and 7(P;)Pjs.
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Since 7(P;) < 7(P;) < s, by Lemma 2.1, we can construct a preference P; = - - - s7(P;) - - - such that

¢.(Ri, P, P gijy) > ¢,(Ri, Py, P i) (11)

Construct a preference 1:3j by swapping s and 7(P;) in 13]-. By strategy-proofness,
¢.(Ri, P, P giy) > ¢,(Ri, Py, P i) (12)

Combmmg (3) and (4), ¢, (R;, },PN\{,,}) > ¢.(R;, ;7PN\{11}) If¢ (R, JaPN\iiJ}) =

¢.(R;, P;, Py (1), then we take P; = P;. Suppose ¢ (R;, P, Pa fi3) > ¢,(Ri, P;, Py (1) It follows
from Lemma .2.1 that there exists r € [7(P;), 7(P )) such that ¢ (R, P s PN\{,-,]-}) < (pr(R,-, :}-, PN\{,-J}). Let
P, be the right strict single-peaked preference with 7(P;) = 7(P ,-). Since (f’i, 1:3j, Pa\(i;}) € strict(Dy), by

only-topsness and our assumption that there isno I € N such that 7(P;) € (7(P;), 7(P;)), we have

j
IAJ,,INJ Pwyyin) =otorallt € (7(P;), 7(P;)). Consi er U(r, P,). By strategy- roofness,
¢.( \{i}) = oforallt € (z(P;), 7(P;)). Consider U(r, P;). By strategy-proof
Doty (P B Pi (i) = 9usrp (R By, P i) Because ¢, (Ri, By, Py 3) > o and
¢, (P”P PN\{,}-}) = oforallt € U(r P) \ {z(P,)}, this implies
b.p )(P,,P],PN\{i,j}) > ¢y (R, P;, Py fij3)- Since 7(P;) = 7(P;) = 7(R,), this is a contradiction to
strategy-proofness. 0

Consider the profile (R;, ], P, Px\ (i} )- Let] € Nbe such that 7(P;) € (z(P;),s) and
©(P) ¢ (z(P,), 7(P,)) forall] € N. By using similar logic as for Claim .2.2, we can construct a preference
P; such that T(PZ) = 7(P;) and o, (R,, B PN\{L}-}) = ¢, (R;, IA)]-,IA)Z, PN\{,-’,-J}). Continuing in this manner, we
can construct a profile (R;, Py\;) such that 7(P;) = 7(P,) if 7(P;) € (z(P,),s) and P; = P; i
t(P;) ¢ (7(P;),s) and
<PS(R1‘713N\1') = ¢S<Ri7PN\i) (13)

Note that by construction of PN\i , there is no agent j such that T(f’j) € (7(P;),s). Thus, by applying the
same logic as in Case B1, ¢ (R;, PN\;‘) = ‘P5<Piv PN\,-). Combining this with (5), we have
(PS(Pi) PN\i) = <P5(Ri, PN\i)-

Induction step: Suppose that ¢ behaves like an extreme PFBR over all profiles at which at most k agents
have non-strict preferences. We proceed to show that the same holds over all profiles where k + 1 agents
have non-strict preferences.

Consider (Rg, PN\s) € Dy such that R; is not strict for all i € S, P; is strict foralli € N \ Sand

|S| = k + 1. Assume without loss of generality, agent 1 € S. Let P, be a strict preference with

7(P,) = 7(R,). In view of our induction hypothesis, it is enough to show, ¢(Rs, Pxns) = ¢(P;, Rs\,, Pays).
Clearly, by strategy-proofness, ¢ ) (Rs, Pns) = ¢,z) (Ps, Rs\s, Pxys). Consider I € A such that
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7(R;) = lforsome i € S\ 1. We show that ¢,(Rs, Pxys) = ¢,(P,; Rs\,, Pn\s)- Let P; be a strict preference
with 7(P;) = 7(R;). By strategy-proofness,

‘Pz(PiaRS\iaPN\S) = (PI(RSaPN\S)- (14)

Since both the profiles (P;, Rg\i, Pny s)and (P,, Rg\,, PN\s) have exactly k agents with non-strict

preferences, by our induction hypothesis,

(Pl(Pi)RS\hPN\S) - (PI(PURS\UPN\S)‘ (15)

Combining (14) and (15), we have ¢,(Rs, Pxys) = ¢,(P.; Re\is Prs)-

Next, we proceed to show ¢(Rs, Py, s) = ¢(P,, Rg\,, Pry s). Assume for contradiction that
¢(Rs, Pas) 7# ¢(Py, Rg\i, Pas). Without loss of generality s > 7(P,) be such that
¢.(Rs, Pxs) > ¢, (P, Rs\,Prs) and ¢,(Rs, Pas) < ¢,(P,, Re\, Prs) forallt € (7(P,),s). Leti € Sbe
such that there does not exist | € S such that 7(R;) € (7(R;), s|. The rest of the proof follows by using
similar logic as for the base case, but for the sake of completeness, we present it.

Case I1. Suppose there is no agent j such that 7(R;) € (7(R;), s).

Let P, be the right strict single-peaked preference with 7(P;) = 7(R;) = 7(P;). Since (P,, Rs\is Pa\s)
has exactly k agents with non-strict preferences, by our induction hypothesis ¢ t(f’,-, Rs\i; Px\s) = oforall
t € (7(P;),s). By strategy-proofness ‘PU(S,P,-)@!" Rg\i, Pas) > ¢U(s,13,-)(RSv Py\s) and
¢ () (f’i, Rs\i, Pas) = ¢ (Rs, Pnxys). Combining all these observations,

(ps(ﬁ)iyRS\i»PN\i) > ¢.(Rs, Pas)- (16)
Recall that
ﬁbS(RSaPN\S) > (pS(PnRS\nPN\S)' (17)
By (16) and (17) this implies
¢,(P;, Re\i, Pris) > 6, (Py, Rev, Prns)- (18)

Since at the profiles (P;, Rs\i; Pxys) and (P, Rg\,, Pas), ¢S(13i, Rs\i, Pxvs) = ¢,(Py, Rg\, Py s ), which

contradicts (18).

Case I2. Suppose that Case 1 does not hold, that is, there are agents j such that 7(P;) € (7(P;), s).
Considerj € N such that 7(P;) € (7(P;),s) and there does not exist € N such that

t(Py) € (z(P;), 7(P))).
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Claim .2.3 ¢ (Rs, P}, Pvs;) = 9,(Rs, Py, Pasu;) for some P € strict(D;) with ©(P;) = ©(P)).

Proof of Claim .2.3
Case I2.1. Suppose 7(P;)P;s.
Since 7(P;)P;s, there exists P; with 7(P;) such that U(s, P;) = U(s, P;). By strategy-proofness,
(PS(RS,ﬁ;,PN\SUj) = ¢(Rs, P, Py sujp)-
Case I2.2. Suppose sP;7(P;).
In view of Case 1 it is sufficient to show ¢ (Rs, P;, Pwsu;) = ¢,(Rs, Pj, Px\suj) for some P; with
7(P;) = 7(P;) and 7(P;)P;s.
Since 7(P;) < 7(P;) < s, by Lemma .2.1, we can construct a preference 13}» = ..-s7(P;) - - such that

(PS(RSan;PN\SUj) > <P5(Rs,13j7PN\su;')~ (19)

Construct a preference 1:3j by swapping s and 7(P;) in 13]». By strategy-proofness,
(PS(RSan;PN\SUj) > <P5(Rs,13j7PN\su;')~ (20)

Combining (19) and (20), (es (Rs, P;, PN\su{j}) > <PS(R5, 131-, PN\SU{j})- If

(PS(Rs, P], PN\SU}') == ¢S(Rs, ?J’ PN\SUj)) then we take P] = P] Suppose

¢.(Rs, P, Pasj) > ¢,(Rs, Pj, Pyysu)- It follows from Lemma 2.1 that there exists € [z(P;), 7(P;))
such that ¢ (Rs, P}, Pysuj) < ¢,(Rs, P}-, Py\suj)- Let P, be the right strict single-peaked preference with
7(P;) = 7(P;). Since (P, Rg\j, Pj, Py\suj) has exactly k agents with non-strict preferences, by our
induction hypothesis and assumption that there is no I € N'such that 7(P) € (z(P;), 7(P;)), we have
qf)t(f’,-, Rg\;, 13,-, Py\suj) = oforallt € (z(P;), 7(P;)). Consider U(r, D). By strategy-proofness,

Duiry Pr Rs\ty By Pivsiy) = by (Rs, By, Paysuy)- Because ¢, (Rs, By, Paysuy) > o and

qﬁt(f),-, Rs\if), Py\suj) = oforallt € Ulr, P) \ {z(P))}, this implies

(Pr(Pi)(ISi? Rg\i, 13]-, Pa\suj) > (/)T(P,‘)(RS7 13]-, Py\suj)- Since 7(P;) = 7(13,') = 7(R;), this is a contradiction to
strategy-proofness. U

Consider the profile (R, P;, Px\s;)- Let] € N'be such that 7(P;) € (7(P,),s) and 7(P}) ¢ (z(P,), 7(P;))
foralll € N. By using similar logic as for Claim .2.3, we can construct a preference P; such that
T(f’l) = 7(P;) and (/)S(RS, 15]-, PN\SU]-) = ¢, (Rs, 13]-, 131, PN\su{j,l})- Continuing in this manner, we can
construct a profile (Rs, Pys) such that 7(P;) = 7(P,) if 7(P;) € (¢(P,),s) and P, = P;if t(P,) ¢ (z(P)),s)
and

¢.(Rs, lsN\S) = ¢,(Rs, Pns)- (21)
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Note that by construction of (Rs, Py\s), there is no agent j such that 7(R;) € (7(P,),s). Thus, by applying
the same logic as in Case I1, ¢S(Rs, 13N\s) = ¢, (P, Rg\,, PN\s)- Combining this with (21), we have
(PS(RS;pN\S) = ¢ (P, Rs\1, Pays). u

.3 PROOF OF THEOREM 5.5.3

We make extensive use of two particular types of single-plateaued preferences in our proofs: a
single-plateaued preference R is called left (or right) if forallx < 7 (R) and ally > 77 (R), we have xPy
(or yPx).

Lemma.3.1 AnRSCF ¢ : D" — AA satisfies Pareto optimality if and only if it is unanimous and for all
Ry € D" such that Nient(R;) = (), we have $1(ry) (Rw) = 1, where I(Ry) is the minimal interval such that
I(Ry) N 7(R;) # O foralli € N.

Proof:[Proof of Lemma .3.1] The proof of this lemma is somewhat straightforward. However, for the sake
of completeness, we provide it here.

(If part) Suppose ¢ satisfies Pareto optimality. Then, it is straightforwardly unanimous. Take Ry € D"
such that N;en7(R;) = (. We show that Prry) (Ry) = 1. Itis sufficient to show ¢ _(Ry) = o forall
x ¢ I(Ry). Take x ¢ I(Ry). Let I(Ry) = [y, z| . Assume without loss of generality x < y. Since
I(Ry) = [y, 2], there exists i € N such that 71 (R;) = y. Since Ry is not unanimous, there existsj € N
such that 7 (R;) > y. This means yPx. Moreover, since I(Ry) = [y, 2], 77 (R;) > yforalli € N. This
means yRx foralli € N. Combining, we have y Pareto dominates x. So, ¢_ (Ry) = o.
(Only-if part) Suppose an RSCF ¢ : D" — AA is unanimous and satisfies the property that for all
Ry € D" such that Nient(R) = 0, br(ry) (Ry) = 1. We show that ¢ satisfies Pareto optimality. Take
Ry € D". If Ry is a unanimous profile, then there is nothing to show. Suppose Ry is not unanimous. Take
x € I(Ry). We show that there does not exist y € A such that yRix foralli € N and yP;x for some j € N.
Assume for contradiction that there is such an alternative y € A. Because x € I(Ry), there existi,j € N
such that 77 (R;) < xand 7~ (R]) > x. So,if y > «x, then xP;y. On the other hand, if y < «, then xPjy. So, y

cannot Pareto dominate x. |

Proof: [Proof of Theorem 5.5.3] “Only if” part of the theorem is straightforward, we proceed to prove the
“if” part. Let D be the (k,, «, )-single-plateaued domain and let ¢ : D" — AA be a unanimous and
strategy-proof RSCE. We show that ¢ is Pareto optimal. Take Ry € D" such that Nien7(R;) = (. In view
of Lemma .3.1, it is sufficient to show that Pr(ry) (Ry) = 1. Suppose not. Let I(Ry) = [x, y]. Assume
without loss of generality, ¢, ., (Ry) > o. Take i € Nsuch that 7~ (R;) > «. There must exist such an
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agent since Ry is not a unanimous profile. Let R} € D be a left-single-plateaued preference such that
7 (R)) = xand |[7(R))| = «,.
Claim. ‘/’[l,xﬂ] (R, RN\i) > ¢ [1,0—1] (Ry)-

Proof of the claim. Note that since R is a left-single-plateaued preference, for allw > 77 (R]) the
interval [1, w] is an upper contour set in R. So, by strategy-proofness, b (R}, Ryi) > b1 (Ry), as
otherwise agent i manipulates at (Rf , RN\,-) via R;. Now, assume for contradiction that
P (R R\) < ¢y, ) (Ry). This implies for allw > 7(R}),

Pl (R, Rwi) > Py (Rr)- (22)

Consider the upper contour set U(x, R;). Since R; is single-plateaued, there must be an alternative
z > 77 (R;) such that U(x, R;) = [x, 77 (R;)) U [t7(R;) 4 1, 2]. By 22, we have
Pl (R}, Rypi) > Pl (Ry). However, since [x, 2] is an upper contour set at R;, this means agent i

manipulates at Ry via R}. O

Continuing in this manner, we can construct a profile Ry with ¢, (Ry) > o where 7™ (R) = xand
R is left-single-plateaued for all i € D;with 7~ (R;) > xand R} = R, for all other agents. Clearly,
x — 1 ¢ Nient(R)). Moreover, since I(Ry) = [x, y], there must be i € Nwith 77 (R;) = . By the
construction of Ry, R] = R, for such an agent i. This means x 4+ 1 ¢ 7(R!) for such an agent, and
consequently, x 4+ 1 ¢ NienT(R]). Thus, we have Nien7(R]) = {x}. By unanimity, ¢ _(R}) = 1, whichisa
contradictionto ¢, ., (Ry) > o. [

.4 PROOF OF THEOREM §.5.7

Proof: Let D be the («,, x, )-single-plateaued domain and let ¢ : D" — AA be a unanimous and
strategy-proof RSCF. We show ¢ is almost plateau-only. Take i € N and (R;, Ry\;), (R}, Ry\;) € D" such
that 7(R;) = 7(R}). Letx € A \ 7(R;) be arbitrary. It is enough to show ¢_(R;, Ry\;) = ¢_ (R}, Ry;)-
Without loss of generality, assume x > 77 (R;), ¢_(R;, Ryi) < ¢, (R}, Ry;), and
(/)y(R,»,RN\,-) = ¢y(Rf,RN\,-) forally € (r7(R)), x).

Letj € Nbesuch that 7" (R;) < 77 (Ry) forallk € N. Consider Ri € D such that 7¥(R]) = 77 (R;)
and R’ is left single-plateaued.

Claim 4.1 (Py (Ri7 R;, RN\{‘J}) = (Py (Ri7 Rj7 RN\{l,]}) and (Py (Rt,7 R]/, RN\{!,]}) == (Py (RI,7 1{]7 RN\{,-J})for all
y > T+ (R,)
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Proof: 1t is sufficient to show ¢, (R;, ],RN\{,'J}) = ¢, (Ri; R, R\ i3) forally > 7+ (R;). The proof of
¢, (Rl,R i R\(ij}) = ‘Py(Rw i» R\ fi1) forally > 7% (R;) follows from similar argument. Takey € A
such thaty > 77 (R;). Because 7 (R/) = 77 (R;) and 7" (R;) < y, we have 77 (R]) < y. Since R; is left
single-plateaued and 7" (R}) < y, U(y, R) = U(y, R;) U [1, 77 (R;)). By strategy-proofness of ¢, we have

Puiyr) (Ris Ry Ranfiy) = iy ) (Ris R R g1 (23)

and
(PU()/ R)) (RlJ ]7RN\{1]}> > ¢U@R’ (RH ]7RN\{171}) (2'4)

As ¢ is unanimous and strategy-proof, by Theorem §.5.3 it follows that ¢ satisfies Pareto optimality. By
Pareto optimality and our assumption on R iy Plie (&) (R,-, R, Rw\(ijy) = Pl (& ))(R,, R],RN\{W-})
= o. This together with (23) implies

‘pU(’%R}()( iy ]’RN\{’]}) <(PU()/R’( i ]7RN\{1]}) (2'5)

Now, (24) and (25) imply

D) (R Ry R giy) = by, p) (Ris By R giy)- (26)

Becausey > 7 (R]’) , using similar argument for y — 1, we have

Py (Ris By Rangigt) = S,y (R Ry R i) (27)

Subtracting (27) from (26), we have (/)y (Ri, R;, RN\{L]-}) = </> (R;, R], RN\{W-}). This completes the proof of

the claim. u
Now we complete the proof of the theorem. Let k € N be such that 77 (R;) < 77 (R)) forall
1 € N\ {j}. LetR, € Dbesuchthatt(R}) = 7 (R;) and R}, is left single-plateaued. Using similar logic
as for the proof of Claim .4.1, we have ¢ (R;, },Rk, RN\{i7}-7k}) = (/) (R;, R], R}, RN\{i,j,k}) and
(P (R;, R]’ Ry, RN\{thk}) - ‘P (Ri, R},Rk, RN\{;,;,k}) forally > 7" (Ry).
Continuing in this manner, we construct profiles (R;, Rg\,\i) and R}, such thatforalll € N \ i,
T (R)) = 77(R)) if t7(R)) < 71 (R;) and R} = R, otherwise and ¢, (R;, R;\I\l) (/)y(Ri, Ry\;) and
8,(RLRy,) = ¢, (R, Ry forally > 7 (R).
By Pareto optimality, ¢_(R;, R;V\l) ¢, (R}, N\ ) = oforallz < 77 (R,). Also, by strategy-proofness
of ¢, ¢,z (Ris Ry;) = ¢,y (R, Ry, )- Since ¢ (Ri, Ryyi) < ¢, (R}, Ry), by Claim .4.1 we have
P, )(R,, Ry) < by r) (Ri; Ryy,)- This means i manipulates at (R;, Ry, ;) via R}, which contradicts

19 N\

82



that ¢ is strategy-proof. [ |

.5 PROOF OF THEOREM §.5.15

Proof: (If part) Let D be the («,, k,)-single-plateaued domain and let ¢ : D" — AA be an RSCF
satisfying generalized uncompromisingness. We show that ¢ is strategy-proof. Take Ry € D" and R, € D.
By Remark 5.5.13, ¢ is almost plateau-only. Thus, if 7(R;) = 7(R)), Pk (Ri; Rw\i) = P ) (RE Rav)
forall x € A. We distinguish the following cases based on the relative position of 7(R;) and 7(R)) to
complete the proof.

Case 1. Suppose 7~ (R;) < 7 (R)) and 71 (R;) < 77(R))

! T (R) T (R) (R T (R)) o

Figure .5.1: 7 (R;) <7 (R)) and 77 (R;) < 77 (R)).

By Remark 5.5.11,
¢ (R, Ry\i) = ¢, (R, Ry;) forallx ¢ [t7(R;), 7" (R))]. (28)

Because S is single-plateaued , for all y € A, there are y’ < 77 (R;) andy” > 77 (R;) such that
Uy,R) =1[y, 7 (R) — 1] U[r7(R),y"], where [y', 77 (R;) — 1] = D wheny = 77 (R;). This together
with (28), implies that to show ¢ is strategy-proof it is sufficient to show
P (r)) Ri Rani) 2 @1, () (R, Rany) forall y € [77(R), 7 (RY)].

Take y = 77 (R,). It follows from (28) that Ple (ro) e+ (R)] (Ri; Ry\i) = Pl (), + (R)] (R}, Ry\;)- Now,
takey € [t7(R;), 7" (R)) —1]. Ast7(R)) < y+1and t"(R]) > y + 1, by condition (ii) of Definition
5.5.10, we have

Py (Ris Rai) < @y, (R}, Rw\)- (29)

By condition (i) of Definition s.5.10, ‘P[T—(Ri),m] (R;, RN\i) = ‘P[T—(Ri),m] (R, RN\,-). This together with (29),
implies
> /
Pt () o1 (R Ri\i) 2 ey ) (R R
Case 2. Suppose 7 (R;) > 7 (R)) and 7" (R;) > 77 (R)).

This case is very similar to Case 1, however for the sake of completeness we provide a formal proof. Take

33



Figure .5.2: 7 (R;) > 7 (R)) and 7" (R;) > 7 (R)).

x ¢ [t7(R)) +1,77(R;)]. By Condition (i) of Definition 5.5.10, we have

<P[x,m] <Ri7 RN\i) = (P[x,m} (Rf7 RN\i) : (30)

Using similar logic as in Case 1, to show ¢ is strategy-proof, it is sufficient to show ¢ 1 ), (Ri; Ryi)
2 @, o+ () (Ri; Rvy) forally € [77(R}), 7~ (R,)]. First, take y = 7~ (R}). By Condition (i) of

y €[t (R)+1,7 (R)].-Ast(R;)) > yand 7~ (R)) < y, by Condition (ii) of Definition s.5.10, we have
Py (Ris Rri) > ¢y, (RS, Riyi). (31)
Takingx = 77 (R;) + 1in (30) and subtracting it from (31), we get

¢U,f+(Rf)](Ri’RN\i) Z Pl (r)] (R, Ryyi)-

Case 3. Suppose 7 (R;) > 77 (R)) and 7" (R;) < 1 (R)).
The proof for this case follows by combining the arguments in Case 1 and Case 2. For the sake of

completeness, we provide a formal proof here.

! T (R) T (R) o (R) (R m
Figure .5.3: 7 (R;) > 7 (R)) and 77 (R;) < 77 (R)).

Case 4. Suppose 7 (R;) < 77 (R))and 7" (R;) > 71 (R)).
By Remark 5.5.11, ¢_(R;, Ry\i) = ¢, (R}, Ry;) forallx ¢ 7(R;). Therefore, agent i cannot manipulate

at (R;, Ry\;) via R.
[ |
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! T (R) (R TH(R) 7T (R) "

Figure .5.4: 7 (R;) <7 (R)) and 77 (R;) > 7 (R)).

.6 PROOF OF THEOEREM §.5.16

Proof: “It” part of the theorem follows from Theorem 5.5.15. We proceed to prove the “only if” part. Let
¢ : D" — AADbe astrategy-proof and unanimous RSCF. We show ¢ satisfies generalized
uncompromisingness. Take i € Nand R;, R| € Dwith " (R;) < 7 (R{), Ry; € D" ', and x € A.

We show that ¢ (R;, Ry\i) = Prem) (R}, Ry\;) if max{7"(R;), 7" (R])} < «xorif

min{7z~(R;), 77 (R})} > x. Suppose max{7*(R;), 77 (R))} < «. In view of Theorem 5.5.7, we assume
both R;, R; to be left single-plateaued. By strategy-proofness, PUe—r ) (Ri; Rwyi) > DU ) (R}, Rn\i)
and R (R}, Ry) > P i) (R, Ry\;)- However, since both R; and R; are left single-plateaued,
U(x — 1,R;) = U(x — 1,R)) = [1,x — 1]. Therefore, ¢, . (Ri, Rn\;) = ¢y, 1 (R, Rny).

For the case where min{7~(R;), 7 (R})} > x, by means of Theorem 5.5.7 we can assume both R; and
R to be right single-plateaued. Then ¢, (Ri, Rx\i) = ¢y, 1 (R}, Ry\;) follows by using similar argument
as above.

Now we show (ii) in Definition 5.5.10. Suppose 77 (R;) < x < 71 (R)). Since x > 77 (R;) in view of
Theorem 5.5.7, we assume R; to be left single-plateaued. By strategy-proofness,
‘/’U(x—l, R) (R;, RN\,-) > ¢U(x—1, R) (R, RN\,-). However, as R; is a left single-plateaued preference,
U(x — 1,R;) = [1,x — 1]. Thismeans ¢, (Ri, Rnyi) < ¢y, (RS, Ryy).

Suppose 7 (R;) < x < 77 (R)). Since x < 77 (R}) in view of Theorem 5.5.7, without loss of generality
we assume R/ to be right single-plateaued. Then, U(x — 1, R;) = [x, m]. By strategy-proofness, this means
Do (R, Ry\;) > Pl (R;, Ry;) which completes the proof. |

.7 PROOF OF THEOREM §.5.18

Proof: (If part) In Section s.5.5, we introduce a generalization of probabilistic plateau rule which we call
generalized probabilistic ballot rules. Theorem §5.5.22 shows that those rules are unanimous and
strategy-proof. Therefore, if part of the theorem follows from Theorem 5.5.22.
(Only-if part) Suppose an RSCF ¢ : D* — AA is unanimous and strategy-proof. We show that ¢ is a
probabilistic plateau rule. Condition (i) of Definition 5.5.17 follows from unanimity of ¢.

Consider a preference profile Ry € D* with 77 (R,) < 7~ (R,). It follows from Theorem s.5.3 that ¢ is
Pareto optimal. By means of Pareto optimality, we have ¢_(Ry) = oforallx ¢ [t"(R,), 7™ (R,)]. We
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prcoceed to show ¢ (Ry) = f,[x, m] for some B, € AA where x € Asuchthatt¥(R,) < x < 77 (R,).
Let Ry € D’ be such that 7(R,) = [1,«,] and 7(R,) = [m — «, + 1, m]. Define ¢(Ry) := p,. Consider
the preference profile (R,, R,). Since 77 (R,) < «, by strategy-proofness, P lem] (R,,R,) = B,[x, m]. Again,
sincex < 7~ (R,), ¢y, 1 (R, R,) = B,[x, m]. This proves Condition (ii) of Definition 5.5.17. Condition

(iii) of Definition 5.5.17 can be proved with a similar argument. [ |

.8 PROOF OF THEOREM §.5.22

Proof: Letk € {o,...,x, — 1} andlet (B;)scn be a collection of probability ballots. Suppose

¢ : D" — AAisageneralized probabilistic ballot rule with parameters k and (B s) scn- We show that ¢ is
unanimous and strategy-proof. Unanimity of ¢ follows from Condition (i) and Condition (ii) of
Definition 5.5.20. To show that ¢ is strategy-proof, by Theorem 5.5.16, it is enough to show that it satisfies
generalized uncompromisingness. Consider R;, R} € D; and Ry\; € D"

Case 1. Suppose x € Aissuch thatx < min{7™ (R;), 7™ (R) }. Assume without loss of generality that

77 (R;) < 77 (R]). We further distinguish three cases based on location of x with respect to I(R;, Ry\;).-
Case 1.1. x < I (R;, Ry\).

Asx < I (R, Ry\;), we have by Condition (i) of the definition of a generalized probabilistic ballot rule
(Definition s.5.20), P (Ri: Ran;) = 1. Suppose 7~ (R;) < I (R;,Ry\;). Because 77 (R;) < 77 (R]), this
and the fact that 7™ (R;) < I (R;, Ry\;) imply 7~ (R;) < I (R}, Ry\;). Combining the two facts
77 (R) < I (R, Rw;)andx < 77 (R;), we have x < I (R}, Ry\;). Therefore, by Condition (i) of the
definition of a generalized probabilistic ballot rule (Definition s.5.20), we have P (R Rii) = 1. As
Plam (Ri, Ry\;) = 1, it follows that Plam (Ri, Rw\i) = Prem (R!, Ry\;) = 1. Now, suppose
I" (Ri; Ry\i) < 77 (R;). Since 7™ (R;) < 77 (R}), this implies I" (R;, Ry\;) = I (R}, Ry\;). Because
x < I (R, Ry\;) by our assumption in Case 1.1, we have x < I (R{, Ry\;). By Condition (i) of the
definition of a generalized probabilistic ballot rule (Definition s.5.20), we obtain P lem] (R,,Ry\;) = 1. As
Prem (Ris Rang) = 1, it follows that ¢y, (R, Rai) = ¢, 1 (RE Runy)-

Case 1.2. I (R;, Ry;) < .

By the definition of I(R;, Ry\;), we have 77 (R;) < I (R;; Ry\;). Asx < 77 (R;), this means we must
have x < 77 (R;) < I'" (R, Ry\;), which in turn means that Case 1.2 is not possible.
Case 1.3. I (R, Rw;) < x < T (R, Ryy;).

Consider the preference profile (R;, Ry\;). We first show that N;cn7(R;) = . Suppose not. Then by
the definition of I(Ry), we have 77 (R;) < I™(R;, Rw\;), which contradicts the assumption of Case 1 that
x < 77 (R;). Therefore, we have Mcn7(R;) = (). Combining this with the fact that
I" (R, Ry\i) < & < 77 (R;), it follows that there must be some | € N such that 7 (R;) = I (R;, Rw\;).
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Consider the preference profile (R}, Ry\;). By using 7" (R;) = I (R;, Ry\;), I (R;, Ry\;) < xand

x <177 (R;) <17 (R)),weobtain 7" (R)) < 77 (R;) < 77 (R]). As 71 (R;) < 7~ (R]) we must have
7(R) N 7(R)) = 0. This means Njex;7(R;) N 7(R)) = ). Because Nieny;7(R;) N 7(R]) = 0, by the
definition of I(R;, Ry;) and I(R}, Ry;) it follows that I (R;, Ryy;) = I (R}, Ry;). Since Njent(R) = 0
and Nien;7(R;) N 7(R]) = (), we can use Condition (iii) of the definition of a generalized probabilistic
ballot rule to calculate the outcome of ¢ at (R;, Ry\;) and (R}, Ry\;). Let S C N be such thatj € Sifand
onlyifx —k < 77 (R;) andx < 77 (R;) andlet S C Nbe such thatj € S if and only if

x—k <77 (R)x — kandx < 77 (R). Note that § \ i = §' \ i. Since x < 77 (R;) < 7 (R}), we have

i € Sandi € S/, which, by means of the fact that S \ i = §' \ i, implies S = §'. By the definition of ¢,
Plam (Ri; Ry\i) = Plx, m] and Plam (R}, Rx\i) = Py [x, m]. Because S = &, this implies

P (Ris Rani) = @1, (RE, R )-

Case 2. Suppose x € Aissuch that max{z"(R;), 7" (R))} < «x. Assume without loss of generality that
tH(R]) < 77 (R;). We further distinguish three cases based on location of x with respect to I(R;, Ry\;).-
Case 2.1. x < I (R;, Ry\).

By the definition of I(R;, Ry\;), we have I (R;, Ryy;) < 77 (R;). As 71(R;) < x, this means we must
have I (R, RN\,-) < 71(R;) < x, which in turn means that Case 2.1 is not possible.
Case2.2. I (R, Ry) < «

AsI"(R;, Ry\;) < x, we have by Condition (ii) of the definition of a generalized probabilistic ballot
rule (Definition 5.5.20), Pl (Ri; Rw\;) = o. Suppose 77 (R;) < I'*(R;, Ry\;). Because 7+ (R]) < 71(R)),
and 77 (R;) < I (R;, Rw\;), we have I'" (R}, Ry\;) = I (R}, Ry\;). So,I" (R}, Ry;) < «. Hence,

Prem (R, Rai) = o IfI" (R, Ryi) < 71 (R;), thenI™ (R}, Ry;) < 77 (R;). So,

I" (R}, Ry\;) < 77(R;) < . Hence, ¢, (R, Ryy;) = 0. WhenI™ (R;, Ry\;) < &, we have
P (Ris Rani) = @1, (RE R )-

Case2.3. I (R, Rw;) < x < I (R, Ry\)

Consider the preference profile (R;, Ry\;). We first show that N;cn7(R;) = . Suppose not. Then by
the definition of I(Ry), we have I (R;, RN\i) < 77 (R;), which contradicts the assumption of Case 2 that
7H(R;) < . Therefore, we have NjenT(R;) = (). Combining this with the fact that
t7(R;) < & < I"(R;, Ry\;), it follows that there must be some I € N such that 7™ (R;) = I (R;, Ry;)-
Consider the preference profile (R], Ry\;). By using t~ (R;) = I (R;, Rw\;), * < I (R;, Ry;) and
7 (R) < 77(R;) < x, we obtain " (R)) < 7 (R;) < 77 (R;). Ast"(R)) < 7~ (R;) we must have
7(R)) N 7(R}) = 0. This means Njen;7(R;) N 7(R)) = 0. Because Nienyi7(R;) N 7(R) = 0, by the
definition of I(R;, Ry\;) and I(R}, Ry;) it follows that I" (R;, Ry\;) = I (R}, Ry;). Since Mient(R;) = ()
and Nieny;7(R;) N 7(R]) = 0, we can use Condition (iii) of the definition of a generalized probabilistic
ballot rule to calculate the outcome of ¢ at (R;, Ry\;) and (R}, Ry\;). Let S C N be such thatj € Sifand
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onlyifx —k < 77 (R;) andx < 77 (R;) andlet §' C Nbe such thatj € §'ifand onlyifx — k < 77 (R))
andx < 77(R). Note that S \ i = §'\ i. Since 77 (R]) < 77(R;) < x,wehavei € Sandi € §', which, by
means of the fact that S \ i = §' \ i, implies S = S'. By the definition of ¢, ¢, ., (Ri, Rw\;) = Bg[x, m] and
Pl (R Rivi) = By [x, m]. Because S = §', this implies Prem (Ris Runi) = ¢y, (RS, Ry
Case 3. Suppose x € Ais such that 77 (R;) < x < 77 (R]). We further distinguish three cases based on
location of x with respect to I(R,;, RN\i).
Case 3.1. x < I (R;, Ry\;).

By the definition of I(R;, Ry\;), no matter whether N;cn7(R;) is empty or not, we have
I (R;, Ry\i) < 77 (R;). Therefore, this case is not possible.
Case3.2. I (R, Ry) < «

By Condition (ii) of the definition of a generalized probabilistic ballot rule (Definition s.5.20),
Plam (Ri, Ry\;) = 0. As Plem (R}, Ry\;) cannot be negative, this implies that
Prem (Ris Rani) < @y, (RE Rivg)-
Case 3.3. I (R, Rw;) < x < I (R;, Ry)

Suppose x < I (R, Ry\;). Then, by Condition (i) of the definition of a generalized probabilistic ballot
rule (Definition 5.5.20), we have Plem) (R}, Ry\;) = 1. This means Plem) (Ri, Ry\i) < Plem) (R}, Ry\;)-

Now suppose I (R}, Ry\;) < x. By using the same logic as in Case 2.3, we can show that
Njent(R;) = (). By the assumption of Case 3, we have 7% (R;) < x and by the assumption of Case 3.3, we
have x < I (R;, Ry\;). Combining we obtain 7% (R;) < x < I (R;, Rw\;). As Njent(R;) = @ and
7(R;) < I"(R;, Ry\;), there must be some | € N such that 7~ (R;) = I (R;, Ry\;), and hence
I (R, Ry\i) < I (R, Ry\;). This, the assumption of Case 3.3, and the supposition of the current
paragraph that I (R}, Ry\;) < , imply I (R}, Rx\;) < & < I (R}, Ry\;). Because 7~ (R;) = I (R;, Ry\),
the assumptions that I (R;, RN\i) < x <TI"(R, RN\,-) and I (R}, RN\,-) < x, imply
I"(R},Ryx\;) < 77 (R;),and hence I (R}, Ry\;) ¢ 7(R;). We claim that I(R}, Rx\;) 7 Njeni7(R;) N 7(R)).
Assume for contradiction that I(R], Ry\;) = Njen7(R;) N 7(R}). However, then I(R], Ryy;) € 7(R;) for
allj € N, and in particular, I" (R, Ry\;) € 7(R;) forallj € N, which contradicts our earlier deduction
that I” (R}, Rx\;) ¢ 7(R;). This proves our claim that I(R, Ry\;) 7 Njeni7(R;) N 7(R}). Because
I(R), Ry\i) # NMienyiT(R;) N 7(R)), by the definition of I(R, Ryy;) it must be that Nien;7(R;) N 7(R]) # 0.
Therefore, we can use Condition (iii) of the definition of a generalized probabilistic ballot rule (Definition
5.5.20) to calculate the outcome of ¢ at the preference profiles (R;, RN\,») and (R, RN\i). LetS C Nbe
such thati € Sifand onlyifx — k < 77 (R;)) andx < 77 (R;) andlet S’ C Nbe such thati € S ifand
onlyifx — k < 77 (R)) and x < 77 (R]). By the assumption of Case 3, 77 (R;) < x < 77 (R/), and hence
S C §'. By the definition of ¢, we have Plem (Ri; Ry\i) = PBlx, m] and Plem (R}, Rx\i) = By [x,m],and by
the definition of (B)scn, we have B[x, m] < B [x, m]. Therefore, P (Ris Rini) < ¢, (R, Ryyi)-
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Case 4. Suppose x € Aissuchthat 77 (R;) < x < 77 (R]). We further distinguish three cases based on
location of x with respect to I(R, Ry\;).
Case 4.1. x < I (R}, Ry\;)
By Condition (i) of the definition of a generalized probabilistic ballot rule (Definition s.5.20),
P (R Ry\i) = 1. As ¢_(R;, Ry;) < 1, this implies that Plem) (Ri, Ryi) < Prem (RE Ry).-
Case 4.2. I (R, Ry\;) < x
By the definition of I(R;, Ry\;), no matter whether Nicn7(R;) is empty or not, we have
77 (R]) < I*(R], Ry\;). Therefore, this case is not possible.
Case 4.3. I (R,,Ry\;) < x < I (R}, Ry\;)
Suppose I (R, Ry\;) < «. Then, by Condition (ii) of the definition of a generalized probabilistic ballot
rule (Definition 5.5.20), we have Plem) (Ri; Ry\;) = o. This means Plem) (Ri; Rwi) < Plem) (R}, Ryi)-
Now suppose x < I (R;, Ry;). By using the same logic as in Case 1.3, we can show that
NieniT(R;) N 7(R;) = 0. By the assumption of Case 4, we have x < 7~ (R/) and by the assumption of
Case 4.3, we have I (R}, Ry;) < x. Combining we obtain I (R}, Ry\;) < x < 77 (R]). As
NieniT(R) N 7(R;) = B and I (R}, Ryy;) < 7~ (R!), there must be some | € N such that
7(R)) = I (R, Ry\),and hence I (R;, Ry\;) < I (R}, Ry\;). This, the assumption of Case 4.3, and the
supposition of the current paragraph that x < I (R;, Ryy;), imply I (R;, Ryw;) < & < I (R;, Ryy;)-
Because 7 (R;) = I (R, Ry\;), the assumptions that I” (R}, Ry\;) < & < I (R], Ry\;) and
I" (Ri, Rw\;) < x,imply I~ (R;, Ry\;) < 7~ (R;), and hence I" (R;, Ry\;) ¢ 7(R;). We claim that
I(R;, RN\,») + ﬂjeNT(Rj). Assume for contradiction that I(R;, RN\,-) = ﬂjeNT(Rj). However, then
I(Ri, Ry\;) € 7(R;) forallj € N, and in particular, I (R;, Ry\;) € 7(R;) forallj € N, which contradicts
our earlier deduction that I (R;, Ry\;) ¢ 7(R;). This proves our claim that I(R;, Ry\;) # Nient(R)).
Because I(R;, RN\,-) + ﬂjeNT(Rj) , by the definition of I(R,, RN\l—) it must be that ﬂjeNT(Rj) # .
Therefore, we can use Condition (iii) of the definition of a generalized probabilistic ballot rule (Definition
5.5.20) to calculate the outcome of ¢ at the preference profiles (R;, Ry\;) and (R}, Ry\;). Let S € N'be
such thati € Sifand onlyifx — k < 77 (R;) andx < 77 (R;) and let S’ C Nbe such thati € S ifand
onlyifx — k < 77 (R)) and x < 77 (R)). By the assumption of Case 4, 7 (R;) < x < 7~ (R}), and hence
§ C §'. By the definition of ¢, we have ¢, | (Ri; Rw\i) = Bglx, m] and Plem) (R}, Rn\;) = By [x, m], and by
the definition of (B)scn, we have g[x, m| < B [x, m]. Therefore, Plem (Ri; Rwyi) < Plem (R,,Ry\;). W

.9 PROOF OF THEOREM §.5.28

Proof: (If part) Let D be a k-single-plateaued domain for some x € {1,...,m} andlet¢ : D" — AAbea

x-plateaued rule . By definition ¢ is anonymous and plateau-only. To show that ¢ is strategy-proof, in view
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of Theorem 5.5.15, it is enough to show that it satisfies generalized uncompromisingness. Consideri € N,
R, R, € Dwitht"(R;) < 77 (R]), Ry\; € D", and x € A. First we show that Condition (i) in
Definition 5.5.10 holds. Consider the case where 77 (R/) < xor 77 (R;) > x. Ast"(R;) < 77 (R)), it
follows that when 7 (R/) < xwe have 17 (R;) < x,and when 7 (R;) > xwe have 7 (R) > «. This
implies 7 (R;, Ry\;) = 1 (R{, Ry\;) forall o < I < x — 1. By the definition of x-plateaued rule, this yields
Plam] (Ri, Ry\i) = Plam] (R}, Ry\;), which proves that ¢ satisfies Condition (i) in Definition 5.5.10.

Next we show ¢ satisfies Condition (ii) in Definition s.5.10. We distinguish the following two cases.
Case 1. Suppose 71 (R;) < x < 7 (R)).

By the definition of k-plateaued rule, ¢, (Ri, Ry\i) = B(n, x) and ¢, (R}, Ry\;) = B(n’, x), where
forallo <1<« —1,m = nj(R, RN\i) and n] = n} (R}, RN\,»). Since 71 (R;) < xand 77 (R]) > «, there
must exist o < I' < k — 1such that nf (R}, Ry\;) = #j(R;, Ry;) +1forallo <1<, and
ni (R, Rwy;) = nj (R, Rw;) forall ' < I < x — 1. This implies ' = n @ 1. Therefore, by Condition (ii) of
Definition 5.5.23, we have f(n, x) < B(n @ 1, x), and hence it follows that
Plam (R, Rw\i) > Plom (Ri; Ryyi)-

Case 2. Suppose 7~ (R;) < x < 77 (R)).

By the definition of k-plateaued rule, ¢, (Ri; Ry\i) = B(n, x) and Plam (R, Rn\;) = B(n, x), where
forallo <1<« —1,m = nj(R;, Ry\;) and nj = nj (R}, Ry;). If 7 (R;) < «, then
ni (R}, Rx\i) = nj (R, Ry;) + 1forallo <1 <« — 1. However, ifx < 77 (R;) < x + x — 1, then there
must exist I' such that n}' (R}, Ry\;) = 1 (R;, Ry\;) forallo <1< "and nf (R}, Ry;) = nf(R;, Ryi) +1
forall/ < I < x — 1. Inboth these cases, n’ = n @ 1, and hence by using Condition (ii) of Definition
5.5.23, we have Plem) (R, Ry\;) > P (Ri, Rya\i)-

(Only-if part) Let ¢ be a strategy-proof, anonymous, and plateau-only RSCF on D". We show that itis a

x-plateaued rule.

Lemma.g.1 Letx € Aand Ry, Ry € D" be such that nf(Ry) = nf(Ry) forallo <1 < x — 1. Then,

Proof: Note that forall Ry € {Ry, Ry}, [{i € N | 77(R;) = x + I}| = nf(Ry) — n},,(Ry) forall

o<I<k—2and|{i € N|7t7(R) < x}| = n — n*(Ry) . Because nf(Ry) = nf(R}) forall

0<I<kx—1thismeans|[{i E N|t"(R) =x+ 1} =[{i e N| tT(R) = x + [} forall

o<I<k—2|{ieN|7T(R)>x}={ieN|7t (R)>x} and

Hie N|t7(R) <«}| =|{i e N|R/(1) < «}|.Letmy=|[{i e N| 77(R) = x + [} forall

o <1 <k — 2. Since ¢ is anonymous, assume without loss of generality that
D{ieN|t"(R)=x+1}={ieN|7"(R) =x+1} = {i,_, +1,...,i,}, where forall

o0<I<k—2,5=n,+... +mandi;_ = o,and
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(ii) foralli € N\ {i,,_,,...,1},either 77 (R;), 7" (R)) < xor7v~(R;), 7 (R)) > . In view of this, it is
enough to show that Plam (Ri, Ry\i) = Prem] (R], Ry\;) forall (R;, Ryn;), (R}, Ry\;) € S such that either
77(R;),77(R)) < xort~ (R, 7 (R;) > «. Suppose 77 (R;), 7" (R]) < «. Since ¢ is plateau-only, assume
without loss of generality that both R; and R] are left single-plateaued. This means
U(x — 1,R;) = U(x — 1,R]) = [1,x — 1]. Now, by straightforward application of strategy-proofness, it
follows that ¢, . (R, Rw\i) = ¢y, (RE Ruvg)- Thus, ¢p, (R, Rayi) = ¢y, (RE R

Next, suppose 7~ (R;), 7~ (R;) > «. Since ¢ is plateau-only, assume without loss of generality that both
R; and R! are right single-plateaued. This means U(x, R;) = U(x, R}) = [x, m|. Now, by straightforward
application of strategy-proofness, it follows that ¢, (Ri, Ry\i) = Plem (R], Ry\;). This completes the
proof of the lemma. u

In view of Lemma .9.1, for all (n, x) € F(k), define B(n, x) = Plam] (Ry) where Ry is such that
nf(R;, Ry\;) = mforallo <1 < x — 1. In what follows we show that the parameters fs are plateau
parameters.
We show that (B(n, x)) satisfies Condition (ii) in Definition 5.5.23. In view of Lemma .9.1, it is enough
to show that Plem (Ri, Ry\i) > Plam (R!, Ry\;) where (R;, Ry\;), (R}, Ry\;) € D" are such that either
[‘r+ (R)) < xandt™(R]) > x] or [7_ (R)) > xandx < 77 (R)) < x+x — 1}. First we consider the case
where 77(R;) < xand 77 (R]) > «. In view of Lemma .9.1, it is enough to show that
Prem) (R, Ry;) < P (R}, Ry\;) where (R;, Ryn;), (R}, Ry\;) € Sare such that 7 (R;) < xand
77(R}) > x. Since ¢ is plateau-only, assume without loss of generality that R, is left single-plateaued. Then
U(x —1,R;) = [1,x — 1]. By strategy-proofness, DU ) (Ri; Ry\i) > ‘/’U(xﬂ,R,-)(R; ; Ra\), which means
Prem (Ris Runi) < ¢, (RE, Ryy;). Next we consider the case where 7~ (R;)) > xand
x < 77(R]) < x + x — 1. Next we show that (B(n, x)) satisfies Condition (ii) in Definition s5.5.23. In
view of Lemma .9.1, it is enough to show that Plem) (Ri, Ryi) > Prem) (R}, Ry\;) where
(Ri; Rw\i), (R}, Rw\;) € D" aresuchthat ™ (R;) > xandx < 77 (R]) < &+ k — 1. Since ¢ is plateau-only,
assume without loss of generality that R; is right single-plateaued. Then U(x, R;) = [x, m]. By
strategy-proofness, Puer) (R, Ryi) > Puier) (R!, Ry\;), which means Plem) (Ri, Ry\i) > Plem) (R}, Ry\;)-
Finally, we show that {(B(n, x)) (u.x)e7(x) } satisfies Condition (i) of Definition §.5.23. Take n,n™ € N,
Ry € D"and x € [3,m] such that nf(Ry) = mand nf *(Ry) = n; forallo << x — 1. Itis easy to see
that such a Ry and x exist for every possible choice of n and n™. Since ¢ is an RSCF,
Prem) (Ry) < Ple—sm (Ry). By the construction of (B(1, %)) (u,x)cF(x), we have
o < B(n,x) < P(nt,x—1) <iforalln,n™ € N. [
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.10 PROOF OF COROLLARY §.5.1

Proof: It remains to show that a k-plateaued rule is unanimous if and only if it is based on a collection of
unanimous plateau parameters.

(If part) Suppose {(B(1, %)) (s,x)cF(x) } is unanimous and ¢ is a k-plateaued rule with respect to
{(B(n,%)) (nx)eF(x) }- We show ¢ is unanimous.

Let Ry € D" be such that N;cn7(R;) # 0. Let Nient(R;) = [y, 2]. Then, #(Ry) = nand
n,_,(Ry) > o (see Figure .10.1 for details). Since i, = nand #1,_, > o, by unanimity of plateau
parameters, we have (11, y) = 1. Because ¢, (Ry) = p(,y), thismeans ¢, (Ry) = 1. As
Nz(R;) = [y, 2], ¥ (Ry) < nand nZ"}(Ry) = o (see Figure .10.1 for details). Since 1, < nand
7., = 0, by unanimity of plateau parameters, we have f(71,z + 1) = o. Because
Prorim (Rv) = P11,z + 1), thismeans ¢, (Ry) = o. So,we have ¢ _(Ry) =1.

(Only-if part) Let ¢ be a strategy-proof, plateau-only, anonymous and unanimous RSCF on D". We
show it is a k-plateaued rule with respect to unanimous plateau parameters. By Theorem 5.5.29, ¢ is a
k-plateaued rule. Let { (B(1, %)) (4x)c 7 (x) } be the plateau parameters of ¢. We need to show that the
collection { (B (1, %)) (%) F(x) } is unanimous.

Since, ¢ is unanimous and strategy-proof, by Theorem s.5.3, it is Pareto optimal. Take Ry € D" and
x € [2,m] such that n*(Ry) = nand n*_ (Ry) > o. Since, n*(Ry) = n, min;en(77(R;)) > . Also, since
n*_ (Ry) > o, there must exist i € N such that 7~ (R;) > x. Take y < x. As minien (7 (R;)) > &, xRy
foralli € N. Moreover, because 7 (R;) > x, xP;y. By Pareto optimality of ¢, ¢, (Ry) = o. Since,y < xis
arbitrary, this means ¢;, (Ry) = 1. Because Plam] (Ry) = B(n, x) where (n, x) is such that n, = nand
ne—, > o, it follows that f(n, x) = 1.

Now take Ry € D" such that n¥ < nandni_, = o. Since n} < n, this means there exists i € N such

K—1

that 77(R;) < x. Moreover, as n®

K—1

= o, Minicn T~ (Rl-) < x. Takey > x. Asmineny 7 (R,-) < x,
min;ey 7~ (R;)Ryy foralli € N. Also, as 77 (R;) < «, this means 77 (R;) P;y. By Pareto optimality,
¢,(Ry) = o. Sincey > xis arbitrary, we have ¢, (Ry) = o. Because ¢, . (Ry) = B(n,x) where (1, x)

is such that n, < nandn,_, = o, it follows that (n, x) = o.

Figure .10.1: A preference profile Ry € D" such that Nient(R;) # 0
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.11 PROOF OF THEOREM §.5.29

Proof: Let D be a («, k)-single-plateaued domain for some « € {1,...,m} and some & > « and let

¢ : D" — AAbe a k-plateaued rule. By definition ¢ is anonymous and plateau-only. To show that ¢ is
strategy-proof, by Theorem §.5.15, it is enough to show that it satisfies generalized uncompromisingness.
Consideri € N,R;,R, € D, Ry\; € D", and x € A. First we show that Condition (i) in Definition
5.5.10 holds. We distinguish the following two cases.

Case 1. Suppose x < min{7~ (R;), 7 (R))}.

As Disa («, k)-single-plateaued domain, |7(R;)| > x and |7(R])| > «. This implies
ni(R;, Ry\;) = nf (R}, Ry;) forall o < I < x — 1. By the definition of k-plateaued rule, this yields
Prem (Ris Rani) = ¢y, (RS, Ry
Case 2. Suppose max{7"(R;), 7" (R))} < «.

This implies 1} (R;, Ry\;) = 17 (R}, Ry\;) forallo < I < k — 1. By the definition of -plateaued rule, this
yields ¢ (R, Ryyi) = ¢, g (Ri, Ryy)-

Next we show ¢ satisfies Condition (ii) in Definition s.5.10. We distinguish the following two cases.
Case 1. Suppose 71 (R;) < x < 77 (R)).

By the definition of k-plateaued rule, ¢, . (Ri, Ry\;) = B(n, x) and ¢, (R}, Ry\;) = B(n’, x), where
forallo <1<« —1,m = nf(R;, Ry\;) and nj = nj (R}, Ry\;). Since 77 (R;) < xand 7+ (R) > «, there
must exist o < I < k — 1such that nf (R}, Ry;) = #j(R;, Ry;) +1forallo <1<, and
ni (R, Rwy;) = nj (R, Rw;) forall ' < I < x — 1. This implies ' = n @ 1. Therefore, by Condition (ii) of
Definition 5.5.23, we have f(n, x) < B(n @ 1, x), and hence it follows that
Plem (R, Rw\i) > Plrom (Ri; Ryi)-

Case 2. Suppose 7~ (R;) < x < 77 (R)).

By the definition of k-plateaued rule, ¢, (Ri, Ry\i) = B(n,x) and Plem] (R, Rn\;) = B(n, x), where
forallo <1<« —1,m = nj(R;, Ry\;) and nj = nj (R}, Ry;). If 7 (R;) < «, then
ni (R}, Rx\i) = nj (R, Ry;) + 1forallo <1 <« — 1. However, ifx < 77 (R;) < x + x — 1, then there
must exist I' such that n}' (R}, Ry\;) = n(R;, Ry\;) forallo <1< "and nf (R}, Ry;) = nf(R;, Ryi) +1
forall < I < x — 1. Inboth these cases, n’ = n @ 1, and hence by using Condition (ii) of Definition
5.5.23, we have Prem) (R}, Rn\i) > Prem) (Ri; Rnx\i)- If 77 (R;) > & 4 & — 1,n} (R, Ry\i) = 1} (R}, Ry\;) for
allo <1 < k — 1. By the definition of k-plateaued rule, this yields Plem] (Ri, Ry\i) = ¢ }(Rf ;Ryy;). W

x,m
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The Structure of (Local) Ordinal Bayesian Incentive
Compatible Random Rules

6.1 INTRODUCTION

We consider social choice problems where a random social choice function (RSCF) selects a probability
distribution over a finite set of alternatives at every collection of the agents’ preferences in a society. An
RSCF is dominant strategy incentive compatible (DSIC) if no agent can increase the probability of any
upper contour set by misreporting her preference.' A random Bayesian rule (RBR) consists of an RSCF
and a prior belief of each agent about the preferences of the others. We assume that the prior of an agent is
“partially correlated”: her belief about the preference of one agent may depend on that about another
agent, but it does not depend on her own preference. Ordinal Bayesian incentive compatibility (OBIC) is
the natural extension of the notion of incentive compatibility (IC) for RBRs. This notion is introduced in
[29] and it captures the idea of Bayes-Nash equilibrium in the context of incomplete information game.
An RBR is OBIC if no agent can increase the expected probability (with respect to her belief) of any

upper contour set by misreporting her preference.

'An upper contour set at a preferences is a set “top k alternatives” for some number k, that is, alternatives having rank less
than or equal to k.
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The importance of Bayesian rules is well-established in the literature: on the one hand, they model real
life situations where agents behave according to their beliefs, on the other hand, they are significant
weakening of the seemingly too demanding requirement of DSIC that leads to dictatorship (or random
dictatorships) unless the domain is restricted. It is worth mentioning that the RBRs are particularly
important as randomization has long been recognized as a useful device to achieve fairness in allocation
problems.

Locally DSIC (LDSIC) or locally OBIC (LOBIC) are weaker versions of the corresponding notions.
As the name suggests, they apply to deviations/misreports to only “local” preferences (the notion of
which is fixed a priori). The importance of these local notions is well-established in the literature. They
are useful in modeling behavioral agents (see [ 19]). Furthermore, on many domains they turn out to be
equivalent to their corresponding global versions, and thereby, they are used as a simpler way to check
whether a given RSCF is DSIC (see [19], [80], [26], [54], etc.).

The main objective of this paper is to explore the structure of LOBIC RBRs on different domains. The
structure of DSIC RSCFs is well-explored in the literature. On the unrestricted domain, they turn out to
be random dictatorial, and on restricted domains such as single-peaked or single-crossing or
single-dipped, they are some versions of probabilistic fixed ballot rules. However, to the best of our
knowledge, the only thing known about the structure of LOBIC (or OBIC) RBRs is that if there are
exactly two agents and at least four alternatives, then for almost all prior profiles (that is, for a set of prior
profiles having full measure), a unanimous, neutral and OBIC RBR is random dictatorial ([57]).> Even
for deterministic Bayesian rules (DBRs), not much is known. [ 58] show that for almost all prior profiles, a
unanimous and OBIC DBR on the unrestricted domain is dictatorial, and later, [61 ] shows that for
almost all prior profiles, an “elementary monotonic” and OBIC DBR on a swap-connected domain is
DSIC. Recently, [46] extend these results for sparsely connected domains without restoration.?

Most of the existing literature consider the notion of localness that is derived from Kemeny distance
(see [s0] and [51] for further details about Kemeny distance).* According to this notion, two preferences
are local if they differ by a swap of two adjacent alternatives. [ 19] and [80] provide the following
motivations for using local strategy-proofness.

(i) Local notions of incentive compatibility makes it simpler for the designer to check if a given rule is

DSIC.

(i) Due to social stigma or self-guilt or bounded rationality, some behavioral agents consider

%A set of prior profiles is said to have full measure if its complement has Lebesgue measure zero.

3We provide a detailed discussion on the connection between our results and those in [46] in Section 6.9.3.

#[50] provides a characterization of the Kemeny distance with five axioms; metric, betweenness, neutrality, normalization
and reducibility. Later, [17] provide another characterization where it is shown that the reducibility axiom is redundant for the
characterization.
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manipulations only for some particular deviations. Such deviations are captured by the notion of local
preferences.

Following [54] and [55], we consider an arbitrary notion of localness which we formulate by a graph
over preferences. The motivation behind this consideration is as follows. Firstly, when it comes to the task
of checking whether a given rule is DSIC, which notion of localness will be suitable for this purpose
totally depends on the device that the designer uses and the computational complexity in checking local
DSIC. Secondly, when it comes to modeling behavioral agents there is no reason to assume such an agent
will consider only manipulations by swapping two adjacent alternatives. Clearly, such local deviations
depend on the agents, as well as on the particular context. For instance, an agent may try to manipulate by
moving an alternative to the top of her sincere preference whenever she tries to make that alternative the
outcome. Furthermore, the use of such a general notion enables us to apply our results on a large number
of domains like multi-dimensional domains, domains under partitioning, domains under categorization,
sequentially dichotomous domains, etc where it is not always possible to swap two adjacent alternatives
without affecting the ranking of other alternatives.

We introduce the notion of lower contour monotonicity for an RBR and in Theorem 6.3.2 establish the
equivalence between LOBIC and the much stronger (and well-studied) notion LDSIC on any domain for
RBRs satisfying this property. The deterministic version of this result for the special case of swap-local
domains is proved in [61].°

We show that under LOBIC, unanimity implies lower contour monotonicity on the unrestricted
domain. Therefore, it follows as a corollary of Theorem 6.3.2 that for almost all prior profiles, unanimous
and LOBIC (and hence OBIC) RBRs on the unrestricted domain are random dictatorial. Next, we move
to restricted domains. It turns out that unanimity is not strong enough to ensure lower contour
monotonicity for LOBIC RBRs on most well-known restricted domains. Therefore, we proceed to
explore the relation of unanimity to another important property of a rule, namely tops-onlyness, on such
domains.

Tops-onlyness is a strong property for a rule as it says that the designer can ignore any information
about a preference beyond the top-ranked alternative. On the positive side, this property makes the
structure of a rule quite simple, however, on the negative side, this property is not quite desirable as it
ignores most part of a preference and thereby significantly restricts the scope for designing incentive
compatible rules. Interestingly, the negative side of the tops-only property does not play any role for some
domains as unanimity alone enforces it under DSIC. [20] provide a sufficient condition on a domain so
that unanimity and DSIC imply tops-onlyness for DSCFs on it. Later, [22] show that the same sufficient

condition does not work for RSCFs, and consequently, they provide a stronger sufficient condition on a

°A graph on a domain is swap-local if any two local preferences differ by a swap of consecutively ranked alternatives.

96



domain so that unanimity and DSIC imply tops-onlyness. We provide a sufficient condition on a domain
so that for almost all prior profiles, unanimous and graph-LOBIC RBRs imply tops-onlyness. It is worth
mentioning that establishing the tops-only property is a major step in characterizing unanimous and
OBIC RBRs. Tops-onlyness significantly weakens the requirement of LCM on the RBR and hence plays a
crucial role in generalizing our results for the equivalence of LOBIC and LDSIC (see Remark 6.3.6,
Proposition 6.4.1 and Corollary 6.4.1)

Finally, we provide a discussion explaining why none of these results can be extended for fully
correlated priors (that is, when the prior of an agent depends on her own preference). It is worth
emphasizing that all the existing results for LOBIC DBRs ([58] and [61]) follow from our results.
Furthermore, since every OBIC rule is LOBIC by definition, all our results hold for OBIC rules in
particular.

The results in this paper hold for RBRs for almost all priors profiles, that is, for each prior profile in a set
of prior profiles having full measure. It is worth mentioning the economic motivation of such results.
Firstly, if the designer thinks all prior profiles are equally likely (or she does not have any particular
information about prior profiles), then she knows that except for some “rare” cases (with Lebesgue
measure zero), an RBR is LOBIC (or OBIC) if and only if its RSCF component is LDSIC (or DSIC).
Since the structure of LDSIC (or DSIC) RSCFs is much simpler, she can use her knowledge about the
same in dealing with the RBRs for such prior profiles. Secondly, if the objective of the designer is to
maximize the expected total welfare (with respect to any prior distribution over preference profiles and
the uniform distribution over prior profiles) of a society over LOBIC (or OBIC) RBRs, then she can
restrict her attention (that is, the feasible set) to the LDSIC (or DSIC) RSCFs. This is because a
non-LDSIC RSCF can be part of a LOBIC (or OBIC) RBR only for a (Lebesgue) measure zero set of
cases which will not contribute to the expected value.

[58] introduce the notion of generic priors, the particularity of which is that they have full measure. It
is shown in Example 1 of [ 57] that a unanimous and OBIC RBR with respect to a generic prior profile
need not be random dictatorial, and therefore, it seemed that the dictatorial result does not extend
(almost surely) for OBIC RBRs. However, it follows from our results that in fact it does, only thing is that
one needs to construct the right class of priors ensuring the full measure.

We provide a wide range of applications of our results. We introduce the notion of betweenness
domains and establish the structure of RBRs that are LOBIC for almost all prior profiles on these
domains. Well-known restricted domains such as single-peaked on arbitrary graphs, hybrid, multiple
single-peaked, single-dipped, single-crossing, and domains under partitioning are important examples of
betweenness domains. We introduce a weaker version of lower contour monotonicity and obtain a

characterization of unanimous RBRs or DBRs (depending on what is known in the literature regarding
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the equivalence of LDSIC and DSIC) that are LOBIC on these domains for almost all prior profiles.

Our consideration of arbitrary notion of localness allows us to deal with multi-dimensional domains.
The importance of such domains is well understood in the literature; we provide a discussion on this in
Section 6.8. We provide the structure of LOBIC RBRs on full separable multi-dimensional domains
when the marginal domains satisfy the betweenness property, for instance, when the marginal domains
are unrestricted or single-peaked on graphs or hybrid or multiple single-peaked or single-dipped or
single-crossing.

The rest of the paper is organized as follows. Section 6.2 introduces the notions of domains, RSCFs,
priors, RBRs, and their relevant properties. Sections 6.3 and 6.4 present our results for graph-connected
and swap-connected domains. Sections 6.5, 6.6, 6.7 and 6.8 present the applications of our results on
unrestricted, betweenness, non-regular and multi-dimensional domains. Finally, in Section 6.9 we

provide a discussion on DBRs, (fully) correlated priors, and the relation of our paper with [46].

6.2 PRELIMINARIES

We denote a finite set of alternatives by A and a finite set of n agents by N. A (strict) preference over A is
defined as a linear order on A.® The set of all preferences over A is denoted by P(A). A subset D of P(A)
is called a domain. Whenever it is clear from the context, we do not use brackets to denote singleton sets.

The weak part of a preference P is denoted by R. Since P is strict, for any two alternatives x and y, xRy
implies either xPy or x = y. The kth ranked alternative in a preference P is denoted by P(k).” The top-set
7(D) of a domain D is defined as the set of alternatives UpepP(1). A domain D is regular if 7(D) = A.
The upper contour set U(x, P) of an alternative x at a preference P is defined as the set of alternatives that
are strictly preferred to x in P, thatis, U(x, P) = {a € A | aPx}. Aset Uis called an upper contour set at
P ifitis an upper contour set of some alternative at P. The restriction of a preference P to a subset B of
alternatives is denoted by P|, more formally, P|z € P(B) such that forall a, b € B, aP|gb if and only if
aPb. We use the following terminologies to ease the presentation: P = «xy - - - means P(1) = x and
P(2) =y; P=---xy--- meansxand y are consecutively ranked in PwithxPy; P= -+ -x---y- - -
means x is ranked above y. When the set of alternatives is precisely stated, say A = {a, b, ¢, d}, we write,
for instance, P = abcd to mean P(1) = a, P(2) = b, P(3) = ¢,and P(4) = d. We use similar notations
without further explanations.

Each agenti € N has a domain D; (of admissible preferences). We assume that each domain D; is
endowed with some graph structure G; = (D, E;) where E; C D; X D; is the set of edges. The graph G;

represents the proximity relation between the preferences: an edge between two preferences implies that

®A linear order is a complete, transitive, and antisymmetric binary relation.
"The rank of an alternative a in a preference Pis kifand onlyif |[{b € A | bPa}| = k — 1.
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they are close in some sense. The closeness plays the role that whenever an agent tries to manipulate: she
only misreports her sincere preference as the one that is close to her sincere one. For instance, suppose

A = {a, b, c} and D; is the set of all preferences over A. Suppose that two preferences are “close” if and
only if they are swap-local, that is, differ by a swap of two consecutive alternatives. In other words, two
preferences are close if their Kemeny distance is 1.* The graph G, that represents this proximity relation is
given in Figure 6.2.1. The alternatives that swap between two preferences are mentioned on the edge

between the two.

Figure 6.2.1: The graph representing the proximity relation that two preferences are close if and only
if they differ by a swap of two consecutive alternatives

{a,b}

abc bac
{b,c]/ \{alc}

acb bca

N e

We provide an example to explain why a proximity relation need not always be based on the Kemeny

cab cba

a,b

distance. Suppose that an agent cannot do complicated calculations in order to manipulate, she just
moves an alternative to the top of her sincere preference whenever she tries to make that alternative the
outcome by misreporting her preference. According to such a proximity, a preference P is close to a
preference P’ if P’ is obtained by moving an alternative to the top position at P. For instance, abc is close to
bac and cab. Another important instance that cannot be modelled by swap-localness is the one where the
alternatives have multiple dimensions and preferences are separable.’

We denote by Gy a collection of graphs (G;);cn. Whenever we use some term involving the word
“graph”, we mean it with respect to a collection Gy. Two preferences P; and P, of an agent i are graph-local
if they form an edge in G;, and a sequence of preferences (P}, . . ., P!) is a graph-local path if every two
consecutive preferences in the sequence are graph-local. A domain D; is graph-connected if there is a
graph-local path between any two preferences in it. We denote by Dy, the productset D, x --- X D, of
individual domains. An element of Dy is called a preference profile. All the domains we consider in this

paper are assumed to be graph-connected.

8The Kemeny distance between two preferences is the minimum number of adjacent flips that is required to reach one pref-
erence from the other.
®See Section 6.8 for a formal definition of a separable preference.
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6.2.1 RANDOM SOCIAL CHOICE FUNCTIONS AND THEIR PROPERTIES

Let AA be the set of all probability distributions on A. A random social choice function (RSCF) is a
mapping ¢ : Dy — AA. We denote the probability of an alternative x at ¢(Py) by ¢_(Py). An RSCF
¢ : Dy — AAis called a deterministic social choice function (DSCF) if ¢ (Py) € {o,1} forallx € A
and all Py € Dy.

AnRSCF ¢ : Dy — AAis unanimous if for all Py € Dy such that foralli € N, P;(1) = x for some
x € A,wehave ¢ (Py) = 1. AnRSCF ¢ : Dy — AAis tops-only if for all Py, Py, € Dy such that
P;(1) = Pi(1) foralli € N, we have ¢(Py) = ¢(Py).

A probability distribution v stochastically dominates another probability distribution v at a preference
P, denoted by vPSdfz, if vy(e,p) = Vusp) foralle € A and vy, py > Vyy,p) forsomey € A We write
vR*%) to mean either vP*/y or v = 7. An RSCF ¢ : Dy — AA is dominant strategy incentive compatible
(DSIC) on a pair of preferences (P;, P;) of an agent i € N, if ¢(P;, P,,')RiSd(p(Pf, P_;)forallP_; € D_;. An
RSCEF is graph-locally dominant strategy incentive compatible (graph-LDSIC) if it is DSIC on every
pair of graph-local preferences of each agent, and it is called dominant strategy incentive compatible
(DSIC) if it is DSIC on every pair of preferences of each agent. Note that the pair (P;, P}) is ordered in the
definition of DSIC on a pair of preference (P;, P;), in particular, DSIC on the pair of preferences (P;, P;) is
different from DSIC on the pair of preferences (P,, P;).

A set of alternatives B is a block in a pair of preferences (P, P’) if it is a minimal non-empty set satisfying
the following property: forallx € Bandy ¢ B, P|, ;3 = P'|{s,}- For instance, the blocks in the pair of
preferences (abcdefg, beadegf) are {a, b, c}, {d}, {e}, and {f, g}. The lower contour set L(x, P) of an
alternative x at a preference Pis L(x, P) = {a € A | xPa}. A set L is alower contour set at a preference P
if it is a lower contour set of some alternative at P. Lower contour monotonicity says that whenever an
agent i unilaterally deviates from P, to a graph-local preference P), the probability of each lower contour
set at P, restricted to any non-singleton block in (P;, P}) will weakly increase. For instance, consider our
earlier example P; = abcdefg and P, = bcadegf with non-singleton blocks {a, b, ¢} and {f, g}. The lower
contour sets at P; restricted to {a, b, c} are {c} and {b, c}, and that restricted to {f, g} is {g}. Lower
contour monotonicity says that the probability of each of the sets {c}, {b, ¢}, and {g} will weakly increase
if agent i unilaterally deviates from P; to P;. The intuition behind lower contour monotonicity is simple,
roughly speaking it says that whenever some alternatives are moved up in a preference, their probabilities

also weakly increase. Clearly, it is a generalization of well-known monotonicity condition.

Definition 6.2.1 An RSCF ¢ : Dy — AA is called lower contour monotonic if for alli € N, all
graph-local preferences P;, P; € D, all non-singleton blocks B in (P;, P}), and all P_; € D_,, we have

1%For a subset B of A, we denote by vj the total probability of the set B according to the probability distribution v.
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¢, (P;,P_;) < ¢, (P}, P_;) for each lower contour set L of P;|p.

6.2.2 PRIORS, RANDOM BAYESIAN RULES, AND THEIR PROPERTIES

A prior y, of an agent i is a probability distribution over D_; which represents her belief about the

preferences of the others, and a prior profile y,, 1= (y,)ien is a collection of priors, one for each agent.

Definition 6.2.2 Consider an RSCF ¢ : Dy — AA. A prior profile u,; is called compatible with ¢ if for all
i € N,allP;,P, € Dyandall X C A,

> 1 (Po) (¢4(P, P—y) — ¢, (P, P_)) =0 (6.1)

P_;

= ¢, (P, P_;) — ¢, (P;,P_;) = oforall P_;.

Let M(¢) denote the set of all prior profiles that are compatible with ¢. It is worth noting that the prior
u, of an agent i does not depend on her preference P;.
A pair (¢, yy) consisting of an RSCF ¢ : Dy — AA and a prior profile y,, is called a random Bayesian
rule (RBR) on Dy. When the RSCF ¢ is a DSCE, then it is called a deterministic Bayesian rule (DBR).
The expected outcome with respect to the belief of an agent is called her interim expected outcome.
More formally, the interim expected outcome ¢ (P;, yi) for an agenti € N at a preference P; € D, from an
RBR (¢, yp) on Dy is defined as the following probability distribution on A: forallx € A,

0. (Pry) = D w(P-), (P, Py).

P_,€D_;

Example 6.2.3 Let N = {1,2} and A = {a, b, c}. Consider the RBR (¢, p,;) given in Table 6.2.2. Agent 1's
belief u_about agent 2's preferences is given in the top row and agent 2’s belief u_ about agent 1's preferences in the
leftmost column of the table. The outcomes of ¢ at different profiles are presented in the corresponding cells. Here,
for instance, (0.7, 0, 0.3) denotes the outcome where a, b, and c are given probabilities 0.7, o, and 0.3,
respectively. The rest of the table is self-explanatory. Consider the preference P, = abc of agent 1. In what follows,
we show how to compute her interim expected outcome ¢(P,, u,) at this preference:

¢ (P,p4,) =02X14+01X1+0.05X140.3X 0.5+ 0.15 X 14 0.2 X 1 = 0.85. Similarly, one can
calculate that ¢, (P,, y,) = o.15,and ¢_(P,, u,) = o, and for agent 2s preference P, = bca,

¢, (P>, 4,) = 0575 ¢.(Ps, 1,) = 0.06,and ¢ (P, u,) = 0.36s.
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Table 6.2.1: The RBR (¢, yy) in Example 6.2.3

U, 0.2 0.1 0.05 0.3 0.15 0.2

2 abc acb bac bca cba cab
¢, 1
0.25 | abc | (1,0,0) (1,0,0) (1,0,0) (0.5,0.5,0) | (1,0,0) | (1,0,0)
0.2 | acb | (1,0,0) (1,0,0) (1,0,0) (0.7,0,0.3) | (1,0,0) | (1,0,0)
o.15 | bac | (1,0,0) (1,0,0) (0,1,0) (0,1,0) (0,1,0) | (1,0,0)
0.1 | bea | (0,1,0) (1,00) (0,1,0) (0,1,0) (0,1,0) | (0,1,0)
0.2 | cba | (1,0,0) (0,0,1) (0,0.4,0.6) (0,1,0) (0,0,1) | (0,0,1)
o.1 | cab | (1,0,0) | (0,0.4,0.6) (1,0,0) (1,0,0) (0,0,1) | (0,0,1)

Table 6.2.2: The RBR (¢, yy) in Example 6.2.3

U, 0.2 0.1 0.05 0.3 0.1§ 0.2

u, 1 2 abc acb bac bca cba cab
025 | abc | (1,00) | (1,0,0) (1,00) | (0.5,0.5,0) | (1,0,0) | (1,0,0)
0.2 acb (1,0,0) (1,0,0) (1,0,0) (0.7,0,0.3) | (1,0,0) | (1,0,0)
0.15§ bac (110;0) (11010) (0)1)0) (011;0) (011)0) (1;0)0)
o1 | beca | (01,0) | (1,00) (0,1,0) (0,1,0) | (0,1,0) | (0,1,0)
0.2 cba (1,0,0) (0,0,1) (0,0.4,0.6) (0,1,0) (0,0,1) | (0,0,1)
0.1 cab (1,0,0) | (0,0.4,0.6) (1,0,0) (1,0,0) (0,0,1) | (0,0,1)

The notion of ordinal Bayesian incentive compatibility (OBIC) captures the idea of DSIC for an RBR

by ensuring that no agent can improve her interim expected outcome by misreporting her preference.

Definition 6.2.4 AnRBR (¢, yy) on Dy is ordinal Bayesian incentive compatible (OBIC) on a pair of
preferences (P;, P}) of an agenti € N if ¢, (Pi)RiSd(pyi (P!)."* AnRBR (¢, ) is graph-locally ordinal
Bayesian incentive compatible (graph-LOBIC) if it is OBIC on every pair of graph-local preferences in the
domain of each agent, and it is ordinal Bayesian incentive compatible (OBIC) if it is OBIC on every pair of

preferences in the domain of each agent.

Note that OBIC is a weaker requirement than DSIC since if an RSCF ¢ is DSIC, then (¢, y;) is OBIC
for all prior profiles y,.

For ease of presentation, given a property defined for an RSCF, we say an RBR (¢, yN) satisfies it, if ¢
satisfies the property.

"As in the case of DSIC on a pair of preferences, the pair (P;, P}) is also ordered in the definition of OBIC on a pair of
preferences (P;, P}).

1
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6.3 RESULTS ON GRAPH-CONNECTED DOMAINS

In this section, we explore the structure of graph-LOBIC Bayesian rules on graph-connected domains.
Since OBIC implies graph-LOBIC (by definition), all these results hold for OBIC RBRs as well.

Recall the definition of a block given in Page 10. The block preservation property says that if an agent
unilaterally changes her preference to a graph-local preference, the total probability of any block in the

two preferences will remain unchanged.

Definition 6.3.1 An RSCF ¢ : Dy — AA satisfies the block preservation property if for alli € N all
graph-local preferences P;, P, € D; of agent i, all blocks B in (P;, P}), and all P_; € D_,, we have
¢B<Pi7P—i) - (/)B(P,/-,P_,-).

For two preferences Pand P/, PAP' = {x € A | U(x, P) # U(x, P')} denotes the set of alternatives
that change their relative ordering with some other alternative from P to P’. Note that the block
preservation property implies ¢ _(P;,P_;) = ¢ _(P;, P_;) forallx ¢ P,/AP; as such an alternative forms a
singleton block in (P;, P;).

Our next proposition says that graph-LOBIC implies the block-preservation property almost surely
(with probability one). In other words, for each RSCF ¢, there is a set of prior profiles with full measure
such that if it is graph-LOBIC with respect to any of the prior profiles in the set, it will satisfy the
block-preservation property. The economic interpretation of this result is that if the designer thinks that
all the priors of an agent are equally likely and wants to ensure that no agent can manipulate her RBR,

then “almost surely” she needs to make the RSCF component of the RBR satisfy the block-preservation
property.

Proposition 6.3.1 For every RSCF ¢ : Dy — AA, there is a set of prior profiles M (¢) with full measure
such that for each yy, € M(¢), if the RBR (¢, uy,) is graph-LOBIC then ¢ satisfies the block-preservation

property.

The proof of this proposition is relegated to Appendix .2.

6.3.1 EQUIVALENCE OF GRAPH-LOBIC AND GRAPH-LDSIC UNDER LOWER CONTOUR MONOTONICITY

As we have mentioned in Section 6.1, Example 1 of [ 57] shows that in case of RBRs the equivalence of
graph-LDSIC and graph-LOBIC does not hold for “generic priors” under lower contour

monotonicity.'>'*> What we show in the following is that the set of generic priors for which the

Itis shown in Example 1 of [ 57] thata unanimous and OBIC RBR with respect to generic priors need not be DSIC. However,
it can be verified that the RSCF they consider also satisfies lower contour monotonicity.
3See Section 6.9.1 for the definition of generic priors.
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equivalence fails is actually rare in the sense that its Lebesgue measure is zero. More formally, we show
that under lower contour monotonicity, the notion of graph-LDSIC becomes almost surely equivalent to

the much weaker notion of graph-LOBIC.

Theorem 6.3.2 For every lower contour monotonic RSCF ¢ : Dy — AA, there is a set of prior profiles M (¢)
with full measure such that for each y;, € M(¢), the RBR (§, py,) is graph-LOBIC if and only if ¢ is
graph-LDSIC.

The proof of this theorem is relegated to Appendix .3.1.

The economic interpretation of Theorem 6.3.2 is that if the designer wants to construct a graph-LOBIC
RBR satisfying lower contour monotonicity, then for almost all prior profiles (that is, with full measure)
she can restrict her attention to graph-LDSIC RSCF only.

Even though there is a measure zero set of prior profiles such that the RBR (¢, y,) is graph-LOBIC but
¢ is not graph-LDSIC, it is important to know the exact structure of that (measure zero) set. The structure
of the set depends on the RSCF ¢ through a system of linear equations (see Equation (6.1) in Definition
6.2.2 and Claim .1.1).

It is worth emphasizing that Theorem 6.3.2 holds for any domain and for any graph structure on it (as
long as it is connected). In Sections 6.5, 6.6 and 6.8, we discuss its applications on unrestricted,
single-peaked on a graph (and on a tree or a line as special cases), multiple single-peaked, hybrid, multiple
single-peaked, intermediate, single-dipped, single-crossing and multi-dimensional separable domains.
One can also apply the theorem on domains under categorization, sequentially dichotomous domains,

etc.

6.3.2 RELATION BETWEEN UNANIMITY AND TOPS-ONLYNESS

In this section, we show that on any domain satisfying the path-richness property unanimity and

graph-LOBIC for almost all prior profiles imply tops-onlyness.

Definition 6.3.3 A domain D satisfies the path-richness property if for all preferences P, P’ € D such that
P(1) = P'(1),
(i) if Pand P’ are not graph-local, then there is a graph-local path (P' = P, . .., P = P') such that
P(1) = P(1) foralll =1,...,t and

(ii) if P and P’ are graph-local, then for each preference P € D, there exists a graph-local path
(P' =P, ..., P") with P(1) = P(1) such that for all | < t and all distinct y,z € PP, thereis a

common upper contour set U of P' and P such that exactly one of y and z is contained in U.
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A domain satisfies the path-richness property if for every two preferences P and P" having the same
top-ranked alternative, say x, the following happens: (i) if P and P’ are not graph-local then there is
graph-local path from P to P’ such that x appears as the top-ranked alternative in each preference in the
path, and (ii) if P and P’ are graph-local, then from any preference P there is a path to some preference P
with x as the top-ranked alternative such that for any two alternatives a, b that change their relative ranking
from P to P’ and for any two consecutive preferences in the path, there is a common upper contour set of
the preferences such that exactly one of a and b belongs to it. For an illustration of Condition (ii) of the
path-richness property, suppose A = {a, b, ¢, d}, P = abcd and P’ = adcb, and assume that P and P’ are
graph-local. Consider a preference P = dbca. Path-richness requires that a path of the following type
must be present in the domain: (dbca, dbac, dabc, adbc). To see that this path satisfies (ii), consider two
alternatives that change their relative ordering from P to P, say b and c. Note that the upper contour set
{d, b} in P' and P* contains b but not c, the upper contour set {d, b, a} in P> and P contains b but not ,

and so on. Path-richness requires that such a path must exist for every preference P in the domain.

Table 6.3.1: The domain in Example 6.3.4

P | P | P|P*|P|P°| P | P|P°|P°| P

o Qo S Q
X QU a
Qo S a Q
QU o ST Q o
QU Q8 S o
QU 8 o S o
QU 8 T o o
QU Y T a o
QA AT a o
QA ST Lo o
QA ST o U

Example 6.3.4 Consider the domain in Table 6.3.1. We explain that this domain satisfies the path-richness
property. Suppose that two preferences are graph-local if and only if they differ by a swap of two alternatives.
Consider the preferences P and P* having the same top-ranked alternative. Note that they are not graph-local.
The path (P*, P>, P*) is graph-local and a appears as the top-ranked alternative in each preference in the path.
So, the path satisfies the requirement of (i). It can be verified that for other non graph-local preferences with the
same top-ranked alternative (such as P* and P7, or P* and P", etc.) such a path lies in the domain. Now, consider
the preferences P* and P*. Note that they are graph-local and the alternatives b and c are swapped in the two
preferences (that is, ' AP* = {a, b}). Consider any other preference, say P”. The path (P, P%, PS, P* P3) has
the property that (a) it ends with a preference that has the same top-ranked alternative a as P' and P*, and (b)
for every two consecutive preferences in the path, there is a common upper contour set of the two preferences that
contains exactly one of b and ¢ (for instance, the common upper contour set {a, c} of P> and P* contains c but
not b, and so on). It can be verified that such a path exists for every pair of graph-local preferences P and P’
having the same top-ranked alternative and for every preference P. It is worth mentioning that for the kind of
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graph-localness we consider in this example, the requirement of (b) boils down to requiring that the swapping

alternatives in the graph-local preferences maintain their relative ranking throughout the path.

The path-richness property may seem to be somewhat involved but we show in Sections 6.5, 6.6 and
6.7, most domains of practical importance like the unrestricted, single-peaked, single-dipped,
single-crossing, domains under partitioning, etc. satisfy this property.

Our next theorem says that if the designer wants to construct a unanimous and graph-LOBIC RBR on
a domain satisfying the path-richness property, then for almost all prior profiles she can restrict her
attention to tops-only RSCFs. Clearly, this makes the construction considerably simpler. As we have
mentioned in case of Theorem 6.3.2, the economic implication of this theorem is that if the designer
thinks all the priors of an agent are equally likely, then she can be assured that a unanimous and

graph-LOBIC RBR on a path-rich domain will be tops-only with probability one.

Theorem 6.3.5 Suppose D satisfies the path-richness property. For every unanimous RSCF ¢ : Dy — AA,
there is a set of prior profiles M () with full measure such that for each y, € M(¢), if the RBR (¢, yy,) is
graph-LOBIC then ¢ is tops-only.

The proof of this theorem is relegated to Appendix.3.2

REMARK 6.3.6 Lower contour monotonicity can be weakened in a straightforward way under tops-onlyness.
Let us say that an RSCF satisfies top lower contour monotonicity if it satisfies lower contour monotonicity only
over (unilateral) deviations to graph-local preferences where the top-ranked alternative is changed. Thus, top
lower contour monotonicity does not impose any restriction for graph-local preferences P and P’ with

P(1) = P'(1). Clearly, under tops-onlyness, lower contour monotonicity will be automatically guaranteed in all
other cases, and hence, top lower contour monotonicity will be equivalent to lower contour monotonicity. Since
under graph-LOBIC, unanimity implies tops-onlyness on a large class of domains, this simple observation is of

great help for practical applications. U

6.4 THE CASE OF SWAP-CONNECTED DOMAINS

In this section, we consider graphs where two preferences are local if and only if they differ by a swap of
two consecutively ranked alternatives. Formally, two preferences P and P’ are swap-local if

PAP = {x,y} forsomex,y € A. For two swap-local preferences P and P/, we say x overtakes y from P to
P’ if yPx and xP'y. A domain D; is swap-connected if there is a swap-local path between any two
preferences in it. We use terms like swap-LOBIC, swap-LDSIC, etc. (instead of graph-LOBIC,
graph-LDSIC, etc.) to emphasize the fact that the graph is based on the swap-local structure.
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When graphs are swap-connected, lower contour monotonicity boils down to the following condition
called elementary monotonicity. An RSCF ¢ : Dy — AA is called elementary monotonic if for every
i € N, all swap-local preferences P;, P, € D; of agenti,and all P_; € D_;, x overtakes some alternative
from P; to P, implies ¢_(P;, P_;) < ¢ (P}, P_;).

REMARK 6.4.1 As we have mentioned in Example 6.3.4, under swap-connectedness, Condition (ii) of the
path-richness property (Definition 6.3.3) simplifies to the following condition: if there are two swap-local
preferences having the same top-ranked alternative, say x, where two alternatives, say y and z, are swapped, then
from every preference in the domain there must be a swap-local path to some preference with x as the top-ranked

alternative such that the relative ranking of y and z remains the same along the path.

6.4.1 EQUIVALENCE OF SWAP-LDSIC AND WEAK ELEMENTARY MONOTONICITY UNDER TOPS-ONLYNESS

Weak elementary monotonicity ([61]) is a restricted version of elementary monotonicity where the latter
is required to be satisfied only for a particular type of profiles where all the agents agree on the ranking of

alternatives from rank three onward.

Definition 6.4.2 An RSCF ¢ : D" — AA satisfies weak elementary monotonicity if for all i € N, and all
(P;, P_;) and (P, P_;) such that P;(k) = P/(k) = P;(k) forallj € N \ iand allk > 2, we have
b,y (Pi P—i) = ¢p (P, P).

Our next result says that under tops-onlyness, for almost all priors, weak elementary monotonic and

swap-LOBIC RBRs are swap-LDSIC.

Proposition 6.4.1 For every tops-only and weak elementary monotonic RSCF ¢ : Dy — AA, there is a set of
prior profiles M (¢) with full measure such that for each y, € M(¢), the RBR (¢, yy) is swap-LOBIC if and
only if ¢ is swap-LDSIC.

The proof of this theorem is relegated to Appendix .3.3.
We obtain the following corollary from Theorem 6.3.5 and Proposition 6.4.1.

Corollary 6.4.1 Suppose D satisfies the path-richness property. For every unanimous and weak elementary
monotonic RSCF ¢ : Dy — AA, there is a set of prior profiles M () with full measure such that for each
Uy € M(¢), the RBR (¢, uy,) is swap-LOBIC if and only if ¢ is swap-LDSIC.
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REMARK 6.4.3 [80] and [61] consider swap-connected domains without restoration. [8o] shows that
swap-DSIC and swap-LDSIC are equivalent on such domains and [61] shows that any unanimous and
tops-only DBR on such domains is weak elementary monotonic and swap-LOBIC with respect to generic priors if
and only if it is swap-LDSIC. [46] show that unanimous and swap-LOBIC with respect to generic priors DBRs
on sparsely-connected domains without restoration are tops-only. [21] provide two conditions, namely, the
interior property and the exterior property on the domain that are jointly sufficient for top-onlyness of
unanimous and DSIC RSCFs. For the special case of swap-localness, Condition (i) in the definition of the
path-richness property (Definition 6.3.3) is the same as the interior property, whereas Condition (ii) of the
path-richness property is weaker than exterior property. In Appendix .4 we provide an example of a domain that

is path-rich but does not satisfy the conditions provided in [80], [61] and [46].

6.5 APPLICATION ON THE UNRESTRICTED DOMAIN

The domain PP (A) containing all preferences over A is called the unrestricted domain (over A). Sincethe
unrestricted domain satisfies the path-richness property, it follows from Theorem 6.3.5 that for almost all
prior profiles, unanimity and swap-LOBIC implies tops-onlyness on the unrestricted domain. The
following theorem further establishes that for almost all prior profiles, swap-LOBIC RBRs are in fact
swap-LDSIC.

Theorem 6.5.1 For every unanimous RSCF ¢ : P" — AA, there is a set of prior profiles M (¢) with full
measure such that for each yy, € M(¢), the RBR (¢, uy,) is swap-LOBIC if and only if ¢ is swap-LDSIC.

The proof of this theorem is relegated to Appendix .3.4.
[40] shows that every unanimous and DSIC RSCF on the unrestricted domain is random dictatorial.
An RSCF is random dictatorial if it is convex combination of the dictatorial rules, that is, for each agent

there is a fixed probability such that the agent is the dictator with that probability.

Definition 6.5.2 An RSCF ¢ : Dy — AA is random dictatorial if there exist non-negative real numbers .;
i € Nwith ),y B, = 1, such that for all Py € Dy anda € A, ¢,(Pn) = 3 ip,1)=a) Br

Let us call a domain swap random local-global equivalent (swap-RLGE) if every swap-LDSIC
RSCF on it is DSIC. It follows from [26] that the unrestricted domain is swap-RLGE. Since every OBIC
RBR is swap-LOBIC by definition, it follows from Theorem 6.5.1 that the same result as [40] holds for

almost all prior profiles even if we replace DSIC with the much weaker notion OBIC.

Corollary 6.5.1 Let |A| > 3. For every unanimous RSCF ¢ : P" — AA, there is a set of prior profiles M (¢)
with full measure such that for each y;, € M(¢), the RBR (¢, py,) is swap-LOBIC if and only if ¢ is random

dictatorial.
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6.6 APPLICATIONS ON DOMAINS SATISFYING THE BETWEENNESS PROPERTY

A betweenness relation § maps every pair of distinct alternatives (x, y) to a subset of alternatives f(x, y)
including x and y. We only consider betweenness relations f that are rational: for every x € A, thereisa
preference P with P(1) = x such thatforally, z € A,y € (x, z) implies yRz. Such a preference P is said
to respect the betweenness relation . A domain D respects a betweenness relation f if it contains all
preferences respecting f. We denote such a domain by D(). For a collection of betweenness relations
B={B,....,p,} wedenote the domain U;_ D(p,) by D(B).

A pair of alternatives (x, y) is adjacent in f if f(x, y) = {«, y}. A betweenness relation f is weakly
consistent if for all x, x € A, there is a sequence (x* = «, ..., x' = x) of adjacent alternatives in (x, x)
such that for all I < t, we have B(x"™, x) C B(«', X). A betweenness relation f3 is strongly consistent if for
all x, x € A, there is a sequence (x* = «, ..., " = x) of adjacent alternatives in (x, x) such that for all
I < tandallw € B(«, x), we have B(x", w) C B(«',x). A collection B = {B,, ..., B,} orabetweenness
domain D(B) is strongly/weakly consistent if p, is strongly/weakly consistent forall [ =1,... .

Two betweenness relations  and f’ are swap-local if for every x € A, there are P € D(f) and
P' € D(B') such that P(1) = P'(1) = x and P and P’ are swap-local. A collection B3 of betweenness
relations is called swap-connected if for all B, 8’ € B3, there is a sequence (' = B, ..., = p’) in B such
that ' and " are swap-local for all I < t.

We now define the local structure on a betweenness domain D(3) in a natural way. A preference P’ is
graph-local to another preference P if there is no preference P’ € D(B) \ {P, P'} that is “more similar” to
Pthan P’ is to P, that is, there is no P” such that forall x,y € A, P|, ;3 = P/|{.,) implies P|.,3 = P"|(x)-

Our next corollary follows from Theorem 6.3.5.

Corollary 6.6.1 Let BB be a collection of strongly consistent and swap-connected betweenness relations. For
every unanimous RSCF ¢ : D(B)" — AA, there is a set of prior profiles M () with full measure such that for
each yy, € M(¢), if the RBR (¢, uy,) is graph-LOBIC then ¢ is tops-only.

The proof of this corollary is relegated to Appendix .3.5.
A domain is called graph deterministic local-global equivalent (graph-DLGE) if every graph-LDSIC
DSCF onitis DSIC.

Proposition 6.6.1 Let BB be a collection of weakly consistent and swap-connected betweenness relations. Then,
D(B) is a graph-DLGE domain.

The proof of this theorem is relegated to Appendix .3.6.
In what follows, we apply our results to explore the structure of LOBIC RBRs on well-known

betweenness domains.
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6.6.1 SINGLE-PEAKED DOMAINS ON GRAPHS

[69] introduce the notion of single-peaked domains on graphs and characterize all unanimous and DSIC
RSCFs on these domains. We assume that the set of alternatives is endowed with an (undirected) graph
G = (A,E). Forx,x € Awithx # x,apath (x' = x,...,a' = x) fromx to xin G is a sequence of
distinct alternatives such that {x', x"} € Eforalli =1,...,t — 1. Ifitis clear which path is meant, we
also denote it by [x, x|. We assume that G is connected, that is, there is a path from x to x for all distinct
x,x € A. If this path is unique for all ¥, x € A, then G is called a tree. A spanning tree of G is a tree

T = (A, Er) where Er C E. In other words, spanning tree of G is a tree that can be obtained by deleting

some edges of G.

Definition 6.6.1 A preference P is single-peaked on G if there is a spanning tree T of G such that for all distinct
x,y € Awith P(1) # y,x € [P(1),y] == «Py, where [P(1), y| is the path from P(1) to y in T. A domain is
called single-peaked on G if it contains all single-peaked preferences on G.

It follows from the definition that a single-peaked domain Dy on a tree T can be represented as a
betweenness domain D(B") where B” is defined as follows: B (x,y) = [x, y]. Single-peaked domains on
graphs are well-known for the cases when the graph G is aline ora tree.!* When the graph G is a line, then
the corresponding domain is known in the literature as the single-peaked domain.'®

We now argue that the betweenness relation 8" is strongly consistent. To see that f is strongly
consistent consider two alternatives x and x, and consider the unique path [x, x] between them in T. Let
[x,x] = (& = «x,...,«" = X). By the definition of B”, the path [, ] lies in (in fact, is equal to) B (x, X).
Consider x' € B"(x,x) andw € B"(«!, X). Since both w and x'"* lie on the path [«', %], it follows that
[x" 7 w] C [« x], and hence B («'**, w) C B"(«’, %). This proves that B” is the strongly consistent (and
hence is also weakly consistent). Since a betweenness relation that generates a single-peaked domain on a
tree is strongly consistent, it follows from the definition of a single-peaked domain on a graph that the
betweenness relation that generates such a domain also satisfies the property. It is shown in [69] (see
Lemma A.1 for details) that for all x € A, the (sub)domain of Dg containing all preferences with x as the
top-ranked alternative is swap-connected, which implies that the betweenness relations generated by the
spanning trees of a graph are swap-connected. Therefore, it follows from Corollary 6.6.1 that for almost all
prior profiles, unanimous and swap-LOBIC RBRs on the single-peaked domain on a graph are tops-only.
Consequently, we obtain from Corollary 6.4.1 that for almost all prior profiles, a unanimous and weak
elementary monotonic RBR on the single-peaked domain on a graph is swap-LOBIC if and only if it is
swap-LDSIC.

'*A tree is called a line if it has exactly two nodes with degree one (such nodes are called leafs).
15A line graph can be represented by a linear order < over the alternatives in an obvious manner: if the edges in a line graph
are {(a,,4,),...,(@n—1,an)}, then one can take the linear order < asa, < - -+ < a,,.



It follows from Proposition 6.6.1 that the single-peaked domain on a graph is swap-DLGE. It is shown
in [69] that a DSCF on the single-peaked domain on a graph is unanimous and DSIC if and only if it is a
monotonic collection of parameters based rule (see Theorem 5.5 in [69] for details). Therefore, it follows as a
corollary of Proposition 6.6.1 that for almost all prior profiles, unanimous and weak elementary
monotonic swap-LOBIC RBRs on the single-peaked domain on a graph are monotonic collection of
parameters based rule.'¢

[26] shows that the single-peaked domain is swap-RLGE. Moreover, [ 67] show that every unanimous
and DSIC RSCF on the single-peaked domain is a probabilistic fixed ballot rule (PFBR). Therefore, for
almost all prior profiles, unanimous and weak elementary monotonic swap-LOBIC RBRs on the
single-peaked domain are PFBRs.

In what follows, we provide a discussion on the structure of unanimous and swap-LOBIC RBRs on the
single-peaked domain that do not satisfy weak elementary monotonicity. The structure of such RBRs
depends on the specific prior profile. In the following example, we present an RSCF for three agents that is
unanimous and OBIC with respect to any independent prior profile (y,, ,, y,) where y, (abc) > +.'” By
Corollary 6.6.1, we know that such an RSCF will be tops-only. In Table 6.6.1, the preferences in rows and
columns belong to agents 1 and 2, respectively, and the preferences written at the top-left corner of any
table belong to agent 3. Note that agent 3 is the dictator for this RSCF except when she has the preference
abc. When she has the preference abc, the rule violates weak elementary monotonicity over the profiles

(abc, bac, abc) and (bac, bac, abc). Note that except from such violations, the rule behaves like a PFBR.

Table 6.6.1: An RSCF on the single-peaked domain that is unanimous and OBIC with respect to any

independent prior profile (u,, u,, u,) where g (abc) > &

abc abc bac bea cba bac abc bac bca cba

abc | (1,0,0) | (0.4,0.6,0) | (0.4,0.6,0) | (0.4,0.6,0) abc | (o0,1,0) | (0,1,0) | (0,1,0) | (0,1,0)
bac | (0.5,0.5,0) | (0.5,0.5,0) | (0.5,0.5,0) | (0.5,0.5,0) bac | (o0,1,0) | (0,1,0) | (0,1,0) | (0,1,0)
bea | (0.5,0.5,0) | (0.5,0.5,0) | (0.5,0.5,0) | (0.5,0.5,0) bea | (0,1,0) | (0,1,0) | (0,1,0) | (0,1,0)
cha | (0.5,0.5,0) | (0.5,0.5,0) | (0.5,0.5,0) | (0.5,0.5,0) cba | (0,1,0) | (0,1,0) | (0,1,0) | (0,1,0)
bca abc bac bea cba cba abc bac bca cba

abc | (o0,1,0) | (0,1,0) | (0,1,0) | (0,1,0) abc | (0,0,1) | (0,0,1) | (0,0,1) | (0,0,1)
bac | (0,1,0) | (0,1,0) | (0,1,0) | (0,1,0) bac | (0,0,1) | (0,0,1) | (0,0,1) | (0,0,1)
bea | (0,1,0) | (0,1,0) | (0,1,0) | (0,1,0) bea | (0,0,1) | (0,0,1) | (0,0,1) | (0,0,1)
cba | (0,1,0) | (0,1,0) | (0,1,0) | (0,1,0) cba | (0,0,1) | (0,0,1) | (0,0,1) | (0,0,1)

16Although [69] provide the said characterization (Theorem s.5) for RSCFs, we cannot apply it to obtain a characterization
of LOBIC RSCFs as it is not known whether the single-peaked domain on a graph is RLGE or not.
'7The rule is OBIC for dependent priors if: sy, (abc, abc) > u (bac, abc) + p, (bea, abc) + y (cba, abc), where the first and

the second preference in g denote the preferences of agents 2 and 3, respectively.



6.6.2 HYBRID DOMAINS

[25] introduce the notion of hybrid domains and discuss its importance. These domains satisfy
single-peaked property only over a subset of alternatives. Let us assume that A = {1,...,m}.

Throughout this subsection, we assume that two alternatives k and kwithk < kare arbitrary but fixed.

Definition 6.6.2 A preference P is called (k, k)-hybrid if the following two conditions are satisfied:

(i) Forallr,s € Asuch thateitherr,s € [1,k|orr,s € [k, m|,
[r <s<P(1)orP(1) <s< r] = [sPr].
(ii) [P(l) € [1,15]] = [I_cPrfor allr € (k, EH and

[P(1) € [k,m] | = [kPsforalls € [k, k)].*

A domain is (k, k)-hybrid if it contains all (k, k)-hybrid preferences. The betweenness relation B that
generates a (k, k)-hybrid domain is as follows: if x < y then B(x,y) = {x,y} U ((x,y) \ (k, lz)) and if
y < xthen B(x,y) = {x,y} U ((y, x) \ (k, E)) In other words, an alternative other than x and y lies
between x and y if and only if it lies in the interval [x, y] or [y, ] but not in the interval (k, k).

Using similar logic as we have used in the case of a single-peaked domain on a tree, it follows that the
betweenness relation that generates a hybrid domain is strongly consistent. Therefore, Corollary 6.6.1
implies that for almost all prior profiles, unanimous and swap-LOBIC RBRs on the (k, k)-hybrid domain
are tops-only.

[25] show that every unanimous and DSIC RSCF on the hybrid domain is a (k, k)-restricted
probabilistic fixed ballot rule ((k, k)-RPEBR). Since the hybrid domain is swap-RLGE (see [25] for details),

Corollary 6.4.1 implies that for almost all prior profiles, unanimous and weak elementary monotonic
swap-LOBIC RBRs on the (k, k)-hybrid domain are (k, k)-RPFBR.

6.6.3 MULTIPLE SINGLE-PEAKED DOMAINS

The notion of multiple single-peaked domains is introduced in [72]. As the name suggests, these domains
are union of several single-peaked domains. It is worth mentioning that these domains are different from
hybrid domains-neither of them contains the other. For ease of presentation, we denote a single-peaked

domain with respect to a prior ordering < over A by D_.

Definition 6.6.3 Let QO C P(A) be a swap-connected collection of prior orderings over A. A domain D is
called multiple single-peaked with respect to Q if D = U_cqD.

!8For two alternatives x and y, by (x, y] we denote the alternatives z such that x < z < y. The interpretation of the notation
)y by (%, y b P
[, ) is similar.



Since the prior orders in a multiple single-peaked domain are assumed to be swap-connected, it follows
that preferences with the same top-ranked alternative are swap-connected. This implies that the collection
B of betweenness relations that generate a multiple single-peaked domain is swap-connected. Using
similar logic as we have used in the case of a single-peaked domain on a tree, it follows that multiple
single-peaked domains are both weakly and strongly consistent betweenness domains. Therefore,
Corollary 6.6.1 implies that for almost all prior profiles, unanimous and swap-LOBIC RBRs on the
multiple single-peaked domain are tops-only.

Let us assume without loss of generality that Q contains the integer ordering < over A = {1, ..., m}.
For a class of prior ordering Q over A, the left cut-off k is defined as the maximum (with respect to <)
alternative with the property that1 < 2 < -+ < k < xforallx ¢ {1,...,k} and all <€ Q. Similarly,
define the right cut-off as the minimum alternative k such thatx < k < --- < m — 1 < m forall
x ¢ {k,...,m}andall <€ Q.

[72] shows that a DSCF is unanimous and DSIC on a multiple single-peaked domain with left cut-off k
and right cut-off k if and only if it is a (k, k)-partly dictatorial generalized median voter scheme
((k, k)-PDGMVS). Moreover, by Proposition 6.6.1, a multiple single-peaked domain is a swap-DLGE
domain. Combining all these results with Corollary Corollary 6.4.1, we obtain that for almost all prior
profiles, unanimous and weak elementary monotonic swap-LOBIC RBRs on the multiple single-peaked
domain are (k, k)-PDGMVS.

6.6.4 DOMAINS UNDER PARTITIONING

The notion of domains under partitioning is introduced in [62]. Such domains arise when a group of
objects are to be partitioned based on the preferences of the agents over different partitions.

Let X be a finite set of objects and let A be the set of all partitions of X.'* For instance, if X = {x,y,z},
then elements of A are {{x}, {y}, {z}}, {{x}, {y, z}}, {{y}, {x, z}}, {{z}, {x,y}}, and {{x,y, z}}
We say that two objects are together in a partition if they are contained in a common element (subset of
X) of the partition. For instance, objects x and y are together in the partition {{z}, {x,y} } If two objects
are not together in a partition, we say they are separated. For three distinct partitions X,, X,, X; € A, we
say X, lies between X, and X, if for every two objects x and y, x and y are together in both X, and X,
implies they are also together in X,, and x and y are separate in both X, and X, implies they are also
separate in X,. For instance, any of the partitions {{x}, {y, z}} or {{y}, {=, z}} or {{z}, {x,y}} lies
between {{x}, {y}, {z}} and {{x, y,z} } This follows from the fact that no two objects are together (or
separated) in both { {«},{y}, {z}} and {{x, y,z} } , so the betweenness condition is vacuously satisfied.
For another instance, consider the partitions { {x,y}, {z} } and { {x, 2}, {y} } The only partition that

19A partition of a set is a set of subsets of that set that are mutually exclusive and exhaustive.
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lies between these two partitions is {{x}, {y}, {z}} To see this, note that y are z are separate in both the
partitions (and no two objects are together in both), and {{x}, {y} {z}} is the only partition (other

than the two) in which y and z are separated.

Definition 6.6.4 A domain D is intermediate if for all P € D and every two partitions X,, X, € A, X, lies
between P(1) and X, implies X,PX,.

By definition, intermediate domains are betweenness domains. In Table 6.6.2, we present a preference
in an intermediate domain over three objects, and in Table 6.6.3, we illustrate the localness structure by
providing two local preferences in such a domain. Note that the betweenness relation does not specify the
ordering of {{a, b}, {c}}, {{a,c},{b}},and {{a}, {b, c}} when {{a}, {b}, {c}} is the top-ranked
partition. Therefore, there are six preferences with {{a}, {b}, {c} } as the top-ranked partition, P' is one
of them. It is worth noting that an intermediate domain is not swap-connected. For instance, the

preferences P> and P? are graph-local but not swap-local.

Table 6.6.2: An example of a preference in an intermediate domain over three objects

o
{{a}, {b}, {c}}
{{a, b}, {c}}
{{a,c}, {b}}
{{a}, {b,c}}
{{a,b,c}}

Table 6.6.3: Two graph-local preferences in an intermediate domain over three objects

P P
{{a,0},{c}} | {{ab,c}}
{{a,b,c}} {{a, b}, {c}}
Ha}, {b} {e}} | {{a,c} {b}}
{{a,ch. {03} | {{a}. {b,c}}
{{a}, {b,c}} | {{a} {b} {c}}

Proposition 6.6.2 The intermediate domain is strongly consistent.

The proof of this proposition is relegated to Appendix .3.7.
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By Corollary 6.6.1 and Proposition 6.6.2, it follows that for almost all prior profiles, unanimous and
DSIC RBRs on the intermediate domain are tops-only. This is a major step towards characterizing
unanimous and OBIC RBRs for almost all prior profiles on the intermediate domain. It is worth
mentioning that the structure of unanimous and DSIC RSCFs are yet not explored on the intermediate
domain and it follows from Corollary 6.6.1 that every such rule is tops-only.

It is shown in [62 ] that a DSCF is unanimous and DSIC on the intermediate domain if and only if it is a
meet aggregator. Moreover, by Proposition 6.6.1 and Proposition 6.6.2, every intermediate domain is
graph-DLGE. Combining these results with Remark 6.3.6, we obtain that for almost all prior profiles,
unanimous and weak elementary monotonic swap-LOBIC RBRs on the intermediate domain are meet

aggregators.

6.7 APPLICATIONS ON NON-REGULAR DOMAINS

In this section, we consider two important non-regular domains, namely single-dipped and

single-crossing domains. Let the alternativesbe A = {1,...,m}.

6.7.1 SINGLE-DIPPED DOMAINS

A preference is single-dipped if there is a “dip” (the worst alternative) of it so that as one moves farther
away from it, preference increases. These domains arise in the context of locating a “public bad” (such as

garbage dump, nuclear plant, wind mill, etc.).

Definition 6.7.1 A preference P is single-dipped if it has a unique minimal element d(P), the dip of P, such
that forallx,y € A, [d(P) < x < yory < x < d(P)] = yPx. A domain is single-dipped if it contains all
single-dipped preferences.

In what follows, we argue that the single-dipped domain satisfies the path-richness property. Consider
two preferences of the forma---xy--- anda---yx---. We need to show that from every preference of
the form b - - -, we can reach a preference with a as the top-ranked alternative through a swap-local path
such that the relative ranking of x and y does not change along the path. Since only one of the alternatives
1 and m can be a top-ranked alternative in the single-dipped domain and the domain is symmetric with
respect to 1and m, it is sufficient to show this fora = 1and b = m.

First suppose that for some x,y € {2, ..., m}, there are preferences of the form1-- - xy - - - and
1---yx--- in the domain. Consider a preference P = m - - - . Suppose xPy. We can construct a
swap-local path to a preference P’ = m - - - y such that no alternative overtakes y along the path. This can

be done by shifting the dip of the preferences to y along the path, which is always possible by the
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definition of the single-dipped domain. Next, we go to a preference P’ = m1 - - - y through a swap-local
path such that y remains as the bottom ranked alternative in each preference in the path. Finally, we swap
m and 1 to obtain a preference with 1 as the top-ranked alternative. By the construction of the whole path,
no alternative overtakes y along the path. Since x is ranked above y in P, this, in particular, implies the
relative ranking of x and y does not change along the path. Hence we obtain from Theorem 6.3.5 that
almost all prior profiles, unanimous and swap-LOBIC RBRs on the single-dipped domain are tops-only.
It is shown in [68] that an RSCF on the single-dipped domain is unanimous and DSIC if and only if it
is a random committee rule. By combining this result with Corollary 6.4.1 and the fact that every
swap-LDSIC RSCF on the single-dipped domain is DSIC (see [26] for details) we obtain that for almost
all prior profiles, unanimous and weak elementary monotonic swap-LOBIC RBRs on the single-dipped

domain are random committee rules.

6.7.2 SINGLE-CROSSING DOMAINS

A domain is single-crossing if its preferences can be ordered in a way so that no two alternatives change
their relative ranking more than once along that ordering. Such domains are used in models of income

taxation and redistribution, local public goods and stratification, and coalition formation (see [78] for

details).

Definition 6.7.2 A domain D is single-crossing if there is an ordering < over D such that for all x,y € A and
allP,P' € D,[x < y,P<P', andyPx] = yP'x.

To see that a single-crossing domain satisfies the path-richness property, consider an alternative a and
suppose that there are two swap-local preferencesP=a---xy--- andP” =a---yx---. Since Pand P/
are swap-local, they must be consecutive in the ordering <. Assume without loss of generality that P < P’
This means xPy for all P with P < P and yPx for all P with P’ < P. Consider any preference P. If xPy, then
P < P, and hence from P one can go to the preference P following the path given by < maintaining the
relative ordering between x and y. On the other hand, if yf’x, then one can go from Pto the preference P/
following the path given by <. This shows that a single-crossing domain satisfies the path-richness
property, and hence we obtain from Theorem 6.3.5 that almost all prior profiles, unanimous and
swap-LOBIC RBRs on the single-crossing domain are tops-only.

[73] show that an RSCF on the single-crossing domain is unanimous and DSIC if and only if it is a
tops-restricted probabilistic fixed ballot rules (TPFBRs). Moreover, [26] shows that every swap-LDSIC
RSCF on the single-crossing domain is DSIC. Combining these results with Corollary 6.4.1, we obtain
that for almost all prior profiles, unanimous and weak elementary monotonic swap-LOBIC RBRs on the

single-crossing domain are TPFBRs.
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6.8 APPLICATIONS ON MULTI-DIMENSIONAL SEPARABLE DOMAINS

Multi-dimensional separable domains comprise the main application of our general model.
Multi-dimensional models are used in political economy, as well as in public good location problems
where an alternative represents the location of a political party/public good in the multi-dimensional
political spectrum/Euclidean space (see [14] and [11] for details). Such models are also used to deal with
the problem of forming a committee by taking members from a given set of candidates (see [76]). Ina
different context, this model is used in formulating the model of externalities in the context of the debate
on liberalism (see [82] and [85]). In this setting, a social alternative has several components. Each
component represents some aspect of the alternative. There is no dependence between the components,
that is, the set of alternatives is a product set (of the alternatives available in different components).
Separability implies that there is no interaction between the preferences of an agent (over the alternatives)
in different components.

Let K = {1,...,k} with k > 2 be the set of components, and for each I € K, let A’ be the set of at least
two alternatives available in component . We assume that the alternative set can be decomposed as a
Cartesian product, i.e, A = A' X - -+ X A¥. Thus, an alternative x is a vector of k elements, which we
denote by (&', ..., «*). Forl € K, we denote by A/ the set A' X - - - x A" x A™* x ... x Akand by x™"
an element of A,

A preference P € P(A) is separable if there exists a (unique) marginal preference P for each I € K such
that for all ¥,y € A, we have [x'P'y' for some! € Kandx ™' = y~!| = [xPy]. A domain is called separable
if each preference in it is separable.

For a collection of marginal preferences (P', . . . P), the collection of all separable preferences with
marginals as (P, . . . , P¥) is denoted by S(P', . . . , P¥). Similarly, for a collection of marginal domains
(D, ..., D"), the set of all separable preferences with marginals in (D', . . ., D¥) is denoted by
S(D,...,D"), thatis, S(D',...,DF) = U, pye(o,...o)S(P' . .. , P¥). A separable domain of the
form S(D*, ..., D) is called a full separable domain. Throughout this subsection, we assume that the
marginal domains are betweenness domains satisfying swap-connectedness and consistency, for instance,
they can be any domain we have discussed so far except the intermediate domain. For
Py € S(D', ..., D), we denote its restriction to a component | € Kby P, thatis, P\, = (P!,... P.).

We introduce the local structure in a full separable domain in a natural way.

Example 6.8.1 Consider the situation where the set of possible candidates from which a committee has to be
formed is K = {1, 2}, and for each candidate | € K, the alternatives are A' = {0, 1} where o and 1 represents
the corresponding candidate is excluded and included in the committee respectively. Thus, the set of alternatives
A=A"XxA*={(0,0),(0,1),(1,0), (1,1) }. Consider the preference P = (0, 0)(0,1)(1,0)(1,1). If we swap
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the top-two alternatives in this preference, we obtain the preference P = (0,1)(0, 0)(1, 0)(1, 1), which is no

more separable.

Table 6.8.1: The separable domain in Example 6.8.1
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Figure 6.8.1: Swap-local structure of the domain in Table 6.8.1
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The full separable domain on A is presented in Table 6.8.1 and the swap-local structure is shown in Figure 6.8.1
by means of a graph. Note that the graph is not connected. Thus, not only that swap-localness leads to non
separable preferences, it cannot even connect every separable preference in the domain. This explains why

swap-localness is not compatible with multi-dimensional separable preferences.

Definition 6.8.2 Let D' be swap-connected for alll € K. Two preferences P,P € S(D*, ..., D) are
sep-local if one of the following two holds:

(i) PAP = {«x,y} wherex,y aresuch that |{l | ' # y'}| > 2.
(i) PAP = {((a7",«"),(a”",y")) | a™' € A7'}, wherel € Kand &', y' € A’ swap from P to P.

Thus, (i) in Definition 6.8.2 says that exactly one pair of alternatives (x, y), that vary over at least two

components, swap from P to P/, and (ii) in Definition 6.8.2 says that multiple pairs of alternatives of the
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form ((a, &%), (a7',y")), where a=' € A~!, swaps from P to P'. This structure makes the lower contour

monotonicity property simpler: it imposes elementary monotonicity to every pair of swapping

alternatives. We call it sep-monotonicity.

Figure 6.8.2: Sep-local structure of the domain in Table 6.8.1
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In Example 6.8.1 we have shown that a multidimensional separable domain is not connected if we use
swap-localness as the notion of localness. In Figure 6.8.2, we show how the same domain becomes
connected under sep-localness as defined in Definition 6.8.2. We have used dotted lines to emphasize the
edges that are newly added to the graph, that is, are sep-local but not swap-local.

For notational convenience, we denote a domain S(D", . .., D¥) by § in the following results. The

following corollary is obtained from Theorem 6.3.2.

Corollary 6.8.1 For every sep-monotonic RSCF ¢ : 8" — AA, there is a set of prior profiles M(¢) with full
measure such that for each yy, € M(¢), the RBR (¢, ) is sep-LOBIC if and only if ¢ is sep-LDSIC.

It is worth mentioning that Corollary 6.8.1 holds as long as the marginal domains are swap-connected.
Our next two propositions are derived by using Theorem 6.3.5. An RSCF ¢ : S" — AA satisfies
component-unanimity if for each component ! € Kand each Py € S" such that P!(1) = ' foralli € N

and some &' € A', we have ¢, (Py) = 1.

Proposition 6.8.1 For every unanimous RSCF ¢ : 8" — AA, there is a set of prior profiles M (¢) with full
measure such that for each yy, € M(¢), if the RBR (¢, p,) is sep-LOBIC then ¢ satisfies

component-unanimity.

The proof of this proposition is relegated to Appendix .3.8.
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Proposition 6.8.2 For every unanimous RSCF ¢ : 8" — AA, there is a set of prior profiles M (¢) with full
measure such that for each y, € M(¢), if the RBR (¢, uy,) is sep-LOBIC then ¢ is tops-only.

The proof of this proposition is relegated to Appendix .3.9.

For random rules, to the best of our knowledge, it is still not known whether sep-LDSIC implies DSIC
or not. However, the same is shown for DSCFs on domains having unrestricted marginals (see [54] for
details). Thus, it follows from Corollary 6.8.1 that for almost all prior profiles, sep-monotonic DSCFs,
OBIC and DSIC are equivalent on such domains.

6.9 DiscussioN

6.9.1 THE cASE oF DBRs

A probability distribution v on a finite set S is generic if for all subsets U and V of S, v(U) = v(V) implies
U = V. [58] show that on the unrestricted domain, every unanimous DBR that is OBIC with respect to a
generic prior is dictatorial, and [61] shows that under elementary monotonicity, the notions DSIC and
OBIC with respect to generic priors are equivalent. It can be verified that all our results hold for generic

priors if we restrict our attention to DBRs.

6.9.2 FULLY CORRELATED PRIORS

Note that the priors we consider in this paper are partially correlated: prior of an agent is independent of
her own preference, while it may be correlated over the preferences of other agents. The natural question
arises here as to what will happen if the prior of an agent depends on her own preferences too. Firstly, our
proof technique for Theorem 6.3.2 will fail, but more importantly, Theorem 6.3.2 will not even hold
anymore. It can be verified from the proof of Proposition 6.3.1 that if an RSCF is graph-LOBIC but not
graph-LDSIC then it must satisfy a system of equations. The proof follows from the fact that the set of
prior profiles that satisfy such a system of equations has Lebesgue measure zero. However, if an agent has
two different priors for two local preferences, then we cannot obtain such a system of equations on a given
prior (what we obtain are equations involving different priors), and consequently, nothing can be
concluded about the Lebesgue measure of such priors. We illustrate this with the following example.
Suppose that there are two agents 1 and 2, and three alternatives a, b, and c. Consider two swap-local
preferences cab and cba of agent 1. Consider the anti-plurality rule with the tie-breaking criteria as
a > b > c. In Table 6.9.1, we present this rule when agent 1 has preferences bac and bca, and 2 has any
preference. It is well-known (and also can be verified from the example) that anti-plurality rule is not

swap-LDSIC. However, it is swap-LOBIC over the mentioned preferences of agent 1 if her prior satisfies
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the following conditions: y (bca|cab) + y (cab|cab) — u (acb|cab) — y,(cbalcab) > o and

u,(acb|cba) + u,(cba|cba) — yu, (bea|cba) — u (cab|cba) > o. Itis clear that the Lebesgue measure of such
priors is not zero (this is because, as we have argued, the inequalities are imposed on two different priors
u,(-|cab) and y (-|cba)). In a similar way, it follows that if one considers all possible restrictions arising
from all possible swap-local preferences of each agent, the resulting priors for which the rule is LOBIC

can have Lebesgue measure strictly bigger than zero.

Table 6.9.1: A DBR that is not swap-DSIC but is swap-LOBIC with respect to a class of correlated
priors with positive Lebesgue measure

L 2 | abc | acb | bac | bca | cba | cab

cab a a a c a c

cba b c b b c b

6.9.3 RELATION WITH [46]

[46] explore the structure of LOBIC DBRs with respect to generic priors (as defined in [58]) on sparsely
connected domains without restoration. They show that if a unanimous DBR on a sparsely connected
domain without restoration is LOBIC with respect to generic priors, then it will be tops-only. Since they
consider sparsely connected domains without restoration, even the deterministic versions of our results
for multi-dimensional domains and intermediate domains do not follow from their result. Coming to the
unrestricted domain and single-peaked domains, which are sparsely connected domains without
restoration (see [46] for details), Example 1 of [ 57] already shows that their results do not extend for
RBRs on the unrestricted domain. Below, we provide an example to show that it does not extend for

RBRs on single-peaked domains either.

Table 6.9.2: The RBR in Example 6.9.1

U, 0.1 0.3 0.44 0.16
U, |1 2 abc bac bca cba
0.2 abc (1,0,0) (0.5,0.4,0.1) | (0.44,0.4,0.16) | (0.44,0.56,0)
0.24 | bac | (0.40.3,0.3) (0,1,0) (0,1,0) (0,0.56,0.44)
034 | bca | (0.40.3,0.3) (0,1,0) (0,1,0) (0,0.56,0.44)
022 | cba | (0.4,0.3,0.3) (0,0,1) (0,0,1) (0,0,1)
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Example 6.9.1 Consider the RBR in Table 6.9.2.>° The priors of agents 1 and 2, y_and y_ are generic. For
instance, y, (abc)(= o.1) is different from u (S) for any set of preferences S other than {abc},

u,(abc) + p (bac)(= .4) is different from y (S) for any set of preferences S other than {abc, bac}, etc.
Preferences of agents 1 and 2 are depicted in the second column and the second row, and the outcome of the
RSCE, say ¢, is given by the corresponding cells. Clearly, the rule ¢ is unanimous. To see that ¢ is OBIC with
respect to the given priors, consider, for instance, agent 1. Suppose her sincere preference is abc. If she reports this
preference, she receives interim expected outcome ¢ (abe, y,) = (0.514, 0.3856, 0.1004.). If she misreports, say as
the preference bac, then she receives interim expected outcome ¢ (bac, y,) = (0.04,0.8596, 0.1004). Since
¢(abc, y,) stochastically dominates ¢(bac, u,) at abe, agent 1 cannot manipulate by misreporting the preference
abc as bac. In a similar fashion, it can be verified that no agent can manipulate ¢. Now, consider the profiles
(abc, bac) and (abc, bea). Each agent has the same top-ranked alternative in these two profiles. However,
¢(abc, bac) # ¢(abc, bea), which means ¢ is not tops-only.

APPENDIX

.1 PRELIMINARIES FOR THE PROOFS

Claim .1.1 For every RSCF ¢, the Lebesgue measure of the complement of M (¢) is zero.

Proof:[Proof of Claim .1.1] The proof of this claim follows from elementary measure theory; we provide a
sketch of it for the sake of completeness. First note that for a given RSCF ¢ and for all i € N, all
P, P, € D,andall X C A, (6.1) is equivalent to an equation of the form:

X,y + -+ X = O, (2‘)

where a’s are some constants and x’s are non-negative variables summing up to 1 (that is, probabilities).
The question is if x’s are drawn randomly (uniformly) from the space

{(%,,..., %) | ¢ > oforallland ), x; = 1}, what is the Lebesgue measure of the priors for which (2)
will be satisfied? Clearly, if a’s are all zeros, (2) will be satisfied for all prior profiles. We argue that if a’s are
not all zeros, then (2) can be satisfied only for a set of prior profiles with Lebesgue measure zero, which
will complete the proof by means of the fact that the number of agents, preferences, and alternatives are all
finite. However, this follows from the facts that the solutions of (2) form a hyperplane and that the
Lebesgue measure of a hyperplane is zero (because of dimensional reduction, such as the Lebesgue

measure of a line in a plane is zero, that of a plane in a cube is zero, etc.).*! |

20See Example 6.2.3 for an explanation of the table.
*'For a detailed argument, suppose that exactly one g, say a, is not zero. Note that this assumption gives maximum freedom
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.2 PROOF OF PROPOSITION 6.3.1

Proof: Let (¢, py;) be a graph-LOBIC RBR. Since we prove the claim for a set of prior profiles with full
measure, in view of Claim .1.1, we assume that y,; is compatible with ¢. Consider graph-local preferences
P, P, € D;and P_; € D_,. Suppose that Bisablockin (P;, P}). Let

Ug(P;) = {x € A | xP,bforall b € B} be the set of alternatives that are strictly preferred to each element
of B according to P;. By the definition of a block in (P;, P;), it follows that both Ug(P;) and Ug(P;) U B are
upper contour sets in each of the preferences P; and P.. Since P; and P, are graph-local, by graph-LOBIC,

Z Vi(P—i)(PUB(pi)(Pi?P—i) = Z Hi(P—i)(PUB(p,.)(P;{’ P—i) (3)

P_,eD_; P_,eD_;

and

Z l‘i(P—i)SbUB(Pi)UB(Piv P—i) = Z Vi(P—i)ﬁbUB(Pi)UB(P;? P—i)' (4)

P_,eD_; P_,eD_;

Subtracting (3) from (4), we have

Z Hi(P—i)((PB(Pivp—i) - ﬁbB(P;vP—i)) = O. (5)

P_eD_;

Since y,, is compatible with ¢, this means ¢, (P;, P_;) = ¢,(P;, P_;) forall P_; € D_;, which completes
the proof. |

REMARK .2.1 Itis worth noting from the proof that an RBR (¢, u,,) must satisfy () in order to be
graph-LOBIC. If the RSCF ¢ is not LDSIC, then there will be at least one B such that

¢y (Pi, P_;) — ¢4(Pl, P_;) # o, in which case () can only be satisfied for set of prior profiles with measure zero.
O]

.3 OTHER PROOFS

In view of Proposition 6.3.1, whenever we prove some statement for a class of RBRs (¢, y,,) where p;

belongs to a set with full measure, we assume that ¢ satisfies the block preservation property.

for the values of x’s and thereby maximize the Lebesgue measure of the solution space of (2). However, this means in any solution
x, must be zero, the measure of which in the solution space is zero.
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.3.1 PROOF OF THEOREM 6.3.2

Proof: If part of the theorem follows from the definitions of graph-LDSIC and graph-LOBIC. We proceed
to prove the only-if part. Let ¢ : Dy — AA be an RSCF satisfying lower contour monotonicity and the
block preservation property. We show that ¢ is graph-LDSIC. Consider graph-local preferences
P, P, € D,P_; € D_,andx € A. We show PUep) (P, P_;) > Puep) (P,,P_;). LetB,,...,B;bethe
blocks in (P;, P}) such that forall/ < tand allb € Bjand b’ € By,, we have bP;b’. Suppose that x € B, for
somel € {1,...,t}.

Let B; = {b € B, | bPix} be the set of alternatives (possibly empty) in B; that are (strictly) preferred to

x. Note that the set B; \ B, is lower contour set of P; |,- Therefore, by lower contour monotonicity,

(PBI\BI (Pz{> P,,-) > SbBI\BI (Ph P*i)' (6)

Furthermore, by the block preservation property, we have

‘PB,(P:?P*I’) = ‘PB,(Piani)' (7)

Subtracting (6) from (7), we have

¢, (Pis P—i) > ¢ (P, P—). (8)

Note that U(x,P;) =B, U---UB,_, U B,. This means
¢ (xP)<Pi7P i) = P50--UB,_ 1(P17P )+ 3, (P, P_;) and
P_;)

v (Pis Pi) = 5.0, (Pis P
(P,P_;) = (P, P_;),and by (8), ¢ (P;, P_;) > ¢ (P}, P—;). Combining these
)

observations, we have ¢, ,, )( ~i) 2 Pyep) (P}, P_;), which completes the proof. |

+ ¢z, (P}, P_;). By the block preservation property,

(PB,L,'“'UBI_1 (PB U---UB;_,

.3.2 PROOF OF THEOREM 6.3.§

We use the following lemma in our proof. The idea of the proof of this lemma is closely related to that of
the proof of Lemma 2 in [46]. There are two key differences: first, [46] consider swap-localness whereas
we consider graph-localness, and second, [46] consider deterministic rules whereas we consider random

rules.

Lemma.3.1 Suppose an RSCF ¢ : D" — AA satisfies unanimity and the block preservation property. Let
P,, P; € D be graph-local and let P_; € D"" be such that ¢ _(P;, P_;) # ¢ (P}, P_;) for some x € P,/AP,.

Consider an agent j # i and suppose that there is a graph-local path (P; = P;, ..., P| = P;) such that for all
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| < tand for every two alternatives a, b € P;/\P,, there is a common upper contour set U of both P]’. and P,’-Jrl
such that exactly one of a and b is contained in U. Then ¢ (P;, P;,P_y; ) # ¢, (P., P;,P_y; ).

Proof:[Proof of Lemma .3.1] Suppose ¢(P;, P\, P_y; y) # ¢, (P, P, P_y; 1) for some | < tand some
x € P,AP;. 1tis enough to show that ¢ _(P;, PJI+1 P_ip) # ¢.(P, le+1 P_(i;})- Letaand abe the
alternatives, if exist, that are ranked just above and just below x, respectively, in P} |, ap/- More formally, let
a € P;/AP] be such that aP}x and no alternative in P,/AP, is ranked between a and x, and leta € P,/AP] be
such that xP]lﬁ and no alternative in P;/AP; is ranked between x and a. Let U be the common upper
contour set of P]l. and P}{+1 such that UN {a,x} = a,and U be the common upper contour set of P; and
P/* such that UN {x,a} = x. Here, U might be empty and U might be A. Consider the set of alternatives
B = U\ U. Note that B can be expressed as a union of blocks in (Pl. P]l-J“). Therefore, by applying the
block preservation property to each block in B, we obtain ¢, (P;, P}, P_(; 1) = ¢,(P;, PJI.J“, P_h)and
¢5(P, P]l, P_gi) = ¢,(Pl, P]H‘ P_¢; ). Moreover, since each ¢ € B \ xis a blockin (P;, P;), we have by
the block preservation property, ¢_(P;, P]7 P_g;) = ¢.(P, P i P {i;}) and
¢.(P;, PJI+1 P_ip) = ¢.(P, P;J“ P_(;;y) forallc € B\ x. Combining these observations, it follows that
¢, (P P Piy) # ¢,(PL P P_y). .
Proof:[Proof of Theorem 6.3.5] Let D satisfy the path-richness property (see Definition 6.3.3) and
suppose that ¢ : D" — AA is an RSCF satisfying unanimity and the block preservation property. We
show that ¢ is tops-only. Assume for contradiction that ¢(P;, P_;) # ¢ (P}, P_;) for some P;, P, € D with
P;(1) = P/(1) and some P_; € D"". By means of Condition (i) of the path-richness property, it is enough
to assume that P; and P, are graph-local. Therefore, by the block preservation property, it follows that
¢ (P, P_;) # ¢ (P, P_;) forsome x € P,AP,.

Considerj € N\ {i}. By Condition (ii) of the path-richness property, there is a path
(P} =P, ...,P; = P;) with P(1) = P;(1) such that for all/ < t and for every two alternatives
a,b € P,/AP], there is a common upper contour set U of both Pl< and P];+1 such that exactly one of a and b
is contained in U. By applying Lemma .3.1, it follows that ¢ _ (P,, P,,P_;) # ¢ (P, P, P_;). By applying
this logic to all agents except i, we construct P_; € D"~" such that P{(1) = P,(1) forall j # iand

¢ (P, P_,) # ¢ (P, P_,). However, since (P;, P_;) and (P}, P"_;) are unanimous preference profiles with
the top-ranked alternative different from x, ¢ _(P;, P_;) = ¢ _(P;, P_,) = o, a contradiction. |

.3.3 PROOF OF PROPOSITION 6.4.1

The proof of Proposition 6.4.1 is related to the proof of Proposition s in [46]. The similarity is that we
both show that under tops-onlyness, weak elementary monotonicity is equivalent to elementary

monotonicity for swap-LOBIC rules. The difference lies in our proof techniques. [46] first show that any
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unanimous and swap-LOBIC (with respect to generic priors) DBR on a sparsely connected domain
without restoration is tops-only. Then they show that under tops-onlyness, weak elementary
monotonicity is equivalent to elementary monotonicity for swap-LOBIC DBRs on a sparsely connected
domain without restoration. On the other hand, we prove our result for tops-only and swap-LOBIC
RBRs on any swap-connected domain. Since we work with arbitrary swap-connected domains, the
techniques we employ in the proof are different from those in [46]. Another difference is that we work
with random rules whereas [46] deal with deterministic rules.

Proof: If part of the theorem follows from the definitions of swap-LDSIC and swap-LOBIC. We proceed
to prove the only-if part. Let D be swap-connected and suppose that ¢ : Dy — AA is a tops-only RSCF
satisfying weak elementary monotonicity and the block preservation property. We show that ¢ is
swap-LDSIC.

Let P; and P, be two swap-local preferences. If P;(1) = P/(1), then by tops-onlyness,
¢(P;, P_;) = ¢(P},P_;), and we are done. So, suppose P; = ab - - - and P, = ba - - - . Assume for
contradiction that ¢_(P;, P_;) < ¢_(P;, P_;). By the block preservation property,

Do) (P,P_;)) = ¢ (e} (P}, P_;), and hence our assumption for contradiction means

¢,(P;, P_;) > ¢,(P/,P_;). Consider an agentj € N \ i such that P;(1) ¢ {a, b}. Note that since D; is
swap-connected one of the following two cases must hold for P;: (i) there is a swap-local path from P; to a
preference Pl’. = a- - - such that b does not appear as the top-ranked alternative in any preference in the
path, (ii) there is a swap-local path from P; to a preference P/ =b--- such that a does not appear as the
top-ranked alternative in any preference in the path.

Suppose Case (i) holds. Let B be the set of alternatives that appear as the top-ranked alternative in
some preference in the mentioned path. Consider the outcomes of ¢ when agent j changes her preferences
along the path, while all other agents keep their preferences unchanged. By tops-onlyness, the outcome
can change only when the top-ranked alternative changes along the path. Moreover, by the definition of
swap-local path, the top-ranked alternative can change along the path only through a swap between two
alternatives in B. By block preservation, this implies that the probability of the two swapping alternatives
can only change in any such situations, and hence, the probability of the alternatives outside B will remain
unchanged at the end of the path. Since b ¢ B, this yields ¢, (P;, P, P_(;j) = ¢, (P;, P}, P_;3) and
¢, (P, P, P_gijy) = ¢, (P}, P}, P_g;1). This, together with our assumption for contradiction that
¢,(P;, P_;) > ¢,(P;,P_;), implies ¢, (P, P]/.7 P_in) > ¢, (P, P;, P_¢ ). Now, since AP, = {a, b}, we
have by block preservation, ¢, ,, (Pi, P, P_fijy) = P ran) (P, P/,P_y; ). Because

17 ]7

¢b(Pi7 P]/, P_{w'}) > ¢b<P:7 P],, P—{i,j})) this ylelds ¢a(Pi’ P]/, P—{i,j}) < (Pa(Pf, P}/, P—{i,j})' USlng similar
logic, we can conclude for Case (ii) that ¢_(P;, P/, P_g; 1) < ¢ (P, P/, P_; ).

1y ]7 i) ]7

Note that the preceding argument holds no matter what the preferences of the agentsin N \ {i, j} are.
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Therefore, by repeated application of this argument for each agentj € N\ iwith P;(1) ¢ {a, b}, we
obtain P, € D_; of the agents in N \ i such that (i) P]'.(l) € {a,b} foreachj € N\ i, and (ii)
(Pa(Pi?P/—i) < (Pa(Pt{’ Pl—i)‘

We now complete the proof by means of tops-onlyness. If P, = a - - - thenlet P = P, and if
P/ =b- - thenlet P/ = P|. By tops-onlyness, ¢(P;, P_;) = ¢(P;, P”,) and ¢(P;, P_;) = ¢(P/, P”,), and
hence, ¢ _(P;, P”,) < ¢ (P, P”,). However, since for each j € N, either P/ = P, or P = P, this violates

weak elementary monotonicity, a contradiction. |

.3.4 PROOF OF THEOREM 6.5.1

Pareto optimality is an efficiency property which requires that an alternative will receive zero probability if
there is some other alternative that is preferred to it by each agent. More formally,an RSCF ¢ : Dy — AA
is Pareto optimal if for all Py € Dy and all x € A such that there exists y € A with yPx foralli € N, we
have ¢ _(Py) = o. Clearly, Pareto optimality is a much stronger requirement than unanimity. However,

our next lemma says that they become equivalent under block preservation property.

Lemma.3.2 Suppose an RSCF ¢ : P(A)" — AA satisfies unanimity and the block preservation property.
Then ¢ is Pareto optimal.

Proof:[Proof of Lemma .3.2] Consider Py € P(A)" such that xPy foralli € N and some x,y € A. We
show that </)y(PN) = o. Assume for contradiction ¢ (Py) > o. Consideri € N. Since P(A) contains all
preferences over A, there exists a swap-local path (P! = P;, ..., P!) such that P!(1) = x and

U(P;,y) = U(P,,y) foralll =1, ...t Since U(y, P') = U(y, P*), we have y ¢ P'/AP?, which implies that
{y} is a singleton block in (P}, P?). By the block preservation property, this implies

¢, (P:,P_;) = ¢, (P, P_;). Continuing in this manner, we reach a preference profile (P!, P_;) such that
Pi(1) = xand ¢ (P}, P_;) > o. By applying the same argument to the agentsj € N \ {i} we can
construct a preference profile Py such that P/(1) = x forallj € Nand ¢, (Py) > o. Since Pi(1) = x forall
j € N, by unanimity we have ¢ _(P}) = 1, which contradicts that ¢, (Py) > o. [

Proof:[Proof of Theorem 6.5.1] If part of the theorem follows from the definitions of swap-LDSIC and
swap-LOBIC. We proceed to prove the only-if part. Let ¢ : P(A)" — AA be a unanimous RSCF
satisfying the block preservation property. We show that ¢ is swap-LDSIC. By Lemma .3.2 and Theorem
6.3.5, ¢ is Pareto optimal and tops-only. To show that ¢ is swap-LDSIC, by Proposition 6.4.1, it is
sufficient to show that ¢ is weak elementary monotonic. Consider swap-local preferences P;, P; € P(A)
suchthat P, = ab--- and P; = ba - - - . Assume for contradiction that ¢, (P, P_;) > ¢, (P;, P_;) for some
P_; € P(A)" " such that P;(k) = P;(k) = P;(k) forallj € N\ iand all k > 2. Let c be the alternative
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such that P; = abc - - - . Because P; and P; are swap-local, this means P; = bac - - -. Consider P} € P(A)
such that P} = acb - - - and P} and P, are swap-local, that is P;AP; = {b, c}. By tops-onlyness of ¢,

¢(Pi, P_;) = ¢(P;, P_;). Next, consider P} € P(A) such that P} = cab - - - and P} and P! are swap-local.
By the block preservation property, ¢, (P;, P_;) = ¢, (P}, P_;). Now, consider P} € P(A) such that

P} = cba- - - and P} and P; are swap-local. By tops-onlyness of ¢, ¢(P;, P_;) = ¢(P?, P_;). Finally,
consider P} € P(A) such that P} = bca - - - and P} and P} are swap-local. Since bP;}c and bP;c for all

j € N\ i, we have by Pareto optimality, ¢_(P;, P_;) = o. Moreover, by the block preservation property,
we have ¢, (P}, P_;) = ¢, (P},P_;) + ¢ (P}, P_;). This, together with the fact that

¢,(P},P_;) = ¢,(P;, P_;), implies ¢, (P}, P_;) > ¢, (P;, P_;). By our assumption, this means that
¢,(Pf,P_;) > ¢,(P;,P_;). Since P{ (1) = P;(1) which contradicts that ¢ is tops-only. [

.3.5 PROOF OF COROLLARY 6.6.1

First, we state some important observations about betweenness domains which we will use in the proof.

Observation .3.1 Consider an alternative x € A and let D*(B) be the set of all preferences with top-ranked

alternative x and satisfying the betweenness condition p. Then, the domain D*(B) is swap-connected.

Observation .3.2 Letx,y € Aandlet P € D(B) be such that P(1) = x and U(y, P) Uy = B(x,y). Then,
forall P = x- - -, there is a swap-local path from P to P such that no alternative overtakes y along the path.

Observation .3.3 Let D(p) be strongly consistent. Let x, x € A and let (x* = x, ..., x" = x) be a sequence
of adjacent alternatives in B(x, x) such that for all | < t and allw € B(x', x), we have B(x'*, w) C B(¥, X).
Then, for all | < t, there exist P = &' - - and P' = ' - - - such that p(x!, x') is an upper contour set in both P
and P'. To see this, consider «. Since D(B) is strongly consistent, there is a preference P € D(B) such that

B(«', x') is an upper contour set of P. Name the alternatives in p(x', x') asw,, . . ., w, such that

B« w,) C B(x", w,) implies r < s. Since D(B) is strongly consistent, we have p(x', w) C B(x!, ) for
allw € B(«', x'), and hence there is a preference P', graph-local to P, satisfying the betweenness relation B such
that P = w,w, - - - w,_,w, - - -. Therefore, U(w,, P') Uw, = B(«, x").

We are now ready to start the proof. To ease the presentation, for a path 7, we denote by 7" the path 7 in
the reversed direction, thatis, if r = (P*, P*, ..., P"),thenn* = (P, P"",... P").
Proof:[Proof of Corollary 6.6.1] Let B be a collection of strongly consistent and swap-connected
betweenness relations. We show that D(B) satisfies the path-richness property.

First, we show D(B3) satisfies Condition (i) of the path-richness property (see Definition 6.3.3).
Consider P and P’ with P(1) = P/(1) that are not graph-local. If P, P’ € D() for some € B, then by
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Observation .3.1 there is a swap-local path from P to P’ such that the top-ranked alternative does not
change along the path. Suppose P € D(B) and P’ € D(ﬁ) for some ,B,ﬁ € B.LetP(1) = P'(1) = xand
let(B'=B,....8 = ﬁ) be a swap-local path. By the swap-connectedness of 3, there are swap-local
preferences P' € D(p') and P* € D(B*) with P'(1) = P*(1) = «. By Observation .3.1, there isa
swap-local path 7' from P to P in D(') such that x remains at the top-position in all the preferences in
the path. Thus, the path (7', P*) from P to P* satisfies Condition (i) of the path-richness property.
Continuing in this manner, we can construct a path from P to P’ that satisfies Condition (i) of the
path-richness property.

Now, we show D(B) satisfies Condition (ii) of the path-richness property, that is, for all P, P € D(B)
with P(1) = P'(1),if P and P’ are graph-local, then for each preference P € D(13), there exists a
graph-local path (P* = P, ..., P") with P"(1) = P(1) such that for all | < vand all distinct a, b € PAP/,
there is a common upper contour set U of both P' and P such that exactly one of a and b is contained in
U. Since P and P’ are graph-local with P(1) = P'(1), by means of the fact that the collection B is
swap-connected, it follows that P and P’ are swap-local. So assume thatP = w---yz- - - and
P'=w---zy---.Consider P € D(B). Suppose P(1) = xand yPz. Let P € D(p) for some p € B. We
construct a path from Ptoa preference with w as the top-ranked alternative maintaining Condition (ii) of
the path-richness property with respect to y and z in two steps. For ease of presentation, we denote P by P".
Step 1: Since f is strongly consistent, there is a sequence (x' = «, ..., x" = y) of adjacent alternatives in
B(x', ') such that foralll < tandallu € B(«, x'), B(x', ') D B(x'**, u). By Observation .3.2, there is a
path 7' from P to a preference P' with P*(1) = x* such that U(x/, P')Ux" = B(x*, x') and no alternative
overtakes x’ along the path. Consider x*. By Observation .3.3, there is a preference P* with P*(1) = &
such that P* is graph-local to P' and B(x*, «') is an upper contour set in P*. Since z ¢ B(x’, x') and B(«, x")
is a common upper contour set of P' and P, Condition (ii) of the path-richness property is satisfied with
respect to x* and z on the path (P', P*). As in the case for P' and P', by Observation .3.2, we can construct
a swap-local path #* from P* to some preference P> with P*(1) = x* such that U(x!, P*) U &' = B(x?, x')
and no alternative overtakes x’ along the path. As in the case for P' and P*, by Observation .3.3, there is a
preference P® with P3(1) = &2 such that P? is graph-local to P> and B(x*, x") is an upper contour set in P®. It
follows that the path (7, #*, P*) from P" to the preference P* satisfies Condition (ii) of the path-richness
property with respect to &' and z. Continuing in this manner, we can construct a path 7 in D() from P to
a preference P with f’(l) = y such that Condition (ii) of the path-richness property is satisfied along the
path.

Step 2: Consider the preference P=w---yz---.LetP € D(B) for some B € B. Using similar
argument as in Step 1, we can construct a path 7 in D( B ) from P to some P with P(1) = y such that

Condition (ii) of the path-richness property is satisfied with respect to y and z.
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Step 3: Since 1:3(1) = P(1) = yand the collection 13 is swap-connected, there is a swap-local path 7 in
D(B) from P to P such that y stays as the top-ranked alternative in each preference of the path. Clearly,
such a path will satisfy Condition (ii) of the path-richness property with respect to y and z.

Consider the path (#, 7, #*) from P to P. By construction, this path satisfies Condition (ii) of the
path-richness property with respect to y and z, which completes the proof. |

.3.6 PROOF OF PROPOSITION 6.6.1

Proof: [54] show that a domain D is graph-DLGE if and only if it satisfies the following property: for all
distinct P, P’ € D and all a € A, there exists a path « from P to P’ with no (a, b)-restoration for all

b € L(a, P). Here, a path is said to have no (a, b)-restoration if the relative ranking of a and b is reversed at
most once along 7. In what follows, we show that D(B3) satisfies the above-mentioned property when B
is weakly consistent and swap-connected. Consider two preferences P € D(fB) and P’ € D(p') for some
B,B € Banda € A. We show that there is a path 7 from P to P’ that has no (a, x)-restoration for all

x € L(a, P). By Observation .3.3, from P and P’ there are graph-local paths 7 and 7, respectively, to some
preferences P and P with a as the top-ranked alternatives such that no alternative overtakes a along each of
the paths. Let 7 be a swap-local path joining P and P such that a remains the top-ranked alternative
throughout the path. Consider the path (7, 7, 77"). No alternative in L(a, P) overtakes a along the path 7.
So, if there is an (a, x)-restoration for some x € L(a, P) in the path (7, 7, 77"), then it must be that the
restoration happens in the path 77". However, then a must overtake x in this path, which means x
overtakes a in the reversed path 7, which is not possible by the construction of the path 7. This completes

the proof. [ |

.3.7 PROOF OF PROPOSITION 6.6.2

Proof: Consider X, X € A. We show that there is a sequence (X' = X, ..., X" = X) of adjacent
alternatives in B(X, X) such that forall ] < tand all W € B(X’, X*), we have (X', W) C B(X', X*). Let

| < tand consider W € B(X, X*). We show (X', W) C B(X', X'). Take Z ¢ B(X', X'). Because Z does
not lie in B(X', X*), there must be a pair (a, b) of objects such that either (i) a and b are together in both X'
and X, but separate in Z, or (i) a and b are separate in both X' and X', but together in Z. Because both
X' and Ware in f(X, X*), it must hold that in case (i) a and b are together in both X' and W, and in
case (i) they are separate in both X'™ and W. In case (i), a and b are together in both X'™* and W but they
are separate in Z. Therefore, Z cannot lie in $(X'**, W). On the other hand, in case (ii) @ and b are
separate in both X' and W, but they are together in Z. Therefore, Z cannot lie in $(X'™*, W). This
completes the proof. |
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.3.8 PROOF OF PROPOSITION 6.8.1

We first prove some lemmas which we later use in the proof of the proposition. We use the following
notions in the proofs. A preference P is lexicographically separable if there exists a (unique) component
order P° € P(K) and a (unique) marginal preference P € P(A/) for each j € Ksuch that forallx,y € 4,
we have [lelyl forsomel € Kand & =y forall jP° l} = [xPy|. A lexicographically separable
preference P can be uniquely represented by a (k + 1)-tuple consisting of a lexicographic order P° over the

components and marginal preferences P, . . ., PX.

Lemma.3.3 LetP € S,1 € K, andx,y € A be such that x'P'y' and xPy. Then, for every component j # |
there is a sep-local path from P to a lexicographically separable preference P € S having same marginal
preferences as P, and | and j as the lexicographically best and worst components, respectively, such that the x and

y do not swap along the path.

Proof: Assume without loss of generality, I = 1 and j = m. First, make the component 1 lexicographically
best (without changing the marginal preferences of P) by swapping consecutively ranked alternatives
multiple times in the following manner: each time swap a pair of consecutively ranked alternatives a and b
where a'P'b* and bPa. Note that since x'P'y* and xPy, x and y are never swapped in this step. Having made
1 the lexicographically best component, the component 2 can be made lexicographically second-best in
the following manner: each time swap a pair of consecutively ranked alternatives a and b in P where

a' = b', a*P*b*, and bPa. As we have explained for the case of component 1, alternatives x and y will not
swap in this process. Continuing in this manner, we can finally obtain a preference P with lexicographic
ordering over the components as 1P° - - - P°k through a sep-local path along which the alternatives x and y

are not swapped. |

Lemma.3.4 Let P € S be a preference such that xPy for some alternatives x and y that differ in at least two
components. Then, there is a sep-local path (P' = P, . .., P* = P) with P(1) =  such that xP'y for all | < t.

Proof: Since xPy, there is a component [ such that x'P'y'. Assume without loss of generality I = 1.
Consider component 2 . By Lemma .3.3, there is a sep-local path #* from P to a preference P having
components 1 and 2 as the lexicographically best and the worst components, respectively, such that x and
y do not swap along the path. Since 2 is the lexicographically worst component of P, we can construct a
sep-local path from P to a preference P such that (i) the marginal preferences in each component other
than 2 and the lexicographic ordering over the components of each preference in the path remains the
same as P, and (ii) x* appears at the top-position of P*. Since component 1 is the lexicographically best

component in all these preferences and x' is preferred to y' in the marginal preference in component 1 for
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all these preferences, it follows that x remains ranked above y along the path. Repeating this process for all
the components 3, . . ., k, we can construct a path having no swap between x and y from P to a preference
Phaving (i) the same marginal preference as P in component 1, and (ii) &' at the top-position of the
marginal preference in component t for all ¢ > 1.

Starting from the preference P, make component 1 lexicographically worst through a sep-local path

lis weakly preferred to yl in each component /in each

without changing the marginal preferences. Since x
preference of this path, x will remain ranked above y throughout the path. Finally, move x* to the
top-position in the marginal preference in component 1 thorough a(ny) swap-local path. Since x and y are
different in at least two components, there is a component j lexicographically dominating component 1
(as it is the worst component) such that &/ is preferred to y/ in its marginal preference. Therefore, x will be
ranked above y throughout the path. Note that in the final preference, for each component ¢, x* appears at
the top-position in the marginal preference in component ¢, and hence the alternative x appears at the

top-position in it. |

Lemma.3.5 Let¢ : 8" — AA be a unanimous RSCF satisfying the block preservation property. Then
¢(Py) = ¢(Py) for all Py, Py such that Py, = P\ foralll € K.

Proof: It is enough to show that ¢(P;, P_;) = ¢(P;, P_;) where P! = P! foralll € K. Since preferences
with the same marginals are swap-connected, we can assume without loss of generality that P; and P; are
swap-local with the swap of alternatives x and y. Assume for contradiction ¢(P;, P_;) # ¢(P;, P_;). By
the block preservation property, this means ¢_(P;, P_;) # ¢ _(P;, P_;). By Lemma .3.4, forallj € N'\ i,
there is a sep-local path (P]1 =P,... ,P; = P;) with P;(1) = P;(1) satisfying the property that forall | < t
there is a common upper contour set U of both P]l. and P]l.+1 such that exactly one of x and y is contained in
U.** By Lemma .3.1, we have b, (P;, Pj, P_{w-}) vk (P, 13]-, P_{,-J}). Continuing in this manner, we can
construct P_; € §"* such that P;(1) = P;(1) forallj # iand ¢_(P;, P_;) # ¢ (P;, P_;). However, since
(P;, P_;) and (P;, P_;) are unanimous preference profiles with the top-ranked alternative different from x,

¢ (Pi,P_;) = ¢_(P;, P_;) = o,acontradiction. |

Proof:[Proof of Proposition 6.8.1] Let ¢ : S" — AA be a unanimous RSCF satisfying the block
preservation property. We show that ¢ satisfies component-unanimity. Consider Py € S” such that
Pl(1) = «'foralli € N, some ! € K, and some x' € A’. Assume for contradiction ‘Pi /(Py) # 1. Without
loss of generality assume [ = 1. By Lemma .3.3 and Lemma .3.5, we can assume that Py is a profile of
lexicographically separable preferences with each agent i having the component ordering 1P - - - PYk. Fix

k

some alternative x* in component k and consider some agent i. As we have argued in the proof of Lemma

*’Note that the statement of Lemma .3.4 is slightly different from what we mention here. Since any two consecutive prefer-
ences in a sep-local path differ by swaps of multiple pairs of consecutively ranked alternatives, these two statements are equivalent.
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.3.4, there is a sep-local path from P; to a preference P; such that each preference in the path has the same
lexicographic ordering over the components as P;, P¥(1) = «*, and P! = P! forall | # k. By construction,
forallx ™% € A% and y*, 25 € AF, each pair of alternatives ((x ¥, y*), (x 7%, 2")) forms a block for any two
consecutive (sep-local) preferences in the path. This in particular implies ¢', (P;, P_;) = ¢, (Py).
Continuing this way, we can construct Py € S" such that P¥(1) = «* foralli € Nand ¢',(Py) = ¢.,(Py).
Let PN be the profile of lexicographically separable preferences that has same marginal preferences as P
and has lexicographic ordering over the components as 1P? . . . P°kP°%k — 1foralli € N. That is, the
components k — 1and k are swapped from P? to 1:3f By Lemma .3.5, gb(f’N) = ¢(Py). Now, by using
similar logic as for component k, we can construct Py € S” such that PF (1) = «* foralli € Nand
oL (ISN) = ¢, (Py). Continuing in this manner, we can arrive at Py € S"such that P!(1) = &' forallt € K
andalli € Nand ¢, (Py) = ¢',(Py). However, since Py is unanimous with P,(1) = x foralli € N, we
have ¢ (Py) = 1, which in particular implies 03 (Py) = 1,a contradiction. |

.3.9 PROOF OF PROPOSITION 6.8.2

We use the following observation in the proof of Proposition 6.8.2.

Observation .3.4 Letl € Kandletn' = (7'(1), ..., 7(t)) be a swap-local path in D' such that the relative
ordering of two alternatives x', y' € Al remains the same along the path. Then, for every component ordering
P° € P(K) having | as the worst component, and for every collection of marginal preferences
(P',..., P P PY) over components other than I, the relative ordering of any two alternatives in the set
{a€ A|d € {«,y'}} will remain the same along the sep-local path
(P°,P,..., P (1), P PR,

(P°, P, ..., Pt (), P .. PY)) inthe domain S(D', . . ., D").

Proof: Let ¢ : 8" — AA be a unanimous RSCEF satisfying the block preservation property. We show that
¢ is tops-only. Consider Py, Py € 8" with P;(1) = P;(1) foralli € N. If Py, = P\ foralll € K, then we
are done by Lemma .3.5. It is sufficient to assume that only one agent, say i, changes her marginal
preference to a swap-local preference in exactly one component, say t, and nothing else changes from Py
to Py. That is, P! and P! are swap-local with the swap of some y* and 2, Pt Pt forallj € N\ i,and

Pl = P\, foralll # t. Assume without loss of generality, t = k. Furthermore, in view of Lemma .3.5, let
us assume that all agents have the same component ordering Q° in both Py and Py where Q° is given by
1Q° . .. Q°k. We need to show ¢(Py) = ¢(Py). Assume for contradiction ¢(Py) # ¢(Py). Since kis the
worst component in P}, by block preservation property, this implies ¢, ) (Pn) # ¢, ) (Py) for
some (x %, k).
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Consider P]’.< for some j # i. By our assumption on the marginal domains, there is a swap-local path
7 = (7F(1) = P]’?, o T(t) = 13]") in DF with 13]"(1) = P¥(1) such that for any two consecutive
preferences in the path there is a common upper contour set U such that exactly one of y* and z* is

contained in U. By Observation .3.4, the path ((P]‘.’, P, ... ,P]’»‘ﬂ, 1)), ...,

(P, Py P]'-C_‘, 7*(t))) satisfies the property that forall | < tand all u, v € P,/AP, there is a common
upper contour set U of both (P]?’, P,... 7P]l-c_l, 7*(1)) and (P]‘?, P, ... ,P]I-‘_l, 7%(1+ 1)) such that exactly

one of u and v is contained in U, and hence by Lemma .3.1, we have

D ety (P;, f’j, P_ip) # T (P, 13]», P_(;;}), where 13}- = (P]?’, P, ... ,P]I-C*’, 13}") Continuing in this
manner, we can construct P_; € 8" such that forallj € N\ j, 131"(1) = P*(1) and 1311 = P} foralll # k,
and ¢« iy (P, P_;) # ¢ (=t ) (P;, P_;). Note that the preference profiles (P;, P_;) and (P;, P_;) are

component-unanimous for component k, and hence by Proposition 6.8.1,

(P;ik(l) (Pi7 P—i) = (Pf’k(l) (Pia ﬁ—i) = 1. ’l-hls lmphes (P(x_k,yk) (Pia ﬁ—i) = (P(x_k,yk) (Pia 13—1‘) = 0, Wthh
contradicts gb(x_k’yk)(P,-,IA’_i) # gb(x_k,yk)(f’i,f’_i).

4 CONNECTION WITH THE RELATED LITERATURE

Consider the domain D given in Table .4.1 and consider the localness structure to be swap-localness (see

Figure .4.1). In what follows we show that D satisfies the path-richness property but violates the

conditions provided in [80], [61] and [46].

Table .4.1: The domain D satisfying the path richness property but violating the conditions provided
in [80], [61] and [46]

P[P [P [P, [P [Ps]P,
a|b|b|b|b|b|d
b |al|c c|d|d|b
c clal|d| c|ala
d| d|d| a]| a c c

Figure .4.1: The localness structure of the domain D

{a, b} {a,c} {a,d} {c,d} {c,a} {b,d}
abcd bacd bcad beda bdca bdac dbac

P1 Pz P3 P4 PS P6 P7

Path-richness: Condition (i) of the path-richness property (Definition 6.3.3) requires that for each
(unordered) pair {P, P’} such that P(1) = P/(1) and P, P’ are not swap-local, there is a swap-local path
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(P=P,...,P' = P)suchthat P/(1) = P(1) foralll = 1, ...t Let us list all pairs of preferences in D
such that P(1) = P/(1) and P, P’ are not swap-local: {P,,P,}, {P,, P, }, {P,, Ps}, {P,, P}, {P,, Ps} and
{P,, Ps}. Below, we present the path required in Condition (i) for each of the mentioned pairs:

. {P,,P,} : (P,,P,,P,)

. {P,,P,} : (P,,P,,P,,P,)

. {P,,Ps}: (P,,P,,P,, P, P)
. {P,,P,} : (P,,P,,P,)

. {P,, P} : (P,,P,, Py, Ps)

. {P,,Ps}: (P,,P,, P)

Since D is swap-connected, by Remark 6.4.1, Condition (ii) of the path-richness property (Definition
6.3.3) requires the following for every pair of preferences { P, P’} such that P(1) = P(1) and P, P’ are
swap-local: if P and P’ are swap-local and PAP' = {x,y} then for each preference P € D, there exists a
swap-local path (P' = P, .. ., P*) with P(1) = P(1) such that forall I < t, xP'y if and only if xP""y. We
list all pairs of preferences in D such that such that P(1) = P/(1) and P, P’ are swap-local: {P,, P, },
{P,,P,}, {P,, P} and { P, Ps}.

Consider the pair P,, P,. Note that P,(1) = P,(1) = band P, AP, = {a, c}. Consider the preference
P = P,. Then the path (P,, P,) satisfies Condition (ii) of the path-richness property as aP,c, aP,c and
P,(1) = b. Consider the preference P = P,. Then the path (P, Ps) satisfies Condition (ii) as aP,c, aPsc
and P4(1) = b. Similarly, Condition (ii) can be verified for other pairs of swap-local preferences.
Connected domains without restoration and sparsely connected domains without restoration:
Now, we proceed to show that D is neither connected without restoration nor sparsely connected without
restoration. It is shown in [46] that sparsely connected domains without restoration is a generalization of
connected domains without restoration. Therefore, it is sufficient to show that Dis not sparsely
connected without restoration.

We begin with the definition of sparsely connected domains without restoration.

Definition .4.1 A distinct sequence of swap-local preferences (P, . . . , P*) in a domain is without

{x, y}-restoration if there exists no distinct 1, I € {1,. .., k — 1} such that LAPH = PP AP = {x,5}. A
domain D is sparsely connected without restoration if for any P, P' € D and any x,y € A such that

{x,y} N 1(D) # 0, P and P’ are connected without {x, y }-restoration in D, i.e., there exists a sequence of
distinct preferences (P = P, P*, ..., P* = P') in D without {x, y }-restoration.
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To show that the domain D is not sparsely connected without restoration we need to show that for
someP, P € D and alternatives x, y there does not exist any sequence of distinct preferences
(P=P,P*,...,P"=P)in D without restoration. Consider the preferences P, and P, and the
alternatives a, c. The only swap-local path from P, to P is (P,, P,, P,, P,, P, Ps). Note that
P,AP, = {a,c} and P,APs; = {a, c}. This means there is no distinct sequence of swap-local preferences
from P, to P, in D that is without {a, c}-restoration. Hence, Disnota sparsely connected domain

without restoration.

Interior and exterior properties: We begin with defining the interior and exterior properties introduced

in [22].

Definition .4.2 A domain D satisfies the interior property if for all a € A and all distinct P, P’ with
P(1) = P/(1) = «x there exists a swap-local path (P = P,, ..., P, = P') with Pj(1) = x forall] < k.

We need some terms and terminologies to define the exterior property. Given distinct P, P’ € D,

alternatives x, y € A are isolated in (P, P’) if there exists 1 < k < m — 1such that
- UL P(t) = ULP(),
. eitherx € US_P(t)andy € A\ U~ P(t),orx € A\ U P(t)andy € U P(t).

Given distinct P, P’ € Dand x,y € A let (P = P,, ..., P, = P') be a sequence of preferences (not
necessarily swap-local) such that x and y are isolated in (Py, Py, ) forall | < k. Then,
(P=P,...,P, = P)isreferred to as an (x, y)-Is-path connecting P and P'.

Definition .4.3 A domain D satisfies the exterior property if given P, P’ € D with P(1) # P'(1) and x,y € A
with xPy and xP'y, there exists an (x, y)-Is-path connecting P and P’

Now, we are ready to compare our results with that of [21]. [21] show that if a domain satisfies the
interior and exterior properties then any unanimous and DSIC RSCF on it is tops-only. As we have stated
in Remark 6.4.3, in case of swap-connected domains the Interior Property is same as Condition (i) of the
path-richness property. We show that D does not satisfy the exterior property. Consider the preferences
P, and P4 and the alternatives a, c. We have aP,c and aPgc. In order to satisfy the exterior property, we
need an (a, c)-Is-path connecting P, and Ps. However, there does not exist any such path connecting P,
and P, (the only paths connecting P, and Py are (P,, P,, P, P, Ps), (P,, P,, P,, Ps), (P,, P;, P, Ps),
(P., Py, Py, Po), (Ps, Py, Pg), (P, Py, Ps), (P, Py, Pg) and (P, Ps)).
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Myopic-farsighted stability in many-to-one matching

7.1 INTRODUCTION

In matching literature, one of the most sought-after properties of a matching is stability. A matching is
stable if no agent can be immediately better off by blocking the matching by forming/destroying the link
with another agent. However, this notion of stability disregards the ability of agents to anticipate that a
blocking can be countered by subsequent blockings. [42] introduced the notion of indirect dominance to
capture such destabilizing effects. In this paper, we consider a many-to-one two-sided matching model
where one side of the market is myopic and the other side is farsighted. A myopic agent tends to block a
matching when the resulted matching is better for her. Whereas, a farsighted agent takes into account the
possible counter-blocks that may follow after her blocking, and tends to block whenever the final outcome
is better for her. [44] argue that there might be an asymmetry between the two sides of the market in their
ability to foresee potential future changes. This can be further substantiated by [ 13] who shows that there
are cases where one side of the market has some advantage over the other side of the market. We consider
the college admissions problem where students have to matched to colleges. We assume the agents are
heterogeneous with respect to their ability to foresee the consequences of a block, and thereby categorized

as myopic and farsighted. We study the structure of stable matchings and stable sets in this setting.
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A sequence of matchings constitutes a pairwise myopic-farsighted improving path if the farsighted
agents are better off at the final matching compared to the matching they block and the myopic agents are
better off at the immediate matching obtained after their blocking. A set of matchings forms a pairwise
myopic-farsighted stable set if there is a pairwise myopic-farsighted improving path from every matching
outside the set to it, and there is no pairwise myopic-farsighted improving path between two matchings in
the set. A matching is stable if there is no pairwise myopic-farsighted improving path from the matching
to any other matching. The objective of the paper is to explore the structure of stable sets and stable
matchings in this setting.

A model involving both myopic and farsighted agents is first introduced in [44]. They consider a
two-sided one-to-one (marriage problem) matching problem. In this setting, their main results show that
when all agents are myopic then the pairwise myopic-farsighted stable set coincides with the core and
when all agents are farsighted then the pairwise myopic-farsighted stable set coincides with a singleton
subset of the core (see Theorems 2 and 3 in [44]). Moreover, when women are farsighted (and possibly
some men too) or no men are farsighted, they identify some preference profiles where the women
optimal matching constitutes a single pairwise myopic-farsighted stable set at some preference profiles
(see Theorems 6 and 7 in [44]). [59] consider the many-to-one two-sided matching problem when all
agents are farsighted. They show that a set of matchings constitutes a farsighted stable set if and only if it is
a singleton subset of the strong core. They further show that the farsighted core, can be empty. [53]
consider the roommate market where all agents are farsighted and show that a set of matchings is a
farsighted stable set if and only if it is a singleton set containing a myopic stable matching. Several other
papers consider the same model (with homogeneous agents, that is, either everyone is farsighted or
everyone is myopic) and show that the core constitutes desirable outcomes (see [36], [59], [52], and
[43]). However, to the best of our knowledge, the structure of pairwise myopic-farsighted stable sets and
pairwise myopic-farsighted stable matchings are not known in the literature in matching models involving
both myopic and farsighted agents.

As a standard many-to-one two-sided matching problem, we consider the college admission problem.
We assume that colleges have a common preference over the students. This is a natural assumption in
many situations as preferences over students are derived using their scores in some common exam. When
students are farsighted and colleges are myopic, we provide a characterization of pairwise
myopic-farsighted stable matchings, as well as the pairwise myopic-farsighted stable set at every
preference profile. When students are myopic and colleges are farsighted, we provide a characterization of
pairwise myopic-farsighted stable matchings at every preference profile and provide a class of pairwise
myopic-farsighted stable sets at every preference profile.

The paper is organized as follows. Section 7.2 introduces the notions of matching, pairwise
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myopic-farsighted improving path, pairwise myopic-farsighted stable matching, and pairwise
myopic-farsighted stable set. Section 7.3 presents our results when students are farsighted and colleges are
myopic and Section 7.4 presents our results when students are myopic and colleges are farsighted. Finally,

in Section 7.5 we provide the conclusion of the paper.

7.2 PRELIMINARIES

We consider a two-sided many-to-one matching problem between a set of students S = {s,, .. .,s,,} and
a set of colleges C = {c,,¢,, . . ., ¢, }. The set of college contains a specific college ¢, which is interpreted
as a dummy college. Each college ¢ € Chas a quota g.. We assume that g, = 0o whereas1 < g, < oo for
allc € C\ {c,}. We assume WLOG that q, < g, forall1 < i < j < n. Amatching y is a mapping from S
to Csuch thatforallc € C, |p"(¢)| < q.. Forastudents, u(s) = c, implies that s is not matched with any
college (stays “single”). For simplicity, we denote y~*(c) by y(c). We denote by M the set of all matchings.

A strict preference P on a finite set A is linear order on A. The weak part of a strict preference P is
denoted by R. Since P is strict, aRb for a, b € A means either aPbora = b. For B C Aand! < |B|,
r1(B, P) denotes the I-th ranked element of B according to P, that s, /(B, P) = a if and only if
{d € B|dPa}| =1—1.

Each student s € S has a (strict) preference P, on C. Collegesin C \ {c,} have a common strict
preference over individual students which we denote by P.. Without loss of generality, we assume that
$;Ps,P. - - - P.s,—,Psy, that is, according to P, s, is the best student, s, is the second best student, and so
on. The common preference P, of the colleges over individual students is extended to preference P, over
sets of students in the following manner. For two sets of students S’ and S”, a college always prefers the
one with more students, that is, |S'| > |S”| implies S'P.S". If || = |S"|, then the preference on S’ and S”
is derived in a lexicographic manner, that is, $'P.S” if and only if there exists k < |S'|(= |S”|) such that
(S, P.)Pri(S”, P,) and r/(S', P.) = r/(S”, P,) forall ] < k. Note that by definition the empty set of
students is the least preferred set of students for any college. To minimize notations, we use the notation
P. itself to denote the extension P..

We denote SU C \ {c, } by N. Elements of N are called agents. A collection of preferences of the agents
in N is called a preference profile and is denoted by Py. More formally, Py = ((PS) sesy (P)ee C\{CO}).

7.2.1 PAIRWISE MYOPIC-FARSIGHTED STABLE MATCHINGS AND PAIRWISE MYOPIC-FARSIGHTED STABLE

SETS

The set of agents N is partitioned into two sets F and M. The agents in F are farsighted who anticipate that

individual and coalitional deviations are countered by subsequent deviations and the agents in M are
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myopic in the sense that they do not anticipate such deviations. For a matching y and a pair

(s,c) € S x C\ {c,} such that u(s) € ¢, we denote by y — (s, c) the matching i’ obtained from y by
removing s from ¢ and keeping everything else unchanged. More formally, 4 is such that

W(s) =co, ¢ (c) =p(c) \'s,and ¢/ (i) = p(i) foralli € N\ {s, c}. For amatching g, a pair (s,c) € S x C
such that s ¢ u(c), and a preference P, we denote by y + (s, ¢) the matching y’ obtained from y through
matching s to ¢ by removing the worst student in y(c) according to P, in case the quota of ¢ was already full
at g and c is myopic (and keeping everything else unchanged). More formally, 4’ = y + (s, ) is such that

(i) if |u(c)| < g, then /() = p(') \ sforalld € C\ cand y/(c) = p(c) Us,and

(i) if |u(c)| = g, then ¢/ (') = p(c) \ sforalld € C\ cand ¢/'(c) = (p(c) Us) \ s’ where s is the
worst student in y(c) according to P, if ¢ is myopic, otherwise s’ is an arbitrary student in y(c). The
assumption that a myopic college rejects the worst student whenever it is required to reject a student is
consistent with the idea of the best response in game theory. In other words, a myopic agent moves
towards the best possible immediate outcome. In the literature, any profitable deviation of a myopic agent
is considered plausible. We feel, on top of the assumption of myopic type, this "greedy” deviation
assumption becomes quite restrictive and somewhat impractical.

Whenever we say that a pair (s, ¢) € S X Cblocks a matching y through y’, we mean that
W =p+(s,c)ory’ = p— (s,c). Next, we introduce the notion of pairwise myopic-farsighted improving
path at a profile Py. A pairwise myopic-farsighted improving path from a matching y to a matching ¢ ata
profile Py is a sequence of matchings _, . . ., y; starting from y and ending at 4’ satisfying the following
properties. Foralll € o,...,L — 1,4, is obtained through a block by a pair (s, ¢) to the matching y.*
Depending on whether s and ¢ break their existing match or form a new match from y; to g, , atleast one
or both members of s and ¢ need to take initiative in the block. If that member is myopic then she prefers
her match in the immediate outcome g, and if she is farsighted then she prefers her match at the final
outcome y’. More formally:

() If e (s, ¢), that is, if the match between s and c is broken from g toy, , theneithersorc
takes the initiative. And, as we have just explained, a myopic member takes the initiative if she prefers her
match at the immediate outcome, and a farsighted member takes initiative if she prefers her match at the
final outcome g, .

(i) If ,,, = @ + (s, ¢), that is, a match between s and c is formed from g, to ,, , then both of sand ¢
take the initiative (as before, the reason for taking an initiative depends on whether the member is myopic
or farsighted).

We now present the mathematical definition of a pairwise myopic-farsighted improving path path ata

"It is worth mentioning that if g, = ; + (s, ¢) and ¢ is myopic, then it must be that either s is preferred to some student in
cat g, or the quota of ¢ is not filled in y,.
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profile Py.

Definition 7.2.1 A pairwise myopic-farsighted improving path from a matching y € M to a matching
u € M\ {u} at aprofile Py is a sequence of distinct matchings (u_, . .., y,) with y = yand y, = ' such
that for every | € {o, ..., L — 1} either (i) or (ii) holds:

(i) ., =, — (s,¢) forsome (s,c) € S x C\ {c,} such that

{ brp, (5)Pgyy(s) if s € M
y/(s)Psl"z<5) ifs € F.

{ b (©)Pey(c) ifc € M
W (c)Py,(c) ifc € F.

(ii) w,, =t + (s, c) for some (s, c) € S x Csuch that

{ b, (5)Rgyy(s) if s € M
u'(s)Ro(s) if s € F.

and

{ Hl+1(c)Rc#1(C) lfC eEM
W (c)Rey(c) ifc € F.

with at least one of these preferences being strict.

We say a matching ' dominates another matching y at a profile Py if there is a pairwise
myopic-farsighted improving path from y to ¢ at Py. If a matching ¢’ dominates another matching y at a
profile Py then we write y B, ¢'. The set of all matchings that dominates a matching y € M at a profile
Py is denoted by h(y, Py), thatis, h(y, Py) = {¢' € M\ {u} | &’ = u}.

Definition 7.2.2 A matching y € M is pairwise myopic-farsighted stable at a profile Py if if it is not
dominated by any other matching at Py, that is, h(y, Py) = 0.

Definition 7.2.3 A set of matchings V. C M is a pairwise myopic-farsighted stable set at a profile Py if it

satisfies the following two conditions.
(i) Internal stability: For every u € V, it holds that h(y, Py) NV = (.

(ii) External stability: For every y € M \ V, it holds that h(y, Py) NV # 0.
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7.3 STUDENTS ARE FARSIGHTED

In this section, we assume that the students are farsighted and colleges are myopic, and explore the
structure of pairwise myopic-farsighted stable matchings and pairwise myopic-farsighted stable sets.

Fork € {1,2,...,m},let Cy denote the set of colleges that have quota more than or equal to k, that is,
Ci = {c € C| q. > k}. Recall that by convention, q,, = 00 and hence ¢, € Cy forallk € {1,...,m}.
The option set of colleges of a student sy is the set of colleges whose quota is at least k. For a preference
profile Py, let M (Py) C M denote the set of matchings y where each student gets a college that is
weakly better than any college in her option set, that is, p(s¢ )Ry 7, (Cy, Py, ) forallk € {1,2,...,m}.
Throughout this section, we assume that the number of students is at least as much as the number of
positions in any college, thatis m > q,,.

Our next proposition says that for all Py each matching in M (Py) dominates every other matching (be
it in M (Py) or not).

Proposition 7.3.1 Suppose that the students are farsighted and the colleges are myopic. Then, for all
p € M(Py)andally € M\ {u}, we have u € h(u, Py) for all Py,.

The proof of this proposition is relegated to Appendix.1.

In our next proposition, we show that a particular matching y* in M (Py) is not dominated by any
matching outside M (Py ), that is, there is no pairwise myopic-farsighted improving path from p* to any
matching outside M (Py). Define p* € M (Py) as p*(s;) = r,(Cy, Py,).

Proposition 7.3.2 Suppose that the students are farsighted and the colleges are myopic and let Py be an
arbitrary preference profile. There is no pairwise myopic-farsighted improving path from y* to any matching in
M \ M (PN), that iS, h(?l*, PN> Q M(PN>

The proof of this proposition is relegated to Appendix .2.

We are now ready to present one of the two main theorems in this section. It says that there exists a
pairwise myopic-farsighted stable matching at a profile Py if and only if the set M (Py) is singleton, and in
that case, the singleton element of M (Py) is the unique pairwise myopic-farsighted stable matching.

Theorem 7.3.1 Suppose that the students are farsighted and the colleges are myopic and let Py be an arbitrary
profile. If M (Py) is singleton, then the element in M (Py) is the unique pairwise myopic-farsighted stable
matching at Py. If M(Py) is not singleton, then there is no pairwise myopic-farsighted stable matching at Py.

The proof of this theorem is relegated to Appendix .3.
Our second main theorem of this section says that a set of matchings is stable at a profile Py if and only

if it is a singleton subset of M (Py).

142



Theorem 7.3.2 Suppose that the students are farsighted and the colleges are myopic and let Py be an arbitrary
preference profile. Then, a set of matchings V is pairwise myopic-farsighted stable set at Py if and only if Vis a
singleton subset of M (Py), thatis, V.= {yu} for some y € M(Py).

The proof of this theorem is relegated to Appendix .4.

7.4 COLLEGES ARE FARSIGHTED

In this section, we assume that colleges are farsighted and students are myopic, and explore the structure
of pairwise myopic-farsighted stable matchings and pairwise myopic-farsighted stable sets in this setting.
Throughout this section, we assume that zcec\ (}dc=m and cPyc, foralls € Sandallc € C\ {c,}.
Let S.(Py) denote that set of students whose most preferred college is c at the profile Py, that i,
S:(Py) = {s | r.(P;) = c}. The option sets O.(Py) of a college c at a profile Py is defined as the set of sets

of students in the following manner:

Oc(Py) = {8 C S.(Pw) | [S'] = q.}if |Se(Py)| = q., and
Oc(Py) = {Se(Px) US [ |Sc(Py) U S| = gc} if [Sc(Py)] < ge.

For an intuitive understanding of option set, let us consider the set of students S, (Py) who rank a college ¢
as their best at a profile Py. If the number of students in S.(Py) is more than the quota of ¢, then the
option set consists of any subset of S,(Py) containing g, students. On the other hand, if the number of
students in S, (Py) is less than the quota of ¢, then the option set of ¢ is any set of g, students containing
the students in S, (Py).

Consider the set of matchings M (Py) such that y € M (Py) if and only if

u(c)RS forall§' € O.(Py)if|S.(Px)| > g., and
u(c)R.S forsome S’ € O.(Py) if|S.(Py)| < q.-

Our next proposition says that at a profile Py each matching in M (Py) dominates every other
matching (be it in M (Py) or not).

Proposition 7.4.1 Suppose that the colleges are farsighted and the students are myopic. Then, for all
U e M\(PN) and ally € M\ p, we have j € h(y, Py) for all Py.

The proof of this proposition is relegated to Appendix .s.
Our next theorem characterizes all situations when a pairwise myopic-farsighted stable matching exists.

It further characterizes the pairwise myopic-farsighted stable matchings whenever that exists.
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Theorem 7.4.1 Suppose that the students are myopic and the colleges are farsighted and let Py be an arbitrary
preference profile.

(i) If|S.(Py)| = g forallc € C\ {c,}, then y* € M such that u*(s) = r,(P,) for all s € S is the unique
pairwise myopic-farsighted stable matching at Py.

(i) Otherwise, there is no pairwise myopic-farsighted stable matching at Py.

The proof of this theorem is relegated to Appendix .6.
The following theorem provides a class of pairwise myopic-farsighted stable sets at an arbitrary

preference profile.

Theorem 7.4.2 Suppose that the colleges are farsighted and the student are myopic and let Py be an arbitrary
preference profile. Then, every singleton subset of M (Py) is a myopic-farsighted stable set at Py.

The proof of the theorem is relegated to Appendix .7.

7.5  CONCLUSION

This paper considers situations where agents are not homogeneous with respect to their ability to foresee
the consequences of a blocking. A myopic agent tends to block when the immediate outcome is better for
her, while a farsighted agent does it when the final outcome after a sequence of possible counter-blocks is
better for her. We provide characterizations of pairwise myopic-farsighted stable matchings and pairwise
myopic-farsighted stable sets when students are farsighted and colleges are myopic. When students are
myopic and colleges are farsighted, we characterize the pairwise myopic-farsighted stable matchings and
provide a class of pairwise myopic-farsighted stable sets at arbitrary profiles.

In this paper, a myopic agent is completely naive to foresee even a single counter-block of her block,
while a farsighted agent can foresee arbitrary number of such counter-blocks. A reasonable model would
be something that does not assume agents to be either of the extremes. In particular, agents can be
assumed to be boundedly rational who can foresee up to a limited number of counter-blocks of their
blocks. The structure of stable matchings and stable sets in such a setting is an important future open

problem in our view.

.1 PROOF OF PROPOSITION 7.3.1

Proof: Let Py be any arbitrary preference profile. Consider p € M (Py) and an arbitrary y € M \ p. We

show that there is a pairwise myopic-farsighted improving path from g to . We construct the following
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pairwise myopic-farsighted improving path from y to y. The path has two parts 7, and x,, and 7, has some
subparts.

The part 7,: The part 7, has several sub-parts—one for each college. We denote the subpart corresponding
to college c by 7¢.

Sub-part 7' corresponding to college ¢,: Let {s,, ..., s, } \ p(c,) be the set of students in the set

{si, ..., sq, } who are not matched with ¢, at the matching y. Let us index these students ass, . . ., s, such
thats] P foralll =2,... k. If u(c,) is empty, then we go to the next subpart. Else, the path

7= (u, ..., ) where y! =y + (sl ¢,) foralll = 1,...,k and p° = p.

1

Sub-part 7" corresponding to college c,: Let {s,, ..., s, } \ y(c,) be the set of students in the set

n—1
—1

Let us index these students as s}, . . ., s{

{si,- .., s, } who are not matched with ¢, at the matching yﬁ
such thats] P.sf foralln = 2,... k. If y(c,) is empty, then we go to the next subpart. Else, the path
= (W, e, yﬁ”) where yi = yi‘l + (sf,¢q) foralll =1,... k,and p° = y:’:.

The part 7,: Let {5,, - - - , 5} be the set of students who are matched to different colleges at y** and i
such thats, P foralll = 2,... k. Thepathw, = (g, ..., p4, )wherey ,=u .  + (s, §(s))for
alll=1,...,kandy, = yﬁ”.

Consider the path (y, 7,, 7, ). Note that a matching may appear along this path more than once
consecutively. Consider the path obtained by replacing a number of successive occurrences of a matching
by exactly one occurrence, and thus making all the matchings appearing along the path distinct. For
notational simplicity, let us denote the obtained path by (y, m,, 7, ) itself. We argue that this path is a
pairwise myopic-farsighted improving path from y to p.

From students’ point of view: Since students are farsighted, it is enough to show that each student is weakly
better of at y compared to their matching where they block.

Students involved in first part of the path:

Students involved in 7y': Consider the studentsss}, . . ., s; who block with c,. These students were matched
with y(s) when they participated in the blocking. We need to show that j is weakly better than y for these
students. As q, < g forallc € C,Cy = {co, ¢,y ..., ¢} forallk € {1,...,q,}. Since

{st,-- s} € {si,- .., 5q, }, by the definition of i, these students are matched to their most preferred
colleges at y. Therefore, they must weakly prefer y compared to their matching where they block.
Students involved in 7>: Consider the studentss,, . . ., s; . As we have argued earlier, the students

Si, - -+, 8q, are matched with their most preferred college at i, and hence they will be willing to participate

in the blocking. If g, = q.,, then we are done. Suppose g, < g,. Consider a student s in the set
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{Sgut1s -8, F N A{sh, ..., sp. }. If the student s was matched with ¢, at , then by the construction of 7,
she is currently matched to ¢,. This means her matching when she blocks is some college in ¢, c,, . . . , ¢,
Asq, < g, andq, < g.forallc € C\ ¢, C = {co,sy...,¢,} forallk € {q.+.,---,q.,} Bythe
definition of y, her matching at y will be weakly better than any of these colleges. Since s is farsighted she
will be willing to participate in the blocking.

Continuing in this manner, it follows that students, who are involved in some blocking along the first
part of the path, will be willing to participate in the blockings.
Students involved in the second part of the path: Note that at the end of the first part of the path, all the
studentsin {s,,...,s, } are matched withc,. Recall that forallk =1,...,m, Cx = {c| q. > k}. Since
g4, < --- <q,,itfollows thatc, € C forallk =1, ..., q,,. By the definition of y, the allocation of each
students € {s,,..., s, } atpisweaklybetter than c,. Therefore, the studentsin {s,, ..., s, } willbe
willing to participate in the respective blockings. Similarly,at the end of the first part of the path, the
students s, 4, ..., s, are matched with ¢,. Note that ¢, € Cy forallk = 1, ..., m. Hence, by the
definition of g, the allocation of each student s € {s;_ 4., ...,su} at g is weakly better than c,. Therefore,
the studentsin {s;_4,, .. .,s,} will also be willing to participate in the respective blockings.
Colleges’ point of view:
Colleges involved in the first part of the path: Note that each college c in this path block (sequentially) with
the top g, students according to its (common) preference. Thus, the colleges will be better off by these
blockings no matter what their initial matching was. Since colleges are myopic, they will be willing to
participate in these blockings.
Colleges involved in the second part of the path: Note that at the end of the first part of the path, either no
college is matched with any student or only ¢, is matched to the top g, students. Since preferences are
lexicographic, all the colleges who are not matched to any student will be willing to participate in any
blocking. If ¢, is not matched to the top q., students at y, then this means that some of these students are
matched to some other college at y. By the construction of the path ,, this means that whenever ¢,
participates in a blocking its quota is not exhausted. Hence, as preferences are lexicographic, ¢, will be

willing to participate in its respective blockings. |

.2 PROOF OF PROPOSITION 7.3.2

Proof: Let Py be an arbitrary preference profile and let p* € M (Py) be such that g*(s;) = r,(Cy, Py, ).
Suppose y € h(p*, Py). We show y € M(Py). Assume for contradiction that y ¢ M (Py), there must
be a student s; such that g* (s ) Py p(si.). Since the allocation of sy is strictly worse in y than that in p*, s

will never participate in any blocking along any pairwise myopic-farsighted improving path that ends in
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the matching y. Therefore, only way to reach the matching y through a pairwise myopic-farsighted
improving path is that the college y*(s;.), say ¢, blocked with some student s at some stage t by removing s;.
Let 4 be the matching before this block and (hence) y'*" is the matching obtained after (s, c) blocks y'.
Since a college prefers to have more students as long as its quota allows, the fact that ¢ removes s; while
blocking with s implies that 4_has g. students while doing this blocking. Moreover, since colleges are
myopic, it must be that sP_s; and s, is the worst student in y‘(c) while ¢ blocks with s. Since s; is the worst
student and c has g, student at this stage, it must be that y(c) = {s,, . .., s;}, which in turn implies that

thereisno s ¢ S such that sP.s;, a contradiction. [ |

.3 PROOF OF THEOREM 7.3.1

Proof: Let Py be an arbitrary preference profile and let u € M (Py). By Proposition 7.3.1, we know that

g € h(u,Py)forally € M \ {pu}. This means no matching other than p can be a pairwise
myopic-farsighted stable matching at Py. Consider the case when Py is such that M (Py) is singleton. By
Proposition 7.3.2, we have h(j, Py) C M (Py). This means h(g, Py) = () and hence, j is the unique
pairwise myopic-farsighted stable matching at Py. Now, consider the case when Py is such that M (Py) is
not singleton. This means | M (Py)| > 2. Let g € M(Py). By using Proposition 7.3.1 once again, we
know that y € h(y, Py), which means ji cannot be pairwise myopic-farsighted stable either. This
completes the proof. |

.4 PROOF OF THEOREM 7.3.2

Proof: (“If” part) Let Py be a preference profile and let V.= {u} where g € M(Py). We show that Visa
pairwise myopic-farsighted stable set at Py. Since V'is singleton, internal stability is vacuously satisfied.
For external stability, we need to show that for every matching y ¢ V, h(y, Py) NV # (. This follows
from Proposition 7.3.1. This completes the proof.

(“Only-if” part) Let Py be a preference profile and let V. C M be a pairwise myopic-farsighted stable
set at Py. We show V'is a singleton element from M (Py). Let y € Vand g € VN M (Py) be two distinct
matchings. By Proposition 7.3.1, g € h(y, Py). By internal stability, this implies that both y and g cannot
be in V. Therefore, if VN M (Py) # (), then Vs a singleton set containing an element from M (Py). To
complete the proof, we need to rule out the possibility that V. C M \ M(Py). Consider p* € M(Py)
such that p*(s;) = r,(Cy, Py,). As V C M \ M(Py), this means that g* € M \ V. By Proposition 7.3.2,
h(p*, Py) € M(Py). This means that h(*, Py) N V = () which violates external stability. |
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.5 PROOF OF PROPOSITION 7.4.1

Proof: Let Py be any arbitrary preference profile. Consider a matching y € M (Py) and a matching

p € M\ p. We construct a pairwise myopic-farsighted improving path from y to g. The path has two
parts: the first part consists a sequence of pairs (not necessarily distinct) of matchings which we define
one by one, and the second part consists of a sequence of matchings.

The first part of the path: To facilitate the presentation, we denote the top-ranked college of student s; by
G-

(#o; ,): Define p, = pg = p.

(,,4)): If s, € u(c,), then define y, = y/ = u_, otherwise define y, = ! = yu_+ (s,,¢,).

(u,, ) Ifs, € u(c,), then define y, = ¢, otherwise define y, = y/ + (s,,¢,). I s, & p(r,(Py,)), then

u, =y, — (s,,¢,), otherwise y, = ..

(u,,,u,): I s, € u(cy), thendefiney, =y, otherwisedefine y = !+ (s, ). sy & p(Cn),

theny! =y — (S, Cn), otherwise y/ = .

The second part of the path: Lets; , . . ., s;, be the set of students who are unmatched at 4/ and matched

at fr. Let =, + (51, 8(51))s s = My T (500 800)) -+ ik = By + (510 B(s1)) = i
Consider the path (g, 1)), (45 1), - -+ 5 (s trs)s Bsys - - > By )- As in the proof of Proposition

7.3.1, a matching may appear along this path more than once consecutively. Consider the path obtained

by replacing a number of successive occurrences of a matching by exactly one occurrence, and thus

making all the matchings appearing along the path distinct. For notational simplicity, let us denote the

obtained path by (g, p0), (5 1), - -+ s (B Bi) s Byypys - - - 5 s y.) itself. We argue that the path is

pairwise myopic-farsighted improving path. We consider the two parts of the path separately.

The first part: The first part of the path has two types of blocking for each k € {o, ..., m}:

(. N u,)and (g, LN #,). We show that each of them constitutes a part of a pairwise

myopic-farsighted improving path.

The block (y;._, M w): My, = i,, there is nothing to show. Consider the case when

. = u_, + (sk, &). Since s is myopic, she will be willing to participate in the block. To show that the

college ¢, will be willing to take part in the blocking, we distinguish the following two cases based on the

quota of ¢;.

Case 1. Suppose |S;, (Py)| > gz, By the construction of the path, if there is a student sin g, (¢x) who s

better than s; according to P,, then it must be that r, (P;) = ¢;. Let S = {s € U, (¢) | sP.si} be the set of
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such students. Suppose |S| = g:,. By the definition of O;, (Py), we have S € O, (Py), and hence j(&)R.S.
Therefore, ¢, will be willing to participate in the blocking. Now suppose S| < qz.- Since r,(P;) = ¢ for all
seSuU si, there is an element Sin O, (Py) that contains SU's;. Because s, ¢ yf{_l(ﬁk) , by the definition of
lexicographic preference, SPCyL_I(Ek). Since S € O;,(Py), by the definition of j, we have ﬁ(ﬁk)ch, and
hence () Py, (k). Therefore, ¢, will be willing to participate in the blocking.

Case 2. Suppose |S;, (Pn)| < gz, Let Sbe as defined in Case 1. As we have argued for Case 1, each s € Sis
matched with her top-ranked college at y; . By the definition of i, there exists Se O;,(Py) such that
i(¢)R.S. Since r,(P,) = ¢ foralls € SUs, every element in O;, (Py) contains S U s, which in particular,
means that S contains ... as well. Because s; ¢ u_,(¢), by the definition of lexicographic preference,
SPcy;(_l (¢). This combined with the fact that [J(Ek)RCS implies that p (¢ )P, y'k_l (¢), and hence ¢, will be
willing to participate in the blocking.

The block (u, LN up): If y, = p;, there is nothing to show. So, consider the situation where the college ¢,
removes a student, say s, at the matching sy, that is, y, = y, — (sk, & )- To show that ¢ is willing to
participate in the blocking we distinguish the following two cases.

Case 1. Suppose |S;, (Py)| > gz, By the construction of the path, if there is a student s in y, (¢;) who is
weakly better than s; according to P, then it must be that r,(P;) = ¢. Let S={s¢c u () | sResi} be the
set of such students. Suppose |S| = g;,. As r,(P.) = &, this means S € O;,_(Py). By the definition j,
it(&)R.S. Therefore, & will be willing to participate in the blocking Now, suppose |S| < g;,. By the
definition of O;, (Py), there is S € O; (Py) containing S. By the definition of i, we have ji(¢;)R.S. By the
construction of the path we have S \ s, C (). By combining the facts that § C w(C), S\ st € (&),
and s, ¢ j(c;), the definition of lexicographic preference implies that there must be some student s with
sP s, who is not matched with ¢; at 4, but matched with ¢; at j. Again by using the definition of
lexicographic preference, this implies that ji(¢)Pcy, (¢r), and hence ¢, will be willing to participate in the
blocking.

Case 2. Suppose |S;, (Py)| < gz, By the construction of the path, if there is a student s in y, (¢;) who is
weakly better than s; according to P, then it must be that r,(P;) = ¢;. Let S={s¢c u () | sResi} be the
set of such students. By the definition of O;, (Py), every element in O, (Py) contains S. By the definition
of j1, we have ji(& )RS for some S € O, (Py). By the construction of the path we have S \ s, C (). By
combining the facts that S C u (), S\ se C (&), and s ¢ ji(&), the definition of lexicographic
preference implies that there must be some student s with sP.s; who is not matched with ¢ at 4, but
matched with ¢; at ji. Again by using the definition of lexicographic preference, this implies that
#(¢k) Pyt (), and hence ¢ will be willing to participate in the blocking. |
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.6 PROOF OF THEOREM 7.4.1

Proof: Proof of (i) Consider a profile Py such that |{s | r,(P,) = c}| = g.forallc € C\ {c,}. We divide
the proof in two parts: in the first part we show that y* € M such that y*(s) = r,(P,) foralls € Sis
pairwise myopic-farsighted stable at Py, and the second part we show that there is no other pairwise
myopic-farsighted stable matching at Py.
u* is pairwise myopic-farsighted stable at Py: Suppose not. Then, there is a pairwise myopic-farsighted
improving path (¢* = y_, ..., 4, = ¢') from y* to some matching ¢/, thatis, y’ € h(y*, Py). Let
S = {s | u*(s) # ' (s)} be the set of students whose matchings are different in y* and y'. Let § be the best
student in the set S according to P,. Suppose that § was matched with ¢ at y*. Since u*(¢) # u'(2), there
must be a stage # when the matching of ¢ is changed for the first time, that is, u*(¢) = y,(¢) forallt < tand
u*(¢) # w;(¢). Bach student s € p*(¢) is matched with her top-ranked college at stage £ — 1, so being
myopic, § will not leave ¢ by blocking with some other college (including c, ). This implies that ¢ has
participated in a blocking at i'. By the definition of §, we have §P.s for all s € 4/(2) N S. Because § € u*(c)
and s ¢ y/(¢), by the definition of lexicographic preference, it must be that y*(¢)P 4/ (¢). Since ¢ is
farsighted, this contradicts the fact that ¢ has participated in any block at ¢. Therefore, there is no pairwise
myopic-farsighted improving path from y* to any y’, and hence y* is pairwise myopic-farsighted stable at
Py.
There is no pairwise myopic-farsighted stable matching other than y* at Py: Assume for contradiction that
il # u* is pairwise myopic-farsighted stable at Py. Let S = {s | i/(s) # r,(P;)} be the set of students who
are not matched with their top-ranked college at y and let s be the best of them according to P,, that is, sP.s
foralls € S. Suppose ¢ = r,(P;). Since |{s | r,(P,) = ¢}| = gz, thereiss € j(¢) such thatr,(P;) # ¢. This
meanss € S. Since $Ps forall s € S, we have 3P.5. Because sP.5, by the definition of lexicographic
preference, we have ([4(2) U {s}\ {E}) P, ii(¢). This implies that the college s and the student 5 block y at
Py through the pairwise myopic-farsighted improving path (j, i + (5, ¢)). This is a contradiction to
pairwise myopic-farsighted stability of y, which completes the proof.

This complete the proof of part (i) of the theorem.
Proof of (ii): Consider a profile Py such that |{s | r,(P,) = c}| # g. forsome c € C\ {c,}. We know
from Proposition 7.3.2 that no matching outside M (Py) can be pairwise myopic-farsighted stable at Py
We show that no matching in M (Py) is pairwise myopic-farsighted stable at Py. Consider a matching y in
.K/I\(PN). Since |{s | r,(P,) = c}| # q. forsomec € C\ {c,} and Zcec\{co} g = m, there must be a
college ¢ such that [{s | r,(P;) = ¢}| > gz Lets € S;(Py) be such thats ¢ j(c), and lets € Sbe the worst
student in ¢(¢) according to P.. Consider the block (5, ¢) where ¢ removes s. Since r,(P;) = ¢, being

myopic § will be willing to participate in the block. So, if SR.5, then (@, g + (3, ¢)) is a pairwise
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myopic-farsighted improving path and hence y is not myopic-farsighted stable. Suppose sP,s. Consider
the sequence of distinct matchings (4, = @, g, = p, + (5,¢), 4, = u, + (5, ¢)) where ¢ removes s at

u, + (5,¢)andsat y + (5,¢). We show that (¢, 4, u, ) is a pairwise myopic-farsighted improving path.
Since r,(P;) = ¢ and s is matched to ¢, at g which is her worst ranked college, being myopic both 5 and §
will be willing to participate in the respective blocks. Note that y_(¢) = y,(¢), therefore ¢ will be willing to
participate in the blocking (3, ¢) at y_. Moreover, since $P., by the definition of lexicographic preferences
(yl @)U {s}\ {3}) P, y,(¢). Hence, ¢ will be willing to participate in the blocking (5, ¢) at g . This proves
that the path (g, y,, , ) is pairwise myopic-farsighted improving path, and hence ji is not pairwise
myopic-farsighted stable at Py. |

.7 PROOF OF THEOREM 7.4.2

Proof: Let Py be a preference profile and let V.= {j} where p € M (Py). We show that Vis a pairwise
myopic-farsighted stable set at Py. Since V'is singleton, internal stability is vacuously satisfied. By
Proposition 7.4.1, i € h(y, Py) forall Py € M \ {u}. Hence, V also satisfies external stability as for all
u&V,h(p,Py) NV = p o
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