GENETIC CORRELATIONS IN EQUILIBRIUM POPULATION

By RANAJIT CHAKRABORTY
Indian Statistical Institule

SUMMARY. Paront-offspril betwoon full sibe and half sids aro derived
in this papor for populations which ll undor equilibriuma under en arbitrary but fixed mating systoms, The
different cases with one pair of gonocs at & locus (sutosomal aa well as sox-linkod) are atudied in detail and
indicstion is givon for generalisation in the case with multiple allelos.

1. IXTRODUCTION

The knowledge of absolute frequencies of tho various gonotypic combinations
of any two relatives with respect to one pair of goncs, autosomal or sox-linked, is of
great practical value in certain types of studies in human heredity, Various mothods
of obtaining these frequencics directly or indirectly are prevailing in the literature,
The difficultics of the rather straight forward procedure can be well apprehended from
Hogben's paper (1933). Li and Sacka (1854) gave a procedure of finding the frequen-
cles of various gonotypo combinations of near relatives by using the matrices of condi-
tional probabilities. The main purposo of their work was to express such matrices of
conditional probabilities of the relatives in the form of linear functions of some basic
matrices.

In case one in more i d in the lations bot tho relatives rather
than the frequencies of different genotype/phenotype combinations, the methed
of path eoeﬂicienu doveloped by Wright (1021 nnd later) pays dividend since it
gives the ! instantly once the relati p is specificd. This method does
not provide the absolute frequencics of the diﬂ'cmnt genotype (or phenotype) com-
binations.

All of these methods are well known to study the gonctio correlations betwoen

when the population is d to iso random mating only. Relatively
fower results aro known for populations which kecp themsclves under quilibrium
through & more general mating structure.

The object of this study is to dorive the gonotic correlations Letweon some
near relatives in population which is under equilibrium in Wright's ecnse. Wo shall
study the differcnt cases with one pair of gencs at a locus in dotail and indicate the
tho necessary generalizations in the case with multiple allelos at a locus,

2. AUTOSOMAL OENES

2.1 Codominant genes. Gones resting on the Jocus of our concern may be
presont in either of tho two states, namely 4 and a. (‘onsidor any two individuals
and look for the states of the gonce,
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Definiiion 1 1 Two genen chosen one from each of two unrelnted individuals
are raid to bo alike in stale if they are found to bo in the same state.

Definition 2: Two genes aro snid to be identical by descent it thoy aro roplica
of the samo gone possessed by some ancestor,

From these two definiti it follows i diately that genes of latter kind
are necessarily aliko in state, excepting the possibility of mutation, but the reverso
is not true in general.

Now, a pair of relatives may lave both, one, or no genes identical by descent
depending upon the type of relationship, In case there is exnctly one gene common
through identity by descent the conditiona] probabilities that one should be of a
certain genotype when the other's genotype is given can lLe represented by
the matrix

g} )
R
o e )

for a genernl mating structure where F(O & F < 1) is tho constant measuring the
devintion from randomness of the mating system. Note that this also represents
the matrix of transition probabilitics of s parent-offspring pair since a parent and
one of its offspring always share one gene through identity by descent.

Hence, multiplying tho first row of T, by p'4Fpg, second row by 2pg(1—F)
and tho third rew by %4 Fpqg one can convert T, into absolute frequencics for difforent
genotypic of a t-offspring pair from which the parent offspring
correlation (r.) is obtained as

.

1437
"r = HLEY . {20

(Chakraborty, 1970 ; also cited in Rao, 1970).

Sinco we are, for the moment, concerned with autosomal genes only, this will
bo the corrolation for all parent-offspring combinations (mother-son, mother-daughter,
father-son or father-daughter). With thia corrclation alone we can now obtain the
correlation between two full sibs or two half aiba through Figs. 1 and 2.
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‘ .
rig. 1 Fy. 2
The correlation between two full sibs
Trs, = 2",.(l+v-) - (23)
whero m, the currelution between the mating purtaers is given by
- zr -
s iy 0
Inscrting this value of m in the sbove expression (2.2) uno gets

1 f143F 2
77 (Tir)-
Putting Fe=0 in {2.3) we get cvrrelations between the full sibs in a randum
muting population as

. (23

10 1
me=2(g) =3
In Fig. 2 wo denoto A 1o bo the corrvlation between the parcnta who mate

with the common parent, (In the fig., A is the correlation betwoen the two wives ;
the husbund being tho cummon parvat of the two half siba).

Tho cotrelation botween the half sibs turns out to bu

Tys = i H1+mp+A( +2m)] e (24)
(Rao, 1970).
Correlations b other relatives also can bo worked out similarly using
this busio correlation r, .

2.2, Genes with dominance relationship, Let us now assume that the allele
4 t0 bo dominant over a. Thus, we have with us phenotypes d (consisting of gono-
types of 44 and da) and & (conaisting of genotype aa).
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The parent-offapring corrolation takes the form

Fell+p—F7)
TR Tyt (o= ria A - 29

(

Needleas to say that for F = 0, (panmixia) this expression reduces to
l+ ~—as obtained by Li (1055).

The full sib corrolation is easily seen to be

) 1 m Fo(l+p—Fp)
e (2.8]
o= TtT + Rt arerEn | 09
It may be recalled that in the ab: of any d lations b
the allcles, the gonotio corrclations dopond only on F, the coofficiont of departure from
random mating. The Tati indepondont of gone frequonci But in this

caso the corrolations do depend upon tho gone frequoncios a3 woll.  Under panmixia
the correlation between the full sibs is given by

(ﬂ
=7 1.1 3 ( ; +q) {putting F=0 in (2.6)}.
3. SEX-LINEED GENES

3). Codominant genes: As usunl we taken the homogametio type XX
as fernales and the heterognmetic typo XY (or XO) 4s males, where X donotes the
sox chromosomeo. In the usual notations it may be easily verified that the population

(A a ) (AA Aa aa ) o
?» g/ oand \p+Fpy  2pq1—F) ¢*+Fpq

is in equilibrium under the gencral mating system. Tho equilibrium conditions in-
volving the mating frequencies can be dorived as follows.

Lot the mating matrix be roprosonted by Tablo 1. e have
Pymp, Py=g
and Q; = p*+Fpq, Q, == 2pg{L—F) and Qy = ¢34+ Fpq. v (3.0)

TABLE 1. MATING FREQUENCIES WITH
S8EX.LINKED GENES

formalea males total
4 a
44 “n oy ]
s o e [
bl ot Yoe Qo
total P, P, 1

252



GENETIC CORRELATIONS IN EQUILIBRIUM POFULATION

It is easy to sco now that the zygotio proportions of tho fomaloa in the next
goneration are given by

= vt P
Q= "n+1iu- 1.? ™

. "
%= —2‘0‘+"u
which in turn give the equilibrium conditions as
Uy = ity
. . (32)
and Uy = 20y

Note that these conditions also imply that the mnle frequoncies are kopt
constant in the next gencration.

It may be recalled here that for aut [ genes the correlationa between the

four parent-child pairs are the same, all being For sexlinked genes, how-

1+3F
A1+F)
over, the asy ical ch 1 Pl of males and fomales makes it neces-
sary to distinguish the sexes of the relatives. There are four kinds of parent-offapiung
relationships : father-son, father-daughter, mother-son and wmother-daughtor. Like-
wise, there are thres kinds of sib-pairs : two-brott two-sisters, and brother-sister.

The parent-offspring corrclations are easily obtained once we consider the
segregation ratios as shown in Table 2. The corrclations are as follows :

Father-son correlation, =0
Father-daughter correlation, 7y = }{1+#)
(3.3)
Mother-son correlation, rme = VHI+F)
and  Mother-daughter correlation, rpg = 241:_3:)

TABLE 2. MATING TYPES AND BEGREGATION
RATIOBS WITH S8EX.LINKED OENES

(Aler Li, 1961)

probability of offspring given sox
paront

mother X fathor 1 d
AA Aa aa 4 °

AAxA 1 L] o 1 0
AAxa L] 1 0 1 0
AsxA t ] o t t
Aaxa 0 ] ] ] i
saxd o 1 0 o 1
oaxa 0 o 1 0 1
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From (3.3) we get intereatingly enough that thero is o corrclation botweon
father and son for sex-linked genes, since tho son receives hin father's ¥ -chromonome.
The correlntion for mother-daughter is tho same as in tho caso of autosomal genes,
becauso tho daughter also receives p.A and g.a from her father. The two correla-
tions for father-daughter and mother-son aro the samo. Note that cach of theso
statenienta nro truo also in case of random mating populations,

Once theso basio correlations aro obtained the full sib correlations are obtained
from tho Fig. 3 as follows :

Brother-brother correlation, R) = L';_F
Brother-sister correlation, R, = ;:-/Z(Feli_:’:): (3.4)

_14F (143FY1+TF+4F)
="z 7 OiEYal

Sister-sister lation, Ry

In deriving this wo made uso of the fact that correlation between the mating

m=./I+ZF.F

partners is given by

in this case.
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From Figs. 4 and 5 one can now establish the following relations for half-sib
corrolations.

Brother-brother (related through mother) correlation

14F
h==
Brother-sister (related through mother) correlation
_ l+F 146F4-2F
R=vV [rF+ R s (38
Sister-sister (related through mother) correlation
_ ll+ui‘+£’ ¢ A(1H4F47FY
A+FA 17 214+ F)
Brother-brother (rolated through father) correlation,
Rom P MIEE)
Brother-sister (mlnled through [uther) correlation,
1+1: 143F 'Ft'
Ry= [F(I+A,)+ TF ( 3 )] e (3.6)

iater-aister (related th h father) Iation,
. 1+F (FUSANIHIR) | (At A F+2PNI43F)
=7 t— 14T ALFFP
where A, and A, are the correlations between the two fathers (Fig. 4) and two mothers
(Fig. 5) respectively.

and

3.2, Qenes with dominanl relationship. The four different parent-offapring
correlation in this case are obtained as:

ros e 1— _(9HF=3FQ)
e (0 +q—FoXa+Fp)
rme =g =V o qf’l,q [E))

and rg =0,
The observations that we made in Section 2.2 are true in this caso also.

4. MULTIPLE ALLELES

The foregoing analysis can now readily be generalized to multiple allcles,
autosomal or sox-linked. To illuatrato tho validity of the method we shnll consider
only the thres allilic case, Aud,, 4,4y, A4y, Agdy. Agdy and A4, represont the
different gonotypes if the gencs are autosomnl, For sex-linked genes also theso are
the gonotypes of the homogametio fomdles. In such a caso the males will be type
A;, Ay or Ay Let the gene froquencies be a,, a, and a, respectively where
a,4ay-ay = 1.
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Bofore proceeding to dorive the corrolations it is worth studying tho equili-
brium conditions in such a situation. Thoe mating frequencics in three allolic cases
( 1 and sox-linked) are rey d by Tablo 3 and Tablo 4 from which wo
can ensily establish the following necessary and sufficiont conditions for equilibrium
{in Wright's sense) :

TABLE 3. MATING FREQUENCIES IN $ AUTOBOMAL ALLELIC CASES

mates A4, A Ay 4,4, A34s 4,4, A4, total
414, uyy "y “ e va v o,
143 i Yay vy LY 2y [ T,
4,4, up L) va v e ) Oy
Axdy [N e [ Yt v “eo T,
A4y L CY Yu o . Yo U,
Ay iy re Uz va Yy Usa Uy

TABLE 4, MATING FREQUENCIES IN 3 BEX.LINKED
ALLELIC CABES

‘males
A Ay Ay total
females
A4, o " L0 U,
Ay L s LY Uy
A4, on ™ L) Ua
Ady 0 L e L
A4, L% v Vs Us
Ay o [ [ o,
totsl Vi " Vs 1

For autosomal gones :
gy = ity gy = 2uyy
Ugy m= by, Upg = 2uy, o (41)
Ugg == Sllyq, Ugg = Uy
For sox-linked genes :
=20y vy =20y,
U3y = 20y, Uy = 20
- (4.2)

Uy =204, U T Uy = Uy

Oy = 20,

For doriving the correlations it is not enough to follow the weighting achome
of the two allolic case since this superficial approach creates some difficultics as men-
tioned in Stanton (1900).

The genetio weighting schome to be followed is that of Stanton (1860) whore
he placos the pure gonotypea symmotrically at the verticos of a regular aimplox and
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thon uses vectorial weights, For throo allclio cases tho weighting schome in shown
in Fig. 6, where the voctorial woights vi's follow tho relations

=1, vy = —§, foifoytog) = —4,
$olvetry) = & (Jluto))t =3 . (43)

and oo d o) = —1
(Stanton, 1960).

Fig. 6. Full 1B and half 8IB Corrolations
{Autosomal Gona)
It can bo soen that tho parent-offapring correlations in this casa turn out to
be the same as thosa in two allolio caso. It is worth noting that Stanton (1960) also
observed this for a random mating population.

8. NUMERIOAL ILLUSTRATIONS

We shall give ns ill i parent-offapri lation for
controlled by one pair of gones with dominancs and an hypothetical caso with a three
allelio autosomal character, For both of them Boorman’s {1950) on human blood
factors aro sufficient.

Though the gonetics of the Rh-factor in human blood has advanced greatly
in tho last two docadea for our purpose here we may, however, still treat it as though
it were controllod by one pair of gones with dominance. Boorman (1950) roported
the data regarding mother-child combinations as shown in Table § here,

TABLE &.. MOTHER-CHILD COMBINATION OF
Rh BLOOD FACTORS

haract

(Afer Li, 1988)
Rhb type of child
mothors ypo— total
{+) (=)
{+; 1475 188 187
- 204 120 M
total 1679 m 1000
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The parent-offspring correlation, computed from this tablo, is 0.2853. Tha
theoretical formula (2.8) also leads to the samo amount of correlation with an F value
of 1.8 percent.
To illustrate the threo allelic caso we consider Table 8 which is modified from

Boorman. Using the same lo S (1960) obtained & Tation of magni-
tude 0.5180 which leads to an estimate of F = 1.86 percent.

TABLE S, PARENT.CHILD ARRAY FOR A-B-0 BLOOD TYPES
{ANer Stanton, 1960)

ehild
parent total
44 4B BB BO 00 a0
A4 » 5 - - - 122 178
AB 10 10 ? 21 - n (1]
BB - 2 - - - )
BO - 20 4 50 58 29 159
00 —_ - - L] ozt 227 802
40 122 7] - 23 223 303 €0
total 181 151 0 us 901 703 1990
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