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SUMMARY. The object of this note is to prove the following theorem 1
Lot M ..( : '; )
snd A~ be & g-invores of A, Lot

~ A“4ABF-CA- —ABF-
P-D—CAB-ndG-(_F_CA_ -

whore F~ is soow g-invorse F.  Thon @ isa g-inver of M {f and only if
O CU=AD) & P
@) AMI=-RA)D)) € JUF) and
(i) (T—AA)BE-CI—A-A)m 0.

If A- and F-in F ond O aro replaced by A7 and Fy then M is a geinverso of G,
Boruo intereeting spocial cases are deduced which include the results of Rohde (1065).

0. INTRODUGTION

Rohde (1065) proved the following result on generalized inverses of partitioned
matrices.

A B
Lot M= =(Xi: X)X, : X))
c D
A-+A-BF-CA- — A-BF-
snd G=
—F-CA- F-

where F = D—=CA-B. Then G is a g-inverse of M. If A-and F-in G areroplaced by
Ar~ and F=, then G is a refloxivo g.inverse of Af. Further if F is nonsingular and 4~ snd
F-in G sre roplaced by A+ and F-3, then G (considored abovo) is indoed A+

‘The purpose of this note is to prove tho following :

Thoorom 1: Let M= (& B) and A-beaginorieof A. La F= D—CAB
ard

(A‘+A'BF'CA' —A'BF')
—F-CA~ F-
Then the following hold.

m
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(a) G isa g-inversc of M if and only if
M JCU—-A-A)N CUF)
(i) AU~ AABY) C JaF)
and (iii) (I-AA)BF-C(I-A-A)=0.

(V) If A-and F- in the expreasions for F and G are replaced by A7 and F5, then
M 12 aliways (uo further conditions being required) a g-inverse of G.

Wo shall also give somo interesting spocial cases which includv the result'of Rolide,

1. NoTaTioNs

In this paper wo cunsider matrices over the field of complex numbors,  Matriom are

denotad by bold face capital lettors such as A, B, C. X, Y ete.  Null mintrix is denoted by 0.
For a matrix A,

A* dunotes complex conjugute transpose,
A’ denotes transpose,
R{A) denotes tho rank,
H{A) denotes the column space,
and A-, A7, A7, A= ond A* denoto s g-nverso, a rofloxivo g-inverse, & loast squares

g-inverse, a minimum norm g-nverso and Movro Penrose inverso respectively. (Seo
Rao (1967)).

2. PROOF OF THEOREM 1
Matrix multiplication shows that

= (4 o)
M—RD

where P = A+AA-BF-CA-A—BF-CA-A—A-ABF-C+BF=C,
Q= AA-B—AA-BF-F4BF-F
R = CA-A—FF-CA-A+FF-C
Thus MGM = M if and only if
(i) AA-B—AA-BF-F4BF-F = B &(1—AA-)B = (I- AA)BF-F
& MUI-AABY) C AF)
li) CA~A—FF-CA-A+FF-C=C & MCU-AA) C AMF).

and
(ii) AA-BF-CA-A-BIF-CA~A—-AA-BF-C+BF-C=0
& I-AABE-ClU-A-A) =0.
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This comploles the proof of (a).  Proof of (b) fullows by straightforwand verification.
Note: In the presonce of conditions (i) and (ii), if the condition (iii) holds for some
choice of F-, thea it holds for every choica of F-,
3. Srectau cases

In this section wo give s few inleresting apecinl cancs whers tho conditions of
Theorem 1 indeed hokl.  We prove

( A B
Theorem 2: Lt M= )
c D

where LJQC') C JHIA') and JH(B)C H(A) and consider F and G as defined in Theoren 1,
Then (i) F in incariant under the choices of g-incerse of A and (ii) G is a g-inverse of M.

Proof : (i) follows trivially,
To prove (ii), ohservo that
GC) C HAYES C = CA-A, fur any choice of g.inverss A- of A.
&= (C-CA-A)=0
ol MB)C MA) ES(I-AATB =0, for any chuied of g-inverve A~ of A,

Thun it JUB) C AH(A) sud AHC')C LAY, the conditions of Thoorem 1 are
aatisfiedd. llenen G i & g-inversn of .

The following corallaries are cany to deduce,

Corollary 21 : If
A B)
M =(
¢ D

=X : XY, : Yy)
where RIX; Y = R(X,) = R(Y,), then G as defined in Theorem 1 is a geinverse of M.
Corollary 2.2: (Rohde): If
(c »)
M=
c D
=X : X (X1 Xy
then G as defined in Theorem | is a g-inverse of M.
Theorem 3: Let M be as defined in Theorem 2 and G be ax defined in Theorem 1,
() IfinG. A-and F-are replaced by A7 and Ff then G is Miif and only if
ACATYC AF).
(by If in G, A~ and F-are replaced by Az then G = Mz if and only if
AAZBY) C AUF).

(0) If in the expression for G, A~ and F-are replaced by A* and F+, G = M* if
and ony if SUC AYYC AF) and S(A*BYYC HF).

Proof of Theorem 3 is straightforward and we omit.
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