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ON TWO-PARAMETER FAMILY OF BIB DESIGNS
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SUMMARY. A mothol of conviruction uf somo BID designe with the parateters v = 443,
b delyr = (2= 1),k = o{24—1), A = (e— 1K fur§ = 20— Lis given and tho conatruction of aymusetrio
LI designs for § = 8 = 7,10,27 is included,
1. InTRODUCTION
Shrikhando (1962) has defined a two-parameter family of Balanced Incom-
pleto Block (81n) designs and gave o mothod of construction for somo of theso designs.
In another paper, Shrikhando and Raghavarao (1003) gave construction for some
such designs, Hero wo givo & method of construction for sume more designs. Finally,
wo includo construction of threo designs out of nino which Shrikhando (1962) left
unsolved.  After writing this paper we camo Lo know that two of theso were cons-
tructed in a different monner by Boso and Shrikhando .

2, NOTATION AND FPRELIMINARY RESULTS
A pis design with paramelers 0,6, 7, &, & is an arrangement of v treatments
in b blocks such that (i) every block containa £( < ¢) different treatments, (i) overy
pair of distinct trealinents occurs in exactly A blocks, (iii) overy treatment Is repli-
culed 7 times in tho blocks.

Then wo liave
or = bk, Ao—1) = r{k—1), 6 > v. e (21)

Let N = ((nyy)) bo theincidenco matrix of tho design with tho abuve parameters,
N* = E,—N, where Ema i3 tho matrix of order # x» with positive units overywhere,
is the incidenco matrix of tho complementary B8 design and its parametors aro v*= v,
U =b,r"=b-r k' = vk, A" = b=2r42, e (22)

Editorial Nota : 'Thia paper is tho firel of the two posthumous publications of Dr. M. B. Reo
writton shortly boforo ho dicd. Tho othor papor will sppear in Uho noxt furuo.

® Boac, R, C. and Bhrikhando, 8. 8.1 Some further oonatruction of Gy{d) graphe. To appear in
Studid P Math 1 .
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A wip design with tho parameters v, b, 7, &, 2 belongs to a family (d) if
U = 4(r=A). Defino u sub-family (4,) of (1) by tho positivo integers & and ¢ whero
tho parametors of tho design dy(a, ¢) uro

do=1),, _fa

v=a) b=, r={(—IN, k= (2.3)

3

and s is even and 2t 3 8. Replacing & == 2s and L by # in (2.3) wo get symmetric Bin
design with tho parsmeters
v=det = b, r = s(2—1) =k, A =ofa—1). e (24)

Define the sub-series (A,) of (1) given by the positive integers s and { where tho pura-
meters of Afs, 1) are given by

o=l b=l r=s—1)l, k= ‘(‘_')_. A= (s—2) o (25)

2
and sis odd, 4> 8.
Following Williamson (1944) we have that

(i) An n-th order square matrix having clements 41 off the disgonal uud

zeros in the dingonal is called an 8, matrix if
8.8, = 8,8, =nl,—E,, e (2.6)

whero 1, is n-th order identity matrix. Wo can casily show that, if §, cxists, it is
symmetrical.

0 £y,
(ii) Topy = [ ’ . (27)
By S,

is an orthogonal malrix of order n41 und
TxnrTar = Tuat Tapy =1l e (28)

Whent # =" = 1 mod {4 where p Is un odd prime und & & pusitivo integer,
then thero ulwuys exists an Sy matrix.

(iii) A skew symmetric matrix of order n having zeros us dingonal eleents
und +1 a8 non-disgonul elements ie called I, if

S.E =X.S,=nl,—E,. e (29)

If n = p* whero p is odd prime nnd & o positive integer, such that p* =3
mod 4, there slways oxists S, matrix.-

Also, wo have that if £; exists, thon Iy, also oxiste and is given by

I Z+1, —Ey
Sun=| S~=I I Ey e (210)
Ey —Ey 0
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0 Era
(iv) Tan = l_ ] e (2.11)

—En .

which is an orthogonal matrix of order 741 =2 0 mod 4 and gives that

Ton Tan = Tan Tan = nl,,. - (202)

A Hadamard matrix 1, is a (1,—1) squaro matrix of order n such that I, I,
=M, 0,=mn1, Itis conjectured by Boso and Shrikhando (1060) that I/, exists
for every n ez 0 mod 4. If this conjecture is truo, then thero always exists a mis
design with tho parameters

p= 2, b=41—2, r= 2], k={ A=i-1. e (2.13)

Tho conjecture has Leen verified for all n upto 1600, Sco, for examplo, Hall (1007).

3. A METHOD OF CONSTRUCTION OF A, {1, 8—1)

Theorem 3.1:  The existence. of Ty (or T3) and the win design D with the
-2, .. .
parwnetera v = a, b = 2a—1), r = 8—=1, k= %, A= 5—2— Smplies the existence of

Afa,a=1).

Proof:  Taet N and N°* ho the incidenco matriees of /) and its compliment res-
pccl.i\'o'ly. Tt in casy to verify that the complimentary design has also the same para-
metersns . Consider Ty (or T7).  Replace 17 and —1¢ and zeros in Ty (or T7) by
N, N* and 0, where 0, i null matrix of order v b, respectively, The reaulting matrix
(uny M) of order s¥X 2 (s—1) in tho incidenco matrix of Ay (s,2—1). Wo will now prove
this, For ench row of T, (or T3) there correnponds a group of 8 rows in M and cvery
row of il contains {(x— 1)t units.  Since A ix the sme in D as well as ita complimentary

. A=2 .
design, nny two rows of this group of 2 rows contain —— {2—1) units common hetween

thom. Now comxider any 2rowa of T, (or 7%). They correspond to two different
groups in A, Sinee any two rows of Ty (or T;) aro orthogonal and there are s—2

2

s s 8= .
non-zero elementa common hetween them, they can ho written in —5- Aub-mnatrices

11 -1 1 1 -1 -1 =1 .
of order 2X2 of the type (l— ). ( 1 l)’ (_1 —l)' ( 1 —l)' Sinco —10
and 1? aro replaced by N* and N in them, and also " =r=3s—1, and A* =2,
considering a particulne sub-matrix ono finds that any two rows of different groups

hay g—1 units common between them and henco considoring all the ‘;—Euub-mntrlccs
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(e=2)
2
of different groups in M, Further, it ir casy to sce that each column rum of 3

is —"('T-I).

together one finds that thero nro (s—1) units common between any two tows

Sinco D exists for all even o < 100, Theorem 3.1 can be uscd to provide solutiona
for those values of cven & & 100, for which T or T exiats.

4. ALTERNATIVE CONSTRUCTION OF SYMMETRIO DIB DESIONS OF PAMILY (4)
The following theorem is duo to Ehlich (1005).

Theorem 4.1 : FAen ;m = n4-2 and Su, S, (or Sm, T,) exisl, then Hadamard
malriz of order (n+1)} exists and it is given a8

1 |E,,... E,,

it = I';-u . . {1)
. —~mn
Eu

where
2 = SaXS,=Enn Xt TnXE. it Tnn
or . (12)
= SmXE,—EnmXI 4 InXE,.+mn
and X denoles the Kronccker product aymbol.
Construction of symmetric BB design with the parameters
p=b=4da r=1Lk=1s2s+1) 2 = sle4]) e (LD)
n+l1

where 8= — —

Multply 20, 3rd, e, (Z2FDHT) 0 o and 2nd, 3ed, .., (252 41) a0
columns by —1 in (4.2). The property of Hadamard matrix does not change. We
can easily obscrve that every row and column of resulting matrix consists ("ﬁ)z(ﬂi)
poeitive units, If we replace —1° by zeros in this matrix, tho matrix thus obtained
is nothing but the incidence matrix of tho symmetric B15 design with the parameters
in (4.3).

We know that Sy exists for m = 185, 39, 55 and 3, exists for » = 13, 37, 63.
Hence symmetric BIB designa for 2 = ";——l =17, 19, 27 exist which are the three
cases out of nine loft unsolved by Shrikhande (1902). Boso and Shrikhande (see
footnoto on pago 268) present a different method of construction for s = 7, 27.
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4. Ox TuE SERIES OF A,(s,{) ANXD A, (s, 1) FOR 8 £ 10
We will fix 8. When s is even, if ono can find solutions of A(s, t) for alt ¢
such that —_:- € t < s—1, then A,(#, 1) ean be obtained for other values of ¢ by suitablo

2
repetitions of A, (l, %) . A,(a. ,+—2—' ), vy Ay(s, 8—1).  And when 8 ia odd, if ono can

construct designs A,fs, 1) for all ¢, in tho interval [-:—] <i<2 [—:-]+2 where [] is

tho greatest integer contained in z, then we can have Ays, 1) for other values of ¢ by
suitable repetitions of

Aafe, [%]-H).A, (o [%]+2),... oAy (2 [%]H)

Existenco of Ay(4,#) for all ¢ > 2 is known (Shrikhande, 1962). Also, we
know that the designs A,(8,, 3) (Sillito, 1957), A,(8, 4) (Shrikhande, 1962) are poasible.
By the Theorem 3.1 we havo the existence of A,(8, 5). Hence by suitable repetitions of
A8, 3), Ay(6, 1), A,(6, B) we will get A,(6, 1) for all £> 5.

The following designs i.c. Ay{5, 3); A7, 2), A,(9,5); A,(8, 4), A,(8, 6), A9, 4),
A\(10,5), A{10,8) are from Sillito (1957); Shrikhande and Raghavarao (1063)
Shrikhande (1962). By the Theorem 3.1 we have A,(8, 7) and A,(10,9). Hence we
may have Ay(s, t), A8, 1) for 8 € 10 if ono finds the solutions of tho following designs.

L] b r I3 A
25 10 10 10 ] Agl5, 9]
40 a4 36 2 15 ALY
o an a5 o] 15 AR D)
Rl o8 48 30 N A8
100 120 7] a5 kN A,(10, 1)
100 Ho 63 4 28 A(10,7)
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