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SUMMARY. Tho symmetrizod Dos Raj strategy (SDR atrategy) (Murthy, 1057 ; Pathak, 1961)
is tho Rao-Bluckwellization of Des Raj's (1050) strategy. Consequently tho SDR strategy possesses smallor
sampling varianco than Des Raj's strategy. Tho principal result of tho present papor states that the redue-
tion in varinnco duo to tho symmotrization of Des Ruj's strategy is, under cortain regularity conditions,
esymptotically negligible,

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

It is belicved that the symmetrized Des Raj strategy (SDR strategy), the
Rao-Blackwellization of Des Raj's strategy (Pathak, 1961), provides estimates of
high precision in many situati ly met in parctice. Unfortunately except for
the case when the sample size n=2 (Vijayan, 1966) no theoretical justification exists in
the literature to substantiate this belief. It would, therefore, be of some interest to
study the efficiency of this strategy in some detail. As an attempt in this direction,
we obtain here, under certain regularity conditions, an asymptotic expression for the
sampling variance of tho SDR strategy. We also show that under certain regularity
conditions the SDR and Des Raj's tegics are asymptotically equally efficient.

For each natural number &, let me = {Uky, ..oy Uty ooy Um) be a population
of Ny units, where Uy denotes the j-th population unit. Unless otherwiso stated the
subscripts j and j* run from 1 through M. Let Yy and Py respectively denote tho
Y-characteristic valuo and the probability of sclection associated with Uy We follow
here the notation of the author’s carlicr papers (Pathak, 1961 and 1967). Supposo that
a sample of n units is sclected from m according to the probabilities Pgy’s and
without replacement. Then under the SDR strategy, the estimator of the population
total Yz =3 Yy is given by

3
=3 gt ) 1057; Pathak, 1961 e (1
by = 'Z Ye0 Py (Murthy, 1957; Pathak, ) )
where T = (Uiqys ooes Ukiips +20 "k(np) denotes the order-statistic obtained from the
observed sample 8x = (Ukyy 00y Ukiy ooy u‘."‘), and P(Ty) and P(T} ] i) respectively denote

tho probability of getting tho order-statistio T and tho conditional probability of
getting the order-statistio T given that the s-th order unit, ), was drawn first. The
subscripts ¢ and ¢ run from 1 through unless otherwiso stated.
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An unbiased estimator of P(fxm,) is given by Pathak and Shukla (1056)

=L 5 (Yo _Yewr\® Prapr [ PTDP(Te |, i')—P(Ti | §)P(T| )]
itv) = 3 & ) Pm'») PYTY)

«(2)

where P(T|i, i) denotes the conditional probability of getting the order-statistic T'x
given that the i-th and i’-th order units were drawn in the first two draws.

Hence

Py k)

iy \2 P(Tri)P(Te|j')
_L8f, o3 )P"P"'[l_;f_l’(?'—_] v 3)

where the nummution,;‘.‘. is taken over all samples cotaining Uy and Ugy.

2. AY ASYMPTOTIO EXPRESSION FOR Ptk

We now proceed to obtain a simple asymptotic expression for V(fi(m) under
certain regularity conditions. The following lemmas will be found useful for this pur-
pose.

Lemma 2.1: If

(i) Nig— o0 as k—> oo,

(ii) Tim ne <o and . (4)
(iii) max Py =0(N7"),
then

P(Ts) = ! Dy o By {x+‘"'2")[p...,+...+p,(..)'|+0(1v;‘)} e (5)

where P(Ty) has been defined in (1).

Proof : Let &y = (uh. ovvs u".) denote an observed sample that gives riso
to T%. Then

1
Pla) = {ﬂh.--Pk-t}{l—ph)...(l—ph—...—pk(.‘_‘)) } . (0)

since  (1—pr,—...—pr) = exp {px;+0(N3%)} under the regularity conditions
(i)—(iii), we have
Pler) = (Prr Py} oxP{(ne—1)Prst (k= DPrsrt - Pymay H OUNET)
= {pr, ...p,,,.)(l+(n.—l)ph+(nk—-2)p.,+...+p‘(,‘_l)+o(3'3!)}, w (D

The lemma follows on noting that P(Tk) = Z'P(s;), where the summation is taken
over n;! permutations of pgy, ..., Pinyr
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Lemma 2.2: Under the regularity conditions of Lemma 2.1, we have

ml Pkmh(-,)
AkPriy

DTy = {142 2ot 2 Dt Py HONEY) e ®)

where P(Ty|i) is defined in (1).
Proof: Clear from (5).

Lemma 2.3: Let m(Usy) denole the probability of inclusion of Uy n the
sample. Then under the regularity conditions of Lemma 2.1, we have

m{Uy) = Ptl{"t+ (’;")(Sr.—PuHO(N;')} e (0)

where Spy = TP},

Proof : Lemma 2.3 evidently holds for n = 1. Now if the lemma holds for
(ng—1), then

"k(Uu)=Pu+E Pyp = I’.,){( - 1)+( " l)

7,
((I—Pzr)’ (I=Py. ) (l—l’tr))+°w")} - 49

An easy calculation shows that
(Usy) = Pagfmuct (7 ) (Sea=Pri)+059)}- . (1)
This completes the proof.

Lemma 2.4 : Let my (Ury, Usyr) denole the probability of inclusion of Uty and non-
inclusion of Uy in the sample. Then under the regularity conditions of Lemma 2.1

{Uss, Try) = Pus{me+ ('y ) (Sta—Prr—2Pay 1+ ONF)} - (12)

Proof : Similar to tho proof of Lemma 1.3.

The following theorem now gives us a simple asymptotio expression for
Vileom)-
301



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Sentes A

Theorem 1: Under the regularity conditions of Lemma 2.1, we have

Vltrom) = 53 z L= P )" Py Puy 1= (Pt Pap) o0}
—n+mw’n[,,—t§& 1’:;' n)'- ["';;"][(3:&7)
zr.,(-”%-r.)"ts p"’(T’:ﬁ —Y.)’]. - 13)

Proof : From Lemma 2.1 and (8) it is evident that

5 PATe|j) P(Te|j") P()Tr 13)

w

2,,,‘,,” Z Pt 1=prol—- =P,y OV P(Teg) - (14)

are the probabilitics of sclection

where f has been defined in (3) and piqy, -..p Pegmyy

of the ng units of T%.

1 _ - -,
= TPy {142 Pry+0(N72)} m(Uny|5')+ 'ﬂ:-:‘l - 2“}," Uy, Unlj) . (1)

where m(Uyy|j’) denotes the conditional probability of inclusion of Uy given that
Uiy’ was sclected at the first draw and m(Uyy, U |4"), the conditional probability of
inclusion of Uyy and inclusion of Uy given than Uy was selected at the first
draw.

From Lemmas 2.3 and 2.4 it follows that

U 1) = (=) Pay {14+ Pyt O Z N Sea—Pe o9} e (10

and

1{Ux Tulf’) = (ne—1)Pag {1+P.,+"";2’ (Sea=Pr=Pe)+ON39). e (1D

On substituting theso values of mi(Usy|j’) and m(Usy, l._h»,lj') in (15), we get the
following after somo simplification.

D(Te| )P(Te|5") _ (mx—1) -
ﬁ' Ty = o {2+(Pry+Pry)+ONFE). e (18)
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Theorem 1 now follows from (3) and (18). This proves Theorem 1.

Under the regularity conditions of Lemma 2.1, Theorem 1 provides us with a
simplo asymptotic expression for V(lgm)). Itis important to note here that the as-
sumption fim ng < o0 has played a crucial rolo in our development and we do not
know if this asymptotic expression to V(fm)) remains valid when the assumption
[im ng < oo is violated. It would thercfore by very i ing and ding to ob-

tain a similar asymptotic expression to V(fgm)) when the assumption Tim 7 <

is, for example, relaxed by an assumption of the kind Tim(ng | N&) = 0. Inthis connexion
the following argument shows that the right side of (13) still provides us with an upper

bound to V(fxm)) when the assumption fim ng < 0 is replaced by the assumption

fim (ng |Nk) = 0. Under the relaxed assumption the variance of Des Raj’s estimator,
Tx(a), satisfies the following inequiality (Pathak, 1967)

Han < 5 o (B s {140l e F )

+(§ ) z P,,,(ﬁ—:l’-n)'}. . (19)

Since E(f| Tk) = teemy (Pathak, 1961), V(temy)< V(). This shows that the right
side of (13) provides an upper to ¥(fym) when lim (n;|Ny) = 0.

In the next section we compare the SDR strategy with Des Raj's strategy.

3. CorparisoN wiTH DES RAJ'S STRATEGY

Let T Py Yiy/Pyy—Y)? = O(Nj). Then it is scen from (13) and (12) that
lim Ny{V(Tkw)— V(lkem)} = O when the regularity conditions of Lemma 2.1 hold.
Conscquently in this situation tho two strategics can be taken to be asymptotically
equally efficient.

Since tho SDR strategy is computationally cumbersome when ng > 2, it is
ps appropriate, as a q! of the above equivalence of the efficiencies of
the two strategies, to prefer Des Raj's strategy to the SDR strategy when ng > 2.
The SDR strategy presents no computational difficulty when my = 2. Hence in this

case the SDR strategy should be preferred to Des Raj's strategy.
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