ASYMPTOTIC EFFICIENCY OF DES RAJ'S STRATEGY-I
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SUMMARY. Tho main objoct of this paper is to study the asymptotic efficiency of Des Rej's
strategy of cstimating tho population total. This strategy, namely Dos na, 's eﬂllrnator of tho population
total undor sampling with unoqual probabilities (without ), woa introduced in tho litoraturo by
Dos Raj (1950). Subsoquently this strategy was found to bo moro prociso than the standard strategy of
ostimating tho population total under sampling with unoqual probabilities (with roplacoment)
(Roychoudhury, 1050; Sothi, 1002). In this papor an oxact exprossion and an uppor bound to tho
varinnco of Doa Raj's ostimator aro derived. Thoso re.ults aro then used to comparo Des Raj's strategy
with other similar ics of oatimating tho population total. Undor certain regularity conditions Des

Raj's strategy is found to bo more prociso Ilum other strategics.

1. INTRODUOTION AND STATEMENT OF THE PROBLEM

In the sequel a strategy will mean an estimati d TFor estimati
the population total a strategy is thus a sampling scheme and an estimator for the
population total undor the sampling scheme.

One of the main problems of the theory of pling from finite popul
is to scarch for efficient strategics of estimating the population total. In the past
few years several nuthors have introduced and studied the efficiency of a number
of of ting the population total (sce, for example, Des Raj, 1956;

H ‘jek, 1964 ; Hartley and Rao, 1962 ; Murthy, 1957; Rao, Hartley and Cochran,
1962; Sampford, 1962; and Stevens, 1958). In 1956 Des Raj introduced a simple
strategy of estimating the population total involving sampling with qual probabi

lities (without replacement). Unfortunately we do not yet know much about the effi-
ciency of this strategy, although we know a great deal about the efficiencies of other
similar strategics (see Godambe, 1955; Godambe and Joshi, 1965; Hajek, 1064; Hartley
and Rao, 1062; Pathak, 1064; Rao, Hartley and Cochran, 1962; Roychoudhuri, 1956;
Sampford, 1962; xnd Scthi, 1962 in this connection). The main purpose of this paper
is to study the asymptotio cfficiency of Des Raj's strategy. Our lino of approach
is to first obtain a simple upper bound close to the variance of Des Raj's estimator.
We then compare this bound with tho variance expressions involved in other strategies.
Wo begin this study in a very general manner.

For cach integer k, consider a finite population 7, = (Usy, Usas +es Usy) of N
units, where Uy denotes tho j-th population unit of 7. Unless otherwiso stated the
subscripts j and j* run from 1 through-N,. Let Py and Y}y bo tho probability of selee-
tion and the value of a Y-characteristio of Uyy respectively. Let 8 = (a1, vves @i coes
u, )donote a samplo of sizo 7, selected from 77, according to the above probabilities and
wn,hout replacement, uy being tho sample unit selected from g at tho #-th draw,
Unless otherwiso stated the subscripts s and ¢’ run from 1 through 2.
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Under this sampling scheme Des Raj (1956) introduced the following unbiased
and uncorrclated estimators of the population total Y, =§: Yy.

ly = YnlPe

iy = Wulp)(1=Pi — oo —Prticp) FYnt oy (=2 00m), o ()
where p; and gy respectively denote the probability of selection and the Y-charac-
teristio value of .

Des Raj (1956) considered Tyq) = ni* E #,; for estimating the population total
Y,. Using the fact that f, ..., 4, aro uneorrelnted Des Raj (1950) suggested
W)= [r{n—1)]? E' (tss—Tai)? 88 an unbiased estimator of V(fya)-

Remark : 1t may be noted that Des Raj’s estimator, Iy, is introduced here
through a sequence of populations {m, : £ = 1,2, ...}J. Thissequence {my:k=1,2,..}

has, of course, nothing to do with the definition of Dcs Raj's esti In practi
there is only one populati The seq of pop idered herein is meant
only for making asymptoti i in subsequent secti

Clearly Des Raj's cshmator is simplo to compute and possesses a simple non-
negative variance cstimator. But in spito of theso desirable propertics, Des Raj's
estimator has attracted very little attention in the literature. The main reason for this
is probably the lack of information about its efficiency and the ailability of an
explicit expression for V(fyy). It would, thercfore, be worthwhilo to derive an expres-
sion for V(Tyq) in a closed form. The following tk isan pt in this directi

Theorem 1:

V(tw) = % ’E,'[( Yy/Py)—(Yiy [Piy)1* Pay Paye Quyyr (i—1) ]
where Qup (i—1) denoles the probability of non-inclusion of Uy and Uy in the first
(i—1) sample unils selected from m; Quy (0) = 1.

Proof : Suppose after § units uy, ..., t; have been sclected and recorded with
unequal probabilitics and without replacement from y, the i-th unit u, is replaced
to the population. Then another unit uy is drawn independently of u; from m, ac-
cording to the original sampling scheme. It is evident that when g, ..., %y 8ro
given, u,; and uy are conditionally independent and identically distributed. Thereforo

V) = E[V(ti| a1y ooer Waig-p) ]+ VIE(ki | tprs oo tp-m)]
= E[V{ltii| g1y ovr ai-n)]
= E[E{(tu—tir)* | sy +oor Wai-n}] . @)
where tir = (e [Prer X1 =Prr—++- —Pati-0) F it o Yo
the estimator of the population total, ¥}, based on uy.

- E[E{ ( ;:: ;'%:" )' (1=pu— oo =Paii=0) | thps +res "k(l-l)}]

= E[ Py ( - & ) PyyPuy aypuon |
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whero
1 if tho first (i—1) sample units do not contain Uy; and Uy,
a (i—1)= {

0 otherwise.

Henco
1 Y, Yy \?
= e— L/ — L jo! ! i— oo
Vitw) =5 5, (—LP,, Pkl') PyyPyyQuyi—1) 4)

whero Qy.(i—1) has been dofined in (2). This completes tho proof.
1t is casily scen that Qyy;(s) involved in V(f};) in (4) is given by the following
expression.

Pu
Qurli) = = 2m (I—Pn) " (I=pn—+e—Pati-n) = )

where the sum, Z', is taken over all permutations of p,,, ..., px chosen from Py, ..., P".
but not including Py and Py..
Now it can be scen by induction over ¢ that
Quypli) < (1—=Py-P). e (6)
The following corollaries are now simple consequences of the above inequality.
Corollary 1.1:
Vi) < %5’ (T";L-LL) PyPyy1—Py—Pyg)-1. - )
Cotollnry 12:

V) = 55 .,"‘ I (lu_ Zu_) PyPyll+ X ¥ 2 Quyi—1]
L Xy Yy (1=(1—Py—Py)"]
<mrl P, ") PP — Bt Py wi: i)
1 Yy _ Y\t (m—1)
<gy Z (ptopik) PuPu[1="15 PutPa)+
("'—I)#(Puﬂ’u-)']- )

The proof of the sccond corollary is immediate on noting that fy, ..., lh. are
uncorrelated.

The above inequality provides us a simplo upper bound to F’(I:,,,). From
(9) it is clear that if' max Py = O(N;?) then
€IS Ny

V(I“,,)< ZP., (LL Y, )

(oG (B2 N3 78) 3 a4 = ) w
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It may be of some interest to note that the above bound provides a satisfactory
approximation to V(ly) if N, is large and m, is relatively small compared to N,.
Sinco the proof of this is a little involved it has not been presented here, It is, noverthe-
less, easy to check that the above bound is attained when n, = 2 and agrees with
V(Tya) up to terms of the order O(N;!) in caso of equal probability sampling.

Having obtained a simplo upper bound close to V(T,), tho study of tho asymp-
totio efficiency of Des Raj's strategy now becomes a distinct possibility. Subsequent
scctions, in this paper, are thercfore devoted to the study of the relative efficiency
of Des Raj’s strategy as compared to other well-known strategies of similar kind,

In the next section we compare Des Raj's (1050) strategy with Sampford’s
(1962) strategy.

2. COMPARISON WITH SAMPFORD'S STRATEQY

Sampford (1962) idered the following sampling scheme in order to select
a sample with n, distinct population units from m,:  Units are drawn one by one from
m until the samplo for the first timo contains (n,+1) different population unit, The
last samplo unit is not recorded in the sample to insuro simplicity in the estimation
procedure. The sampling scheme is called inverse sampling with unequal probabilities.
Under this sampling scheme Sampford (1962) idered the following un-

biased estimator of the population total

- 1% gy
ey =— T 2L e (11
My - P an

where r, is the recorded sample size and p,; and y,; respectively being the probability
of selection and the Y-characteristic value of the i-th sample unit.
The variance of the above esti is given by Pathak (1964)

1 A2
V() = —2'151’ (—I}’L:,L_PL,;L) P,,P,,'E[r%l = Uy thy = U,,n]. e (12)

Now to compare Des Raj's and Sampford’s strategics, we compare V(Tya)
with V(f,). At this point it is worth mentioning that Des Raj’s strategy is known
to be more preciso than Sampford's strategy (i.e. V(fg) < V(f)) in two special cases :
(a) when n, = 2 and (b) when Py = Nj?! for all j (Pathak, 1964).

Under certain regularity conditions wo show that Des Raj’s strategy is more
precise than Sampford's stéategy. This is achioved by finding two numbers v, and v,
which satisfy the chain of inequalitios: V(i) < v & v; < V(). The roquired
v, is obtained from (10). The following theorem furnishes v,.

Theorem 2: Let

(i) Ny—> o0 as k- oo,
(i) max Py = O(N;") and
(iii) Tm ny < oo,
280
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Then

Vi) > - 2 Py (-—'— Yl)

s (S (5 )3 1 (B (o))

. (13)
Proof : From (12) we have

1 Y, g 1
V) = 2; E' (——" —l ) PPy [-al = Uy tyy = Uu']

1 Y, Yy \2
Lo (XYy_ Yy 5 P(ry = = Uy ugs = Uyl
23 ‘3:, ( o P,,:) PyPyyng' Pry = my|uyy = Upp g = Usp)+
(M) Pry = ny+1|uyy = Uy, wpg = Uyy)). e (14)
Clearly
P(ry = my|uyy = Uy, why = Usy) = E'prPuia oo+ Py o (15)
where I stands for the ion over all p ions of Piyi Prigs e » Prin-1y

chosen from Py, ..., Py, but not including Py; and Pyy.

From Lemma 7.1, given in the appendix, it follows that

1 —1 "3
Pl = myfup = Uy, g = Upy) > Tt ( " )7’,,1',: - (19
N
whero Tym = ( Ir )—Pg—P;;. m=1,2..).

Similarly
Plry=ny+1]uy = Uy, ws = Uyy)
= (g=1)(Pyy+-Ppy) T LY st o 17)
= (ng—1)Py+Pyy)E’ Piy - ?u(-,-x)“l' P PrisPriaPuymg1) - (
where ' has a meaning similar to that described in (15).
Again it follows from Lemma 7.1 that
Plny=m+1|uy = Uy, uyy = Uu’)

> (u= 1P+ Py) [10 = ("7 )1t |+

( n—1 [TnT:: 3 _ ( ny— )an,:: 3 n.2—3 )T},T:f_‘] 8
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Now from (14), (16) and (18), it follows that

Y, Y.\t -1 n—1 "3
V) > 2“,(-’7:-:—17:‘1;) PyPyy [Tl: "( .2 )ThTt: +

n—1

=PRI T +( ™ )Tl Jato@i)] . o)

el
(ne+1)
because Tim 7, < o0 and n;nx Py = O(Np') imply that T}, = O(Nz™).

Some simplification on expanding powers of T}, = (1—Py—P;y) in powers
of (Pyy+Pyy) leads to the following inequality.

1 3
V) 2 ;";,2 Pu( -;5 - Yl) L

oo S ((= Pt;);P.,(?*l -n)-Lom( g —Y.) ]
. (20)

This completes the proof.

Remark : A weakness in the derivation of the above mentioned lower bound
to V() is the assumption lim n, < o0 since asymptotically inverso sampling b

quivalent to with repl t sampling when (i) Tim #, < co, (ii) max P,y = 0(N;")

and (iii) N;— 0.  But in spite of this we feel that Theorem 2 provides a better approxi-
mation to V(7)) than docs the approximation of inverse pling by with repl.
ment sampling. The reason perhaps is the following : In order to get an nsymptotm
expression for V(fy,) if we approximate inverse sampling by with repl
we would nppm“mnte E(rit lupy = Uy, wg = Upp) by 2Py = m|uyy = Uu,
U= Uyy) e=nj?, whereas in the approximation used in Theorem 2 we go a step further
and obtain a lower bound to V(f,) by using the inequality E(r!|uy = Uy,
up = Uypy) > m? P(’l =m|uy = Uy, thg = Usy)+(mp+1)7? P(’k =mt1|uy =Ty,
g = Upy). It is, therefore, hoped that g lly our app would be more
accurate,

The following theorem asserts that Des Raj's strategy is, in a certain sense,
more precise than Sampford’s strategy under some regularity conditions.

Theorem 3: If

(i) Ny— o0 as k— oo,

(i) 1<limn, <fmn <o,
(iii) mux Py = O(N}?) and

(iv) !E Z Py(YylPy—Yy* >0,
then !
lim Ny[V(Tn)—Va)] > 0. . (21)
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Proof : Under the above assumptions, we have from (10) and (20)

lim Nif V() — Vi)l = Lim [14+0(N3)]

[ ) (5 72) 3 2al =) +owmn 23 -]

(ne— Yy _y\* ’
> lim m s P,,,( yor Y.) >0 . (22)

by assumptions (ii) and (iv). This completes the proof.

A few points about the regularity conditions of tho above theorem are worth
noting. It is easily scen that in pps sampling sch the ption (iii) is satisfied

if the sizes, X’s, on which Py's are based, are uniformly bounded for all k and j and
1_121\"’ ’2 X,y >0. The assumption (iv) is presumably needed to insure that the sampl-

ing distribution of the variate (¥/P) in the population 7, does not tend to a one point
distribution as k—» 0. Perhaps all unbiased estimators of Y} will be equally efficient
in the limit if (iv) were not satisfied. Tho assumption (iv) thus sccms necessary in
order to rule out such a triviality. It is believed that the ption lim n, <
of (i) could perhaps be replaced by an assumption of the kind Tim (n,/N}) = 0. Un-
fortunately a rigorous proof of the validity of Theorem 3 under the relaxed condition,
Tim (n,| Ny) = 0, is known to us only in the simplest case of sampling with equal pro-
babilitics (Pathak, 1964), Further work on these lines would, therefore, be interesting
and rewarding.

We now compare Des Raj's strategy with the Rao-Hartley-Cochran strategy.

3. COMPARISON WITH THE RAO-HARTLEY-COCHRAN STRATEGY

The Rao-Hartley-Cochran strategy (1962) of estimating the population total
involves the following sampling procedure : To sclect a sample of size n, from a popu-
lation of size N = n,q,+7,(0 < € m,), the population is first divided at random
into n, groups of sizes Ny, ..., N,,..auch that Ny =Npy=... =Ny, = a1 Ny =
=Ny, =g A samplo of size ono is then sclected from each of the groups with
probabilities proportional to the P,;.

The conditional probability of sclecting the j-th unit given that it is in the
i-th group G;, is given by Py( £ Py;) where the summation § is taken over the units

9,

in G, ‘ ’

As an cstimator of the population total, Rao, Hartley and Cochran (1962)
eonsider

Tney = z:— ( ZPy) v (23)
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where  stands for the summation over n, units selected from the n, groups.
The sampling variance ot the above estimator is given by

1 (n,—1) ri(ry—r,) Y, 2
Vsna) = [t i) 5 P (7= 1) )

-1 gpu(._{!L_Y.)._(""—_l? [1+o(._"l.)][lz Py Yy _y,)'].

ny Py Ny Ny Py
. (24)
A comparison of (10) and (24) leads to the following theorem.
Theorem 4: Let
(i) Ny oask-> o,
(i) lim n,>1 and Tim (ng|N,) = 0,
(i) - max Py = O(NF),
(iv) lim (N 7‘.‘ Py—2)> 0 and
(v) EE}: Py(Yy|Py—Y ;) > 0.
Then
lim Ny[V(Tre)) — V)] > 0. e (25)

Proof : Under the above assumptions, the following inequality is easily
derived from (10) and (24).

lim Ny{V@xer)— V(ia)]> lim [(l;:Tl)'] [Ng ;‘-‘- I’E,—2+0(1|,[N.)]

[?P.,(—i},’f’l-—Y,)’]>0 by (o). - (20)

This completes the proof.

It is clear from (26) that asymptotically Des Raj’s strategy would fare better
than the Rao-Hartloy-Cochran strategy if ’2 P}y > (2+€,)N;i' and lim g, > 0. In
pps sampling schemes this condition reduces to the following condition : [o.v.(X)]*
=Nz (Xyy—X)%/(X)® > 14¢,, whero X,yis tho sizo of the j-th population unit
and Py = X, ,,/ (? X,,). This means that the assumption (iv) in Theorom 4 holds

if the coefficient of variation of tho sizo is bounded away from 1. Since many largo

populations commonly met in practico satisfy this condition, Des Raj's strategy would

be found to bo more preciso than the Rao-Hartloy-Cochran strategy in many cases of
pling from largo populati
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Another i i g tho relative performance of the
two strategics can bo made by idering the following super-population model :
Yy = mPytey . (27)

where we assume that (i) e;’s are mutually independent and (i) &(ey) = 0 and
8(ef)= dtP:; (g2 > 0) in arrays where Py, is fixed.

Under the above model when m,n Py = O(N;"), wo have

&Vl = o TP [1+0 (—;'v'; )][;:. P:;—("-‘W_‘L) b P em

LW]
and
a -1 @ ”, (ne41) (na—1) =1
i« 3 rvo( 5 [ 5T 5 ) 5]
. (29)

where & stands for the expectation under the super-population model (27).

The following theorem is easily derived from (28) and (29).

Theorem 5: Suppose that

(i) Ny—>ooask— oo,

(i) lim my> 1 andlim (my|N,) =0,

(i) max Py = N7,

(iv) lim N."[ 3: (N,P,,—l)-] >0 and

(v) the super-population model (27) holds with g, > 1.

Then
lim N} (8 [Vl =& [VCrall}> 0. w (30)
Proof : From (28) and (29), we get
(V@)1= [V aiar)]
-1\ 4 aln —l) Y -1 - -
= 0 (ma )+ 250 [ (= PN )2 P (BRSNS B 9]

. (31)
Since TP -NP S P =3 P (Py—NiY) >0
for g, > 1, it follows that (30) is valid if
tim 537 (5 P2t )5 P ] >0 - (32
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Now since N:'-l 2;- P::-. >Ny
lim N7 [ (3 £4-87)3 2] > im N5 80 21-)

=lim N [;:.(N, P,,—l)’] > 0 by virtue of (v). . (33)

This complotes the proof of the statod theorom.
1t is important to note that the assumption (iv) in Theorem 6 ensures that the
frequency distribution of NPy in the population , does not tend to the one point
distribution, ¢(z—1), as k—» o, where g(z—1) =0forz<land=1forz> 1. In
PpPs li h this ion is equivalent to the ption that the co-

efficient ol‘ variation of the size is bounded away from zero. This assumption is clearly
satisfied in nearly every situation where pps sampling is used. Hence for large popu-
lations Des Raj'’s strategy will fare better than the Rao-Hartley-Cochran strategy
if (i) the sample size is small compared to the population size, (i) the super-population
model (27) holds with g > 1 and (iii) the essential range of the auxiliary variate, on
which the selection probabilities are based, is bounded and contains at least two points
which are not too close to each other.

It is, of course, no less important to note that the above theorem does not hold
if the assumption (iv) is not satisfied Actuully pling with unequal probnbilities
(without repl: ) b lly equivalent to simple rand P
(without repheement) when (iv) does nob hold Ic is easy to check that in this cnse
the Rao-Hartley-Cochran strategy is more precise than Des Raj's strategy.

4. CoxpaRrISON WITH THE HORVITZ-THOMPSON ESTIMATOR
In this section we compare Des Raj's strategy with the well-known Horvitz-
Thompson estimator (1952).
For a given schemo of sampling from m, the Horvitz-Thompson estimator
of the population total Y} is given by
b = 2 g:' e (39)
'k
whero &y is the probability of inclusion of the i-th samplo unit and tho sum, % , is taken

over the distinct lation units included in the samplo. It is assumed that every

pop

population unit has non-zero probability of being included in the sample,

The sampling variance of the above estimator is given by

Y3, Yy Yy
Vi =3=H 4 3y 4 —X3 o (35
((A™) 2 +#‘, @y L7 (35)

whero @y denotes the probability of inclusion of the j-th and j'-th population units
in the samplo.
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By the effectivo size of a samplo we mean the number of distinct units in the
sample. For sampling scl of effective size n, With ayy =y Pyy (j =1, w0y M),

the expected variance of the Horvitz-Thompson estimator is given by

& [Vl = 7- P"" —angzf . (36)

where the expectation, &, is taken under the super-population model (27).

Sinco it is not very meaningful (because of cost nnd other conmdemhona)

to compare Des Raj's strategy with the Horvitz-Thomsp btained under
sampling schemes of arbitrary nature, we compare Des Raj's strategy with the Horvitz-
Thomp btained under pling sch of effective size mg with

ary =Py (j =1, ..., Ny). To further simplify this comparison we assume the
super-population model (27).

Theorem 6 : Suppose that
(i) Ng— 0 as k- o,
(i) lim ng>1 and Iim (m|Ny) =0,
(iii) m;“ Py = O(NEY),
(iv) the super-population model (26) holds with 1 < g, < 2 and Iim g < 2, and

(v) as k—> oo, the frequency distribution of Ng Py (j =1, ..., Ni) converges
weakly to a distribution funclion with essential range containing at least two poinls dif-
Jerent from 0. Then the following ineguality holds.

lim N (P ean [P} > 0. - @7)

Proof : To prove the theorem, we nced the following lemma.

Lemma 4.1: For each k (k =1, 2,...), let Fi(-) denote a distribution function
defined on the veal line. Let {gi:k =1,2,...,} be a sequence of real numbers such that
0<ge <2 and limge =g. Suppose that Fi(.) converges weakly lo a distrubution
Junction F(.) as k— co. Then

lim | 2*dFy = | w0dF e (38)
k= @ a

where b>a > 0.
Proof : Fix an ¢ > 0. Clearly .

jz’*u'.— Jeir|< l fiFi— joar [ + -f ‘ z'*-z«ldr.. )
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Now by virtuo of the Helly-Bray lemma (Lodve, 1903) it follows that there exists a
k, such, that for & > K, the first torm on the right sido of (39) is less than ¢/2. Also

since lim gg = g, it is clear that thero exists a ky such that for k > &, m:p“ | z'l_zc |
sefs,
< ¢/2. Hence for k > max(ky, ky)

{adF— .;'mu" <fifoe - (10)
This completes the proof of the lemma.
Proof of Theorem 6: From (29) and (36) we get
= e\ | ar(me—1) N e pk

BV o) —SLV Tria)) = 0 (me; ™)+ M= (2 1) (2 £F) ~Z Pij] . (41)
It is thus evident that (37) holds if

i Nt 2 91 Sk

lim N [(zl: P,,)(% P )—z} P.,] >0. e (42)

Let the left side of (42) be . We now show that I > 0. Without loss of generality
we can and do replace “lim” by “lim” on the left sido of (42) and assume that
lim g = g < 2. [This is permissible because we can always sclect a subsequence
{ky:n=12..} from the of natural \} {k:k=1,2,..}s0 that
lim O, =9 and

"

o 27 7 5 2007) 3 0] =1
It now follows from (42) that
'k-‘

tim [ ( jz’dr.)(nfz ng)—J.z"H‘,]=l - (43)

where F denotes the frequency distribution of NyPyy(j = 1, 2, ..., Ni) and b is chosen
80 that 0 < NPy < b for all j and k; such a b exists by virtue of (iii).

Let 0 <a < 1. Then since
faur, > ( i zdl‘,)': 1,
[ (]
(Fson) < an) = o
> -f aaF) ‘[' z"".w.) ~f"art i L (1—2)dFy

>( f =%aFs) ( .f z""dr.) o !‘ Z4dFy. - (44)
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Since Fi converges weakly to F as k— 0, by Lemma 4.1 it follows that

tim [ ( f =Fy) ( J. ) - .f aaFy)

>( f 2F)( !' 2#-dF) — {' odF. . (15)

Further since (45) holds for all positive @ < 1, we have

tim [ ( .f =aF) ([ ¥ dR) - J' |

» ((OJ.;I ﬂF) ( (‘i[M #"dr) - ( (0{“ :'dF)

= — v (40)
> (o.{l z"'(:r (oalz‘dp)dp (46)

where zi(4) = [ «dF refers to a probability distribution on the Borel sets of the real
4

line. By (v) it follows that p(-) is a proper probability distribution. Henco the right
side of (46) is greater than zero for 1 < g < 2. This completes the proof.

The above theorem clearly shows that under certain regularity conditions

Des Raj's strategy is asymptotically more efficient than the Horvitz-Thompson esti-
mator based on sampling schemes of fixed effective size. As regards the regularity
conditions involved in this theorem, we suppose that they are quite realistic. The
assumption (i) through (iv) of this theorem have already appeared in the preceding
sections and we have scen that these are likely to be met in many situations com-
monly met in practice. The assumption (v) is new. In pps sampling schemes (v) holds
if as k— o0, the frequency distribution of the size converges weakly to a distribu-
tion function F (say), where [ 2dF < co and the essential range of F contains at least
two points that are different from 0, Conscquently for large populations Des Raj's
strategy would be more precise than the Horvitz-Thompson estimator based on pps
sampling schemes of fixed effective size if (i) the sample size is relatively small compared
to the population size, (i) the supcr-population model (27) holds with 1 <g <2
and (iii) the essential rango of tho frequency distribution of the auxiliary variate, on
which the sclection probabilities are based, is bounded and contains at least two points
of appreciable magnitude that are not too close to each other. It is worth noting that
the Horvitz-Thompson estimator may be more precise than Des Raj's strategy when
the regularity conditions of Theorem 6 are not met. For example it follows from
b of Godambe-Joshi (1965) and Godambe (1955) that the Horvitz-Thompson
estimator is more precise than Des Raj's strategy when (i) the Horvitz-Thompson is
based on pps sampling schemes of fixed effective size and (ii) the super-population
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model (27) holds with g = 2; the latter condmon clenrly vlolnm the assumption (iv)
in Theorem 6. Also in simple d P (wi t) the Horvitz-
Thompson_estimator is more precise than Des Raj's eshmator, in this case the assump-
tion (v) in Theorem G is violated.

Some of the well-known strategics which involve the Horvitz-Thompson esti-

mator are (i) Iajck's (1964) atratcgy of rejective sampling, (ii) Hartley and Rao's
(1965) strategy of randomised pps sy i pling and (iii) Stevens's (1958) strategy
of pps sampling. Further theso strategics employ pps sampling schemes of fixed
effective size. Consequently it follows from Theorem 6 that under the regularity

conditions of the theorem Des Raj's strategy is more precise than the strategies intro-
duced by Hajek (1964), Hartley and Rao (1965), and Stevens (1958)

MURTHY’S STRATEGY OR THB SDR STRATEGY

It is most appropriate to end this paper on a slightly different note concerning
Murthy's strategy or the symmetrized Des Raj strategy (SDR strategy). The SDR

strategy invol pling with qual probabilities (without replacement) and the
following estimator of the population total (Murthy, 1957; Pathak, 1961)
Tem = 2 eutu e (47)

where the coefficient ¢k is a certain function of pgy, ..., 2,
-

Owing to the unwieldy nature of the cx, it is very difficult to calculate Tm)
unless n¢ = 2. For the special case 7 = 2, we have

Tegmy = p:,) I +(1—pry) =2 y" ] e (48)

_1_
(2—Pr1—pr,) [

It is known that for any convex loss function, Murthy’s strategy leads to smaller
rigk function than Des Raj's strategy (Pathak, 1961). It would, therefore, be of parti-
cular interest to know if the SDR strategy is significantly better than Des Raj’s
strategy. In a subscquent paper entitled, “The efficiency of the symmetrized Des
Raj stratogy”, we show that Murthy’s and Des Raj's strategics aro asymptotically
equally efficient. Hence, unless , = 2, we are just as well off by relying on a slightly
less efficient Des Raj's strategy. For », = 2, the Murthy’s strategy should, however,
be preferred to Des Raj's strategy because in this case the former strategy is not only
more efficient but also equally simple to adopt.
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Appendix
Lemma 7.1: Let SZ=5 (r=123)
Let 2y > 0. Then !

o n
Tz, 2, . .z‘_>.:_(2)s,s;-l . (49)
and
- -1 n—1
> z:‘z“...:'->S.S‘r‘—(”l )s,s:-'-( . )szs;-' . (60)

where the summation, Z', runs over all possible permutations of z,, z,, ..., Zy laken n
at a time.

Proof of (49) : The proof is based on induction. Clearly (49) is true for
n =2, Let (49) be true for a given n. Then by virtue of our assumption it follows
that

Vo g .,’3. = [(82)= (3) (8=23) (5:2) ]

l,-lz‘x[(sl_ t.) ( )Sts"'] e (51)

sinee (s,—z;‘ ) (S,—z‘l)ﬂ <SS

- () e ) mn(3) ]

where S,—z‘l <0< 8,

=1

>Enfa(gme()and

I T ( )S,‘Ez’—( ) S8

1 =1 ,-x
n+1
=s-("y ) s
Hence the lemma holds for (n+1). This completes the proof.
Proof of (50): From (49) it follows that

ez, o, >‘§lz“[(s,- s)ﬂ (”") 8577]

>z z:‘[S;"-—("-; )z"sr' "“1) 8,81 . (62)
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by an argument siwilar to that of (51)

N n—1 N n--1 N
= S 1 n-2 T 23— 8,83 T a2
5 ‘E; iy ( 1 ) S 1:‘21 4 ( 2 ) R = %

= s,s;—!—( ":') 8,81-— "'2'1 ) 83813,

This completes the proof.
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